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Uniqueness, stability and numerical
reconstruction of a time and space-dependent
conductivity for an inverse hyperbolic problem

L. Beilina, M. Cristofol and S. Li

This paper is devoted to the reconstruction of the time and space-dependent coeffi-
cient in an inverse hyperbolic problem in a bounded domain. Using a local Carleman
estimate we prove the uniqueness and a Holder stability in the determining of the
conductivity by a single measurement on the lateral boundary. Our numerical exam-
ples show possibility of the determination of the location and the large contrast of
the space-dependent function in three dimensions.

Key words: Inverse Problem, Carleman estimate, time and space-dependent coef-
ficient, infinite domain, hyperbolic equation

1 Introduction

Result of this paper is based on two recent works [2, 12]. In [12] the authors deal
with the inverse problem of determining the time-independent isotropic conductivity
coefficient ¢ : 2 — IR appearing in the hyperbolic partial differential equation (97 —
V-&V)u =0, where Q := ® xR is an infinite cylindrical domain whose cross section
 is a bounded open subset of R" !, n > 2. On the other hand, in [2] the authors
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extend the result of [12] to a more general class of conductivities: time and space-
dependent conductivities &(x, 7).

The goal of this work is to modify the uniqueness and stability result of [2] for the
case of bounded domain £ and a finite number of observations. Indeed, in the case
of infinite cylindrical domain, some strong assumptions are required concerning the
coefficient to be reconstructed (see condition (2.3) in [2]). In the current work we
weaken these conditions for the case of a bounded domain what will lead to the
new stability estimate. Furthermore, in a new stability inequality we have derived
estimate of the distance of two sets of coefficients ¢;(x,7) and & (x,¢) through the
distance of observations at the lateral boundary of the Neumann derivative of the
solutions u; and uy, respectively. This stability inequality implies the uniqueness
of the determination of the coefficient ¢. Furthermore, we can use it in numerical
studies of the determination of the space and time-dependent function &(x,7) from
the backscattered noisy observations.

We consider the following initial boundary value problem

d2u—div (é(x,1)Vu(x,t)) = 01in Q := Q x (0,T),
u(-,O):a(x), atu('70):0 inQv (D
u=20 onX:=9JQ x(0,T),

where € is a bounded domain and with the set of initial conditions (a,0), where ¢ is
the unknown conductivity coefficient. We assume that ¢ is time and space depending
conductivity such that :

é(x,1) = co(x,1) +c(x), 2)

where co(x,?) is assumed to be known. In other words, we consider the case of the
perturbation of a general time and space-dependent conductivity ¢(x,#) by a space-
dependent one ¢(x). In [21] the authors study a similar general non-stationary media
for an inverse problem for Maxwell’s equations.

The derivation of the stability and uniqueness result of this work is based on a
Carleman inequality specifically designed for hyperbolic systems, see, for example,
[7,8,9, 10, 11, 15, 16, 18, 19, 20, 22] where have been proven stability results of
the reconstruction of one or several unknown coefficients in a hyperbolic equation
from a finite number of measurements. However, only theoretical investigations are
presented in all these works. Theoretical uniqueness results together with numerical
simulations are presented in recent works [2, 3].

In numerical examples of this work the goal was to determine the conductiv-
ity function ¢(x,7) that represents a sum of two space-dependent gaussians and
one time-dependent function. Since by our assumption the time-dependent func-
tion ¢ (x,#) is known inside the domain, then we have reconstructed only the space-
dependent part of the conductivity function, c¢(x). To do that we used the Lagrangian
approach together with the domain decomposition finite element/finite difference
method of [5]. One of the important points of this work is that in our numerical
simulations we applied one non-zero initial condition in the model problem which
corresponds well to the uniqueness and stability results of this paper. Our three-
dimensional examples show that we can determine the location and the large con-
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trast of the space-dependent function. However, the location of this function in the
third, x3 direction, should be improved. This can be done using an adaptive finite
element method, see details in [3, 4, 6].

The outline of the work is the following: in section 2 we derive the main stability
estimate and the uniqueness result, in section 3 we present numerical simulations
and in section 4 we give conclusions to the work.

2 Main theoretical result

2.1 Settings and main result

Let Q C R” be a bounded domain with smooth boundary d.Q. We consider an acous-
tic equation

AFu(x,t) —div (é(x,)Vu(x,1)) =0, x€Q,0<r<T. (1)
To (1) we attach the initial and boundary conditions:
u(x,0) =a(x), du(x,0)=0, xcQ ()

and
u(x,t) =h(x,t), (x,t)€dQx(0,T). 3)
Throughout this paper, we set d; = Hix_/-’ did; = %;x,-’ 97 = 3—;, 1<i,j<n.
Let T > 0 be given. We assume that coefficient ¢ = é(x,#) of the principal term
of (1) is time and space depending in form (2) where ¢ (x,?) is given. In this paper,
we consider an inverse problem of determining time-independent component c¢(x)
of coefficient &(x,t), from the observations:

u(x,t), x€dQx(0,T).
In order to formulate our results, we need to introduce some notations. Let xy ¢ kel

and 3 > 0. We set

1

2
A= <sup |)c—)co\2—xié1_(f2 |x—x0|2> . 4)

xXeQ

We define admissible sets of conductivity coefficients. For arbitrarily fixed functions
no € C*(Q x [0,T]), N1 € (C*(2 x [0,T]))" and constants M; > 0,6y > 0,6, > 0,
we set

U = Un, 0, m0.m1co = {E(X,t) =co(x,t)+c(x) € Cz(ﬁ x [0,T]); ¢ =no, Vé=m; on dQ2 x [0,T],
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) i (x —x0) - Vé(x,1)
lelle@xio,ry < My éx,1) 2 01, =77
5)

We note that there exists a constant My > 0 such that ||V, ,¢]| c(@xpo.1]) < M for

each¢ € %, k=1,2.
By x¢ € Q, there exists a constant § > 0 such that

1 1 . 2 2
[3+{291—|—\/6i1})~M0\/E< 6,6y, Gl;gglx xO‘ > BA”. (6)

We point out that, if co(x,7) satisfies t‘i’gz’x(j}t) >0 for all (x,¢) € Q x [0,T], the

first inequality in (6) can be replaced with

AM
B‘Fﬁ\/ﬁ< 60,6p.

We are ready to state our first main result.

Theorem 1. We fix a € C*(Q) satisfying
(Va(x)-(x—xp)) >0 forall xeQ (7

Assume that co € W (Q;R) and d,co(-,0) = 7 co(-,0) = 0 in Q. Let % be defined
by (5) and let B > 0 satisfy (6). We assume that

T > L. (8

VB

We pick arbitrarily &1, & € % such that the solutions uj, j = 1,2 to (1)=(3) where ¢;
is substituted to & are in W**(Q x (0,T). Then there exists a constant C > 0 such

that
K

~ ~ (9141 8u2
||Cl 76‘2”1—[1(9) S C‘ W — W

3

H3(0,T;L2(9RQ))

where v = v(x) denotes the unit outward normal vector to dQ2 at x. Here C > 0 and
K € (0,1) are two constants depending only on Q, T, xo, My, 01, No, M1, a(x) and

||MJ'HW4"’°(_Q><(()’T)1 j=12

2.2 The Carleman estimate for a hyperbolic equation

We consider a Carleman estimate which is derived from [17].
Let us set
0=Qx(-T,T).

< 1—6p forall (x,1) € Q x [O,T]}.
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For xp & Q and 8 > 0, we define the functions ¥ = y(x,t) and ¢ = @(x,t) by

v(x,t) = [x—xo|* — Bt? 9)

and

Q(x,1) = VD) (10)
with parameter A > 0. We add a constant Cy > 0 if necessary so that we can assume
that y(x,¢) > 0 for (x,1) € Q, so that

o) =21, (x1)€Q.

Lemma 1. [17] We assume p € C! (@) and satisfies the following conditions

B 1o |t][Vul (x—xo)-Vu =
Py fol (IR TR ral (v e, (1)
u 2u v 2u U &0
and
w(x,t)x—xo|>=B*> >0 forall (x,1)€Q (12)

even by choosing B > 0 sufficiently small. Let y € H'(Q) satisfy
OFy(x,t) —p(x,0)Ay=F inQ (13)
and
y,1) =0, (x,1)€dQx(=T,T), dy(x,+T)=0, xcQ,k=0,1. (14)
We fix A > 0 sufficiently large. Then there exist constants sy > 0 and C > 0 such that

> dxdt
(15)

T P} 2
/(s\Vx7,y|2+s3|y|2)ezwdxdt < C/ \F|2e2wdxdt+Cs/ / 2y
0 0 J-rJaa|dv

for all s > sy.

Proof. By (11), we can see that ap(x,t) = 1//p(x,t) satisfies (17) in P. 101 of
[17]. From (12) it follows that A(x,#; V., w(x,1)) = w(x,1)|[Vy(x,1) > — |0y (x,1)?
is not zero at any point of Q. Therefore, by Theorem 2.1 in [17] and the proof of
Corollary 2.5 in [17], we can conclude that, for some sufficiently large A > 0, there
exist constants so > 0 and C > 0 such that (15) holds for all s > sg.

Henceforth C > 0 denotes generic constants which are independent of choices of
¢1,Cy € 7/ and the parameter s > 0 in the Carleman estimates, provided that s > sg.
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a)cx)=1.2 b) c(x)=5.5

Fig. 1 Slices of the exact Gaussian function c(x) in Qg given by (4).

a) 0 =3% b) o =10%

Fig. 2 Reconstructions obtained in Test 1 for different noise level ¢ in data. All figures are visual-
ized for ¢(x) = 3.5.

3 Numerical Studies

This section presents numerical examples of the reconstruction of the unknown
function ¢(x) in the equation (1). To do this we use the domain decomposition
method of [5] and decompose (2 into two sub-regions Qg and Qppys such that
Q = QrpyUQprpy. In Qpppy we will use the finite element method (FEM) and in
Qppy - the finite difference method (FDM). We decompose also the boundary 0.Q
of the domain  such that dQ = 12 U dQ U3 Q. Here, 0;2 and 6,2 are the
front and back sides of 2, respectively, and d3Q denotes the remaining part of the
boundary 9.

We collect time-dependent observations St := 91 Q x (0, T) at the backscattering
side 012 of 2. We define Q7 := Q x (0,T), S1,1:= 12 x (0,11], S12 := 1 Q2 x
(11,T), Sz := 0,2 x (0,T) and S3 := Q2 x (0,T). The model problem used in the
computations is following:
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%—V(EVM):Oin Qr,
u(x,0) = 6p(x), Ju(x,0)=0in Q,
dou = f(t) on Sy 1, (1)
8,114: —8,u on 51,2,

Oyt = —duonsS,,
d,u=0on S3.

In (1) the function f(¢) presents a plane wave which is initialized at d;Q in time
T =0,3.0]. We define it as

o) = {Bm(“")’ S %) @)

We initialize initial condition 6y(x) at the backscattered side d; Q2 as
2,,2,,3 2,,2,,3
u(x,0) = fo(x) = e FTH925) L cogr|,_g = e~ (FTT2H4), (3)

We assume that the functions ¢(x) = 1 and ¢y (x,#) = 0 inside Qppys. The goal of
our numerical tests is to reconstruct a smooth function ¢(x) only inside Q) which
we define as

o(x) = 1.0+5.0_e—((xl—0.5)2/0.2+x22/0.2+x32/0.2)

“)

+ 50- ef((xl+1)2/0.2+x22/0.2+x32/0.2).

We also assume that the function co(x,) is known inside Qpgy, and we define this
function as
co(x,t) = 0.01 cost e~ (x1°/02+0?/02423%/02) (5)

Figure 1 presents slices of the exact function c¢(x) given by (4) for ¢(x) = 1.2 and
c(x) = 5.5, correspondingly, and Figure 3 presents isosurfaces of the exact function
¢ in the problem (1) for ¢ = 3.5 at different times. Numerical tests of [5] show that
the best reconstruction results for the space-dependent function ¢(x) and for ¢o =0
in  are obtained for @ = 40 in (2), and we take ® = 40 in (2) in all our tests.

We introduce dimensionless spatial variables X' = x/ (1m) and define Qpgy and
Qrpy as the following dimensionless computational domains:

Qppy = {x = (x1,x2,x3); x1 € (—1.6,1.6), x € (—0.6,0.6), x3 € (—0.6,0.6)},
Q ={x=(x1,x2,x3); x1 € (—1.8,1.8), xp € (—0.8,0.8), x3 € (—0.8,0.8) }.
We choose the mesh size 7 = 0.1 in the overlapping layers between Qpg)s and

Qrpy as well as in the computations of the inverse problem. However, we have
generated our backscattered data using the several times locally refined mesh inside
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t=12 t=1.8

t=2.4 t=27

Fig. 3 Slices of the exact space and time-dependent function ¢ for ¢ = 3.5 at different times.

the domain Qrgys. To generate backscattered data we solve the model problem (1)
in time 7 = [0,3.0] with the time step T = 0.003 which satisfies the CFL condition
[13]. We also use additive noise 6 = 3%, 10% at d, 2. In all our computations we
choose constant regularization parameter y = 0.01 because it gives smallest relative
error in the reconstruction of the function ¢(x). See [1, 14, 23] for other techniques
of choosing regularization parameter.

We assume that the reconstructed function ¢(x) belongs to the set of admissible
parameters

M. € {c € C(Q)|1 < c(x) <10}. (6)

To get final images of our reconstructed function ¢(x) we use a post-processing
procedure which is the same as in [5].
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Table 1. Computational results of the reconstructions together with computational errors in the
maximal contrast of c¢(x) in percents. Here, N is the final number of iteration in the conjugate
gradient method.

o =3% o =10%
Case |maxg,,, cy|etror, %|N | Case |maxg,,, cy|etror, %|N
Test 1|6.66 11 13| Test 1|8.11 35 15
Test 2|4.1 32 9 | Test2|5.58 7 10

prospect view X1x2 view

XoX3 View X3X] View

Fig.4 Test 1. Isosurfaces of the reconstructed function c(x) with maxq,,,, ¢(x) = 6.66 for ® =40
in (2). Here, the noise level in data is 6 = 3%. The spherical wireframe of the isosurface with exact
value of the function (4), which corresponds to the value of the reconstructed ¢ = 0.7max g, ¢(x).

3.1 Test 1

In this section we present numerical results for determining of the function c(x)
given by (4), see Figure 1-a), b), assuming, that the function cp(x,#) = 0. In this
case we obtain results similar to ones of [5].

Figures 4 display results of the reconstruction of the function c¢(x) given by (4)
with additive noise ¢ = 3% in data. Quite similar results are obtained for o = 10%,
see Figure 5. We observe that the location of the maximal value of the function (4)
is imaged correctly. It follows from Figure 4 and Table 1 that the imaged contrast in
this function is 6.66 : 1 = maxg,,,, ¢13 : 1, where n:= N = 13 is the final iteration in
the conjugate gradient method. Similar observation we made using the Figure 5 and
Table 1 where the imaged contrastis 8.11 : 1 = maxg,,,, c15:1,n:= N =15. These
figures show that the values of the background of function (4) are not reconstructed



10 L. Beilina, M. Cristofol and S. Li

prospect view X1X2 View

XpX3 View X3X] View

Fig.5 Test 1. Isosurfaces of the reconstructed function c(x) with maxg,,, c(x) = 8.11 for @ =40
in (2). Here, the noise level in data is © = 10%. The spherical wireframe of the isosurface with exact
value of the function (4), which corresponds to the value of the reconstructed ¢ =0.7maxg,,,, ¢(x).

but are smoothed out since we are using the data post-processing procedure, see
details in [5, 6].

Thus, we are able to reconstruct only maximal values of the function (4). Com-
parison of Figures 1-c), d), 4, 5 with Figure 1-a), b) reveals that it is desirable to
improve shape of the function (4) in x3 direction.

3.2 Test2

In this numerical test we determine the function ¢(x) defined in (4) by using noisy
backscattered data. To get reasonable reconstruction in this test we run the conjugate
gradient algorithm in time 7' = [0, 1.5] with the time step T = 0.003. We note, that
we reduced the computational time compared with the first test since by running in
a more longer time 7 = [0,3.0] we have obtained some artifacts at the middle of
the domain. From other side, reducing of the computational time was resulted in
obtaining of a lower contrast in the reconstructed function, see Table 1. We tested
reconstruction of the function c¢(x) with the guess values of ¢(x) = 1.0 and ¢ (x,1)
as in (5) since by our assumption this function is known.
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prospect view X1X2 View

SNNN\NNM N U277

XpX3 View X3X] View

Fig. 6 Test 2. Isosurfaces of the reconstructed function ¢(x) with maxg,,,, c(x) = 4.1 for @ =40
in (2). Here, the noise level in data is 6 = 3%. We outline also the spherical wireframe of the
isosurface with exact value of the function (4), which corresponds to the value of the reconstructed
¢ =0.7maxgq,,,, c(x).

Figures 6, 7 show results of the reconstruction with ¢ = 3% and ¢ = 10%, re-
spectively. We observe that the location of the maximal value of the function (4) is
imaged very well. Again, as in the previous test, the values of the background in
(4) are smoothed out. Comparing figures with results of reconstruction we conclude
that it is desirable improve shape of the function ¢(x) in x3 direction.

4 Conclusions

In this work we presented uniqueness and stability results together with numerical
studies of the reconstruction of the time and space-dependent coefficient in an in-
verse hyperbolic problem in a bounded domain. Using results of previous works
[2, 12] a local Carleman estimate was proved.
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prospect view X1Xx2 View

XpX3 View X3X] view

Fig. 7 Test 2. Isosurfaces of the reconstructed function c(x) with maxq,,,, ¢(x) = 5.58 for @ =
40 in (2). Here, the noise level in data is 6 = 10%. We outline the spherical wireframe of the
isosurface with exact value of the function (4), which corresponds to the value of the reconstructed
¢=0.7maxg,,,, c(x).
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Our numerical simulations show possibility of the reconstruction of function ¢(x)
in a hyperbolic problem (1) using a hybrid finite element/difference method of [5].
In our numerical tests, we have obtained stable reconstruction of the location and
contrast of the function ¢(x) in xjxp-directions for noisy backscattered data. The size
and shape on x3 direction should still be improved, and this can be done using, for
example, an adaptive finite element method, see details in [3, 4, 6].
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