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Minimisation du Risque Empirique avec
Régularisation par I’Entropie Relative
Généralisée
Résumé : Le probléme de minimisation du risque empirique (ERM) avec
régularisation par I'entropie relative (ERM-RER) est étudié en considérant que
la mesure de référence est une mesure o-finie au lieu d’une mesure de probabilité.
La solution de 'TERM-RER s’avére étre une mesure de probabilité unique et son
expression explicite est présentée en termes de ’ensemble de données donné et
du coefficient de régularisation. Pour un ensemble de données fixe, les ensembles
négligeables et la concentration de la mesure optimale (solution & "TERM-RER)
sont caractérisés afin de mettre en évidence l'influence du choix de la mesure
de référence et du coeflicient de régularisation. Les propriétés de la fonction
génératrice de cumulants du risque empirique induite par la mesure optimale
sont également étudiées. En utilisant ces propriétés, le risque empirique induit
par la mesure optimale s’avére étre une variable aléatoire sous-gaussienne. La
sensibilité de ’espérance du risque empirique aux déviations de la solution du
probléme ERM-RER est étudiée. Ensuite, la sensibilité est utilisée pour fournir
des bornes supérieures et inférieures sur ’espérance du risque empirique. De
plus, il est montré que l'espérance de la sensibilité est majorée, & un facteur
constant prés, par la racine carrée de 'information lautum entre les modéles et

I’ensemble de données.

Mots-clés : Apprentissage Supervisé, Apprentissage PAC, Régularisation, En-
tropie Relative, Minimisation du Risque Empirique, Principe d’Entropie Maxi-
male, Variables Aléatoires sous-Gaussiennes, Apprentissage Bayésien.
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1 Introduction

In supervised machine learning, the problem of empirical risk minimization
(ERM) with relative entropy regularization (ERM-RER) has been the workhorse
for building probability measures on the set of models, without any additional
assumption on the statistical description of the datasets [IH3]. Instead of addi-
tional statistical assumptions, which is typical in Bayesian methods [4], relative
entropy regularization requires a reference probability measure, which is exter-
nal to the ERM problem. Often, such reference represents prior knowledge and
is chosen to assign high probability to the models that induce low empirical
risks. The ERM-RER problem is known to possess a unique solution, which
is a Gibbs probability measure and has been studied using information theo-
retic notions in [5H10]; statistical physics |1]; PAC (Probably Approximatively
Correct)-Bayesian learning theory [11-14]; and proved to be of particular inter-
est in classification problems in [15}/16].

In this report, the ERM-RER is generalized to incorporate a o-finite measure
with arbitrary support as the reference measure. The flexibility introduced by
this formulation becomes particularly relevant for the case in which priors are
available in the form of probability distributions that can be evaluated up to
some normalizing factor, as is often the case in practical scenarios [17]. Specific
cases in which the prior knowledge is such that the reference measure does not
contain in its support the set of solutions of the ERM problem without regular-
ization can also be studied within this framework. Moreover, as shown below, for
some specific choices of the reference measure, the ERM-RER boils down to par-
ticular cases of special interest: the information-risk minimization problem [3g],
the ERM with differential entropy regularization; and the ERM with discrete
entropy regularization [18|. Hence, the proposed formulation yields a unified
mathematical framework that comprises a large class of problems. Nonetheless,
despite its general character, the ERM-RER with an arbitrary o-finite refer-
ence measure is shown to possess a unique solution. Indeed, the solution is a
Gibbs probability measure whose partition function is defined with respect to
the o-finite reference measure. More importantly, the solution does not depend
on the probability distribution of the dataset and can be computed for a par-
ticular dataset. For a fixed dataset, it is shown that the empirical risk observed
when models are sampled from the ERM-RER, optimal probability measure is a
sub-Gaussian random variable that exhibits a probably-approximately-correct
(PAC) guarantee for the ERM problem without regularization.

Finally, the sensitivity of the expected empirical risk to deviations from the
solution of the ERM-RER problem is studied. The sensitivity is defined as the
difference between two quantities: (a) The expectation of the empirical risk with
respect to the ERM-RER~optimal probability measure; and (b) the expectation
of the empirical risk with respect to an alternative measure. The absolute value
of the sensitivity is shown to be upper bounded by a term that is proportional to
the squared-root of the relative entropy of the alternative measure with respect
to the ERM-RER-optimal measure. More interestingly, in a special case, the

RR n° 9454
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expectation of the absolute value of the sensitivity with respect to the proba-
bility distribution of the data sets turns out to be bounded by a term that is
proportional to the squared-root of the lautum information between the models
and the datasets. This bound is reminiscent to the result in [10] in which, under
certain conditions, the generalization gap is upper bounded by a term that is
proportional to the squared-root of the mutual information between the models
and the datasets.

This report is organized as follows. Section [2]introduces the ERM and the ERM-
RER problem and its generalization to o-finite references. Section [3| presents
the solution to the generalized ERM-RER problem and introduces its main
properties. Section [4] studies the properties of the log-partition function of
the ERM-RER-optimal (Gibbs) probability measure. Section [5| and Section |§|
study the properties of the expectation and variance of the empirical risk when
model are sampled from the ERM-RER-optimal probability measure. Section [7]
describes the monotonic concentration of the ERM-RER-optimal probability
measure when the regularization factor tends to zero. Section [§] and Section [J]
respectively show that the empirical risk when model are sampled from the
ERM-RER-optimal probability measure is a sub-Gaussian random variable and
exhibits a probably-approximately-correct guarantee with respect to the prob-
lem without regularization. Finally, Section studies the sensitivity of the
empirical risk function with respect to deviations from the ERM-RER optimal
measure and shows connections with the lautum information. Section [I1] ends
this work with conclusions and a discussion on the results.

2 The Problem of Empirical Risk Minimization
(ERM)
Consider three sets M, X and Y, with M C R? and d € IN. Consider also a

function f: M x X — ) such that, for some 8* € M, there exist two random
variables X and Y that satisfy,

Y = f(6", X). (1)
The random variables X and Y jointly form the probability space
(Xxy79(Xxy)7PXy), (2)

where & (X x )) is a o-algebra on the set X' x Y, which is assumed to be fixed
in this analysis. The elements of the sets M, X and ) are often referred to as
models, patterns and labels, respectively. A pair (z,y) € X x ) is referred to as
a labeled pattern or data point under the following condition.

Definition 2.1 (Data Point). The pair (z,y) is said to be a data point if (x,y) €
supp Pxy -

Several data points form a dataset.

Inria
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Definition 2.2 (Dataset). Given n data points, withn € IN, denoted by (x1,y1),
(z2,Y2), -+ (Tn,Yn), a dataset is represented by the tuple ((:zzl,yl), (z2,y2),
o (@nyyn) ) € (XX Y™

The model 8* in , which is often referred to as the ground truth model, is
unknown. Given a dataset, the objective is to obtain a model 8 € M, such that,
for all patterns z € X, the assigned label f(6,x) minimizes a notion of loss or
risk. Let the function

£:YxY—0,+0) (3)

be such that given a data point (x,y) € X x ), the cost, loss or risk induced
by choosing the model 8 € M is £(f(0,x),y). Often, the function ¢ is referred
to as the cost function, loss function or risk function. In the following, it is
assumed that the function ¢ satisfies that, for all y € Y, the loss ¢ (y,y) = 0,
which implies that correct labelling induces zero cost. Note that there might
exist several models 8 € M\ {0*} such that ¢ (f(6,z),y) = 0, which reveals the
need of a large number of labeled patterns for model selection.

The empirical risk induced by the model 8, with respect to a dataset

z:((xlayl)7(x27y2)7~'~7(xn7yn))G(Xxy)na (4)

with n € IN, is determined by the function L, : M — [0,400), which satis-
fies

L+ (0) = = L0, ). @

Using this notation, the ERM problem consists of the following optimization

problem

whose solutions form the set denoted by

T (2) = arg min L. (6). (7)

The ground truth model 8* in is one of the solutions to the ERM problem
in (). That is, the model 6* in satisfies that 8* € T (z) and L, (6*) = 0.
Hence, the ERM problem in (@ is well posed.

2.1 Notation and Assumptions

The generalized relative entropy is defined below as the extension to o-finite
measures of the relative entropy usually defined for probability measures.

Definition 2.3 (Generalized Relative Entropy). Given two o-finite measures P
and @Q on the same measurable space, such that Q is absolutely continuous with
respect to P, the relative entropy of Q with respect to P is

D@lP) = [ s (Ghw) dpie) ¥

RR n°® 9454



8 Perlaza, Bisson, FEsnaola, Jean-Marie, and Rini

where the function % 1s the Radon-Nikodym derivative of Q with respect to P.

In the following, given a measurable space (2, %), the notation A (Q,.%) is
used to represent the set of o-finite measures that can be defined over such
a measurable space. Given a measure Q € A (Q,.%), the subset Ag (22, .F)
of A(Q,.#) contains all measures that are absolutely continuous with respect
to the measure Q. Given a set A C R?, with d € IN, the Borel o-field over A is
denoted by & (A).

A fundamental assumption in this work is that the function £ : M x X x ) —
[0,4+00), such that for all (0,z,y) € M X X x Y,

E(gv‘r’y) :E(f(07l')’y)a (9)

where the functions f and £ are those in and , is Borel measurable with re-
spect to the measure space (M XX x Y, B (M) x.F (X x ) ), with Z (X x V)
the o-field in .

2.2 Generalized Relative Entropy Regularization

Under the assumptions above, when models are chosen by sampling from a prob-
ability measure over the measurable space (M, % (M)), one of the performance
metrics is the expected empirical risk, which is introduced hereunder.

Definition 2.4 (Expected Empirical Risk). Given a dataset z € (X x V)",
let the function Ry : A (M, B (M)) — [0,400) be such that for all o-finite
measures P € N (M, % (M)), it holds that

R. (P) = / L. (6) dP(6), (10)

where the function L, is in . Then, when P is a probability measure, the
expected empirical risk induced by P is Ry (P).

The ERM-RER problem is parametrized by a o-finite measure in A (M, % (M))
and a positive real, which are referred to as the reference measure and the
regularization factor, respectively. Let Q € A (M, % (M)) be a o-finite measure
and let A be a positive real. The ERM-RER problem, with parameters Q and A,
consists of the following optimization problem:

i R, (P) + D (P||Q), 11
pen, 0 o) (P)+AD (P|Q) (11a)

S t. /dP 0) =1, (11b)
where the dataset z is in ; and the function R, is defined in .

2.3 Special Cases of the Generalized ERM-RER Prob-
lem

Particular choices of the set M and the reference measure @ lead to special
cases of the ERM-RER problem in . Three cases are of particular interest:

Inria



Empirical Risk Minimization with Generalized Relative Entropy Regularization9

(a) The set M is the set RY, with d € IN, and Q is the Lebesgue measure
on (M, % (M)); (b) The set M C R? is countable and the measure Q is a
counting measure; and (¢) The set M and the measure ) form a probability

measure space (M, % (M), Q).

In the former, the ERM-RER in satisfies the following

/ L. (6)dP (8) + AD (P[Q)

PGAQ%{%@(M))
s. t. /dP(H) =1
. dP dP dP
— omin[L0) 5o @)d00) + [ Go @108 (550) 1)
S t. /dp(e) _1 (12)
—  min / L. (8)g(6)d0+\ [ g(8)log (¢(6))d6 (13)
g M M
= /M L. (6) 9 (6)d6 — NH (g), (14)

where the Radon-Nikodym derivative % in is a probability density function
(p.d.f.) denoted by g, which implies that the optimization domain in is the
set of p.d.fs on R% In (I4), the notation H (g) represents the differential
entropy of the p.d.f. g, c.f., Chapter 8 in [19]. In this particular case, denote
the p.d.f. solution of the problem in by gg\l)Z:z and thus, for all 8 € M, it
follows that

(15)

which is the Gibbs measure with respect to the Lebesgue measure, with param-
eter A and energy function L, in .

In case (b), a similar analysis would show that the ERM-RER problem in
boils down to the ERM with discrete entropy regularization (ERM-DisER).

RR n°® 9454



10 Perlaza, Bisson, FEsnaola, Jean-Marie, and Rini

More specifically,

i L. ()dP (8) + \D (P
b min [ L (8)dP(6) + AD(PIQ)

s. t. /dP (0) =

- L. (0 )dQ )dQ(6 +>\/ (dp< ))dQ(a)

PELG(M.B(M)) dQ
s. t. /dP (16)
= min )+ A Z ) log (p(0)) (17)
p GGM fc M
= min > L(0)p(0) ~AH(p). (18)
P feM

where, the Radon-Nikodym derivative g—g in is a probability mass function
(p-m.f.) denoted by p. This implies that the optimization domain in is the
set of p.m.f.s on M; and the entropy H (p) is that of the p.m.f. p, c.f., Chapter 2
in [19]. In this particular case, denote the p.m.f. solution of the problem in

by p8|)Z:z, and thus, for all 8 € M, it follows that

) exp (552
Po|z== 0) = L, (I/) ) (19)
V%:A P (_ X )

which is the Gibbs measure with respect to a counting measure, with parame-
ter \ and energy function L, in .

Both, the ERM-DifER and ERM-DisER problems are closely related to those
typically arising while using Jayne’s maximum entropy principle |18}20L21] in
the case of classification problems |15L|16}(22].

Finally, case (c) is the classical formulation of ERM-RER and often referred to as
the information-risk minimization (IRM) problem in information theory [§]. In
this case, the ERM-RER problem in is known to possess a unique solution
consisting in a Gibbs probability measure, see for instance [10}/23] and [24].

Denote such unique solution by Pglg; )z € Ag (M, % (M)), hence, the Radon-

Nikodym derivative of P(E)Q\é )z with respect to @ is
(@A) L.(6
dPgiz_, €xp <*%>
—52=(0) - (20)

[eo(-=2)a00)

The probability measure Pglg’z L in . is a Gibbs measure with respect to
the probability measure (), parameter A\ and energy function L, in , c.f.,
[25].

Inria
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3 The Solution to the Generalized ERM-RER
Problem

The solution to the ERM-RER problem in is presented in terms of two
objects. First, the function K¢ , : R — RU{+00} such that for all t € R,

Ko (-10g [ 0 (112 0))00(0)) 1)

with L, in . Second, the set K¢ » C (0, +00), which is defined by

ICQ,zé{s € (0,400) : Kg.» <—1> < +oo} . (22)

S

The notation for the function Kgq . and the set Kq . are chosen such that their
parametrization by (or dependence on) the dataset z in (4) and the o-finite mea-
sure @ in are evident. The following lemma describes the set Kq ..

Lemma 3.1. The set Kg » in is either the empty set or a convex set that
satisfies

(07 b) - ICQ,zv (23)
for some b € (0, +0o0].
Proof: The proof of Lemma [3.1] is presented in Appendix [A] ]

In the special case in which the o-finite measure @ in is a probability
measure, the set Kg , is the set formed by all positive reals, as shown by the
following lemma.

Lemma 3.2. Assume that the measure Q in is a probability measure.
Then, the set K¢ » in satisfies

Ko.= = (0, 400). (24)

Proof: The proof of Lemma [3.2] is presented in Appendix [B] ]

Using this notation, the solution to the ERM-RER problem in is presented
by the following theorem.

Theorem 3.1. The solution to the optimization problem in is a unique
measure on (M, % (M)), denoted by Pg‘g’z)‘iz, whose Radon-Nikodym derivative
with respect to the o-finite measure QQ satisfies for all @ € supp @,

dp(iql;;lz (8)=exp (—KQ; (-%) - %Lz (0)) ) (25)

where, the function L, is defined in and the function Kq , is defined in ,

RR n°® 9454
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Proof: The proof of Theorem is presented in Appendix [C} ]

In Theorem [3.I} when the o-finite measure @ is a probability measure, the

probability measure Pg‘?’z)‘iz and the function K , are often referred to as a

Gibbs measure and a log-partition function, see for instance, [26, Section 7.3.1].
In order not to disrupt with the current nomenclature, in the following, inde-
pendently of whether () is a probability measure, the function Kq , and the
probability measure Pglg’z’\iz are respectively recognized as a log-partition func-

tion and a Gibbs measure with parameters @, A, and energy function L.

When the set M is discrete and the o-finite measure @ in is the counting
(@0

dp
measure, the Radon-Nikodym derivative (Z‘szz in is equivalent to the

p-m.f. p(e/)\\)z:z in . Alternatively, when M C R? and the o-finite measure @Q
(@0

dp
in is the Lebesgue measure, the Radon-Nikodym derivative (3'5“ in (25
is a p.d.f. gg‘ )Z:z in . When @ is a probability measure, the expression

in and are identical.

The following lemma shows that the maximum of the Radon-Nikodym deriva-

ap@N)
tive % in is achieved by the models that are at the intersection of

the support of the reference measure Q and the set of solutions to the optimiza-
tion problem in (6), that is, the models in the set 7 (z) N supp @, with T (z)
in

Lemma 3.3. For all A € Kg ., with Kg » in , for all 8 € supp Q, and for
all (81,05) € (T (2) Nsupp Q)*, with T (2) in (@, the Radon-Nikodym deriva-
(@,%)

P
tive % in satisfies that

FYSCEY 4P@N 4PN
—olZ== —2== (9,) =

O|Z==z O|Z==z B|Z==z
0) < ——=(03). 26
2= () < 0= (0 = S92y (26)
Proof: The proof of Lemma [3.3]is presented in Appendix [
@)

dpP
When the Radon-Nikodym derivative (3‘5:‘ in is either a p.m.f. or a

p.d.f., Lemma [3.4] shows that the elements of the set 7 (z) Nsupp Q@ in are
the modes of the corresponding p.d.f. or p.m.f.

The following lemma shows other bounds on the Radon-Nikodym derivative

<<‘9,A)
®|Z==z :
—d4g  in (125)).

Lemma 3.4. For all A € Kg ., with Kg > in , and for all O € supp Q, the
ap@N
Radon-Nikodym derivative 'z'szz in satisfies that

(Q:7\)
dP@\Z:z

<
0< a0

(0) < 4o0. (27)

Inria
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(Q;2)

The equality dp‘;’i% (6) = 0 holds if and only if L, (6) = +oc.
Proof: The proof of Lemma [3.4] is presented in Appendix [E] [ |

3.1 Asymptotic Regimes

The following lemma describes the asymptotic behavior of the Radon-Nikodym

ap@
derivative f’i'QZ:z in ([25) when A — +o0.

Lemma 3.5. Let the measure QQ in be a probability measure. Then, for
apQ:»)
all 8 € supp Q, the Radon-Nikodym derivative 3‘5:2 mn satisfies

4pL@N
. ©|Z=z
1 —=(0)=1.
JJim 1 0) (28)

Proof: From Theorem it follows that for all @ € supp Q,

argly), . exp (= (6))
)\hm a0 (9):/\ lim ) 1,(29)
—+oo Q Srtoo /exp ( { /dQ

where the function L, is defined in . This completes the proof. ]

Lemma [3.5] unveils the fact that, when @ is a probability measure, for all mea-
surable sets A C supp Q,

Jim Pt (A)=Q(A). (30)
This is consistent with the fact that when A tends to infinity, the optimization
problem in boils down to exclusively minimizing the relative entropy Such
minimum is zero and is observed when both probability measures P(E)‘ ., and Q
are identical. Alternatively, from Lemma [3.1] it follows that, when @ is not
a probability measure, the set Kg . might be an interval of the form (0,b),
with b < co. Hence, in such a case, the analysis in which A tends to infinity is
void.
(@)

dpP
The limit of the Radon-Nikodym derivative (915:‘ in (25), when A tends to
zero from the right, can be studied using the following set

L. (85)={8 € M:L,(6) <5}, (31)

where the function L, is defined in and ¢ € [0, +00). In particular consider
the nonnegative real

65, 2 inf {5 € [0,400) : Q (L (5)) > 0} (32)

RR n°® 9454
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Let also L7, , be the following level set of the empirical risk function L, in :

Zzz:{GEM 1L, (0) zég’z}. (33)
. . . . : AR
Using this notation, the limit of the Radon-Nikodym derivative 0 in ,

when ) tends to zero from the right, is described by the following lemma.
Lemma 3.6. If Q (LZQ’Z) > 0, with the set L7, , in and @ the o-finite

dpP
measure in , then for all @ € supp Q, the Radon-Nikodym derivative —S2=2

dQ
mn satisfies
dp@:N 1
. B|Z==z
1 = 1 . -
Ai}rél+ dQ ( ) Q (C*Q z) {BGEQ,z} (34)
Alternatively, if Q (ﬁ*Q’z) = 0. Then, for all 8 € supp Q,
dp@N . N
i L elz=z 0) = { +00 if ' 0cLy, (35)
r—o+t d@Q 0 otherwise.
Proof: The proof of Lemma [3.6]is presented in Appendix [F] [ |
Consider that @ (ﬁa,z) >0, with L7 , in . Under this assumption, from
Ap@N)

Lemmal3.6} it holds that the Radon-Nikodym derivative ‘Z'Z == asymptotically
concentrates on the set L, ., when A tends to zero from the right. The same

observation holds for the probability measure Pglgz) More specifically, note

that for all measurable sets A C L, , Nsupp @, it holds that

li (Q,\) T dP(@?giz
iy Felz=s (= [ —ag @190 (%)
Copdrgl,
= lim, 0 (60) Lipe.a3dQ (6) (37)
drgly,
=/ /\li)%lJrT (0) Lipca1dQ (6) (38)

/ ( 2) Lrgers, 1 1{0eayd@Q(6) (39)

/ T19ea;dQ (0 (40)

B Q(
Q(Ly.)

where the equality in follows from Lemma and the dominated con-
vergence theorem [27, Theorem 2.6.9]; and the equality in follows from

(41)
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Lemma In the particular case in which A = L}, _ in , it holds that

lim+ P(@C\?’z/\fz ( *Qz) = 1, which verifies the asymptotic concentration of the
A—0 = ’

-1

probability measure ng’z)‘:)z on the set L7, ..

Another interesting observation is that the equality in implies a uniform
distribution of the probability among the elements of the set L7, . in the limit
when A tends to zero (from the right). This becomes more evident in the case
in which the set M is finite and @ is the counting measure. In such a case, the
asymptotic probability of each of the elements in £7, , when A tends to zero
(from the right) is —2—.

|£Q,Z|
Alternatively, consider that @ (ﬁé,Z> =0, with £, , in . Under this as-

sumption, for all A € Kg », with Kq . in , the probability measure ng’;iz is

absolutely continuous with respect to the measure Q, and thus, ng’z)‘iz ( Z?z> =

0. This is typically the case in which M = R?, the measure @ is absolutely
continuous with the Lebesgue measure, and the solution to the ERM problem
in (6) has a unique solution, i.e., |7 (z)| = 1.

The following lemma shows that independently of whether the set L7, , is neg-
ligible with respect to the measure @, the limit when A tends to zero (from the

right) of P(E)Cﬁé):z ( ’éz) is equal to one.

Lemma 3.7. The measure Pé)ﬁ?;lz n and the set L7, , in satisfy,

: (@) * )
T P, (£2.)=1. )

Proof: The proof of Lemma [3.7] is presented in Appendix [G] [ |

In Lemma in the case in which 47, , = 0, with J3 , in , it holds
that L7, , = (z) and thus, when A tends to zero from the right, the probability
)

measure Pé)Q’Z)‘:
problem in (6)). Alternatively, in the case in which d7, , > 0, it holds that L7, ,N
T (2) = 0. Hence, when X\ tends to zero from the right, the probability measure

P(gﬁ?’;:)z asymptotically concentrates on a set that does not contain the set of

solutions to the ERM problem in @

., asymptotically concentrates on the set of solutions to the ERM

3.2 Coherent and Consistent Measures

Given a A € Kg ,, with Kg . in , the support of the probability mea-

(@A)
P®|Z:z

P (M), it follows from Theorem that if @ (C) = 0, then P(@C\Q’z/\iz (€)=0.

That is, the probability measure P®(\27Z>iz is absolutely continuous with the mea-

sure Q. The following lemma shows that the converse is also true.

sure is of particular interest. In this regard, note that for all sets C €
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Lemma 3.8. Under the assumption that

QO eM:L,(0)=+}) =0, (43)
the probability measures @ and Pg‘g’z)iz mn are mutually absolutely con-
tinuous.
Proof: The proof of Lemma [3.8]is presented in Appendix [H] [

The relevance of Lemma 3.§]is that it proves that for all A € Kq -, the collection

of negligible sets with respect to the measure Pgl?’z’\:)z in is identical to the

collection of negligible sets with respect to the measure (@ in , under the
assumption in (43). That is, for all subsets C € 2 (M),

PSRN, (€) >0 ifandonlyif Q(C)>0. (44)

The assumption in is trivially true when the function £ in (3|) is finite.

At the light of Lemma[3.8] a class of reference measures of particular importance
in the following sections is that of coherent measures.

Definition 3.1 (Coherent Measures). The o-finite measure Q in is said
to be coherent if, for all 6 € (0,+00), it holds that

Q (L= (d)) >0, (45)

where the set L (8) is defined in (31)).

The following lemma highlights the relevance of coherence measures.

Lemma 3.9. The probability measure Pg"?’z’\iz mn satisfies for all § €
(0, +00)

P (L2 (6))>0, (46)

with L (9) in , if and only if the o-finite measure Q in is coherent.
Proof: The proof of Lemma [3.9]is presented in Appendix [I| [

Reference measures that are coherent also exhibit an interesting property in the
asymptotic regime of arbitrarily small A, as shown by the following lemma.

Lemma 3.10. The probability measure P(E)sz/\:)z in and the set T (z) in
satisfy

lim PSY (T (2))=1, (47)

A—0F

if and only if the o-finite measure Q in s coherent.

Inria
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Proof: When the o-finite measure @ in is coherent, then d7, , = 0, with d7, ,
in and L3, . = T (2), with L . in (33). Thus, from Lemma the

-

equality in holds. Alternatively, when the measure @ in is noncoherent,
then o . > 0 and thus, £, , N T (2) = 0, which implies

. A
,\lgng P(E)C\?zlz (T (2))=0, (48)

and completes the proof. [ |

Another reference measure @) of particular interest is the one in which for a given
A€ Kg,», with g » in , the set L7, , in satisfies @ (Eaz) > 0.

Definition 3.2 (Consistent Measure). The o-finite measure Q in is said
to be consistent if Q (,C’é,z) >0, with L7, , in ([33).

The relevance of consistent measures is highlighted by the following lemma.
Lemma 3.11. For all A € Kg,», with Kg > in , the probability measure
Pc£)6|27z/\=)z in and the set L, , in satisfy
Q) *
Poiz=z (£4.2)>0, (49)
if and only if the o-finite measure Q in s consistent.

Proof: When @ is nonconsistent, it holds that @ <£é7z> = 0 and thus, from
the fact that the measure P.%Y in is absolutely continuous with @, it

O|Z==z
holds that for all A € Kg ., ng’z)‘iz ( ‘éz> = 0. When @ is consistent, it holds
that @ (Eb,z) > 0. Moreover, for all 8 € Lg, _, it holds that L, (6) < +oo

ap@:»
and thus, from Lemma it follows that for all A € K., —35—=(0) > 0.
Hence,

A * A

PSR (€o2) = [ arSiY @) (50
Ly,
dPgT;.

- [ e e0) G1)

s, Q
> 0, (52)

which completes the proof. |

The case in which the reference measure ) is simultaneously coherent and con-
sistent exhibits a particular property, as shown by the following corollary of

Lemma B.111

Corollary 3.1. For all A € Kq ., with Kg . in , the probability measure
P(E)Clz’z/\:)z m and the set T (z) in (7) satisfy

A
P8 (T (2))>0, (53)
if and only if the o-finite measure Q in is coherent and consistent.
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3.3 Negligible Sets

Lemma shows that, under the assumption in , the collection of negligible
sets with respect to the measure P(E)Ql’ZA:)z in is identical to the collection
of negligible sets with respect to the o-measure @. The following lemma shows
that the negligible sets with respect to the measure P(@?é)\lz in are invariant

with respect to the choice of A € Kg ,.

Lemma 3.12. For all (o, 8) € K, XK@ 2, with Kg - in , assume that the
measures ng;i , and P(ec“?’zﬁz)z satisfy with A = « and \ = 3, respectively.

Then, Pglg’zaz)z and ng’zﬁz)z are mutually absolutely continuous.

Proof: The proof of Lemma [3.12] is presented in Appendix [J] [ |

4 The Log-Partition Function

The function Kg . in , often referred to as the log-partition function, ex-
hibits a number of properties, which are relevant in the following sections.

Lemma 4.1. The function Kg . in is continuous and differentiable in-
finitely many times in (—o0,0).

Proof: The proof of Lemma [4.1]is presented in Appendix [K] [

More specific properties for the function Kg . in can be stated for the case
in which the empirical risk function L, in is separable with respect to the

measure @ in .

Definition 4.1 (Separable Empirical Risk Function). The empirical risk func-
tion L, in is said to be separable with respect to the o-finite measure @ in
, if there exist a positive real ¢ > 0 and two subsets A and B of M that are
nonnegligible with respect to Q, such that for all (61,02) € A x B,

L, (01><C<Lz (02) < +00. (54)

In a nutshell, a nonseparable empirical risk function is a constant almost surely
with respect to the measure ). More specifically, there exists a real a > 0, such
that

QUH{eeM:L,(0)=a})=1. (55)

From this perspective, nonseparable empirical risk functions exhibit little prac-
tical interest. This follows from observing that models sampled from a nonsepa-

rable probability measure Pg‘?’z)‘lz in induce the same empirical risk.

The definition of separability in Definition [4.I] and Lemma [3.8] lead to the fol-
lowing lemma.

Inria
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Lemma 4.2. The empirical risk function L, in s separable with respect to
the o-finite measure @ in if and only if it is separable with respect to the

probability measure ng’z’\iz mn .

Proof: Consider first that the function L, is separable with respect to the o-finite
measure (). Hence, there exist a positive real ¢ > 0 and two subsets A and B
of M that are nonnegligible with respect to @, such that for all (681,02) € AxB
the inequality in holds. Hence, from the following inequalities hold for
all A € Kq 2, with Kg - in ,

1 c 1
—L=(61) > -3 > =Lz (62) > —oo(56)
1 1
sp(—L0) > ew(-L)  sew(1L02) >0, aE)
dpP@N 1 ap@
©|z== _ )€ _©jz==2
0 (61) > exp( KQ,Z( /\) A) > a0 (62) >0. (58)

Using the inequality in and the facts that @ (A) > 0 and @ (B) > 0, the
following holds

) [ A
5 =z
PR (= [ =522 0)aq(0) (59)
>0, (60)
and
A O|Z==z
PR (B)= [ =522 (0)aq ) (61)
>0. (62)
which implies that the function L, is separable with respect to the probability
measure P(e?giz'

Consider now that the function L, is separable with respect to the probabil-

ity measure P(G?éAiz' Hence, there exist a positive real ¢ > 0 and two sub-

sets A and B of M that are nonnegligible with respect to P(S)C\?;izv such that
for all (61,02) € A x B the inequality in holds. More specifically,

) ]
5 =z
0<PG. (= | (6)dQ (6) (63)
A dQ
and
dP(Q’/\)
°|z=
0<P§. 8= [ =92 (6)dq 6). (64
g dQ
From Lemma and the inequality in (54)), it follows that for all (61,05) €
@) @
A x B, dp(gj'QZ” (61) > 0 and dp(z‘QZ=z (62) > 0. Hence, from and (64),
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respectively, it follows that @ (A) > 0 and @ (B) > 0, which implies that the
function L. is separable with respect to the o-finite measure . This completes
the proof. [ |

The following lemma presents a general property of the function Kg . in
for the case of separable empirical risk functions.

Lemma 4.3. The function Kg , in is conver. The function Kg , in
18 strictly convex if and only if the empirical risk function L, in is separable
with respect to the o-finite measure QQ in .

Proof: The proof of Lemma [4.3]is presented in Appendix [[J [ |

Let the m-th derivative of the function Kgq . in be denoted by K gnz) R —
R, with m € IN. Hence, for all s € Kg »,

Ky <“> ;ZKQ, ® (65)

__1
S t=—1

The following lemma provides explicit expressions for the first, second and third
derivatives of the function K¢ . in .

Lemma 4.4. The first, second and third derivatives of the function Kq , in ,
denoted respectively by Kégl)z: Kg)z, and Kg)z, satisfy for all A € intKgq »,
with Kg - in ,

( >:/Lz PG(‘)?Z)\)z(e) (66)
( >:/ (Lz Ko (_%)) APyl (), and  (67)
( ) / - Ko (_%)) drST;Y (6), (68)

where the function L, is defined in and the measure Pgl?’z , satisfies .
Proof: The proof of Lemma [4.4] is presented in Appendix [M} ]

From Lemma it follows that if ® is the random vector that induces the
measure P((9|Z . in , with A € Kg,, the empirical risk function L, in
becomes the random variable

L= (©), (69)

whose mean, variance, and third cumulant are respectively K S)z (— %), K g )z (— %),

and Kg)z (—%)
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5 Expectation of the ERM-RER-optimal Empir-
ical Risk

The mean of the random variable L, (®), in is equivalent to the expectation

(R
P®|Z:z

in , which is equal to R, (Pgl?’z/\:)z), where the function R, is in .
Often, R, (P(@sz’\lz) is referred to as the ERM-RER-optimal expected empirical

risk to emphasize that this is the expected value of the empirical risk when
models are sampled from the solution of the ERM-RER problem in .

of the empirical risk function L, with respect to the probability measure

The following lemma shows an interesting connection between the EMR-RER-
optimal expected empirical risk and the first derivative of the function Kg ,

in .

Lemma 5.1. Forall A € Kg », with Kg » in , the probability measure Pé)?;:)z
n verifies that

@» \ _ @ (1
R. (PSTH.) = K& (‘X) : (70)
where the functions R, and KS)Z are defined in and , respectively.

The expected empirical risk R, (Pg"gz’\iz) in exhibits the following prop-
erty.

Theorem 5.1. The expected empirical risk R, (P(E)Q|z)iz> n is nondecreas-

ing with X\ € Kq2, with K- in [22). Moreover, the function L, in 18
separable with respect to the measure Q if and only if R, (P(E)Q'Z/\:)z) 1s strictly

increasing with A € Kg ».
Proof: The proof of Theorem [5.1]is presented in Appendix [N] [ |

A question that arises from Theorem is whether the value R, (Pg‘gz)iz)

in can be made arbitrarily close to L, (6*) = 0, with 6* in , by making
A arbitrarily small. The following lemma shows that there exist cases in which
the value R, (Pglgz/\:)z) is bounded away from zero, even for arbitrarily small
values of A.

Lemma 5.2. For all A € Kq ., with Kq » in , the expected empirical risk
R. <Pg|22)‘iz> in satisfies,

@)
R (PSirL.) = 05 2 (71)

where o7, , is defined in . Moreover, the function L, in is separable with
respect to the measure @ in if and only if the inequality in is strict.

Proof: The proof of Lemma[5.2] is presented in Appendix [ |
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In the asymptotic regime when A tends to zero, the expected empirical risk
R. (P(E)?z)\)z) in is equal to 55727 as shown by the following lemma.

Theorem 5.2. The expected empirical risk R, (Pglgz)‘ ) > n satisfies,

: Q) \_s*
lim R. (PgiyY, ) =00 . (72)

where 0F, , is defined in ®2).
Proof: The proof of Theorem [5.2] is presented in Appendix [P} [

6 Variance of the EMR-RER-optimal Empirical
Risk

The monotonicity of the expectation of the random variable L, (®) in ,
stated by Theorem [5.1] is not a property exhibit by the variance nor the third
cumulant. This section highlights this observation via the following exam-
ple.

Example 6.1. Consider the ERM-RER problem in , under the assumption
that @ is a probability measure and the empirical risk function Ly in (5] is of
the form

_J 0 i O6€A
LZ(O)_{ 1 if e M\ A,

where, the sets A C M and M\ A are nonnegligible with respect to the reference
probability measure Q. In this case, the function Kg . in satisfies for
all X > 0,

(73)

1 1
Ko.x (1 )=tog (@A) + exp (—x) a-Qu). )
The derivatives Kg)z, ng, and KC(Q)z n of the function Kq  in
satisfy:
W (1Y exp(-3)1-Q(A)
Ko ( )\)_Q (A) +exp (— L ' (75)

) (1-Q(A)
e (3) g (76)
( )

X
@ (1) QMO -Q
ez ( )‘) (Q(A) +exp (—3)

KO (L1)_QA 0= exp (1) QA - (1= Q) exn (1)) ..
0= ( )‘> (Q(A) +exp (—1) (1 - Q@ A)°
Note that Kg’)z (—%) > 0 if and only if

Q) -~ (1- Q) ep (-1 ) >0, (78)
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Assume that Q (A) > % Thus, it holds that for all X > 0, the inequality in
18 always satisfied. This follows from observing that for all X > 0,

exp <—%) <1< % (79)

Hence, if Q(A) > %, for all decreasing sequences of positive reals Ay > Ay >
. >0, it holds that

1 o ( 1 y (1
1> KS), (_7) > K, (_E) >...>0. (80)

Alternatively, assume that Q (A) < 3. In this case, the inequality in is

satisfied if and only if
1-QA) ) ) -
v (g (1220)) .
e\ o) (81)
Hence, if Q (A) < %, then for all decreasing sequences of positive reals

<log <1_Q?/E)A)>>_l > A > A > ... >0,

it holds that

1 1 1
RS () KL (-5 ) 2> (52)

Moreover, for all decreasing sequences of positive reals

AM> A > .. > <10g<71 Q?jf)))_l7

it holds that
1 1 1
K® (_7) < K? (_7) << 83
Q,z /\1 Q,z )\2 4 ( )

The upperbound by i n , and follows by noticing that the value
-1
Kg)z (—%) is maximized when \ = (log (122%()4)» and Kg)z (—%) = %.

Example provides important insights on the choice of the reference mea-
sure (). Note for instance that when the reference measure assigns a probability
to the set of models 7 (z) that is greater than or equal to the probability of
suboptimal models M \ T (z), i.e., Q (T (2)) > 1, the variance is strictly de-
creasing to zero when A decreases. See for instance, Figure [If and Figure
That is, when the reference measure assigns higher probability to the set of
solutions to the ERM problem in @, the variance is monotone with respect to
the parameter A.
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Alternatively, when the reference measure assigns a probability to the set 7 (2)
that is smaller than the probability of the set M \ T (2), i.e., Q (T (2)) <
-1
%, there exists a critical point for A\ at (log (122%(;))) . See for instance,
Figure More importantly, such a critical point can be arbitrarily close to
zero depending on the value @ (A). The variance strictly decreases when A
-1
decreases beyond the value (log (1_Q(A) )) . Otherwise, reducing A above the

Q(A)
-1
value (log (1:9%()4) )) increases the variance.

In general, these observation suggest that reference measures ) that allocate
small measures to the sets containing the set 7 (z) might require reducing the

value A beyond a small threshold in order to observe small values of K, g)z (—%),
which is the variance of the random variable L (®), in (69). These observations
are central to understanding the concentration of probability that occurs when A

decreases, as discussed in the following section.

0.25 S
1
1)
1
1)
1
02F X) i
0.75
0.15 |- .
0.1F .
0.05 |- i
0 n n n PR | n n n n PR | n P
107 10° 10" 102

Regularization Factor (\)

Figure 1: Mean K(l’)z (—%), variance Kg)z (—%), and third central moment

Kg’)z (—%) of the empirical risk in Example with @ (A) = 2
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Figure 2: Mean K(Egl)z (—%), variance Kg)z (—%), and third central moment

Kg)z (—%) of the empirical risk in Example with @ (A) = 3

7 Concentration of Probability

Given a positive real A € Kqg , with Kg . in , consider the following
set,

No=W2{0eM:L.(0) <R (PS5}, (84)

where the function L, is defined by ; the function R, is defined by ; and
the probability measure PCE)Q;:)Z is in . This section introduces two main

results. First, in Theorem it is shown that when A tends to zero, the set
Ng.z(\) forms a monotonic sequence of sets that decreases to the set

6= L2 (02) (85)
where, d¢, , is defined in ; and the set £,(-) is defined in . Second, in

Theorem it is shown that the sequence formed by Pg‘g’z)‘iz(/\/'Q,z()\)) when

A tends to zero is increasing and monotone. More importantly, in Theorem (7.3
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Figure 3: Mean KS)Z (,l), variance Kg)z (f%), and third central moment

A
Kéi)z (—%) of the empirical risk in Example with Q (A) = 1

it is shown that the limit of such sequence is equal to one. These observations
justify referring to the set Né . as the limit set. This section ends by showing

that the probability measure PCE)?’ZA:)Z concentrates on a specific subset L7, ,

in of the set N, 5=~ At the light of this observation, the set L7, , is referred
to as the nonnegligible limit set. Finally, it is shown that when the o-finite
measure () in is coherent, the sets NV} , and L, , are identical.

7.1 The Limit Set

The set N »(A) in , with A € Kg » and Kg » in , contains all the models

that induce an empirical risk that is smaller than or equal to R, (Pg‘l?’z)‘iz), ie.,
the ERM-RER-optimal expected empirical risk in (70). This observation unveils
the existence of a relation between the set N , in (85]) and the set 7 (2) in @,

as shown by the following lemma.
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Lemma 7.1. The set ./\/’*’z mn satisfies

T (2) SNG 2 (86)
where the set T (z) is in . Moreover,
T (z) =N§ 2, (87)

if and only if the reference measure QQ in is coherent.

Proof: The proof of the inclusion in follows from observing that for all 8 €
T (2), it holds that L, (0) = 0 < d7, ,, with dg, _ in (32). Hence, 6 € Ng . .- This
completes the proof of the inclusion in .

The proof of the second statement is presented in two parts. In the first part,
it is proved that if holds, then the measure ) is coherent. The second part
proves the converse.

The proof of the first part is as follows. Under the assumption that 7 (z) = N ,
holds, it follows that 7 (z) 2 Né,z’ which implies that 7, , = 0, and thus, for
all 0 € (0,+00), it holds that @ (£, (4)) > 0. This verifies that the measure Q
is coherent and completes the proof of the first part.

The proof of the second part is as follows. Under the assumption that the
measure () is coherent, it follows that o5, , = 0. Hence, T( ) 2 N, which
together with the 1nclu510n in (86)) leads to the equality in , which Completes
the proof of the second part. ]

Lemma shows that the limit set N , in is not empty. This follows
from the fact that the set T (z), which i is not ernpty7 is a subset of NV . This
observation turns out to be particularly important at the light of the fact that
when X decreases, the set Ng »()) decreases to the set N O,z- This obseravation
is formalized by following theorem.

Theorem 7.1. For all (A\,\2) € K> xKq 2, with Kg » in and Ay > Az,
the sets Ng » (A1) and Ng » (A2) in satisfy
M2 NG.=(M1) 2 Ng.2(M2) 2N ., (88)

with Né’z the set defined in . Moreover, if the empirical risk function L,
m is continuous on M and separable with respect to the measure Q in ,
then,

MD ./\/'Q,z()q) D) ./\/'Q,z()\g) D./\/'Z?’z. (89)

Proof: The proof of Theorem is presented in Appendix [ |

An interesting observation is that for all A € Kg ,, with Kg » in , only a
subset of N » (\) might exhibit nonzero probability with respect to the mea-
sure ngz’\ )z in (25). Consider for instance that the measure Q in is non-
coherent (Definition . That is, 45, > 0, with d , in , and thus,

Z
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for all v € [0,5*7‘2), it holds that @ (L (7)) = 0, with the set £.(-) in (31).
Then, for all A € {a €Kg»: R (PéQ"Za:)z) > 52‘272} and for all v < 4, ., it
holds that £, (v) € N,z (A), while verifying that @ (£, (7)) = 0, which implies
that P(eﬁ?’z’\lz (L2 (y)) = 0 (Lemma . Hence, in this case, the set Ng » ())
possesses a subset £, (v) that is negligible with respect to the probability mea-
sure Pg‘?’z)‘:)z. These observations lead to the analysis of the asymptotic concen-
tration of probability in the following section.

7.2 The Nonnegligible Limit Set

The first step in the analysis of the asymptotic concentration of the probabil-
ity measure Pgl?’z’\iz in is to show that the probability P(E)C|27Z/\=)z (Ng.=(N)
increases when A tends to zero, as shown by the following theorem.
Theorem 7.2. For all (M,A2) € Kg,» x Kg 2, with Kg » in and \p >

Ao, assume that the measures Pg‘zz)‘zl)z and PCS)C‘QZ)‘:ZL satisfy with A = A\
and X = A, respectively. Then, the set Ng » (A2) in satisfies

A1 , A2
0 < PST (Ng.=(X2)) < PS5 (Mg 2 (M) (90)

Moreover, the function L, is separable with respect to the o-finite measure @,
with Q in , if and only if for all pairs (A, X2) € Kq 2 X Kq, 2, with A1 > Ag,
it holds that

0 < PST (Ng.2(X2)) < P52 (Mg 2 (M) (91)

Proof: The proof of Theorem [7.2)is presented in Appendix [R] [

The following lemma highlights a case in which a stronger concentration of
probability is observed.

Lemma 7.2. Let the function L, in be separable with respect to the o-finite

measure @ in (25)), and consider two positive reals (A, 2) € Kg» x Kg,2,
with Kg i (22) and A1 > Ay, Assume that

Q(Was ) N Nz (1)) =0. (92)
Then, the measures P(S)C‘?’Z/\:l)z and P(E)C\?’z)\i?y which satisfy with X = A\
and A = Ao respectively, verify
A A
PaTa (Na2(W)) < PETZ2) (No 2 (Aa)). (93)
where, the set Ng 2 (+) is defined in (84).
Proof: The proof of Lemma[7.2]is presented in Appendix [S] [

The following example shows the relevance of Lemma [7.2] in the case in which
the empirical risk function L, in is a simple function and separable with
respect to the o-finite measure @ in .
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Example 7.1. Consider Ezample[6.1. Note that, for all X > 0,

0<R. (PSY,) <1, (94)
where R, (ngZA) is the ERM-RER-optimal expected empirical risk in .
The equality in (94) implies that given two reals A1 and Ay such that \; >

Ao > 0, it holds that,

No= (M) N (Wo = () '={v e M: R (PS772)) < L (v) <R. (RS}
—(ZL (95)
and moreover, Ng z(A) = Ng,z(X2). Finally, from Lemma[7.3,
PoiztsNa.=0)) < Pz, (Na.z(%2)) (96)

Finally, the main result of this section is presented by the following theo-
rem.

Theorem 7.3. The probability measure P(E)C\?z )z n , with Q being a o-finite
measure on (M, B (M)), satisfies

Jim PG (Nge (V) =1, (97)

where, the set Ng . (N) is defined in (84).
Proof: The proof of Theorem is presented in Appendix [T} [ |
Note that Theorem [7.3] and Lemma [3.7] lead to the following conclusion

hm P®C|2Z/\)z (NQv ( ) \£a7z) = Oa (98)

which follows from the fact that £f, , C Ng.» (), with £, , in (33). This
justifies referring to the set £, , as the nonnegligible limit set.
8 Sub-Gaussianity of the Empirical Risk

Let Abearealin Kq », with g » in 7 and consider the transport of the mea-

sure PéQ‘Z’Y)z in from (M, % (M)) to (R, % (R)) through the function L,

in (B). Denote the resulting probability measure in (R, % (R)) by PVS' é\) .
n (R, % (R)). That is, for all A € Z(R),

A _
Pzl (A) = Pz (L1 (A), (99)
where the term L; ' (A) represents the set

LY (A)ER{ve M: L (v) € A}. (100)
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Note that the random variable W = L, (©) in induces the probability
measure PéVQ‘E\):z in (R, % (R)). The objective of this section is to prove that
the random variable W is a sub-Gaussian random variable. For this purpose,
note that the cumulant generating function induced by the measure PL@;

W\|Z=z>
denoted by J, g.» : R = R U {+o0}, satisfies for all t € R,
Jz.o(t) = log (/ exp (tw) dPV(VQ‘é\):z(w)> (101)

= tog ([ (rLa (w) ARG () ) (102)

For all A € Kq,z, with Kg - in (22), the following lemma provides an expression
for J, o.A(t) in terms of the cumulant generating function Kg , in , for all
t e (—o0,5).

Lemma 8.1. Given areal A € Kq ., with Kg,» in , the cumulant generating
function J, g.x in (102)), verifies the following equality for all t € (—oo, %),

1 1
Jzat) = Kq.= (t - X) —Kq= (_X) < +o0. (103)
Proof: The proof of Lemma [81] is presented in Appendix [U] [

Denote by JSZQ),A : R — R U {400}, with m € IN, the m-th derivative of the
function J; g,x in (102). That is, for all s € (—o0, 1),
m am
JIONS) = T deaa®)] (104)

t=s

From Lemma it follows that for all m € IN, and for all o € (—oo, %), the
following holds,

m m 1
I (@) = K57 (a - X) . (105)

The equality in (105)) establishes a relation between the cumulant generating
function J, g and the function Kgq .. The following lemma leverages these
observations and presents the main result of this section.

Theorem 8.1. The cumulant generating function J, o » in (102) verifies the
following inequality for all o € (foo, %),

(1) 1 L 5o
Jzoa(a) < aKy, (fx) + 50 B (106)
where, the constant B, > 0 satisfies
1
B:= sup K, <—f), (107)
YEKQ,= ’ Y

with Ko » in (22)); and the functions KS)Z and Kg)z are respectively defined

n , and (67)).
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Proof: The function K¢ , in (21)) is differentiable infinitely many times over the
interior of the set Kg . (Lem. Thus, from the Taylor-Lagrange theorem,
c.tf., |28, Theorem 2.5.4], it follows that for all A € Kg , and for all o € (foo, %),
there exists a real £ € (—oo 1) such that

Y
1 1 1 2
Ko (a - X):KQ,Z (—X) +aKy), (7) + %Kg)z €. (108)

From (108) and Lemma[8.1] it holds that

1 1 a? e
Jz,Q,A(a)ZaKég,)z (_X> + 7Kég)z ). (109)
Finally, the inequality in (106|) follows from the maximization of the func-
tion Kg)z on the set ICg -, which completes the proof. ]

The main implication of Theorem is that the random variable W £ L, (©)
in is a sub-Gaussian random variable with parameter B, in (107]).

9 (6, ¢)-Optimality

This section introduces a probably approximately correct (PAC) guarantee of

optimality for the models that are sampled from the probability measure ©|7—=

in .

Definition 9.1 ((4, €)-Optimality). Given a pair of positive reals (6, €), with € <
1, the probability measure Pglg’z)‘iz mn is said to be (9, €)-optimal, if the
set L () in satisfies

PSRN (L2 (0) > 1~ (110)

For all § > 0, it holds that T (z) C L, (§), with the sets 7 (z) and £, in
and , respectively. Hence, from Definition it follows that if the prob-
ability measure Pgﬁ’z)iz in is (9, €)-optimal, then it assigns a probability
that is always greater than 1 — € to the set that contains models that induce an

empirical risk that is smaller than §. From this perspective, particular interest

PN

is given to the smallest ¢ for which Pgr 7~

is (9, €)-optimal.

The main result of this section is presented by the following theorem.
Theorem 9.1. For all (6, ¢€) € (0§ 5, +00)x (0, 1), with &5 , in [B32), there exists
areal X € Koz, with Kg,» in (22)), such that the probability measure P(S)Cfé)iz
is (0, €)-optimal.

Proof of Theorem : Let 0 be a real in (62272,—1—00), with 47, . in . Let
also A € Kg » satisty the following equality:

KY, (_X) <6 (111)
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Note that from Lemma , it follows that the function K l)z is continuous.
Moreover, from Theorem [5.2} it follows that such a A in (L11]) always exists.

From and , it holds that

Na.=(N) € L2 (), (112)
and thus,
A A
Poizls (£2(9)) > Pajz). (Na= (V). (113)
Let v be a positive real such that v < A and

PEY (Na=(1) > 1-e. (114)

The existence of such a positive real 7 follows from Theorem Hence,
from (114)), it holds that,

1 - e<Pgl) (Na.=(7) (115)
<P (L2 (0)), (116)

where the inequality in (116) follows from the fact that Ng .(7) € Ng 2(A) C
L. (). Finally, the inequality in (116 implies that the probability measure
X

P(E)?é)iz is (4, €)-optimal (Definition . This completes the proof. =

A stronger optimality claim can be stated when the reference measure is coher-
ent.

Theorem 9.2. For all (d,€) € (0,+00) x (0,1), there always exists a A € Kg 2,
with Kg 2 in , such that the probability measure PCE)?’Z/\z)z is (0, ¢€)-optimal if
and only if the reference measure @ is coherent.

Proof of Theorem[9.3: The proof is divided into two parts. The first part shows
that if for all (9, €) € (0, +00) x (0, 1), there always exists a A € Kg -, with Kg »
in , such that the probability measure Pg‘g’z)‘lz in is (4, €)-optimal, then,
the measure ) is coherent. The second part deals with the converse.

The first part is as follows. If for all (4, ¢€) € (0, +00) x (0, 1), there always exists
a A € Kg,z, such that

PSI (L2 (8)>1 —¢, (117)
then, it follows from Lemma [3.8| that for all 6 > 0,
Q (L= (9))>0, (118)

which implies that the measure @ is coherent. This completes the first part of
the proof.

The second part of the proof is as follows. Under the assumption that the
measure () is coherent, it follows that d5 , = 0. Then, from Theorem it
follows that for all (d,€) € (0,+00) x (0,1), there always exists a A € Kg 2,

with Kq » in (22), such that the probability measure ng’zﬁz is (J, €)-optimal.

This completes the second part of the proof. [ |
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10 Sensitivity

This section studies the sensitivity of the expected empirical risk R, (Defini-
tion to deviations from the probability measure ng’z)‘:)z in towards
an alternative probability measure P. Deviations from the probability mea-
sure P(G?Z)‘l
space (M, % (M)) might arise due to several reasons. For instance, if new
datasets become available, a new ERM-RER problem can be formulated using
a larger dataset obtained by aggregating the old and the new datasets [29]. Simi-
larly, the parameters @ (the reference measure) and A (the regularization factor)
in might be changed based on side-information leading to new ERM-RER
problems and thus, to new probability measures. Other techniques different
from ERM-RER might also be used to obtain a probability measure over the
measurable space (M, B (M)), e.g., Bayesian methods. Within this context,
the sensitivity is a performance metric defined as follows.

., towards an alternative probability measure P over the measurable

Definition 10.1 (Sensitivity). Given a o-finite measure @ € A (M, B (M))
and a positive real X > 0, let Sg x : (X x V)" x Ng (M, B (M)) = (—o0, +0o0]
be a function such that for all datasets z € (X x V)" and for probability mea-
sures P € Ag (M, % (M)), it holds that

R:(P)—R. (PS5Y,) ifreKqx

119
400 otherwise, (119)

SQA (Z,P) = {

where the function R, is defined in and the probability measure Pgl?’z)iz
s in . The sensitivity of the expected empirical Tisk R, due to a deviation

from Pglg’z/\:)z to P is Sg.a (2, P).

10.1 Dataset-Dependent Bounds

In the aim of characterizing the sensitivity Sg x (z,P) in (L19), consider the
following lemma.

Lemma 10.1. Given two probability measures P and Q over (M, (M)),
with Q absolutely continuous with P, the following holds for all z € (X x V)",

R: (Q) — R; (P)
(D (Q[IP) +log ([ exp (t (Lx (8) — R. (P))) de)))
t

< inf

, 120
te(—00,0) ( )

where the functions L, and R, is defined in and in , respectively.
Proof: The proof of Lemma [10.1] is presented in Appendix [V] ]
Lemma [T0.1] together with Theorem [8:1]lead to an upper bound on the absolute
value of the sensitivity Sg x (2, P) in (119).
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Theorem 10.1. The function Sg.x in (119) satisfies for all probability mea-
sures P € Ag (M, B (M)),

Sou (2, P)l<y/2B3,.D (PIPL,Y ), (121)

where the constant Bg , is defined in (107)).
Proof: The proof of Theorem [[0.1]is presented in Appendix [W] [

Theorem establishes an upper and a lower bound on the increase and
decrease of the expected empirical risk that can be obtained by deviating from
the optimal solution of the ERM-RER in . More specifically, note that for
all probability measures P € Ag (M, % (M)), it holds that,

R (P)>R. (PS15Y.) \/232D (PIPSE,) and (122a)
R. (P)<R. (PS.) +1/2B2D (PIPSY.). (122b)

The following theorem highlights the fact that the measure that minimizes the

expected empirical risk subject to a constraint in the relative entropy with
respect to the ERM-RER optimal measure Pglgz)‘ ) L in is also the solution to
an ERM-RER problem with parameters Q and w, for some specific w > 0.

Theorem 10.2. Given a o-finite measure @ € A (M, B (M)), a dataset z €

(X x Y)", and a nonnegative real X\ € Kq », with Kg » in , consider the
following optimization problem

min L.(6)dP(8), 123a
pPeA ((,‘2 ) (./\/l (@(M)) / ( ) ( ) ( )
®|Z==2

subject to: D (PHP(E)C‘QZ)‘)Z) <c¢, and (123b)

/ dP(#) =1, (123c)

with, ¢ a given nonnegative constant; ngz) the probability measure in ;
and L, the function in . Then, the solution to the optimization problem
in (123) is a probability measure P(E)|Zl satisfying for all @ € supp @,

drPSy) 1\ 1
| Z==2
TS oy (ko (D)@,
2= (9)=exp (Ko (1) - 22 0) (124)
with w € (0, A] such that
2)

( ®|Z zHP(E)C\QZ z) = (125)

Proof: The proof of Theorem [10.2]is presented in Appendix [X] [
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10.2 Dataset-Independent Bounds

Consider a probability measure, denoted by Pz € A( (X x V)" (F (X x )" )7

such that for all A € (ﬁ()(xy))n of the form A = A; x Ay x ... x A,
with 4; € Z (X x V) and i € {1,2,...,n}, it holds that

Pz (A) = ﬁny (A, (126)

t=1

where the probability measure Pyy is defined in . More specifically, Pz (\A)
is the probability measure induced by a random variable

Z = ((X17Y1)a(X27Y2)a--'7(Xn;Yn))7

in which the n random variables (X1,Y7),(X2,Y3),...,(X,,Y,) are indepen-
dent and identically distributed according to Pxy .

Let the set Kg, with Q € A (M, % (M)), be

Ko= (] Ka= (127)

z€supp Pz

where the set g, is defined in and the probability measure Pz is defined
in . The set g in can be empty for some choices of the o-finite
measure () and empirical loss function L, in . Nonetheless, from Lemma
it follows that when @ is a probability measure, then,

Ko = (0,400). (128)

Using this notation, the following corollary of Theorem [I0.1] provides an up-
per bound on the expectation of the sensitivity with respect to the probability

measure Pz in (126)).

Corollary 10.1. Given a o-finite measure Q € A (M, B (M)), for all X € Kq,
with K¢ in (127)), and for all probability measures P € Ag (M, B (M)), it holds
that

50 2. Pl apz()< [yf253 D (PIPSTY, )ara (),
(129)
where Bg , is defined in (107); the probability measure Pg‘)’z)‘lz s in ; and
the probability measure Pz is defined in (126]).

In the following theorem, the expectation of the sensitivity with respect to the
measure Pz in (126) is shown to have an upper bound that can be expressed in
terms of the lautum information between the models and the data sets.
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Theorem 10.3. Given a o-finite measure Q € A (M, B (M)), for all X € K,
with KCq in (127)), it holds that

/SQ,A z,P(E)Q”)‘dPZ(z)
A A
\/232 /D (PSP MRS, ) dPz(w), (130)

where the probability measure P(@?éiz is the solution to the ERM-RER problem
mn ; the probability measure Pz is defined in (126)); the probability mea-
sure P(E)Q’A) is such that for all A € B (M),

A A
PEN (A /P("l?z)z )dPz (2); (131)
and the constant B satisfies
Bé = sup Bé),z’ (132)
zesupp Pz

with Bq,» defined in (107).

Proof: The proof follows from Corollary In particular, from (129)), for
all probability measures P over (M, % (M)) absolutely continuous with @), it
holds that

s = PaPz() [285 .0 (PIFSY )apats) (133
g/\/QBQD (PIPSTSY, )dPz(2) (134)

(A
\/232 /D (PIPS),-.) dPz(2), (135)
where the inequality in (134) follows from ; and the inequality in (L35])

follows from Jensen’s inequality [27] Theorem 6.3.5]. This completes the proof.
|

Given a o-finite measure ) € A (M, % (M)) and a positive real A € Ko,
with g in (127), let Z and © be the random variables that jointly induce

a probability measure Pé%)‘) with marginals Pz in (126)) and P(QQ’A) in (131).
Under these assumptions, the right-hand side in (130 can be written in terms
of the lautum information [30] between the random variables Z and ©®, which

is denoted by L (Z;®). More specifically, note that
A A)
L(2:0) = [ D(PEVIPS). ) dPa(z). (136)

In a nutshell, it can be concluded that the expectation of ‘SQ, A (z, P(E)Q”\)) ‘ with

respect to the measure Pz in ([126) is upper bounded up to a constant factor
by the square root of the lautum information between the random variables Z
and O.
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11 Discussion and Final Remarks

The ERM-RER problem in has been studied under the assumption that
the reference measure () is a o-finite measure, instead of a probability measure,
which provides a larger flexibility for including prior knowledge on the mod-
els. Special cases of this general formulation include the ERM problem with
(discrete or differential) entropy regularization and the information-risk mini-
mization problem. In this general context, it has been shown that the solution
exists and is unique. Interestingly, the empirical risk observed when models are
sampled from the ERM-RER optimal probability measure is a sub-Gaussian
random variable that exhibits a probably-approximately-correct (PAC) guaran-
tee for the ERM problem. That is, for some positive § and ¢, it is shown that
there always exist some parameters for the ERM-RER optimal measure such
that the set of models that induce an empirical loss smaller than § exhibit a
probability that is not smaller that 1 — e. Interestingly, none of these results
relies on statistical assumptions on the datasets. Finally, the sensitivity of the
expected empirical risk to deviations from the ERM-RER-optimal measure has
also been studied. In particular, an upper bound on the expectation of the
sensitivity with respect to the dataset is presented. In some particular cases,
connections between the sensitivity and the lautum information between the
models and the data sets have been stablished.
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Appendices

A  Proof of Lemma [3.1]

The proof is divided into two parts. The first part develops under the assump-
tion that the set Kg » C (0,400) is not empty. The second part considers the
opposite assumption.

The first part is as follows. Under the assumption that the set K¢ . is not
empty, there always exists a real b € Kgq ., such that Kg ., (—%) < 4+00. Note
that for all 8 € M,

Con(LL0)=tl@eon(-TL@) >0 87

with L, in . Thus, from , it follows that Kg ., (—%) is nondecreasing
with b. This implies that (0,b] C Kg,». This proves the convexity of K¢ ».

Let b* € (0,400] be

b* =supKq . (138)
Hence, if b* = 400, it follows from that
Ko,z = (0,+00). (139)
Alternatively, if b* < +o0, it holds that
(0,0") C Kg,»- (140)

This completes the first part.

The second part is trivial. Under the assumption that the set Kg . in is
empty, there is nothing to prove.

This completes the proof.

B Proof of Lemma [3.2

Note that for all 8 € M and for all for all ¢ > 0, it follows that

exp (—% L. (0)) <1, (141)
with L, in . Thus,
Ko (—1 ) tos ([ e (-7 L2 @) a000)) (142)
<log ( / dQ(B)) (143)
<0, (144)

which implies that (0,+00) C Kg .. Thus, from , it holds that Kqg ., =
(0, +00), which completes the proof.
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C Proof of Theorem [3.1]

The objective function in the optimization problem in can be written as
follows:

I AN O 3Q< 10(60)+ 2 [ {50105 (55(0)) dQ @152
s. t/dP (145b)

with dP belng the Radon-Nikodym derivative of P with respect to Q.

Let /// be the set of nonnegative measurable functions with respect to the mea-
surable spaces (M, % (M)) and (R, # (R)). The Lagrangian of the optimization
problem in can be constructed in terms of a function in .#, instead of a
measure in A (M, % (M)). Let such Lagrangian be L : .# X [0,+00) — R of
the form

L(g8)= [ L0 G 014Q ) + A [ S wios (5 ) aQ )

45 ([ G5 P ) - 1), (146)

where 3 is a positive real that acts as a Lagrangian multiplier due to the con-

straint ((145b)).

Let g : R¥ — R be a function in .#. The Gateaux differential of the functional L
in (146) at (%,ﬁ) € M x [0,+00) in the direction of g is

( ag' 9 ) = %T(O‘)

where the real function r : R — R is such that for all « € R,

, (147)
a=0

)= [ L) (G5 @)+ a@w)

([ (G +as ) aQw) - 1)

[ (G5 @ +ag ) 0 (5 ) +ag ) 1@ (138)

Note that the derivative of the real function r in (148)) is

1or@= [ L) 9)dQ) + 5 [ 9 4@ )

0 [aw) (14108 (G5 0 +ag ) JaQ). (19
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From (147) and (149)), it follows that

oL (%,5;9) = /g(u) (Lz (v)+ A (1 + log (% (V))) +B) dQ (v).
(150)

The relevance of the Gateaux differential in (150 stems from |31, Theorem 1,
page 178, which unveils the fact that a necessary condition for the functional L

@
in (146) to have a minimum at (dP?QZ:z,,B) € M x [0,+00) is that for all
functions g € A,
arSY
oL %;g =0. (151)

ap@»
From (151)), it follows that % must satisfy for all functions g in .#
that

4p@N

Jowr [ Lewrea( 1t =52 0) ) ) +5 ) aQ) =0, (52
which implies that for all v € M,
Q.
dP(-(-)|le
and thus,
Q.2
%(V)ZGX (_M) ex (_LZ (V)) (154)
aQ PAUTTX PUTA )
with 8 chosen to satisfy (145bf). That is,
QA L. (v
dP(E)|Z=)z exp (— /(\ ))
a0 (v)= 0 (155)
[ew (-2 a0
1 1
=exp <7KQ7Z (fx) — XLZ (l/)) . (156)

The proof continues by verifying that the objective function in (145]) is strictly
convex, and thus, the measure P(E)?’Z/\:)Z that satisfies (155]) is the unique min-
imizer. More specifically, note that the objective function in (145) is the sum

P
of two terms. The first one, i.e., /Lz (v) dp (v)dQ (v), is linear in 9E. The

dQ d@
dpP dpP
second, i.e., / 10 (v) log <@ (u)) d@ (v), is strictly convex with g—g. Hence,
given that A > 0, the sum of both terms is strictly convex with %. This
(Q,%)

implies the uniqueness of (3‘QZ=z and completes the proof.
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D Proof of Lemma [3.3

For all 8 € M and for all (u,v) € T (z) x T (z), it follows that

Lz (0)>L: (v) =Lz (1), (157)
and thus, for all A € K¢ -, with Kg > in (22)), it holds that
L L L
oo () () ()
which implies
L.(6) L.(v)
exp (— exp (—

(160)

Hence, under the assumption that 7 (2) Nsupp @ # 0, for all 6 € supp @ and
for all (u,v) € (T (2) Nsupp Q)?, it holds that

(Q,\) (Q,\) (Q.A)
%ﬁ (0) < dP@i (p) = drbﬁ (v). (161)
dQ dQ d@

which completes the proof.

E Proof of Lemma 3.4

From Lemma it follows that for all A € Kg -, for all @ € supp @, and for
all p € T (z) Nsupp Q, it holds that

QA QA
CU:)(('-)|Z=)z CU:)((--)|Z=)z
o O3 (162)
—exp (Koo (1) - 1L () (163)
=exp (—K@z (—%)) (164)
<00, (165)

where the equality in (163]) follows from ; the equality in (164) follows
from the fact that L, () = 0; and the equality in (165) follows from the fact

that A € Kg .. This completes the proof of finiteness.

The proof of positivity follows from observing that for all A € Kg ., it holds
that Kq . (—%) < 400, and thus, exp (—KQ’Z (—%)) > 0. Moreover, for
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all A € Kg,» and for all 8 € supp (@, it holds that L, (@) < +o0, which im-
plies that f%Lz (6) > —o0, and thus, exp (f%Lz (0)) > 0, with equality if and
only if L, (6) = +o0. These two observations put together yield

o () cup (a0 (1) - L1 0) (166
=exp (—KQ,Z <—§\)) exp ( /I\L (9)) (167)
>0, (168)

with equality if and only if L, (8) = +o0. This completes the proof.

F Proof of Lemma [3.6

From Theorem [3.1] it follows that for all A € Kg . and for all 8 € supp Q,

apL@» exp ——Lz(g)
OlZ== g)= ( ) (169)

e
:(exp( >/xp( L- v ) ))7 (170)

:(/ exp (% (L. (6) — L, (u))) dQ (u)>_1 . (171)

Given 0 € supp @, consider the partition of supp @ formed by the sets A (0), A; (0),
and Aj (0), which satisfy the following:

Ao (0)2{v € suppQ : L, () — L, (v) =0}, (172a)
AL (0)2{v csuppQ : L, () — L, (v) <0}, and (172Db)
Az (0)2{v c suppQ : L, (0) — L, (v) > 0}. (172¢)

Using the sets A (0), A; (0), and Az (0) in (171)), the following holds for all A €
Kq,~ and for all 8 € supp @,

QN
dP@\z z (6)= / Xp<
dQ Ao(6)
/ exp
A1(0)
/ exp (
A2(0)

- (cz (4o (6)) + /,4 O (§ (L2 (0) ~ Lo () ) 1Q )

+ / exp (
A2(0)

>/\>—*
N
N—

/N
>/\'—'
—
5
N—— \\_// N—
jol
O
—
X
~—

>/\’—‘
—
E/

dq (V)) (173)

> =

(L (0) ~ L () ) dQ <u>> o am

Inria



Empirical Risk Minimization with Generalized Relative Entropy Regularizationd3

Note that the sets

{vesuppQ:L:(v)=65.}, (175)
{vesuppQ: L. (v)>d5 .}, and (176)
{vesuwppQ: L. (v) <.}, (177)

with 557z in , form a partition of the set supp ). Following this obser-
vation, the rest of the proof is divided into three parts. The first part eval-

(Q,X)

ap,
uates limy o+ —55—= (6), with 6 € {u eEM:L,(v)= 6227z}. The second

part considers the case in which 6 € {u eM:Ly(v)> 52(2,2,}' The third part
considers the remaining case.

The first part is as follows. Consider that 8 € {I/ EM:Ly(v)= 5227z} and

note that {V EM:L,(v)= 5672} = Lf) .. Hence, the sets Ay (0), A; (6),
and Ay (0) in (172) satisfy the following:

Ao (0) = L3, -, (178a)
A1(0) = {pesuppQ: L. () >65,}, and (178Db)
Ay (0) = {u esupp@ : L (p) < 622’2} . (178¢)

From the definition of 65, , in ([32), it follows that @ (As (6)) = 0. Plugging the
equalities in (178)) in (174)) yields for all 8 € {1/ eEM:L,(v)= 622,z},

Hor oo [ oo} @ Len)aaw)

The equality in (179) implies that for all 8 € {V eEM:L,(v)= 5672} ,

dPSY
. | Z==z *
A TaQ (0):<Q (£a-)
-1

. 1
+ lim o) exp (X (L (0) — L, (ll))) dQ@ (1/)) (180)

A—01

SN (181)

Q(£5.)

where the equality in follows from verifying that the dominated conver-
gence theorem |27, Theorem 2.6.9] holds. That is,

(a) For all v € A (), it holds that exp (5 (L () — L. (v))) < 1; and

(b) For all v € Ay (0), it holds that

Jlim exp (% (L. (6) — L, (;;))) 0. (182)

This completes the first part of the proof.
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The second part is as follows. For all § > 4, z and for all 8 € {1/ € supp @ :
L. (v) = 6}, the sets Ao (0), A; (6), and A (0) in (172) satisfy the following:

Ao (0)={p € suppQ : L. (n) = 3}, (183a)
Ay (0)={p € supp@ : L, (n) > ¢}, and (183b)
As (0)={p € suppQ : Lz (1) < 6} (1830)
Consider the sets
Az (0)2 {u €Ay (0): Ly () < 5(3;} , and (184)
Az 2 (0) {ueAg (0):05, <Lz(p) <5}7 (185)

and note that As 1 (0) and Ay o (0) form a partition of Ay (0). Moreover, from
the definition of 4f, , in (32), it holds that

Q (A2, (0)) = 0. (186)

Hence, plugging the equalities in (183) and ((186) in (174)) yields, for all 6 > 45 ,
andforallOG{VGM L. (v )f(S},

4P@N

T 08|Z=z o 1
G @=(eor [ en(f0)-Le))dew

+/A2,2(9) exp (% (Ls () — L. (u))> 40 (y))l_ (187)

The equality in (187) implies that for all § > 47, . and for all 8 € {l/ e M:

v) =6},

drgl),
Jim =S5 (0)=( @ (40 (9))

—1

. 1
L A (F L0 -L.w))dQw) ) (188)
= (Q (Ao (0))

+ lim exp (% (Lz (0) - Lz (V))> d@ (V> > (189)

A—0+ Az 2(0)

=(Q (A (8)) +o0) " (190)
=0, (191)
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where the equality in follows by verifying that the dominated convergence
theorem [27, Theorem 2.6.9] holds. That is,

(a) For all v € A (0), it holds that exp (1 (Lz (0) — L. (v))) < 1; and

(b) For all v € A, (0), it holds that

Jlimexp (% (L. (6) — L. (;;))) 0. (192)

This completes the second part.

The third part of the proof follows by noticing that the set {l/ € supp @:

L. (v) < 52‘2"2} is a negligible set with respect to @ and thus, for all 8 €

(Q;2)
B|Z==z

{I/ esupp@: L, (v) < 6é’z}, the value dPT (0) is immaterial. Hence, it
is arbitrarily assumed that for all 8 € {I/ esupp@ : L, (v) < 0f 72}’ it holds

that

(@)
dP®|Z:z

30 (6) =0. (193)

This completes the third part of the proof.
Finally, from (181]), (191)), and (193]), it follows that for all 8 € supp @,

dP((aQ’Al 1

. |Z==

lim (0)= Trgcrs s (194)

-0t dQ Q <[’*Q,z) {oecy .}

which completes the proof.

G Proof of Lemma

Consider the following partition of the set M formed by the sets
Ao2{0 e M: L. (0) =65}, (195a)
A E{6eM:L;(0)<d5,}, and (195b)
AE{O e ML (0)>65.}, (195¢)

With 05,» in and the function L, in (). Note that Ay = L}, ,, with £}, ,
in (33).
For all A € K¢, the following holds,

A A A
1=PSY (o) + PSTY . (A) + PSTY | (Ao) (196)
=PI (Ao) + PSS (As) (197)
A A
=Pl (Ao) + /A drgY (8), (198)
2
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where, the equality in (197]) follows from noticing that P(E)Clg’z/\:)z (A1) = 0, which

follows from the definition of 4, , in and the fact that the probability

measure P(Q’A)

©| 27—~ 18 absolutely continuous with the measure Q.

The above implies that

\ PSLY
1= Jim PTRY (Ao) + i [ —3EZ(0)dQ(0) (199)
\ drgly)
= lim PSIY (o) + /A Jim =S (0)age)  (200)
= lim PN (A, (201)

Ao+ ©OlZ=2

where, the equality in (200) follows from the dominated convergence theo-
rem |27, Theorem 1.6.9], given that for all A € Kg ., the Randon-Nikodym

Ap@N
derivative % is positive and finite (Lemma ; and the inequality in (201))

(@0
holds from the fact that for all 8 € A,, it holds that limy_,q+ oz (6) =0

dQ
(Lemma [3.6]). Hence, it finally holds that

: Q) _
i PO (£5.) =1, (202)

which completes the proof.

H Proof of Lemma [3.8

For all XA € K¢ », with K¢, in , and for all C € # (M),

) dPg};
R =z
P (0= [ =522 0)aq(6), (203)
c
and thus, if @ (C) =0, then
A
P& (0)=0, (204)
which implies the absolute continuity of Pg‘g’z)‘iz with respect to Q.

Alternatively, given aset C € 2 (M) and areal A € K ., assume that PCE)QI’ZQZ €)=

0. Hence, it follows that

0=PG152, (C) (205)
rdrgy,
- [ =SE2= 0. (206)
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From Lemma and the assumption Q ({0 € M :L, () = +oco}) = 0, it
holds that for all 8 € supp Q,

(@)
dP®|Z:z

a0 (6) >0, (207)
which implies that
p@N

d B|Z==z o
/C o2 (6)dQ 6)-0, (208)

if and only if @ (C) = 0. This verifies the absolute continuity of @ with respect

to ng*zﬁz, and completes the proof.

I Proof of Lemma [3.9

The proof is presented in two parts. The first part shows that if for all § €
(0, +00), the inequality in holds, then, @ is coherent. The second part
shows that if there exists a 6 € (0,+00) such that

PoiyY (£ (9))=0, (209)

then @) is noncoherent.

The first part is as follows. Note that for all § € (0,400) and for all 8 €
L (6) Nsupp Q, it holds from Lemma [3.4] that

A
dP‘(%iz () > 0. (210)
Hence, if for all § € (0, +00), the inequality in holds, then
0< ng’;;z (L. (5)) (211)
_ /L B P . (6) (212)
(@A)
“ | Yo 0)4q0), (213)

which, together with (210)), implies that for all § € (0,+), Q (L. (5)) > 0.
Hence, @ is coherent.

The second part is as follows. Assume that there exists a § € (0, +00), for which
it holds that P2, (L2 (6)) = 0. Hence, the following holds for such ¢,

B|Z==z
0= P& (£ (5)) (214)
:/ APyl . (6) (215)
L (8)

ap2)

|Z==
= —2Z=2 9)4Q (). 216
/Lz@ 972 (6)dQ(6) (216)
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From Lemma it holds that for all
in (210) holds, which implies that Q (L, (9)
This completes the proof.

€ L, (5) Nsupp@, the inequality
) = 0. That is, @ is noncoherent.

J Proof of Lemma [3.12

Consider the function g : M — [0, +00),

—1

(Q,a) (Q.8)
dPG) Z=z dP@ Z=z
90 =—35— O —q5-©] - (217)

and note that from Lemma it holds that for all 8 € supp@ \ {1/ e M:
L. (v) = 400}, g(0) >0 and for all @ € {r e M : L, (v) = +o0} , g(0) =0,
which follows from the assumption 0 - % =0.

Consider a measure P on (M, % (M)), such that for all sets A € B (M),
P = [ s00ar8 ) (218)

and note that if Pglz’zﬁz)z (A) =0, then P (A) = 0. This implies that P is abso-
lutely continuous with Pgl?’zﬂz)z(A). Moreover, from (218)), it follows that

-1

8|z== 8|Z== (@.8)
P = 0 0 dpP, 0 219
W= [ === =520 ) arg).e) (219)

~1
B / el o) (Mo ol (6)dQ(6) (220)
4 dQ d@ d@
dP(Qv‘X)
O|Z==z
= [ —5—(0)dQ(6 221
| —5&= @) (221)
- /A dPSTyY . (0) (222)
= PgY (A). (223)
This proves that P2 s absolutely continuous with P2 . The proof that
P 0|Z== Y ©|Z=z" p

Pgl?é@:)z is absolutely continuous with Pgl?’za:)z follows the same argument. This

completes the proof.

K Proof of Lemma [4.1]

Consider the transport of the o-finite measure @ in from the measure
space (M, % (M)) to the measure space ([0, +00), % ([0,+00))) through the
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function L, in (5). Denote the resulting measure in ([0, 400), 2 ([0,400)))
by P. More specifically, for all A € Z([0,+00)), it holds that P(A) =
Q{0 eM:L,(0) € A}). Hence, the function Kg . in can be written
for all t € R in terms of the measure P as follows

Kq.» (t)=log (/ exp (tv) dP(v)) . (224)

Denote by ¢ the Laplace transform of the measure P. That is, for all ¢t €
(07 +OO)7

6(0) = [ exp (t0)dP(w) = exp (Fo.x (-1). (225)

From |32, Theorem 1la (page 439)], it follows that the function ¢ has derivatives
of all orders in (0,400), and thus, so does the function K¢ , in (—o00,0). This
implies the continuity of K¢ » in (—o00,0), and completes the proof.

L Proof of Lemma (4.3

Let (v1,72) € R?, withy1 # 72 and a € [0, 1] be fixed. Assume that K¢ » (71) <
+o0 and K¢ - (72) < +00. Then, for all « € (0,1), the following holds

aKqz(m)+ (1 - a)KQ e (vz)

= alog </ exp (71 Lz )

+<1—a>log(/ exp (12 L2 (6)) 4Q(0) ) (226)

. Pl

—|—10g< /exp >(1 0‘)> (227)
([ e

1L
( (12 L=
os ([ swion - @ a0t0 ))( [ etz @) aaie >)(1_Q))<228>
= log

( exp (11al; (0))° dQ(")) '

([ e 6ot -t (0))qu(9))é) (229)
> tog ([ exp (nal @) exp (1 - a)L. (6)) dQ(6) ) (230)
=10 ( [ e (a0 - ) L2 6) )a0(0)) (231)
=Koz (ma+1(-a), (232)

where the inequality in (229) follows with @ = 1 and 1 — a = ; the inequality
in (230) follows from Hoélder’s inequality. Hence, equality in (230]) holds if and
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only if there exist two constants 87 and (2, not simultaneously equal to zero,
such that the set

AE{0 e M:piexp(mial; (0)” = Baexp (12(1 —a)L. (0))7}  (233)

={0 € M: Brexp(mlz(0)) = Brexp (12l (0))} (234)
~{oe Mo (on -t 0) = 2} (235)
_ . _loe g
_{eeM.Lz(e)_(%_m}, (236)
satisfies
QA =1. (237)

That is, strict inequality in (230 holds if and only if the function L, is separable
with respect to the o-finite measure Q. When a@ = 0 or o = 1, the proof is trivial.
This completes the proof.

M Proof of Lemma 4.4

For all s € Kq, with Kg» in (22), the equality in implies the follow-

ing,

K. (=1 )= oe ([ e el 0))a00)) (238)
1 :
~ Texp (tLs (v)) dQ(o) [L@epL.©)dq0) (@)

s

~Jexp (-1 Li (v)) dQ(v) /Lz (6) exp (—é L. (0)> dQ(8) (240)

S

—exp (~Kos (1)) [Le@en (-5 L.0) d6)  2u)
- [L@e (~Kox(-1) - 1L @) a0 (242)

- / L. (6) AP (6). (243)

where the equality in (239) holds from the dominated convergence theorem
[27]; the equality in (241) follows from ; and the equality in (243) follows
from .

For all s € Kq,,, with Kg , in , the equalities in and (242) imply
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that

@ (_1)2% / L. (8) exp (—Ko.= (1) + t Ls (8)) dQ(8) (244)

— 1
t=—7%

Lz (0) (—KG% () + L2 (8)) exp (—Kq.= (t) + tL- (6)) dQ(9) (245)

— 1
t=—5

/
Jreo (R (L) o) (s () - )t
/

~ [0 (_Kg; (-%) +L. (0)) QP (0) (246)
— &L (1) [L@arg 0+ [orarg o e
(k. (D) + [ @rags e (219
(@ (L) arg o (219

where the equality in (245|) follows from the dominated convergence theorem
[27]; the equality in (246] is due to a change of measure through the Radon-
Nikodym derivative in (25)); and the equality in (248]) follows from (243)).

For all s € Kq 2, with Kg - in , the equalities in and (248) imply
that
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1
()
Qz\ "%

-5 ([ el o) - (16 0)) (250)
-2 ( / (L2 0% exp (~Kx (1) + 112 (6)) )@ (0)

— (K <t>)2> (251)
:/(L 0))? (iexp(—f(@,z (1) +tLs (8)) )dQ 0)

2Ky, (t) K5, (t) (252)
= / (L= (8))° ((Lz (0) — K. (1)) exp (—Kq = (1) + L (6)) ) dQ (9)

2Ky, (t) K5, (t) (253)
[ @7 (L@ -k§. () o (~Kax (1) - 3L @) d@(0)

(D))
—[ w0 (L0 - K5 (1) ) arssL. o

it (1) ()
~[ 0" ar;) )
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where the equality in (251) follows from (25)); the equality in (252) follows from
the dominated convergence theorem [27]; the equality in (255]) follows from ;
and the equality in (257) follows from (248)). This completes the proof.

N Proof of Theorem 5.1

The proof is based on the analysis of the derivative of K S)z (—%) with respect
to A in intKq . That is,

d 1 1 2 1
aKQ7z —X :FKsz —X (260)

>0, (261)

where the equality in (261]) follows from Lemma From Lemma the
inequality in (261)) implies that the expected empirical risk R, (Pé’Z:z> =

K g)z (—%) in is nondecreasing with respect to A. That is, given two reals A\;

and Ao, with Ay > Ay > 0, it holds that
(Q@X1)\ _ (1) 1 (1) 1Y\ (@)
R (Poipal) = Ko, (—A—) > Ky, (‘E) =R. (PS2). (262)

The rest of the proof consists in showing that for all o € Kg ., the function K g)z

in satisfies Kg)z (—é) > 0 if and only if the function L, in is separable.
For doing so, a handful of preliminary results are described in the following
subsection. The proof of Theorem resumes in Subsection

N.1 Preliminaries

Given a positive real A € Kq -, with Kg - in (22), consider a partition of M
formed by the sets Ro(A), R1(A) and Ra(A), such that

Ro(N&{v e M: L. (v) =R. (PG} (263a)
Ri(NE{v e M: L. (v) <R. (PS7).)}, and (263b)
Ro(N)2{v e M: L. (v) >R, (P, )} (263c)

where the function R, is in and the probability measure P(QQ"ZAZ)Z is in .
Note that the value R, (P(@(“?Z)iz) is the ERM-RER-optimal expected empirical
risk in .

The sets in (263)) exhibit several properties that are central for proving the main
results of this section.

Lemma N.1. The probability measure P(gﬁ?’;:)z mn , satisfies

P (Ri(N) > 0, (264)
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if and only if

PSR (Ra(3) > 0, (265)

where the sets Ri(a) and Ra(a) are in (263b]) and (263d), respectively.

Proof: The proof is divided into two parts. In the first part, given a real
a € Kq,z, it is proven that if the set R4 (a) is nonnegligible with respect

to pgl?vz"‘:)z , then the set Ry («) is nonnegligible with respect to PCE)C‘?’ZO;)z . The

second part of the proof consists in proving that, given a real o € Kg ., if
the set Rgo («) is nonnegligible with respect to P then the set R, () is

B|Z=z"
P(Qva)

nonnegligible with respect to ©Z—= -

The first part is proved by contradiction. Assume that set Ry («) is negligible

with respect to ng’za:)z . Hence, from Lemma it holds that

1 @ ,Q
KS), (_7)2 / L. (v)dPSTSY, (v) + / L. (v)dPSTSY, (v)
Ro(e) Ra(e)

(0%
+ / L. (v)dPgTyY, (v) (266)
Rg(a)
—[ LR e [ Lwar e )
Ro(a) Ri(a)
1 . X
=g, (—g) PolY . (Ro(a)) + /R ( )Lz (V) ARSI, (v)  (268)
1(a
1 o 1 o
<K (=5 ) PG Rote)) + K (=3 ) PG (Ra(e) (269
1 (o3 ,Q
KO, (1) (PR (Ro() + P (R (0) (270)
_ <1>( 1)
=Koz \—7 271
Q.= al’ ( )

which is a contradiction.

The second part of the proof follows the same arguments as in the first part.

Assume that the set R; («) is negligible with respect to PCE)?’Z(QZ . Hence, from
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Lemma @, it holds that

1
K ()= Ll o [ Lears o
Ro (a) R1 (a)

+ [ L aPe o) (272)
2

- / L (v) dPS) () + / L. (v)dPS) (v)  (273)
RO(Q) Rz(a)

~KY, (_l) PSS, (Ro(a) + /72 0 AP () (274)
K, (1) PG, (Ry(@)
PEGL (1) P, (Rae) (275)
KO (1) (P22 (Rota) + P (Ro(a) (276)
x5 (). (277)
which is also a contradiction. This completes the proof. n

A more general result can be immediately obtained by combining Lemma [3.12]
and Lemma [N11

Lemma N.2. For all o € Kq., with Kq . in [22)), the measure Pglg’;iz
n , satisfies

PSS (Ri(e) >0, (278)
if and only if
P (Ra(a)) > 0, (279)

where the sets Ri(a) and Ra(a) are in (263b]) and (263d), respectively.

N.2 The proof

The rest of the proof of Theorem [5.1]is divided into two parts. In the first part,
it is shown that if for all o € Kg, ., Kg)z (—i) > 0, then the function L,

in is separable. The second part of the proof, consists in showing that if the
function L, is separable, then, for all o € K¢ 2, Kg)z (—é) > 0.
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The first part is as follows. From Lemmal[4.4} it holds that for all a € K-,
@ (1 @ (1)) gp@e
kG (=)= (L0 - KoL (-~ ) ) arS2. (0 (280)
1)\’ o
= / (Lz (0) — K, (—f)) APyl (8)  (281)
Ro () «
1\\? N
+ / (Lz ) - K, (_7)) APyl () (282)
Rl(a) «

11)2 .
+/m >(Lz (®) =Ko (*&» APyl (9),  (283)
2\

where the sets Ro(a), Ri(a), and Rz(c) are respectively defined in (263]).

Hence,
K (—1>:/ (Lz 6) - K <—1))2dP(Q’a) (6)
PN o) Ry 9=\ a elz=z
2
4 / (Lz 0) - K (—l)) AP (9)  (280)
Ra(7) A\ a 7=
<10 K(l) 1 QP(Qvoé) R
D O Y @\z:z( 1(@))
1\ (0.a
+(sunte 0) - K (~)) PSR Rate). 259)

Under the assumption that for all & € Kg . the function KC(; )z in satis-
fies Kg)z (=2) > 0, it follows from ([285) that

1
a

11)\? N
0<(0- 58, (~1)) PSS (Rata)

1\ (0.
+(wte @) -G (1)) PSR Ra@). 256)
Note that if
PS5, (Ra(e) > 0, (287)
then, 0 # KS)Z (f%) Moreover, if
P (Ra(a)) > 0, (288)

then, supg L, (0) # K, S)z (—=1). Therefore, the inequality in (286)) implies that
at least one of the following claims is true:

(a) PyT5”, (Ri(a)) > 0; and

(b) P57 (Ra()) > 0.
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Nonetheless, from Lemma it follows that both claims (a) and (b) hold
simultaneously. Hence, the sets Rq(a) and Rz(a) are both nonnegligible with
respect to P(egl?’zo‘:)z and moreover, it holds that for all (v1,v2) € Ri(a) X
Rg(a),

Ls (v1)> KO <—é) >l (v2). (289)

This proves that under the assumption that for all o € Kg,», Kg)z (—i) > 0,
the function L, in is separable with respect to P(E)q'?’za:)z. From Lemma it
holds that the function L. is separable with respect to ). This completes the

first part of the proof.

The second part of the proof is simpler. Assume that the empirical risk func-
tion L, in is separable with respect to P(E)Clz’za:)z. That is, for all v € Kg 2,
there exist a positive real ¢, > 0; and two subsets A(7y) and B(y) of M that are
nonnegligible with respect to P(S)C\?;iz in and verify that for all (v1,v9) €
A(v) x B(v),

Ly (v1)> ¢y >Ls (v2). (290)

From Lemma [4:4] it holds that

2
@ (_L1\_ m (_1 @)
K2, (_;)_ / (L2 0) -~ K. (_;)) aP3) () (201)
2
[ (w@-rg(-1)) a2 @ (292)
A(y) ' v
1 2
o) (Lo-K8 (=) arg o (203
B(v) v
1 2
- (@ - k8.(=3)) arsi. o) o
M\(A(7)UB(Y)) v
>0, (295)

where the inequality (295 follows from the following facts. First, if ¢, <
K, (=1), with ¢, in 290), then for all v € B(y), it holds that

Q=73
(Lz 6) — K, (—i>)2>(c7 - Ky, (—i))z : (296)
and thus,
/Bm) (Lz 0) - K, (—i))g dPgl (9)><c,y ~ K, (—i))g P (5297)
>0. (298)
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Second, if ¢, > Kg)z (—%) then for all v € A(7), it holds that

(Lz (6) — K, (—i))2><c,Y - KY), (—i))g (299)

and thus,

1 2
[ (-5, (-2)) arsiz. o
A7) v

1 1\ ,
>(e - K (-2)) PSR ) (300)
>0. (301)
Hence, under the assumption that the empirical risk function L, in is sep-

arable, it holds that for all v € Kg ., Kg)z (—%) > 0. This completes the
proof.

O Proof of Lemma 5.2

Consider the partition of the set M formed by the sets following sets Ay, A1,

and Ay in (195). From , for all A € Kq, ., with Kg » in , it holds
that,

1
K9 (=5)=[ Lo o+ [ L@ar$) e oo
0 1
+ /A L. (8)dPg5” . (6) (303)

- /A L. (0) dPgy” . (6) + /A L. (8)dPST;Y (6) (304)
0 2

* A * A
=04 Poip (L) + /A L. (6)dPST,Y (6) (305)
2
* A * * A
208, . Poig (L6.2) + 06 . Poip  (As) (306)
=07 21 (307)

where, the equality in (304) follows by noticing that @ (A;) = 0, which im-

plies that P(E)Ql’ZA:)z(./h) = 0 (Lemma ; the equality in (305)) follows from
noticing that Ag = L, ,, with L7, , in (33); and the equality in (306]) follows
from (|195c]).

This completes the proof.
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P Proof of Theorem [5.2

From ([305)) in the proof of Lemma it holds that

ORI W @) (@)
Jlim KL, (—X>_Ali>%1+ 0 PTpL(Ly )+ lim / 6)dPL3) . (6)(308)
_ (Q,\) *
A£m+ 00,2 Poiz=2(£5,2)
@A)
+ lim / @'Z eiz== 9)40(6) (309)
(Q.N)
—A£m+5Q,zP®|Z (L5, )
rigy
L. (0) lim ——==2(0)dQ(0 310
+ [ L (o) lim =522 (0)d0e) (310)
—6Qz hm P@|Z (L£52) (311)
_6Q,za (312>
where, the equality in (310) follows from noticing two facts: (a) For all A €
(@)
Kq,z, the Randon-Nikodym derivative dP(Zg == is positive and finite (Lemma ;

and (b) For all 8 € A,, it holds that limy g+ dPTQZ” (6) = 0. Hence, the dom-
inated convergence theorem |27, Theorem 1.6.9] holds. The inequality in (311)
follows from Lemma [3.7 This completes the proof.

Q Proof of Theorem

From Theorem [5.1] it follows that for all (A1, A2) € Ko x Ko, with Ay >
)\2,

(@, 1) (Q;X2)
/ L. (@) 0= (0 aQ (a)> / L (@) 022 () aQ (), (319
d@ d@ ’
which implies the following inclusions:
Rl(AQ)gRl(Al), and (314&)
R2(A)CRa(A2), (314b)

with the sets R1(-) and Ra(-) in (263). From (84), it holds that for all i €
{1,2},

Nz (Xi) = Ra(Xi)S, (315)

where the complement is with respect to M. Thus, the inclusion in (314b)) and
the equality in (315]) yields,

Ng.2(A) 2 Ng.2(A2). (316)

RR n°® 9454



60 Perlaza, Bisson, FEsnaola, Jean-Marie, and Rini

The inclusion M D Ng (A1) follows from (84). Alternatively, the inclu-
sion N 2(A2) 2 ./\/é,z, follows from Lemma and from observing that for
all v e N§ .

QA *
Rx (PoTz2)) 205 - (317)
2L: (v), (318)

which implies that v € N »(\2). This completes the proof of .

The proof of is as follows. From the mean value theorem [27] and the as-
sumption that the empirical risk function L, in is continuous on M, it follows
that for all A € Kq -, there always exists a model 8 € M, such that

L (6)= [ L (@ P (). (319)

Which implies that Ro (\) is not empty, and as a consequence, Ng . (\) =

Ro (A) URy (N) is not empty. Hence, for all 8 € Ry (A1) it holds that 8 ¢
NQ 2 (A2). This proves that the elements of Rg (A1) are in N » (A1) but not
in Mg > (A2). This, together with (316]), verifies that

NQ,Z (Al)DNQ,z ()\2) . (320)

The strict inclusion M D N »(\1) is proved by contradiction. Assume that
there exists a A € Kg , such that M = Ng,(X). Then, Ry (A) = 0 and

thus, P2 (R2(A)) = 0, which together with Lemma implies that

O|Z==z
P (E)?ZA : . (R1 (X)) = 0 and consequently,
A
ngz Y (Ro(N) = 1. (321)

This contradicts the assumption that the function L, is separable (Deﬁnition.
Hence, M D Ng .(A\1).

Finally, the strict inclusion Ng »(A2) D N, is proved by contradiction. As-
sume that there exists a A € Kq - such that N , = Ng 2(A). That is,

{6eM:L.(0)<8,.}=N5. (322)
=No.=(\) (323)

~{oemi@<rg (1)} e

Hence, three cases might arise:
(a) there exists a A € Kq,», such that dg, , < KS)Z (=) and it holds that

{u eEM: 6, <L, (v) <KY. (_i)} = 0;
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(b) there exists a A € Kq », such that 7, , > Kc(,gl)z (—1) and it holds that

Cgw (1 _ 0
{V EM: K, (_X) <L, (v)< 52212} = 0;
or (c) there exists a A € Kq 2, such that o5, , = KS)Z (-3)-

The cases (a) and (b) are absurd. Hence, the proof is complete only by consid-
ering the case (c). In the case (¢), it holds that,

N={veM: L (v) <.}, (325)
and from the definition of (52272 in , it holds that

PSR (R (V) =0 (326)

From Lemma and (326)), it follows that,

PSY . (Ra(M) =0. (327)

Finally, by noticing that

1=PSY  (Ro (W) + PS5, (R (V) + PSR (Ra (V) (328)

=PSY . (Ro (), (329)

reveals a contradiction to the assumption that the function L, is separable with

respect to PCE-)C|22>\ ., (and thus, separable with respect to @ by Lemma . This

completes the proof of .

R Proof of Theorem [7.2]

The proof of is based on the analysis of the derivative of P(E)Q'?Z’\ )z (A) with

respect to A, for some fixed set A C M. More specifically, given a v € K¢ , it
holds that

dP(QV)
PoizLs (A)= /A %( ) dQ (e), (330)

and from the fundamental theorem of calculus [33], it follows that for all (A1, A2) €
Ko, x Kg,> with Ay > Ag,

A1 d
PSR - PSR = [ PG e @
Mg dpécfg)z
/ @)dQ (e)dy  (332)
A2 de/
P(Q;’Y)
/)\ ®\Z z( )dQ(a)d’y, (333)
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where the equality in (332]) follows from (330)); and the equality in (333) holds
from Lemma [3.4| and the dominated convergence theorem [27].

For all 8 € supp Q, the following holds,

(Q,\) L.(6
ddAdPii :% - (L_/\)) (334)
“ /exp (— : (")) dQ (v)
L @ (-42)
/exp ( ZA(”)) dQ (v)
L.
%eXP(_Lz§9)>/'—z (a)eXp( §a>)dQ( )
- (335)
L. (v) 2
(/eXp (_ A )dQ (”))
L g YRSl
:ﬁl-z C) T (6)
1Py, dPgl7”
DY dQ 0) / L. (v) a0 (v)dQ (v) (336)
L dP@Y
=z (375 ©) (Lz (0) - / L. (v)dPST,Y (u)) . (337)
Plugging (337) into (333) yields,
Pé?z*ll (A) = Poiz2L (A)
P(Q 50)
/ Glz . ( / - () dPg (u)) dQ () dy (338)
A2
A1
-/ /A o (Lz () - / WAPED. ) aPSY (@) (339)
Note that for all e € N - (\2), it holds that for all v € (A2, A1),
@) - [ L) argy) w) <o, (3140
and thus,
1 Q) (@)
= \Lz (@)= [ Lz (v)dP, P, <0. (341
/j\[sz(Az) ~2 ( () / (v) e|zZ= z( )> ®|z= z(a) (341)
The equalities in and , with A = Ng > (A), imply that
PET. (N = () = PS222) (Ng = (1)) <0. (342)
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The inequality 0 < Pglgz/\ Y (Ng,2(A2)) in is proved by contradiction. As-
sume that for some A € Kg . it holds that 0 = P(_(_)C‘QZ)\)Z(NQZ(AQ)). Then,
pg?;>z(R0<A2>) PSR (Ri(X2)) = 0, which implies that o7, (Ra(Ms)) =
1, which is a contradiction. See for instance, Lemma [N:2] This completes the

proof of .

The proof of is divided into two parts. The first part shows that if for all
pairs ()\1,)\2) S /CQ 2 X /CQ 2= with Ay > g,

PEI (Ng.=(X2)) < PSS (N 2(Ma)), (343)

then the function L, is separable with respect to Q. The second part of the
proof shows that if the function L, is separable with respect to @), then, for all
pairs (A1, A2) € Kg.» X g » with A1 > A9, the inequality in (343) holds.

The first part is as follows. In the proof of Theorem [7.1]it is shown (see (339))
that for all pairs (A1, A2) € K,z x Ko,z with Ay > Ay,

P (No.z (M) — PSS, (o 2 (M)

:/Ajl //\/Q,Z(AQ) 2 <Lz (a) = / = (v )dP(ED|2)z (v )> dPC-(-)C\?Z’Y)z (o) dy(344)

Assume that for a given pair (A1, A\2) € Kg 2 XKg 2, with Ay > A2, the inequality

in ((343) holds. Then, from (344]),
A1
1
o> [ [ (k@ [Leary w)ar$ @@
X2 INg=(A2) Y

S M;(Lz (@)~ [ L ) APE2, ) AP, (0 y (345

where the equality in (345) follows from noticing that Rg (A2) and Ry (A2) form
a partltlon of Ng.» ( w1th the sets Ro (A2), R1 (A2) and Ng » (A2) defined

in m, and ( ., respectively.
The 1nequahty in (345) implies that the set R (A2) is nonnegligible with respect
to P97 for some v € (A2, A\1). Hence, from Lemma it follows that both

Q| Z==z’
sets Ry (A2) and Ry (A2) are nonnegligible with respect to PéQ|Z’Y)z

From the above arguments, it has been proved that given a pair (A1, \2) €
ICQyz X /CQJ with Ay > Ao, if

PS (NG =(V)) < PST2L (N = (M), (346)

then there always exists a positive v € (A1, A2) such that the sets Ri (A2)
and Rs (A2) are not negligible with respect to P(E)Qzl . Moreover, such sets
R1 (A2) and Ra (A2) satisfy for all (v1,v2) € Ra(A) x Ry (M),

L > KGL () >Le ). (347)
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which together with Definition [I.2] verify that the function L, is separable with

respect to Péff’;iz (and thus, with respect to @ by Lemma . This ends the

first part of the proof.

The second part of the proof is under the assumption that the empirical risk

function L in (5]) is separable with respect to Q (and thus, with respect to ng’zgz

by Lemma [£.2). That is, from Definition for all v € Kgq,, there exist a
positive real ¢, > 0 and two subsets A(vy) and B(y) of M nonnegligible with

respect to Pglg’zﬁz in that verify that for all (v1,v9) € A(Y) x B(7),
Ly (v1)> ¢y >Ls (va). (348)

In the proof of Theorem c.f. (339), it has been proved that given a pair (ay, az)
€ Ko,z x Kg,», with oy > v > g, it holds that for all subsets A of M,

PaTeL (A) = PSE2) (A)

:/0:1 A;‘”Dci?z (e (Lz () _/Lz (v) dPglY, (V)) dP (0r) dX (349)

s 1 A A
_ / /A ﬁ (Lz () — / L () AP, (u)) PG (a) dx. (350)
[P
Hence, two cases are studied. The first case considers that

1
oy < Ky, (f;) : (351)

with ¢, in (348). The second case considers that

1
ey = K, (—5) : (352)

In the first case, it follows from that

B(v) CNg,=(7), (353)

which implies that
P (Noz (M)=FPE, (B(v) (354)
>0, (355)

where, the inequality in (355) follows from the fact that B (v) is nonnegligible

with respect to Pé?;iz- This implies that the set Ng » (7) is not negligible

with respect Pé?;lz. Moreover, from and (353]), it follows that for all a €
Ng.= () and for all X € (v, ),

L. (a) — / L. (v)dPST,Y, ()<Ls (a) — ¢y (356)
<0, (357)
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where the inequality in (356) follows from (351); and the inequality in (357))
follows from (348)). Thus,

o 1 A A
/ / 2 (Lz () — / L. (v) dPSEY (1/)) dPgTY | (o) dA<0(358)
v NQ.z(7)
which implies, from (350)), that
PSS (Na= (1) = P8I (W, (1))<0. (359)

Assume now that ¢, > Kégl,)z (—%) Hence, the following holds

A(y) CR2(7), (360)

which implies that
PGz (Ra(0)2PGTZL (A() (361)
>0, (362)

where the inequality in (362) follows from the fact that A(y) is nonnegli-
o7

gible with respect to P(®|Z:z' This implies that the set Ro () is not neg-
ligible with respect Pglg’zﬁz. From Lemma it follows that both R (¥)

and Ry () are nonnegligible with respect to Py, . Using this result, the
following holds,

PSP . o= ()PS5, (Ri (1) (363)

>0, (364)

(@)
P@)|Z’y:z'

From and Theorem [5.1} it follows that for all & € N - (v) and for all X €
(v, ),

which proves the set NV , () is nonnegligible with respect to

0=L, (a) — / L. (v)dPSx ., (¥) (365)
SLs (@) — / L. W) dPS)y_._, (). (366)

Thus,

a1 1 \ R

/V /N e (Lz (a) — / L. (v) dPS3Y (u)) APy (o) AA<0(367)
which implies, from (350)), that

PS5 (Na.= (7)) = PSY, (Ng = (7))<0. (368)

The inequality 0 < P(E)Clg’z’\:l)z(NQ7z(>\2)) in has already been proved while
proving , and thus, this completes the proof of .
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S Proof of Lemma [7.2

The proof is based on the following two observations. First, note that (Ng » (A2))°
= Rz (A2), with the set R (-) defined in (263c|). Second, note that

NQ,z ()\I)ZNQ,z ()\2) U (NQ,z ()\1) N R ()\2)) ’ (369)

and the fact that the sets Ng » (A2) and (Mg 2 (A1) NR2(A2)) are disjoint.
Hence, for all i € {1,2},

PO Wa s ()=PS)_ (Nas 0) U o ) N Rz () ) (370

e|z z(NQ7 (A ))
2 (Vo ) N Ra (1) ) om)
_P®|z Z(NQz()\z)) (372)

where the equality in (371)) follows from Lemmal[3.8/and the equality in (92).

Finally, under the assumption that the empirical function L, in is separable,
it holds from Theorem that

A1 >\
PEI (Ng.=(M2)) < P2, (N 2(Aa)). (373)
Plugging (372) into (373)), with i = 1, yields,
A1 >\
P, (Ng= (M) < P82, (Ng = (%)), (374)

and this completes the proof.

T Proof of Theorem [7.3

A) A) *
hm+ Pcs)?z LMo,z (A ))— hm Pgﬁz (L5 2)
A *
+ hm Pec\gz)z (Vo= (M) £52) (375)
A *
= lim PCS,?Z)Z( x) (376)

:1 (377)

where, the equalities in (376) follows Lemma This completes the proof.
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U Proof of Lemma [8.1]

The cumulant generating function J, g in (102) induced by the measure
PN L, in evaluated at t, with ¢t < %, is

Wl|z=
AP
Teaa(®=tog [ exp (tLe () —SE== (w)dQ () (378)

—tog ( [ exp (0 Le (@) exp (K () = 3L () dQ (w) J379)

A
=log (/ exp ((t — %) L. (u) — Kq,» (—%)) dQ@ (u)> (380)
T D A

)dQ (U)> (381)

+log / dpejc—; () dQ (u) (383)
s ren (1)

where the equality in (379)) follows from Theorem and the equality in (383)

follows from the fact that —t_l - > 0 for all t < ;. This completes the
A

proof.

V  Proof of Lemma [10.1]

From |34, Corollary 4.15, Page 100], it follows that the probability measures P
and @ in (M, % (M)) satisty the following equality:

D (Q|lP) St}p/f(ﬁ’) dQ (0) *10g/exp (£(6))dr(0), (385)

where the supremum is over the space of all measurable functions f with respect
to (M, % (M)) and (R, Z (R)), such that [exp (f(0))dP (8) < co. Hence, for
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all w € (X x))" and for all t € (—00,0), it follows that the empirical risk
function L, in satisfies that

D(Q||P)>/t|-z (0)dQ (6) *10g/eXP (tL= (0)) dP (6) (386)
> / L. (6)dQ ()
~log / exp (Lx (8) + (R, (P) — R (P)) dP () (387)

- / tL. (6)dQ (8) — R (P)
—log / exp (tL, (6) — R, (P)) dP (8) (388)

1R, (Q) - tR. (P) — log / exp (tLs (0) — tR (P)) dP (6)  (389)

which leads to

(QIP) +1og [ exp (t (Lu (§) — R (P))) AP (6)
t
Given that ¢ can be chosen arbitrarily in (—o0,0), it holds that

R.(Q)—R. (P)< inf 2LQUP)+logexp (t(Lu (6) — R- (1)) dP(6)
- * \tE(—oo70) n

R. (Q) — R. (P)<” (390)

(391)

which completes the proof.

W  Proof of Theorem [10.1]

From Lemmam it holds that the probability measure Pg‘?’z)iz in , satis-

fies
(Q.2)
R (@)—Re (PO2.) < ini <D<@|Pe|>

te(—00,0) t

+1og (f exp (t (Lz (6) — th}z (-%))) dpgf’zﬁz(e)) ) | (392

where the function K(Ql)Z is defined in and satisfies . Moreover, for
all t € (—o0,0),

log (/ exp (t (Lz (0) — K((gl)z (—%))) dPg‘g’Z)‘z)z(H))

=log ( / exp (tLs (0)) dPCE)?;:)z(G)> — K, (—%) (393)
=J..qn(t) —tKY), (—%) (394)

1
<§t2B§, (395)
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where the inequality in (394) follows from (102)); the inequality in (395]) follows
from Theorem and the constant B, is defined in (107).

Plugging (395)) into (392) yields for all ¢ € (—c0,0),

QN
(QHPé\Z z) +5t°B2

(@) ;
R: (@)~ Rs (Pelzl. )<, inf ; (396)
Let the c € R be defined as follows:
A
c £ Rz (Q) - Rz (P(G?Ziz) : (397)
Hence, from (396)), it follows that for all ¢ € (—o0,0),
1 A
ct— 5B < D (Q[PsT.) - (398)

The rest of the proof consists in finding an explicit expression for the absolute
value of c¢. To this aim, consider the function ¢ : R — R such that

1
Bla) = 302 B2, (399)
and note that ¢ is a positive and strictly convex function with ¢(0) = 0. Let
the Legendre-Fenchel transform of ¢ be the function ¢* : R — R, and thus for
all z € R,

*(x) = t— o(t). 400
6"(a) = _max_ at = o(0) (400)
In particular, note that
A
¢*(c) < D (QIPSTLY,) - (401)

Note that for all z € R and for all t € (—o00,0), the function ¢* in (400)
satisfies

vt B < () = aa* (@) — 6 (0*(2)) (402)

where the term «o*(z) represents the unique solution in « within the inter-
val (—00,0) to

d _ 2
o (ra—¢(a)) =2z —aB; =0. (403)
That is,
a*(x):%. (404)

Plugging (404) into - 402)) yields,
9" (2)=5757- (405)
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Hence, from (401) and (402)), given ¢ in (397 for all ¢ € (—o0,0),

1
et - 5B <¢°(c) < D (QIPSL.). (406)
and thus,
c? @)
a7 <D (QIPgTzL.)- (407)
This implies that
¢ < /282D (QIPSy.) (408)
and
¢> /282D (QIPS)), (409)

which leads to

\ [0aa0 - | Lz<e>dP(;?;iz<0>\<¢ZBzD (QIPEY.), (@)

and completes the proof.

X Proof of Theorem [10.2

The optimization problem in (123) can be re-written as follows:

i dp @)
L. (V) — g~ W dPgjz=. V), 411
PeA (Q,?I?M,@(M))/ (v) dP(Q,A) (v) ®|Z=z (v) (411a)
Polz== ©|Z==
. dP dP @)
subject to:/i W)log [ ———— ()] AP (1) < c(411b)
(@Q.2) @n ©(z=z
dP@‘Z:z dP@|Z:z
dp (@)
/W () dPgjz—.(6) =1. (411c)
O|Z==z

Let .# be the set of nonnegative measurable functions with respect to the
measurable spaces (M, % (M)) and (R, % (R)). The Lagrangian of the opti-
mization problem in can be constructed in terms of a function in .Z,
instead of a measure over the measurable space (M, % (M)). Let such La-
grangian L : .# x [0,+0c0)? — R be of the form

L(g.0.0)= [ L ()9 () aPETY. )
+a([o0) 08600 aPG2, ) )
+5([owrar w)-1). (12
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where g is a notation to represent the Radon-Nikodym derivative deTP,MQ the
©|Zz=2
reals o and [ are both nonnegative and act as Lagrangian multipliers due to

the constraint (411bf) and (411c)), respectively.

Let h : R* — R be a function in .#. The Gateaux differential of the functional L
in (412) at (g,c, B) € A x [0,+00)? in the direction of h is

2 d

OL (g,a,f;h) O

rMf (413)

v=0

where the real function r : R — R is such that for all v € R,

)= [ Le @) (9 )+ 9h () AP () +
o ([ @)+ a0 08 (9 () + 10 ) P2, ) )

A
45 ([ 90 +an ) ar ) -1), (14)
Note that the derivative of the real function r in (414) is

= [ Lah ) ar§) )
ta [h@)dPEY ) +a [h@)los(o () +9h () 4P, ()
+8 / h(v)dPsiY | (v). (415)
From and , it follows that

OL (g, 0, ; h)= / h(v) (Le () + a (1 +logg () + B) APG 2 (v) . (416)

From |31, Theorem 1, page 178|, it holds that a necessary condition for the
functional L in (412) to have a minimum at (g,«,3) € # x [0,+00)? is that
for all functions h € C' (M)
9L (g,a, B;h) =0, (417)
which implies that for all v € M,
L. (v)+a(l+logg(v)) +5=0. (418)

Thus,

g(v) =exp (— LZOEV)) exp <—ﬁ + a> , (419)

(07
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where a and [ are chosen to satisfy their corresponding constraints. Denote
by P* the solution of the optimization problem in (123). Hence, from (419), it
follows that

Lz (v)
dpP* exp (——,

dP(Q’)‘) (V) - L EG) )(Q A) ’ (420)

= —= dPg,” . (0

®|Z=z /exp( o ) @|z:z( )

where « is chosen to satisfy
* A

D(PY|PSHY.) = (421)

From Lemma it follows that the probability measure P* and the o-finite
measure @ satisfy,

L dPylyY. ) 22)
@ dPglY @

_ exp (=)

B (

(423)
For )
exp (f Lﬁu))
| e,
Tor( =)0
exp (— Lz/(\u)>
(424)
[ew(-=2)aci0
_ exp (— (2 + 5) L= (v)) ’ (425)

Jeo(-(3+3) 0o

which implies that P* is a Gibbs probability measure on (M, % (M)), with
reference measure @, regularization parameter ﬁ, and energy function L.
That is, for all v € supp @, o
* Q5
P*(v) = P(E)|Z:+z*) (v), (426)
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where « is chosen to satisfy ([421]). Let the positive real w be w = Oj"—_:‘/\ and note

that w € (0, A] and satisfies D <Pg|2’2“2z (v) HP(E)C\Qz)iz) = ¢. The proof ends by
verifying that the objective function in (412) is strictly convex, and thus, the

measure P(E)("‘?’Zw:)z is the unique minimizer. This completes the proof.
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