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In this article we study the fragility of Lagrangian periodic
tori for symplectic twist maps of the 2d-dimensional annulus
and prove a rigidity result for completely integrable ones.
More specifically, we consider 1-parameter families of sym-
plectic twist maps (f:).cr, obtained by perturbing the gener-
ating function of an analytic map f by a family of potentials
{eG}.cr- Firstly, for an analytic G and for (m,n) € Z? x N*
with m and n coprime, we investigate the topological structure
of the set of € € R for which f. admits a Lagrangian periodic
torus of rotation vector (m,n). In particular we prove that,
under a suitable non-degeneracy condition on f, this set con-
sists of at most finitely many points. Then, we exploit this to
deduce a rigidity result for integrable symplectic twist maps,
in the case of deformations produced by a C? potential.

Our analysis, which holds in any dimension, is based on a
thorough investigation of the geometric and dynamical prop-
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erties of Lagrangian periodic tori, which we believe is of its
own interest.
© 2023 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction and main results

In the study of Hamiltonian systems, an important role is played by so-called integrable
systems. These systems — whose dynamics is quite simple to describe due to the presence
of a large number of conserved quantities/symmetries — arise quite naturally in many
physical and geometric problems. Investigating which of the properties of these systems
break or are preserved in the passage from the integrable regime to non-integrable one is
a very natural and enthralling question, which is part of what Henri Poincaré recognized
as “the general problem of dynamics” (see [50, Sec. 13]).

Among the many results in this direction, a place of honor goes undoubtedly to
Kolmogorov’s breakthrough in 1954 [38] that, together with the subsequent works by
Arnol’d [4,5] and Moser [48], paved the ground to what nowadays is known as KAM
theory (see [51] for a detailed historical account and, for example, [22,23] and [20,45,
46], for more recent advances and generalizations in, respectively, Hamitonian and non
necessarily conservative dynamics).

As a common feature, integrable systems reveal a certain rigidity: integrability appears
to be a very fragile property that is not expected to persist under generic, yet small,
perturbations. Understanding the essence of this feature is a very compelling task, which
arises in various contexts, providing the ground for some of the foremost questions and
conjectures in dynamics. Let us mention that there are different possible notions of
integrability for a finite dimensional dynamical system: one that allows singularities of
the invariant foliation, that we will refer to as integrability, and the other that requires
a regular foliation everywhere, that we call complete integrability.

Among the most iconic questions related to integrability or complete integrability in
finite dimension, we recall the following:

(i) The Birkhoff conjecture in billiard dynamics, which claims that the only 2-

dimensional billiard tables for which the corresponding dynamics is integrable, are
elliptic ones. This question in the case of complete integrability has been solved in
[9] (see also [54] by means of an integral-geometric approach).
Recently there have been several breakthroughs related to the integrable case:
in the perturbative setting (namely, for domains that are small perturbations of
ellipses) several versions of the conjecture have been proven in [7,30,33,40]; in non-
perturbative case, we recall the work [31] (see also [6]) and the recent proof of the
conjecture for centrally-symmetric domains in [16].
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A version of this conjecture related to the existence of an integral of motion poly-
nomial in the velocity (algebraic Birkhoff conjecture) was solved in [24] (see also
previous results [15,17]).

We refer to [34] for a more detailed survey of these results and more references.

(ii) The problem of characterizing integrable Riemannian geodesic flows on the d-
dimensional torus T?. For completely integrable metrics, this question is related
to the so-called Hopf conjecture (i.e., the metric must be flat) and it was solved in
[19,29]. There exist on T? metrics that are integrable, but not completely integrable,
namely metrics of the form:

ds* = (fi(z1) + fa(ze) + ... + fa(za))(da? 4 das + ... + dx?),

the so-called Liouville metrics. A folklore conjecture states that these metrics are
the only integrable metrics on T?. A partial answer to this conjecture in dimension
d = 2 is provided in [18] under the assumption that the system admits an integral of
motion which is quadratic in the momenta. Observe that while the case of quadratic
integral of motion reduces to a system of linear partial differential equations, the
case of higher degree integrals of motions is very challenging and it turns out to
be equivalent to delicate questions on non-linear partial differential equations of
hydrodynamic type (see [12—14]).

A deformational version of this conjecture on T2 has been recently investigated in
[27]. Finally, see for instance [10,39], where this question on surfaces different from
the torus is addressed.

Remark 1.1. It is worthwhile to mention that also the study of infinite dimensional inte-
grable systems is a very active field of research, with many aspects related to the structure
of their phase space, their dynamical properties, as well as the notion of integrability
itself (clearly, asking for “infinitely many” integrals of motion only is not a well-posed
condition), being very challenging and still missing a complete understanding. These
systems naturally arise to model a wide variety of wave phenomena (e.g., the famous
KdV equation or the Sine-Gordon equation) or in other areas of the applied sciences, for
example, the Toda lattice, a simple integrable model for one-dimensional crystal in solid
state physics.

A detailed review of infinite dimensional integrable systems would go well-beyond the
scopes of this article. We refer interested readers to the nice expositions in [37,41,55] for
integrability of PDEs, and to the ones in [36,53] for the Toda lattice.

In this article we would like to shed more light on the nature of this fragility and
rigidity, in the setting of symplectic twist maps of the 2d-dimensional annulus T% x R?,
where T? := Rd/Zd, and d > 1.

More specifically, we will focus on two related aspects:
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a) The persistence and the properties of invariant tori that are foliated by periodic
points (see Definition 1.8). These objects are at the core of the fragility of integrable
systems, since — as already pointed out by Poincaré — they seem to be extremely
easy to break and their persistence does not appear to be generic, in counterposition
to the robustness of the non-periodic invariant tori considered by KAM theory.
More precisely, we consider a one-parameter perturbation of a twist map (not nec-
essarily integrable) and investigate the topological structure of the set of parameters
for which the perturbed map admits a periodic torus of a given rotation vector. See
section 1.2.1 and Theorem 1 for more details and precise statements.

b) The rigidity of integrable twist maps, namely, to which extent it is possible to deform
in a non-trivial way an integrable twist map, preserving some (or all) of its features.
More precisely, we consider a one-parameter perturbation of an integrable twist map
and point out dynamical conditions implying that the perturbation must be trivial.
See section 1.2.2 and Theorem 2 for more details.

It is worth mentioning that our investigation relies on a thorough analysis of the
geometric and dynamical properties of periodic tori, which — we believe — are interesting
per se (see Sections 2, 2.3, and Appendix A).

Before stating our main results (sections 1.2.1 and 1.2.2), in the next section let us
first clarify the setting that we consider and introduce the main objects that are involved.

1.1. Setting and definitions

In this paper we will consider symplectic twist maps of the 2d-dimensional annulus
T x R, where d > 1 and T¢ := R%/Z% according to the following definition.

Definition 1.2 (Symplectic twist maps). A symplectic twist map of the 2d-dimensional
annulus is a C! diffeomorphism f : T¢ x R? © that admits a lift F : R? x R ©,

F(q,p) =: (Q(q,p), P(q,p)) satistying

(1) F(g+m,p) =F(g,p) + (m,0) Ym € Z%

(2) (Twist condition) the map (q,p) — (¢, Q(q,p)) is a diffeomorphism of R¢ x R%;

(3) (Ezactness) there exists a generating function of the map F, namely a function
S : R x R — R such that
e S(g+m,Q+m)=S5(q,Q), Ym € Z,
e PdQ —pdq = dS(q,Q).

Note that in some of the literature, maps satisfying Definition 1.2 are often called
exact symplectic twist maps.
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Example 1.3. Assume that 45 : R — R is at least C? and that V£ : R? — R% is a C!
diffeomorphism. A completely integrable symplectic twist map is defined via

folg,p) == (g + Vi (p), p). (1)

Such a map is a symplectic twist map. Moreover, T? x R? is foliated by invariant La-
grangian tori T x {rg} and the restriction of f; to each of these tori is a rotation, which
is periodic when V/{y(rg) € Q.

The generating function of (1) is given by So(q, Q) := ho(Q—¢q), where Vhy = (Vo).

In our results we will study a special family of symplectic twist maps, that we now
describe.

Notations 1.4. Let G : T¢ — R be at least C? and f a symplectic twist map. A symplectic
deformation of f by a potential G is given by the family of maps

fe(¢,p) = flq,p+eVG(q)) e€R. (2)

Their generating functions are given by

(¢,Q) = 5:(¢, Q) := (¢, Q) + G(q), 3)

where S(g, Q) denotes the generating function of f.

We remark that in the context of Aubry-Mather theory for Lagrangian systems, this
kind of perturbations by a potential are often called perturbation in the sense of Marié
(see, for instance [43]).

Definition 1.5 (Properties of symplectic twist maps). Let f : T? x R? < be a symplectic
twist map that admits a lift /' : R x R? ©, F(q,p) =: (Q(q,p), P(q,p)). We denote a
generating function of F' by S.

(i) The symplectic twist map f is said to be positive if there exists @ > 0 such that

9,005(a,Q)(v,v) < —afvl* Vq,Q,veR,

where ||.| denotes the Euclidean norm in R,
It is said to be strongly positive if there exist «, 8 > 0 such that

—Blvl* < 8,095(4,Q)(v,0) < —aljv||* Vq,Q,v € R
(ii) It has bounded rate if ||0,045]|c0 + [1000S||oo is bounded.

Remark 1.6. (i) These notions are independent of the chosen lift F' of f and also of the
chosen generating function of F.
(ii) If we write the Jacobian matrix of f at (¢,p) by d-dimensional blocks
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b(g, b)
D —. a(q,p) )
(@) ( (a.p) d(a.p)
then the positivity and strongly positivity of f can be written, respectively,
Ja>0: b(g, p)(v,v) > a|blg, p)v]|®> V(g,p) € T xR, Vo € RY,
and

Ja,8>0: B|bg,p)v]* > b(g,p)(v,v) > alblg,p)v||> Y (g,p) € T? x R4, Vo € RY

Moreover, the bounded rate condition corresponds to the boundedness of |[b~1a|s +
ldb~!|| s, Which can be interpreted by saying that the direct and inverse images of the

£ . R? - R? whose norms

verticals {0} x R? by Df(q,p) are graphs of linear maps Liw

||Li,p) || are uniformly bounded.

(iii) If we consider a symplectic deformation of a map f by a potential, as introduced
in (2), we observe that if fy is positive (respectively, strongly positive/with bounded
rate), then all the diffeomorphisms of the family (f.).cr are also positive (respectively,
strongly positive/with bounded rate).

Remark 1.7. Coming back to Example 1.3, fy is positive if D?{y(p) is positive definite
and there exists a > 0 such that

1
D*o(p)(v,v)=2~l]* ¥p,v€R™.
@
Similarly, fo is strongly positive if there exist «, § > 0 such that
Lo 2 L2 d
~lol<D fo(p)(v,v)égllvﬂ Vp,v € R"

Observe that a positive completely integrable symplectic twist map has always bounded
rate.

Our study will focus on the existence and the properties of the following dynamical
objects: periodic and completely periodic graphs of a symplectic twist map.

Definition 1.8 (Periodic and completely-periodic tori). Let F : R? x R? © be a lift of a
symplectic twist map f : T¢xR? <. Let v : R — R? be a Z?-periodic and continuous
function, and let £ := graph(y). For (m,n) € Z? x N* with m and n coprime, we say
that:

(i) £ is a (m,n)-periodic graph of F if

F™(q,v(q)) = (g+m,v(q))  VqeR%:
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(ii) £ is a (m,n)-completely periodic graph of F if it is invariant by F and a (m,n)-
periodic graph of F.

We might refer to the projection of £ to T x R? as a periodic (resp., completely periodic)
torus of f. Then a (m,n)-periodic graph L satisfies f*(£) = £ and a (m, n)-completely
periodic torus is f-invariant.

Remark 1.9. Coming back to Example 1.3, if Fy(q,p) := (¢ + Vio(p), p) is a lift of fo,
then, for every pg € R% such that Viy(po) = 2 € Q?, where (m,n) € Z% x N* with m
and n coprime, the graph £, = R? x {po} is a (m, n)-completely periodic graph of Fy.

In the following, the periodic invariant graphs we will look at are Lipschitz (or C°)
Lagrangian graphs. More precisely:

Definition 1.10. Let v : R — R? be a Lipschitz function. Then £ := graph(vy) is said
to be a Lagrangian graph if for every C* loop v : T — R?, we have

/W(V(t))v(t)dt = 0.

T

Remark 1.11. (i) Let graph(vy) be a Lipschitz Lagrangian graph. If we denote (q) :=
(71(q), - -,7v4(q)), it follows from the definition of being Lagrangian that the 1-form
Zle vi(q) dg; is exact in R?. In particular, if 7 is Z%periodic, then v = ¢ + du where
ce€R?and u:R? — R is CY! and Z%periodic.

(ii) Observe that the limit of a family of uniformly Lipschitz Lagrangian graphs is also
a Lipschitz Lagrangian graph.

(iii) We will prove in Proposition 2.8 that for positive symplectic twist maps, if one con-
siders Lipschitz Lagrangian graphs, then the notions of periodic and completely periodic
graphs coincide.

To conclude this subsection, let us introduce a regularity assumption that will be
assumed in our main results (Theorems 1 and 2), namely that the unperturbed symplectic
twist map fy to satisfy the following analyticity condition.

Definition 1.12 (Analyticity property). A symplectic twist map f : T4 xR? © satisfies the
analyticity property if there exists a holomorphic map F : C? x C? ©, where F(q,p) =:
(Q(g.p), P(g,p)), such that:

(1) F is a holomorphic diffeomorphism of C¢ x C%,
(2) Firaxra is a lift of f;
(3) (Twist condition) the map (q,p) — (¢, Q(q,p)) is a diffeomorphism of C¢ x C%;
(4) (Ezactness) there exists a generating function S : C? x C¢ — C such that
e S(g+m,Q+m)=5S(q,Q) Ym € Z¢,
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e PdQ —pdq = dS(q,Q).

Remark 1.13. Coming back to Example 1.3, let £y : C¢ — C be an analytic function such
that o|ga is real and V/j : C?% — C%is a diffeomorphism. Then, fo(0,r) = (0+Vo(r),r)
is a completely integrable symplectic twist map of T¢ x R? that satisfies the analyticity
property as in Definition 1.12.

1.2. Main results

In this section we will state our two main results, which are both concerned with
the existence of (m,n)-periodic tori for families of symplectic twist maps obtained as
symplectic deformations by potentials (see (2)) of a map f which will be assumed to be
strongly positive and to satisfy the analyticity property.

We can briefly outline the content of our results as follows:

The first result (Theorem 1) will investigate, for fixed (m,n) € Z% x N* with m and n
coprime, the “size” of the set of parameters € € R for which the corresponding perturbed
map in the symplectically deformed family admits a Lipschitz Lagrangian (m, n)-periodic
graph. As far as the regularity of the perturbing potential is concerned, we will assume
that it admits a holomorphic extension to C.

In the second result (Theorem 2), we will be interested in the “rigidity” of completely
integrable symplectic twist maps (see Example 1.3), proving that any symplectic defor-
mation by a non-constant potential cannot preserve integrability or part of it (we will
provide a precise description of this “trace” of integrability that guarantees rigidity).
The regularity assumptions on the perturbing potential will be relaxed (if compared to
Theorem 1), not requiring any analyticity assumption.

1.2.1. Main results I: on the fragility of periodic tori

Let us state our first main result concerning the possible existence and persistence of
Lagrangian (m,n)-periodic tori — for a given (m,n) € Z% x N* with m and n coprime
— in the case of a 1-parameter family of symplectic twist maps, obtained as symplectic
deformations by a potential, as defined in (2). We remark that our maps will satisfy suit-
able non-degeneracy and regularity assumptions (i.e., analyticity, see Definition 1.12),
but no extra dynamical requirement will be imposed.

Theorem 1. Let f : T? x R? © be symplectic twist map and let F : R? x R © be a lift
of f and let S : RY x R* — R be its generating function. Let also G : T4 — R be a
potential function.

Consider the family of symplectic twist maps f. : T4 x R4 ©, with ¢ € R, obtained
as symplectic deformation of f by G, as in (2), and denote by F. a continuous family of

lifts of f-.
1. Assume that:
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(i) f is strongly positive,
(it) f satisfies the analyticity property,
(iii) G admits a holomorphic extension to C<.

Then, for every (m,n) € Z% x N*, with m and n coprime, the set
{e € R: F. has a Lipschitz Lagrangian (m,n)-periodic graph}

is either the whole R or consists of isolated points.
II. If, in addition, f has also bounded rate and G is non-constant, then the above set
consists of at most finitely many points.

Remark 1.14. It is not necessary in the proof that F' admits a holomorphic extension to
the whole C¢ x C? (see Definition 1.12): it would be enough that the analyticity property
holds on a strip ¥2¢, where ¥, := {z € C : |Imz| < ¢} for some ¢ > 0. Similarly, G
can be assumed to admit a holomorphic extension only to a strip and the dependence
on ¢ being at higher orders, i.e. G(q, ). However, we decided not to pursue this further

generality, in order to ease the notation and make the presentation clearer.
One can deduce from Theorem 1 the following rigidity result.

Corollary 1.15. Assume the hypotheses and the notations of Theorem 1, including f being
bounded-rate. Let (m,n) € Z% x N*, with m and n coprime, such that the maps f- admit
a Lipschitz Lagrangian (m,n)-periodic torus for infinitely many values of € € R. Then,
G must be constant.

To the best of our knowledge, Theorem 1 (as well as Corollary 1.15) is the first result
of this kind for symplectic twist maps. We underline that the analysis of the persistence
of Lagrangian periodic tori for a single rotation vector (m,n), which seems to be a weak
requirement, is made possible by the regularity assumption on the family of symplectic
twist maps, namely analyticity.

In the next section, we will discuss how to weaken this latter assumption and still
obtain a similar rigidity result.

For 2-dimensional Birkhoff billiards, some results concerning the preservation and the
existence of periodic caustics have been discussed in [32,35,56].

Remark 1.16. (This remark has been pointed out by one of the referees.) Theorem 1
and Corollary 1.15 could be read in the usual framework of rigidity theories and mod-
uli spaces. In the space of all symplectic twist maps with bounded rate satisfying the
analyticity condition, one can define a natural “broken line” equivalence relation. Given
fo, f1 symplectic twist maps with bounded rate and satisfying the analyticity condition,
we say that fy ~ fi if:
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e there exists G : T? — R, analytic with holomorphic extension to C¢, such that the
generating function of f is given by S+ G, where S is the generating function of fj,

e there is a coprime pair (m,n) € Z? x N*, such that for an infinite set of ’s, the map
fe generated by S + eG admits an (m, n)-Lagrangian periodic torus.

We say that f is equivalent to g if there exists a sequence of maps fo = f, f1,-.., fn =9
such that fx ~ fr41. This is an equivalence relation and Corollary 1.15 implies that it
is trivial, i.e., equivalence classes reduce to singletons.

1.2.2. Main results II: on the rigidity of integrable symplectic twist maps

Our original motivation for this work was to investigate the rigidity of integrable
symplectic twist maps, namely whether to understand under which deformations of the
map it is possible to preserve integrability or some of its features. As we mentioned before,
this problem is in fact related to important conjectures in billiard and Hamiltonian
dynamics, and such an investigation seems to be a preliminary step in order to tackle
them.

Let us state our second main result.

Theorem 2. Let f : T? x R? © be symplectic twist map and let F : RY x R be a lift
of f and S : R% x R* — R its generating function.

Let G € C*(T%). Consider the family of symplectic twist maps f. : T? x R ©, with
e € R, obtained as symplectic deformation of f by G, as in (2), and denote by F. a
continuous family of lifts of f-.
Assume that:

(i) f is completely integrable (as in Example 1.5);
(ii) [ is strongly positive;
(iii) f satisfies the analyticity property;
(iv) there exist a basis (qu,-..,qq) of Q% and I,...,I; C R open intervals, such that
for any 7 € U?:l I;q; N QY F. has a Lipschitz Lagrangian (m,n)-periodic graph
for infinitely many values of € € R, accumulating to 0.

Then, G must be identically constant.

Remark 1.17. Differently from Theorem 1, we do not ask any extra assumption on the
regularity of G. In fact, as we will see in Proposition 4.2, the assumption on the existence
of “sufficiently many” Lagrangian periodic graphs for (F.).cr (in the sense of item (iv))
implies that G must be a trigonometric polynomial, thus allowing us to apply Theorem 1.
Note that being f completely integrable, the hypothesis of strong positivity automatically
implies that f is of bounded-rate (see also Remark 1.7). We remark that it is important
in the proof that the sets of ¢ € R (which might vary for different rotation vectors)
accumulate to 0 (see Lemma 4.1).
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For a given € € R, the assumption on F. in item (iv) is satisfied, for example, if there
exists an open set A C R such that F. has a Lipschitz Lagrangian (m, n)-periodic graph
for any 7 € ANQ¢?. This property can be considered as a weaker notion of integrability,
in some literature called weak rational integrability (see for instance [16,30,33]).

In order to see that the condition of item (iv) is satisfied, one can choose ¢, ...,qq €
Q? linearly independent, such that the half-lines

04 ¢ [0,00) — R?

intersect A (this is possible since A is open). For every j =1,...,d, choose 0 < a; < b;
such that oy, ((aj,b5)) C A, and let I; := (a;, b;).

Remark 1.18. Note that in dimension d = 1 weak rational integrability implies the exis-
tence of an open set foliated by invariant curves (i.e., local C%-integrability). Although
this property is not needed for our results, we provide a sketch of its proof for interested
readers (see also [44, Theorem 3|, where a similar argument has been used).

By assumption, for every % € (a,b) N Q, with a < b, there exists an invariant curve
of rotation number % that is foliated by periodic points; this curve is the Lipschitz
graph of a function v,,, : T — R. Applying Arzela-Ascoli theorem (these graphs
are equiLipschitz, see Proposition A.1 (ii)), one can obtain an invariant curve for every
rotation number h € (a,b), which is the graph of a Lipschitz function v, : T — R.
Observe that all these graphs are disjoint and that for every h € (a,b) there exists a
unique invariant curve of rotation number A (when h is rational, uniqueness follows from
the fact that all of its points are periodic).

We denote by A the union of the graphs of 7, for h € (a,b). We want to show that A
is open. Let us define

®:T X (a,b) — T xR
(q,h) — (q,71(q))-

One can prove that ® : T x (a,b) — T x R is continuous and injective, hence it is an
open map (it follows from the invariance of domain theorem, see [26, Theorem 2B.3]).
Therefore, A = ®(T x (a,b)) is open.

Hence, we can deduce the following Corollary from Theorem 2.

Corollary 1.19. Under the hypotheses (i) — (iii) and the notations of Theorem 2, and
assuming (instead of (iv))

(iv*) there exists an open set A C R? such that, for infinitely many € € R accumulating
to 0, the map F. has a Lipschitz Lagrangian (m,n)- periodic graph for any = €
ANQY,
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then, G must be identically constant.

Remark 1.20. (i) Bialy and MacKay proved in [11] that a generalized standard map of
T4 x R? that has no conjugate point' (e.g., a completely integrable symplectic twist
map has no conjugate point) has to be of the form (q,p) — (¢ + p,p). Their proof uses
in a crucial way the fact that the whole 2d-dimensional annulus is foliated by invariant
tori and then it does not imply our results, even for their choice of a particular function
L.

(ii) In dimension 2, Suris [52] exhibited an example of a generalized standard map that
is integrable (for all values of the parameter € for which it is defined), but his example
has singularities and does not satisfy the assumptions of Theorem 2.

(iii) In a different direction, Chen, Damjanovié and Petrovié investigate in [21] sufficient
conditions for an exact symplectic twist map to be integrable; in particular, they show
that if such a map is close to (q,p) — (¢ + p,p) and commutes with a map that is close
to (q,p) — (¢+ a,p) and semi-conjugate to the Diophantine rotation ¢ — ¢ 4 «, then it
is integrable.
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2. Some properties of (m, n)-periodic graphs

In this section we collect and prove several properties of (m,n)-periodic tori, which
will be used in the proofs of our main results, as well as being interesting per se.
We shall discuss:

1 We recall that, for a map f : T¢ x R? ©, two points (g, p) and f™(g,p) with n # 0 are said to be
conjugate if Df"(q,p)({0} x ]Rd) N ({0} x R?) # {(0,0)}.
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e Action-minimizing properties of Lipschitz Lagrangian (m,n)-periodic graphs (sec-
tion 2.1). In particular, we prove that:

— orbits starting on a Lipschitz Lagrangian (m,n)-periodic graph have all the same
action (Proposition 2.4) and, under suitable growth conditions on the generating
function, they are action-minimizing (Proposition 2.5);

— for positive symplectic twist maps, there is at most on Lipschitz Lagrangian (m,n)-
periodic graph (Proposition 2.7);

— for positive symplectic twist maps, Lipschitz Lagrangian (m,n)-periodic graphs
are indeed invariant, hence completely periodic (Proposition 2.8).

e Regularity properties of Lipschitz Lagrangian (m,n)-periodic graphs (section 2.2).

In particular, we prove that:

— for symplectic twist maps, Lipschitz Lagrangian (m, n)-periodic graphs are as reg-
ular as the maps is (Proposition 2.10).

e Symplectic properties of (m, n)-periodic graphs (section 2.3). In particular:

— we provide sufficient conditions that ensures that a (m,n)-periodic graph is La-

grangian (Proposition 2.11).

2.1. Action-minimizing properties of Lipschitz Lagrangian (m,n)-periodic graphs

In the following, let us assume that F': R? x R? © is a lift of a symplectic twist map
f:T?x R? 9 with generating function S(q, Q).
Let us start with the definition of action.

Definition 2.1 (Action). Let n € N. Given a finite sequence (qo, ..., q,) € RY™D  we
define its action as:

n—1

A(QO? ey Qn) = Z S(qj7qj+1)~

=0

Remark 2.2. It is a classical result in the study of symplectic twist maps that a sequence
(go,---,qn) € R +1) is the projection of an orbit segment of F on the g-component
(i.e., there exists (go, po) € R? x R such that ¢; = m 0 F(qo, po), for every j =1,...,n,
where 71 (g, p) := q), if and only if it is a critical point of A restricted to the subspace
of sequences (wo, ..., w,) € (R¥)"*! with fixed endpoints wy = ¢y and w,, = ¢,. See for
instance [25, Corollary 5.5].

Definition 2.3 (Action-minimizing sequences and orbits). A sequence (g;)jcz € (R?)Z is
called action-minimizing (or simply minimizing) if for any k,h € Z, with k < h, the
sequence (g, - . .,qn) minimizes the action on the subspace of sequences (wo, ..., w,) €
(RH)"*1 with fixed endpoints wy = qo and w,, = ¢,.

An orbit of F' is said to be action-minimizing, if its projection on the first component

is an action-minimizing sequence.
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Let us first prove the following result on the action of sequences obtained as projection,
on the g-coordinate, of orbits starting on Lipschitz Lagrangian (m,n)-periodic graphs.

Proposition 2.4. We assume that L is a Lipschitz Lagrangian (m,n)-periodic graph. For

every (q,p) € L, if we denote its orbit by (q;(q,p),p;j(¢,p)) = Fi(q,p), 7 =0,...,n,
then the function

W(Q7p) = A(qa q1 (Qap)v AR QTL(Qap))

is constant on L.

Proof. Since £ is a Z%periodic Lipschitz Lagrangian graph, it corresponds to the graph
of c+du, where ¢ € R and u : R? — R is a Z%-periodic C1'! function (see Remark 1.11).
Let us consider the function £ : (R?)"+1 — R defined by

E(qos- -5 qn) = ¢+ (qo — qn) +u(q0) — u(gn) + i S(qj:qj+1)-
=0

A point (qo, ..., qn) is a critical point of £ if and only if

c+ VU(QO) = —8qS(QO,Q1)’ c+ vu(Qn) = 8QS(Q7L—17Q71) (4)

and

8QS(qj_1,qj)+3qS(qj,qj+1) =0 VjE {1,...,’0—1}. (5)

The two first equations mean that

(90, —04S(q0,q1)) € L and  (gn,00S(¢n—1,qn)) € L,

while the latter ones state that ¢; = m1 o F7(qo, —9,5(qo,q1)) for every j = 0,...,n,
where (g, p) := ¢ denotes the projection on the g-component, hence, they correspond
to an orbit of F. Moreover, since L is (m,n)-periodic, we also have that ¢, = go + m
and, since u is Z%-periodic, u(g,) = u(qo). Therefore, if (qo,...,q,) is a critical point,
then

E(qo, -5 qn) = —c-m~+W(qo, c + Vu(q))- (6)

In particular, if (¢,c 4+ Vu(q)) € £ and g; := m o Fi(q,c+ Vu(qg)), j = 0,...,n, the
corresponding sequence of points (qo, . .., ¢,) give rise to a subset of (R%)"*! consisting
of critical points of £. This implies that £ is constant on this set. Using (6), one concludes
that W(q, p) restricted to L is constant. O
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Let us now prove the following property of action-minimizing property for Lipschitz
Lagrangian (m,n)-periodic graphs (see also [25, Theorem 35.2] and [42, Appendix 2]
where it is attributed to Herman).

Proposition 2.5. Let £ be a Lipschitz Lagrangian (m,n)-periodic graph for F. Assume
that F' admits a generating function S(q,Q) that satisfies the following superlinearity
condition

S(q,Q)

im — 7T = 400. 7
lQ—gll=+o0 [|Q — q| ™

Then, every orbit of F' starting at a point of L is action-minimizing.

Proof. We use the same notation that as in Proposition 2.4. For qq, ..., g, € R? let

n

E(qo, - qn) = ¢+ (g0 — qn) +u(q0) — u(gn) + ZS(%’fl,%)'

Observe that

E(@+V @ +v)=E(qos--..qn) Vv ELY

moreover, the superlinearity hypothesis implies that

m E(qoy- -, qn) = +o00.

maxi<j<n 45 —¢5—1]|—=+00

Hence, £ has a minimum, which is attained on projections of orbits that start on L, as
all critical points of £ (see the proof of Proposition 2.4). Observe that for any k& € N*,
the hypotheses of the proposition are satisfied for (km, kn) replacing (m, n). We deduce
that every piece of projected orbit with length kn that starts on £ has minimal action
amongst all sequences with the same length and the same end-points. This implies that
every piece of projected orbit of a point of £ is indeed an action-minimizer (otherwise
one could reduce the action of a suitable segment of projected orbit of length kn, for k
sufficiently large, contradicting its minimality). O

Remark 2.6. (i) The superlinearity condition (7) is satisfied by any positive symplectic
twist map f: T4 x R? © (see, for example, [25, Lemma 27.2]).
(ii) Recall that two points (g, p) and F™(q,p) with n # 0 are said to be conjugate if

DF"(q,p)({0} x R%) 1 ({0} x R?) # {(0,0)}.

It is known that along every action-minimizing orbit of a positive symplectic twist map,
there are no conjugate points (see [3, Proposition 6] or [11]). Therefore, if £ is a Lipschitz
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Lagrangian (m,n)-periodic graph for F, then for every (¢,p) € L, if we denote by
(qn:pn) = F"(q,p), we have det(dpgn) # 0.

Using the action-minimizing property proved in Proposition 2.5, it follows the follow-
ing uniqueness result for Lipschitz Lagrangian (m,n)-periodic graphs.

Proposition 2.7. Assume that f : T% x R? © is a positive symplectic twist map.

(i) For every (m,n) € Z*xN* and for every q € R?, there exists at most one p € R? such
F"(q,p) = (g+m,p) and the corresponding orbit starting at (q,p) is action-minimizing.
(ii) For every (m,n) € Z%xN*, there is at most one Lipschitz Lagrangian (m, n)-periodic
graph of F.

Proof. (i) Let us assume that two such points (¢, p) and (g, P) exist. We use the notation
(¢;,pj) = F'(q,p) and (Q,, P;) = F’(q, P). Then, the sequence (q,q1,...,qn = q +
m,Q1+m,Qz+m,...,Q,+m = q+ 2m) is such that its action equals

A(qa qi, - - aQn) + A(QnaQn+1> .. '7Q2n) = A(Q07 .. '7q2n)-

We deduce that this sequence is action-minimizing and hence the projection of an orbit
(see Remark 2.2). In particular:

aQS(Qn—h(Zn) + 0qS(q +maQ1 + m) =0

or equivalently 9gS(gn—1,qn) = —9,5(q¢ + m, Q1 +m). It follows from the definition of
generating function that p = P.

(ii) We know that every orbit that starts on a Lipschitz Lagrangian (m, n)-periodic graph
of F is action-minimizing (see Proposition 2.5). Hence the conclusion is a consequence
of what has been proven in item (i). O

Finally, let us prove that for positive symplectic twist maps, Lipschitz Lagrangian
(m, n)-periodic tori are indeed invariant, hence they are (m,n)-completely periodic.

Proposition 2.8. Assume that f : T x R? © is a positive symplectic twist map. Then,
every Lipschitz Lagrangian (m,n)-periodic graph of F is invariant.

Proof. We denote by £ the Lagrangian (m,n)-periodic graph of F. Let us consider
(¢,p) € L and let us prove that F(q,p) € L. We know from Proposition 2.5 that
the projected orbit of (gq,p) is action-minimizing. Hence, the projected orbit starting
at F(q,p) = (q1,p1) is also action-minimizing. Moreover, there exists po € R? such that
(q1,p2) € L and the projected orbit of (g1, p2) is also action-minimizing (Proposition 2.5).
By Proposition 2.7 (i), we deduce that p; = ps and therefore F'(q,p) = (q1,p1) € L, thus
concluding that £ is invariant for F. O
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2.2. Regularity of Lipschitz Lagrangian (m,n)-periodic graphs

Let F : R4xR? © be a lift of a symplectic twist map f : T¢xR? ©. In this subsection
we prove that Lipschitz Lagrangian (m,n)-periodic graphs of F' are as regular as F' is.
Let us start with the following lemma.

Lemma 2.9. Let ® : R? x RY © be the lift of a CF diffeomorphism ¢ : TE*xR® ©, k > 1,
k = oo, or analytic. Let n : R* — R? a continuous Z%-periodic function and denote
L := graph(n) C R? x RY and by Id. the identity function on L. Assume that:

e for every (q,p) € L,dy(m1 0 ®)(q,p) is invertible, where 71 : R4 x RY — RY denotes
the projection on the q-component;
[ ] (I)|£ = Idg.

Then, n is as reqular as ® is.

Proof. For ¢y € R?, let us solve m o ®(q,p) = ¢ in a neighborhood of (qo,7(q0)) € L.
Since 9, (71 o ®)(qo, n(qo)) is invertible, by the implicit function theorem, there exists a
neighborhood U x V' of (qo,71(q0)), where U,V C R%, and a function v : U — V, which
is as regular as ®, such that

Y(g,p) eU XV : mo®(q,p)=q <<= p=v(q).

The continuity of n and v at gg implies that 7 = v in a neighborhood of ¢o. Hence 7 is
as regular as ® is. O

We can now deduce the following regularity result for Lipschitz Lagrangian (m,n)
periodic graphs of a positive symplectic twist map.

Proposition 2.10. Let F' : R? x R? © be a lift of a positive symplectic twist map f :
Te x R? ©. If L is a Lipschitz Lagrangian (m,n)-periodic graph of F, then L is as
regular as F' is.

Proof. First of all, observe that since £ is a (m,n)-periodic graph, then F& =1Id,.

Moreover, it follows from Proposition 2.5 that every orbit of F' starting at a point of
L is action-minimizing (we noticed in Remark 2.6 (i) that the superlinearity condition
for the generating function is satisfied for positive symplectic twist maps). This implies
that along an orbit starting at (g, p) € L, there are no conjugates points (see Remark 2.6
(ii)), i.e., if we denote by (gn,pn) := F"(q,p), we have det(d,q,) # 0. This means that
Op(m1 0 F™)(g,p) is invertible for every (¢,p) € L. Hence, Lemma 2.9 implies that £ is
as regular as F'is. O
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2.8. Symplectic properties of (m,n)-periodic graphs

All properties that we proved in sections 2.1 and 2.2 are based on the assumptions
that the (m, n)-periodic graphs are Lagrangian. In this section, we provide some sufficient
conditions that imply this property.

More specifically, we shall prove the following proposition.

Proposition 2.11. Let F : R? x R? © be a lift of a symplectic twist map f: T? x RY ©.
Assume that £ = graph(v) is a continuous (m,n)-periodic graph of F such that for all
q € R?

det (8,(m1 0 F")(0,7(9))) #£0 and  det (DF"(q,7(q)) = X Iag) = (X = 1),

where log denotes the 2d-dimensional identity matriz and X is a complex variable.
Then, L is C* and the two following assertions are equivalent.

(i) L is Lagrangian;
2
(i) (DF"(q,7(g) ~ Taa) = O2a, Vg € R%,

Let us first prove the following Lemma.
Lemma 2.12. Under the assumptions of Proposition 2.11, £ is C' and we have
Tigr(a)L = ker(DF"(¢,7(q)) —I2a) ~ VgeR?

where Tq.~(q)L denotes the tangent space to L at the point (q,v(q)).

Proof of Lemma 2.12. Let x := (¢,7(q)) € L. Since det (8p(7r1 o F”)(q,’y(q))) # 0 for

every ¢ € R%, by applying Lemma 2.9, we deduce that £ is at least C'. Since £ is (m, n)-
periodic, then DFl’}wL = Idp, . and therefore T,L C ker(DF™(z) — laq). Moreover,
observing that dimT,L = d, in order to prove the claim, it is enough to show that
dimker(DF™ —Ty,) < d.

Assume by contradiction that dimker(DF™(z) — Iy4) > d + 1. Denote V(z) :=
ker Dy (x), using the fact that dimV(z) = d, we can deduce that the intersection

V(z)Nker(DF™(x) —I54) contains at least one non-zero vector that we denote by (8)

Since det (ap(m o F”)(x)) = 0, we have

0

dm o DF" (x) (v

) — 9y(m 0 F™)(2)v £ 0

0

and therefore DF™(x) (v

) #* (2), which contradicts the fact that
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(2) € ker(DF™(x) — Ipq). O
Let us now prove Proposition 2.11.

Proof of Proposition 2.11. The fact that £ is C* follows from Lemma 2.12. Let us now
prove the equivalence between (i) and (ii). Hereafter, we denote by V(z) := ker D ()
the vertical space at « € L.

e We assume (ii), 7.e., that

(DF”(x) - sz)Q =0y Vzecl 8)

and we prove that £ is Lagrangian. Equation (8) implies that the minimal polynomial
of DF™(x) is a divisor of (X — 1)2, hence DF"(x) has no other eigenvalue than
1. Tt follows from Lemma 2.12 that for every x € L, the eigenspace of DF™(x)
corresponding to the eigenvalue 1 is T, L. Therefore DF"(x) is not diagonalizable
and its minimal polynomial is (X —1)2. Choosing a basis (not necessarily symplectic)
in which the first d vectors form a basis of T,.L, the matrix of DF™(z) becomes

— (L D(z)
M= <@d L4
where Qg is the d-dimensional zero square matrix, [; the d-dimensional identity

matrix and D(x) is a d x d invertible matrix. Since the vertical V(z) is transverse to
T, L, there exists a d-dimensional square matrix H(z) such that in these coordinates

V(z) = {(H(z)y,y) : y R}

The image by M* of a vector (H(Z) y) of V(x) is then (H(m) y —Z/k:]D)(a:) y) For

k large enough, D(z) + 1 H(x) is invertible and in coordinates

DF™V () = {(=, % (]D) + %H) )iz e RY

converges as k tends to oo to T, £ in the Grasmannian of d-dimensional subspaces
of T,(R% x R?),
Being the limit of a sequence of Lagrangian subspaces, then T, L is Lagrangian.

e Now, we assume that £ is Lagrangian. Let us fix x € £. Then we have V(z) T, L =
R? x R?. Then for every (v,w) € V(x) ® T,L, a result of Lemma 2.12 is that
DF"™(z)w = w. We deduce

w(w, (DF™(x) — Izq)v) = w(w, DF™(2)v) — w(w, v)
= w(DF"(z)w, DF™(z)v) — w(w,v) =0,
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where in the last equality we have used that DF™(z) is a symplectic matrix. Hence
(DF™(x) — Igq)v is w-orthogonal to the Lagrangian space T,L£. This implies that
(DF"™(z) —l24)v € T, L = ker(DF"(x) —I4) and therefore V C ker(DF™(x) —24)%.
Since also ker(DF™(x) — Iaq) C ker(DF™(x) — I24)?, then

ker(DF™(z) — Iaq)? D V(z) ® T, £ = R x R?
and therefore (DF™(z) — ]12,1)2 = g4, as claimed. O
3. Proof of Theorem 1

Before proving Theorem 1 (see section 3.2), we discuss several results concerning the
set of (m,n)-periodic or radially transformed points (see definition below, Remark 3.3)
of a family of symplectic twist maps obtained by a symplectic deformation by a potential
(see Notations 1.4).

3.1. Sets of (m,n)-periodic and radially transformed points of symplectic twist maps

Let f: T? x R? < be symplectic twist map and let F : R% x R% © be a lift of f and
S :R? x RY — R its generating function.

We consider the symplectic deformation of f by a potential G € C?(T?) (see No-
tations 1.4), given by f. : T4 x R? ©, with ¢ € R, whose generating functions are
Se(q, Q) := S(q,Q) + G (q). We denote by F. a continuous family of lifts of f..

Notations 3.1. In the case in which (f.). satisfy the analyticity property (i.e., when f
satisfies the analyticity property, see Definition 1.12, and G admits a analytic extension
to C%), it will be useful to consider the complex extension of this family of maps, namely

(fa)eeC and (FE)EEC'

Let us introduce the following sets for a fixed € € K, where K =R or C.
We denote by 71 : R? x R — R9 the projection on the g-component, i.e., 71(q, p) =
q.

Definition 3.2. We introduce the following sets of points and parameters for the family
of maps (FE)EE]K3

Rzkm,n)(K) ={(e,q,p) € K24 moF(q,p) =q+m, det (8;0(71—1 °© FgL(q’p))) # 0}
Py (K) = {(e,q,p) € K*** = FI'(q,p) = (¢ +m,p)}

Pr (K) = ’P(m,n) (K) NR; )(K)

(m,n

Remark 3.3. (i) A point (¢,p) € K¢ x K9 such that 7 o F™(q,p) = q + m is said to
(m.n)

be (m,n)—radially transformed by F.. Hence, the set R (K) consists of the points
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that are (m,n)—radially transformed by F. and on which the map F! satisfies a non-
degeneracy condition, namely 9,(m o F*(¢,p)) is invertible.

(i) Similarly, P, »,)(K) consists of the (m,n)— periodic points of F., and Pl (K) of
non-degenerate (m,n)-periodic points (non-degeneracy is meant in the same way as in
item (i)).

Definition 3.4. We introduce the following sets of (real) parameters for the family of
maps (F).cr:

Timmy(R):={e €R: T, : R?% — R? Lipschitz and Z%periodic, s.t.
{e} x graph(ve) € R{,, ) (R)}
Tmn)R) :={e €R: T.: R? — R Lipschitz and Z%periodic, s.t. graph(+.) is
Lagrangian, invariant by F;, and {e} x graph(vy:) C P n)(R)}
Tr (R):={e €R: 3. :R? = R¢Lipschitz and Z%periodic, s.t. graph(+.) is

(m.n)

Lagrangian, invariant by F:, and {e} x graph(y:) € P(,, ,.)(R)}.

Lemma 3.5. Assume that f is strongly positive. The sets of Definitions 3.2 and 3.4 satisfy
the following properties.

(i) R

(m;n)

(K) is a (d+1)-dimensional submanifold of K x K¢ x K¢, which is as reqular
as I is (e.g., OF, k > 1 or oo, or analytic) and it locally coincides with the graph
of a function 'y, 2 Vimm) C K X K9 — K? defined for (¢,q) in some open subset
Vi) of K x K.

(ii) Tny(R) is an open subset of R.

(iil) Z(m,n)(R) = I*m’n)(R).

(iv) Z{,n)(R) is closed and for every e € I7, . (R), F. has ezactly one Lagrangian
(m,n)-completely periodic graph, denoted graph(v.). Moreover, the map (e,q) €

I{m,n)(R) x R+ ~.(q) is as regular as the map (g,q,p) — F-(q,p) (in Whitney’s

sense, see [1]), and Z%-periodic in the q-variable.

Proof. (i) The set
Uim,ny(K) == {(e,¢,p) € K x KT x K?: det (3,(m1 o FI'(q,p)) # 0}
is an open subset of K x K¢ x K9. At every point (¢, q,p) € U,y (K), the map
(6,¢,p) € K x K x K? ++ 711 0 F™(q,p) — ¢ — m is a submersion, whose partial

derivative with respect to p is invertible. This implies, by the implicit function
theorem, that

Rim,ny(K) = {(&,¢:p) € Umn)(K) : 710 F(g,p) = ¢ +m}
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(i)

(iii)

(iv)
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is a (d+ 1)-dimensional submanifold of K x K x K¢ that locally coincides with the
graph of a function

F(7n,n) : (67(]) € V(m,n) CKx Kd = p= F('rn,n) (57 Q) € Kd

defined on an open subset V(;, ) of Kx K%, which is as regular as the map (¢, ¢, p) —
F.(q,p) is. Observe that I, ) is Z%-periodic in the variable g.

We assume that & € J;, ,(R). Then, by definition, there exists a Lipschitz VAR
periodic function vz : R — R such that for all ¢ € R?

m o F7(q,72(q)) =¢+m and det (8p(7T1 o Fé(Qa’Yé(Q)))) # 0.

This implies that {€} x graph(7z) is a subset of R, (R). We know that R, /(R)
is a (d + 1)-dimensional submanifold which is locally a graph of a function I'¢, )
and Z%-periodic in the variable ¢ € R? by item (i). Hence, there exists 0 < o < &
such that {£} x graph(vz) is contained in I'(, ) ((€ — 0, + o) x R%). Then, for
every € € (§—0,é+0), the function . := I'(, (e, .) is Lipschitz, Z%-periodic and
such that for every q € R¢

w10 F'q,7(q)) =q¢+m and det (Op(ﬂ'l o F*(q, ’ya(q))) £ 0.

This exactly means that (€ —0,é+0) C J;, ) (R), proving that J;,  (R) is open.
By definition Zf, (R) € Z(;nn)(R). Let us now consider & € Z(;n n)(R). Then Fz
has an (m,n)-periodic Lipschitz Lagrangian invariant graph, that we denote by
Lz := graph(~¢). Proposition 2.5 and Remark 2.6 (ii) imply that

det (3, (m o F2)(a,7:(0)) ) #0 Vg € RY,

since there are no conjugate points for the orbits on Ls;. This means that & €

T o (R).
L(et ,u)s consider a sequence (e )x>1 in Ll (R) = Z(5,,n) (R) that converges to exo.
All the g are contained in a compact subset of R and bounded by some constant
K >0.

Since f is positive, S(g, Q) satisfies the following superlinearity condition (see

Remark 2.6 (i) and [25, Lemma 27.2]):

S(q,Q)
m — = 109,
lQ—gll—+o0 [|Q — |

and therefore there is a compact subset K C (R??)" such that

n—1 n—1
m m
S(a5,4541) > 2Kn|| Gl S(a+iza+(G+12)
JZ:; (45, 4j+1) |G| +;ré%§j§ g+i—a+G+1)

V(Aq(h ey Aanl) ¢ K:7
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where qo := ¢ and g¢j41 :=¢; + Agj for j =0,...,n — 1.
We deduce that for k € N and (Agy,...,Aq,) ¢ K we have

n—1
(S(qj,q541) +erGlgy))
j=0
n—1
> 2Kn |Gl S( - 1) ) a(
n[|Gllo + I?i}iljzo G+ i g+ G+ +5kz (4)
n—1 m m
> max 308 (a0 q+ G+ 1)) + 02K — &) Gl
eRdj:O n n
n—1 m m
> max > 5 (¢4 55,0+ (+ 1)) +nK||Gll
qERdeO n n
nl m m m
> max (S(q+j—,q+(j+1)—)+skG(q+j—))
geR4 = n n n

Hence every minimizing (m,n)-periodic orbit starting at (¢,p) € R? x RY, is
such that p belongs to a fixed compact subset H(;(n’n) C R9, independent of
e € [-K, K]. Using Proposition 2.5, we deduce that (m,n)-periodic graphs of F_,
with e € [~ K, K], are contained in R? x TT7""™.

Proposition 2.10 implies that these graphs are C'! and, using that they are con-
tained in R% x H(m n), estimate (18) from Proposition A.1 implies that they are
uniformly Lipschitz.

By Arzela-Ascoli theorem (equiboundedness and equicontinuity follow from what
remarked above), there exists a subsequence of (ex;); such that the (m,n)-periodic
invariant graphs of Fekj converge to a Lipschitz graph, which is then an invariant
(m,n)-periodic graph of F._ and Lagrangian, being a uniform limit of Lipschitz
Lagrangian graphs; observe that this limit graph is also Z%periodic, being the
uniform limit of Z%periodic graphs. Again, from Proposition 2.5 and Remark 2.6
(ii) we deduce that all orbits starting at points of graph(v.__) are action-minimizing
and

det (ap(w1 o F"(q,%w(q)))) £0 VgeR<

Hence, {eo0} % {(¢,7:.(q)) : ¢ € R4} C Riynny(R). We conclude that eo €
Z(.ny(R), which implies that Z7,  (R) is closed.

Finally, we deduce from item (i) that the map (e, q) € Z,, ) (R) x R? = 7.(q)
is as regular as (g, q,p) — F-(g,p) is, in Whitney’s sense (it coincides, in fact, with
the restriction of the map Ty, ,, on this set), and Z%periodic in the ¢ variable.
Moreover, it follows from Proposition 2.7 (ii) that for every € € I(*m’n) (R), F. has
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exactly one invariant Lagrangian (m,n) periodic graph, that must then coincide
with graph(v:). O

3.2. Proof of Theorem 1
This section is organized as follows:

e We shall first prove that the set of € € R for which F. admits a Lipschitz Lagrangian
(m, n)-periodic graph is either the whole R or it has empty interior (see Lemma 3.6).
A key tool in the proof is provided by the identity theorem for holomorphic functions.

e We then improve the previous result and prove Theorem 1. Namely, we show that
when the set of ¢ € R for which F. admits a Lipschitz Lagrangian (m,n)-periodic
graph is not the whole R, then it is more than with empty interior: it consists of
isolated points. Moreover, we show that with the additional assumption that f has
bounded rate, then this set is at most finite.
The proof strongly relies on the fact that non-identically zero 1-dimensional holo-
morphic functions on a connected set, cannot vanish on sets with an accumulation
point.
Moreover, under the assumption that f has bounded rate, we show this set is bounded
(see Corollary A.2), from which one deduces that if the potential is not constant (in
which case the corresponding deformation is trivial, hence the set is either the empty
set or the whole R), then this set must be at most finite.

Let us start with the following Lemma.
Lemma 3.6. Under the hypotheses (i)-(iii) of Theorem 1, the set
{e € R: F. has a Lipschitz Lagrangian (m,n)-periodic graph}
is the whole R or it has empty interior.

Proof. We will prove that, under these assumptions, if Z,, ») (R) has non-empty interior,
then it must be the whole R; observe in fact that I(mm)(]R) coincides with the set in the
statement of the theorem, see Proposition 2.8.

Recall from Lemma 3.5 that Z, ,,(R) is closed. We also denote by F. the analytic
extension of F. to C? x C?. Assume by contradiction that Z, ,,(R) has a connected
component A that is not a single point.

Step 1 (Definition and properties of the map A): We proved in Lemma 3.5 item (i) that
Rim 2 (C) is a (d + 1)-dimensional complex submanifold of C2d+1, Observe that as a
result of Lemma 3.5 items (iii) and (iv), the following inclusion holds:

Ii={(e.0.7:(0) : € € A, g € RY} TRy, ) (C). 9)

(m;n)
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Observe that I' is connected; we denote by V the connected component of Rf,, n)(C )
that contains I' and define the map

A:V—C?
(e,4,p) —> ma 0 FI'(q,p) — p, (10)

where w9 denotes the projection on the p-component. The map A is holomorphic and
vanishes on I'. As the real dimension of I' is d + 1 and the complex dimension of V is
d 4 1, we deduce that all coefficients in the expansion of A at points of I are zero and
thus A vanishes on the whole V.

Step 2 (Definition and properties of the map x): We also define

X : yV — (Czd[X] X Mgd((C)

(€7Q7p) — (det (Dan(qap) - XH2d)7 (DFg(qap) - ]12(1)2)3 (11)

where the Cy4[X] denotes the set of complex polynomials with degree at most 2d, which
is identified with C24+1 while My4(C) is the set of square 2d-dimensional matrices and
I54 is the 2d-dimensional identity matrix. The map x is holomorphic and constant on
T", with value ((X —1)%4, (O)gd), where @y, is the 2d-dimensional zero square matrix.
Indeed, for € € A, the graph of v, is analytic and Lagrangian and F!* restricted to this
graph coincides with the map (q,p) — (¢ + m,p). Since F!* is symplectic, then at every
point of graph(y.) all the eigenvalues of DF! must be equal to 1. Moreover, we deduce
from Proposition 2.11 and Remark 2.6 that (DF" — I54)? = Qg4. Therefore, x must be
equal to ((X — 1)2¢, Qg4) on the whole V.

Step 3 (The connected component A must be unbounded): We now show that A is un-
bounded, both from above and from below, hence A = R, thus concluding the proof.

In fact, let us assume that A has a least upper bound S (one can argue simi-
larly assuming that it has a greatest lower bound or substituting G with —G). Since
Znm(R) is closed, we have 3 € I, m(R) = I, ,,(R) € T ,,(R). Recall that J;,  (R)
is open (Lemma 3.5 item (ii)) and that it consists of parameters ¢ € R for which
there exists a Lipschitz Z?-periodic (real) graph, that we denote graph(n.), such that
{e} x graph(n.) C R{,, ,)(R). Let I be the connected component of J;, . (R) that con-
tains 0 and, consequently, it contains an open neighborhood of 8 and hence it properly
contains A.

Let us then consider the connected subset of R{,, . (C)

(A&} x graph(n.) € v
eel

and observe that A must vanish on it, which means that the graphs of the function
ne for e € I are (m,n)-periodic. Moreover, on each of these graphs, y is constantly
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equal to ((X — 1)2¢, Qy4). We deduce from Proposition 2.11 and Remark 2.6 that these
graphs are Lagrangian, and then from Proposition 2.8 that they are invariant. Therefore,
I C 7, m(R), which contradicts the fact that A is a connected component of Z,, ,,(R). O

We can now prove Theorem 1.

Proof of Theorem 1. As observed before, Z,, ,,(R) coincides with the set in the statement
of the theorem, see Proposition 2.8.

Proof of part I. Let us assume that Z,, ,,(R) has an accumulation point &, which belongs
to Z,,.m(R) since it is a closed set (see Lemma 3.5 items (iii)-(iv)).

Step 1 (Definition of the function &) Let us consider

Fé = {(éaQ77€(q)) HEVRS Rd} c R?m,n)(c)

and let us denote by V the connected component of R’(km’n)((C) that contains I's. Since
F. is Z%periodic in ¢, so it is its holomorphic extension. Hence Rz‘mm)((C) is invariant
by the translation (e, q, p) — (g,q + k,p) for every k € Z%. In particular, it follows from
Lemma 3.5 item (i) that there exists an open neighborhood U of T'z in V that coincides
with the graph of an analytic function

Ty :OCCxC?— C?
(&,q) — Tmn(e,q)
where O C C x C? is a é-neighborhood of {¢} x R, for some § > 0, I',,,.,, is Z%periodic
in ¢ and {&} x graph(I'y, n({€},")) = Ts.
Recalling the definition of the function A in (10), let us define
A:0cCxC?—
(e,9) — Ale, g, F7n,n(5a q)),
which is clearly analytic in O.

Step 2 (Identity theorem and vanishing of &) Since € is an accumulation point of
Z, m(R), there exists a sequence of {e,}, C I, m(R) such that €, — & and the cor-
responding graphs

r., = {(En,q,%n(q)) i q€ Rd} cu

(here we use the uniqueness of these graphs, see Lemma 3.5 (iv)).
Observe that for every ¢ € R?, the function A(.,q) is an analytic function of one
complex variable, that vanishes on the set {e,}, U {£}, which has an accumulation
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point; hence, it vanishes identically on Bs(£) C C. Since this holds for every ¢ € R?, we
can conclude that A vanishes on B;(¢) x R¢ C O; observe that this set contains subset

of real dimension d + 1 and therefore A = 0 on O, which implies that A = 0 on U/ and
hence on V.

Step 3 (Identity theorem applied to the function x): In the same way, one can show that
X (see (11)) is identically equal to ((X — 1)2¢, Q44) on the whole V.

Step 4 (Conclusion of the proof of part I): Therefore, for every e € (6—4,£+0) the graphs
of Ty (e, +), with ¢ € R%, are (m, n)-periodic (as it follows from the vanishing on them of
A), Lagrangian (as it follows from the fact that x is constantly equal to ((X —1)2¢, Q)
on them, see Proposition 2.11) and invariant (as it follows from Proposition 2.8).

Therefore (€ — 6, +6) C Z,,m(R); it follows from Lemma 3.6 that Z,, ,,(R) =R and
this completes the first part of the proof: the set is either R or it must consist of isolated
points.

Proof of part II. If in addition f has bounded rate and G is not constant, then it follows
from Corollary A.2 that Z,, ,,(R) must be bounded; therefore, we deduce that it consists
of at most finitely many points (otherwise, these points would have an accumulation
point, thus contradicting the property of being isolated). O

4. Proof of Theorem 2

The proof of Theorem 2 consists of the following steps (we assume the notations and
assumptions of Theorem 2):

e Let (m,n) € Z4x N*, with m and n coprime. We show that the existence of infinitely
many ¢ € R, accumulating to 0, for which F. has an (m,n)-completely periodic La-
grangian graph, implies the vanishing of certain Fourier coefficients of GG, determined
by (m,n) (see Lemma 4.1).

e Using assumption (iv) of Theorem 2, we deduce that all but at most finitely many
Fourier coefficients of G must vanish (see Proposition 4.2 and Lemma 4.3).

e Finally, being G a trigonometric polynomial, the proof of Theorem 2 will follow from
Theorem 1.

Let us start with proving the following Lemma.

Lemma 4.1. Under the notation and assumptions (i)-(iii) of Theorem 2. Let (m,n) €
7% x N*, with m and n coprime, and assume that there exist infinitely many values of
e € R, accumulating to 0, for which F. has an (m,n)-completely periodic Lagrangian
graph. Then, for every v € Z4\ {0} such that (v, ™) € Z, we have G(v) =0 (where G(v)
denotes the v-th Fourier coefficient of G).

Proof. The result is trivial when G is constant. Hence we assume that G is not constant.
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Step 1 (Preliminaries): Recall Lemma 3.5 (and notations therein) and Proposition 2.8. It
follows that there exist some open subset V(,, ») of R x R¢ containing a d-neighborhood
of {0} x R%, and a C' function (g,q) € Vi, n C R X R +— Ty n(e,q) € RY, such

that ')y, ,, is Z%periodic in ¢, its graph is in R} (R) and the graph o := Iy, (0, )

m,n
is Lagrangian and (m,n)-completely periodic fo(r F. )

Let us denote by {ex}r>1 the values of &, accumulating to 0, whose existence is
assumed in the statement. We can assume that Vk, |e;| < §. If we denote by 7., : R? —
R? the Z?-periodic maps whose graphs are (m,n)-completely periodic and Lagrangian
for F.,, then — following the same argument as in the proof of Lemma 3.5 item (iv)
— we can verify the hypotheses to apply Arzela-Ascoli theorem and deduce that, as k
tends to oo, 7., tends to 7o uniformly in ¢ (up to extracting a subsequence). Hence, for

sufficiently large k, v., = T'mn(ek, ).

Step 2 (Computing the action and its Taylor expansion in €): For € € (—§,0) and q € R?,
we denote by {qj-}jeN the projection of the orbit of F starting at ¢f = ¢ and lying on
the graph of Ty, (e, ). Hence, for k > 1 and q € RY, {g;*}jen is the orbit of F,
of rotation vector ™, starting at ¢g* = ¢ and lying on the (m,n)-completely periodic

invariant Lagrangian graph corresponding to 7.,. The Lagrangian action of {qjs Yo<j<n
is given by

n—1

n—1
[Zmn)(q)zzss q]vq]+1 Z q]»QH»l +€G(qg)) (12)
7=0

j=0

Since the Lagrangian graph -y, is (m,n)-completely periodic, it follows that A‘E:‘n’n) (q)
must be constant as a function of ¢ (see Proposition 2.4).

By following a perturbative approach, we are going to get information on its first-order
expansion in power of £, namely?

0 1
fomy (@) = AL (@) +2AL) | (q) +o(e), (13)

with the remainder o(¢) uniform in ¢ (in fact, using Z%-periodicity, ¢ can be assumed to
vary in a compact subset).

First of all, observe that we have that ¢5 = q? + O(e) for every j = 0,...,n, where
9 := g+ j% and the estimate [¢5 — ¢9|| = O(e) is uniform in g. This follows from the
fact that the map

(e,q) — ¢; =m0 F/(q,Timn(e, q))
is C' and Z< periodic in q.

2 In some literature, .Afm‘n) is referred to as the subharmonic potential, while its first order term as its
(subharmonic) Melnikov potential (see, for instance, [49, p. 1882]).
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Now, expanding .Afm n) with respect to € we get:

[ary

n—

=0
= qu,qﬁl +€Z — ) @i — d)0), VS(a)df))  (14)
j= =0
n—1
4—5226‘((1?)—#0(5)7
=0

with the remainder o(¢) uniform in g.
Let us now observe that

i
L

(@5 — ¢} 51— a541) VS(4),4041))

<.
I
o

S
-

= (65 — 4))94S(d), 4 11) + (G541 — 45+1)905(45, 4j41)

<.
I
==}

3
|
—

= —(¢5 — d)0(q}) + (@541 — 4j41)0(q541)
=0

<.

= —(g§— a)(@) + (¢ — @)o(an) =0,

where in the second-last equality we have used that it is a telescopic sum, while in the
last equality that ¢§ = ¢§ = ¢ and ¢ = ¢¥ = ¢ + m.
Hence, we get

n—1 n—1
A @ =3 860, ¢%) +e 3 G(g\”) + ole). (15)
j=0 j=0

Step 3 (Annihilation of certain Fourier coefficients of G): By identifying terms in (15)
with those in equation (13) we conclude:

n—1

. .m . m
E (@9, ¢541) =) Sla+ja+(G+1))
=0 j=0
— m m
= Y = nh(=
h(n) nh(—")

and
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n—1

.m
Ay (@) = D Cla+35—).

=0

Since Aggzyn) (q) is constant, we conclude that in order to have Affn’n)(q) constant for
k > 1 (as it follows from Proposition 2.4), we necessarily need

n—1
m
A&m)(@ = Z G(q +JE) = const.
=0

In particular, let v € Z¢ \ {0} such that v - ~t € Z and multiply the above relation by
e—2m{»49) . integrating and changing variables, we get:

n—1 n—1
0= / Glg+j=)e 2w g = /G(q + e 2T ) dg
Td .]_20 " j_ZOTd K
n—1 n—1 (16)
= Z /G(u)efzm<"""7j%> du = Z / G(u)e 2™ %) qy = n G(v),
J=0pq J=0p4

where é(u) denotes the v-th Fourier’s coefficient of the function G. O
We can then prove the following.

Proposition 4.2. Under the assumptions of Theorem 2, it follows that G must be trigono-
metric polynomial.

We need an auxiliary result.

Lemma 4.3. Let q1, ..., qq € Q¢ be linearly independent vectors over R and let 0 < a; < b;
for everyi=1,...,d. Then, the set

T:={wveZ st. WAG)¢Z YA€ (a;,b)NQ Vie{l,...,d}}

is finite.

Proof of Lemma 4.3. For i = 1,...,d, we denote by f; the linear form v — (v, ¢;). Since
q1,---,qq € Q% form a basis, it follows that the map f := (f1,..., f4) is an isomorphism
of RY, therefore we can define a norm on R%, given by || - || := max{|f1(-)],..., |fa(-)|}-

Observe that for every r > 0, B;(0,7) := {v € R?: |Jv||; < r} is a compact subset of
R?, and therefore Z% N B (0,r) is finite.

Let o := max{(b; — a;)~1,1 < i < d}; we will prove that for every v € Z4\B;(0, a),
there exist ¢ € {1,...,d}, A € (a;,b;) N Q such that f;(Av) € Z. This implies that
T C B¢(0,a) N Z%, hence proves the thesis.
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Let v € Z4\ Bf(0, a); since ||v]|; > a, there exists i € {1,...,d} such that |f;(v)| > .
This implies that f;((a;, b;)v) is an interval of length greater than a(b; — a;) > 1; hence
there exists A € (a;, b;) such that f;(Av) € Z. We know that f;(v) = (v,¢;) € Q, since
v € Z* and ¢; € Q%; therefore, A € (a;,b;) NQ. O

Remark 4.4. In a similar way, one can show that if we have a family of linearly inde-
pendent (¢;)1<i<m C Q1 with m < d, then the corresponding set Z (defined as above)
would be the union of a finite number of translated copies of E+ N Z%, where E is the
linear subspace generated by ¢, ..., ¢m,. Hence, it is not finite.

Proof of Proposition 4.2. Up to changing g; with —g; and, possibly, restricting to a sub-
interval, we can assume that I; = (a;,b;) with 0 < a; < b; for every j =1,...,d.

Let T denote the set from Lemma 4.3 with this choice of ¢i,...,q¢ € Q% and
al,...,ad,bl,...,bd. R R

We claim that if v ¢ Z then G(v) = 0, where G(v) denotes the v-th Fourier coefficient
of G. Being 7 a finite set (see Lemma 4.3), this allows us to conclude that G is a
trigonometric polynomial:

Glag) = 3 G)er™ .

veL

Let us prove the above claim. If v ¢ Z, then there exists i € {1,...,d} and X €
(ai,b;) N Q such that (v, \q;) € Z. Hence we can apply Lemma 4.1 with 7 = A\g; and
conclude that G(v) =0. O

We can now complete the proof of Theorem 2.

Proof of Theorem 2. Since G is a trigonometric polynomial (see Proposition 4.2), then
it admits a holomorphic extension to C%. Moreover, since f is completely integrable
and strongly positive, then it has also bounded rate (see Remark 1.7). Therefore, the
claim follows from Theorem 1, applied to any choice of (m,n) € Z? x N* such that

d
me Uiy LignQ% O
Appendix A. Lipschitz inequalities and Green bundles along invariant Lagrangian tori

Here we provide some results for Lagrangian tori that are invariant by strongly positive
symplectic twist maps, without any prescription on their dynamics. Namely, given a
strongly positive symplectic twist map:

e we provide a Lipschitz bound for all its C' Lagrangian invariant tori (Proposi-
tion A.1);

e for every symplectic deformation of such a map by a potential, we prove that the
Lipschitz bound can be chosen uniformly for elements of the family corresponding to
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parameters belonging to a compact set (Corollary A.2 (i)). Moreover, we also prove
that when the potential is not identically constant, for every parameter large enough,
the corresponding element of the family has no invariant tori (Corollary A.2 (ii)).

Let us start with this Proposition.

Proposition A.1. Let f : T¢ x R? © be a strongly positive symplectic twist map. Let
F(q,p) =: (Q(q,p), P(q,p)) be a lift of f and let S(q,Q) denote a generating function.

(i) Letv:R% — R be Z9-periodic and C*, and such that L := graph(v) is Lagrangian
and invariant by F'. Then we have:

94045 (0,Q(q,v(q))) + 0g0oS(Q (¢, ¥(q)),q) >0 Vg e R (17)

i.e., it is positive definite as a matriz.
(if) Moreover, the following Lipschitz bound holds for L:

1D0() oo < max {[|0,0,S ¢ Qv )l| o0 100005, QO ) (18)

Proof. PART (i): We begin with proving positive definiteness, as in (17).

Step 1 (Formula for DF~1): Let us start with a preliminary computation. Define

w((Lp) = (qa Q(Q7p)) and ¢(Q7 Q) = (Q7 78‘15((]5 Q))v

it follows from the definition of generating function that 1 and ¢ are one the inverse of

the other. In particular:

D56 = (s,0l0) 0,000r) ) = PAVED)™

(Lo ko),
~0a9¢5 =94005 )\ o\ (w(am)
(OF

_ Iy )
= . —1 o —1 :
( (99905)™" 04945 —(94905)™" )|, o)=(w(a.m)

It follows from this that

_ Q(q,p) 0,Q(q,p)
DF(W_( Plo.p) 0,Pq.p)
( —(0,005)10,0,S —(0,008)~! >
-1 1 .
4008 — 09065(04005) ' 040,5  ~00905(24908) ™ ) 01— wiamn
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Recall that DF is a symplectic matrix, hence its inverse is given by the expression below
(we denote by T the transposed matrix):

Q. P) = (DF(F(g,p))~"
N O T 04 —lq4
(T o) omrrwaen (T o)
- ( —~(09098(9,098) ) ((0,05) )" ) .
*(&IaQS - aQaQS(aanS) aqafls) 7(((9an5) 3q8qS) (4,Q)=(¢(F(q,p)))
Step 2 (Order relation of subspaces and proof of (17)): Let L as in the hypotheses. Let
z = (¢q,p) € R? x R? we recall that there is an order relation on the set of Lagrangian
subspaces of T,,(R% x R?) that are transverse to the fibers V() := ker D (z).

n [3, Section 2.1] (see also [2, Section 3.1]), to every L_, L, Lagrangian subspaces
that are transverse to V(x), is associated a quadratic form defined on the quotient linear
space

Q(L_,Ly):T,(RxRY)/V(z) - R

in the following way: in the usual coordinates (&g, dp) of T,,(R? x R9), Ly is the graph of
a symmetric matrix® Si and in the coordinates §q the matrix associated to Q(L_, L)
is given by Sy — S_. This allows one to define an order relation on the set of these
Lagrangian subspaces: L > L_ if and only if Q(L_, L) is positive definite.

In [3, Proposition 7] (see also [11]), it is proven that if f is a strongly positive sym-
plectic twist map, then at every x € R? x R? whose (lifted) orbit is minimizing, the two
Lagrangian subspaces

Gi(x) := DF(F~Y(2))V(F~Y(z)) and G_i(z):= DF~Y(F(2))V(F(z))
are transverse to the vertical V' (x) and satisfy
G_1(z) < Gy(x). (19)

As the orbit of every point that is contained in £ is minimizing, see [25, Theorem 35.2],
this inequality is true for all the points of £. Moreover, for (g,p) € R? x R%:

(F~Y(a,p))V(F~'(g,p)) turns out
to be the graph of the matrix dgdgS(¥(F~'(¢,p))),
— the inverse image of the vertical G_1(q,p) := DF~Y(F(q,p)))V(F(q,p)) turns out
to be the graph of the matrix —9,0,S(¢¥(F(q,p))).

— the direct image of the vertical G1(¢q,p) := DF
Hq

3 The corresponding matrix is symmetric because Ly is Lagrangian.
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Hence, the condition G_1(q,p) < G1(q, p) reads:

04045 (Y(F(q,p))) + 00 S(¥(F ™ (a,p))) > 0,

thus proving (17).

PART (ii): We will now prove that 0,0,5(¢, @) and dg0gS(¢, Q) provide some Lipschitz
inequalities for £, thus proving (18).

The idea is the following: we will construct a family ( ft)te(o,u of symplectic twist
maps such that fi = f and such that for every ¢ € (0,1] the tangent space to f;(£)
is transverse to G; and G_;. Proving that there is an inequality among these three
Lagrangian subspaces (or more exactly, among the symmetric matrices that define these
subspaces) for ¢ small enough and that these three subspaces are transverse for every
t € (0,1], we will deduce the same inequality for ¢t = 1, i.e., for f.

Since f is strongly positive, there exists a constant « > 0 such that

9,005 (v,v) < —aljv|? Vg, Q,v € RY.

Step 1 (Interpolation of symplectic twist maps): We use a l-parameter family of sym-
plectic twist maps that is built in the proof of [25, Theorem 41.6].

We fix a smooth non-negative and non-increasing function 7 : (0;+00) — [0, 4+00)
such that n(1) = n'(1/2) = 0, n(1/2) = 1 and lim; o+ 7(¢t) = +oo. We also choose 7
such that the extension of 1/n at 0, which is continuous, is differentiable at 0. Then we
consider the 1-parameter family of generating functions (gt)te(o,l] that are defined by

Si(a,Q) :—{%"(ﬂ IIQ—qIIz for 0<t<1/2
L) |1Q —qll2+ (1 —=n(£)S(q, Q) for 1/2<t<1.

For every t € (0, 1], the function gt is the generating function of a symplectic twist map
f; that is strongly positive. More precisely, we have f; = f; let (F}): denote a continuous
family of lifts of f; such that for 0 <t < 1/2,

Fi(a,p) = (a + (an())"'p, p)-

We associate {/)vt to }~7‘t as 1Y was associated to F' at the beginning of the proof.
We introduce for 0 < ¢t <1

~ the direct image of the vertical G% (g, p) :== DF,(F, (¢, p))V(F, (¢, p)) turns out to
be the graph of the matrix 8Q8Q§t(1zt(f’t_l(q,p))),

~ the inverse image of the vertical G* |(q,p) := DF, *(Fi(q,p))V (Fy(g,p)) turns out
to be the graph of the matrix —8q8q§t(zzt(ft(q,p))).

— when (¢,p) € Fy(L), T(q,p)ﬁt(ﬁ) is the tangent space to Fy(£). For t > 0 small
enough, this is the graph of a symmetric matrix that we denote by T¢(g,p).
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For t € (0,1/2], we have

06008+ (Fy ' (¢.p))) = (an(t)'Ta and  9,0,5,(¢e(fi ' (a.0))) = —(an(t)'La.

Because T; is bounded for ¢ > 0, sufficiently small, there exists € > 0 such that

~0,0451 (Ve (F7 (a0, 1)) < Ti(a,p) < 9000 Se(du(E;  (4.p)))

for all (q,p) € Fy(L) and ¢ € (0,¢].

Step 2 (FExtension of the interpolation): Observe that all these matrices continuously
depend on ¢, when they are defined. Observe also that for ¢ € (0, 1] and (q,p) € Fi(L):

a) all the subspaces G (g, p) and G (g, p) are transverse to the vertical;
b) since G (¢,p) = DF,(F; *(q,p))V(F; '(q,p)) and

T(qm)ﬁt([') = Dﬁt(Fi 1(q’p))(Tﬁfl(q,p)

o

éﬁ (¢,p) and T(q,p)ﬁt([,) are the image by an isomorphism of two transverse sub-
spaces, therefore they are also transverse;
¢) the same argument proves that G* (¢, p) and T\, ) F;(L) are also transverse.

Let us deduce that for all t € (0,1], and all (¢,p) € F,(L), T((M))E(E) is the graph of
a symmetric matrix 7¢(g, p) such that

—0,0,5: (Ve(F;(a,p))) < Tila,p) < 900 Se($u(F, (g, p)))- (20)

We know that (20) is true for ¢ € (0,¢]. Assume that this is not true for some ¢ € (0, 1].
Let ¢y be the infimum of the ¢ € (0,1] for which there exists (¢,p) € F,(£) such that
(20) does not hold. This means that either the inequality in (20) does not hold or that
Ti(q,p) is not defined because T(qm)]?t(ﬁ) is not transverse to the vertical.

Since the inequality is true for all ¢ € (0, tg), this implies, by continuity in ¢, that for
all (¢,p) in L, Tﬁf,o(qm)
< by <.

Then, there exists (qo,po) € ﬁto (£) such that 8Q8Q§t0 ({/;t%(ﬁtgj(q,g))) — Tt (¢, D) is
positive semidefinite, but not definite, or that Tz, (¢, p) — 0404St, (¥4, (thl(q,p))) is pos-
itive definite, but not definite. Since the kernel of a positive semidefinite matrix is equal

F;, (L) is a graph that satisfies the same inequalities by replacing

to its isotropic cone, this implies either that étl‘) (¢,p) and T((M,)ﬁto (L) are not transverse
or that T(4 ) F,(£) and G™,(q,p) are not transverse, thus providing a contradiction to
what observed in items b) and c) above.

Step 8 (Conclusion): Now, using inequality (20) for ¢t = 1, we deduce

G_1(¢:p) < TiqmL < Gi(q;p)  Y(g,p) €L, (21)
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which provides Lipschitz inequalities

1Dv]lse < max {[|0,0,50)||, - 00005 W)]| . . }-
where || - |0,z denotes the sup-norm on £. O

Let us now prove the following result, that plays a crucial role in the proof of Theo-
rem 1, part II.

Corollary A.2. Let f : T¢xR? < be a strongly positive symplectic twist map with bounded
rate, let G : T? — R be a C? function and let (f-).cr be a symplectic deformation of f
by G (see Notations 1.4). Then:

(i) For every g9 > 0, there exists K(go) > 0 such that every C'-Lagrangian graph
invariant by some f., with |e| < g, is Lipschitz with Lipschitz constant K (eo).

(ii) If G is not constant, there exists A > 0 such that for all e € R such that |e| > A, f.
does not admit any C* Lagrangian invariant graph.*

Remark A.3. In dimension 2 and for the standard map, the second point is due to
Mather [47] and Aubry-Le Daeron [8]. In any dimension, but only for generating functions
S(q,Q) = h(Q — q), with h positive definite quadratic form, Herman proved the result
in [28].

Proof. We consider the symplectic deformation of f by a potential G € C?(T?), given by
f- : T¥xR? ©, with e € R, whose generating functions are S.(¢, Q) := S(q, Q) +eG(q).
We denote by F. a continuous family of lifts of f..

PART (i): Let v : T¢ — RY be C' and such that £ := graph(v) is Lagrangian and
invariant by some f., with || < &g. Then, considering its lift to R? x R?, we deduce
from (18) that

1DV < max {110,0,5| o |90 S]], } + 20l Gllow = K (<),

which is finite since f has bounded rate.

PART (ii): We now assume that G is not constant. Then, there exist ¢;,¢q2 € T% and
v1,v9 € R% such that D2G(q1)(vi,v1) > 0 and D?G(gz)(v2, v2) < 0. Since f has bounded
rate, there exists A > 0 such that for every ¢ > A and Q, Q' € R?

(04945(42, Q) + 000 S(Q', ¢2) + e D*G(ga)) (v2,v2) < 0

and

4 This gives another argument for the result of MacKay and Bialy [11], that we cited in Remark 1.20.
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(040,8(q1, Q) + 900S(Q', 1) — eD*G(q1))(v1,v1) < 0.

Therefore, by (17), we deduce that f. cannot have an invariant Lagrangian graph when
le] > A, O

References

[1] R. Abraham, J. Robbin, Transversal Mappings and Flows, An appendix by Al Kelley, W. A. Ben-
jamin, Inc., New York-Amsterdam, 1967.

[2] M.-C. Arnaud, Fibrés de Green et régularité des graphes C°-lagrangiens invariants par un flot de
Tonelli, Ann. Henri Poincaré 9 (5) (2008) 831-926.

[3] M.-C. Arnaud, Lower and upper bounds for the Lyapunov exponents of twisting dynamics: a re-
lationship between the exponents and the angle of Oseledets’ splitting, Ergod. Theory Dyn. Syst.
33 (3) (2013) 69-712.

[4] V.I. Arnol’d, Small denominators. I. Mapping the circle onto itself, Izv. Akad. Nauk SSSR, Ser.
Mat. 25 (1961) 21-86.

[5] V.I. Arnol’d, Proof of a theorem of A. N. Kolmogorov on the preservation of conditionally periodic
motions under a small perturbation of the Hamiltonian, Usp. Mat. Nauk 18 (5(113)) (1963) 13-40.

[6] M. Arnold, M. Bialy, Non smooth convex caustics for Birkhoff billiards, Pac. J. Math. 295 (2) (2018)
257-269.

[7] A. Avila, J. De Simoi, V. Kaloshin, An integrable deformation of an ellipse of small eccentricity is
an ellipse, Ann. Math. (2) 184 (2) (2016) 527-558.

[8] S. Aubry, P.Y. Le Daeron, The discrete Frenkel-Kontorova model and its extensions. I. Exact results
for the ground-states, Physica D 8 (3) (1983) 381-422.

[9] M. Bialy, Convex billiards and a theorem by E. Hopf, Math. Z. 214 (1) (1993) 147-154.

[10] M. Bialy, Integrable geodesic flows on surfaces, Geom. Funct. Anal. 20 (2) (2010) 357-367.

[11] M. Bialy, R. MacKay, Symplectic twist maps without conjugate points, Isr. J. Math. 141 (2004)
235-247.

[12] M. Bialy, A.E. Mironov, Cubic and quartic integrals for geodesic flow on 2-torus via a system of
the hydrodynamic type, Nonlinearity 24 (12) (2011) 3541-3554.

[13] M. Bialy, A.E. Mironov, Rich quasi-linear system for integrable geodesic flows on 2-torus, Discrete
Contin. Dyn. Syst. 29 (1) (2011) 81-90.

[14] M. Bialy, A.E. Mironov, Integrable geodesic flows on 2-torus: formal solutions and variational prin-
ciple, J. Geom. Phys. 87 (2015) 39-47.

[15] M. Bialy, A. Mironov, Angular billiard and algebraic Birkhoff conjecture, Adv. Math. 313 (2017)
102-126.

[16] M. Bialy, A.E. Mironov, The Birkhoff-Poritsky conjecture for centrally-symmetric billiard tables,
Ann. Math. (2) 196 (1) (2022) 389-413.

[17] S. Bolotin, Integrable Birkhoff billiards, Mosc. Univ. Mech. Bull. 45 (2) (1990) 10-13.

[18] A.V. Bolsinov, A.T. Fomenko, V.S. Matveev, Two-dimensional Riemannian metrics with an inte-
grable geodesic flow. Local and global geometries, Mat. Sb. 189 (10) (1998) 5-32, Engl. Transl. Sb.
Math. 189 (9-10) (1998) 1441-1466.

[19] D. Burago, S. Ivanov, Riemannian tori without conjugate points are flat, Geom. Funct. Anal. 4 (3)
(1994) 259-269.

[20] A. Celletti, L. Chierchia, Quasi-periodic attractors in celestial mechanics, Arch. Ration. Mech. Anal.
191 (2) (2009) 311-345.

[21] Q. Chen, D. Damjanovié¢, B. Petkovié¢, On simultaneous linearization of certain commuting nearly
integrable diffeomorphisms of the cylinder, Math. Z. 301 (2) (2022) 1881-1912.

[22] L.H. Eliasson, B. Fayad, R. Krikorian, Around the stability of KAM tori, Duke Math. J. 164 (9)
(2015) 1733-1775.

[23] B. Fayad, D. Sauzin, KAM tori are no more than sticky, Arch. Ration. Mech. Anal. 237 (3) (2020)
1177-1211.

[24] A. Glutsyuk, On polynomially integrable Birkhoff billiards on surfaces of constant curvature, J.
Eur. Math. Soc. 23 (3) (2021) 995-1049.

[25] C. Golé, Symplectic Twist Maps, Advanced Series in Nonlinear Dynamics, vol. 18, World Scientific
Publishing Co., Inc., River Edge, NJ, 2001, Global variational techniques.


http://refhub.elsevier.com/S0001-8708(23)00318-3/bib3ED58CAB9C760E1A74101EF6EA8C2BECs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib3ED58CAB9C760E1A74101EF6EA8C2BECs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibA62AF2BF37FFAECAA714F68CDACC9313s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibA62AF2BF37FFAECAA714F68CDACC9313s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib68EDA2FC329B362B558B75D6213EE5A2s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib68EDA2FC329B362B558B75D6213EE5A2s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib68EDA2FC329B362B558B75D6213EE5A2s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibE255D3E1123ABBA70528B17465ACF666s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibE255D3E1123ABBA70528B17465ACF666s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibFEA80A253422410E7E415D824DFD0FA8s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibFEA80A253422410E7E415D824DFD0FA8s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibF8A28427B8E803BE8B219B393955A980s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibF8A28427B8E803BE8B219B393955A980s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib3218C526BBE81DAC902ACA47C0142B44s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib3218C526BBE81DAC902ACA47C0142B44s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibA8D72334FC8070696FA67E49FA83F079s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibA8D72334FC8070696FA67E49FA83F079s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibF208130E2CEB82FD08E506FB092F9C3As1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib2493CA2E15B2569660B6C325CA218381s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib6E1DEADB46652C3B62CA636CAA17F1CFs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib6E1DEADB46652C3B62CA636CAA17F1CFs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib3F2BDB160CF71B1A5DD57D1087DC4777s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib3F2BDB160CF71B1A5DD57D1087DC4777s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibEEE3DB02485F300D790EA0F7B3414111s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibEEE3DB02485F300D790EA0F7B3414111s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib6D7FA51C93E928EF65448572F7AC0D3Es1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib6D7FA51C93E928EF65448572F7AC0D3Es1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibB08E516BB7194C22D8C85FBF880346BEs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibB08E516BB7194C22D8C85FBF880346BEs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib4236BA9DE499E68A9A433FE5766F2E1Ds1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib4236BA9DE499E68A9A433FE5766F2E1Ds1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib39FEA53CE8132CEF031A3BC48EDB7BC6s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib49630D72B07154DB71A3B85B8BD060A0s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib49630D72B07154DB71A3B85B8BD060A0s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib49630D72B07154DB71A3B85B8BD060A0s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib23952741DBFB6E6BA2954EDE96BFF4BFs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib23952741DBFB6E6BA2954EDE96BFF4BFs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibBBDA57375986AD07D4539ADFB3A25395s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibBBDA57375986AD07D4539ADFB3A25395s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibCAB4A4041C8BDAE6009A59D0953A5085s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibCAB4A4041C8BDAE6009A59D0953A5085s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib43D0F97AF2BE332F1DB17DA3A1CFC15Bs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib43D0F97AF2BE332F1DB17DA3A1CFC15Bs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib7E7826E5E8215F5BAE1624C53C5949FAs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib7E7826E5E8215F5BAE1624C53C5949FAs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibA56A45645C86C53019AC25351FB0549Es1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibA56A45645C86C53019AC25351FB0549Es1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibF58D1493D9647E844036C86D32EB048As1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibF58D1493D9647E844036C86D32EB048As1

38 M.-C. Arnaud et al. / Advances in Mathematics 429 (2023) 109175

[26] A. Hatcher, Algebraic Topology, Cambridge University Press, 2002, xii+544.

[27] J. Henheik, Deformational rigidity of integrable metrics on the torus, arXiv:2210.02961, 2022.

[28] M.-R. Herman, Non-existence of Lagrangian graphs (French), in: Notes inachevées—sélectionnées
par Jean-Christophe Yoccoz (Unfinished Notes—Selected by Jean-Christophe Yoccoz), in: Docu-
ments Mathématiques (Paris) (Mathematical Documents (Paris)), vol. 16, Société Mathématique
de France, Paris, 2018, pp. 67-72.

[29] E. Hopf, Closed surfaces without conjugate points, Proc. Natl. Acad. Sci. USA 34 (1948) 47-51.

[30] G. Huang, V. Kaloshin, A. Sorrentino, Nearly circular domains which are integrable close to the
boundary are ellipses, Geom. Funct. Anal. 28 (2) (2018) 334-392.

[31] N. Innami, Geometry of geodesics for convex billiards and circular billiards, Nihonkai Math. J. 13
(2002) 73-120.

[32] V. Kaloshin, C.E. Koudjinan, Non co-preservation of the 1/2 & 1/(2l 4 1)-rational caustics along
deformations of circles, arXiv:2107.03499, 2021.

[33] V. Kaloshin, A. Sorrentino, On the local Birkhoff conjecture for convex billiards, Ann. Math. (2)
188 (1) (2018) 315-380.

[34] V. Kaloshin, A. Sorrentino, Inverse problems and rigidity questions in billiard dynamics, Ergod.
Theory Dyn. Syst. (2021), online first.

[35] V. Kaloshin, K. Zhang, Density of convex billiards with rational caustics, Nonlinearity 31 (11)
(2018) 5214-5234.

[36] A. Henrici, T. Kappeler, Global action-angle variables for the periodic Toda lattice, Int. Math. Res.
Not. 11 (2008).

[37] T. Kappeler, J. Poschel, KAV & KAM, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge.
A Series of Modern Surveys in Mathematics (Results in Mathematics and Related Areas. 3rd Series.
A Series of Modern Surveys in Mathematics), vol. 45, Springer-Verlag, Berlin, 2003.

[38] A.N. Kolmogorov, On conservation of conditionally periodic motions for a small change in Hamil-
ton’s function, Dokl. Akad. Nauk SSSR (N. S.) 98 (1954) 527-530.

[39] V.N. Kolokol’tsov, Geodesic flows on two-dimensional manifolds with an additional first integral that
is polynomial with respect to velocities, Izv. Akad. Nauk SSSR, Ser. Mat. 46 (5) (1982) 994-1010,
1135.

[40] I. Koval, Local strong Birkhoff conjecture and local spectral rigidity of almost every ellipse, Preprint,
arXiv:2111.12171, 2023.

[41] S.B. Kuksin, Analysis of Hamiltonian PDEs, Oxford Lecture Series in Mathematics and Its Appli-
cations, vol. 19, Oxford University Press, Oxford, 2000, xii+212 pp.

[42] R.S. MacKay, J.D. Meiss, J. Stark, Converse KAM theory for symplectic twist maps, Nonlinearity
2 (4) (1989) 555-5703.

[43] R. Maiié, Generic properties and problems of minimizing measures of Lagrangian systems, Nonlin-
earity 9 (2) (1996) 273-310.

[44] D. Massart, A. Sorrentino, Differentiability of Mather’s average action and integrability on closed
surfaces, Nonlinearity 24 (6) (2011) 1777-1793.

[45] J.E. Massetti, A normal form & la Moser for diffeomorphisms and a generalization of Riissmann’s
translated curve theorem to higher dimensions, Anal. PDE 11 (1) (2018) 149-170.

[46] J.E. Massetti, Normal forms for perturbations of systems possessing a Diophantine invariant torus,
Ergod. Theory Dyn. Syst. 39 (8) (2019) 2176-2222.

[47] J.N. Mather, Nonexistence of invariant circles, Ergod. Theory Dyn. Syst. 4 (2) (1984) 301-309.

[48] J. Moser, On invariant curves of area-preserving mappings of an annulus, Nachr. Akad. Wiss. Gott.
Math.-Phys. K1 II 1962 (1962) 1-20.

[49] S. Pinto-de Carvalho, R. Ramirez-Ros, Non-persistence of resonant caustics in perturbed elliptic
billiards, Ergod. Theory Dyn. Syst. 33 (6) (2013) 1876-1890.

[50] H. Poincaré, New Methods of Celestial Mechanics, vol. 3, History of Modern Physics and Astronomy,
vol. 13, American Institute of Physics, New York, 1993, Integral invariants and asymptotic properties
of certain solutions, Translated from the French, revised reprint of the 1967 English translation, with
endnotes by G.A. Merman, edited and with an introduction by Daniel L. Goroff.

[61] H. Scott Dumas, The KAM Story, World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2014,
A friendly introduction to the content, history, and significance of classical Kolmogorov-Arnold-
Moser theory.

[52] Yu.B. Suris, Integrable mappings of standard type (Russian), Funkc. Anal. Prilozh. 23 (1) (1989)
84-85, Translation in Funct. Anal. Appl. 23 (1) (1989) 74-76.

[63] M. Toda, Vibration of a chain with nonlinear interaction, J. Phys. Soc. Jpn. 22 (2) (1967) 431-436.


http://refhub.elsevier.com/S0001-8708(23)00318-3/bibFE80997DA8FFAA6F81D770C5043D1AB4s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib7EE0011FD2BEFCF4FF160A4B1178C33Es1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib33C0B4FA84CB8698F2E5881E8BAA5575s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib33C0B4FA84CB8698F2E5881E8BAA5575s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib33C0B4FA84CB8698F2E5881E8BAA5575s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib33C0B4FA84CB8698F2E5881E8BAA5575s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib05DA289FC9136607C1E2E7BA71AACB61s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib5BC2B596CA3185BD9AD2F7B592C967C9s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib5BC2B596CA3185BD9AD2F7B592C967C9s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib7398BD77A885C231A3E938031E2E2CBBs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib7398BD77A885C231A3E938031E2E2CBBs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibD3B82373E4B04B2304356EBEB4BBD607s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibD3B82373E4B04B2304356EBEB4BBD607s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib545FDEE8993E0C8D4FAE7BC2D451C440s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib545FDEE8993E0C8D4FAE7BC2D451C440s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibA63BCCE6ECEE01EA5355498639B702E1s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibA63BCCE6ECEE01EA5355498639B702E1s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib4ACEB7D6B4564EC96BC6605CD5AF37E7s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib4ACEB7D6B4564EC96BC6605CD5AF37E7s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib92B60AFD5E767C5B49BE42C1580E6DDDs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib92B60AFD5E767C5B49BE42C1580E6DDDs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibAC396B0555A519D22A384D1A4DE3E4FDs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibAC396B0555A519D22A384D1A4DE3E4FDs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibAC396B0555A519D22A384D1A4DE3E4FDs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib8D09DC9B9FF67177EBB9FC82624FD800s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib8D09DC9B9FF67177EBB9FC82624FD800s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib09F0CC762C6722BF7126E523056D9A90s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib09F0CC762C6722BF7126E523056D9A90s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib09F0CC762C6722BF7126E523056D9A90s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib1BFDA4E9C7469995EF606B234B249AC1s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib1BFDA4E9C7469995EF606B234B249AC1s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibA64170B7F968E324C511E940D54918EFs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibA64170B7F968E324C511E940D54918EFs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib55D476BECEB0AE0996B44FA3562C18E6s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib55D476BECEB0AE0996B44FA3562C18E6s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib685BA156C474D3184BD583A67F0CB00As1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib685BA156C474D3184BD583A67F0CB00As1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib7A663CAEA1B722A63DC2868158ED584Ds1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib7A663CAEA1B722A63DC2868158ED584Ds1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib0AC4F8EE868C471FDCD4768C54D7DDAEs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib0AC4F8EE868C471FDCD4768C54D7DDAEs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib26AC8693CBD23B87EE530D19697D6D37s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib26AC8693CBD23B87EE530D19697D6D37s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibE7CC2122827802C777E97743DDAC82E0s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib9B21256E338D6D5C1B9811F56D0B6FE5s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib9B21256E338D6D5C1B9811F56D0B6FE5s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib04997640F35B505065AC265595F53FF6s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib04997640F35B505065AC265595F53FF6s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibEF4081E02313DBABA93C7C9B43FAEBF9s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibEF4081E02313DBABA93C7C9B43FAEBF9s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibEF4081E02313DBABA93C7C9B43FAEBF9s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bibEF4081E02313DBABA93C7C9B43FAEBF9s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib49F6A2FD072089A03A560A979CB76A66s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib49F6A2FD072089A03A560A979CB76A66s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib49F6A2FD072089A03A560A979CB76A66s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib2B4CE8784250D5DD70E181F3E231DC3Bs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib2B4CE8784250D5DD70E181F3E231DC3Bs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib2F8D77C104D3E5D5A1F22B70673B6086s1

M.-C. Arnaud et al. / Advances in Mathematics 429 (2023) 109175 39

[54] M.P. Wojtkowski, Two applications of Jacobi fields to the billiard ball problem, J. Differ. Geom. 40
(1994) 155-164.

[65] V.E. Zakharov, A.B. Sabat, A plan for integrating the nonlinear equations of mathematical physics
by the method of the inverse scattering problem. I, Funkc. Anal. Prilozh. 8 (3) (1974) 43-53.

[56] J. Zhang, Coexistence of period 2 and 3 caustics for deformative nearly circular billiard maps,
Discrete Contin. Dyn. Syst. 39 (11) (2019) 6419-6440.


http://refhub.elsevier.com/S0001-8708(23)00318-3/bib124F0FAB668B6C5F41A7200290CA760As1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib124F0FAB668B6C5F41A7200290CA760As1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib7BBEF85340BFD445996BF47902A8E8EDs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib7BBEF85340BFD445996BF47902A8E8EDs1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib96641E4A5A09E69B32236ADBDFD55407s1
http://refhub.elsevier.com/S0001-8708(23)00318-3/bib96641E4A5A09E69B32236ADBDFD55407s1

	On the fragility of periodic tori for families of symplectic twist maps
	1 Introduction and main results
	1.1 Setting and definitions
	1.2 Main results
	1.2.1 Main results I: on the fragility of periodic tori
	1.2.2 Main results II: on the rigidity of integrable symplectic twist maps

	Acknowledgments

	2 Some properties of (m,n)-periodic graphs
	2.1 Action-minimizing properties of Lipschitz Lagrangian (m,n)-periodic graphs
	2.2 Regularity of Lipschitz Lagrangian (m,n)-periodic graphs
	2.3 Symplectic properties of (m,n)-periodic graphs

	3 Proof of Theorem 1
	3.1 Sets of (m,n)-periodic and radially transformed points of symplectic twist maps
	3.2 Proof of Theorem 1

	4 Proof of Theorem 2
	Appendix A Lipschitz inequalities and Green bundles along invariant Lagrangian tori
	References


