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Robust Gust Load Alleviation at Different Flight Points and Mass configurations

This work studies the gust load alleviation of a flexible aircraft equipped with a lidar sensor that measures the wind velocity ahead of the aircraft. The focus is put on the aeroelastic dynamics uncertainties due to the evolution of the velocity and the altitude during a flight, and to the variations of the aircraft mass configuration. A robust control approach is adopted in order to minimize the aircraft loads due to the wind in presence of such uncertainties with low-order controllers that satisfy the constraints imposed by the system's limitations and the implementability considerations. This is achieved through structured mixed H 2 /H ∞ synthesis with multiple models. The load alleviation capability of controllers of various orders, using a variable number of control surfaces, is assessed through the computation of the maximum loads obtained in various conditions of velocity, altitude and mass configurations.

I. Introduction

T he design of an aircraft is a multi-disciplinary process aiming at reducing the required fuel consumption for a given payload and range. It can be improved in different ways, by improving the engines efficiency or reducing the mass of the aeroplane whilst maintaining its overall capabilities. Using new lighter materials, but also in a less straightforward way reducing the maximum loads the aircraft has to withstand are the means to reduce the mass. For example, the wing spar is a heavy element, designed to withstand the maximum bending moment and shear force that will be created during the aircraft life cycle. One of the load sizing cases for the wing is the strong turbulence or gust.

With an adequate control law that uses the elevators, ailerons, and possibly new control surfaces [START_REF] Moulin | Gust Loads Alleviation Using Special Control Surfaces[END_REF], this load level can be strongly reduced, leading to significant mass savings and so to an overall performance improvement.

Several control strategies have been employed in the past for the design of such Gust Load Alleviation (GLA) control laws, starting with feedback control [START_REF] Fonte | Gust Load Alleviation for a Regional Aircraft Through a Static Output Feedback[END_REF][START_REF] Che | Integrated Flight/Structural Mode Control for Very Flexible Aircraft Using L1 Adaptive Output Feedback Controller[END_REF][START_REF] Stanford | Gradient-Based Aeroservoelastic Optimization with Static Output Feedback[END_REF][START_REF] Mokrani | Multiple-Input Multiple-Output Experimental Aeroelastic Control Using a Receptance-Based Method[END_REF], based on the aircraft measured output, typically the pitch rate, yaw rate and vertical load factor obtained from gyroscopes and accelerometers. In order to improve the GLA performance, an additional feedforward controller that directly uses the measurement of the wind perturbation can be used in addition to feedback control [START_REF] Alam | Active gust load alleviation system for flexible aircraft: Mixed feedforward/feedback approach[END_REF][START_REF] Wildschek | Gust Load Alleviation on a Large Blended Wing Body Airliner[END_REF][START_REF] Magar | Active Gust Alleviation using Artificial Hair Sensors and Feedforward Control[END_REF] or used alone [START_REF] Zhao | Gust Load Alleviation on a Large Transport Airplane[END_REF][START_REF] Li | Flight Testing an Adaptive Feedforward Controller for Gust Loads Alleviation on a Flexible Aircraft[END_REF][START_REF] Wildschek | Active Wing Load Alleviation with an Adaptive Feed-forward Control Algorithm[END_REF].

Developments of airborne lidar sensors in the last decades [START_REF] Herbst | Design of a monolithic Michelson interferometer for fringe imaging in a near-field, UV, direct-detection Doppler wind lidar[END_REF][START_REF] Rabadan | Airborne Lidar for Automatic Feedforward Control of Turbulent In-Flight Phenomena[END_REF] create new opportunities in Gust Load Alleviation by providing a measurement of the wind perturbation in phase advance. While simple controller structures are commonly used for feedback control, finding a controller structure that takes the wind predictions as input is not straightforward.

Model Predictive Control (MPC) methods that perform an online optimization can be used, they have been applied to gust load alleviation [START_REF] Haghighat | Model-Predictive Gust Load Alleviation Controller for a Highly Flexible Aircraft[END_REF][START_REF] Giesseler | Model Predictive Control for Gust Load Alleviation[END_REF] and maneuver load alleviation [START_REF] Pereira | Model Predictive Control Architectures for Maneuver Load Alleviation in Very Flexible Aircraft[END_REF][START_REF] Gaulocher | Aircraft Load Alleviation During Maneuvers Using Optimal Control Surface Combinations[END_REF]. More complex strategies based on wavelet decomposition of the lidar signal have been used in order to map the signal onto the different actuators depending on the frequency and the amplitude of the gust [START_REF] Fezans | Combined Feedback and LIDAR-Based Feedforward Active Load Alleviation[END_REF][START_REF] Fezans | In-flight remote sensing and identification of gusts, turbulence, and wake vortices using a Doppler LIDAR[END_REF]. The H ∞ and µ syntheses [START_REF] Doyle | Feedback Control Theory[END_REF][START_REF] Skogestad | Multivariable feedback control : analysis and design[END_REF][START_REF] Vidyasagar | Robust controllers for uncertain linear multivariable systems[END_REF] provide a frame compatible with lidar measurements, in which one can perform a multi-objective optimization while ensuring closed-loop stability and compliance with robustness constraints and system's limitations. Already used for robust GLA with classical sensors [START_REF] Zeng | Experimental Model-Based Aeroelastic Control for Flutter Suppression and Gust-Load Alleviation[END_REF][START_REF] Cook | Robust Gust Alleviation and Stabilization of Very Flexible Aircraft[END_REF][START_REF] Ferrier | Active Gust Load Alleviation of High-Aspect Ratio Flexible Wing Aircraft[END_REF] and for active flutter suppression of flexible aircraft [START_REF] Waitman | H-infinity Control Design for Active Flutter Suppression of Flexible-Wing Unmanned Aerial Vehicle Demonstrator[END_REF][START_REF] Pusch | Structured Control Design for a Highly Flexible Flutter Demonstrator[END_REF], the application of H ∞ to lidar-based GLA has been proposed in [START_REF] Khalil | Performance Enhancement of Gust Load Alleviation Systems for Flexible Aircraft using H∞ Optimal Control with Preview[END_REF] and [START_REF] Fournier | Robust Gust Load Alleviation of Flexible Aircraft Equipped with Lidar[END_REF].

Techniques such as MPC, dynamical inversion or Linear Quadratic Gaussian (LQG) control strongly depend on the model knowledge, and in case the aeroelastic system does not behave as the model used for design, the GLA performance can be decreased and instabilities can arise. In addition to modeling errors and over-simplifying hypotheses, important variations in the aircraft dynamics occur during a flight or between two flights, and can cause the true system to differ from the model used during the design phase. This particularity is due to the important variations of the aircraft's mass configuration depending on the fuel tanks filling and on the payload, and to the variations of the flight characteristics such as the velocity and altitude, that affect the aerodynamics and the atmosphere environment. While some parameters causing these variations are known, it is difficult to precisely model their effect on the various aeroelastic modes that compose the system. The main approach to deal with this important issue in GLA is to define adaptive control laws, generally relying on finite-impulse response controllers [START_REF] Zhao | Gust Load Alleviation on a Large Transport Airplane[END_REF][START_REF] Li | Flight Testing an Adaptive Feedforward Controller for Gust Loads Alleviation on a Flexible Aircraft[END_REF][START_REF] Wildschek | Active Wing Load Alleviation with an Adaptive Feed-forward Control Algorithm[END_REF][START_REF] Zeng | Adaptive Feedforward Control for Gust Load Alleviation[END_REF][START_REF] Wildschek | Wind Tunnel Testing of an Adaptive Control System for Vibration Suppression on Aircraft[END_REF][START_REF] Wang | Adaptive Feedforward Control Design for Gust Loads Alleviation of Highly Flexible Aircraft[END_REF], that can adapt in real-time to the current system thanks to the sensors' measurements. This technique is promising but requires an on-line optimization process that can be computationally intensive and does not lead to strong guarantees of stability and performance. This work investigates the design of control laws that are easy to implement on today's on-board computers and that provide strong guarantees about the stability and the load alleviation performance, relying on the robust H 2 /H ∞ framework [START_REF] Apkarian | Mixed H2/H-infinity control via nonsmooth optimization[END_REF]. It follows the work of [START_REF] Fournier | Robust Gust Load Alleviation of Flexible Aircraft Equipped with Lidar[END_REF] that assessed the robustness and performance of unstructured and structured controllers that can reduce multiple loads in the aircraft due to the wind, using a lidar. It brings the following novelties that have not been exposed before:

• The design of a single robust controller able to reduce the maximum loads at different flight points and with different mass configurations.

• The actuators configuration is studied with an aircraft model that includes a high number of ailerons, covering the wing's trailing edge. It allows to study the influence of the ailerons size on the ability to reduce several loads simultaneously.

Section II presents the models of the aircraft aeroelastic dynamics and of the wind perturbation, with focus on the dependence on the flight parameters, whose ranges are clearly defined by a simplified flight domain, and on the mass configuration of the aircraft. Section III presents the H 2 /H ∞ strategy used for designing a robust low-order controller able to reduce the loads on different aircraft models. Finally section IV shows times simulations of such controllers, and the loads envelopes obtained from multiple models are calculated with various ailerons configurations.

II. Model Description and objectives

A. Aeroelastic Model

The wind can create dynamical loads on an aircraft that add to the statical loads mainly due to the lift and drag of the wing. The effect of wind onto the whole structure can only be captured by modeling the interactions between the unsteady aerodynamics and the structural dynamics of the aircraft. In this work, a Finite Element Model (FEM) model is used to model the aircraft structure. It is coupled with an unsteady linear aerodynamic model obtained by Doublet Lattice Method (DLM). The two models are implemented on Nastran [START_REF][END_REF], which performs a reduction of the full model, initially expressed in geometrical coordinates with a high number of degrees of freedom, into a smaller model expressed in the so-called modal-coordinates. 80 structural modes are included in addition to the 6 flight dynamics modes corresponding to the rigid-body degrees of freedom, leading to the following aeroelastic equations

M hh s 2 + B hh s + K hh h = q Q hh (M, k)h + Q vh (M, k) v V (1) 
where h are the generalized modal coordinates, including the flight dynamics and elastic degrees of freedom and the control surface deflection angles u, s = jω, q = 1 2 ρV 2 is the dynamic pressure with ρ the air density and V the true airspeed (TAS), M = V/a is the Mach number with a the local speed of sound, M hh is the modal mass matrix, B hh is the modal damping matrix, K hh the modal stiffness matrix, Q hh and Q vh are the modal and turbulent forces, v is the wind velocity. The computation of the aerodynamic forces is performed at different Mach numbers M and reduced frequencies k = ωb V with b the reference semi-chord and ω the angular frequency. 

y = H y (s)h (2) 
where H y (s) is a known transfer function matrix. The output variable y contains the loads and the sensors measurements:

y =            y l oads y sens            (3) 
The computations are performed with the XRF1-HAR (High Aspect Ratio) model developed by Airbus for research purposes. Some of its characteristics are shown in Table 1.

It is worth emphasizing the dependence of the aeroelastic model upon the flight point parameters and the mass configuration. By assuming that the air density and the speed of sound are entirely determined by the altitude, like in the U.S. Standard Atmosphere model [START_REF]U.S. Standard Atmosphere[END_REF], then the Mach number, TAS, altitude and dynamic pressure are entirely determined by fixing only two of them. In this work, the Mach number and TAS are free parameters, that entirely determine the flight point. Furthermore, the structural matrices M hh , B hh and K hh are computed for a given configuration of the aircraft, that depends on the quantity of fuel in the tanks and on the aircraft payload. It can be seen in Table 1 that the maximum possible weight of the aircraft is almost twice that of the empty configuration, where no fuel and no payload are present. The whole structural dynamics of the aircraft is affected by the mass configuration, and for certification purposes, several configurations corresponding to different fuel tank filling and payload cases should be considered. In this work, sixteen different mass configurations are chosen.

Eqs (1) and ( 2) do not directly lead to a linear system, because of the nonlinear dependence of the generalized forces Q hh and Q vh on the angular frequency ω through the reduced frequency k. In order to obtain a linear state-space model with [v/V ; u] as input and y as output, a procedure similar to that of [START_REF] Fournier | Robust Gust Load Alleviation of Flexible Aircraft Equipped with Lidar[END_REF] is used: first equations (1) and ( 2)

are evaluated at different frequencies to obtain frequency response data of the desired transfer function, then a MIMO system identification is performed based on the Loewner method [START_REF] Lefteriu | A New Approach to Modeling Multiport Systems From Frequency-Domain Data[END_REF][START_REF] Mayo | A framework for the solution of the generalized realization problem[END_REF][START_REF] Karachalios | The Loewner framework for system identification and reduction[END_REF]. Low-order models (about 50 states) are obtained by truncating the data and considering only frequencies lower than 5 Hz. They are used for the control synthesis, while more accurate higher-order (about 200 states) models are used for simulation and validation. 

B. Gust and Turbulence Models

The design of several parts of the aircraft is driven by the worst cases of winds, that can cause important loads on the structure. The wind not only has a static influence on the aircraft by applying static aerodynamic loads, but also has a dynamic influence resulting from the aeroelastic interaction between the structure and the unsteady aerodynamics.

Two types of winds are generally considered in industry and literature:

• discrete gusts: short events of high wind velocity lasting at maximum a few tenths of seconds

• continuous turbulence: longer events of random wind velocity with less abrupt changes.

These two models correspond to the main cases described in official certification documents, such as the European CS-25 [START_REF]Certification Specifications for Large Aeroplanes, Amendment 3[END_REF] that states the requirements for large aeroplanes. In particular, the article 25.341 provides a mathematical definition of discrete gusts and continuous turbulence that must be used for certification. The vertical discrete gust v z is described in the time domain by the 1cos expression:

v z (t) =            U gu s t 2 1 -cos πtV L gu s t if 0 ≤ t ≤ 2L gu s t V 0 otherwise ( 4 
)
where t is the time in s, V the TAS in m/s. L gust is called the gradient distance in m and defines one half of the gust geometrical length. U gu st is the gust amplitude in m/s, which depends on L gust and altitude. The range of gradient The continuous turbulence is a stochastic process, generally defined by its Power Spectral Density (PSD). In this work, the empirical von Kármán PSD for vertical turbulence [START_REF] Diederich | Effect of Spanwise Variations in Gust Intensity on the Lift Due to Atmospheric Turbulence[END_REF] is used:

Φ(ω) = U 2 σ L t ur b πV 1 + 8 3 (1.339 ω L t ur b V ) 2 [1 + (1.339 ω L t ur b V ) 2 ] 11/6 ( 5 
)
where ω is the angular frequency in rad/s, L t ur b is the scale of turbulence in m and U σ is the turbulence standard deviation in m/s that diminishes with altitude. In Fig. 2 the von Kármán PSD is shown with a 762 m scale of turbulence, 170 m/s TAS and amplitudes computed at 0 m and 12.000 m using the equations defined in the European CS-25 [START_REF]Certification Specifications for Large Aeroplanes, Amendment 3[END_REF].

C. Flight Domain

The need of restricting the range of velocity and height at which the aircraft can fly requires considering a simplified flight domain. The flight domain directly influences the controller design, as it prescribes the flight conditions at which the controller must be validated, as explained in more details in section III.A. In Fig. 3 the maximum altitude is 12.000 m and the maximum Mach number is 0.93. The iso-lines corresponding to five values of the Mach number are shown.

Furthermore, in order to define the maximum velocity at which the aircraft can fly, the Calibrated Airspeed (CAS) is 

C AS = a 0 5       q c P 0 + 1 2/7 -1       (6) 
where the impact pressure q c is defined as

q c = P 1 + 0.2M 2 7/2 -1 (7) 
Here, a 0 is the speed of sound at 15°C, P 0 is the static pressure at sea level, and P is the local static pressure. In this work, the maximum velocity is fixed in terms of CAS at 170 m/s, and the corresponding iso-line is shown in Fig. 3. The maximum TAS hence depends on the Mach number (or equivalently on the altitude).

From the aeroelastic equation ( 1) it can be deduced that at a fixed Mach number, the dynamic pressure increases with the velocity and so do the aerodynamic forces and moments. Furthermore, at fixed Mach number, lower velocities correspond to higher altitudes, hence lower gust and turbulence amplitudes following the considerations made in section II.B. The external forces due to the wind decrease when the velocity decreases.

It is assumed for simplification that the maximum loads of the flight domain will be reached at maximum velocity.

For these reasons, calculations will be performed only at the maximum speed defined by C AS = 170 m/s, assuming, and checking after, that the loads decrease at lower velocities. This follows a logic similar to the CS-25 certification [START_REF]Certification Specifications for Large Aeroplanes, Amendment 3[END_REF],

where the loads are calculated at the cruise velocity called VC. The certification document also requires computations up to dive velocity (VD) with reduced Gust intensity. For this reason it is omitted in the present work. Following these considerations, the loads will be computed with models of various mass configurations and different values of Mach number, at fixed CAS. It is not straightforward which value of Mach number will lead to the higher loads: low values correspond to low TAS, as seen in Fig. 3, but at lower altitude, leading to higher wind amplitudes.

D. Sensors and Actuators Configuration

Several sensors are used for Gust Load Alleviation purposes. Gyroscopes and accelerometers provide reliable measurements of the pitch angle, pitch rate and the vertical acceleration of the aircraft which serve as basic information the controller can use to counteract the effects of gust onto the aircraft. In addition to those sensors, so-called alphaprobes provide a measurement of the angle of attack at the nose of the aircraft with a small phase advance. This measurement gives information of the wind perturbation and hence allows the controller to reduce the loads created in the wing structure.

The aircraft studied in this work is equipped with a lidar sensor that can remotely measure the wind velocity ahead of the aircraft. This is achieved [START_REF] Herbst | Design of a monolithic Michelson interferometer for fringe imaging in a near-field, UV, direct-detection Doppler wind lidar[END_REF] by a laser emitting light forward from the nose of the aircraft. The light is then scattered by air molecules through the quasi-static Rayleigh-Brillouin effect, and a sensor at the nose of the aircraft measures the frequency shift of the reflected light by Doppler effect and the wind velocity can be recovered. By emitting light in different directions (cone shape), the full velocity vector is obtained. The lidar allows the controller to act with phase advance with respect to the wind disturbance. The lidar provides measurement that are less reliable than those provided by the classical sensors, so high uncertainty and measurement noise must be used to model a lidar during the controller design.

The aircraft model used in this work includes twenty-three ailerons on each wing's trailing edge, a pair of elevators and a rudder. The elevators can turn the aircraft in the direction of the measured wind, hence reducing the relative vertical velocity and the loads they create. They are effective at low-frequency, as they require the whole aircraft pitch inertia to be solicited. The ailerons have a more direct effect, by creating local lift on the wing structure hence countering the acceleration created by the wind; they can control both low and high frequencies. The outermost ailerons create a higher lever arm, which helps reducing the wing bending moment, but the innermost ones have a more direct effect on the aircraft vertical load factor. It is not obvious which aileron position is more efficient, hence the interest of comparing different configurations. All actuators are limited by their maximum deflection angle and maximum deflection rate, the latter being generally more restraining that the former. The high frequency response of the aircraft is more difficult to control because of these limitations, and because of the high flexibility of the aircraft implying that the excitation of aeroelastic modes can create important loads at high frequency. The configuration with many ailerons allows to understand the most efficient locations for gust load alleviation, and the gain in performance and robustness obtained by using several of them. By increasing the number of ailerons, the total surface of control is increased, giving more amplitude to the lift created to counter the gust loads.

III. Control strategy for Gust Load Alleviation

A. Objective: Gust Load Alleviation at multiple flight points and multiple mass configurations

In this section, the objective of this work are stated: we wish to find a single controller that minimizes the maximum loads on the aircraft structure due to the wind (defined by gusts and turbulence models of section II.B), based on multiple aeroelastic models defined in section II.A corresponding to different Mach number values and mass configurations.

It was shown in [START_REF] Fournier | Robust Gust Load Alleviation of Flexible Aircraft Equipped with Lidar[END_REF] that a GLA controller can reduce loads on different stations of the wing and at the Horizontal Tail Plane (HTP) simultaneously. In this work we focus on the bending moment (M x ) at the wing root, because of the important impact it has on the aircraft design, and, to a lesser extent, on the torsional moment (M y ) and the vertical shear force (T z ). The vertical load factor n z , which is the vertical acceleration at the aircraft's center of gravity, is to be minimized too because of the effect it has on the passengers' and pilot's comfort. Note that when reducing the bending moment, the vertical shear force is reduced too because they are both the result of the integration of local vertical loads. On the contrary, as explained in II.D, an action of the ailerons to reduce the bending moment will generally lead to an increase of the torsional moment. Hence, a tradeoff is required between the two. With these objectives, only the longitudinal dynamics are to be considered for design and validation. The controller should also satisfy systems constraints, such as sensors and actuators limitations, and robustness constraints such as stability margins for each model considered.

B. General H 2 /H ∞ framework y Measured output P Augmented plant w ∞ w 2 z ∞ z 2 u Controlled input K Controller Exogenous input Exogenous output Fig. 4 General H 2 /H ∞ formulation
The design of the laws for the control surfaces is based on the sensors and controllers described in section II.D.

Their main objective is to minimize the aircraft loads while satisfying closed-loop stability and actuators, sensors and robustness constraints. This section describes the general framework used for H 2 /H ∞ synthesis and analysis. This framework is common to the unstructured H ∞ synthesis, µ synthesis and structured H ∞ and H 2 /H ∞ syntheses. The differences between these different methods will be highlighted in this section. Starting from the aeroelastic model of the aircraft described in section II.A, one can add additional filters and additional input/output ports to obtain an augmented system P :

           w ∞ w 2 u            →            z ∞ z 2 y           
. u and y are the controlled input and measured output respectively, while w ∞ , w 2 , z ∞ and z 2 are additional exogenous input/output. A visual representation of the augmented system is shown in Fig. 4. These additional filters and ports are chosen in such a way as to formulate the performance and constraints objectives as the minimization of the norms of the transfer functions [START_REF] Apkarian | Mixed H2/H-infinity control via nonsmooth optimization[END_REF]:

T w ∞ →z ∞ (K ) ∞ = sup ω σ T w ∞ →z ∞ ( jω) (8) 
T w 2 →z 2 (K ) 2 = 1 2π ∞ -∞ Tr T w 2 →z 2 ( jω) H T w 2 →z 2 ( jω) dω (9) 
where ω is the angular frequency, σ( A) is the maximum singular value of a generic matrix A, Tr ( A) its trace and A H its transpose conjugate operator. The T a →b are the closed-loop transfer functions from generic quantity a to b. The signals w ∞ , w 2 , z ∞ and z 2 do not necessarily correspond to physical quantities and the meaning of the H ∞ norm will depend on the choice of these variables. The H ∞ problem concerns the case where only the H ∞ norm is to be minimized. In case uncertainties are considered in the plant P, the µ-synthesis applies [START_REF] Vidyasagar | Robust controllers for uncertain linear multivariable systems[END_REF]. If the controller is a general state-space model with order equal to that of P, then the synthesis is referred to as unstructured, while if the controller exhibits a particular structure, such as a transfer function with some free parameters or a fixed-order state-space controller, then the synthesis is referred to as structured. Unstructured H ∞ and µ syntheses can take advantage of convex optimization [START_REF] Doyle | Feedback Control Theory[END_REF][START_REF] Skogestad | Multivariable feedback control : analysis and design[END_REF][START_REF] Vidyasagar | Robust controllers for uncertain linear multivariable systems[END_REF], while structured syntheses rely on nonlinear methods [START_REF] Apkarian | Parametric Robust Structured Control Design[END_REF].

C. Structured H 2 /H ∞ synthesis with multiple models for Gust Load Alleviation

The augmented plant P used in this work is described in Fig. 5. The aeroelastic transfer functions G l are those obtained from section II.A, while the wind is modeled as a 3-rd order rational approximation of the von Kármán turbulence treated as a transfer function: 

H l v (s) = U l σ 0.02s 3 + 0.3398(L t ur b /V ) 2 s 2 + 2.7478(L t ur b /V )s + 1 0.1539(L t ur b /V ) 3 s 3 + 1.9754(L t ur b /V ) 2 s 2 + 2.9958(L t ur b /V )s + 1 (10) 
H act (s) = 1 s 2 + 2ξω 0 s + ω 2 0 I N u ( 11 
)
where I N u is the identity matrix of size N u , the number of actuators, ω 0 and ξ are the actuators' cutoff frequency and damping ratio respectively. The sensors are represented by pure delays H sens = z -τ se n s where τ sens si a diagonal matrix with the value of the delay corresponding to each sensor on the diagonal. The H zu filter defines the control surfaces maximum angle and angular rate constraints as: where s ( s+1) is a pseudo derivative with 1, and u ma x and umax are the maximum deflection angle and deflection rate respectively. The GLA objective is defined through the filter H z y as:

H zu (s) =          1 u ma x I N u s umax ( s+1) I N u          (12) 
H z y = diag(σ y ma x ) -1 (13) 
where σ y ma x is the maximum standard deviation of the outputs y that should be obtained with the worst considered turbulence. Finally, H i nv and H ny are constant matrices defining the standard deviations of the lidar's and other sensors' measurement (white) noises respectively. More details of the choice of these filters can be found in [START_REF] Fournier | Robust Gust Load Alleviation of Flexible Aircraft Equipped with Lidar[END_REF].

As explained in section II.A, various aeroelastic models G l are defined in this work, corresponding to different mass configurations and values of the Mach number. The models are indexed by the superscript l , that goes from 1 to 80 in the numerical applications. Similarly, one turbulence model H l v is used for each aeroelastic model, as the variation of velocity and altitude affects the amplitude and PSD of the wind following the considerations of sections II.B and II.C. It follows that the plant P l defining the H 2 /H ∞ problem is composed of different models. The controller synthesis used in this work is defined by the following optimization problem:

min K max l T l w 2 →z 2 (K ) 2 (14) 
subject to (15)

T l w ∞ →z ∞ (K ) ∞ ≤ 1 (16) 
The transfer functions whose H 2 norm must be minimized are the transfer functions from disturbance and mea-surement noise to the loads output, which are T w v →z y , T w i n v →z y and T w n y →z y . The H ∞ norm constraint imposes the maximum deflection angle and rate of the control surfaces to stay within the actuators acceptable bounds and is defined with the T w v →z u transfer function. Furthermore, robustness margins constraints are imposed through the H ∞ norm of a transfer function based on the sensitivity function [START_REF] Apkarian | Parametric Robust Structured Control Design[END_REF]. The H 2 criterion is more efficient for optimal performance, as it works on the whole frequency range, while the H ∞ focuses on the one frequency at which the transfer function gain is maximum. An extreme example is the case where there exists a high frequency peak in the system's response, which the controller cannot attenuate due to its limitations. In this case, the closed-loop H ∞ norm will be calculated on this peak, and the response at the other frequencies will be ignored, leading to an inefficient controller. Some tuning of the shape filters would be required to ignore the peak in the synthesis, which would increase the system's order and require fine tuning of each model independently. The H 2 criterion is computed on the whole frequency range, and not only on the peak response, hence requires no extra tuning. However, the H ∞ norm strong guarantees such as stability, robustness and satisfaction of system's limitations. The mixed H 2 /H ∞ synthesis hence provides a good performance while ensuring guarantees in worst case scenarios when required.

The controller K in Eq. ( 14) has a fixed structure, composed of two state-space models: one for the feedforward part that takes the lidar measurement as input, and one for the feedback part that takes the pitch rate, vertical load factor and angle-of-attack as input. In order to reduce the controller's sensitivity to lidar noise or to a failure, one can increase the gain of the H i nv filter in Fig. 5. However, we find it more efficient and straightforward to perform two syntheses: a first synthesis calculates the feedback controller without the feedforward part, then the latter is obtained from a synthesis based on the obtained closed-loop. This is illustrated by Fig. 6 where the M x alleviation of a controller obtained without separating the feedback and feedforward parts is compared to that of a pure feedback controller (hence not depending on the lidar noise) and of a controller obtained with the procedure defined before. It can be seen that the balanced controller is less sensitive to the lidar noise. The ratio between the importance of the classical sensors and that of the lidar in the controller response can be adjusted by tuning the maximum actuator's angle and rate during the feedback synthesis.

Note that the synthesis problem described above cannot be solved by convex optimization. The structured H 2 /H ∞ problem with multiple models described above can be directly implemented within Matlab's systune function, based on the work described in [START_REF] Apkarian | Parametric Robust Structured Control Design[END_REF]. 7 and is slightly different from the one used during design. The first difference lies in the aeroelastic state-space models, which are of high order for simulations (about 200-th order) to improve the accuracy, while reduced-order models (about 50-th order) are used for the controllers design in order to obtain an acceptable computational cost. Furthermore, while the design configuration of Fig. 5 relies on a linear model, a saturation and rate limiter are applied to the controlled variables, in order to impose the ailerons and elevators angles to satisfy the maximum angle and angular rate constraints imposed by the system. Finally, the tuning filters used for shaping the H 2 /H ∞ criteria are removed in the simulations configuration and replaced with physical values.

IV. Results: Gust

The simulations are performed with the wind models described in section II.B, and contrarily to the design phase, turbulence time series based on the true von Kármán PSD are generated. The lidar noise at intermediary measurement point i is defined as n i v = σ v w 0 and the other sensors' noise is defined as n y = σ y w y where the w 0 and w y are unit variance white noises. Note that with this definition, we assume that the intermediary lidar measurements come from a single measurement that has been delayed, and not from independent sources. The difference between the two possible configurations is studied in [START_REF] Fournier | Robust Gust Load Alleviation of Flexible Aircraft Equipped with Lidar[END_REF]. The actuators and sensors models are the same as those used for design and described attenuate, but that are also lower because of the lower corresponding wind amplitudes. For this reason and for the sake of conciseness, only the results of the 107 m gust are shown. Also note that the classical sensors' noise is assumed negligible in comparison to the lidar noise, and therefore is simply set to zero.

B. Results

In this section, different controllers are synthesized using the methodology and parameters exposed above. As stated in section III.A, we focus on the alleviation of the bending moment M x at the wing root and the vertical load factor n z at the center of gravity of the aircraft. The torsional moment M y at wing root and the vertical shear force T z at wing root are of secondary importance, and a small increase can be acceptable. In particular, the maximum loads calculated on 80 different models of various mass configuration and value of Mach number are to be minimized. Recall from section II.D that the model included 23 ailerons on each wing. Several configurations of these ailerons are studied. Note that the computed loads are dynamical increments with respect to an equilibrium, they must be added to the statical loads (mainly due to the lift, drag and weight) to obtain the total loads.

Time simulations with a single model

Time simulations have been performed with a robust controller that uses two ailerons of large size on each wing (16 ailerons assembled into two groups), corresponding to about two thirds of each wing. The aeroelastic model is obtained with a Mach number of 0.86 and an empty aircraft configuration. In this case, the minimization of all the outputs of interest has been included in the performance objective of the H 2 /H ∞ synthesis. In Fig. 8, the wind velocities (a) during a positive 107 m gust and during a von Kármán turbulence are shown. The time response of the aircraft aeroelastic dynamics to these wind disturbances is represented too, through the load factor and wing root loads of interest. Note and the standard deviation is divided by a factor of two in the turbulence response. Finally, the vertical shear force (c) is slightly attenuated, while the torsional moment (e) tends to increase due to the controller action. In Fig. 9, the corresponding control surfaces' deflection angle and rate are shown. It can be seen that thanks to the lidar measurements, the controller can start before the discrete gust has arrived. The deflection angle stay within a [-7°, 7°] range, far from the saturation limit. This information is of particular importance, as it also means that the linear approximation for the control surface action onto the aircraft response is valid. The deflection rate (b) is close to saturation during the discrete gust, and the limits are reached in the turbulence simulations. Note that due to the low amount of time spent in saturated mode, the performance is only slightly affected. The noisy actuator response when steady-state has been reached after the discrete gust is to the lidar noise.

Comparison of the loads envelopes with one robust controllers and with different local controllers

The time simulations shown above are obtained with a single model, we now perform similar simulations on different models in order to study the maximum loads in the flight envelope. In Fig. 10, the correlated loads obtained by simulations with the 80 aeroelastic models and with the same multi-model robust controller used in Fig. 8 and9 are shown (blue points) and compared to the case without controller (green points). For a pair of outputs, each point corresponds to the minimum or maximum of one of the two outputs, defining one coordinate, and the other coordinate is computed as the value of the other output at the time this minimum/maximum has been obtained. Both positive and negative discrete gusts are used, resulting in eight times as many points as different models. In the case of turbulence, only one simulation is performed at each point, leading to four times as many points as models. In addition to proving a practical representation of the maximum loads, the correlated loads are useful in the case of the M x /M y pair for stress analysis, whether the maximum bending and torsional moments occur simultaneously or not can lead to different for not designing one controller for each of the 80 models is that verifying that each synthesis has been performed correctly can become tedious. It can be seen that the difference between the multi-model robust controller and the local controllers is very low. Note that the controller designed with various models naturally acquires robustness, while in the case of local controllers, additional constraints must be imposed during the design to obtain a comparable level of robustness. This explains why the multi-model robust controller can even slightly outperform the local controllers sometimes. As the local controllers are obtained with models that define a M x /M y envelope, showing their results on the T z /n z envelope would be meaningless. 

Influence of the performance criterion on the multiple loads alleviation capability

The results shown before have been obtained with a controller that uses two ailerons of large size on each wing, designed to minimize simultaneously all the outputs of interest (M x , n z , M y and T z ). One can now wonder whether the bending moment could be further attenuated, possibly at the expense of the other outputs that are of lesser importance for the aircraft design. In Fig. 11, the same configuration as Fig. 8 9 10 is shown in red and compared to the case where the torsional moment reduction objective is dropped (blue points). In the latter case, the maximum bending moment is strongly reduced, leading to a 70% reduction with respect to the open loop for the turbulence case against 50% when the M y criterion is used. The torsional moment is increased by 30% when the M y criterion is not used, while it is attenuated by the same amount otherwise. The n z and T z are only slightly affected by this change. Furthermore, the purple points show the case where the two groups of large ailerons are split into independent smaller ailerons, and the M y criterion is included. By keeping the total control surface size constant and separating the ailerons, hence increasing the number of degrees of freedom, the objective is to improve the output controllability of the system and better attenuate the different loads simultaneously. It can be seen in the figure that this is not the case, the slight reduction of the maximum torsional moment with the discrete gust with respect to the case in which the ailerons are grouped is at the expense of an increase of the bending moment.

Influence of the ailerons size on the loads envelopes

In Fig. 12, correlated loads computed with various ailerons sizes are shown. The M y criterion has been dropped in this case. Note that the ailerons are assembled into two groups, hence the size of each group is determined by the number of ailerons. It can be seen that a reduction of the ailerons size leads to a reduced bending moment and vertical load factor alleviation capability, and to a lower maximum torsional moment. These results, together with those of Fig. 11, show that it is difficult to reduce significantly the bending moment and the torsional moment at the same time.

When an increase of the torsional moment is acceptable, increasing the ailerons size leads to improved bending moment and load factor attenuations.

Influence of the controller order on the loads envelopes

Finally, the choice of using 2nd-order controllers is put to the test. In Fig. 13, controllers of order 0 (static gain), 2 and 5 are compared. It can be clearly seen that the order 2 brings a significant improvement with respect to the static gain, while increasing the order further does not lead to better performance.

V. Conclusion

This work aims to understand whether a single robust controller can be used to reduce the maximum loads and load factors that can occur during an aircraft life, and if so, what is the influence of the ailerons configuration and the controller order. After a definition of the aeroelastic and wind models in line with the international certification procedures, a multi-model H 2 /H ∞ synthesis strategy is proposed to obtain low-order controllers that can be easily implemented in commercial aircraft's onboard computers, and which take advantage of different sensors including a lidar to minimize the loads in presence of robustness and system constraints. Time simulations based on such controllers and multi-point validation models are performed, and the influence of the ailerons configuration, the controller's order and the performance criteria onto the multi-load alleviation capability is assessed.

It results from the simulations that the proposed H 2 /H ∞ synthesis leads to controllers that can reduce the bending moment and vertical load factor up to 50% on a single aeroelastic model, even in presence of saturation limits. The multi-model robust approach does not suffer from any loss of performance compared to a case where one controller has been designed at each flight point and mass configuration. This means that a perfectly adaptive controller based on the same structure as in this work and with the same system and robustness constraints would not improve the load alleviation performance. Furthermore, the angle deflection constraint in never approached, the angles staying within the [-7°, 7°] range, while the deflection rate limit is reached. This means that the linear hypothesis concerning the control surfaces' action is valid in this work, and that increasing the angular velocity limits of the actuators would probably improve the performance, as long as the nonlinear effects are not too significant. The results also show that reducing the bending and torsional moments simultaneously is difficult, and an augmentation of the latter is generally needed when higher attenuations of the former are sought. This is particularly visible when the ailerons' size increases, and with ailerons that occupy about two third of the wing's trailing edge, a 70% alleviation of the maximum bending moment and a 30% reduction of the maximum vertical load factor, at the expense of a 30% increase of the maximum torsional moment. Finally, it is shown that using a second-order structured controller significantly improves the loads alleviation with respect to a static gain, and going above 2 is useless. This conclusion is valid within the low-order structured controller framework described in this work. Indeed, it was shown in [START_REF] Fournier | Robust Gust Load Alleviation of Flexible Aircraft Equipped with Lidar[END_REF] that unstructured controllers of very high order could be more efficient than reduced-order ones.

The only point of comparison available in this work is the case where one controller is designed for flight points and mass configuration. Performing a formal comparison between the robust approach and MPC strategies in similar conditions and studying their robustness capabilities would help understand the true gain in performance that can be achieved with nonlinear control. Likewise, a formal comparison with an adaptive strategy using a lidar would help identify the loss of performance when using a single fixed controller.
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 1 Fig. 1 Vertical wind velocity of discrete gust profiles of different gradient distances at 0 m altitude (a) and at different altitudes with a 46 m gradient distance (b)
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 8 Fig.8Wind velocity and outputs of interest (normalized) from time simulations with discrete gust and von Kármán Turbulence (empty aircraft, M=0.86, two groups of eight ailerons on each wing)
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 9 Fig. 9 Control surfaces angle deflection and angular rate from time simulations with discrete gust and von Kármán Turbulence (empty aircraft, M=0.86, two groups of eight ailerons on each wing)
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 10111 Fig. 10 Correlated bending/torsional moments and shear force/load factor with 80 models of various mass configuration and Mach number values. Comparison of a robust controller designed with multiple models, and local controllers designed for each model
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 12 Fig.[START_REF] Herbst | Design of a monolithic Michelson interferometer for fringe imaging in a near-field, UV, direct-detection Doppler wind lidar[END_REF] Correlated bending/torsional moments and shear force/load factor with 80 models of various mass configuration and Mach number values, for different ailerons size, defined by the number of small ailerons grouped together
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 13 Fig. 13 Correlated bending/torsional moments and shear force/load factor with 80 models of various mass configuration and Mach number values, for different controller's order

Table 2

 2 in section III.C. The values of the parameters used in simulations and design are gathered in table 2. The different values Numerical values used in simulations

	Quantity	Symbol	Value
	Mach number values	M	0.5, 0.8, 0.86, 0.9, 0.93
	Number of mass configurations	-	16
	Actuators cutoff frequency	ω 0	4 Hz
	Actuators damping ratio	ξ	0.85
	Maximum deflection angle	u ma x	30°M
	aximum deflection rate	umax	40 °/s
	Sensors delays	τ sens	40 ms for each sensor
	Sensors noise amplitude	σ y	0
	Lidar noise amplitude	σ v	0.04V
	Discrete gusts gradient	L gust	107 m
	Scale of turbulence	L t ur b	762 m
	Time step	T s	0.02 s

of the Mach number are included, and the corresponding TAS, CAS and altitude can be deduced from the considerations of section II.C. Gusts corresponding to gradient distances lower than 107 m lead to loads that are more difficult to