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REPRESENTATION THEORETIC EMBEDDING
OF TWISTED DIRAC OPERATORS

S. MEHDI AND P. PANDZIC

ABSTRACT. Let G be a non-compact connected semisimple real Lie group with
finite center. Suppose L is a non-compact connected closed subgroup of G
acting transitively on a symmetric space G/H such that LNH is compact. We
study the action on L/LNH of a Dirac operator Dg,r (E) acting on sections
of an E-twist of the spin bundle over G/H. As a byproduct, in the case of
(G,H,L) = (SL(2,R) x SL(2,R),A(SL(2,R) x SL(2,R)), SL(2,R) x SO(2)),
we identify certain representations of L which lie in the kernel of DG/H(E).

1. INTRODUCTION

In a recent paper [MO1] and an ongoing project [MO2], Mehdi and Olbrich study
representation theoretic features of the spectrum of locally symmetric spaces arising
as follows. Let G be a non-compact connected semisimple real Lie group with finite
center and H a non-compact connected closed subgroup of G so that G/H is a
symmetric space with respect to an involution o of GG. Suppose there exists a
non-compact connected real closed subgroup L of G which acts transitively and
cocompactly on G/H, i.e., G/H ~ L/L N H with L N H compact. In particular, if
D(G/H) (resp. D(L/LNH)) denotes the algebra of G-invariant (resp. L-invariant)
differential operators on G/H (resp. L/L N H), one gets an embedding of algebras

(1.1) v: D(G/H) — D(L/LN H).

Now pick a discrete subgroup I' in G which is contained in L and such that
I'\G/H is a smooth compact manifold, i.e., a compact Clifford-Klein form of
G/H. Using (1.1), Mehdi and Olbrich describe the joint spectral decomposi-
tion of the (commutative) algebra D(G/H) on the Hilbert space L?(T\G/H) of
square integrable functions on I'\G/H in terms of the spectrum of D(L/L N H) on
L*(T\L/L N H) ~ L*T\L)'"H . In particular, they prove the L-admissibility of
certain G-representations involved in the spectrum.

In this paper, we extend the embedding (1.1) to the case of differential operators
acting on sections of spin bundles over G/H and L/L N H twisted by a finite-
dimensional representation E. Then we show that the image, under this embedding,
of the Dirac operator D¢, g (E) on G/ H splits as combination of both geometric and
algebraic Dirac operators attached to the homogeneous spaces L/LNH, L/LNK,
LNK/LNH and H/HNK (here K is a maximal compact subgroup of G fixed by
a Cartan involution 6§, and H and L are assumed to be @-stable). Note that while
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2 S. MEHDI AND P. PANDZIC

most of these spaces are symmetric, L/L N H is not, and for this space we use the
cubic Dirac operator defined in [G] and [K].

Finally, we use this splitting formula to relate the kernels of the various Dirac
operators and we identify certain representations of L occuring in the kernel of
Dgya(E) when G = SL(2,R) x SL(2,R), H = A(SL(2,R) x SL(2,R)) is the
diagonal in G and L = SL(2,R) x SO(2).

The paper is organized as follows. In Section 2 we define the triples (G, H, L)
and we collect their main features. In Section 3 we review some facts about Clifford
algebras and spin modules. In Section 4, we describe the geometric and the algebraic
Dirac operators, as well as the various bundles and sections on which they act. In
Section 5, we compute the transfer of the cubic Dirac operator from G/H to L/LNH
in terms of “smaller” Dirac operators. Finally, in Section 6, we use this transfer
formula when (G, H, L) = (SL(2,R) x SL(2,R), A(SL(2,R)x SL(2,R)), SL(2,R) x
SO(2)) to relate the kernels of various Dirac operators. Moreover, we identify some
of the representations of L involved in the kernel of the twisted cubic Dirac operator
Dg/H(E) on G/H

2. TRANSITIVE TRIPLES

Let G be a non-compact connected semisimple real Lie group with finite center
and Lie algebra g and let (,) be the Killing form on g. Fix a Cartan involution
on G and let K be the corresponding maximal compact subgroup of G with Lie
algebra . The associated Cartan decomposition of g is

g==t®s, with [¢,s] Csand [s,5] C ¢

Let H be a non-compact connected semisimple closed subgroup of G with Lie
algebra b such that the homogeneous space G/H is a symmetric space with respect
to some involution o. There is therefore a decomposition of g:

g=h®q, with[h q] Cqand[q,q]Ch.
Recall the following invariance properties of the Killing form. For all X, Y and Z
in g, one has:
(0(X),0(Y)) = (X,Y)
(0(X),0(Y)) =(X,Y)
(ad(X)(2),Y) = —(Z,ad(X)Y)
Moreover, the restrictions of {,) to € x £, s x s, h x b and q X q are non-degenerate
so that
t L sand b L q with respect to (,).
We assume that 6 and o commute, so that € and s are o-stable:
t=(tNnh)d(ENng)ands=(sNh) P (sNq)
Next, let L be a non-compact connected semisimple closed subgroup of G with
Lie algebra [ such that

(i) L is reductively embedded in G,
(ii) L acts transitively on G/H,
(iii) L N H is compact.
We will refer to triples (G, H, L) satistying (i),(ii) and (iii) as transitive triples. L
need not be o-stable in general, however we may assume that L is 6-stable:

[=(NE) P (INs).
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The restriction to [ of the Killing form (,) of g remains non-degenerate and
g=h+land qnI*t = {0}

where [+ is the orthogonal of [ in g with respect to the Killing form. Transitive
triples were classified in the late 1960s by Oniscik in a more general setting [O]. A
complete list can be found in [KY] or [MO2].

Examples 2.1.

(la) G=G" x G, H=A(G'xG), L=G" x {e}.

(Ib) G=G'xG, H=A(G'xG), L=G' x K’
where G’ is a non-compact connected semisimple real Lie group with finite
center and K' is a maximal compact subgroup of G'.

(2) G=50.(2,2n), H=S0.(1,2n), L=U(1,n), n > 1.
(3) G=50.(2,2n), H=U(1,n), L =50.(1,2n), n > 1.
(4) G=50.(4,4n), H = 5S0.(3,4n), L = Sp(1,n), n > 1.
(5) G=SU(2,2n), H=SU(1,2n), L =Sp(1,n), n > 1.

(6) G=SU(2,2n), H= Sp(1,n), L=5SU(1,2n), n > 1.

(7) G =50.(8,8), H=50.(7,8), L = Spin.(1,8).

(8) G = SO.(4,4), H = SO (4.1) x SO(3), L = Spine(4,3).
(9) G=50.(4,3), H=50.(4,1) x SO(2), L = Gy9).
(10) G =5S0(8,C), H=S0.(1,7), L = Spin(7,C).
(11) G = S0O(8,C), H = SO(1, (C) L = Spine(1,7).

We now recall some features of transitive triples described in [MO2]. Fix a
transitive triple (G, H, L). Let q( be the orthogonal of [N h in [ with respect to the
Killing form:

=(INh) @ qr with q = (INH)** and [[Nh,q] C qi.
Note that as [N h-modules, one has the decomposition:
(2.2) q=q®(INs)

where q is the orthogonal of [Nh in [N with respect to the Killing form. Since L
acts transitively on G/H, the L N H-equivariant map

— ~ X —o(X

PN 5.5

is an isomorphism of L N H-modules. However, the map
X+o(X

+ qr — ha X 2 ( )

need not be injective or surjective. In order to turn the isomorphism p~ into an
isometry, we diagonalize the symmetric bilinear form

(x5 (X,Y) = (0(X),Y)

with respect to the Killing form (,). More precisely, for a real number v, define the
vector subspace [(v) of I:

v)i={X €] (o(X),Y) = v(X,Y) VY €[},
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Then [(v) is invariant under the adjoint action of L N H and [(v) L [(¢) whenever
v # v'. One can check that v € [—1,1], with [(1) =[N h and [(—1) = [Ng. In fact,
each [(v) is f-stable so that

q’[:@[(y)ﬂk and Iﬂﬁz@l(y)ﬂs.
v#1 v

We will denote by X (v) an element in [(v). For v # 1, set

d, = (1;1/)*%

and consider the L N H-equivariant maps
P~ =, X(v) = dyp (X (v))
ptiar—= b, X(v) = dy pT (X (V).

Then p~ is an isometry, and pT is a partial isometry but it need not be injective
or surjective. One easily checks that for all X (v), whenever v # 1 [MO2]:

X(W),0(X()] = 0
pHXW) +p (X)) = dX(v)
Pt (X)), o~ (X)) = o.

We will write A for the compact v, i.e the v involved in the decomposition of qy,
and p for the non-compact v, i.e the v involved in the decomposition of [N s.

Transitive triples split into three families, depending on the map p™ being in-
jective but not surjective (type I), surjective but not injective (type S) or neither
(type N).

Examples 2.3.

(la) G=G'"xG', H=A(G' xG"), L =G" x{e} is of type L
(Ib) G=G' xG', H=A(G'xG"), L=G" x K' is of type S.

(2) G=50.(2,2n), H=50.(1,2n), L =U(1,n) is of type S.

(3) G=150.(2,2n), H=U(1,n), L = SO.(1,2n) is of type S.

(4) G =S0.(4,4n), H = SO.(3,4n), L = Sp(1,n) is of type L.

(5) G=SU(2,2n), H=SU(1,2n), L = Sp(1,n) is of type S.

(6) G=SU(2,2n), H=Sp(1,n), L =SU(1,2n) is of type S.

(7) G=50.(8,8), H=5S0.(7,8), L = Spin.(1,8) is of type L.

(8) G=50.(4,4), H=50.(4,1) x SO(3), L = Spin.(4,3) is of type N.

(9) G =1S50.(4,3), H=50.(4,1) x SO(2), L = Gy is of type N.
(10) G =S50(8,C), H=50.(1,7), L = Spin(7,C) is of type N.
(11) G=S0(8,C), H=S0(7,C), L = Spin.(1,7) is of type L

We fix an orthonormal basis {Z;(\)} (resp. {Tk(r)}) of [(A) (resp. (1)) so that
{Z;} = Ux{Z;(\)} (vesp. {Ti} = U, {Tk(p)}) is an orthonormal basis of q| (resp.
[Ns) and

[Z;(N),0(Z;(A)] = 0, Vi, A
(2.4) [Tk (), 0 (Th ()] = 0, VE, p.

It is worth to mention that transitive triples of type S have the following additional
features [MOZ2]:



REPRESENTATION THEORETIC EMBEDDING OF TWISTED DIRAC OPERATORS 5

(a) LN K is o-stable, i.e., LN K/L N H is a symmetric space with respect to
the involution o.

(b) qi is irreducible as a L N H-module and A = —1 (only one value for \).

(c) INs is irreducible as a L N H-module and p = 0 (only one value for ).

3. CLIFFORD ALGEBRAS AND SPIN MODULES

Let (G,H, L) be a transitive triple, and let as before q denote the orthogonal
complement of h is g with respect to the form (,). Then (,) is nondegenerate on
both h and g.

Let C(q) be the Clifford algebra of q with respect to (,). In other words, it is
the associative algebra with unit, generated by ¢, with relations

XY +YX=(XY), X/Yeq

It is well known that the category of complex C(q)-modules is semisimple, with
only one irreducible module if dim q is even, and two irreducible modules if dim q is
odd. These modules are called spin modules and they can be constructed as follows.
Let ng and q; be maximal isotropic subspaces of q¢, nondegenerately paired by
(,). Then

dc = q¢ @ ag if dim q is even;
qc=qf @qz ©@CZ  if dimq is odd,

where in the odd case Z € qc is a vector orthogonal to qé@qé such that (Z, Z) = 1.
We define

Sq = Na¢,
with elements of qg acting by wedging and elements of q; acing by contracting. If
dim q is even, this determines a C'(q)-module structure on the spin module S,, and
if dim q is odd we still need to define the action of Z. There are two choices: Z can
act by 1/v/2 on A" and by —1/v2 on A°*q, or by —1/v/2 on A g and
by 1/v/2 on /\Oddqg . We fix one of these choices. We denote by

(3.1) Yq : C(q) = End(Sy)

the action map for the C(q)-module Sq.
Besides the obvious embedding of q into C(q), there is also an embedding of
s0(q) into C(q) induced by the skew symmetrization (Chevalley isomorphism):

s0(q) ~ A%q < C(q), FXAY) = %(XY—YX).

The image of this map is equal to the Lie subalgebra C?(q) of C(q), consisting of
“pure degree 2” elements. Its main property is that the natural action of so(q) on
q corresponds to the action of C?(q) on q C C(q) by Clifford algebra commutators.

Composing the above map with the adjoint action map h — so(q), we get a map

(3.2) agy =ay:h— C(q)
such that
(3.3) [ag(X),Y]o =[X,Y]g, X €bhYeq

Moreover, «y is a Lie algebra morphism, i.e.,

[y (X), 00(D)]e) = (X, Z]e X, Z €D,
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In the last two formulas, the subscript of a bracket denotes the Lie algebra in which
the bracket is taken.

The following lemma describes o more explicitly. The proof can be found for
example in [HP], Section 2.3.3 (but note that the conventions there are different,
so a factor shows up in the formula).

Lemma 3.4. Let {e;} be an orthonormal basis of q, and let €; = (e;,e;) € {£1}.
Then for any X € b,

Oéh(X) = — Z 8i5j<[X, €i], 6j>6i6j = —% Z€i€j<[X, ei], €j>€i6j.
i<j i,

Using the map «ay, we can view the spin module S, as an h-module, with X € b
acting as ap(X) € C(q).

Recall that p~ : qy — q is an isometry, and therefore p~ extends to an isomor-
phism of the Clifford algebras C(q;) and C(q), where p~ : C(q1) = C(q) is defined
by

pm(Y1...Ye)=p (Y1)...p” (Yi), Yi,..., Y, €qu
It follows that also the spin modules Sy, and S, are isomorphic as vector spaces.
On the other hand, 94, has an action of [N}, while S has an action of b, and hence
also of [N b by restriction.

Lemma 3.5. With notation as above,
p_(amh(X)):ah(XL X elnhy.
In particular, the isomorphism of Sy, and Sq induced by p~ is LN h-equivariant.

Proof. Recall that p~ : qy — q is an [N h-equivariant isometry. This implies that
forany X e lnhand Y, Z € qi,

(3.6) (X, (V)] p(2)) = (p~ ([X,Y]),p™(2)) = ([X, Y], Z).
Let now {e;} be an orthonormal basis of q; with (e;,e;) = &; = 1. By Lemma 3.4,
if X e [N, then

any(X) = =Y e ([X el ¢;)eies;

i<j
ay(X) = =Y e {([X,p7 ()], (e))p™ (e)p™ (e;).
i<j
So the lemma follows from (3.6). O

We also consider the spin modules Sy and Sins for the pairs (fNn¢,INh) and
(I, [N £) respectively. Recall that by (2.2)
q=I[NsDq.
This implies that
Cla) = C(INs) @ C(ay),
where ® denotes the graded tensor product of superalgebras, i.e.,
(a@b)(c@d) = (—1)480de8cqe & bd,

with deg being 0 for even elements and 1 for odd elements.
To get an analogous decomposition of the spin module, we first note that if
(INs)¢ and (qf)¢ are maximal isotropic subspaces of (IN s)c respectively (qf)c,
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then (INs)& @ (q)) is a maximal isotropic subspace of (q¢)c, unless dim(I N s)
and dim(q;) are both odd. (In case they are both odd, there is an isotropic vector
outside of (INs)¢ @ (q)¢.) To simplify matters, we make the following assumption.

Assumption 3.7. The dimension of [Ns is even.

Since the triples of type S other than (G, H,L) = (G' xG',A(G' xG"),G’' x K')
all have L of equal rank, Assumption 3.7 is satisfied for all of them. For the
triples (G’ x G', A(G' x G'),G' x K'), we have [Ns = ' x 0, so Assumption 3.7
is equivalent to dims’ being even. This is certainly true if G’ is of equal rank, and
if G’ is of unequal rank it is still often true. For example, if G’ = SL(n,R), then
dims’ = w — 1, which is even if n is congruent to 1 or 2 modulo 4 (and odd
otherwise).

The above discussion about isotropic subspaces implies that under Assumption
3.7 we have S, = Sins @ Sq; as vector spaces. The isomorphism Sy ® Sq; — Sq,
can be realized as the exterior algebra multiplication map.

This vector space isomorphism is also an isomorphism of C(q;) = C(INs) @ C(qy)-
modules. To see this, we first note that since dim [N s is even, the C'(INs)-module
Sins 18 Zo-graded, with

She = AT"(NS)E Sk = A(Ns)E.
We can now define an action of C(qi) = C(INs) ® C(qy) on Sins ® Sq; by

(3.8) (c@d)-(s@t)=(—1)eddes s dt,
To see that this is a well defined algebra action, we check
(3.9) (a®@b)-[(c@d) - (s@t))=[(a®@b)(crd)]-(s®1),

for any a,c € C(INs), b,d € C(qy), s € Sins and t € Sg: such that b,c,d and s are
homogeneous.

Up to sign, both sides of (3.9) are equal to acs ® bdt. The sign on the left side
is —1 to the power of degddeg s + degbdeg(cs), while the sign on the right side is
—1 to the power of degbdeg c + deg(bd) deg s. Both exponents are equal to

degbdegc + degbdeg s + degddeg s,
o (3.9) is true and the action (3.8) is well defined. Moreover, we have

Lemma 3.10. The exterior algebra multiplication map
m : Sins @ Sq/! — Sq,

is an isomorphism of C(q)) = C(INs)® C(q7)-modules, where the action of C(qi)
on Sgq, is the usual one, and the action on Sins ® Sy, is the one defined by (3.8).

Proof. We already know that m is a vector space isomorphism, so we only need to
check it respects the actions. This follows immediately from the definitions. O

It is now not difficult to see that we also have
(3.11) Sq. = Sins ® Sq/’

on the level of [ N h-modules, where Sy, is viewed as an [N h-module through the
map aqinp : [Nh — C(q1), Sins is viewed as an [N h-module through the restriction
of the map ayne : [NE — C(INs), and Sq; is viewed as an [N h-module through
the map aenp : [NHh — C(qf). Indeed, we have
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Lemma 3.12. Let (G, H, L) be a triple of type S satisfying Assumption 3.7. Then
for any X € INY, apny(X) decomposes under C(qy) = C(INs)®C(q)) as

arinp(X) = anme(X) @ 14+ 1@ aine,inp (X).
In particular, the isomorphism of Lemma 3.10 is an isomorphism of [N h-modules.

Proof. Let {Z;} respectively {T}} be orthonormal bases of q| respectively [N s.
Since (Z;, Z;) = —1 and (T}, Ty) = 1 for any ¢ and k, Lemma 3.4 implies that for
any X € [Nk,

(3.13)
Oé[,[mh(X) = - Z<[Xa Z’L]? ZJ>Z1ZJ + Z<[X7 ZlL Tr>ZzTr - Z<[X7 Tr]a T9>TTT5'
i<j 7,7 r<s
Since [X, Z;] € IN¢ L [N, the second sum in (3.13) is 0, i.e.,
(3.14) avny(X) ==Y (X, 2], Z))Z:Z; = Y (X, T,], T)T, Ts.
1<j r<s

Since the first sum in (3.14) is equal to ane,ing (X) = 1@ ine,1np (X) by Lemma 3.4,
and the second sum is equal to a ne(X) = o ine(X) ® 1, the lemma follows. O

4. TWISTED DIRAC OPERATORS

As before, let G be a non-compact connected semisimple real Lie group with finite
center and with Lie algebra g, K a maximal compact subgroup of G with respect to
a Cartan involution # and H a non-compact connected semisimple closed subgroup
of G with Lie algebra b such that G/H is a symmetric space with respect to an
involution ¢ commuting with 6.

Let U(gc) (resp. U(bhe)) be the enveloping algebra of the complexification of g
(resp. h). Fori=1,2, let
be finite dimensional smooth complex representations of H. Write Hom(Fy, F»)
for the vector space of complex homomorphisms from F} to F;. The enveloping
algebra U(gc) is both a right U(hc)-module and an H-module:

X A = AX

h-A = Ad(h)A
for all h € H, X € U(hc) and A € U(gc). Write X — XO° for the anti-
automorphism of U(h¢) defined by

(X1 X)) =(-1)"X,,---X; for X; €h.

In particular, the vector space Hom(Fy, F,) is equipped with a structure of U(h¢)-
module:
(4.1) X - T=Todrn(X°, XecU(hc), T € Hom(Fy, Fy)

where d7y denotes the differential of 7y extended naturally to U(hc). Let F; — G/H
be the homogeneous vector bundle over G/H induced by the H-module F; and
write C*°(G/H,F;) for the space of smooth sections on which the group G acts
by left translations. As a G-module, C*°(G/H,F;) is isomorphic to the space of
H-invariant vectors (C*(G) ® Fl)H Here the G-action on C*°(G) ® F; is given
by left translations on C*°(G) and trivial on Fj, while the H-action is given by
the right translations on C°°(G) and by 7; on F;. Let Dg/p(F1, F2) be the vector
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space of left-invariant differential operators C*°(G/H,F,) — C*>*°(G/H,F3). One
has the following isomorphism:

D (Fi, Fa) =~ {U(gc) ®u(he) Hom(F1, FQ)}H
where the H-action on U(gc) ®up.) Hom(Fy, F») is given by
(4.2) h-(AT) = (Ad(h)A) @ o(h) o T o1 (h)!
When F| = Fy, Do p(F1,F2) is an algebra and in the case when F| = Fy = C,
one has an isomorphism of algebras
Dg/u(C,C) = U(ac)” /U(gc)™ NU(gc)be

where Dg g (C,C) coincides with the commutative algebra D(G/H) of left-
invariant differential operators acting on smooth functions on G/H.

Let (8, E) be a finite dimensional representation of  such that the tensor product
Sq®FE lifts to a representation (7, F) of the group H. There is an associated smooth
homogeneous vector bundle over G/H, which we denote by S; ® &, whose space of
smooth sections is

C*(G/H,S5,®¢E)
H
~ {CO"(G) ® (54 ® E)}
~ {f:G— Sy®E|f is smooth and f(gh) = 7(h)"*(f(g)), Vh € H}.
For X € q and ¢ € C*°(G), define the right differential of ¢ along X as follows:

(R(X)¢)(g) = %w(g exp(tX))|,_,-

Pick an orthonormal basis {X;} of q and consider the G-invariant differential op-
erator

(4.3) Dy (E) : CF(G/H,Sq @ €) — C(G/H, S, ® £)
defined by
Deyn(E) =Y (X;, X;)R(X;) ® (v9(X;) @ 1).

J

Note that ﬁg/H(E) is independent of the basis {X;}. One checks that ﬁg/]_] (E)
H
belongs to the space {U(gc) Qv (he) Hom(Sq ® E, Sq ® E)} and therefore defines

a G-invariant differential operator acting on C*°(G/H,S;®E). ﬁg/H(E) is known
as the twisted geometric Dirac operator associated with F.

There is an algebraic analog of the geometric Dirac operator. Namely, attached
to a g-module (m, V) there is the Dirac operator

Dg,h(v) : V@Sq — V®Sq
with

(4.4) Dy (V) := Z(Xj7Xj>7T(Xj) ® 7q(X;).

The operator Dy (V) is independent of the choice of basis {X;} and is h-invariant.
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5. EMBEDDING OF DIRAC OPERATORS

Fix a transitive triple (G, H, L). Recall that the spin modules Sy, and S, for
[N h and b respectively are isomorphic as [ N h-modules. Let (8, E) be a finite
dimensional representation of b such that the tensor product S; ® E lifts to a
representation (7, F') of the group H. There is an associated smooth homogeneous
vector bundle over both G/H and L/L N H, which we denote by Sq ® &€ — G/H
and Sq, ® £ — L/L N H respectively. The spaces of smooth sections are, as above,
denoted respectively by C*(G/H,Sq®&) and C>*(L/LNH, Sy, ®E). The transitive
action of L on G/H implies that restriction to L is an isomorphism of L-modules:
(5.1) 7:C®(G/H,Sq® &) — C*(L/LNH,Sq, ®E), [ fi,-

On the other hand, if U(lc) denotes the enveloping algebra of the complexifica-
tion [, the transitive action of L on G/H and the Poincaré-Birkhoff-Witt theorem
induce an isomorphism of algebras

U(gc) = U(bc) ®u(icnie) Ulle)-

One deduces the following L N H-equivariant embedding of invariant differential
operators:

7 DG/H(Sq RES®E) — DL/LOH(Sq[ ® &, Sy, ® &)
(5.2) uD)((f) = 2(D(f))-

Moreover, recall that under Assumption 3.7, the spin modules Sy for the pair
(IN€,INh) and Sy for the pair ([, N ¢) satisfy the isomorphism (3.11) of [N b-
modules: S5, = Sins ® Sy We get the following isomorphism of L-modules:

®:C®(L/LNH,Sy ®&) — C(L/LNK,Sins ® C*(LNK/LNH, Sy ®E))
(5.3) d(f)()(k) = (ko 1)(f(k) VleL, ke LNK

where k acts on the first factor of Sins ® (Sq; ® E). Define the L N K-module E
and € the corresponding homogeneous vector bundle over LN K/L N H:

(5.4) E:=C*(LNK/LNH Sy ®&) and & — LNK/LNH.
Next, as in (4.3), one can define the operator
(5.5)  Dpjpam(E): C®(L/LNH,Sq &) — C¥(L/LNH,Sq ®E).

Let c(ny be the degree three element in C(q) defined as the image under the
Chevalley isomorphism of the 3-form on ¢; given by

axqxq3(X,Y,2)— (X,[Y, Z]).

If {e;} is an orthonormal basis of q; with (e;,e;) =¢; = %1, then

1
(5.6)  cLinp = Z a;ajar(le;, €], ex)eejer = 8 Z a;a;ai(le;, €], ex)eiejer.
i<j<k igk

Note that both ﬁL/mH(E) and ¢y belong to the space

LNH
{UIc) @uicrne) Hom(Sy, @ B, Sy @ E) |
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The L-invariant differential operator Dy, /o (E) is the non-cubic geometric Dirac
operator and

(5.7) Drpnu(E) = ﬁL/LmH(E) —1® g, (cLinp) ® 1

is the cubic geometric Dirac operator.
Similarly, following (4.4), one can define respectively the cubic and non-cubic
algebraic Dirac operator Dy ny(E) and Dy ny(E) on Sq, ® E:

Dy (E) = Dy (E) — 1 @ g, (crin)-

The algebraic Dirac operator for (h,h N ¢) is defined analogously. Note that since
G/H (resp. K/K N H) is a symmetric space, the cubic term cg (resp. ¢y pne) for
the pair (g, h) (resp. (h, hN¥)) vanishes, so that cubic and non-cubic Dirac operators
coincide. In particular, one may write equivalently D¢ g (E) or ﬁg /u(E). Using
the isomorphism @, the operator Dy, /;,ng (E) may be pushed over to the right side
of (5.3) to an L-invariant differential operator:

(5~8) EL/LmH(E)(‘I’(f» = ‘I’(DL/LmH(E)(f)>-
We will omit the tilde and still write Dy rng(E) for the pushed operator
5L/LQH(E) when there is no confusion.

Theorem 5.9. For transitive triples of type S, one has:
WDg/u(E)) = V2 Dyypan(E) + (1= V2)Dingpan(E)+
(V2 = 2) @ 7q,(¢1imp) @ 1+ 1® Dy pre(E).
Another way to express «(Dg, g (E)) is
(D (F)) = V2 DL/LmK(E)+DLmK/LmH(E)—2®7q[(Cl,mh)®1+1®Dh,hmt(E)-

The actions of Dy,jpnp(E) and ciny were defined above, while Dk /rnm(E) acts
on E=C*(LNK/LNH,Sy ®&), Dpjrnx(E) acts on C¥(L/LN K, Sins ® E)
and Dy ye(E) acts on Spyns @ E =~ Sins @ E.

Proof. Recall that for triples of type S the only A is —1 with dy = 1 and the only
p is 0 with d,, = v/2. We denote by {Z;} and {T}} the orthonormal bases of q| and
[Ns defined in (2.4). The Dirac operator D¢/ (E) is then given by

Dayu(E) ==Y p (Z) @7(p™(Z) @14+ p~ (Ti) @ a(p~ (Ti)) ® 1.
J k

It is an H-invariant element of
U(gc) ®une) End(Sy ® E) = U(gc) ®u(pe) End(S,) ® End(E).
We know from Section 2 that
P (Zj)=Z;,  pT(Z) =0
p~(Tk) = V2Ty — p* (Ty).

Using (4.1) and remembering that the h-action on Sy is through the map ay of
(3.2), we get
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Dgyu(E ZP ) @77 (Z) @1+ p~ (Th) @4 (p~ (Tk) ® 1
k
=—ZZj®vq p(Z) @1+ V2 T @v(p~ (Th) @1
J k
=Y pT(Th) @ 1ap™ (Th) @ 1
k

=Y Z;®v(p (Z) @1+ V2D Th@y(p~ (Tk) @1
J k

D

+ 1@ (D Ty (1) ) @ 1+ 1@ (D valp™ (1) @ B(p* (1)),
k k

Do D3

where 3(p*(T))) € End(E) is the action of p™(T%) € b on the h-module E.
It follows that

(D (E)) =1(D1) +1(1 ® v4(D2) ® 1) + (1 ® Dj).

Recall that the embedding ¢ includes using the isometry p~ : q; — q to identify the

Clifford algebra and spin module for q; with the Clifford algebra and spin module for

gq. Effectively this means that in the Clifford algebra factor of the above expressions

we replace vq4(p~ (Z;)) respectively vq(p™ (Tk)) with 74, (Z;) respectively vq, (k).
In particular,

ZZ ® Y9, (Z) @1+ V2D Th @74, (Th) @ 1.

k
We now recall that
Dyjion(B) = *ZZ ®7q,(Z ®1+2Tk ®7q(Th) ® 1;
Dpjiau(E) = DL/LmH(E) = 1®7q,(crinp) ® 1;
Drrkjoru(E) = — Z Z; ®7q.(Z5) @ 1;

Dpjpnx(E) = ZTk®7qx(Tk)®1~
%

(Note that Dyng/rnu(E) = ZA)LQK/LQH(E) since LN K/L N H is symmetric for
triples of type S. Also, the definition of this operator has «ins in place of vg,, but
the two can be identified via the embedding of C([ N s) into C(qi).)

It follows that

(5.10) «(D1) = V2 (Dp/pnm(E) + 1@ g, (crinp) © 1) + (1 = V2) Dpag/pan(E),
and also that
(5.11) UD1) = V2 Dy jrar(E) + Drok)pan(E),

We next compute the summand 2(1®vq(D2) ®1) of 1«(Dg/ ). Since p~(Z,) and
p~(T;) form an orthonormal basis of q, with ||p~(Z,)||> = —1 and |p~(T7)||*> = 1,
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Lemma 3.4 gives

ay(pt(Te) = = D (" (T). 0 (Z0)].p~ (Z.)) p~ (Zr)p™ (Zs)

r<s

=0 since tls

+ D e (T), p~(Z0)), p~ (T2)) p~ (Ze)p™ (T3)

%

= D> A" (@), p~ ()], ™ (Ty)) p~ (T)p™ (T)

1<j

=0 since tls

= Z<[p+(Tk)7p_(Z7‘)]7p_(Ti)> p_<Zr)p_(Ti)'

%

It follows that

(5.12) Dy = (o (Tk), o~ (Zo)],p~ (T2)) p~ (Tw)p~ (Z,)p™ (T),
k,ry
and hence
(5.13) 1(1®@7q(D2) ®1) =1® 7, ( Z([p+(Tk), p (Z)], p~ (T7)) TerTi) ® 1.
k,r,i

The following lemma will help us to simplify the coefficients in the above expression.

Lemma 5.14. In the above setting, we have
([p*(Tk), p~(Z))) p™ (T3)) = ([T Z,], T2).

We postpone the proof until after we prove Theorem 5.9. Using Lemma 5.14,
we rewrite (5.13) as

(515)  w(1@%(D2) ®1) = 107, ( D [Tk Z), TOTZ,Ti) @ 1.
k,r,i
On the other hand, by (5.6) we know
curn = (Y (20 20,20 2: 2.2+ Y ([Tv Z), T)Tv 2, Ty
r<s<t rik<i
(the terms with Z,Z,T), and T;T;T}) vanish because € 1 5). We also know that
Cine,INh = — Z <[Zr, Zs], Zt>ZrZsZt =0
r<s<t
since L N K/L N H is a symmetric space for triples of type S. So
Cring = — Z ([Tx, Z,), T3) Tr Z, T5,
rik<i
and comparing this with (5.15) we conclude that
(5.16) Z(l@’)/q(Dz)@l) = _2®WQI(CL[NJ)®1'
Finally we consider the third summand of +(Dg/, ),
1@ D) =1® Y 7q,(Tk) @ Blp™ (Ti))-
k

We know from Section 2 that p™ maps [N s isometrically onto h Ns. In partic-
ular, p*(T) form an orthonormal basis of h Ns. Also, we can identify C(qy) =
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C(qy)®C(INs) with C(q)®@C(hNs), and Sq, = Sq; @ Sins with Sg; @ Spns. In this
way we see that we can identify
(517) ’L(l ® Dg) = Dh,bﬂE(E)7

with Dy pne(E) acting on Syns @ E.

We now add up (5.10), (5.16) and (5.17) to get the first claim of Theorem 5.9,
or (5.11), (5.16) and (5.17) to get the second claim of Theorem 5.9. This finishes
the proof of Theorem 5.9 modulo Lemma 5.14. ([

Proof of Lemma 5.14. Let w denote the invariant trilinear alternating form on g
given by
w(X,Y,Z)=(X,Y], Z).
Suppose X € [(v), Y € (/) and Z € [(v"). We claim that
1
(5.18) wipt(X),p (Y),p (2)) = Zdudu’du”(l +v—v V) w(lX,Y,Z).
If we prove this claim, the lemma follows immediately by applying the claim to
X =T, Y =Z., Z =T, since in that case
v=v"'=0;, vV =-1; dy=dyr =2; d, =1.
To prove (5.18), we first recall that

Pt (X) = B(X +0(X), 5 (V)= 2y —o(v), s (2)= 22 0(2)),

so (5.18) will follow if we prove
(5.19) WX +0(X),Y—-0(),Z-0(2)) =20(X,Y, 2).
By definition of [(v),

(520) w(o(X),Y,Z) = ([o(X),Y],Z) =
<U(X)7 Dfa ZD - V<X7 [K Z]) - VW(va’Z)'
=

Since w is skew symmetric, this implies that also

(5.21) w(X,o(Y),2) =V w(X,Y,2), w(X,Y,0(2)) =V"w(X,Y, Z).

The o-invariance of w now implies

(5.22) w(o(X),0(Y),Z) =w(X,Y,0(2)) =v"w(X,Y, Z),

so by the skew symmetry of w also

(5.23) w(o(X),Y,0(2)) =V w(X,Y,Z), w(X,o0(Y),0(2)) =vw(X,Y,Z).
The equation (5.19) follows immediately from (5.20) — (5.23). O

Remark 5.24. Similar formulas for (D¢, g (F)) can also be obtained for triples
(G,H, L) of type I or N. They are however more complicated, and therefore less
likely to have nice applications. Especially, we do not have a nice interpretation as
above for the operator D3 and its action seems hard to understand.

If however the subgroup H is simply connected, the spin module S admits an
action of H and one can choose the h-module E to be the trivial representation.
In this case, the operator D3 is zero and the above problem with interpretation
disappears.
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6. EXaAMPLE: (G,H,L) = (G' x G',A(G' xG"),G’ x K') FOR
G' = SL(2,R) AND K' = SO(2)

Let (G, H, L) be a triple (G’ xG’, A(G'xG"), G’ x K'), where G is a non-compact
connected semisimple real Lie group with finite center, with maximal compact
subgroup K', G = G' x G, H = A(G' x G') and L = G’ x K'. Note that the
maximal compact subgroup of G is K = K’ x K'. Moreover, LN H = A(K' x K'),
and LN K =K.

If ¢ = ¢ @5’ is the Cartan decomposition of the Lie algebra of G’, then we have

g=g'xg, h=A@gxg), =g xt,
and furthermore
q=A7(g'xg), q=q®(INs)=A"( x¥) (s x0);
hNe=A{E x¥)=I[nh, hNs=A(s x5');
gNE=A"¥ x¥), qns=A"(s"xs);
[NeE=¢ I[Ns=s5 x0

where A~ denotes the anti-diagonal. From now on we let G' = SL(2,R) and
K'=50(2). Let

0 —i 11 1 /1 —i
h:(i 0>’ 6:2(1‘ 1)’ f:2<i 1)

be the usual s((2)-basis of gi. = sl(2,C), with commutators
[h, e] = 2e, [h, f] = —2f, le, f] = h.

We consider the trace form (,) on g’ and the direct sum form on g. It is easy to
check that
he—h, e=—(e+f), f=—(e-f
V2 V2 RV

form an orthonormal basis of ¢, i.e., they are orthogonal to each other and satisfy
<}~17}~L>:71’ <évé>:<faf>:1

So if we set )
Z_——B,—ﬁ, In = (e,0), 1Tp= f~,07
\/i( ) 1 (e ) 2 ( )

we see that Z forms an orthonormal basis of q; (i.e., (Z, Z) = —1), while 71 and T»
form an orthonormal basis of [Ns (ie., (I1,T1) = (T2, To) = 1, (T1,T2) = 0).

Since L N K is o-stable, then A = —1, i.e., Z € q and d) = 1. Moreover, [Ns is
irreducible under the action of LNH, with y =0 and d,, = V2. We see immediately
that

(6.1) pH(2)=0, p(2)=27;
1 B 1
(62) p+(T1) = ﬁ(676)7 P (Tl) = 5(67 _6)7
1 - B L
(6.3) P+(T2)=ﬁ(f’f), p (Tz):ﬁ(f,—f)-

Since SL(2,R) acts on any finite-dimensional representation of sl(2,C), we may
choose E to be any finite-dimensional representation of A(sl(2,C) x sl(2,C)). By
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the second statement of Theorem 5.9, the embedding of D¢, g (E) can be written
as

(6.4) N

W(Da/u(E)) = V2Dr 10k (E)+ Ding/pan(E) — 2@, (cring) ©1+1® Dy gre(E).

This is an equality of operators acting on the space
(6.5) C™(L, Sins ® C(LN K, Sqy @ E)FMHEOK,
The LN H-invariants are taken with respect to the right translation on C*°(LNK)

and lift of [N h-action on Sy ® E and the L N K-invariants are taken with respect

to the right translation on C*°(L) and lift of [N ¢-action on Sins ® E. Recall that
we are using the isometry p* : [Ns — hNs to identify Sins with Spns.
We first consider the action of the summand

—2® g, (cring) ® 1
of (6.4). By (5.6),
cing = =211 Ty,
so we have to determine the action of 2277775 on the spin module S;, = Sins ® S’q/[.
To construct the spin module we use the dual isotropic vectors
u = %(Tl +iTy), v:\%(TlfiTz).

Then Sq, is spanned by 1 and u, and the action of u and v is given by

u-1=u, u-u=0; v-1=0, v-u=1.
Since Ty = %(u +v) and T = —ﬁ(u —v), they act by
(6.6) 1= T ! Ty 1 ! T !
. 1= —u, U= —; l=——u, U= —.
' V2 ' V2 ’ V2 ’ V2
Finally, Z acts by +i/v/2 on ST, so
Z1="" Zou=-"u

V2’ V2
A straightforward computation now proves
Lemma 6.7. The summand
—2® Vg, (cLing) ®1 =174, (2ZT1T2) ® 1
of the expression for W(Dg p(E)) given by (6.4) acts by the scalar % on the whole
space (6.5).
To understand the action of the other summands of (6.4), we describe
E=C®(LNK,Sy ®E)"
more explicitly. The group
LNK=K x K =S50(2) x SO(2)
is abelian, compact and connected, and its Lie algebra is

[NE=INHdq.
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The Lie algebra [Nk is one-dimensional, spanned by

1 - -
W= \/i(h, h).

Furthermore, W and Z form an orthonormal basis for the abelian Lie algebra [N g.
We denote by C, ; the one-dimensional character of L N K on which (h,0) acts by
the scalar a and (0, ) acts by the scalar b. Since h € £ acts by integers on the
characters of K’ = SO(2), a and b are integers. Furthermore, W = £(h, h) acts on
Cq,p by the scalar @, while Z = % (h, —h) acts on C,, by the scalar @.

Since the space of smooth vectors in L?(L N K) coincides with C°°(L N K) and
the dual of C,  is C_, _p, Peter-Weyl theorem implies that

C¥(LNK) =P Coa-4®Cap

with the left regular action of L N K realized on the first factor of each summand,
and the right regular action of LN K realized on the second factor of each summand.
Here @ denotes the closure of the algebraic direct sum in the smooth topology (see
[MO2] for more detail in a more general setting.) Since the L N H-invariants are
taken with respect to the right regular action, we have (up to passing to a dense
subspace)

(6.8) C®(LNEK, Sy @ E)"™M = Cq 4 @ (Cap @ Sqy ® ).
a,b

Since L N H is connected, and [N § is spanned by (h, k), the L N H-invariants are
simply the 0-eigenspace of (h, k). The map

ainginp : [NH = C(q))

is zero since [N ¢ is abelian, so (h,h) acts by 0 on Sg. Furthermore, (h,h) acts
by a+bon C,. It follows that taking the L N H-invariants in (6.8) amounts to
pairing each C, ; with the (—a — b)-weight space of E. So (6.8) can be rewritten as

(690 C®(LNKSy®E)™ = C.o®Cap @Sy @E o,

a,b; a+bEA(E)
with A(F) denoting the set of weights of E. So the space (6.5) can be identified
with

(6.10) C™[L, Sins ® ( @ Coa,-6®Cop ®Sq @ E_qp
a,b;a+beA(E)

)]LOK.

‘We now consider the summand
(6.11) Diak/inu(B) =—-Z2® Z

of (6.4). Recall that the first factor Z is acting on C*(L N K, Sq @ E)*™ by the
right regular action, while the second factor Z is acting on Sy;. So the action of
Drnk/Lnu(E) on the space (6.10) is on Cqp ®@ Sy
Since the spin module S/ is one-dimensional, with Z € C(q) acting by the scalar
i(a—b)
2

%, and since Z operates on C, ; by the scalar , the operator Dyng/rnu(E)
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given by (6.11) acts on C, p® Sy, by the scalar % In this way we have diagonalized
the action of Dpng/rnm(E) on the space (6.10): the eigenvalues are
k
273’
and the eigenspace corresponding to k is the space

(6.12)  C™[L,Sins ® ( @ Coat®Cap®Sq ®E_4 )]
a,b;a—b=k, a+beA(E)

keZ,
LNK

In particular, if we set £k = —2 and recall Lemma 6.7, we obtain
Corollary 6.13. The part

Dirk/na(E) =2 ® vq,(cring) @ 1
of the expression for «(Dg/u(E)) given by (6.4) acts by 0 on the subspace

C=[L, Sins @ ( P Coa,6®Cap ® Sy ®E s
a,b;a—b=—2,a+beA(E)

)]LQK

of the space (6.10). This subspace is nonzero if and only if E has even weights.

We now turn our attention to the summand Dy yne(E) of the expression for
1(Dg/u(E)) given by (6.4). Identifying b with g’ = s(2,R), we can use the basis
e, f, h of g to write

Dypre(E)=e@ f+ f®e

with the second factor acting on
Spns =C1 @ Ce

in the usual way. If E has highest weight 2m, m € Z,, then it is well known and
easy to see that

ker Dh,hﬂB(E) = (Ezm ® 6) ©® (E_Qm ® 1)

Identifying Spns with Sins, the basis of the spin module becomes {1,u}, and we
conclude

Corollary 6.14. If the higheft weight of E is 2m, m € Zy, then the operators
W(Dyu(E)) and V2Dy 1 nk (E) are equal on the subspace

c> (L7 U Cm«#l,mfl ® (Cfmfl,fm+1 0 Sq; ® Fom @

LNK
1® (C—m-‘rl,—m—l & Cm—l,m-‘rl oy Sq; & E—Qm) "

of the space (6.10). In particular, W(Dg,g(E)) and DL/LQK(E’) have the same
kernel on this subspace.

We now discuss the kernel of Dy pnx(E) on the subspace of the space (6.10)
described in Corollary 6.14. We first recall that in the definition of the space

COO(L’SIOS ® E)LOK o (COO(L) ® Sins ® E)LQK’

the L N K-invariants are taken with respect to the right regular action on C*°(L),
the spin action on Syns, and the left regular action on

E=C®(LNK,Sy ®E)""".
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This means that we can identify the subspace described in Corollary 6.14 with

LNK
(615) c*= (L7 U (Cm-‘rl,m—l @ 1® C—nL-}-l,—m—l) )
the omitted factors are one-dimensional and carry no relevant action.

We now use L =G x K’ and LN K = K’ x K’ to rewrite the space (6.15) as

(6.16) C=(G",u® Cpi1)X @ C®(K',Crr) X' @
C®(G' 1@ C )X @ C®(K',Cppr)®

’

Here and below for any k € Z, Cy, denotes the character of K’ on which h acts by
k. Peter-Weyl Theorem for K’ implies that for any such character Cy,

C=(K',Cp)K = D, C-n®Cne C¥ =y
So (6.16) becomes
6.17) C®(G",u®Cri1) @Cro1 ®C®(G', 10 C_ ) @C_p s

Note that Dy rnx(E) = D¢k is acting on the first factors in (6.17). To deter-
mine the kernel of this operator, we use a reciprocity result of [MZ]. More precisely,
let V' be a smooth admissible representation of G’, Vi the space of K’'-finite vec-
tors and V3, the K'-finite dual of Vk/. Let Sy be the spin module for ¥ and F' a
finite dimensional representation of ¥ such that Sy ® F' lifts to a K’-representation.
Proposition 1.8 of [MZ] says that the map

v HomG/(V, COO(G//K/,SSI &® ]:)) — }IOHlK/(F‘*7 Ssr @ V;é/)
defined by
Y(T)(f)(v) = (ids,, @f)[T(v)(1)],

where we identify So ® V%, with Hom(Vik/, Ss ), induces an isomorphism
(6.18) Home (V, ker(Dgr /i (F))) = Homg (£, ker(Dy+, )

where F'* is the dual of F'. This isomorphism does not involve the spin module, so
we can replace the spin module by any of its irreducible components and still have
the same statement. This means that the kernel of D¢ /i on C*> (G’, u®(Cm+1)K,
contains irreducible representations (7, V) of G’ with the property that the kernel
of Dy on u® V' contains C}, ,; = C_,;,_1. There is exactly one such 7*: the
irreducible representation with highest weight —m—2. So 7 is the unique irreducible
representation with lowest weight m + 2, i.e., the discrete series representation with
lowest weight m+2 (recall that m > 0, so m+2 > 2). We denote this representation
by DS Lo

Analogously, the kernel of D¢, g on C*° (G’, 1 ®(C,m+1)K/ contains irreducible
representations (m, V) of G’ with the property that the kernel of Dy ¢ on 1 ® V'
contains C*, ,, = C,,_;. There is exactly one such 7*: the irreducible represen-
tation with lowest weight m. The corresponding 7 is the irreducible representation
with highest weight —m, so it is the discrete series representation DS”,,, with high-
est weight —m if m > 2, the limit of discrete series representation LDS™ with
highest weight —1 if m = 1, or the trivial representation C if m = 0.

The above discussion and (6.17) imply
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Theorem 6.19. Suppose that the highest weight of E is 2m, m € Z,. Then the
kernel of Dy, jpnx (E) on C*(L, Sins@E)ENE contains the following representations

of L=G' x K':
(DS} 5 ®Cp1) ® (DSZ,, ® C_ppy) if m>2;
(DS @ Co) @ (LDS™ ®C_y)  if m=1;
(DS ®@C_1) @ (C®C_) if m=0.

It follows that the same L-representations appear in the kernel of +(D¢/ 5 ), and
thus also in the kernel of Dg/p. On the other hand, the kernel of Dg/py is a
representation of G and not only of L, so our L-representations inside ker(Dg,g)
generate G-representations inside ker(D¢ /). It is possible (but quite complicated)
to identify the representations of G in ker(Dg, ) whose restrictions to L contain
the representations described in Theorem 6.19.

We thank the referee for her/his careful reading and suggestions to improve the
manuscript.
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