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Sarnak’s Conjecture — what’s new

S. Ferenczi J. Kutaga-Przymus M. Lemanczyk

Abstract

An overview of last seven years results concerning Sarnak’s conjecture
on Mobius disjointness is presented, focusing on ergodic theory aspects of
the conjecture.
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Introduction

Mobius disjointness Assume that 7' is a continuous ma of a compact
metric space X. Following Peter Sarnak [148, [149], we will say that T', or, more
precisely, the topological dynamical system (X, T) is Mébius disjoint (or Mdbius
orthogonalld if:

In 2010, Sarnak [148, [149] formulated the following conjectureﬁ

@) Each zero entropy continuous map 7' of a compact metric space X
is Mobius disjoint.
Note that if f is constant then convergence (Il takes place in an arbitrary
topological system (X, T'); indeed, % > n<n (n) — 0is equivalent to the Prime
Number Theorem (PNT), e.g. |85, [159]. We can also interpret this statement
as the equivalence of the PNT and the Mobius disjointness of the one-point
dynamical system. The Prime Number Theorem in arithmetic progressions
(Dirichlet’s theorem) can also be viewed similarly: it is equivalent to the Mdbius
disjointness of the system (X, T'), where Tz = x+1on X = Z/kZ for each k > 1.
Note also that the classical Davenport’s [43] estimate: for each A > 0, we have

< Ca

for some C4 > 0 and all N > 2,

D e p(n)

n<N

3
®) I?E%TX 1ogA N

IMost often, however not always, 7" will be a homeomorphism.

2 stands for the arithmetic M6bius function, see next sections for explanations of notions
that appear in Introduction.

3To be compared with Mdbius Randomness Law by Iwaniec and Kowalski 195], page 338,
that any “reasonable” sequence of complex numbers is orthogonal to p.



yields the M6bius disjointness of irrational rotations [

The present article is concentrated on an overview of research done during
the last seven yearﬁﬁ on Sarnak’s conjecture (2)) from the ergodic theory point of
view. It is also rather aimed at the readers with a good orientation in dynamics,
especially in ergodic theory. It means that we assume that the reader is familiar
with at least basics of ergodic theory, but often more than that is required,
monographs [38; 55, [73, [75, [164] are among best sources to be consulted. In
contrast to that, we included in the article a selection of some basics of ana-
lytic number theory. Those which appear here, in principle, are not contained
in |144] and, as we hope, allow one for a better understanding of dynamical
aspects of some number-theoretic results. We should however warn the reader
that some number-theoretic results will be presented in their simplified (typ-
ically, non-quantitative) forms, sufficient for some ergodic interpretations but
not putting across the whole complexity and depth of the results. In particular,
this remark applies to recent break-through results of Matoméki and Radzi-
witl [124] and some related concerning a behavior of multiplicative functions on
short intervals

Ergodic theory viewpoint on Sarnak’s conjecture Sarnak’s conjecture (2])
is formulated as a problem in topological dynamics. However, for each topolog-
ical system (X, T) the set M (X, T) of (Borel, probability) T-invariant measures
is non-empty and we can study dynamical properties of (X,T) by looking at
all measure-theoretic dynamical systems (X, B, u,T) for pe€ M(X,T). Via the
Variational Principle, Sarnak’s conjecture can be now formulated as Mobius
disjointness of the topological systems (X,T) whose measure-theoretic systems
(X,B,u,T) for all e M(X,T) have zero Kolmogorov-Sinai entropy. But one
of main motivations for (2)) in |[148] was that this condition is weaker than a
certain (open since 1965) pure number-theoretic result, known as the Chowla
conjecture (see Section B.1]). Since the Chowla conjecture has its pure ergodic
theory interpretation (Section B1]), the approach through invariant measures
allows one to see the implication

Chowla conjecture = Sarnak’s conjectureEl

as a consequence of some disjointness (in the sense of Furstenberg) results in
ergodic theory. While the Chowla conjecture remains open, some recent break-
through results in number theory find their natural interpretation as particular
instances of the validity of Sarnak’s conjecture. Samples of such results are (see

Sections B.4.1] and B.5):

4In order to establish Mé&bius disjointness, we need to show convergence () (for all z € X)
only for a set of functions linearly dense in C'(X), so, for the rotations on the (additive) circle
T =[0,1), we only need to consider characters. Note also that if the topological system (X, T’)
is uniquely ergodic then we need to check () (for all z € X) only for a subset of C'(X) which
is linearly dense in L!.

In what follows, for inequalities (as ([B])), we will also use notation « or O(:), or € 4 or O4(-)
if we need to emphasize a role of A > 0.

5For a presentation of a part of it, see [145)].

6For a detailed account of these results, we refer the reader to [152].

7As proved by Tao [155], the logarithmic averages version of the Chowla conjecture is
equivalent to the logarithmic version of Sarnak’s conjecture. We will see later in Section [
that once the logarithmic Chowla conjecture holds for the Liouville function A, we have that
all configurations of +1s appear in A (infinitely often).




1. The result of Matoméki, Radziwill and Tao [125]:

2

h<H

S plm)u(m + b)

m<M

=o(HM)

(when H, M — oo, H « M) implies that each system (X,T') for which all
invariant measures yield measure-theoretic systems with discrete spectrum
is Mobius disjoint

2. The result of Tao |154]:

2 N(”)N(” + h) _ 0(10gN)

n
n<N

(when N — o0) for each h # 0 implies that each system (X, T') for which all
invariant measures yield measure-theoretic systems with singular spectrum
are logarithmically M&bius disjoint.

This is done by:

e interpreting the number theoretic results as ergodic properties of the dy-
namical systems given by the invariant measures of the subshift X, for
which p is quasi-generic,

e using classical disjointness results in ergodic theory.

It is surprising and important that the ergodic theoretical methods of the last
decades that led to new non-conventional ergodic theorems and showed a par-
ticular role of nil-systems, also appear in the context of Sarnak’s conjecture,
and again the role of nil-systems seems to be decisive. Together with some new
disjointness results in ergodic theory, it pushes forward significantly our under-
standing of Mdbius disjointness, at least on the level of logarithmic version of
Sarnak’s conjecture. The most spectacular achievement here is the recent re-
sult of Frantzikinakis and Host [68] (see Section [B.5]) who proved that each zero
entropy topological system (X,T') with only countably many ergodic measures
is logarithmically M&bius disjoint.

The proofs reflect the “local” nature of all the aforementioned results. In
other words, regardless the total entropy of the system, to obtain () for a
FIXED z € X (and all f € C(X)), we only need to look at ergodic proper-
ties of the dynamical systems given by measures “produced” by z itself (the
limit points of the empiric measures given by x). So, if all such measures yield
zero entropy systems, the Chowla conjecture implies () (for the fixed = and
all f € C(X)). When all such measures yield systems with discrete spectrum
/ singular spectrum / countably many ergodic components then the relevant
Mbobius disjointness holds (at x). Points with one of the listed properties may
appear in (X,T) having positive entropy. In fact, a positive entropy system
can be Mdbius disjoint [52]. To distinguish between zero and positive entropy
systems it is natural to expect that in the zero entropy case the behavior of
sums in () is homogenous in z (for a fixed f € C(X)). Indeed, the uniform

8The same argument applied to the Liouville function A implies that the subshift Xy
generated by A is uncountable, see Section



convergence (in x € X, under the Chowla conjecture) of sums () has been
proved in [4] (see Section Hl); in fact (2)) is equivalent to Sarnak’s conjecture in
its uniform form and also in a uniform short interval form. Moreover, for the
Liouville function, no positive entropy system satisfies (1) in its uniform short
interval form. The problem of uniform convergence turns out to be closely re-
lated to the general problem whether Mobius disjointness is stable under our
ergodic theory approach. More precisely, suppose that the topological dynam-
ical systems (X, T) and (X’,T") are such that the dynamical systems obtained
from invariant measures are the same for each of them (up to measure-theoretic
isomorphism). Does the Mdbius disjointness of (X,7T) imply the Mobius dis-
jointness of (X', 7”)? Although the answer in general seems unknown, in case
of uniquely ergodic models of the same measure-theoretic system a satisfactory
(positive) answer can be given [4].

Content of the article We include the following topics:

e Sarnak’s conjecture a.e., Sarnak’s conjecture versus Prime Number Theo-
rem in dynamics — see Introduction and Section [

e Brief introduction to multiplicative functions, Prime Number Theorem,
Katai-Bourgain-Sarnak-Ziegler criterion — see Section

e Results of Matomaki, Radziwilt and Matomaki, Radziwill, Tao on mul-
tiplicative functions and some of their ergodic interpretations — see Sec-
tion [Bl

e Chowla conjecture, logarithmic Chowla and logarithmic Sarnak conjec-
tures (Tao’s results and Frantzikinakis and Host’s results) — see Section 3l

e Frantzikinakis’ theorem on some consequences of ergodicity of measures
for which p is quasi-generic — see Section [3

e FErgodic criterion for Sarnak’s conjecture — the AOP and MOMO proper-
ties (uniform convergence in (IJ)), Sarnak’s conjecture in topological mod-
els — see Section [l

e Glimpses of results on Sarnak’s conjecture: systems of algebraic origin
(horocycle flows, nilflows); systems of measure-theoretic origin (finite rank
systems, distal systems), interval exchange transformations, systems of
number-theoretic origin (automatic sequences and related) — see Section[0l

e Related research: Z-free systems, applications to ergodic Ramsey theory
— see Section

Sarnak’s conjecture a.e. Before we really get into the subject of Sarnak’s
conjecture, let us emphasize that this is the requirement “for each f € C(X) and
x € X7 in () that makes Sarnak’s conjecture deep and difficult to establish.
As it has been already noticed in [148], the a.e. version of ([2)) is always true
regardless of the entropy assumption:

Proposition 0.1 (|148]). Let T be an automorphism of a standard Borel prob-
ability space (X, B, ) and let f € LY(X,B, ). Then, for a.e. € X, we have

(O E—

N—>o0
n<N



For a complete proof, see |3]. The main ingredient is the Spectral Theorem

% anN f(T"gc)/,L(n)H2 by % anN z"u(n)HLz( )E, together
of

with Davenport’s estimate @) (for A = 2) which yields

which replaces ‘

% 2 srnum)| « —

12 ar?
neN 2 log®N

The latter shows that, for p > 1, the function >, _, pik Din<ph f(T")u(n)’ is

in L?(X, 1) which, letting p — 1 allows one to conclude for f € L®(X,u). The
general case f € L'(X, ) follows from the pointwise ergodic theorem.

As shown in [56], a use of Davenport’s type estimate proved in [80] for the
nil-case, yields a polynomial version of Proposition [Tl See also |39] for the
pointwise ergodic theorem for other arithmetic weights.

1 From a PNT in dynamics to Sarnak’s conjec-
ture

The content of this section can be viewed as a kind of motivation for Sarnak’s
conjecture (and is written on the base of Tao’s post |156] and Sarnak’s lecture
given at CIRM [147]).

We denote by N := {1,2,...} the set of positive integers. Given N € N, we
let 7(N) := {p < N : p e P}. The classical Prime Number Theorem states that

. _m(N)
) 1\}1—I>noo N/log N B

We will always refer to this theorem as the (classical) PNT.

Assume that T is a continuous map of a compact metric space X. Assume
moreover that (X, T) is uniquely ergodic, that is, the set M (X, T') of T-invariant
probability Borel measures is reduced to one measure, say pu. By unique ergod-
icity, the ergodic averages go to zero (even uniformly) for zero mean continuous
functions: )

mn
N 2 (1) 0
n<N
for each f e C(X), SX fdu =0, and x € X. Hence, the statement that a PNT
holds in (X,T) “should” mean

. 1
(5) N T

>, (TP =0

Pap<N

for all zero mean f € C'(X) and z € X (in what follows, instead of } ., we write
simply >, if no confusion arises) Let us see how to arrive at (Bl differently.

90f stands for the spectral measure of f.

10We recall that Bourgain in [26, [27, 28], proved that for each o > (1 + +/3)/2, each
automorphism T of a probability standard Borel space (X, B, u) and each f € L*(X, B, ) the
sums in (B converge for a.e. x € X. The result has been extended by Wierdl in [169] for all
a>1.



Recall that the von Mangoldt function A is defined by A(n) = logp if n = p*
for a prime number p (and k > 1) and A(n) = 0 otherwise. Contrary to most
of arithmetic functions considered in this article, A is not multiplicative. It is
not bounded either and its support has zero density. The (classical) PNT is
equivalent to

% S Am) —— 1.

neN N—w0

A given sequence (a,) < C can be said to satisfy a PNT whenever we can give
an asymptotic estimate on
anA(n)
n<N
when N tends to infinity; thus the classical PNT is a PNT for the sequence
an = 1. In particular, a sequence (a,) also satisfies a PNT if

(6) anA(n) = > an+o(N),

n<N n<N

and, if additionally (a,) has zero mean, i.e. if 4 3,
satisfies a PNT if

e Gn > 0, then (a,)

(7 L% @) —— 0.

N—o
n<N

An interesting special case is a, = (—1)", which has zero mean. Here, we do
have estimates of the sums of A(n) over the odd numbers smaller than N, but
they are of the order of N, thus () is not satisfied. Beyond this point, we will
not study such particular cases and we shall always write that the sequence (ay,)
satisfies a PNT whenever () holds.

Zero mean sequences are easily “produced” in uniquely ergodic systems. We
will say that a uniquely ergodic topological dynamical system (X,T) satisfies a
PNT if

(®) + 3 FT)Am) ——0

N—
n<N
for all zero mean f € C(X) and z € X. We have

5 2 SEAG) = 5 3 ST logp 1 Y ST ) logy.

n<N p<N k<N, k=2

Now, in the second sum if p* < N then p € [1,+/N]; the largest value of logp
is bounded by %log N, therefore, the second sum is of order O(+v/N -log N/N),

hence of order N~2+¢ for each ¢ > 0. Thus, a PNT in (X, 7)) means that

o) 5 2 S logp ——0

p<N



for all zero mean f € C(X) and x € X. Note that by the classical PNT to
prove (@), we need to show it for a linearly dense set of functions[T]
Let us now write

% >, f(TPz)logp = % >, f(TP) 10gp+% >, f(TPx)logp.

p<N p<N/log N N/log N<p<N

We have + 2p<n/10g v f (IPx)logp = O(1/log N) (by & Yp<ar logp — 1 when
M — o). Moreover, write f = fi — f— and then we have

log N — loglog N Z

N f+(TPz)

N/log N<p<N
1 log N
<y X fr@wlgp< =X DI f(Tra)

N/log N<p<N N/log N<p<N

as log N — loglog N < logp < log N for the p in the considered interval. Now,

m(N)/(N/(log N —loglog N)) ~ 1 and 7(N)/(N/log N) ~ 1, whence

% > f+(TPa)logp — %N) p;v f+(TPz)] —— 0.

p<N ( N—0

Repeating the same reasoning with f; replaced by f_ and by (@), we obtain
that the statement a PNT holds in (X, T) is equivalent to (@) for all zero mean
feC(X)and x € X.

Remark 1.1. By replacing A in () by u, we come back to Sarnak’s conjecture.
The identity A = p * log (see (I) below), i.e. A(n) = >;,, u(d)log(n/d) =
- din p(d)logd suggests some other connections between the simultaneous
validity of a PNT and Mobius disjointness in (X,7') but no rigorous theorem
toward a formal equivalence of the two conditions has been proved. Actually,
such an equivalence taken literally does not hold. Indeed, the fact that the
support of A is of zero upper Banach density makes a PNT vulnerable under zero
density replacements of the observable (f(7"x)). On the other hand, Mdbius
orthogonality is stable under such replacements. We illustrate this using the
following simple example.

Consider the classical case a,, = 1 for all n € N. This is the same as to
consider a PNT in a uniquely ergodic modeld of the one-point system. One can
now ask if we have a PNT in all uniquely ergodic models of the one-point system

HIndeed, we have

1 1
~ 2 f(TPa)logp — = 3 g(TPw)logp
p<N p<N

1 1
< 2 1 (TP2) — g(TPx)|logp < |If = gl 3] logp = O(If — gl
p<N p<N
as condition % Yinen AlR) ~on 1 is equivalent to % 2p<n logp ~ow 1.

12We recall that if (Z, D, k, R) is a measure-preserving system then by its uniquely ergodic
model we mean a uniquely ergodic system (X, T") with the unique (Borel) T-invariant measure
w such that (Z, D, k, R) is measure-theoretically isomorphic to (X, B(X), u, T).



(it is an exercise to prove that all such models are Mobius disjoint). Take any
sequence (¢, )+ € {—1,1}" and define b, as a, when n # p* and b, = ¢,.. We

can see that i )
N 2 bpA(n) = N 2 cpr log p.

n<N png

Now, the subshift X < {—1, 1} generated by b (cf. (27))) has only one invariant
measure 411, So it is a uniquely ergodic model of the one-point system and if
we take f(z) =1 —2(1) (2 € X3) as our continuous function, we can see that
f has zero mean but neither (§)) nor (B are satisfied if the sequence c is badly
behaving. It follows that we can expect a PNT to hold only in some classes of
“natural” dynamical systems, samples of which we will see in Section

Returning to our discussion on a PNT| in any such situation, given a bounded
sequence (f(n)) < C, we can write

D1 FmAn) == > f(n) Y p(d)log(d) = — > p(d)logd > f(ed).

n<N n<N din d<N e<N/d

Then a further decomposition of the second sum into a structured part and
a remainder leads to two sums and allows one for an application of Mdbius
Randomness Law to the second sum in order to predict the correct main term
value of >} f(n)A(n), see [141].

2 Multiplicative functions

2.1 Definition and examples

An arithmetic function u: N — C is called multiplicative if w(1) = 1 and
u(mn) = u(m)u(n) whenever (m,n) = 1. If u(mn) = u(m)u(n) without
the coprimeness restriction on m,n, then w is called completely multiplicative.
Clearly, each multiplicative function is entirely determined by its values at p©,
where p € P is a prime number and a € N (for completely multiplicative func-
tions a = 1). A prominent example of a multiplicative function is the Mdbius
function p determined by p(p) = —1 and p(p®) = 0 for a = 2. Note that
p? (which is obviously also multiplicative) is the characteristic function of the
set of square-free numbers. The Liouville function A: N — C is completely
multiplicative and is given by A(p) = —1. Clearly, u = X - pu? and we will see
soon some more relations between g and A. Many other classical arithmetic
functions are multiplicative, for example: the Euler function ¢; the function
n+— (—1)"*1 is a periodic multiplicative function which is not completely mul-
tiplicative; d(n) :=number of divisors of n, n — 2 where w(n) stands for
the number of different prime divisors of n; o(n) = 3} ;|,, d. Recall that given
q = 1, a function x: N — C is called a Dirichlet character of modulus q if:

(i) x is g-periodic and completely multiplicative,
(i) x(n) # 0 if and only if (n,q) = 1.

It is not hard to see that Dirichlet characters are determined by the ordinary
characters of the multiplicative group (of order ¢(q)) (Z/qZ)* of invertible (un-
der multiplication) elements in Z/qZ. The Dirichlet character xi(n) := 1 iff



(n,q) = 1 is called the principal character of modulus g. Moreover, each pe-
riodic, completely multiplicative function is a Dirichlet character (of a certain
modulus). Another class of important (completely) multiplicative functions is
given by Archimedean characters n — n® = e*1°2™ which are indexed by t € R.

2.2 Dirichlet convolution, Euler’s product

Recall that given two arithmetic functions u,v: N — C, by their Dirichlet
convolution u * v we mean the arithmetic function

(10) uxv(n) = Y u(d)v(n/d), neN.
d|n

If by A we denote the set of arithmetic functions then (A, +, %) is a ring which
is an integral domain and the unit e € A is given by 1 There is a natural
ring isomorphism between A and the ring D of (formal)l4 Dirichlet series

0
Asu—U(s):= Z u(:b)eD, seC,
n
n=1

under which

Us)V(s) = 3 %"(")

When u = 1y then the Dirichlet series defines the Riemann ¢ function{

[e¢]
1
¢(s) = Z o for Res > 1.

n=1
It is classical that if 4 and v are multiplicative then so is their Dirichlet
convolution. The importance of multiplicativity can be seen in the representa-
tion of the Dirichlet series of a multiplicative function u as an Euler’s product.
Indeed, a general term of [ p(1 + u(p)p™ + u(p®)p~>* + ...) has the form

a

w(py)ulper)  wlpg i) u(n) .
T D Lo o i.e. equals s for some n. It easily follows that
u(n
E (S) = | |(1 +u@)p f Ful@)p ...
n
n=1 peP

If additionally w is completely multiplicative (and |u| < 1), then u(p*) = u(p)*

and
> U(Z) =[] =u@p) "

n
peP

13The Mébius Inversion Formula is given by p % 1y = e.

14We will not discuss here the problem of convergence of Dirichlet series, see [144].

15 An analytic continuation of ¢ yields a meromorphic function on C (with one pole at s = 1)
satisfying the functional equation

(11) ¢(s) = 2°7° Lsin (?) I(1—s)C(1—s).

Because of the sine, {(—2k) = 0 for all integers k > 1 — these are so called trivial zeros of ¢
(¢(2k) # 0 since I' has simple poles at 0,—1,—2,...). In Res > 1 there are no zeros of ¢ (¢ is
represented by a convergent infinite product), so except of —2k, k > 1, there are no zeros for
se€C, Res <0 (as Re(1 — s) > 1). The Riemann Hypothesis asserts that all nontrivial zeros
of ¢ are on the line z = % See |144].

10



Note that if w = p, we obtain

since p(p) = —1 and p(p”) = 0 whenever > 2. Since for the Riemann ¢
function, we have ((s) = [ [,cp(1 —p~*)~! for Res > 1, we obtain the following.

= _ 2 Ghenever Res > 1.

n=1 ns

Corollary 2.1. We have C(s)

We could have derived the above assertion in a different way. Indeed, pxly =
e. fG(s):=X0" | & 75") stands for the Dirichlet series of the Mdbius function,
then

o0

Z N*]lN ij

2.3 Distance between multiplicative functions
Denote by
(12) M :={u: N — C: u is multiplicative and |u| < 1}.

Let u,v € M. Define the “distance” function D on M by setting

1/2
(13) D(u,v) := (2 1 (1 ~Re (mm@))) .

peP p
For each u, v, w € M, we have:

e D(u,u) = 0; D(u,u) =0 iff ZpeP p(l — |u(p)|?) = 0 iff |u(p)| = 1 for all
pe P, so D(nit nt) =0foreacht € R, D(A,A) = D(u, ) = 0. Of course,
if u(p) = 0 for each p € P then D(u,u) = +00. Moreover, ¢(n)/n € M
and D(¢(n)/n, p(n)/n) = 3,cp 1(1 — & §> ) is positive and finite.

e D(u,v) = D(v,u).
¢ D(u,v) < D(u,w) + D(w, v), see |7§].

When D(u,v) < 40 then one says that u pretends to be v. For example,
p? and ¢(n)/n pretend to be 1 (as 3, cp p(l - ppl) =D P # < +00).

Lemma 2.2 (|78]). For each u,v,w,w’ € M, we have
(i) D(uvw,vw’) < D(u,v) + D(w,w’).

Moreover, by (i) and a simple induction,
(i) mD(u,v) = D(u™,v™) for all m e N.

If we fix t # 0 and k > ko then the number of p € P satisfying

27 1 27 2
exp (T(k + 5)) <p<exp (T(k + §)>

11



is (by the PNT) at least C%ﬁkm (for a constant C' > 0), whence

1 1 2 2
pePikt L tloer o 21 xRkt
27 k/t

w

It follows that
1 1
(14) Z — (1 —cos(tlogp)) = C'=
P k
exp(2F (k+3))<p<exp(*F (k+3))
for a constant C’ > 0. Now, using ([I3)), (I4) and summing over k, we obtain
the following
(15) D(1,n') = oo for each t # 0.

It is not difficult to see that for ¢ # 0, D(x,n) = +oo for each Dirichlet
character y, while for ¢ = 0, we have D(x, 1) < 40 if and only if x is principal.

2.4 Mean of a multiplicative function. The Prime Number
Theorem (PNT)

The distance D is useful when we want to compute means of multiplicative
functions. Given an arithmetic function u: N — C its mean M (u) is defined as
M(w) :=limy o 5 2, <y w(n) (if the limit exists).

Theorem 2.3 (Halasz; e.g. Thm. 6.3 [57]). Let w € M. Then M(u) ezists and
is mon-zero if and only if

(i) there is at least one positive integer k so that u(2F) # —1, and

(i) the series X, p %(1 — u(p)) converges.

When these conditions are satisfied, we have
1 [e¢]
Mu) =[] (1 - _) <1 + ), p_mu(pm)> .
peP p m=1
The mean value M (u) exists and is zero if and only if either

(ii) there is a real number T, so that for each positive integer k, u(2F) = —2k7,
moreover D(u,n'T) < +o0; or

(iv) D(u,n') = oo for each t € R.
Corollary 2.4 (Wirsing’s theorem). If u € M is real-valued then M (u) exists.
Proof. Since Re(p®) = Re(p~*), and u(p) € R, we have

D(1,n*") = D(n™" n') < 2D(u,n")

by the triangle inequality. By (I3)), it follows that D(u,n®) = +oo for each
0 # t € R. Hence, if D(u,1) = +o0, then D(u,n®) = +o0 for each t € R and
then M (u) = 0 by Halasz’s theorem (iv).

If not then D(u,1) < +00. Then the series >, %(1 — u(p)) converges (so
(ii) is satisfied) and we check whether or not u(2%) = —1 for all k € N, that is,
either (i) holds or (iii) holds. O

16 This proof of (I5) has been shown to us by G. Tenenbaum.
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Remark 2.5. It follows from (I5) that in Halasz’s theorem (iii) and (iv) are
two disjoint conditions.

Remark 2.6. Not all functions from M have mean. Indeed, an Archimedean
character n® has mean iff ¢ = 0. This can be shown by a direct computa-
tion: apply Euler’s summation formula to f(z) = 2% with ¢t # 0, to obtain

%Znanit = % +0 (bgTN)'
Theorem 2.7 (e.g. [78,185,[159]). The PNT is equivalent to M (u) = 0.

Remark 2.8. The statement above is an elementary equivalence, see the dis-
cussion in Section 4 [49]. For a PNT for a more general f (i.e. not for f = 1)
the relation between such a disjointness and sums over the primes requires more
quantitative estimates than simply o(V).

Remark 2.9. By Halasz’s theorem, condition M(u) = 0 is equivalent to
D(p,n') = oo for each t € R (u does not pretend to be n''), and this can
be established similarly to the proof of (IH).

The PNT tells us about cancelations of +1 and —1 for . When one requires
a behavior similar to random sequences, say “square-root type cancelation”, the
result is much stronger:

Theorem 2.10 (Littlewood, see |36]). The Riemann Hypothesis holds if and
only if for every € >0, we have 3 _n p(n) = O.(Nze).

This result is not hard to establish and we show the sufficiency: By Corol-
lary 2], we have

1 &G opln)

Setting M (z) = >

- _iu(n) foo dz™" = s i p(n) f:o %-

n n=1

n<z (1), we obtain

1 * M(z)
(16) ®=SJ.1 s dx, Res>1

and, by the assumption on M(-),
‘[“) dx ::Jﬁo‘ﬂd(x)‘dx <<J‘OOx%-}—a—(Res-ﬁ-l)dl_ :‘fdjx—Res—%+ad$_
1

1 pRes+1 1 1
It follows that the integral on the RHS of (If) is absolutely convergent for
Res > 1 +e. Hence, (I6) yields an analytic extension of ﬁ) to {se C:Res >

M (z)

s+l

% + ¢}. In this domain there are no zeros of ¢ and by the functional equation
(see (II)) on ¢, we obtain the Riemann Hypothesis.

2.5 Aperiodic multiplicative functions
Denote by

1
Meony :={ue M: lim N Z u(an + r) exists for all a,r € N}.

N—w
- n<N

The following is classical.
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Lemma 2.11. Let uw € M. Then u € Mcony if and only if the mean value
M(x - u) exists for each Dirichlet character x.

An arithmetic function u: N — C is called aperiodic if, for all a,r € N, we
have imy o0 % 2, <y w(an +r) = 0. Similarly to Lemma 211} we obtain that
u € M is aperiodic if and only if M(x - u) = 0 for each Dirichlet character
X. Delange theorem (see, e.g., |78]) gives necessary and sufficient conditions for
u to be aperiodic. In particular, each u € M satisfying D(u,x - n'') = 0 for
all Dirichlet characters x and all ¢t € R, is aperiodic. Classical multiplicative
functions as p or A are aperiodic.

Frantzikinakis and Host in |67] prove a deep structure theorem for mul-
tiplicative functions from M. One of the consequences of it is the following
characterization of aperiodic functions: u € M is aperiodic if and only if it is
uniform, that is, all Gowers uniformity seminormd!] vanish [67]. In [23] (see
Theorem 1.3 therein), this result is extended to show that w € M., 1S either
uniform or rationall’y Also, a variation of this result has been proved in [23]
(see Theorem A therein):

for each positive density level set E = {n e N: u(n) = c} of ue M
there is a (unique if density is smaller than 1) rational (i.e. coming
from a rational function from M) level set R of v € M such that
d(R)1g — d(E)1g is Gowers uniform.

(17)

For example, for E = {n € N: pu(n) = 1} the unique set R is just the set of
square-free numbers.

2.6 Davenport type estimates on short intervals

Given u € M, for our purposes we will need additionally the following for
each (b,) © N with b,41 — b, — o0 and any c € C, |¢| = 1, we have

(18) ! > uln) ——0.

b K—o
K+l <k b <n<br41 -

"For N € N we write [N] for the set {1,2,...,N}. Given h,N € N and f: N - C, we
let Spf(n) = f(n+ h) and fy = L[y - f. For s € N, the Gowers uniformity seminorm |77]
H.HU[SN] is defined in the following way:

1N
= NZfN(")

n=1

1 £l

Y

and for s > 1
sS4l 1 N 98
A2 = D [ wsnfw
Uini N hZ::l

YUin)
A bounded function f: N — C is called uniform if HfHU[sN] converges to zero as N — o0 for

each s > 1.

18 An arithmetic function w is rational if for each € > 0 there is a periodic function v such that
lim sup y_, o0 % Yn<n lu(n) —v(n)| < e. Note that since p is aperiodic, whence orthogonal
to all periodic sequences it will also be orthogonal to each rational u |23]. An example of
rational sequence is given by p?. For more examples, see the sets of %-free numbers in the
Erdos case in Section

1976 be compared with the estimates [B), where we drop the sup requirement.
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It is not hard to see that if u € M satisfies (I) for each (b,) and c as above,
then it must be aperiodic.

In fact, it follows from a break-through result in [124] and [125] that the
class of u € M for which (I8) holds contains all uw for which

(19) D(u,n — x(n)n'; M)* — o,

inf
[t|<M,x mod q,q<Q

when 100K H< M, H— wand Q = min(logl/125 M, log” H); here x runs over
all Dirichlet characters of modulus ¢ < @ and

N\ 1/2
D(u,v; M) :=< 3 1—R€(U(p)v(p))>

p<M,peP p

for each u,v € M. Moreover, classical multiplicative functions like g and A
satisfy (3], see |125].

Finally, note that (I]) true for all (b,) as above is equivalent to the following
statement:

1
(20) v
M M<m<2M

]

c"u(h)
M,H—o0,H=0(M)

m<h<m+H

(we can also replace the first sum by >3, .. _;,), see [7] for details. This state-
ment is much closer to the original formulations of (simplified versions of) the-
orems from [124, 125].

One more consequence of the main result in [124] is the following:

Theorem 2.12 (Thm. 1.1 in [125] and a corollary for k = 2 therein). For
H — oo arbitrarily slowly with M — oo (H < M ), we have

SIS ulmyu(m + b)) = o(HM).

h<H [m<M

2.7 The KBSZ criterion

Sarnak’s conjecture is aimed at showing that deterministic sequences (i.e. those
given as observable sequences in the zero entropy systems) are orthogonal to p.
In particular, as p is a multiplicative function, the result™] below establishes
disjointness with .

Theorem 2.13 (|31}, 1104]). Assume that (ay,) is a bounded sequence of complex
numbers. Assume that for all prime numbers p # ¢

1 _
(21) N Z Apnlqn 0.

N
n<N -

20The main ideas for this result appeared in [40] and [132]. It was first established in a
slightly different form in |104] and then in [31], see also |84] for a proof. The criterion has
its origin in the bilinear method of Vinogradov |163] which is a technique to study sums of
a over primes in terms of sums over progressions Y, .y @dn and sums >, n GdynGdon- If
an = f(T™z) then these sums are Birkhoff sums for powers of T and their joinings.

In what follows we will refer to Theorem [2.13] as to the KBSZ criterion.
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Then, for each multiplicative function uw € M, we have

(22) — anu(n) —— 0.
n<N

For example, see [104], the criterion applies to the sequences of the form
(e’P(™), where P € R[x] has at least one irrational coefficient (different from
the constant term).

In the context of dynamical systems, we use this criterion for a,, = f(T"z),
n = 1. Clearly, this leads us to study the behavior of different (prime) powers of
a fixed map T. We should warn the reader that when applying Theorem 213
we do not expect to have (2I) satisfied for all continuous functions, in fact,
even in uniquely ergodic systems, in general, it cannot hold for all zero mean
functions?!] but we need a subset of C (X) which is linearly dense, cf. footnote [l

We will also need the following variation of Theorem 2.13] see [7]:

Proposition 2.14. Assume that (ay) is a bounded sequence of complex num-
bers. Assume, moreover, that

1
(23) lim sup <1imsup — Z azmaqn> =0.
P,q—>0 Noow |IN
different primes n<N

Then, for each multiplicative function u: N — C, u € M, we have
(24) im — > (n) =0
im — " = 0.
Jim n<Na u(n

Remark 2.15. In contrast to the KBSZ criterion given by Theorem 2.3l con-
dition (23)) has its ergodic theoretical counterpart — the property called AOP
(see Section M) which is a measure-theoretic invariant.

3 Chowla conjecture

In this section we get into the subject of the Chowla conjecture which is the
main motivation for Sarnak’s conjecture.

3.1 Formulation and ergodic interpretation

The Chowla conjecture deals with higher order correlations of the M&bius func-
tion that is, the conjecture asserts that

0

(25) % Z p ()t (n + ki) ... @' (n + k)

n<N

N—o0

21'We can easily see that when Tz = = + « is an irrational rotation on T = [0,1), then, by
the Weyl criterion on uniform distribution, (2I)) is satisfied for all characters (for all z € T),
but there are continuous zero mean functions for which (ZI)) fails [110)].

22 As a matter of fact, in [36], it is formulated for the Liouville function. We follow [14&]. For
a discussion on an equivalence of the Chowla conjecture with g and A, we invite the reader
to [141]. As shown in |125], there are non-pretentious (completely) multiplicative functions for
which Chowla conjecture fails. For more information, see the discussion on Elliot’s conjecture
in [123].
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whenever 1 < k1 < ... <k, js € {1,2} not all equal to 2, r > 0P3

We will now explain an ergodic meaning of the Chowla conjecture. Recall
that given a dynamical system (X,7T) and p € M(X,T), a point z € X is called
generic for u if

1 n
N i CU)E’J-deM

n<N
for each f € C(X). Equivalently, & _x 67ng ~ M (we recall that
= —00

M(X,T) is endowed with the weak* topology which makes it a compact metriz-
able space). By compactness, each point is quasi-generic for a certain measure
ve M(X,T),ie.

1
N 2y O

n<Npg

for a certain subsequence Ny — o0. Let
(26) Q-gen(z) :={vre M(X,T) : x is quasi-generic for 1/}

Assume now that we have a finite alphabet A. We consider (A%, S), so called
full shift, or more precisely, two-sided full shift, where A% is endowed with the
product topology and S((x,)) = (yn) with y, = .41 for each n € Z. Each
X < A? that is closed and S-invariant yields a subshift, i.e. the dynamical
system (X, S). One way to obtain a subshift is to choose x € A% and consider
the closure X, of the orbit of x via S. If x is given as a one-sided sequence,
x € AN, we still might consider

(27) X, := {y € A : each block appearing in y appears in x}

to obtain a two-sided subshift. In case when each block appearing in = reappears
infinitely often, X, = {S™Z : n € Z}, for some T for which Z(j) = z(j) for each
7 =1 but, in general, there is no such a good z. Moreover, we will let ourselves
speak about a one-sided sequence x to be generic or quasi-generic for a measure
veM(X,,S).

Now take A = {—1,0,1}. For each subshift X < {—1,0,1}% let € C(X) be
defined as

(28) 0(y) = y(0), ye X.

Note that directly from the Stone-Weierstrass theorem we obtain the following.

Lemma 3.1. The linear subspace generated by the constants and the family
{pio o Sko . gi o Gk gir o SR ke Z,jie{1,2}),i=0,1,...,r,7 >0}

of continuous functions is an algebra of functions separating points, hence it is

dense in C(X).

23The Chowla conjecture is rather “close” in spirit to the Twin Number Conjecture in the
sense that the latter is expressed by () >, <, A(n)A(n + 2) = (2ll2) - & + o(z), where

Mz =[],(1— ﬁ) = 0,66016. .. which can be compared with }, . p(n)u(n +2) = o(z)

which is “close” to the Chowla conjecture, see e.g. [157]. A recent development shows that it
is realistic to claim that the Chowla conjecture with an error term of the form o((log N)~#)
for some A large enough (A depending on the number of shifts of p that are considered)
implies (x). (Of course, everywhere A is a good approximation of 1p).
See also [140] for a (conditional) equivalence of () with 3 A(n)u(n +2) = o(N).
24\We recall that either x is generic or Q-gen(z) is a connected uncountable set, see Propo-
sition 3.8 in [47].
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The subshift (X,,S) is called the Mdbius system and X, < {0,1}* <
{=1,0,1}2 is the square-free systemPd Note that s: (2(n)) — (2(n)?) will settle
a factor map between the Mobius system and the square-free system. The point
p? is a generic point for so called Mirsky measure v,,2 |33,[131] (see Section [62).
In other words, there are frequencies of blocks on u?: for each block B € {0, 1},
the following limit exists:

1
lim N‘{l<n<Nf€:u2(n,n+€—1)=B}‘ =:V,2(B).

N—w

We can now consider the relatively independent extension?d U2 of v,2 which

is the measure on s~'(X,2) < {—1,0,1}” given by the following condition: for
each block C € {—1,0,1}¢, we have

~ 1
V2 (C) = 2—kl/H2 (02),

where C? is obtained from B by squaring on each coordinate and k is the number
of 1 in C2. A straightforward computation shows that

(29) f 07 o S0 . 97 o SR .97 0 SR dD,. =0
{—1,0,1}%

whenever {jo,...,j-} # {2}. On the other hand, in view of Lemma Bl the
values of integrals

f %o Sk . 9% 0 Sk . 0% 0 SF dD,,e
{—1,0,1}%

for all k; € Z and r > 0 entirely determine the Mirsky measure v,,>.
Corollary 3.2. The Chowla conjecture holds if and only if u is a generic point
for D2.

Proof. We consider any extension of u to a two-sided sequence (for example we
set p(n) = 0 for each n < 0). Suppose that

1
30 — Ogny — K.
( ) Nk n;\]k s k—o0

~

In order to get k = D2, in view of Lemma BT} we need to show that
f gio o Sko . gir o Sk .97 0 Sk dk =0
{—1,0,1}%

for any choice of integers kg < k1 < ... < ky, {Jo,J1,---,Jr} # {2} and r = 0.
Since the measure v is S-invariant, it is the same as to show that

f §io o .97 o §kr—ko . . gir o Gkr—ko g — (.
{—1,0,1}Z

25The point p? is recurrent, so there is a “completion” of u? to a two-sided sequence
generating the same subshift.

26 Consider Bernoulli measure B(1/2,1/2) on {—1,1}%* and Mirsky measure v, on {0, 1}2.
Measure 7,2 is the image of the product measure B(1/2,1/2) ® v,,2 via the map

7
(@,y) = (((n) - y(n)))nez € {~1,0,1}".
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Now, we have 1 < k1 — ko < ... < k, — ko and the result follows from (23]

and (30). O

The Chowla conjecture for r = 0 is just the PNT, however, it remains open
even for r = 1. As in [14&], we could consider a weaker version of the Chowla
conjecture. Namely, we say that p satisfies the topological Chowla conjecture if
XH = Sfl(Xy;).

Remark 3.3. Note that (25) holds if
Ho<t<r:j=1}=1.

Indeed, it is not hard to see that if ¢y is the only index for which j;, = 1 then
the sequence a(n) := [],,, #*(n + k) is rational. Hence, g is orthogonal to
a(+), cf. footnote [I8

3.2 The Chowla conjecture implies Sarnak’s conjecture

Assume that (X, T) is a topological system. Following |99, [166] a point z € X is
called completely deterministic if for each measure v € Q-gen(z) (see ([26])), the
measure theoretic dynamical system (X, B(X), v, T) has zero Kolmogorov-Sinai
entropy: h,(T) = 0. Of course, if the topological entropy of T is zero, then by
the Variational Principle, each xz € X is completely deterministic. On the other
hand, (X2, S) has positive topological entropy |6, 136, 148] and pu? € X 2 is
completely deterministic, see |3, 133].
Let f € C(X) and z € X be completely deterministic. We have

% > F(Tz)p(n) = JXXX (f®6)d (% > 5<Tx3>n<m,u>>-

n<N n<N

We can assume that

1 .
oA Z S(T xSy (12 —opn the space M (X x X,,,T x S).

n<Ng

Under the Chowla conjecture, the projection of p on X, is equal to 7> (since,
by Corollary 3.2} p is a generic point for D,,2), while the projection of p on X is
some T-invariant measure s and h,,(T) = 0 (since x is completely deterministic).
Note that p is a joining?7 of the (measure-theoretic) dynamical systems (X, k, T')
and (X, 7,2, 5). Moreover, the latter automorphism has the so called relative
Kolmogorov property with respect to the factor (X,z2,v,2,S). We then consider
the restriction of the joining p|xx X, and p|x, to obtain two systems that
have a common factor (namely X,,2) relatively to which the first one has zero
entropy and the second being relatively Kolmogorov. Since the function 6 is
orthogonal to L?(X u2;Vy2), the relative disjointness theorem on zero entropy
and Kolmogorov property yields the following (see also Remark [3.6)):

2"Recall that if R; is an automorphism of a probability standard Borel space (Z;i, Dy, vs),
i = 1,2, then each R1 x Rg-invariant measure A on (Z1 x Z2, D1 ® D2) having the projections
v1 and va, respectively is called a joining of Ry and Ra: we write A € J(R1, R2). If R1, Ry are
ergodic then the set J¢(R1, R2) of ergodic joinings between R; and R is non-empty. A funda-
mental notion here is the disjointness (in sense of Furstenberg) |70]: R1 and R2 are disjoint if
J(R1,R2) = {v1 ®v2}: we write R1 L Ro. For example, zero entropy automorphisms are dis-
joint with automorphisms having completely positive entropy (Kolmogorov automorphisms)
and also a relativized version of this assertion holds.
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Theorem 3.4 (|3]). The Chowla conjecture implies

—ZfT” ) =0

n<N

for each dynamical system (X,T), f € C(X) and x € X completely determinis-
tic. In particular, the Chowla conjecture implies Sarnak’s conjecture

Remark 3.5. It is also proved in |3] that this seemingly stronger statement of
the validity of Sarnak’s conjecture at completely deterministic points is in fact
equivalent to the Mdbius disjointness of all zero entropy systems.

Remark 3.6. A word for word repetition of the above proo@ yields the same
result when we replace g by another generic point of 7,2 in which we control
the relative Kolmogorov property over the maximal factor with zero entropy,
so called Pinsker factor. In particular, we can replace g by A (for which the
Pinsker factor will be just the one-point dynamical system).

As a matter of fact, it is expected that each aperiodic real-valued multiplica-
tive function satisfies the Chowla type result (and hence satisfies the Sarnak

type result), see the conjectures by Frantzikinakis and Host formulated after
Theorem [3.30]

Remark 3.7. The original proof of Sarnak of the implication “Chowla con-
jecture = Sarnak’s conjecture” used some combinatorial arguments and proba-
bilistic methods, see [157].

Sarnak’s conjecture (2)) is formulated for the Moblus function. But of course
one can consider other multiplicative functions P9 Below, we show that if we
use the Liouville function then nothing changes.

Corollary 3.8. Sarnak’s conjecture with respect to wu is equivalent to Sarnak’s
conjecture with respect to A.

Proof. Let us recall the basic relation between these two functions: A(n) =
22 In p(n/d?).

Assume that (X,T) is a dynamical system with h(7T) = 0. As the zero
entropy class is closed under taking powers, we assume Mobius disjointness for
all powers of T'. Then

FWGENOEE WO WIS

n<N d?|n

_ 2 n/dQ TdZ)n/de)

I
M ZI

dg < / = 2 M) ).

n<N/d?

28We will see later that some special cases of validity of convergence in (25) also have their
ergodic interpretations and they imply Mobius disjointness for restricted classes of dynamical
systems of zero entropy; in particular, see Corollary and Corollary

29The above proof was already suggested by Sarnak in [148].

30If M6bius disjointness in a dynamical system is shown through the KBSZ criterion then
we obtain orthogonality with respect to all multiplicative functions.
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Take & > 0 and select M > 1o that Y, ,, = < &. Consider T,T2,T%,..., TM.
We have

2 FE )| < e

n<N

for all k = 1,..., M whenever N > Ny. It follows that

1 2
Td n
NIE ng;/dz p(n) f(TE )| < e

foralld=1,...,M if N > MNy. Otherwise we estimate such a sum by || f]|c-

To obtain the other direction, we first recall that p? is a completely determin-
istic point. Then use Theorem [B.4] for A (see Remark B.6]), write A(n)u?(n) =
p(n) for each n = 1 and we obtain

3 FTEmAm) = 1 3 (FOOT x )", p2)A(R) — 0

n<N n<N

as the point (z, u?) is completely deterministic. 0O

3.3 The logarithmic versions of Chowla and Sarnak’s con-
jectures

An intriguing problem arises whether the Chowla and Sarnak’s conjecture are
equivalent. An intuition from ergodic theory would say that this is rather not
the case as the class of systems that are disjoint (in the Furstenberg sense) from
all zero entropy measure-theoretic systems is the class of Kolmogorov automor-
phisms and not only Bernoulli automorphisms (and a relative version of this
result persists) 2]

From that point of view a recent remarkable result of Terence Tao |155] about
the equivalence of logarithmic versions of the Chowla and Sarnak’s conjectures
is quite surprising. We will formulate some versiond®d of three (out of five)
conjectures from [155].

Conjecture A: We have

1 Z pwo(n)pt (n + ki) ... pdm(n + ky) 0
logNn<N n N—w

whenever 1 < k1 < ... < ky, js € {1,2} not all equal to 2, r = 0.

311f we consider general sequences z € {—1,0, l}N then we can speak about the Sarnak and
Chowla properties on a more abstract level: for example the Chowla property of z means (25
with p replaced by z. See Example 5.1 and Remark 5.3 in |3] for sequences orthogonal to all
deterministic sequences but not satisfying the Chowla property. However, arithmetic functions
in these examples are not multiplicative.

However, an analogy between disjointness results in ergodic theory and disjointness of se-
quences is sometimes accurate. For example, a measure-theoretic dynamical system has zero
entropy if and only if it is disjoint with all Bernoulli automorphisms. As pointed out in |3]
(Prop. 5.21), a sequence t € {—1,1}" is completely deterministic if and only if it is disjoint
with any sequence z € {—1,0, 1} satisfying the Chowla property.

32See Remark 1.9. Also, in [155] the Liouville function X is considered, see page 2 in [155]
how to replace A by p.
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Remark 3.9. It should be noted that passing to such logarithmic averages
moves one away from questions about primes, twin primes and subtleties such
as the parity problem. For example, the statement ), <N @ = o(log N) is

Din<N # < 1), while the PNT is equivalent to

much stronger statement fo:l # = 0 (as conditionally convergent series).
On the other hand, the logarithmically averaged Chowla conjecture implies

that all “admissible” configurations do appear on w, see Corollary below

(the topological Chowla conjecture for A implies that all blocks of +1 appear in

A).

easy to establish (in fact,

Conjecture B: We have

1 ™
y H0pe
log N N n N—w
whenever (X, T) is a topological system of zero topological entropy, f € C(X)
and x € X.

To formulate the third conjecture, we need to recall the definition of a nilro-
tation. Let G be a connected, simply connected Lie group and I' = G a lattice
(a discrete, cocompact subgroup). For any go € G we define T, (gH) := gogH.
Then the topological system (G/I',T,,) is called a nilrotation.

Conjecture C: Let f € C(G/T') be Lipschitz continuous and zg € G. Then (for
H < N)

Z SUDgeq |Zh<H f(Tg}L+n(9UOF))H(” + h)|

n

= o(HlogN).

n<N
Theorem 3.10 (|155]). Conjectures A, B and C are equivalent.

Remark 3.11. Tao also shows that if instead of logarithmic averages we come
back to Cesaro averages, then

Conjecture A = Conjecture B = Conjecture C

and it is the implication Conjecture C = Conjecture A that requires logarithmic
averages.

Remark 3.12. Let us consider the Cesaro version of Conjecture C with H =
o(N) and we drop the assumption on the sup (which is inside), i.e.: for each
g € G, we have

5 2|3 T )t + )

neN |n<t H,N—w,H=0(N)

This is a particular case of what we will see in Section [d where we introduce the

strong MOMO notion (hence, the validity of Sarnak’s conjecture on (typical)
short interval).
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Corollary 3.13 (a letter of W. Veech in June 2016). Sarnak’s conjecture implies
topological Chowla conjecture. Equivalently, Sarnak’s conjecture implies that
each block B € {—1,0,1}¢ for which B? appears in u? appears in g (and the
entropy of (X, S) equals % log 3).

Proof. Indeed, Sarnak’s conjecture implies its logarithmic version which, by
Theorem 310, implies logarithmic Chowla conjecture, that is, @ Din<N Ssmp

—
n

vU,2. However, the logarithmic averages of the Dirac measures are convex com-
binations of the consecutive Cesaro average %ZJ <n0sip, s0 if we take a
block B € s7!(X,2), we have D,,2(B) > 0 and therefore there exists n such that
%ngn dgip(B) > 0, which means that B appears in p. O

Remark 3.14. (added in October 2017) As a matter of fact, as shown in [76],
Sarnak’s conjecture implies the existence of a subsequence (Nj) along which
Nik Dins N, O0snp — V2. This follows from a general observation that, given a
topological system (X,T'), whenever an ergodic measure v is a limit of a subse-

quence (My,) of logarithmic averages of Dirac measures: v = limy_, 4 m D<M, ‘ST—mmZ’-,

then there exists a subsequence (N},) for which v = limy_, Nik anNk Orng. We
apply this to the measure U/,,> which is ergodic.

In |154], Tao proves the logarithmic version of Chowla conjecture for the
correlations of order 2 (which we formulate for the Liouville function):

Theorem 3.15 ([154]). For each 0 # h € Z, we have
1 Z A(n)A(n + h)

log N = n N—ow

0.

See also |124], where it is proved that for each integer h > 1 there exists
§(h) > 0 such that imsupy_,o, &[Sy AR)A(n + h)| < 1 —6(h) and [126],
where it is proved that for the Liouville function the eight patterns of length 3 of
signs occur with positive lower density, and the density result with lower density
replaced by upper density persists for k + 5 patterns (out of total 2¥) for each
keN.

For a proof of a function field Chowla’s conjecture, see |32].

33 Assume that (an) is a bounded sequence and set Ay, = aj + ...+ an. Then, we have by
summation by parts

1 an 1 1
31 — = A —An)—
(31) log N ZN n log N Z (An+1 )n

n< n<N
1 1 1 1 A 1
- 3oAn (= - to(l)=—— > =" +o(1).
logN = n n+1 logN = n n+l

It follows that:
e If the Cesaro averages of (an) converge, so do the logarithmic averages of (an).
e The converse does not hold (see e.g. [24] in %-free case, Section [G.1)).
e If the Cesaro averages converge along a subsubsequence (Ny) then not necessarily the

logarithmic averages do the same. Indeed, by (B]]),m Znst % is (up to a small

error) a convex combination of the Cesaro averages for all n < Nj.

23



Remark 3.16. See also [158], where, given ko, ...k € Z and uog, ..., up € M,
one studies sequences of the form

n— ug(n + akp) - ... ug(n + aky), a € Z.

By considering their logarithmic averages, one obtains a sequence (f(a)). The
main result of |158] is a structure theorem (depending on whether or not the
product ug-. . . uy weakly pretends to be a Dirichlet character) for the sequences
(f(a)). As a corollary, the logarithmically averaged Chowla conjecture is proved
for any odd number of shifts.

3.4 Frantzikinakis’ theorem

Tao’s approach from |155] is continued in [66]. Before we formulate Frantziki-
nakis’ results, let us interpret some arithmetic properties, especially the role of
a “good behavior” on (typical) short interval of a multiplicative function in the
ergodic theory language.

3.4.1 Ergodicity of measures for which p is quasi-generic

In this subsection we summarize ergodic consequences of some recent, previously
mentioned number-theoretic results, cf. |65]. By that we mean that we consider
all measures k € Q-gen(p) and we study ergodic properties of the dynamical
systems (X, &, S).

Let k € Q-gen(w), i.e. Mik Yime<n, 05mp o K€ M(X,,S) for some

increasing sequence (M}). As usual, §(x) = (0) (6 € C(X,)). We have
(32) f fdr =0,
Xl-‘f

as the integral equals limy_, J%Ik Yin<ar, 0(S" 1) = 0 (by the PNT). Denoting
by Inv the o-algebra of S-invariant (modulo the measure ) subsets of X, we

recall that )

h 72
T Z oS ;:;—»IE(@HTLU) in L°(X,, k)

h<H

(by the von Neumann ergodic theorem). We want to show that
0 L L*(X,, Inv, k)

(i.e. k must be “slightly” ergodic). In other words, we want to show that

)

But such integrals can be computed:

)

M, m<Mj

2

1 Z 6o Sh
h<H

drk —— 0.
H—

"

2 2

dk.

1
- Z 9oSh
Hth

—_—
k—o0
g XM

1
i > 008" (S™p)

h<H
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Putting things together, given € > 0, for H > 1 large enough, we want to see

lim sup L Z

k—o0 Mk m§1\/[k

2
1

T Z p(m + h)

h<H

<e.

The latter is true because of [124]: for a typical” m the sum |4 Dm<ham4H p(h)|
is small.

Remark 3.17. As the calculation above shows, the fact that

— Z Z (m+h)

m<I\/[ h<H

2
— 0

when H — o0 and H = o(M) is equivalent to § L L*(X,,Inv,r) for each
k € Q-gen(p). In particular, the Chowla conjecture implies the above short
interval behavior.

However, remembering that x| X,2 = Vu2, one can ask now whether 6 is
measurable with respect to the factor given by the Mirsky measure. As this
factor has rational discrete spectrum [33], to show that this is not the case, we
need to prove that 1 L2(X,4), where ¥,,; stands for the factor given by the
whole rational spectrum of (X, x, ). To do it, we need to show that for each
r = 1, we have

% D oosm ~—0in L*(X,., K).
n<N
This convergence can be shown by using the strong MOMO property (which we
will consider in Section [)) for the rotation j — j + 1 on Z/rZ. We skip this
argument here and show still a stronger consequence.

Assume that k € Q-gen(p) and that we want to show that the spectral

measure of § € L?(X,,, r) is continuous. Hence, we need to show that

= Z |Go(h)] T 0
h<H
when H — o0. Equivalently, we need to show that

— 0.
H—o

f 0oSh. 0dk

h<H

If we fix H > 1 then

foS"-0dk = lim — 6oSh(S™u)-0(S™p)
J- k*)OOM m;\:h

1
—— 3 plm+ h)ugm).
M, m<My
It follows that we need to show that

i Z >, w(m+h)p(m)| -0

h<H m<Mk
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when H, M} — o0; to be precise, given € > 0 we want to show that for H > H.,
we have limsupy . 7 Yy J%Ik Yim<nr, (M + h)p(m)| < e. Hence, directly
from Theorem [2.12] we obtain the following.

Corollary 3.18. The spectral measure of 6 is continuous for each k € Q-gen(p).

While it is obvious that the subshift X, is uncountable (indeed, it is the
subshift X,,> which is already uncountable, see Section[@]), it is not clear whether
X is uncountable. However, if a subshift (Y,S) is countable, all its ergodic
measures are given by periodic orbits, hence there are only countably many of
them and it easily follows that each k € M (Y, S) yield a system with discrete
spectrum. Hence, immediately from Corollary B.18 we obtain that:

Corollary 3.19. The subshift X} is uncountable4

From Corollary B.I8 we derive immediately the Mobius disjointness of all
dynamical systems with “trivial” invariant measures (see also |91]). This kind
of problems will be the main subject of our discussion in Section [

Corollary 3.20. Let (X,T) be any topological dynamical system such that,
for each measure v € M (X, T), (X,v,T) has discrete spectrum (not necessarily
ergodic, of course). Then (X,T) is Mdbius disjoint. In particular, the result
holds if M¢(X, T) is countable with each member of M¢(X, T) yielding a discrete
spectrum dynamical system.

Proof. Fix x € X and consider
1
-— 5(Tm’I,S”L[L) -—> p.
Mk m;wk k—o0

We have p|x, =: x € Q-gen(p) and p|x =: v. Now, we fix f € C(X) and we
need to show that { f ® 6dp = 0. But

(33) | reva-| vev-assd-o

XxX, XxX,
Indeed, the spectral measure of f ® 1 with respect to p is the same as the
spectral measure of f with respect to v and the spectral measure of 1 ® 6 with
respect to p is the same as the spectral measure of § with respect to k. Therefore,
these spectral measures are mutually singular by assumption and Corollary[3.18
Hence, the functions f ® 1 and 1 ® € are orthogonal, i.e. (B3) holds O

If we have all ergodic measures giving discrete spectrum but we have too
many ergodic measures then the argument above does not go through. Consider

(%) (z,y) — (z,x +y) on T

Question 1 (Frantzikinakis (2016)). Can we obtain x € Q-gen(\), so that
(X, K, S) is isomorphic to &)?

Of course, the answer to Question [Il is expected to be negative.

34The result has been observed in [68], cf. also [90].

35We use here the standard result in the theory of unitary operators that mutual singularity
of spectral measures implies orthogonality. Recall also the classical result in ergodic theory
that spectral disjointness implies disjointness.

36Consider X1 = X9 = T2 with p1 = p2 = Lebp2, the diagonal joining A on X1 x X2 and

f(z,y) = 0(x,y) with 8(x,y) = €27. The spectral measure of § is Lebesgue, and all ergodic
components of the measure p1 have discrete spectra.
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3.4.2 Frantzikinakis’ results

We now follow [66] and formulate results for the Liouville function, although,
up to some obvious modifications, they also hold for p.

Theorem 3.21 (|66]). Assume that Ny — o0 and let D in<N, dana

log Ng n koo
k. If k is ergodic then the Chowla conjecture (and Sarnak’s conjecture) holds
along (Ny) for the logarithmic averages.

Taking into account footnote [33], we cannot deduce a similar statement for
ordinary averages along (Ng) but in view of [76], see Remark B.14] the Chowla
conjecture holds along another subsequence. The situation becomes clear when
(N}) is the sequence of all natural numbers and we assume genericity.

Corollary 3.22 (]66]). If A is generic for an ergodic measure then the Chowla
conjecture holds.

Let us say a few words on the proof. Recall that given a bounded sequence
a(n)) < C admitting correlations one defines its local uniformity seminorms
see Host and Kra [87]) in the following manner:

(
(
(
(

34) HGJH?]l(N) = EnenEnena(n + h)a(n),
s+1 198
35) Ha’HQUS+1(N) = Enen|Sha - @ [2JS(N)7 s =2,

where, for each bounded sequence (b(n)), (Spb)(n) := b(h + n) and E,enb(n) =
my o0 3 Dpey b(n). (Similar definitions are considered along a subsequence
(Nk)-)

The following result has been proved by Tao:
Theorem 3.23 (|155]). Assume that X is generic. The Chowla conjecture holds
if and only if [A|ysm) = 0 for each s > 1

Remark 3.24. We have assumed in the statement of Theorem [B.23] that X is
generic but we would like also to note that, without this latter (strong) assump-
tion, Tao obtained the equivalence in Theorem .23 for the logarithmic averages,
see Conjecture 1.6 and Theorem 1.9 in [155] (however, one has to modify the
definition of seminorms [155]).

Hence, under the assumption of Corollary[3.22] we need to prove that all local
uniform seminorms of A vanish. The inverse theorem for seminorms reduces this
problem to the statement: for every basic nilsequence (a(n))@ on an s — 1-step
nilmanifold G/T" and every s — 2-step manifold H/A, we have

lim Een sup Ene[m,erN])‘(n)a’(n)b(n)’ =0,

N—> bE\I’H/A
where Wy /5 is a special class of basic nil-sequences (coming from Lipschtz func-
tions). The latter is then proved using a deep induction argument.

3e., we assume the existence of the limits of sequences
(% Ynen @ (n)d' (n+k1)...d (n+ kr))N>1 for every r € N and ki,...,kr € N (not

necessarily distinct) with o/ = a or @. It is not hard to see that a admits correlations if and
only if it is generic, cf. Section B}

38We have Mgy = 0 by [124], moreover [Aly2qy = 0 is equivalent to
im0 Emen SUPge(o,1) ‘Ene[m7m+N]A(n)eQWi”a| = 0 (cf. Conjecture C) and remains open.
For a subsequence version of Theorem [3.23] for logarithmic averages, see |155].

39By that we mean a(n) = f(g"I") for some continuous f € C(G/T) and g € G.
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3.5 Dynamical properties of Furstenberg systems associ-
ated to the Liouville and Mébius functions

We now continue considerations about logarithmic version of Sarnak’s conjec-
ture, cf. Conjecture B, Theorem B.211 Consider all measures x for which X is
logarithmically quasi-generic, i.e. m ZnéNk 55% — Kk for some Ny — o0.
We denote the set of all such measures by log-Q-gen(\). Following [6§], for
each k € log-Q-gen(A) the corresponding measure-theoretic dynamical system
(X, Kk, S) will be called a Furstenberg system of A. Before we get closer to
the results of [68], let us see first some consequence of Theorem for the
logarithmic Sarnak’s conjecture:

For each Furstenberg system (X, k,S), the spectral measure

(36) og of 0 is Lebesgue.

Indeed, assuming 2y Yoy, 52 —— # Theorem tells us that for
<Ny —
each h € Z\{0}, we have
1 A h)A
Go(h) = | 0oS"-0dk= lim 3 (n+ MA@ _

Xa k—ow log Ny, o n

Using (B8] and repeating the proof of Corollary 320, we obtain the following.

Corollary 3.25. Let (X,T) be a topological system such that each of its
Furstenberg’s systems has singular spectrum. Then (X,T) is logarithmically
Liouville disjoint.

The starting point of the paper [68] is a surprising Tao’s identity (implicit
in [154]) for general sequences which in its ergodic theory language (cf. Subsec-
tion B.4]) takes the following form:

Theorem 3.26 (Tao’s identity, |68]). Let x € log-Q-gen(X). Then

4 L
. log N .
0oSk | dk = (=1)¢ lim —=— J 0o SPki | dk
LA<H ) (~1) Jim == )] X(H

j=1 Pap<N
forallleN and k..., k¢ € Z.

Now, the condition in Theorem [B:26is purely abstract (indeed, the function 6
generates the Borel o-algebra), and the strategy to cope with logarithmic Sar-
nak’s conjecture is to describe the class of measure-theoretic dynamical systems
satisfying the assertion of Theorem [3.26] and then to obtain Liouville disjointness
for all systems which are disjoint (in the Furstenberg sense) from all members of
the class. In fact, Frantzikinakis and Host deal with extensions of Furstenberg
systems of A, so called systems of arithmetic progressions with prime steps

40Given a measure-theoretic dynamical system (Z, D, p, R), its system of arithmetic pro-
gressions with prime steps is of the form (ZZ%, B(Z%), 5, S), where S is the shift and the (shift
invariant) measure p is determined by

fzz H fj(zj)dﬁ(z):z\}i—rgoloifjv Z fz H ijRpjdp

j=—m p<NYZ j="m

forall m = 0, fom,..., fm € L®(Z,p) (here z = (z;)). It is proved that such shift systems
have no irrational spectrum. One of key observations is that each Furstenberg system of the
Liouville function is a factor of the associated system of arithmetic progressions with prime
steps.
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They prove the following result.

Theorem 3.27 (|68]). For each system of arithmetic progressions with prime
steps, its “typical” ergodic component is isomorphic to the direct product of an
infinite-step nilsystem and a Bernoulli automorphz’sm In particular, each
Furstenberg system (Xx, k,S) of X is a factor of a system which:

(i) has no irrational spectrum and

(i) has ergodic components isomorphic to the direct product of an infinite-step
nilsystem and a Bernoulli automorphism.

Remark 3.28. All the above results are also true when we replace A by .

Then, some new disjointness results in ergodic theory are proved (for ex-
ample, all totally ergodic automorphisms are disjoint from an automorphism
satisfying (i) and (ii) in Theorem B:27) and the following remarkable result is
obtained:

Theorem 3.29 (|68]). Let (X,T) be a topological dynamical system of zero
entropy with countably many ergodic invariant measures. Then Conjecture B
holds for (X, T).

In particular, logarithmic Sarnak’s conjecture holds for all zero entropy
uniquely ergodic systems. As a matter of fact, some ne consequences are
derived:

Theorem 3.30 ([68]). Let (X,T) be a topological dynamical system with zero
entropy. Assume that x € X is generic for a measure v with only countably

many ergodic components all of which yield totally ergodic systems. Then, for
every f € C(X), { fdv =0, we have

1 FT ) [T, pwln + k)
>

im oa vV
N—o0
—olog N = n

forallleN and kq, ..., ke € Z.
New conjectures are proposed in |6§]:

1. Every real-valued u € M has a unique Furstenberg system (i.e. u is
generic) which is ergodic and isomorphic to the direct product of a Bernoulli
automorphism and an odometer.

2. If, additionally, uw € M takes values +1 then its Furstenberg system is
either Bernoulli or it is an odometer.

Finally, it is noticed in |68] that the complexity of the Liouville function has
to be superlinear, that is

1
(37) A}im ~ |{B e {-1, 1}N : B appears in )\}| = .
—00

The reason is that, as shown in [6§], for transitive systems having linear block
growth we have only finitely many ergodic measures (and clearly systems with
linear block growth have zero topological entropy). Hence, by Theorem [3.29
such systems are Liouville disjoint. As X is not Liouville disjoint, A cannot
have linear block growth, i.e. (7)) holds.

41The product decomposition depends on the component.
42They are new even for irrational rotations. Cf. the notions of (S)-strong and (Sp)-strong
and their equivalence to the Chowla type condition in [3].
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4 The MOMO and AOP properties

4.1 The MOMUO property and its consequences

We will now consider Sarnak’s conjecture from the ergodic theory point of view.
We ask whether (already) measure-theoretic properties of a measurable system
(Z,D, k, R) imply the validity of () for any (X,T), f € C(X) provided that
x € X is a generic point for a measure y such that the measure-theoretic system
(X, B(X), u, T) is measure-theoretically isomorphic to (Z, D, k, R). More specif-
ically, we can ask whether some measure-theoretic properties of (Z, D, k, R) can
imply Mo6bius disjointness of all its uniquely ergodic models We recall that
the Jewett-Krieger theorem implies the existence of a uniquely ergodic model
of each ergodic system As a matter of fact, there are plenty of such models
and they can have various additional topological properties including topolog-
ical mixin |[L15]. Here is another variation of the approach to view Mobius
disjointness as a measure-theoretic invariant:

Question 2. Does the Mobius disjointness in a certain uniquely ergodic model
of an ergodic system yield the Mdbius disjointness in all its uniquely ergodic
models?

To cope with these questions we need a definition. Let w: N — C be an
arithmetic function1q

Definition 4.1 (strong MOMOET property [4]). We say that (X,T) satisfies
the strong MOMO property (relatively to u) if, for any increasing sequence of
integers 0 = by < by < by < -+ with bgy1 — b — 0, for any sequence (zy) of
points in X, and any f € C(X), we have

1 .
(38) o > >, ST ra)u(n)] —— 0.
K p<K |bj<n<biii -

Remark 4.1. The property (B8] looks stronger than the condition on M&bius
disjointness. The idea behind it is to look at the pieces of orbits (of different
points) in one system as a single orbit of a point in a different, larger but
“controllable” (from measure-theoretic point of view) system.

43Note that the answer is positive in all uniquely ergodic models of the one-point system:
each such a model has a unique fixed point that attracts each orbit on a subset of density 1, cf.

the map e27%% — 62””2, z € [0,1). This argument is however insufficient already for uniquely
ergodic models of the exchange of two points: in this case we have a density 1 attracting 2-
periodic orbit {a, b}, but we do not control to which point a or b the orbit returns first. Quite
surprisingly, it seems that already in this case we need |124| to obtain Md&bius disjointness of
all uniquely ergodic models.

441f all uniquely ergodic systems were M&bius disjoint, then as noticed by T. Downarowicz,
we would get that the Chowla conjecture fails in view of the result of B. Weiss [16&] Thm.
4.4’ on approximation of generic points of ergodic measures by uniquely ergodic sequences.

45Topological mixing for example excludes the possibility of having eigenfunctions continu-
ous.

460Qur objective is of course the Mé&bius function g, however the whole approach can be
developed for an arithmetic function satisfying some additional properties.

47The acronym comes from Mébius Orthogonality of Moving Orbits.
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Remark 4.2. One can easily show (as in Section [ 4.T]) that the strong MOMO
prerty (relative to p) implies f®60 L L?(Inv, p) for each p € Q-gen((z, p), T x
)

By taking f = 1 in Definition [£1] we obtain that whenever strong MOMO
holds, u has to satisfy:

(39) i > > un) ——0

k<K |bp<n<bp41

for every sequence 0 = bg < by < by < --- with bg11 — by — co0. In particular,
L3y u(n) ~ 0. This is to be compared with ([I), 20) and (@) to

realize that we require a special behavior of u on a typical short interval.

Theorem 4.3 (|4]). Let (Z,D,k,R) be an ergodic dynamical system. Let
u: N — C be an arithmetic function. The following conditions are equivalent:

(a) There exist a topological system (Y,S) enjoying the strong MOMO prop-
erty (relative to w) and v € M¢(Y,S) such that the measurable systems
(Y,B(Y),v,S) and (Z,D, k, R) are isomorphic.

(b) For any topological dynamical system (X,T) and any x € X, if there exists
a finite number of T-invariant measures pj, 1 < j <t, such that

o (X,B(X),u;,T) is measure-theoretically isomorphic to (Z,D, k, R) for
each j,

e any measure for which x is quasi-generic is a conver combination of
the measures i, i.e. Q-gen(x) < conv(p,. .., ),

then & Y, <y f(T"x)u(n) ~ 0 for each f e C(X).

(c) All uniquely ergodic models of (Z, D, k, R) enjoy the strong MOMO property
(relative to ).

The proof of implication (@)=>(kl) borrows some ideas from |91] and the proof
of implication (B)=>(@) uses some ideas from |1|.

Remark 4.4. It can be easily shown that any minimal (hence uniquely ergodic)
rotation on a compact Abelian group satisfies the strong MOMO property (say,
relatively to p). It follows from Theorem 3] (and the Halmos-von Neumann
theorem) that in each uniquely ergodic model of an ergodic automorphism with
discrete spectrum, we also have the strong MOMO property (in particular, the
Mbobius disjointness).

We now list three consequences of Theorem (4.3t

Corollary 4.5 ([3]). (a) If Sarnak’s conjecture holds then the strong MOMO
property (relative to p) holds for every zero entropy dynamical system

48 I'nwv stands here for the o-algebra of T' x S-invariant sets modulo p.
49That is, Sarnak’s conjecture and the strong MOMO property (relatively to p) for all
deterministic systems are equivalent statements.
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(b) If Sarnak’s conjecture holds then it holds uniformly, that is, the convergence
in () is uniform in «[

(¢) Fix 8 .00..) # £ € M*((DL)%,S), where D, = {z € C : [z] < L}. Let
(X,T) be any uniquely ergodic model of ((Dr)%, x,S). Then for any u €
(Dp)% for which Q-gen(u) < conv(k1, ..., km), where (D)%, k4, S) for j =
1,...,m is measure-theoretically isomorphic to ((Dr)%, k,S), the system
(X,T) does not satisfy the strong MOMO property (relative to u)

Remark 4.6. Let us come back to Theorem [3.4] and Remark 3.0l i.e. to the
reformulation of Sarnak’s conjecture using completely deterministic sequences.
We intend to show that a natural generalization of Corollary (b) to the
completely deterministic case fails. Indeed, consider the square-free system
(X2, 5). In Remark[3.3] we have already noticed that whenever k;, j = 1,...,r
are different non-negative integers, then

(%) Z pA(n+ ki) ... p*(n+ ke—1)p(n + k) = o(N).

n<N

It follows that for each f € C(X,2), for each k € Z, we have

() D S pn) — 0.

n<N

On the other hand, the convergence in (FH) cannot be uniform in k € Z. Indeed,

if it were then the whole square-free system would be M6bius disjoint. This is

however impossible since (X2, S) is hereditary, see Remark[6.2l Indeed, we can

find y € X2 such y(n) = 1 if and only if p(n) = 1 and y(n) = 0 otherwise (then

y < p?) and if we set 0(z) := z(0) then limy o0 5 ., <y 0(S"y)p(n) = 5.
See also [139], where a quantitative version of (*) has been proved.

Note that Theorem 3] does not fully answer Question 2l In certain situa-

tions the following general (lifting) lemma of Downarowicz and Lemanczyk can
be helpful:

Lemma 4.7 (|2,51]). Assume that an ergodic automorphism R is coalescent?
Let (X,T) and (X,T) be uniquely ergodic models of R. Assume that T' is a
topological factor ofT i.e. there exists m: X — X which is continuous and onto
and which satisfies wo T=Tor. If T is Mébius disjoint then also T is Mobius
disjoint.

501t is not hard to see that the MOMO property implies the relevant uniform convergence.
As a matter of fact, the strong MOMO property is equivalent to the uniform convergence

(in z, for a fixed f € C(X)) on short intervals: ﬁ Dl<ment % Yim<hemsn F(ThT)p(n)| —
0 (when HHM — o and H = o(M)). It follows that we have equivalence of: Sarnak’s
conjecture (2], Sarnak’s conjecture in its uniform form, Sarnak’s conjecture in its short interval
uniform form and the strong MOMO property. Moreover, each of these conditions is implied
by the Chowla conjecture.

51This result means that there must be an observable sequence in (X, T') which significantly
correlates with w.

52This means that each measure-preserving transformation commuting with R must be in-
vertible. Finite multiplicity of the Koopman operator associated to R guarantees coalescence.
In particular, all ergodic rotations are coalescent.
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4.2 Mobius disjointness and entropy

Sarnak’s conjecture deals with deterministic systems but Md&bius disjointness, a
priori, does not exclude the possibility of positive (topological) entropy systems
which are Mdbius disjoint The first “natural” trial would be to take the
square-free system (X,2,5) which has positive entropy (see Section 6.2]) and
clearly p? is orthogonal to p. However, in spite of the orthogonality of the
two sequences, as we have noticed in Remark [.6] the square-free system is not
Moébius disjoint.

Recently, Downarowicz and Serafin [52] constructed Mobius disjoint posi-
tive entropy homeomorphisms of arbitrarily large entropy. On the other hand,
see |102], in the subshift of finite type case we do not have Mobius disjoint-
ness. Using Katok’s horseshoe theorem, it follows that C'**9-diffeomorphisms
of surfaces are not Mobius disjoint but the following question seems to be open:

Question 3. Is there a positive entropy diffeomorphism of a compact manifold
which is M&bius disjoint?

Viewed all this above, another natural question arises:

Question 4. Does there exist an ergodic positive entropy measure-theoretic
system all uniquely ergodic models of which are Md&bius disjoint?

Using Theorem 3] Sinai’s theorem on Bernoulli factors (see e.g. |75]) and
B. Weiss’ theorem [167] on strictly ergodic models of some diagrams a partial
answer to Question [l is given by the following result:

Corollary 4.8 (|4]). Assume that u € (Dz)? is generic for a Bernoulli mea-
sure k. Let v € (Dz)%, w and v correlate. Then for each dynamical system
(X, T) with h(X,T) > h((D1,)%, x, S), we do not have the strong MOMO prop-
erty relatively to v.

By substituting w = A, v = p and assuming the Chowla conjecture for X\, we
obtain that no system (X,T") with entropy > log 2 satisfies the strong MOMO
relatively to . When p is replaced by A, we still have a stronger result.

Proposition 4.9 (|4]). Assume that the Chowla conjecture holds for X. Then
no topological system (X,T) with positive entropy satisfies the strong MOMO
property relatively to X.

Remark 4.10. The proof of Theorem (3] tells us that when (Z,D, k, R) is
ergodic and has positive entropy then there exists a system (X, T'), which is not
Liouville disjoint, with at most three ergodic measures and all of these measures
yield a measurable system isomorphic to R. Therefore, it seems reasonable to
conjecture that the answer to Question [ is negative.

We now have a completely clear picture for the Liouville function: it follows
from Theorem B4 (for A) and Proposition[@Ldthat if the Chowla conjecture holds
for A then the strong MOMO property (relatively to A) holds for (X, T) if and
only if h(X,T) = 0. Using footnote B0l we immediately obtain Proposition [£.9]
in its equivalent form:

53Sarnak in [148] mentions that Bourgain has constructed a positive entropy system which
is M&bius disjoint but this construction has never been published.
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Corollary 4.11. Assume that the Chowla conjecture holds for A. Then, the
short interval uniform convergence in () (with p replaced by A) takes place if
and only if h(X,T) = 0.

4.3 The AOP property and its consequences

We need an ergodic criterion to establish the strong MOMO property in models
of an automorphism. This turns out to be a natural ergodic counterpart of
the KBSZ criterion (Theorem [2I3). Following |7] an ergodic automorphism
R is said to have asymptotically orthogonal powers (AOP) if for each f,g €
L3(Z,D, k), we have

(40) lim sup
P3p,q—00,p#4 ;¢ Je (Rp Ra)

= 0.

f f®@gdn
XxX

Rotation Rz = z+1 acting on Z/kZ with k > 2 has no AOP property because of
Dirichlet’s theorem on primes in arithmetic progressions. Hence, AOP implies
total ergodicity (clearly, AOP is closed under taking factors). The AOP property
implies zero entropy [1].

Clearly, if the powers of R are pairwise disjoin then R enjoys the AOP
property. In order to see a less trivial example of an AOP automorphism,
consider any totally ergodic discrete spectrum automorphism R on (Z,D, k).
For f, g take eigenfunctions corresponding to eigenvalues c, d, respectively. Now,
take p € J¢(RP, R?) and consider

f f®gdp=f (f®lz) (1z®g)dp.
ZXZ

ZxZ

Notice that f ® 1z and 1z ® g are eigenfunctions of (Z x Z, p, R? x RY) cor-
responding to ¢? and d?, respectively. If ¢? # d? (and this is the case for all
but one pair (p,q) because of total ergodicity) then these eigenfunctions are
orthogonal and we are done. We will see more examples in Section

Remark 4.12. For an AOP automorphism the powers need not be disjoint.
As a matter of fact, we can have an AOP automorphism with all of its non-zero
powers isomorphic

Theorem 4.13 (|3, [7]). Let w € M. Suppose that (Z,D, k, R) satisfies AOP.
Then the following are equivalent:

o u satisfies (B9);

o The strong MOMO property relatively to w is satisfied in each uniquely
ergodic model (X, T) of R.

In particular, if the above holds, for each f € C(X), we have

1 n . .
N 2 f(Tzx)u(n) ~o 0 uniformly in X.

n<N

54This is a “typical” property of an automorphism of a probability standard Borel space [98].
Mobius disjointness for uniquely ergodic models for this case is already noticed in |31].
55Take an ergodic rotation with the group of eigenvalues {62”0"”/" :m,n€Zn#0,a¢Q}
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Corollary 4.14. Assume that (Z, D, k, R) enjoys the AOP property. Then, in
each uniquely ergodic model (X, T) of R, we have

(41) % 3 L > (T z)p(n)

H
M<m<2M m<h<m-+H

for all fe C(X), ze X.

0

H,M—0,H=0(M)

The AOP property can be defined for actions of locally compact (second
countable) groups. Then, for induced actions this property lifts |64], and in
particular (by taking the induced R-action), if we have an automorphism then
the corresponding suspension flowPd has this lifted property. In particular, using
induced Z-actions (for aZ < 7Z), one can derive easily that for uniquely ergodic
systems (X,T) with the measure-theoretic AOP property we not only have
Mobius disjointness but also

(42) % > F(T z)plan +b) —— 0

N—>oo
n<N

for each a,b e N, f € C(X) and the convergence is uniform in  [64]F7]

5 Glimpses of results on Sarnak’s conjecture

The cases for which the Mobius disjointness has been proved, depend on the
complexity of the deterministic system. They fit into two basic types. The
first comes with sufficiently quantitative estimates for the disjointness sums
which makes possible an analysis of the sums on primes yielding a PNT. This
group includes Kronecker systems (Vinogradov [162]), nilsystems (Green and
Tao [80]) and, perhaps the most striking, the Thue-Morse system (Mauduit and
Rivat |127]) which resolved a conjecture of Gelfond [74]. When the systems are
more complex, such as horocycles ﬂows@ then at least to date they do not
come with a PNT @ and for them the KBSZ criterion is used, in other words,
the disjointness (perhaps in its weaker form, see Section M) is achieved.

We now review most of important cases in which Mdbius disjointness has
been proved.

5.1 Systems of algebraic origin
5.1.1 Horocycle flows

Let I' «¢ PSL2(R) be a discrete subgroup with finite covolume[89 Then the
homogeneous space X = I'\PSLy(R) is the unit tangent bundle of a surface

56By the suspension flow of R we mean the special flow over R under the constant function
(equal to 1).

57The same argument shows that if Sarnak’s conjecture holds then (@2) holds for each zero
entropy (X,T), a,be N, f e C(X) uniformly in z € X.

58Horocycle flows are mixing of all orders, see [121]].

591n case of horocycle flows (Bourgain, Sarnak and Ziegler [31]) Ratner’s theorems on join-
ings are used and these provide no rate.

60We will tacitly assume that T' is cocompact, so that the homogenous space I'\P.SLa(R) is
compact and the system is uniquely ergodic by |71]; otherwise, as in the modular case when
I' = PSL2(Z) we need to compactify our space. The proof of Theorem [5.1] in the modular
case is slightly different than what we describe below.
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M of constant negative curvature. Let us consider the corresponding horocycle
ﬂo (ht)ter and the geodesic flow (gs)ser on X. Since

(43) Gshtgs b = he—2sy for all s, € R,

the flows (h¢)ter and (he-2¢;)ter are measure-theoretically isomorphic for each
s € R. In order to show that T := h; is Mobius disjoint, the KBSZ criterion is
used, and, given z € PSLy(R), one studies limit points of 4 Y in<N O(TPnTz, TanTa) s
N > 1. Now, the celebrated Ratner’s rigidity theorem [143] tells us two impor-
tant things: the point (T'z,T'z) is generic for a measure p (which must be a
joining by unique ergodicity: p € J(TP,T9)) and moreover this joining is er-
godiclf4 Again using Ratner’s theory (cf. [142]) such joinings are determined by
the commensurator Com(T") of the lattice T

Com(T') := {z € PSLy(R) : 27Tz N T has finite index in both T and 2~ 'T'z}.

Set p,q = xg1 log(2)Z ' (c0). The intersection of the stabilizer of z,, with
q

Com/(I") yields the correlator of z,4: it is a subgroup C(I',zp 4) < R% and if

p is not the product measure then § € C(T,zp,q4). The careful analysis of the

arithmetic and non-arithmetic cases done in |31] shows that given x € PSLy(R),

% € C(T, xp,q) only for finitely many different primes p, g. Hence, the joining p

has to be product measure for all but finitely many pairs (p, q) € P? with p # q
which, by Theorem [2.13] yields the following:

Theorem 5.1 (|31]). All time-automorphisms of horocycle flows are Mdbius
disjoint.

Remark 5.2. As noticed in |6], this is (@3) which yields the absencd®d of AOP
and makes the following questions of interest.

Question 5. Do we have the MOMO property for horocycle flows? Are all
uniquely ergodic models of horocycle flows Mobius disjoint? Do we have uniform
convergence in (I))?

Since the method to prove Mdébius disjointness is through the KBSZ criterion
(hence offers no rate of convergence), the following question is still open:

Question 6 (Sarnak). Do we have a PNT for horocycle flows?

For a partial answer, see [150], where it is proved that if T'z is a generic
point for Haar measure px of X then any limit point of (ﬁ ZpsN 6Tp1"z) is
a measure which is absolutely continuous with respect to pux.

Question 7 (Ratner). Are smooth time changes for horocycle flows Mobius
disjoint?

As smooth time changes of horocycle flows enjoy so called Ratner’s property,
the above question can be asked in the larger context of flows possessing Ratner’s

property.

1 ¢ s . .
61We have hy(T'z) =T - (J: [ 0 1 ]) and gs(I'z) =T - <x [ 8 25 ]), we identify
gs and h¢ with the relevant matrices.
62The measure p depends on p,q and = and it is so called algebraic measure, i.e. a Haar
measure.
63To be compared with Remark 12} the difference however is that when the ratio of p and

q is close to 1, we can choose graph joinings in a compact set.
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Added in September 2017: In the recent paper [100], a new criterion (of
Ratner’s type) for disjointness of different time-automorphisms of flows has been
proved. The criterion applies for some classes of flows with Ratner’s property,
namely, in case of so called Arnold flows and for non-trivial smooth time changes
of horocycle flows (in particular, the answer to Question [T is positive).

5.1.2 Nilrotations, affine automorphisms

Green and Tao in |80] proved Mébius disjointnes in the following strong form:

Theorem 5.3 (|80]). Let G be a simply-connected nilpotent Lie group with
a discrete and cocompact subgroup I'. Let p: Z — G be any is polynomial
sequenc and f: G/T' = R a Lipschitz function. Then

N
=0
f,G,I',A <1ogAN>

% 3 Fpm)un)

n<N

for all A > 0.

In particular, by considering T, (zI') = gzI', we see that all nilrotations are
Mbobius disjoint with uniform Davenport’s estimate (3]).

Also, a PNT holds for nilrotations: Let 2 = p; < ps < ... denote the
sequence of primes.

Theorem 5.4 (|80], Theorem 7.1). Assume that a nil-rotation Ty is ergodic[5]
Then, for every x € G, we have

lim — > f(TPral) = L/F fdar

n<N
for all continuous functions f: G/T' — [—1,1].

In [64], it is proved that all nil-rotations enjoy the AOP property (hence all
uniquely ergodic models of nil-rotations are Moébius disjoint). In fact, the result
is proved for all nil-affine automorphisms whose Mobius disjointness has been
established earlier in [120]. Earlier, AOP has been proved for all quasi-discrete
spectrum automorphism in [7], that is (following [82]) for all unipotent affine
automorphisms Tz = Axz+b of compact Abelian groups (A is a continuous group
automorphism and b is an element of the group). The Mdobius disjointness of
the latter automorphisms has been established still earlier in |120].

The proof of the following corollary in |7] shows that Furstenberg’s proof |69]
(see e.g. |55]) of Weyl’s uniform distribution theorem can be adapted to the short
interval version.

Corollary 5.5 (|7]). Assume that u: N — C, w € M. Then, for each non
constant polynomial P € R[z] with irrational leading coefficient, we have

0[5

1 Z 1 Z €27 ()

M M<m<2M H m<n<m+H H,M—0, H=0(M)

64L.e. p(n) = azl)l(") . aik("), where pj: N — Nis a polynomial, j = 1,..., k. See, Section 6
in |81] for the equivalence with the classical definition of polynomials sequences in nilpotent
Lie groups.

65We assume that G is connected.

66For degree 1 polynomials, the result is already in [125].
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Recall that a sequence (a,,) < C is called a nilsequence if it is a uniform limit
of basic nilsequences, i.e. of sequences of the form (f(7'zI")), where f € C(G/T')
(here, we do not assume that G/I" is connected, neither that T} is ergodic).

Corollary 5.6 (|64]). We have

1 1
I

M<m<2M

— 50
H,M—c0,H=0(M)

Z anu(n)

m<n<m-+H

It has been proved by Leibman [117] that all polynomial multicorrelation
sequence are limits in the Weyl pseudo-metric of nil-sequences, all such poly-
nomial sequences are orthogonal to p on typical short interval, cf. Section

The main problem connected with nilsequences is to prove the uniform ver-
sion of convergence on short intervals as it is made precise in Conjecture C of
Tao (see Section and also Frantzikinakis’ proofs [66]).

5.1.3 Other algebraic systems

For a more general zero entropy algebraic systems and their Mobius disjointness
we refer the reader to [135], where in particular the Ad-unipotent translation
case is treated.

5.2 Systems of measure-theoretic origin. Substitutions
and interval exchange transformations

5.2.1 Systems whose powers are disjoint

We are interested in ergodic automorphisms (Z, D, k, R) for which (sufficiently
large) prime powers RP are pairwise disjoint. Clearly, such automorphisms enjoy
the AOP property. A typical automorphism has this property [98] but there are
also large classes of rank one (we detail on this class below) automorphisms with
this property |4, 130, [146]. Also minimal self-joining automorphisms [97] enjoy
this property. Chaika and Eskin in [35] show that for a.e. 3-interval exchange
transformation (we detail on interval exchange transformations below) there
are sufficiently many prime powers that are disjoint. It follows that all uniquely
ergodic models of these automorphisms are Mdébius disjoint.

5.2.2 Adic systems and Bourgain’s criterion

Let (Z,D, k, R) be a measure-theoretic system.

Definition 5.1. In (Z, D, k, R), a Rokhlin tower is a collection of disjoint mea-
surable sets called levels F, RF, ..., R""'F. If Z is equipped with a partition
P such that each level R"F' is contained in one atom P, (), the name of the
tower is the word w(0) ... w(h —1).

67More precisely, given an automorphism T of a probability standard Borel space (X, B, ),
we consider

@ = f g1o TP . g o TPE(™) gy
X

where g; € L® (X, p), pi € Z[z], i =1,...,k (k= 1).
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Definition 5.2. A system (Z, D, k, R) is of rank one if there exists a sequence
of Rokhlin towers (F},,..., R"71F,), n > 1, such that the whole o-algebra is

generated by the partitions {F,, RF,,..., R""71F, X\ U;.Zo_l RIF,}.

For topological systems, there is no canonical notion of rank, but the use-
ful notion is that of adic presentation [161], which we translate here from the
original vocabulary into the one of Rokhlin towers.

Definition 5.3. An adic presentation of a topological system (X,T) is given,
for each n > 0, by a finite collection Z,, of Rokhlin towers such that:

e the levels of the towers in Z,, partition X,
e cach level of a tower in Z,, is a union of levels of towers in 2,41,

o the levels of the towers in | J, ., 2, form a basis of the topology of X.

n=0

In that case, the towers of Z, 1 are built from the towers of Z,, by cutting
and stacking, following recursion rules: a given tower in Z,,,; can be built by
taking columns of successive towers in Z,, and stacking them successively one
above another. These rules are best seen by looking at the partition P into levels
of the towers in Zy; possibly replacing Zy by some Zj, we can always assume P
has at least two atoms. The names of the towers in Z,, form sets of words W,
and the cutting and stacking of towers gives a canonical decomposition of every
W e W,:

W =W .. Wk

for r words W; € W,,_1, 1 < ¢ < r, integers k1, ..., k,; all these parameters
depend on the word W. These decompositions are called the rules of cutting
and stacking of the system.

The following result is an improvement on Theorem 3.1 of |63], which itself
can be found in [30], though it is not completely explicit in that paper (it is
stated in full only in a particular case, as Theorem 3, and its proof is under-
stated). The following effective bound stems from a closer reading of |30]:

Theorem 5.7. Let (X, T) be a topological dynamical system admitting an adic
presentation, as in Definition [2.3 and the comment just after.
Suppose that for any n and W in W, we have:

o in the rules of cutting and stacking r < C, with C' > 2,

o if we decompose W into words Wy € Wy_s by iteration of the rules of
cutting and stacking then for all £ and s large enough, we have

|W| > C290% |17,
Then (X,T) is Mobius disjoint.
If such a system is uniquely ergodic and weakly mizing for its invariant

probability, it satisfies also the following PNT: for any word W = w;...wn
which is a factor of a word in any W,,, we have

N N
Z A(Dw; = 2 w; + o(N).

39



Proof. We look at Theorem 2 of [30]. It requires a stronger assumption, denoted
by relations (2.2) and (2.3) in p. 119 of [30], which is indeed the assumption of
the present theorem with the estimate C2°°% replaced by 3(s) for some function
satisfying % — o0 when s — o (note that the assumption in [30] that the
words W,, are on the alphabet {0, 1} is not used in the proof, which works for
any finite alphabet). Then this theorem gives, for any word wy - - - wy in some

Wi, and N large enough, an estimate for

J Z wne27rin0 Z “(n)e%rine

n<N n<N
and this, through the relation (1.62) on p. 118, implies that >, _y wnp(n) =
o(N).

Lacking space to rewrite the extensive computations in [30], we explain how
to weaken the hypothesis. First, as suggested in the remark at the beginning of
Section 2, p. 119, of that paper, we replace §(s) by C§ for some constant Cy, as
yet unknown (the Cps written in the same p. 119 is a misprint). The relations
(2.2) and (2.3) are used twice in the course of the proof: first, to get the relation

(2.15), namely
log [W]\°
n
for a word WinW,, and then to get the estimate (2.42), which states that

log K\ °
(COg )<K€,

S

dé

)

where s is the number of stages such that a word of length N in W, is divided
into words of W,,_, of lengths in the order of % Under our hypothesis, in the
first case, |W| is in Cf, and in the second case K is in C§. Thus both (2.15)
and (2.42) are implied by the relation

loglog Cy + log C
log Cy

The value of € is dictated by relation (2.49), which requires Q°K<(Q + K)™4 <

Q@+ K)_% for some large numbers @@ and K, thus we can take € = %. Then
log log Co
log Co

bound llg’ggcc,; we need to take Cy = C% as C > 2, we see that a = 200 is
convenient for the sum of the two terms.

Now, if we replace w,, by u(n) = f(T™(xo)), because of Definition 5.3 above,
we can first assume that f is constant on all levels of the towers of some stage
m, and then conclude by approximation. Such an f is also constant on all levels
of all towers at stages ¢ > m; fixing o and N, except for some initial values
u(1) to u(Np) where Ny is much smaller than N, we can replace u(n) by wl,
where w/, is the value of f on the n-th level of some tower with name W in some
W, for ¢ = m. Then the w] - - - w, are built by the same induction rules as the
wy - - -wp, and the estimates using the w/, are computed as those using the wy,
in the proof of Theorem 2 of [30], thus we get the same result.

The PNT is in (3.4), (3.7), (3.14) of |30] ((3.14) is proved for the particular
case of 3-interval exchanges but holds in the same way for the more general
case). O

< €.

will be bounded if Cy is large enough independently of C, while to
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Of course, the value of Cj could be improved, but we need it to be at least
some power of C.

5.2.3 Substitutions
We start with some basic notions.

Definition 5.4. A substitution o is an application from an alphabet A into the
set A* of finite words on A; it extends to a morphism of A* for the concatenation.
A fized point of o is an infinite sequence u with ocu = u. The associated symbolic
dynamical system (X, S) is (X, S) for a fixed point w.

Substitution ¢ has constant length q if |oca| = ¢ for all a in A.

The Perron-Frobenius eigenvalue is the largest eigenvalue of the matrix giv-
ing the number of occurrences of j in oa. A substitution o is primitive if a
power of this matrix has strictly positive entries.

For the class of constant length substitutions, there have been a lot of partial
results on Md&bius orthogonality:

e First for the most famous example, the Thue-Morse substitution 0 — 01,
1 — 10, with Indlekofer and Katai |94], Dartyge and Tenenbaum [41],
Mauduit and Rivat [127], El Abdalaoui, Kasjan and Lemaiiczyk |2]

e The case of the Rudin - Shapiro substitution 0 — 01, 1 — 02, 2 —
31, 3 — 32 was solved by Mauduit and Rivat |128]. Then Drmota [53],
Deshouillers, Drmota and Miillner [4§],

e Ferenczi, Kulaga-Przymus, Lemanczyk and Mauduit [60] extended these
results to various subclasses of systems of arithmetic origin

See also |122, [123] for a PNT for some digital functions.

But all this was superseded by the general result of Miillner |134], whose
proof uses the arithmetic techniques of [128] together with a new structure
theorem on the underlying automata:

Theorem 5.8 (|134]). For any substitution of constant length, the associated
symbolic system is Mébius disjoint. Moreover, a PNT holds if the substitution
18 primitive.

The substitutions which are not of constant length are much less known:

e The most famous example is the Fibonacci substitution, 0 — 01, 1 — 0:
in that case, the associated symbolic system is a coding of an irrational
rotation, hence it is Mobius disjoint as a uniquely ergodic model of a
discrete spectrum automorphism, see Section [(.3.11

e Drmota, Miillner and Spiegelhofer [54] have just shown Mdobius disjoint-
ness for a new example, a substitution which generates (—1)%¢(», where
S4(n) is the Zeckendorf sum-of-digits functioné

681n [41, (94, 127] it is proved that the sequence (—1)“(™) n > 1 is orthogonal to p.
69While in [53,(60] Mobius disjointness is proved for the dynamical systems given by bijective
substitutions, |48] treats the opposite case, so called synchronized. As noted in |21)], this leads
to dynamical systems given by rational sequences and such are M&bius disjoint. Note also that
for the synchronized case, once the system is uniquely ergodic, it is automatically a uniquely
ergodic model of an automorphism with discrete spectrum, cf. Corollary .20l and Remark .41
70This example has partly continuous spectrum.
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e Also, we can exhibit a small subclass of examples which are Mobius dis-
joint, by a straightforward translation of Bourgain’s criterion above:

Theorem 5.9. Suppose that o is a primitive substitution satisfying

o forallie A, oi = (j1(i)™D ... (ji, (1) D,  a1(i) € A, ..., a, (i) € A,
qi < C (this can be expressed as: the multiplicative length of o is smaller
than C),

o the Perron-Frobenius eigenvalue of o is larger than C?90;

then the associated symbolic dynamical system is Mdobius disjoint. If (X, S) is
weakly mizing, the fized points satisfy a PNT.

Proof. 1f all fixed points are periodic, the result is trivial. If o has a non-periodic
fixed point, it is well known (and proved by the methods of [138] together with
the recognizability result of [133]) that the system has an adic presentation,
where the names of the towers in Z,, are the words o™a, a € A. Thus the results
come from Theorem [(.7] above and the properties of the matrix of . O

Example 5.1. Here are some substitutions for which the above theorem applies,
with a PNT: 0 — 0Ft112, 1 — 12, 2 — 0F12, k + 2 > 3200,

Question 8. Are dynamical systems associated to substitutions Mdbius dis-
joint

5.2.4 Interval exchanges

Definition 5.5. A k-interval exchange with probability vector (o, aa, ..., ag),
and permutation 7 is defined by

Tx=x+ Z ozj—Zaj.

m=1(j)<m=1(5) j<i

when z € A; = [ZjQ- Qaj, ngi O‘j) .

Exchanges of 2 intervals are just rotations, thus M&bius disjointness holds
for them by the Prime Number Theorem (on arithmetic progressions) when
the rotation is rational and from a result of Davenport [43] — using a result of
Vinogradov |163] — when the rotation is irrational, cf. @] in Introduction.

Then |30] exhibits exchanges of 3 intervals which are M6bius disjoint, with
a PNT if weak mixing holds: these use the criterion developed in Theorem [(.7]
above, together with the adic presentation built in [62]. Generalizing these
methods, it is shown in |63] that Mdbius disjointness holds for examples of
exchanges of k intervals for every k > 2 and every Rauzy class, with a PNT in
the weak mixing case. A breakthrough came with [35], for a large subclass of
exchange of 3 intervals:

Theorem 5.10 (|35]). For (Lebesgue)-almost all (a1, ), Sarnak’s conjecture
holds for exchanges of 3 intervals with permutation mi = 3 — i and probability
vector (a1, 02,1 — a1 — az).

710ne can also ask about Mobius disjointness of related systems as tiling systems.

42



To prove this, Chaika and Eskin use first the well-known fact that such an
exchange of 3 intervals, denoted by 7', is the induced map of the rotation of angle
};z; on the interval [0, z) where x = 1+1a2' This approach, of course, does
not, generalize to 4 intervals or more.

In fact, in [35] two different results are proved. In the easier one, they deduce
Mobius disjointness from the disjointness of powers of T'; they give a sufficient
condition for T™ to be disjoint from 7™ for all m # n, which is satisfied by
almost all these T. Namely, if we take (ai,...) to be the continued fraction
of @ and (by,...) the a-Ostrowski expansion of x, then it is enough that, for
any ordered k-tuple of pairs ((¢1,d1),. .. (ck,dr)) of natural numbers such that
d; < ¢;—1, there are infinitely many 7 with a; = c1,..., @;45—1 = ¢k, b; = dq,. . .,
bitr—1 = dg.

Then most of the paper is used to give an explicit Diophantine condition
on « and x, which implies a slightly weaker property than the disjointness of
powers. Under that condition, there exists a constant C such that for all n,
and 0 < m < n, T™ is disjoint from T except maybe when m belongs to a
sequence m;(n) in which any two consecutive terms satisfy m;11(n) > Cm;(n),
and this is proved to imply Mobius disjointness. The Diophantine condition
holds for almost all T', and, as it is long, we refer the reader to Theorem 1.4 of
[35]; it expresses the fact that the geodesic ray from a certain flat torus with
two marked points, defined naturally from 7" and its inducing rotation, spends
significant time in compact subsets of the space of such tori.

o =

5.2.5 Systems of rank one

These systems form a measure-theoretic class defined in Definition above.
It is well known, but has been shown explicitly for all cases only in the recent
[9], that each system of rank-one is measure-theoretically isomorphic to one of
the topological systems we define now.

Definition 5.6. A standard model of rank one is the shift on the orbit closure
of the sequence u which, for each n > 0, begins with the word B, defined
recursively by concatenation as follows. We take sequences of positive integers
gn,n = 0, with g, > 1 for infinitely many n, and a,;,n > 0,0 < i < ¢, — 1,

such that, if h, are defined by hg =1, hnt1 = gnhn + 307" @, then

i hn+1 - thn <0
n—0 thrl

We define By = 0,
Bn+1 = Bnlan,OBn ... Bnlaﬁﬂlﬂ*l

for n > 0.

In |30], Bourgain proved Mobius disjointness for a standard model of rank
one if both the g,,n € N u {0} and a,;,n € N U {0}, are bounded by some
constant C' (we will refer to this as to a bounded rank one construction).

Note however that, in the same paper, the half-hidden criterion deduced
from Theorem 2 or 3, see Theorem [5.7 above, is much more than an auxiliary to
prove the supposedly main Theorem 1 of |30]; it applies to a much wider class of
systems, and even for some famous rank one systems this criterion works while
Theorem 1 does not apply.
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Bourgain’s result was improved in |3], where so called recurrent rank one
constructions are considered with a stabilizing bounded subsequence of spacers
(that is, of a subsequence of (am)) One of main tools in |3] is a representation
of each rank one transformation as an integral automorphism over an odometer
with so called Morse-type roof function which goes back to [88]. See also [146]
for a simpler proof of a generalization of Bourgain’s result to a class of partially
bounded rank one constructions.

Spectral approach In order to prove Mébius disjointness for standard models
of rank one transformations, both papers [30] and [5] use a spectral approach.
In |5], unitary operators U (of separable Hilbert spaces) are considered and
weak limits of powers (UP™*) (for different primes p) are studied. Once such
limits yield sufficiently different (for different p) analytic functions (of U), the
powers UP and U? are spectrally disjoint If for a positive real number a we
set sq(x) = ax mod 1 on the additive circle T = [0, 1), then the above spectral
disjointness means that

(44) o := (s,)4(0) are mutually singular for different p € P,

where 0 = oy stands for the maximal spectral type of U.

In [30], a different spectral approach (sufficient for a use of the KBSZ cri-
terion, hence, sufficient for Mobius disjointness) is used. Namely, if r > 1 is
an integer, then by o,, we will denote the measure which is obtained first by
taking the image of o under the map x — 1z, i.e. the measure o(1/") and then

T

repeating this new measure periodically in intervals [%, #), that is:
1 r—1
Op 1= ; Z 0‘1/T * j/r
7=0

Bourgain [30] uses a representation of the maximal spectral type of a rank
one transformation as a Riesz product and then shows the mutual disjointness
of measures o, and o, for different p,q € P (for more information about the
measures o, see e.g. |138], p. 196). Although, there seems not to be too much
relation between the measures o) and o,, the following observation explains
some equivalence of these both spectral approaches:

Lemma 5.11. Assume that o and n are two probability measures on the circle.
Then:

(a) if o) L 0 then oy L n,;
(b) if (r,s) =1 then o) L ) if and only if o5 L n,.

"2Moreover, Mobius disjointness is established for some other famous classes of rank one
transformations such as: Katok’s a-weak mixing class (these are a special case of three interval
exchange maps) or rigid generalized Chacon’s maps.

73Hence, T? and T are disjoint in Furstenberg’s sense, and, in fact, we even have AOP.

74This has been proved, e.g. in an unpublished preprint of El Abadalaoui, Kutaga-Przymus,
Lemanczyk and de la Rue.
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5.2.6 Rokhlin extensions

Let T be a uniquely ergodic homeomorphism of a compact metric space and
let f: X — R be continuous. Set Ty(z,t) := (Tz, f(x) + t) to obtain a skew
product homeomorphism on X x R. Note that the latter space is not compact.
But, if we take any continuous flow S = (S;)wer acting on a compact metric
space Y then the skew product T s acting on X x Y by the formula:

Tf,S('Tay) = (T'Ta‘s’f(x)(y))a (ZC,y) EX XY

is a homeomorphism of the compact space X x Y and it is called a Rokhlin
extension of T. To get a good theory, usually one has to put some further
assumptions on f (considered as a cocycle taking values in a locally compact
but not compact group, see e.g. |[L18, [151]). It is proved in |111] that there are
irrational rotations Tz = = + « and continuous f: T — R (even smooth) such
that T, s has the AOP property for each uniquely ergodic S

We would like to emphasize that the Rokhlin skew product construction are
usually relatively weakly mixing [118§], so the class we consider here is drastically
different from the distal class which is our next object to give account.

This approach leads in [111] to so called random sequenced™d (an) < R such
that i

~ 2 9(Sap)u(n) =0
n<N

for each uniquely ergodic flow S acting on a compact metric space Y, each
g€ C(Y) and (due to [4]) uniformly in y e Y.

5.3 Distal systems

Assume that R is an ergodic automorphism of a probability standard Borel space
(Z,D,k). R is called (measurably) distal if it can be represented as transfinite
sequence of consecutive isometric extensions, where in case of a limit ordinal, we
take the corresponding inverse limit (i.e. we start with the one-point dynamical
system, the first isometric extension is a rotation and then we take a further
isometric extension of it etc.). Recall that by a separating sieve we mean a
sequence
Z oA DA D ...DA,D...

of sets of positive measure such that p(A4,) — 0 and there exists Zy < Z,
1(Zy) = 1, such that for each z,2’ € Z if for each n > 1 there is k,, € Z such
that R¥»z, RFn2" € A, then z = 2. A theorem by Zimmer [171] says that T is
distal if and only if it has a separating sieve.

Distal automorphisms play a special role in ergodic theory: each auto-
morphism has a maximal distal factor and is relatively weakly mixing over it
|73,1170,171]. Hence, many problems in ergodic theory can be reduced to study
the two opposite cases: the distal and the weak mixing one[™ Recall that distal
automorphisms have entropy zero.

"5If S preserves a measure v then T, .5 preserves measure u @ v, the AOP property is
considered with respect to this measure.

76Such a sequence (an) is of the form (p(™ (z)) with o™ (z) = o(z) + (Tx) + ... +
e(T™ 12), n > 0.

77See the most prominent example of such a reduction, namely, Furstenberg’s ergodic proof
of Szemerédi theorem on the existence of arbitrarily long arithmetic progressions in subsets
of integers of positive upper Banach density |73].
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There is also a notion of distality in topological dynamics. A homeomor-
phism T of a compact metric space X is called distal if the orbit (T"z, T™z’),
n € Z, is bounded away from the diagonal in X x X for each x # /. Some
of topologically distal classes already appeared in previous sections. Indeed,
zero entropy (minimal) affine transformations are examples of distal homeomor-
phisms. Another natural class of distal (uniquely ergodic) homeomorphisms is
given by nil-translations and, more generally, affine unipotent diffeomorphisms
of nilmanifolds. A theorem by Lindenstrauus [119] says that a measurably distal
automorphism R has a minimal™J model (X, T) together with y € M®(X,T) of
full support (and (X, 1, T) is isomorphic to (Z, k, R)) in which T is topologically
distal.

The following (still open) question seems to be a natural and important step
in proving Sarnak’s conjecture:

Question 9 (Liu and Sarnak |120]). Are all topologically distal systems Mobius
disjoint?

As transformations with discrete spectrum are measurably distal and The-
orem holds, we can of course ask whether given a measurably distal auto-
morphism, all of its uniquely ergodic models are Mdbius disjoint

We now focus on the famous class of Anzai skew products. This is the class
of transformations defined on T? by the formula:

Tkp: ’]IQ - ’]IQv T(P(Z',y) = (:C + 04,80(5”) + y)

In other words, Anzai skew products are given by Tx = x + « an irrational
rotation on the (additive) circle, and a measurable ¢: T — T; the skew product
T, preserves the Lebesgue measure. If ¢ is continuous, T, is a homeomorphism
of T2. If we cannot solve the functional equations

(45) ke(x) = §(x) - §(T)

(k € N) in continuous functions {: T — T, then T, is minimal, but if for one
k € N we have a measurable solution then T, is not uniquely ergodic. In [120],
we find examples of Anzai skew products which are minimal not uniquely ergodic
but are Md&bius disjoint moreover it is proved that if ¢ is analytic with an
additional condition on the decay (from below) of Fourier coefficients then T,
is Mobius disjoint for each irrational «.. In [110], it is proved that if ¢ is of class
C*9 then for a typical (in topological sense) a, we have Mobius disjointness
of T«p A remarkable result is proved by Wang [165]: all analytic Anzai skew
products are Md&bius disjoint. The proofs in all these papers are using Fourier
analysis techniques but in [165], it is also a short interval argument from [125]
used in one crucial case.

781n general, there is no uniquely ergodic model (X, T) of R with T topologically distal.

79 As a matter of fact, such a question remains open even for 2-point extensions of irrational
rotations.

80 As a matter of fact, in [4] it is proved that if a uniquely ergodic homeomorphism T satisfies
the strong MOMO property (see Definition [£.I]on page[30) and (continuous) ¢: X — G (G is
a compact Abelian group) satisfies ¢ := & — & o T has a measurable solution £ : X — G, then
the homeomorphism T, of X x G is Mobius disjoint. This applies if {Z) has a measurable
solution for k = 1. It is however an open question whether we have Mdbius disjointness when
there is no measurable solution for k = 1 but there is such a solution for some k > 2.

811t follows from a subsequent paper [111] that the Anzai skew products considered in [110]
enjoy the AOP property.
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Nothing seems to be proved about a PNT in the class of distal systems
(except for rotations).

5.3.1 Discrete spectrum automorphisms

The simplest examples of (measurably) distal automorphisms are those with
discrete spectrum. Recall that a measure-theoretic system (Z, D, k, R) is said to
have discrete spectrum if the L?-space is generated by the eigenfunctions of the
Koopman operator T'f := f oT. The classical Halmos-von Neumann theorem
tells us that each ergodic automorphism with discrete spectrum has a uniquely
ergodic model being a rotation on a compact Abelian (monothetic) group.

Theorem 5.12. All uniquely ergodic models of automorphisms with discrete
spectrum are Mobius disjoint.

This result was first proved in [7] for totally ergodic discrete spectrum auto-
morphisms (as they have the AOP property) and in full generality by Huang,
Wang and Zhang in |91]. In fact, the latter result is stronger:

Theorem 5.13 ([91]). Let (X,T) be a dynamical system, x € X and N; — o0.
Assume that N% anNi Opng el Assume that p is a convexr combination

of countably many ergodic measures, each of which yields a system with discrete
spectrum. Then lim; o 7 Yinen, f(I"x)p(n) =0 for each f e C(X).

Note that Theorem also follows from Theorem because ergodic ro-
tations enjoy the strong MOMO property |4] (see Remark [£.4). As a matter
of fact, as we have already noticed in Corollary 3200 Theorem follows
from [125].

5.4 Sub-polynomial complexity

Let T be a homeomorphism of a compact metric space (X,d) and let p €
M(X,T). Assume also that a: N — R is increasing with lim,_,4 a(n) = oo.
In the spirit of [61], we say that the measure complexity of u is weaker than a if

min{m > 1: p(Uj~, Ba, (2j,€)) > 1 — ¢ for some z1,..., 2, € X}

0

hnrri)l%f a(n)
for each € > 0 (here d,(y,z) = %27:1 d(T7y, T7z2)).

The main result of the recent article [90] states the following:
Theorem 5.14 (|90]). If (X,T) is a topological system for which all its invari-

ant measures have sub-polynomial complexity, i.e. their complexity is weaker
than n® for each § > 0, then (X, T) is Mdbius disjoint.

As shown in [90], Theorem B.14] applies to: topological systems whose all
invariant measures yield systems with discrete spectrum (cf. Corollary B:20),
Anzai skew products of C*-class (over each irrational rotation), K (Z)-sequences
introduced by Veech [160] and tame systemsF3

82For the latter two classes all invariant measures yield discrete spectrum.
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5.5 Systems of number-theoretic origin

Recall that a sequence = € {0, 1}" is called a generalized Morse sequence [105] if
(46) r=0"xbt x...

with b% € {0,1}%, ¢; > 2, b*(0) = 0 for each i > 09 The following question still
remains open.

Question 10 (Mauduit (2014)). Are dynamical systems arising from general-
ized Morse sequences Md&bius disjoint?

Consider the simplest subclass of the class of generalized Morse sequences,
for which in (@8] we have |b’| = 2 for all i > 0 (in other words, either b’ = 01 or
b = 00). Such sequences are called Kakutani sequences [114]. A particular case
of Sarnak’s conjecture, namely:

N
1 xr(n
(47) = D=1 pa(n) =0,
n=1
for the classical Thue-Morse sequence x = 01 x 01 x ... follows from |94, 1104]

(see also [41l] where, additionally, the speed of convergence to zero is given and
[127], where, additionally, a PNT has been proved). Then (@) has been proved
for some subclass of Kakutani sequences in [79]. As a matter of fact, in |79], the
problem whether 4 25:1 (=1)*2() y(n) — 0 is considered. Here E — N is fixed
and sg(n) := Y, 14, where n = Y07 n;2% (n; € {0,1}). To see a relationship
with Kakutani sequences define a Kakutani sequence z = ° x b! x ... with
b = 01 iff n + 1 € E; it is now not hard to see that sg(n) = z(n) mod 2.
Finally, using some methods from [127], Bourgain [29] completed the result
from |79] so that ([@7) holds in the whole class of Kakutani sequences (moreover,
in [29,[79] a relevant PNT has been proved). One can show that the methods
used in the aforementioned papers allow us to have [@1) with = replaced by every
y € O(z) (as shown in |60] in Lemma 6.5 therein, this can be sufficient to show
Mobius disjointness for the simple spectrum case; for example, this approach
works for the Thue-Morse system).

The problem of Mobius disjointness is also studied (and solved) in the class of
(generalized) Kakutani sequences taking values in compact (even non-Abelian)
groups, see [160].

5.6 Other research around Sarnak’s conjecture

As all periodic observable sequences are orthogonal to u, one could think that a
limit of periodic constructions of type of Toeplitz sequence also yields systems
that are Mébius disjoint B However, in [2] (and then [51]) there are examples
of Toeplitz systems which are not Mobius orthogonal. These examples have
positive entropy |3, [51]. Karagulyan in [101] shows M&bius disjointness of zero

831f B € {0,1}* and C = C(0)C(1)...C(£ — 1) € {0,1}* then we define B x C := (B +
C0)(B+C@1))...(B+CE—-1)).

84 A sequence x € AN is called Toeplitz if for each n € N there is ¢, € N such that z(n+jqn) =
z(n) for each j =0,1,...

8530 called regular Toeplitz sequences are treated in [d] and [51], these are however uniquely
ergodic models of odometers.
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entropy continuous maps of the interval and (orientation preserving) homeo-
morphisms of the circle. In |56], Eisner proposes to study a polynomial version
of Sarnak’s conjecture (in the minimal case). See also |1, 8, 46, 150, 159, 189].

6 Related research: #-free numbers

6.1 Introduction

Sets of multiples We have already seen that some properties of the Mdbius
function p can be investigated by looking at its square p?, i.e. the characteristic
function of the set of square-free numbers Q := {n € Z : p? f n for all primes p}.
A natural generalization comes when we study sets of integers that are not
divisible by elements of a given set. Let Z c N and let M g be the corresponding
set of multiples, i.e. Mg = |J,cp bZ and the associated set of %-free numbers
Faz = Z\Mg (for convenience, we will deal now with subsets of Z instead of
subsets of N — the Mobius function p is not defined for negative arguments,
but its square has a natural extension to negative integers). By 1 = ng we
will denote the characteristic function of Fg. It is not hard to show that a
symmetric subset F' c Z is a B-free set (for some #) if and only if F is closed
under taking divisors.

Historical remarks Sets of multiples were an object of intensive studies al-
ready in the 1930s |25, 137, 42, |58]. The basic motivating example there was the
set of abundant numbers (n € Z is abundant if |n| is smaller than the sum of its
(positive) proper divisors, i.e. |n| < o(|n|)), see also more recent |93, 196, [L0§]
on that subject. Also many natural questions on general %-free sets emerged.
Besicovitch |24] showed that the asymptotic density of Mg may fail to exist.
It turned out that it was more natural to use the notion of logarithmic density
(denoted by §) which always exists in this case and equals the lower density.
More precisely, we have the following result of Davenport and Erdos:

Theorem 6.1 (|44, 45]). For any A, the logarithmic density 6(Mz) of Mg
exists. Moreover, §(Mz) = d(Mz) = lim, .0 d(Mpezpny)-

In the so-called Erdds case when % consists of pairwise coprime elements
whose sum of reciprocals converges, the density does exist, cf. [83] (in particular,
1, is rational). We refer the reader to |83, 84| for a coherent, self-contained
introduction to the theory of sets of multiples from the analytic and probabilistic
number theory viewpoint.

Dynamics comes into play Sarnak in |[148], suggested to study p? from the
dynamical viewpoint and he announced the following results:

(i) p? is generic for an ergodic S-invariant measure v,2 on {0, 1}* such that
the measure-theoretical dynamical system (X 2,72, S) has zero measure-
theoretic entropy

(ii) the topological entropy of (X, S) is equal to 6/x%;

86This is clearly a refinement of the fact that the asymptotic density of square-free integers
exists (it is given by 6/72 = 1/((2)). It follows that u? is a completely deterministic point.
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(iii) X2 = X(p2.pepy (see the definition of admissibility below);
(iv) (Xu2,9) is prozimal.

This triggered intensive research in analogous direction for dynamical systems
given by other %-free sets. In [6], Abdalaoui, Lemariczyk and de la Rue de-
veloped the necessary tools in the Erdds case and covered (i)-(iii) from the
above list. Given B = {b; : k = 1}, In particular, they defined a function
¢: G =151 Z/bkZ — {0,1}” given by

o(g)(n) =1 < g +n£0mod by, for all k > 1.

Note that ng = ©(0) and ¢ is the coding of points under the translation by
(1,1,...) on G with respect to a two-set partition {W, W€}, where

(48) W ={heG:hy+#0 for all be A}.

This study was continued in a general setting in |[17] and the first obstacle was
that it was no longer clear which subshift to study — it turned out that the most
important role is played by the following three subshifts, which coincide in the
Erdos case (for the square-free, case see [136] by Peckner and for the Erdos case,
see [6]):

e X, is the closure of the orbit of 7z under S (#-free subshift),

. )N(n is the smallest hereditary subshift containing X, (a subshift (X, S) is
hereditary, whenever 2 € X and y < x coordinatewise, then y € X),

e X is the set of %-admissible sequences, i.e. of x € {0, 1} such that, for
each b € A, the support suppz := {n € Z: z(n) = 1} of x taken modulo b
is a proper subset of Z/bZ (Z-admissible subshift).

Remark 6.2. As Xy is hereditary, we have X, — 5(\;7 c Xg. In the Erdos
case, we have X, = Xz [6] (for the square-free system [148]).

Also the group G turned out to be too large for the studies — it is natural to
consider its closed subgroup

(49) H:={(n,n,...) € G:neZ}

In the Erdos case we have H = G. Certain special cases more general than the
Erdds one were considered in |17]:

e we say that # is taut whenever 6(Fz) < 6(Fz ) for each b e ;
e we say that % has light tails, i.e. d(},_ ; bZ) — 0 as K — 0.

Following |84], we also say that Z is Besicovitch if d(Mg) exists (equivalently,
d(F) exists). A set 8 < N\{1} is called Behrend if §(Mg) = 1. Throughout,
we will tacitly assume that 2 is primitive, i.e. does not contain b # b’ with b | b'.
Recall that 2 is taut if and only if Z does not contain d.o7, where & < N\{1}
is Behrend and d € N.
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Further generalizations Several further generalizations of %-free integers
were discussed in the literature from the dynamical viewpoint. Let us briefly
recall them here:

e Pleasants and Huck [137] considered k-free lattice points Fj, = Fr(A) 1=
A\ UpeP pFA, where A is a lattice in R? (the corresponding dynamical sys-

tem given by the orbit closure of 17, € {0, 1}* under the multidimensional
shift).

e Cellarosi and Vinogradov |34] considered k-free integers in number fields
Fi = Fr(Ok) 1= Ox\Upep p*. Here K is a finite extension of Q, Ox <
K is the ring of integers, B stands for the family of all prime ideals in Ok
and p* stands for p...p (p is taken k times).

e Baake and Huck in their survey |13] considered B-free lattice points Fog =
Fa(A) = A\Upep bA. Here A is a lattice in R? and 2 < N\{1} is an
infinite pairwise coprime set with >,_, 1/b% < 0.

e Finally, one can consider B-free integers Fos in number fields as suggested
in |[13]. Here K is a finite extension of Q, Ox < K is the ring of integers
and B is a family of pairwise coprime ideals in Ok such that the sum of
reciprocals of their norms converges.

We will recall some of the main results from the above papers in the relevant
sections below.

6.2 Invariant measures and entropy

Mirsky measure Cellarosi and Sinai proved () in [33]: they showed that v,
is generic for a shift-invariant measure v,2 on {0, 1}%, and that (Xp2,vp2,5)
is isomorphic to a rotation on the compact Abelian group [[,p Z/p*Z. In
particular, (X2, 1,2, S) is of zero Kolmogorov entropy In case of k-free lattice
points and k-free integers in number fields an analogous result can be found
in |137] and [34], respectively and for %-free lattice points it was announced
in [13]. Recently, Huck [92] showed that in case of B-free integers in number
fields, the logarithmic density of Fog always exists and equals the lower density,
thus extending Theorem [G.1]in the (1-dimensional) Erdds case.

Since Fz may fail to have asymptotic density, the more n may fail to be
a generic point. However (Proposition E in |17]), for any Z < N, 7 is always
a quasi-generic point for a natural ergodic S-invariant measure v, on {0, 1}%
(the relevant Mirsky measure). Moreover, £ is Besicovitch if and only if 7 is
generic for v,. Now, if we additionally assume that 2 is taut, then (X, vy, S)
is isomorphic to an ergodic rotation on a compact metric group (Theorem F
in [17]) In particular, (X,,v,,S) has zero entropy.

Finally, for a generalization to so-called weak model sets, see [15], and for
some results related to the distribution of %-free integers, see |10, [L1].

87The frequencies of blocks on pu? were first studied by Mirsky [13d, [131] and that is why
we refer to v,,2 (and the analogous measure in case of general %-free systems) as the Mirsky
measure.

88More precisely, it is isomorphic to (H,P,T), where H is the closure of
{(n mod by)r>1:n€Z}in[[psy Z/bpZ and Tg = g + (1,1,...), cf. ED).
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Entropy The topological entropy of X,z is positive and equals 6 /7% = Hpezp(l*
1/p?) = d(F) for = {p? : p € P}, see |136]. This extends to the Erdds case,
where the topological entropy of X, = )N(n = Xg equals [[,p(1 —1/b) =
d(Fa), see [6]. In the general case of B-free systems, we have htop()N(n,S) =
hiop(X2,S) = 8(Fz) (see Theorem K in [17]). The formula for the topological
entropy of k-free lattice points is provided in [137].

In view of the variational principle, the positivity of the topological entropy
evokes two problems: whether the system under consideration is intrinsically
ergodic (i.e. whether there is a unique measure of maximal entropy) and to
describe the set of all invariant measures. We address them next.

Maximal entropy measure In the square-free case, the intrinsic ergodicity is
proved by Peckner in [136]. This extends to the Erdds case, see [112] by Kulaga-
Przymus, Lemariczyk and Weiss. Finally, for any & < N, the subshift ()?n, S)
is intrinsically ergodic, see Theorem J in [17]. In particular, if £ has light tails
and contains an infinite pairwise coprime subset then (Xg,S) is intrinsically
ergodic.

All invariant measures Notice that for each %, the map M : X, x {0, 1} —
)?n given by the coordinatewise multiplication of sequences is well-defined and
each S x S-invariant measure p on X, x {0, 1}% yields an S-invariant measure
on )N(n. In particular, this applies to those p whose projection on the first
coordinate is v;,. It turns out that the converse is also true: for any S-invariant
measure v on )N(n there exists an S x S-invariant measure p on X, x {0,1}%
whose projection on the first coordinate is v,, and such that M (p) = v. For
the Erdos case see [112] and for general %-free systems, see Theorem I in [17]
(for further generalizations of %-free systems listed before (see page BI) no
analogous description of the set of all invariant measures is known).

It turns out that a special role is played by 4% that are taut. We have
the following: for any %, there exists a unique taut set %’ < N such that
Fa < Fa, X;y < X, and all S-invariant measures on X, are in fact supported
on )Z'n/ (Theorem C in [17]).

More subtle properties of the simplex of invariant measures of the %-shift
have been studied in [113] by Kultaga-Przymus, Lemarczyk and Weiss — it was
shown that in the positive entropy case the simplex of S-invariant measures on
X, is Poulsen, i.e. the ergodic measures are dense. In particular, if we addi-
tionally know that X, is hereditary (and has positive entropy), then its simplex
of invariant measures is Poulsen. However, this is no longer true for a gen-
eral (not necessarily %-free) hereditary system. On the other hand, Konieczny,
Kupsa and Kwietniak [109] showed that the set of ergodic invariant measures
of a hereditary shift is always arcwise connected (when endowed with the d-bar
metric).

6.3 Topological results

A lot can be said about the topological properties of (X,,S). E.g. for any
% < N the subshift X, has a unique minimal subset that is the orbit closure
of a Toeplitz system (Theorem A in [17]). In particular, X, is minimal if and
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only if X, is a Toeplitz system In fact, n itself can be a Toeplitz sequence
(see Example 3.1 in |17]) and it was shown in [103] that # is a Toeplitz sequence
different from ...0.00... if and only if & does not contain a subset of the form
def, where d € N and o/ < N\{1} is infinite and pairwise coprime. Moreover, if
7 is Toeplitz then £ is necessarily taut [103].

On the other hand, the proximality of X, is equivalent to {...0.00...} being
the unique minimal subset of X,,. Moreover, X,, is proximal if and only if #
contains an infinite pairwise coprime subset (Theorem B in [17]).

Some of the properties of the Z#-free subshift X, can be characterized via
properties of a set W called the window: W = {h € H : hy # 0 for all b € %},
cf. (48). This name has its origins in the theory of weak model sets (for more
details see [12]); F is an example of such a set. Again a special role is played
by sets # that are taut. In [103], Kasjan, Keller and Lemanczyk show the
following:

e % is taut if and only if W is Haar regular, i.e. the topological support of
Haar measure restricted to W is the whole W

e if Z is primitive then X, is a Toeplitz system if and only if W is topolog-
ically regular;

e X, is proximal if and only if W has empty interior.

In |103] there is also a detailed description of the maximal equicontinuous factor
of X;, (with no extra assumptions on %). See also [107].

Clearly, if X,, is hereditary, i.e. X,, = )N(n then (...0.00...) € X,, and hence
X, is proximal. If we assume that 2 is taut then the converse is true: prox-
imality yields heredity (Theorem D in [17]). However, )?n = X may fail to
hold, even under quite strong assumptions on Z. Indeed, the set of abundant
numbers A is the corresponding set of multiples Mg for a certain set % with
the property that »;,_, 1/b < c0. Here, X, # X4, see Section 11 in [17].

More subtle results on heredity were recently obtained by Keller in [106].
He shows that whenever X, is proximal then it is contained in a slightly larger
subshift that is hereditary (there is no need to make extra assumptions on %).
He also generalizes the concept of heredity to the non-proximal case.

It is also interesting to ask about the rj;jlvertible) centralizer of (S, X;). In
the Erdos case it was proved by Mentze in |129] that the group of home-
omorphisms commuting with the shift (S, X,) consists only of the powers of
S. In case of some Toeplitz Z-free systems an analogous result was proved by
Bartnicka in [16].

Question 11. Is the invertible centralizer trivial for each %-free subshift?

6.4 Ergodic Ramsey theory

We will now see some connections of the theory of #-free sets with the theory
uniform distribution and ergodic Ramsey theory.

89This has been recently improved in [103] and by A. Bartnicka: X, is minimal if and only
if n is Toeplitz.
90Mentzen’s result is extended in [14] to every hereditary %-free subshift.
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Polynomial recurrence and divisibility Recall that Szemerédi showed [153]
that any set S < N with positive upper density contains arbitrarily long arith-
metic progressions and Furstenberg |72, 73] introduced an ergodic approach to
this result that proved very fruitful from the point of view of various generaliza-
tions. In particular, it allowed one to prove the following: for any probability
space (X, B, 1), invertible measure preserving transformation 7: X — X, A€ B
with ©(A4) > 0 and any polynomials p; € Q[¢] satisfying p;(Z) < Z and p;(0) = 0,
1 < i </, there exists arbitrarily large n € N such that

(50) M(AmT*pl(")Am mT*p"'(”)A) > 0.

In fact, we have

N
lim % 3 ﬂ(A AT P AN A T*M”)A) >0

n=1

|18, 186, [116]. One can now restrict attention to a specific subset R of n € N for
which we ask whether (B0) holds or even demand

1 N
M - —p1(n) —pe(n)
(51) A}m%o R[N n; lR(n)u<AmT An...nT A) > 0.

If (BI) holds for any invertible measure preserving system (X,B,u,T), A € B
with pu(A) > 0, £ € N and any polynomials p; € Q[t],i = 1,...,¢, with p;(Z) c Z
and p;(0) = 0 for all i € {1,...,¢}, we say (cf. |20, Definition 1.5]) that R < N
is averaging set of polynomial multiple recurrence. If £ = 1, we speak of an
averaging set of polynomial single recurrence.

We will be interested in polynomial recurrence for %-free sets. Before we get
there, let us direct our attention to so-called rational sets. Recall that R < N
is rational if it can be approximated in density by finite unions of arithmetic
progressions, cf. footnote[I8 Note that the rationality of Fg is equivalent to %
being Besicovitch. An easy necessary condition for R < N to be an averaging
set of polynomial recurrence is that the density of R n uN exists and is positive
for any u € N (indeed, otherwise consider the cyclic rotation on Z/uZ to see that
even usual recurrence fails). If the latter holds, we will say that R is divisible.
It turns out that in case of rational sets, divisibility is not only necessary but
also sufficient for polynomial recurrence. More precisely, we have the following:

Theorem 6.3 ([21]). Let R = N be rational and of positive density. The
following conditions are equivalent:

(a) R is divisible.
(b) R is an averaging set of polynomial single recurrence.
(¢) R is an averaging set of polynomial multiple recurrence.

Recall that it was proved in [19] that every self-shift Q —r, r € Q, of the set
of square-free numbers @ is divisible and these are the only divisible shifts of
Q. For general #-free sets the situation is more complicated and we have the
following result:
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Theorem 6.4 (|21]). Given B = N that is Besicovitch, there exists a set D c
Fo with d(Fz\D) = 0 such that the set Fg—1 is an averaging set of polynomial
multiple recurrence if and only if r € D. Moreover, D = Fg if and only if the
set B is taut.

This can be generalized to Z# that are not Besicovitch by considering divisi-
bility and recurrence along a certain subsequence (Ny)g>1. As a combinatorial
application, one obtains in |21] the following result: Suppose that (Ny)g>1 is
such that the density of Fg along (Ny)r>1 exists and is positive. Then there
exists D © Fg which equals F up to a set of zero density along (Ng)i>1
such that for all » € D and for all E < N with positive upper density, for any
polynomials p; € Q[t], ¢ = 1,...,¢, which satisfy p;(Z) < Z and p;(0) = 0, for
all 1 <1 </, there exists 8 > 0 such that the set

{ne]:ggfr:E(Em(E—pl(n))m...m(Efpg(n))) >5}

has positive lower density along (Ny)ig>1. If, additionally, 2 is taut then one
can take D = F.

Results of similar flavor as above have been also obtained in [23] in the
context of level sets of multiplicative functions. In particular, if E is a level
set of a multiplicative function and has positive density then every self-shift of
E is an averaging set of polynomial multiple recurrence (Corollary C in [23]).
The key tool here is (I7) that provides an important link between level sets of
multiplicative functions and rational sets. See also |22].
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