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ABSTRACT (Word Style “BD_Abstract”). The adsorption of fluids in porous media is still an open 

area of research, since no model is able to explain all experimental features. The difficulties rise from 

the complexity of the real porous materials which present surface heterogeneities, large pore size 

distributions, and complex networks of interconnected pores. In parallel to experimental efforts trying to 

produce more ordered porous materials, theoreticians try to introduce more disorder in their models, 

with the help of molecular simulation for instance. This Grand Canonical Monte Carlo simulation study 

concentrates on the adsorption of a simple Lennard-Jones fluid in three porous substrates, in order to 

compare the effect of purely geometric heterogeneity (spatial deformation of the external potential) as 
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opposed to purely chemical heterogeneity (amplitude variations of the external potential). This 

separation is unrealistic, since geometric fluctuations of a real pore diameter along its axis generally 

induce variations in the amplitude of the external potential created by the pore. However it enables to 

compare both effects. In this paper, a thermodynamic integration scheme is applied to a complete set of 

adsorption / desorption isotherms. The grand potential, free energy and entropy are calculated, which 

allows to discuss the features of the phase diagrams. It is shown that a purely geometric deformation 

(undulation) of the external potential does not affect the thermodynamic characteristics of the confined 

fluid. On the other hand, amplitude modulation of the external potential (chemical heterogeneity) 

strongly distorts the phase diagram. This heterogeneity is actually able to stabilize a “bridge-like” phase 

which corresponds to an accumulation of molecules in the most attractive region of the pore. 

KEYWORDS (Word Style “BG_Keywords”). Lennard-Jones, Adsorption, Desorption, Isotherm, 

Hysteresis, Confinement, Disorder, Heterogeneity, Constrictions, Monte Carlo, Free Energy. 
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INTRODUCTION 
 

 

Considerable efforts have been devoted to study the behavior of confined fluids1-10, specially in 

disordered porous materials.11-21 The introduction of heterogeneities (which is a first step before 

considering realistic disorder) is still a challenge due to complexity in calculations. However, molecular 

simulation techniques22-24 allow to calculate the dynamical, structural and thermodynamic properties of a 

fluid confined in realistic porous materials, which can be compared to experiments. The Grand 

Canonical Monte Carlo method consists in sampling the Grand Canonical statistical ensemble, where 

the volume, the temperature and the chemical potential are kept constant. The acquisition of the 

adsorption and desorption isotherms (i.e. the amount of particles adsorbed in the porous material as a 

function of chemical potential) and the total energy of the system enables to calculate the grand potential 

for all thermodynamic states.13, 14, 25-28 This characterizes completely the system and allows to determine 

all thermodynamic quantities as the Helmholtz free energy, or the entropy. 

 

The heterogeneity of a realistic pore is a combination of geometric and chemical variations. To 

separate both effects, three pores are considered : firstly, a perfectly cylindrical pore, as a reference. 

Secondly, a geometrically undulated pore deduced from the previous one by simple spatial deformation 

of the external potential, and finally a chemically heterogeneous cylindrical pore obtained by a 

modulation of the depth of the external potential. This artificial separation between geometric and 

chemical heterogeneity is intended to enlighten their respective effects. 
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THE POROUS SYSTEMS  
 

The porous models essentially derive from an atomistic description of a perfectly cylindrical pore. All 

interactions are modeled according to the simple Lennard-Jones (6,12) potential  

])/()/[(4)( 612
ijijijijijijij rrru σσε −=                 (1) 

The parameters used to describe the fluid-fluid and fluid-wall interactions are given in Table 1. They 

correspond to argon adsorbed in a porous solid carbon dioxide matrix. With this particular choice, the 

fluid has strong affinity with the wall, compared to fluid-fluid interaction, which enhances the surface 

effects in confinement situations. This system has already been chosen to study phase diagrams of fluids 

confined in cylindrical pores7-9, 19, 29, but it is now extended to heterogeneous porous substrates. 

Comparisons are then possible. In the following, all quantities are normalized to the argon-argon 

parameters. For instance distances and energies are given in units of ff −σ  and ff −ε . 

 

The pores considered are nanometric, 2.724 nm in diameter, which corresponds exactly to 8 atomic 

diameters ( ff −σ ). This way, the smooth-wall approximation can be applied: the external potential seen 

by a fluid particle in the pore is calculated by integrating the Lennard-Jones potential over a uniform 

distribution of wall interacting sites. The substrate site reduced density is taken equal to 

8265.0
3

* == − ffsolidsolid σρρ  which corresponds to solid CO2 of density 1530 kg/m3. The calculated external 

potential cylψ in this perfectly cylindrical pore has a cylindrical symmetry, and can be given as a 

function of the radial distance only. The reduced potential ffcylcyl rr −= εψψ /)()(*  is shown in Figure 1 

 

The heterogeneity is introduced by modulating the external potential. In the first case, geometric 

heterogeneity is produced by spatially deforming the potential, while in the second case, chemical 

heterogeneity is created by modulating the amplitude of the initial cylindrical potential. In both cases the 
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modulation along the axial direction z introduces an explicit dependence of the potential on r and z. The 

geometrically heterogeneous reduced potential is given by: 

( ){ }( )
L

z
cylgeo arzr πψψ 2cos1/*),(* −=                (2) 

and the chemically heterogeneous reduced potential is given by: 

( ){ } )(*cos1),(* 2 razr cylL
z

chem ψψ π+=                (3) 

The parameter a is a measure of the amplitude of the heterogeneity, taken equal to 0.25 in this work, and 

L  is the length of the simulation box, equal to ff −σ12  in the direction of the z coordinate. The contour 

plots of the external potentials are given in Figure 2, in the plane defined by the radial and axial 

coordinates. As can be seen the external potential in the perfectly cylindrical pore is invariant along the 

axial coordinate, which is not the case for both undulated pores. The contour lines correspond to 

increments of 0.05 in reduced potential, and correspond to the horizontal lines in Figure 1 for the 

cylindrical pore. The radius of the geometrically undulated pore varies between ff −σ3  for 0=z  and 

ff −σ5  for 2/Lz ±= . In this system, the heterogeneity consists in an enlargement of the pore size 

distribution up to 25% of its average value. For the second system the pore radius is constant, but the 

intensity of the fluid-wall interaction varies within 25% of its average value: this mimics some chemical 

heterogeneity with more or less attractive sites distributed along the pore. It is important to note that the 

geometric modulation has not been applied to the solid CO2 prior to the potential calculation. This 

would have been certainly more realistic, but it would have induced the appearance of zones of higher 

potential in the regions of higher curvature for instance. In this work we wanted precisely to decouple 

geometric from amplitude modulation effects. 

 

To enlighten the energetic characteristics of the pore, one can evaluate the volume distribution of the 

external potential, that is to say the density of volume of the pore which is at a given external potential. 

Let us consider the volume dVΨ of all the regions of a given pore of total volume V where the external 
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potential is between Ψ and Ψ+dΨ. Let us define the volume fraction density ν  of the pore at a given 

potential Ψ as: 

Ψ=Ψ
Ψ

d
dV

V
1)(ν                   (4) 

This quantity is drawn in Figure 3. As can be seen, the volume distribution of the external potential in 

the perfectly cylindrical pore has two peaks. The large one close to zero corresponds to the region of the 

pore in the vicinity of the axis, whereas the smaller peak close to the minimum of Ψ=-3.8 corresponds to 

the regions of the pore in the vicinity of the substrate wall. For Ψ above zero, the distribution is very 

close to zero since the potential varies very rapidly. The total integral of the distribution, up to infinity, 

is equal to 1. The volume distribution of the geometrically undulated pore is exactly the same as the one 

for the perfectly cylindrical pore due to the simple geometric deformation. This means that, regardless 

of the spatial distribution of the potential, the energetic characteristics of the pores are identical. They 

only differ from a topological point of view. This justifies the construction of this pore by geometric 

deformation of the initially cylindrical potential, instead of recalculating the real potential in an 

undulated pore: changing the topology without changing the energetic characteristics of the pore. On the 

other hand, the volume distribution of the external potential in the chemically heterogeneous pore is 

significantly affected, showing a spreading of the low Ψ peak to much lower values of Ψ. The small and 

diffuse peak around -2.8 is from the contribution of the pore in the vicinity of the substrate wall in the 

region around z* = ±6. 

 

Another way to characterize the energetic properties of a pore is to calculate the space integral of the 

exponential of minus the external potential ext*ψ  over the accessible reduced volume V *, which, by 

definition, is the volume of space where the potential is not infinite: 

ΨΨ== Ψ−Ψ− ∫∫ dede
V

TA T
ext

T extext */**/ ** )(*
*

1*)( νr               (5) 

The numeric results for *)(TA  for the cylindrical, the geometrically and the chemically modulated pores 

are given in Table 2. As can be seen, the space integral in the geometrically undulated pore is exactly the 
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same as in the perfectly cylindrical one. On the other hand, the space integral *)(TA  is larger for the 

chemically modulated pore, because this modulation creates zones of lower potential (see Figure 3) 

which contribute the most to the integral. 

 

ADSORPTION / DESORPTION ISOTHERMS AND 
CONFIGURATIONAL ENERGY 
 

The system consists in argon particles confined in the three external potentials cyl*ψ , geo*ψ , chem*ψ . 

The size of the simulation box in the axial direction is equal to ff −σ12 . The extension in the radial 

direction is limited by the external potential. The fluid-fluid interactions are calculated without distance 

cut-off, and with minimal image convention. The Grand Canonical Monte Carlo simulation (GCMC) 

consists in generating a series of molecular configurations according to the Grand Canonical statistical 

ensemble, where the system can exchange particles and energy with a reservoir which imposes constant 

temperature and chemical potential. Therefore, it mimics a real adsorption experiment where volume 

and temperature are controlled and the chemical potential is fixed through the pressure of the gas 

reservoir. From a technical point of view, the simulation consists, on the one hand, in thermal 

equilibration of the simulation box through molecular displacements with acceptance probabilities 

determined by the ratio of the difference in energy to the external temperature, and on the other hand, in 

chemical equilibration with a particle reservoir through addition or removal of particles in the 

simulation box with probabilities determined by the imposed chemical potential. For a complete and 

detailed explanation of the technique, see ref 22-24. During the course of the simulation, the total number 

N of particles in the box and the total reduced configurational energy U* are averaged. Two reduced 

quantities are then generated for each reduced temperature T* and reduced chemical potential µ∗ 

considered as parameters: the reduced average coverage Γ∗=N/V* where V* is the reduced accessible 

volume, and the reduced average configurational energy per particle u*=U*/N. By definition, the 

accessible volume is the volume of space where the potential is not infinite. This definition is identical 
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to the one used by other authors in previous publications.7-9, 19, 29 For instance, in the case of the perfectly 

cylindrical pore of length L, the external potential is infinite for a reduced radial distance of 4. As a 

consequence, the accessible volume is 
2

16 ffcyl LV −= σπ . The accessible volume of the chemically 

heterogeneous pore is exactly the same since both potentials are infinite in the same region of space: 

2
16 ffchem LV −= σπ . The accessible volume of the geometrically undulated pore is calculated by integration 

of the sinusoidal modulation: 
2

5.16 ffgeo LV −= σπ . It is slightly larger than the cylindrical volume.  

 

In a real adsorption experiment, the adsorbate is introduced progressively to get adsorbed in the 

previously out-gassed porous sample. Similarly, the initial molecular configuration is the empty pore, 

used as the starting point of the simulation at very low chemical potential. The chemical potential of the 

gas reservoir is then increased step by step to calculate the whole adsorption isotherm. For each step, the 

initial configuration is the final configuration of the preceding step. At least 105 Monte-Carlo trials per 

molecule are performed to reach equilibrium, and then at least twice as many to acquire statistics. When 

the saturation of the sample is reached, one can start to calculate the reverse path by decreasing the 

pressure. The obtained so-called desorption branch is generally not identical to the adsorption branch 

(hysteresis). 

 

The adsorption and desorption isotherms have been calculated in the three pores at six reduced 

temperatures: 0.60, 0.77, 0.82, 0.90, 1.00 and 1.20. The results for Γ* (reduced coverage) are shown as a 

function of the chemical potential in the Figure 4 for the perfectly cylindrical pore, the geometrically 

and the chemically undulated pores. The average coverage Γ* is drawn on a semi-logarithmic scale to 

enhance the low coverage region. The straight lines represent the ideal gas approximation adsorption 

isotherms: 

[ ]∫ Ψ−

Λ=Γ */
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obtained by integrating the “ barometric law” 30, where id*Γ  is the reduced coverage for the ideal gas, µ * 

the reduced chemical potential, Λ * the reduced de Broglie’s wave length, and the integral of the 

exponential of the external potential ext*ψ  is performed over the accessible reduced volume V *. The 

space integral between brackets was previously introduced in Equation 5. Its numerical value, as well as 

de Broglie’s wavelengths, are given at different temperatures for the three pores in Table 2. Since the 

space integral between brackets is identical for the perfectly cylindrical and the geometrically deformed 

pores, their ideal gas approximation adsorption isotherms are identical. On the other hand, the ideal gas 

adsorption is larger in the chemically heterogeneous pore. All adsorption isotherms calculated for the 

interacting gas converge to the ideal gas limit at low coverage, where fluid-fluid interactions are 

negligible. The higher the temperature the larger the amount adsorbed for a given chemical potential. 

However, for large chemical potential the coverage in the porous substrate saturates independently of 

the temperature due to hard core repulsion in the fluid. The low temperature curves show jumps and 

large hysteresis in the amount adsorbed. For instance, in the perfectly cylindrical pore, at T*=0.60, the 

amount adsorbed follows the ideal gas approximation up to µ∗=-9.6, then increases faster up to µ*=-9.0 

and Γ∗=0.034 where it abruptly jumps to Γ∗=0.64. The chemical potential was increased by small 

increments in this region of jump, which allows to show an almost vertical line. It is important to note 

that despite the presence of vertical lines (guides to the eyes), it was actually impossible to stabilize the 

reduced coverage to any intermediate value between Γ∗=0.034 and Γ∗=0.64 (absence of simulation 

points on the Figure 4 along the vertical lines). If the chemical potential is now decreased, one follows 

the T*=0.60 desorption (liquid-like) branch, down to µ∗=-10.36, that is to say one does not follow the 

previous adsorption isotherm: the adsorption / desorption phenomenon is not reversible at such a low 

temperature and presents an hysteresis. However, as can be seen, the higher the temperature, the 

narrower the hysteresis loop (see Figure 4), in agreement with experimental observations31, 32, and 

theoretical aclculations4. At T*=1.00, the hysteresis is very thin, but the vertical jump is still visible. 

However, at T*=1.20, the adsorption curve is perfectly reversible (supercritical adsorption isotherm). 

This set of adsorption isotherms looks like that of a first order liquid-gas transition. The isotherms 
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present a discontinuity with two clearly distinguishable metastable phases (hysteresis), like for a Van 

der Waals loop. Furthermore, the high temperature isotherm is reversible, which shows that the 

hysteresis has to vanish in a so-called hysteresis critical point Tch

31, 32 between T*=1.00 and T*=1.20. 

However, in cylindrical pores the phase transition is necessarily rounded, but still sharp enough to be 

considered as a phase transition.33 The vertical dotted segments correspond to the chemical potential 

value for which the grand potential is identical (equilibrium coexistence point) for the two phases 

indicated by the two ends of each segment (to be discussed later). 

 

The introduction of a geometric undulation is expected to strongly affect this set of adsorption 

isotherms, due to confinement effects. However, inspection of Figure 4 shows only minute differences 

between the geometrically undulated pore and the perfectly cylindrical pore. In a realistic confinement 

situation, it is not only the accessible space for the confined particles which is modified, but also the 

depth and shape of the external potential felt by the particles. However, in our simulation study, the 

geometrically undulated pore is obtained by a purely geometrical deformation of the external potential, 

without changing the distribution of volume of space having a given value of external potential (see 

Figure 3). The main consequence is the invariance of the space integral defined by Equation 5. The 

similarity of the adsorption isotherms shows, firstly, that the topologies of both pores are close enough 

not to introduce differences, and, secondly, that the adsorption properties are not very sensitive to the 

spatial shape of the potential, but are closely related to the volume distribution of the external potential 

ν(Ψ) defined by Equation 4. However, there is some differences: hysteresis loop is slightly narrower in 

geometrically undulated pores compared to perfectly cylindrical pore. This might be due to some 

destabilization of the fluid due to geometric undulation (local curvature) which could help the nucleation 

of the low density phase. 

 

On the other hand, the introduction of chemical heterogeneity in the pore strongly affects the 

adsorption isotherms, as can be seen on Figure 4. Firstly, quantitative changes can be noted: larger 
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amount adsorbed for a given chemical potential, lower “ critical temperature”  since the adsorption 

isotherm for T*=1.00 is now reversible, and finally thinner hysteresis loops. Secondly, the isotherms are 

qualitatively modified, since now three branches (or “ phases” ) can be observed for the lowest 

temperatures. For instance, if one follows the isotherm at T*=0.77, starting from low chemical potential, 

the average coverage jumps to an intermediate value of 0.28 for µ*=-10.60 before it jumps again to a 

liquid-like value of 0.55 for µ=-10.53. If one decreases now the chemical potential, the average coverage 

will drop abruptly directly to the gas-like value for µ=-10.72, without going through the “ intermediate 

phase” . However, it is possible to jump from the “ intermediate phase”  to the gas-like phase by 

decreasing the chemical potential directly from µ=-10.60 without passing by the liquid-like phase. The 

instability point in this case is at µ =-10.62, that is to say higher than the liquid instability point (µ 

=-10.72), which explains why the liquid phase jumps directly to the gas phase below its instability point. 

As can be noted, this state of intermediate density has been qualified as a phase by analogy with both the 

gas-like and liquid-like phases. It might be abusive, although practical. However, such a state has 

already been observed by other authors, and has been called ‘bridge phase” .28, 34-36 This phase is 

essentially made of the accumulation of molecules (with local density close to the liquid) in the 

attractive region of the pore. For coherence, the same name will be used in the rest of the paper .The 

T*=0.90 isotherm does not show three branches. Actually, the gas-like branch is reversible up to an 

average coverage corresponding to the intermediate phase. It means that the analog to the critical 

temperature associated to the gas-like to bridge-like transition is lower than 0.90. However, the bridge-

like to liquid-like transition is still visible with a small hysteresis loop at T*=0.90. 

 

The Figure 5 shows the reduced configurational energy per particle, u*, as a function of the chemical 

potential, for the three pores and the same temperatures as for the average coverage. The low density or 

low chemical potential limit is in good agreement with the ideal gas approximation values given in 

Table 3 according to the formula: 
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where id is for ideal gas, *idρ  is the local ideal gas density in the pore, V* is the total reduced volume of 

the pore, and A(T*) has been defined in Equation 5. Inspection of Figure 5 shows that the molecular 

configurational energy decreases as the chemical potential increases, and presents the same hysteresis as 

the total coverage Γ*. Comparison between the three pores shows that the differences between the 

perfectly cylindrical pore and the geometrically undulated pore are very small, whereas the chemical 

undulation introduces noticeable changes. For instance, the chemical heterogeneity stabilizes a phase of 

intermediate energy, and lowers the configurational energy of the gas-like phase specially in the large 

chemical potential region of each isotherm. One can also note that, concerning the “ bridge-like”  phase, 

contrarily to the total coverage Γ which is almost constant whatever the temperature, the configurational 

energy per particle significantly decreases with temperature. 

 

 

GRAND POTENTIAL, HELMHOLTZ FREE ENERGY AND ENTROPY 
CALCULATION 
 

grand potential calculation  
 

From a thermodynamic point of view, a system is completely described if one is able to calculate the 

appropriate thermodynamic potential. More precisely, since our simulations are performed in the Grand 

Canonical Ensemble, the thermodynamic potential to be considered is the grand potential Ω. However, 

this quantity is not a direct output of the grand canonical monte carlo (GCMC) simulation. A way to 

circumvent this problem was proposed by Peterson and Gubbins9. In their method they take advantage 

of two differential equations to calculate the grand potential along reversible paths, from a reference 

point up to both the vapor and liquid branches. The two differential equations link the grand potential Ω 
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to the number of particles and the total energy of the system which are given by the GCMC simulation 

The first equation is the Gibbs adsorption isotherm, obtained by differentiating Ω along constant 

temperature paths: 

N
VT

−=



∂
Ω∂

,
µ                   (7) 

where N is the number of particles in the simulation box of volume V. The second equation is obtained 

along paths of constant chemical potential µ: 
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where E is the total energy of the system, that is to say the sum of the configurational energy U and the 

kinetic energy taken equal to 3/2NkT. Let us introduce the grand potential per unit of volume ω = Ω/V, 

where V is the volume of the system. Since V is a constant it can be introduced in the two differential 

equations 7 and 8, which take the final form, in reduced units: 
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which involve only previously introduced quantities. This set of equations allows to calculate the 

difference in the reduced grand potential per unit volume between any states of the system. More 

precisely, the integration has to be performed along a reversible path: the supercritical adsorption 

isotherm is then used to connect the gas-like and liquid-like phases. Additional points have been 

simulated in the liquid-like phase to increase the precision in the integration along constant µ paths. 

 

To get absolute values for ω∗, one has to know at least one point. For µ low enough so that the 

adsorption isotherm is essentially the ideal gas approximation, one can use the ideal value for the grand 

potential: 
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*** Tid Γ−=ω                 (11) 

This ideal gas approximation has been used for each adsorption isotherm. The result for the grand 

potential along all isotherms is given in Figure 6 for the three pores. As can be seen, the grand potential 

is multi-valued, except for supercritical temperature (reversible isotherms). In the case of the perfectly 

cylindrical and geometrically undulated pores, the gas-like and liquid-like branches intersect for each 

sub-critical temperature. These intersection points are the equilibrium points for a given temperature. 

They are reported on the hysteresis loops of Figure 4 as vertical dotted lines. As the temperature 

increases, the slopes of the grand potential along the gas-like and liquid-like branches at the intersection 

point tend to be identical. The two branches finally merge in a unique continuous branch at the critical 

temperature and above. The positions of the equilibria are very similar in the perfectly cylindrical and 

the geometrically undulated pores, showing again that the introduction of the purely geometric 

modulation does not strongly affect the thermodynamic characteristics of the pore. In Figure 6, the 

stable states can be determined by considering the fact that they are given by the absolute minimum of 

the grand potential. As a consequence, the liquid branches on the left of the intersection points and the 

gas branches on the right of these same intersection points correspond to metastable states of the 

adsorbed fluid, as for a Van der Waals fluid. On the other hand, the chemically undulated pore offers a 

much more interesting fluid behavior, with the existence of three branches below T* = 0.82. 

Enlargements of the intersection regions are given in Figure 7 for the four temperatures of interest. At 

the lowest temperature, the new “ phase”  of intermediate coverage has a grand potential branch above the 

intersection point of the gas-like and liquid-like phases. The domain of existence of the phase is large 

enough to allow this branch to cross the gas-like and liquid-like branches. Then one has three 

intersection points, which give three possible equilibria. The most stable branches correspond to the 

absolute minimum of the grand potential, that is to say the gas branch for chemical potential below –

9.48, and liquid branch for higher chemical potential. All other branches, in particular the “ bridge 

phase” , correspond to metastable states. The gas-bridge and the bridge-liquid equilibria are also in the 

metastable region. As the temperature is increased, the gas-like and the bridge-like branches move 
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towards lower chemical potential, relative to the liquid-like branch. It results in the existence of a 

temperature slightly below T* = 0.77 where the three branches intersect at the same point, that is to say 

a chemical potential where the three “ phases”  can coexist (triple point T*triple). When the temperature is 

slightly increased up to T* = 0.77, the three branches intersect again in three different points, but the 

gas-liquid intersection is now above the “ bridge-like phase”  branch. The stable states are then the gas 

branch for a chemical potential below µ = -10.609, the bridge state for -10.609< µ < -10.600, and the 

liquid phase for µ > -10.600. All other branches are again metastables. In particular, the gas-liquid 

equilibrium is now in the metastable region. As the temperature increases, the gas branch continues to 

shortens, and finally does not intersect the liquid branch any more for T* = 0.82 (see Figure 7). The 

previously metastable gas-liquid equilibrium has now reached the instable region and disappears. 

However, the gas-bridge and bridge-liquid equilibria persist and are stable. For higher temperatures, the 

gas and bridge branches become more and more parallel, and finally merge in a unique branch between 

T* = 0.82 and 0.90. The gas-bridge equilibrium then ends in a first “ critical temperature”  T*c1 between 

0.82 and 0.90. Above this temperature, only two branches are visible, which finally merge also into a 

unique branch between T* = 0.90 and 1.00 (see Figures 6 and 7). This point defines the second “ critical 

temperature”  T*c2 of the system. The phase diagram then contains at least two critical points and a triple 

point: such a complexity was previously observed in energetically corrugated slit pores.21, 34-36 

 

Helmholtz free energy and entropy calculation 
 

Helmholtz free energy and entropy are conceptually very important quantities which are not so 

commonly calculated in simulation works. This is specially the case of entropy, which is almost never 

calculable in a direct way, except by means of sophisticated methods (see 37 and references therein). 

However, in our system, since the thermodynamic state is now fully characterized through the 

knowledge of the reduced grand potential per unit of volume ω*, it is possible to calculate all state 

functions. The reduced molecular free energy is calculated according to the formula 
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*
*
** µω +Γ=f                 (12) 

and plotted versus the reduced coverage Γ* in Figure 8. As can be seen, the free energy increases with 

coverage, and diverges for zero coverage, following the ideal gas behavior. The free energy is a 

continuous function of the coverage for supercritical temperature, and presents a discontinuity for 

subcritical temperatures. As previously, the purely geometric undulation has almost no effect on the free 

energy results. On the other hand, the chemical modulation introduces strong modifications of the fluid 

thermodynamics, with the appearance of two discontinuities at low temperatures. The gaps in the free 

energy surface correspond to the coexistence regions of two phases, where the free energy is given as a 

linear combination of the free energies of each phase. This has not been drawn for clarity. 

 

The reduced entropy per particle is obtained from the reduced Helmholtz free energy f* per particle 

and the reduced molecular configurational energy u*, according to the formula: 

*
**

2
3*

T
fus −+=                 (13) 

The Figure 9 shows this quantity as a function of the chemical potential µ*. The entropy decreases with 

chemical potential or coverage, due to excluded volume effects. The entropy of the high density phase 

tends to be weakly dependent on temperature. This is again the signature of hard core repulsion. The 

coexistence regions are visible. The hysteresis shows again the existence of metastable states for the 

homogeneous phases. The coexistence phases would correspond to vertical lines at the same positions as 

in the Figure 4. 

 

discussion and conclusion 
 

This work has shown that it is possible to completely characterize the thermodynamic behavior of a 

confined fluid in a porous material by monte carlo simulation. It should then be possible to answer the 

question whether the observed transition is first order or not. In the case of the cylindrical pore, the 
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results show that all thermodynamic quantities present a discontinuity and an hysteresis in a certain 

region of parameter space. This favors a first order phase transition. Of course, it is actually impossible 

to affirm that the observed “ jumps”  in the thermodynamic quantities are real discontinuities or simply 

sharp variations within the small interval between two consecutive points. However, within this 

hypothesis of real discontinuities, the adsorption / desorption isotherms of Figure 4 would be branches 

of van der Waals loops. The GCMC method actually does not allow for a complete calculation of the 

loop, specially in the instable region. Within this scheme, the two gas-like and liquid-like branches 

correspond to real phases, which are obviously not homogeneous in space. This is not a drawback, as 

long as there is no discontinuity in the local particle density within each “ phase” . Finally, it was shown 

that the hysteresis disappears in the cylindrical pore for a reduced hysteresis critical temperature Tch* 

between 1.0 and 1.2. Since Tch* is not necessarily the pore critical temperature, characterized for 

instance by a divergence of the compressibility, it cannot be ascertained that the critical point lies within 

the same interval of temperature. However, such a critical temperature should exist in the vicinity of Tch. 

 

This work has shown that the purely geometric deformation of the external potential (25% undulation) 

has not modified the thermodynamic properties of the confined fluid, just like it did not change the 

space integral defined by Equation 5, and the volume fraction density defined by Equation 4. On the 

other hand, a 25% modulation of the amplitude of the external potential induces strong modifications, as 

the depression of the initial hysteresis critical point compared to the cylindrical case, the appearance of a 

third branch in the adsorption / desorption curve (and a new “ bridge-like”  phase), a second hysteresis 

critical point, and a triple point temperature where the liquid-like, gas-like, and bridge-like phases are in 

equilibrium. These results are in agreement with theoretical and simulation results4, 18, 28, 34-36, 38 describing 

the competition of ordinary liquid-gas transition with new phases stabilized by the substrate surface, like 

layers18, 39 or bridge-like phases21, 28, 34-36 
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To what extent can such an analysis be applied to real porous materials? Of course, the model includes 

some realistic features of porous media (geometric or chemical heterogeneity). However, these 

heterogeneities are not as complex as the disorder characterizing realistic porous media. This is probably 

why the hysteresis observed in this study are “ empty” , in opposition to experimental hysteresis which 

can be filled completely by scanning curves1, 2. However, the 25% chemically undulated model is able to 

produce a new branch within the main hysteresis loop. It is thought that the introduction of more 

disorder would produce a main hysteresis filled with a large number of “ intermediate phases” , which 

would allow to draw realistic scanning curves. The author suggest that these “ intermediate branches”  

could be connected to the numerous local minima in free energy landscape observed in density 

functional theory calculations on Ising-like models.12 In such a situation, the nature of the phase 

transition would certainly not be first order any more, and is actually still an open question. 
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FIGURE CAPTIONS (Word Style “ VA_Figure_Caption” ).  

 

FIGURE 1: 

Reduced external potential in the perfectly cylindrical pore as a function of the reduced radial distance. 

 

FIGURE 2: 

Contour plots of the external potentials in the three pores, in the axial and radial coordinates plane. The 

increment of reduced potential between contours is 0.05. 

 

FIGURE 3:  

Volume fraction density Ψ=Ψ
Ψ

d
dV

V
1)(ν  of the three pores (see Equation 4) . 

 

FIGURE 4: 

Adsorption / desorption isotherms for a Lennard-Jones fluid at several temperatures, in the perfectly 

cylindrical pore, the geometrically and the chemically undulated pores. The vertical dotted segments 

materialize the coexistence points (intersection points of the grand potential of Figure 6). 

 

FIGURE 5: 

Configurational energy for a Lennard-Jones fluid at several temperatures, in the perfectly cylindrical 

pore, the geometrically and the chemically undulated pores. 
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FIGURE 6: 

Grand potential for a Lennard-Jones fluid at several temperatures, in the perfectly cylindrical pore, the 

geometrically and the chemically undulated pores, versus the reduced chemical potential. 

 

FIGURE 7: 

Grand potential of the “ bridge-phase”  for a Lennard-Jones fluid at several temperatures, in the 

chemically undulated pore, versus the reduced chemical potential. 

 

FIGURE 8: 

Helmholtz free energy per particle for a Lennard-Jones fluid at several temperatures, in the perfectly 

cylindrical pore, the geometrically and the chemically undulated pores, versus the reduced coverage. 

 

FIGURE 9: 

Reduced entropy per particle for a Lennard-Jones fluid at several temperatures, in the perfectly 

cylindrical pore, the geometrically and the chemically undulated pores, versus the reduced chemical 

potential. 
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TABLES.  

TABLE 1: Argon/solid CO2 interaction parameters  

 

 ε/kB (K) σ (Å) 

fluid-fluid (f-f) 119.8 3.405 

wall-fluid (w-f) 153.0 3.725 

 

 

 

TABLE 2: De Broglie’ s reduced wavelength for Argon and normalized space integral 

∫ Ψ−= */**
*

1*)( Texted
V

TA r  for the perfectly cylindrical, the geometrically and the chemically undulated 

pores for different temperatures. 

 

 

T* 

De Broglie’ s 
reduced wavelength 

for Argon 

*)(TA  for the 
perfectly 

cylindrical pore 

*)(TA  for the 
geometrically 
undulated pore 

*)(TA  for the 
chemically 

undulated pore 

0.60 0.0953 49.5 49.5 77.5 

0.77 0.0841 14. 9 14.9 19.3 

0.82 0.0815 11.6 11.6 14.5 

0.90 0.0778 8.35 8.35 10.0 

1.00 0.0738 6.02 6.02 6.91 

1.20 0.0674 3.77 3.77 4.11 
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TABLE 3: Low coverage limit for the ideal gas reduced molecular configurational energy calculated in 

the perfectly cylindrical, the geometrically and the chemically undulated pores for different temperatures 

(see Equation 6). 

 

 

T* 

idu*  for the 
perfectly 

cylindrical pore 

idu*  for the 
geometrically 
undulated pore 

idu*  for the 
chemically 

undulated pore 

0.60 -3.355 -3.355 -3.923 

0.77 -3.155 -3.155 -3.616 

0.82 -3.096 -3.096 -3.528 

0.90 -3.004 -3.004 -3.394 

1.00 -2.895 -2.895 -3.238 

1.20 -2.702 -2.702 -2.970 
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Figure 1 
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Figure 2 
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Figure 3 
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Figure 4 
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Figure 5 
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Figure 6 
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Figure 7 
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Figure 8 
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Figure 9 
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