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Calculus for eight-dimensional hypercomplex algebras

Martin Bouchard, Juhi Khalid
School of Electrical Engineering and Computer Science, University of Ottawa,
800 King Edward, Ottawa KIN6N5 Canada

ABSTRACT

This paper introduces the basis of calculus with the formulation of partial derivatives over

hypercomplex variables for two 8-dimensional hypercomplex algebras: octonions and split-

biquaternions. The work can be seen as a direct extension of Wirtinger/CR calculus for

complex-numbers algebra, and HR calculus or generalized HR calculus for quaternion

algebra. We first show that the approach based on rotations over basis components used in

the development of HR calculus or generalized HR calculus is not suitable for the two

considered 8-dimensional hypercomplex algebras. Instead, we justify the use of
transformations based on Hadamard matrices, which allows a common framework for the
development of partial derivatives for complex-numbers, quaternion, octonion and split-
biquaternion algebras. The results of this paper are an important step towards the
development of optimization algorithms and adaptive filtering algorithms of hypercomplex

variables for 8-dimensional hypercomplex algebras.

KEYWORDS: calculus for 8-dimensional hypercomplex algebras, octonion algebra, split-
biquaternion algebra, normed and seminormed 8-dimensional composition algebras, normed

and seminormed 8-dimensional division algebras.

[. INTRODUCTION

The use of Wirtinger/CR calculus for complex-numbers algebra has been well know in the

last few decades. With partial derivatives over complex variables, it provides a simple and
efficient representation for performing calculus and optimization with functions of complex-
variables, whether or not the functions are analytic or holomorphic (unlike complex

analysis)[1],[2],[3]. More recently, this concept has been extended to hypercomplex

quaternion algebra, with the development of HIR calculus and generalized HR calculus



[4],[5],16]. Just like CR calculus for complex-numbers algebra, HR calculus provides a simple

and efficient notation for calculus in quaternion algebra with partial derivatives over
hypercomplex variables, and it can also provide some benefits over the alternative calculus
formulations using only derivatives of the (real-valued) individual components of

quaternions [7].

In this paper, we provide the basis of calculus with the formulation of partial derivatives
over hypercomplex variables in two 8-dimensional hypercomplex algebras: the octonion
algebra and the split-biquaternion algebra. Such partial derivatives are an important step
towards the development of optimization algorithms and adaptive filtering algorithms of

hypercomplex variables for 8-dimensional hypercomplex algebras.

While the 8-dimensional octonion algebra is a normed (composition) algebra over R and a
division algebra over R, it is not an associative algebra, which can certainly be a limitation

for some practical uses of the algebra and for the development of calculus in this algebra.
In this paper, we nevertheless show some developments of calculus for octonions, despite
the fact that the last step in these developments is in principle invalid because of the lack

of associativity, for two reasons:

e [t will provide some insights for the development of calculus for the associative

octonion-like split-biquaternion algebra, and allow some insightful comparisons with

the development of CR calculus and HR calculus.

e [t may later lead to some heuristic approximative algorithms, since despite the lack

of associativity in octonion algebra the product 0,0 of two octonion numbers can
be significantly correlated with the product o o, [8] and also (owoy)* =00 ,ie,

y z’

some stochastic estimations of the derivatives may become possible.

The octonion-like split-biquaternion algebra is an 8-dimensional associative algebra (unlike

the octonion algebra). It is an even subalgebra of Clifford algebra Cl, (R), is isomorphic to
Cly5(R), and can be obtained from a sum of two quaternion algebras [9],[10]. It has recently
been explained [11] that this octonion-like algebra is a seminormed composition algebra over

R (i.e., preservation of two seminorms under multiplication) and is also a seminormed

division algebra over R (i.e., division by any number is possible as long as the two seminorms



of this number are non-zero). It was also pointed out that for sparse split-biquaternion
numbers (i.e., when one of the components in the split-biquaternion number is dominant),
the seminorm becomes similar to the Euclidian norm. The split biquaternion algebra was
also found to be the same as the 1d-up approach to conformal geometric algebra, presented

with some potential application in [12].

In HR calculus, for the development of the partial derivatives over quaternion variables,

the approach of performing rotations of variables over the different unit basis of quaternions
was followed [4],[6]. These rotations become involutions and they lead to a form where each
basis component in the resulting rotated quaternion variables is only a function of the same
component in the original quaternion variable, which is a requirement for the formulation
of simple partial derivatives over quaternion variables. The resulting rotations are referred

to as simplified rotations in this paper. This approach was extended to a more general form

in the generalized HR calculus [5],[6], where the different basis used for the simplified

rotations are the original quaternion unit basis rotated over an arbitrary quaternion number.
This led to more general results, where instead of having partial derivatives over a
quaternion variable rotated over the quaternion basis components, a partial derivative over

a quaternion variable rotated over any arbitrary quaternion number is obtained.

Essentially, for the development of HR calculus or calculus involving partial derivatives

over complex or hypercomplex variables, the concept is to perform transformations (e.g.
simplified norm-preserving rotations/involutions in [4],[6]) such that transformed variables
are generated from an original variable, and such that the individual components in the
original variable can be expressed as a linear combination of the transformed variables,
using real-valued coefficients. The transformed variables, which also include the original
variable (unit transformation), correspond to the complex or hypercomplex variables for
which partial derivatives are to be formulated. While the choice in [4],[5],[6] of using

simplified rotations over the basis quaternion components as transformations may not be

unique, it leads to the same known simple forms as in CR calculus for the resulting partial

derivatives over quaternion variables in HR calculus or generalized HR calculus. However,

this approach using simplified rotations over the basis components is not directly
transferable to other complex or hypercomplex algebras. For complex-numbers algebra, a
rotation over any basis of complex numbers leads to the same number as the original number

and is thus not useful. For the octonion algebra, performing simplified rotations over the



octonion basis components leads to a non-intuitive formulation of the partial derivatives

over octonion variables, with somewhat arbitrary coefficients that don’t have the same

intuitive form as in CR calculus or HRR calculus. And more importantly, for the octonion-

like split-biquaternion algebra, performing simplified rotations over basis components leads
to only four different split-biquaternion variables, while eight linearly independent variables
are required for the reconstruction of the individual basis components in the original split-
biquaternion variable, which is an important step in the formulation of the partial

derivatives.

It is possible to replace the approach of using simplified rotations over basis components

(used in [4],[5],[6] for HR calculus or generalized HR calculus) by an approach which is

applicable to all the considered algebras in this paper (complex numbers, quaternion,
octonion and split-biquaternion algebras), and which leads to an intuitive formulation where
the partial derivatives over complex or hypercomplex variables all have the same form for
the different algebras. This is achieved by formulating the transformation as a real-valued
transformation matrix with some constraints which are justified in the paper: the first
column of the matrix has unit elements, all the elements of the matrix have unit absolute
value, and all elements of the inverse matrix also have a constant absolute value. For all
the complex and hypercomplex algebras considered in this paper, the orthogonal and
symmetric Hadamard matrix provides a solution for the required transformation matrix,
and the transformation matrix and resulting partial derivatives become unique if the first

row of the matrix is also required to have positive unit values.

The structure of this paper is as follows. A summary of the development of HR calculus

and generalized HR calculus using simplified rotations as in [4],[5],[6] will first be presented.

Then the limitations of developing calculus for octonions and octonion-like split-
biquaternions using simplified rotations over basis components will be illustrated. After this,
a new calculus (partial derivatives over hypercomplex variables) will be derived for

octonions and octonion-like split-biquaternions with a transformation of variables using the

Hadamard matrix. For completeness, the development of the well-known Wirtinger/CR

calculus using the proposed Hadamard matrix transformation will then also be shown.



II. SUMMARY OF HR CALCULUS AND GENERALIZED HR CALCULUS USING
SIMPLIFIED ROTATIONS

The quaternion associative (but non-commutative) normed division algebra over R has

. . . . )
components ¢ =1, e =i, e, =j, e =k as an orthogonal basis, with ¢~ =1,

1 0

e’ =-1 1<4<3 and the multiplication rules of Table I.

3

Table I Multiplication rules in the quaternion algebra

%
€6 e, =1 e =1 e, =J e, =k
e, =1 1 e =1 e, = e, =k
e, =1 | e =i -1 e,=k | —e,=—j
€.
7’ e,=jle=7|-¢=-k -1 e, =i
e,=k e =k e,=j | —e =-i -1
q=qe, +qe +qe +q.e =q +qi+qj+qk (1)
q* =4 — 46 ~ 9% ~Ge =4, — 41— G,J qu (2)
2 *
o =aq’ =g+’ +q+4 3
(@,9,) =4q,4, (4).
In general, quaternions are non-commutative:
q,q, # 4,9, (5).

However, when the product qq, is a scalar (i.e., only the real-valued or scalar first

component €, is non-zero), the product becomes commutative.

To formulate the partial derivatives over quaternion variables, three transformed versions

of a variable q are produced. q and the three transformed variables are the quaternion

variables for which partial derivatives formulations are to be obtained. q and the three



transformed variables must be such that the coefficients ¢,q,,q,,¢, in q can reversely be

expressed as a linear combination of q and transformed variables, with real-valued
coefficients. q and the transformed variables must therefore be linearly independent. Then

from the expression of the total differential of a function df(q) and using the differentials

dqo, dq,,dq,, dq3 , the partial derivatives over q and transformed variables will be formulated.

One possible transformation to generate the three transformed versions of q is to use a
multiplication with form q" =uqu™, which is a norm-preserving rotation. Moreover, the
transformation can be further simplified if the norm-preserving rotation q" = uqu™" is also
involution. Some values of u leading to an involution rotation are those for which u® =1
or u® = -1, then leading to a simplified form q" = uqu. For the simple formulation of the
partial derivatives, it is important that after the rotation or involution each component in
the transformed q" (q),q,,¢;,q; ) is only a function of the corresponding coefficient in q,

i.e., ,,9,,4,9,- This is not necessarily achieved by all choices of rotations q" = uqu’ or

involutions q" =uqu.

A natural choice for the three transformed variables obtained from q are to use u =1, j,k

q =iqi’ =—iqi=q,+qi—q,j—qk (6)
q =jqj =—jaj=q,—qi+q,j-q¢k (7)
q' =kqk™ =—kaqk=q, - qi-q,j+q¢k (8)

To express each component ge 0<n<3 of q as a linear combination of q.q9',9’.q"

with real-valued coefficients, we have:

i j k
ge, =c,d+cq +cq +c,qg 0<n<3. (9)

n n

Re-writing this in matrix form with real-valued elements:

O qO qO qO qO Cnl
— — C . _ = -
qn — ql ql ql ql ni q” — QC” 0 S n S 3 (10)
O QQ _QQ QQ _QQ an
0 9 —9 495 95 ]| ¢,




Since each component in q',q’,q" involves only the corresponding component q, in q,
each row in the above matrix can be normalized by the coefficient ¢ , to have a formulation

which is independent of the coefficients in q:

0 11 1 1]e,]
1 (row n) 1 1 -1 -1fc¢, P
= " =QcC 0<n<3 11).
0 1 -1 1 -1ffe, q,=Qc, (11)
0 1 -1 -1 1 |lc,|
This leads to:
¢ =Q7'qd 0<n<3
11 1 1] 11 1 1 0
1 1 -1 -1 1 1 -1 1|1
¢ = xﬁ'_l (row n) 0<n<3 (12).
"l -1 1 -1 "4l -1 1 -1 0
1 -1 -1 1 1 -1 -1 1 0

Therefore, each € 0 <n <3 has the values from the corresponding column in Q'

60=l[1 111 61=1[1 1 -1 -1 (13),
4 4
1 1
¢, =—[1 -1 1 -1 ¢, =—[1 -1 -1 1"
=5 Fooe =l |
leading to
qn = en_l(cnlq—i_cniqi +Cn_7'qj +anqk) (14)
with en_lzen n=0, en_lz—en 1<n<3, and
1 i j k —i i j k
q0=1(q+q +q’' +q") q1=z(q+q—q—q) (15).
__j i j k __k i j k
qz—Z(q—q +q’' - q') qg—j(q—q -q' +q")

It should be noted that the results in (15) are quaternion variables where only the 1*

component is non-zero, therefore they are real-valued scalars.



If we wish to express ¢ e 0<n<3 in terms of conjugates q J(a'),(a))

conjugation operation can be applied to (15):

@ = i(q* @) +(@) +(@)) = i(q +(@) - (@) - (")) (16)

g, =

The total differential of a function f(q)= f (qo,ql,q2,q3) q, € R 0<n<3 can be expressed

as:
af(q) = LD dg, + of(a) dq + of(a) dq, + of(q) dq, (17)
0q, 0q, 0, 0,
or
_ . 0f(q) of(q) of(a) of(a)
df(q) = dg, ” +dg, 5 +dg, ” +dg, ” (dg, eR) (18).

(17) will lead to left derivatives while (18) will lead to right derivatives, which may differ
since quaternions are non-commutative. However, for real-valued functions of quaternions

f(@), the left derivatives and right derivatives have been shown to be the same [5].
The differentials dq,,dq,,dq,,dq, are obtained from (15) or (16). To obtain the partial

derivatives, we substitute dq,,dq,,dq,,dq, into (17) or (18). There are therefore four different

possibilities, depending on partial derivatives over the variables q,q’,q’,q" or
q,(q"),(q"),(q"), and left derivatives or right derivatives. Note that for the right
derivatives in (18), norm-preserving involutions —iq i,—jq,j,—kq,k should first be applied to
(15) or (16), to get equations where the ¢, j, k terms appear at the end of the equation.
The formulation of left side partial derivatives over the variables q,q’,q’,q" is shown in
C " 0
detail in (19). Grouping together the terms with dq,dq’,dq’,dq" and defining ——

n

n =1,1,j,k as the factor multiplying dq", we obtain:



df(q) = 82(;) dq, + a];;q) dg, + a%q)dqg + %ﬁdqs
18f() 1af(Q)- i gk
=7 ” (dq +dq' + dq’ +dq") - 10 i (dq +dq' —dq’ —dq")
_lm eyl i gk _laf(Q) g g k
1 aa, j(dq —dq" +dq’ —dq") 1o k(dq —dq" —dq’ +dq")
_1[ofa) _of(a), _ofq)_of(a), dq
4\ 0q, dq, oq, oq,
L) _ofla),, ofa) ; \ OF(@) | o
4\ 9¢,  0q, a4, dq,
L Lofa) , ofla), @f(q}jJr of(a) dof
4\ 9¢, 0y, aq, dq,
LA AV VP AC VP (C VP
4\ 9¢, g, dq, dq,
8f( ) f( )dq af(‘l) dqj n af((I) qu (19)
oq 8q oq’ oq"

From the above, we note in particular the result for the left partial derivative over q:

of(a) E;(aﬂq) _ola),_of@), _fa) k] (20)
4

oq 0q, 0q, 0q, oq,

Using the same procedure but with (16) instead of (15), the left partial derivative over q

can also be found:

ofa) 1 (éf(q) Lol ol . o) k] 1)
oq dq,  0Oq, aq, g,
For right side derivatives, i.e., when (18) is used instead of (17), the following results are
obtained:
agq) E;(aﬂq) _0la) _ol(a) _ k@f(q)] (22
q 4| Jq, oq, oq, oq,
ofta) _ 1 [aﬂq) Lol ofta) Gf(q)J (23).
oq  4{ 9q, 9, 0q, 0q,



These partial derivatives over quaternion variables are the fundamental expressions for HR

calculus in quaternion algebra, for which several other properties such as chain rule, product

rule, gradient vector, Hessian matrix, Taylor series expansion can also be developed [5][6].

Even though the choice of the transformed variables q,q',q’,q" or q',(q"),(q’),(q") to

derive HR calculus can be considered natural, it can also be seen as somewhat arbitrary.

Some more general results for partial derivatives over q" or q" , where u is an arbitrary
quaternion, have been developed with the generalized HR calculus [5]. In general,

performing a norm-preserving rotation of q around an arbitrary quaternion number u

gives:

u

q" =uqu’ = u(q, +1q, + jg, + kqg)u'1 =q,1" +qi" +q,j" +qk" (24)
with 1" =ulu” =1 " =uiu’' " =uju’ Kk =uku’.

i, j, k" aren’t necessarily trivial to compute (except when u = 4,5,k ), but 1,4, 7" k" for
any non-zero u still form an orthonormal base [5], ie., with "¢" =-1, j"j" = -1,
E'k" = -1 and "j°k™ = -1 (just like % =—1, jj=-1, kk=—1, and ijk =-1). In other
words, the basic rules of the algebra (and the involutions and their properties) are preserved

with the new basis.

To obtain the generalized HR calculus, it is possible to follow exactly the same steps as for

HR calculus, but replacing 1,7, j,k by 1,4", k" and q,q’,q’,q" by q".q" ,q" ,q"

u

q" =q, +qi" +q,5" + g k" (25)

u

qu' — iuqu(iu)fl — _iuqul-u — qo +q17/-u _quu _q3ku

q" =7"a"(5")" = """ = g, g+ g — gk

qu — kuqu(kll)*l — _kuquku — qO _ qlz‘u _ quu + qsku .

The result for the left partial derivative over q" with arbitrary quaternion value u is then:

of(a) l(af(q) @) _0fa) (@) k] (26).

oq" ! oq, 0q, 0q, oq,

10



For the left partial derivative over q*, the corresponding result is:

I +Mk“J (27)

oqv 4

of(a) _ 1| of(@) , 9f(a) .. , Of(q)
dq, 9 aq, aq,

and for the right side derivatives the corresponding results are:

of(a) _ 1 of(a) _ . 9f(a) i of(a) _ 4w 0f(a) (28)
oq"  4( Jq, 0q, 0q, oq,

ofta) _ 1 oM@ , ola) , . 0l@) | 4. 0f(@) (29)
oq 4\ 0q, dq, dq, dq, ’

For u =1,4,j,k, we obtain the specific case of the derivatives previously introduced with

HR calculus.

III. CALCULUS FOR OCTONIONS USING SIMPLIFIED ROTATIONS

The octonion non-associative and non-commutative normed division algebra over R has

components ¢, 0 <7 <7 asan orthogonal basis, with 602 =1, ef =—-1 1<¢<7 andthe

multiplication rules of Table II.

11



Table 1T Multiplication rules in the octonion algebra

€.
J
ee,; _1
&% = =1 ) & ¢ & % €
e, =1 1 e e, e, e, e. e e.
e e -1 €, -€, €. -e, -e €
€, €, -€, -1 e, € e, -e, - €,
e, e, €, -€ -1 e, - €, e. -€,
& e e -e e -e -1 e e e
) 4 4 5 6 7 1 2 3
€ € e, -e, € -€ -1 -€, €,
€ € e, e, -€, -€, e, -1 -€
e, e, -6 e e, -€, -€, e, -1
0=0.,toe +oe +oe +oe +oe +oge +oe (30)
*
0 =0, —0€ —08, —0,6 —0€ —0€ —0€ —0¢€ (31)
2 * 2 2 2 2 2 2 2 2
HOH =00 =0 +0 +o0, +0, +0 +0 +o +o (32)
* * *
(0,0,) =0,0, (33)
In general, octonions are non-associative and non-commutative:
o (oo )# (oo )o 00 #0O. (34).
z y oz Ty z Ty y T

However, when the product 00 is a scalar (i.e., only the real-valued or scalar first

component €, is non-zero), the product becomes commutative. Moreover, the product of

octonions by real-valued numbers are associative, as well as some specific forms such as:
(0,0)o, =0, (00, ) (35).

More general properties of the octonions can also be mentioned here but will not be required

in this paper: alternative algebra, Moufang identities and power associative property [13].

12



The same steps as in the previous development of HR calculus and generalized HR calculus

using norm-preserving simplified rotations can be used in this section to generate
transformed octonion variables, computed by rotations over the basis components of
octonion algebra. The transformed variables are also the set of octonion variables over which
the partial derivatives are to be formulated. The approach will lead to some limitations to

be discussed later in this section.

The rotations of an octonion variable over the eight orthogonal basis components of
octonion algebra lead to the following expressions. Note that the octonion multiplications

below correspond to special cases where they are associative as in (35).

0" =(,0), =¢, 06 ) =(Ix0)x1" =1x(0ox1)=o0 (36)

= OO + 0161 + 0262 + 0363 + 0464 + 0565 + 0666 + 0767

0" = (elo)el’1 =e (oel’l) = —(e,0)e, = —¢,(0€,)

= 00 + 0161 - 0262 - 0363 - 0464 - 05(35 - 0666 —0.€

7%
0" = <620>€2_1 =€ (062_1) = _(620)62 = _62(062>
=0, =0 +0,6, —0, —0€ —0.6 —06 —0.¢
0" = (e0)e, " = e, (0e, ) = —(¢,0)e, = —¢,(0¢,)

00 - 0161 - 0262 + 0363 - 0464 - 0565 - 0666 - 0767

o = (640)6471 = 64(064’1) = —(e,0)e, = —¢,(0¢,)

= 00 - 0161 - 0262 - 0363 + 0464 - 0565 - 0666 —0.¢€

7
5 — -1 — -1 p— —
0" =(e0)e,” =e(oe ) =—(e0)e =—¢(0e)
=0, — 0,6 — 0,6, =0, —0,e, +0.€ —06 —O0.€
0" =(e0)e, =¢(0e, ") =—(e,0)e, = —¢,(0c,)

= 0O - 0161 - 0262 - 0363 - 0464 - 0565 + 0666 - 0767

' = 67<0€7_1) = —(e.0)e. = —e.(oc.)

= 00 - 0161 - 0262 - 0363 - 0464 - 0565 - 066G + 0767

0" =(e.0)e”

To express each individual component 0 e 0<n <7 in the original octonion variable o

as a linear combination of transformed octonion variables 0o” = 0,0",0”,0%,0",0%,0",0"

with real-valued coefficients, we have:

13



oe =c 0 +c 0" +¢c 0% +c.0"+c 0" +c 0" +c 0% +c 07 0<n<7(37).
n0 nl n2 n3 n4 nd n6 n7

n n

Re-writing this in matrix form with real-valued elements, where 6™ 0 < m < 7 is a column

vector including the eight real-valued components of the corresponding octonion variable

o 0<m<7:

3
)

—-(BU —»(il —»Eiz a(’,.&

— cnoo ) + 07110 6 + 07120 6 + Cnso 6 — |:*ﬂn6616”26536”46%6%657:| CnS (38).
=6 P A% e

+c"40 + 6"50 + CnGO + 6"70 Cn4

o o o o oL o o

[

L
3
3

Qu

o =0¢ 0<n<7

n n

Since each component in 0™ 0<m <7 (ie., coefficient for each basis component €, to e,
) involves only the corresponding coefficient o in o, each row in the above matrix can be
normalized by the coefficient o , to have a formulation which is independent of the

coefficients in o:

o0 ][ 1111 o1 1 1]fe,]
0 1 1 _1 _1 _1 _1 _1 _1 Cnl

1 (row n) 1 -1 1 -1 -1 -1 -1 -1fl¢,
0 I B B B S R TR Y
0 1 -1 -1 -1 1 -1 -1 -1|jc,| "
0 I -1 -1 -1 -1 1 -1 -1j|e,
0 1 -1 -1 -1 -1 -1 1 -1j¢c,

0 ] |1 -1 -1 -1 -1 -1 -1 1]ec,]|

leading to:
¢ =078 o0<n<7 (40)

14



¢, 5 1 1 1 1 1 1 1 0
¢, 1 5 -1 -1 -1 -1 -1 -1 0
- 1 -1 5 -1 -1 -1 -1 -1}|1(row n)
co| 1]1 -1 -1 5 -1 -1 -1 -1 0
c | 1211 -1 -1 -1 5 -1 -1 -1 0
c. 1 -1 -1 -1 -1 5 -1 -1 0
¢, 1 -1 -1 -1 -1 -1 5 -1 0

1 0

Therefore, each €, 0 <n <7 has the values from the corresponding column in 0!, leading

to:
— L € G e €3 € C € &
o =e (c,0"+c 0" +c 0% +c, 0" +c 0" +c 0" +c 0" +c _07) (41)

with en’lz—q7 1<n<7, e’lzq7 n =0, and:

n

1 ) ,
0, =—(50" +0" +0” + 0" +0" + 0" +0" +0") (42)
12
— —61 % G o) 63 € € % €
0o, =—-(0" +50" —0* —0" —0" —0" —0" ~0")
12
— _62 % G & €3 61 £ % €
0, =—=(0" —0" +50” —0" —0" —0" —0" —0")
12
0, = s (0" —0" —0” +50” —0" —0" —0" —0")
12
— _64 % El o) G € % % &
0,=—(0"-0" —0* —0" +50" ~0" —0" ~0")
12
05 = 5 (Oeu _ 061 _ 062 _ 0“33 _ 06,1 + 5085 _ Oeﬁ _ 067)
12
0, = — (0" —0" —0” —0" —0" — 0" +50" —07)
12
— _67 % G o) & & & % &
0. _E(O -0"—-0%-0"—-0"-0"—-0" +50")

15



It should be noted that the results in (42) are octonion variables where only the 1%

component is non-zero, therefore they are real-valued scalars.

If we wish to express oe 0<n<7 in terms of conjugates

conjugation operation can be applied to (42):

(0™) 0<m<7, then a

0, == (5(0") +(0") +(0") +(0") +(0") +(0") +(0") +(0")) (43)

0, =-5((0") =(0") —(0%) = (0") = (0") —(0") = (0o")

The total differential of a function f(0) = f(a,,0,,0,,0,,0,,0.,0,,0.

be expressed as:

afo) = L g, L U0y,  UO),, , U),

+ +
800 0 0o, % 0o, 2 803 s

+ 9/(0) do{1 + d/() do. + 9/(0) do6 + _é’f(o) do7
0o, o 0o, 0o,

or

+5(07))

) o €R 0<n<7 can
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df(0) = do 210 4 4, A©)

0

+ do2 9/(0) + do3 of(o)

do, do, do, do, (do e€R) (45).

T do 9f(o) +do 9f(o) + do, (o) +do. o/(o)
04

b 805 0o oo

4
6 7

(44) will lead to left derivatives while (45) will lead to right derivatives, which may differ

since octonions are non-commautative.

The differentials do,do,,do,,do,,do,,do,,do,,do. are obtained from (42) or (43). To obtain

the partial derivatives, we substitute do,,do,,do,,do,,do,,do,,do,,do_ into (44) or (45). There

are therefore four different possibilities, depending on partial derivatives over the variables
(07 0" o) (0
and left derivatives or right derivatives. Note that for the right derivatives in (45), norm-

=-e(oe) 1<n<7 would first be

> *

(0™ = 0),0",0%,0%,0,0%,0%,07 or (0% =o0),(0"),(0%),(0")

*

preserving involutions (e0 )e " =e¢ (0. e ™) =—(e 0 )e

n

applied to (42) or (43), to get equations where the e term appears at the end of the

equation.
The  formulation of left side partial derivatives over the  variables
(0™ =0),0",0%,0%,0",0%,0",07 is shown in detail in (46) and (47). Grouping together the

e e e e [ e e .. a
terms with do,do™,do™,do”,do™,do”,do*,do™ and defining a—e 0<m <7 as the factor
O’m

multiplying do™ 0<m <7, we obtain the definition of the partial derivatives 8_6
o "
0 <m < 7. However, this last step and the results that it provides have some significant

shortcomings:

e The last step in the development is invalid because of the lack of octonion

0 . 0 .
associativity in general: %(endo”") ;é{yen}dom. However, for reasons
0 0

mentioned in the introduction, this development is shown nevertheless.

e The form of the partial derivatives over octonion variables obtained is not the

intuitive form expected from a generalization of CR calculus and HR calculus. This

is a first motivation for the use of transformations with Hadamard matrices in later

sections of this paper, which will not suffer from this issue.
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410) = L L5161 do" +do +do" +do" +do + do* +do*)
oo, \ 12

+ 9f(0) i(ak) +5do" — do”® —do” — do™ — do” — do® — do™)
801 12

+ L(O) i(do —do” +5do? — do® — do* — do” — do® — dOET)
do, | 12

+ X0 2% (40— do — do® + 5do” — do” — do — do® — do")
do, | 12

2O =8 ot — o’ — do® + 5do" — do® — do” — do”)
oo, | 12

+ ag(o) _1625 (d()_do‘ﬁ _d()(fz _Cbes _docl +5Cb65 _d()€6 _Cbe7)
0,

PO % (40— do — do® — do" —do* — do® + 5do® — do")
606 12

+L(O) ﬁ(do_cbel —do® = do®* — do™ — do® — do +5d0€7)
oo, | 12



df(o)

:i%ﬁ@_ﬁ@e_W@e_ﬁ@e_ﬁ@e_ﬁ@
12 0o, do, ' Qo 0o, s 0o, Y oo

L(0f(0) _,0f0), , oflo)  of0)  afte),  aflo)  afle) o) ),

12 800 oo, ! 802 2 803 s oo ! 605 ° 606 6 807 T

1 4

L(0f(0), of0) _ of(0)  of0) , fle)  of0)  afte) (o) ).

+—| 2+ ¢
1 2 3 4 5 6 7
12 600 801 602 803 804 605 606 607

1| 9f(o) Offo)  0fto), _.0flo),  0of0)  Offo)  0ofto), . 0of(0) |,

12{ 9o, do, ' do, * do, ° 0o, ' Qo ° Do, ° Do '
L(of0) , of(0), , oflo) , offe) _ 0flo) , ofte)  3f(0), L ofo) ).

12{ 0o, do, ' 0o, * Qo ° do, ' 0Oo. ° do, " Do ’

3

1| 9f(o) Off0),  0fto),  0fl0) 9ff0), _.0ff0) _0ffo), 0of0) |,

% oo ° oo
5 6 7

12{ 0o, do, ' 0o, * 0o, * 0o do, ° 9o, ° o
1| 0fo) ofto) _0fto),  9ff0),  0of0), _oflo) _ 0ff0),  0f0), |,

+ . _ )

12{ 0o, do, ' 0o, 2 do, s do, 4 do, ” do, ' Oo. !
o), ofle), , ofle), , ofle), ,Ae), oo, ofle), o)
12 800 801 802 803 804 805 7 806 oo,

7

do oo 00" 00" 00" 00" 00" 00"

From the above, we note in particular the result for the left partial derivative over octonion

variable o:

_W@e_wmgjw

_offo) L Of(0) . 0f(0) . Of(0) . Of0) . 0f0) . Of(0) . dff0) .

(47).

ﬁ@_i%W@_W@e_W@e-W@e-W@e-W@e—W@e—W@ey%>

do 12 do, do, ' o, * 0o, ° 0Oo, ' Do, ° o, ° Do

This is not an intuitive result with the form expected from an 8-dimensional extension of

2-dimensional CR calculus and 4-dimensional HR calculus, where there would be no factor
5 and the factor 1/12 would be replaced by 1/8. This is a first indication that the approach
of performing rotations with form o™ = —(e o)e =—e (oe ) over basis component is not

appropriate for the development of a calculus for octonions or 8-dimensional algebras. A
second and more severe indication will be provided in the next section for the split
biquaternion algebra. After this, the subsequent sections will present the development of

calculus using transformations from Hadamard matrices, which will be applicable to
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CR calculus, HR calculus and calculus for octonions and octonion-like split-biquaternions,

all leading the same intuitive form for the partial derivatives over complex or hypercomplex

variables.

IV. CALCULUS FOR  OCTONION-LIKE  SPLIT-BIQUATERNIONS  USING
SIMPLIFIED ROTATIONS

The octonion-like split-biquaternion algebra is a non-commutative but associative algebra.

It was illustrated in [11] that the split-biquaternion algebra is a seminormed composition

algebra over R (i.e., preservation of two seminorms under multiplication) and it is also a

seminormed division algebra over R (i.e., division by any number is possible as long as the

two seminorms of this number are non-zero). The split-biquaternion algebra has components

e. 0<i<7 as an orthogonal basis, with 602 =1, e’ =1, ef =-1 1<¢<6 and the

7

multiplication rules of Table III.

Table III Multiplication rules in the octonion-like split-biquaternion algebra

e
J
ee,; _1
% =1 ) & ¢ & % €
€, = 1 1 e €, €, e, e, € e,
e e -1 e, -€, -€, e, e - €
€, e, -e, -1 e, € e, -e, -€,
e, e, €, -€, -1 e, -6 e. -e,
& e e e -e e -1 -e e _e
4 4 5 6 7 1 2 3
e. e. -e, e, € e -1 -6, -€,
€ € e, e, -e. -€, e, -1 -€
e, e, -€; -e, -€, -€, -€, -€ 1

Note that the same notation 0 is used in this section to represent numbers or variables in
the octonion-like split-biquaternion algebra than for numbers or variables in the octonion

algebra of the previous section:
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0 =06 T0¢€ o6 +oe +toe +oe +oe +oe (49)

0 =06 —06€ — 0,6, — 0,6, —0e —06 —06 +oe (50)

(0,0) =0 o, (51)
9 7 ) 3

o =20" =222 00, +2400 (52)
=0 i=1

(52) leads to two possible seminorms for the octonion-like split-biquaternion algebra, for
A=1 or A=-1. Unlike the octonions of the previous section, numbers in the split-

biquaternion algebra are associative, but in general they are not commutative:

0,0 #00, (53).

However, when the product 0,0 is non-zero only for non-imaginary or scalar components

7 3
e, € (such as in oxow* = (Z 07:2]60 + 2[—2 00, + 0007}37) the product becomes
i=1

07 7
i=0
commutative:
(0,0, )oy = oy(ol_ol_ ) (54).
This section will show the severe limitation of attempting to use the same steps as in the

development of HR calculus and generalized HR calculus, with rotations of split-

biquaternion variables over the basis components of the split-biquaternion algebra, to
produce transformed split-biquaternion variables required as part of the procedure to

formulate the partial derivatives over split-biquaternion variables.

The rotations of a split-biquaternion variable over the eight orthogonal basis components

of the split-biquaternion algebra lead to the following expressions:

€ _ -1 _ -1 _
0’ =¢0¢€ =lxox1l =o (55>

= OU + 0161 + 0262 + 0363 + 0464 + 0565 + 0666 + 0767

0" =coe ' =—coe
I D B 171

= 00 + 0161 - 0262 - 0363 - 0464 - 0565 + 0666 + 0767
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0” =eo0e ' =—coe
R e 272

= 00 —0€ + 0,6, — 0363 — 0,6 + 0565 - 066G + 0767

0% =e¢o0e, ' =—e,0¢
B - T S

= 00 - 01(31 - 0262 + 0363 + 0464 - 0565 - 06‘66 + 07(37

0" =ecoe ' =—-co0e =0
R D 177 T

e -1 e,

0° =eco0e. ' =—-co0e. =0

9 9 9 9

0" =eoe ' =—coe =0"
Y66 6 6

0" =coe ' =coe =0" =0
I At ARG At SR -

Since 0™ = 0™ 0<m <3, only four different transformed variables are generated by the
eight involutions. This directly prevents to use of (37)-(42) to express the components 0 e
0 < n <7 of asplit-biquaternion variable o as a linear combination of transformed variables

0" =0,0",07,0%,0",07,07,07, because the resulting matrix O in (38) has only rank four.

Therefore, the procedure of using simplified rotations over the basis components of an
algebra to produced transformed variables required in the formulation of partial derivatives

does not generalize from the 4-dimensional HR calculus to the 8-dimensional octonion-like

split-biquaternion algebra, and an alternative procedure needs to be developed to formulate
the partial derivatives over split-biquaternion variables. This will be discussed in later

sections.

V. CALCULUS FOR OCTONIONS USING HADAMARD MATRIX
TRANSFORMATION

For calculus in the octonion algebra with the formulation of partial derivatives over octonion
variables, we revisit the procedure of (37)-(42) for expressing the different components of
an octonion variable o (0 e 0<n<7) as a function a linear combination of o and seven

m

transformed variables 0™ 1 < m < 7, with real-valued coefficients. Because o™ will no longer

be produced by rotations, the notation o™ is used in this section and the following section,

where m is simply a superscript index (and not a power), instead of the notation
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o = emoem‘1 previously used for rotations. The original variable o and the transformed

variables 0™ 1 < m <7 are the octonion variables over which the partial derivatives are to

be formulated. We have:
oe =c o+c 0 +c 0’ +c.0’+c 0 +c 0’ +c 0’ +c o 0<n<7 (56),
non n0 nl n2 n3 nd nd n6 n7
where the coefficients c =~ are real-valued.

Re-writing this in matrix form with real-valued elements, where 6™ 0 <m <7 is a column

vector including the eight real-valued components of the corresponding octonion variable

0" 0<m<7T:

c 0+c O +c O +c .0 93 tos-G-7T]]|C,
— n0 / nl ) n2 ) n3 . — |:00 o 030 050607j| n3 (57)

o o o o oL o o
+
o
|
>
+
o
o
+
+
o

[

L
=
)

1

o = En 0<n<7

n

For a simple formulation of the partial derivatives, in the procedure to be developed (and

as previously) it is important that in the transformed variables o™ 1<m <7 each

component 0" 0<n <7 (for basis ¢ to € ) is only a function of the corresponding

component o 0 <n <7 in o. Then each row in matrix O in (57) can be normalized to (o}

in (58), with a formulation which is independent of the coefficients values in o:
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ST
0
1 (row n)
8 = 6:L = 6,En O < n < 7 (58)
0
0
. O -
S
0
1 (row n)
- _67—1—»7 6!—1 0
Cn - O'rz, O 0<n<7 (59)
0
0
- O -

Therefore, each ¢ 0 <n <7 will have the values from the corresponding column in 0.
Once these coefficients € are known, i.e., with proper choice of O’ as discussed below, we

will have:

4 1 2 3 4 5 6 7
o =e '(c,o+c 0 +c 0 +¢ 0 +c 0 +c 0 +c¢ 0 +c o) (60).

withen_lz—en 1<n<7,e'=e n=0

n n

—

O’ must be a full rank matrix with a first column of unit values (from the use of 6 in (56)

and the normalization used in O’ ). Also, if conjugation-like operations are used (i.e., where

only the sign of some coefficients o in 6 can be changed) to produce the transformed

variables 6™ 1 <m <7 (and columns of 6), the absolute value of the resulting components
in 0" 1<m <7 is the same as originally in o0, and the Euclidian norms of all the

transformed 6™ 1 < m < 7 remain the same as the Euclidian norm of o, which is a desirable

feature numerically (no scaling issue). In terms of the matrix o , this means having all real-

valued elements having an absolute unit value. Another important feature is for the inverse
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matrix O™ to also have all elements having the same absolute value, because for the

synthesis of each coefficient o in (60), the real-valued coefficients ¢ to be used in the

linear combination are directly obtained from columns of (#)'71, so having constant absolute

values for elements of O™ leads to giving the same weight to all the terms o and

6" 1<m <7 linearly combined in (60) (also a desirable feature). Considering those

constraints or desirable features, the orthogonal and symmetric real-valued Hadamard

matrix provides a solution for the required transformation matrix 6’, defining the

conjugation-like operations to produce the transformed variables 0™ 1 <m <7 for which

(together with variable o) partial derivatives formulations are to be developed. Except for
permutations not affecting the final formulations, the transformation matrix O’ and the

resulting partial derivatives become unique if the first row of the matrix O' is also required

to have unit values, as in standard Hadamard matrices formulations. The inverse Hadamard

matrix O =0 /8 will have elements all having the same absolute value.

It should be noted that in the case of HR calculus for quaternions, the corresponding

operation producing the q" m =14,j,k transformed variables can also be seen as a

conjugation-like transformation (changing the sign of some real-valued coefficients in q ),

—

and the Q' matrix in (11) has exactly the form of a 4-dimensional Hadamard matrix. The
corresponding matrix in the case of Wirtinger/CR calculus for complex numbers is also a

size-2 Hadamard matrix, as will be illustrated in a later section.

With a size-8 Hadamard matrix used as O, (58) and (59) become:

o0 ] 1111111 te,]
0 1-1 1-11-1 1-1||¢c,
1 (row n) 1 1-1-1 1 1-1-1||c,
0 || 1-1-1 1 1-1-1 ¢, (61)
0 11 1 1-1-1-1-1]|c,
0 1-1 1-1-11-1 1||c,
0 1 1-1-1-1-1 1 1le,
0 ] [ 1-1-11-111-1}¢c,
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From the last seven columns of the matrix in (61) and using (57),(58), the conjugation-like
operations (i.e., changing the sign of some real-valued coefficients in o) producing the

0" 1< m <7 transformed variables are defined. Expressions for partial derivatives over
octonion variable o and these resulting transformed octonion variables 0™ 1< m <7 will

be developed. The ¢ coefficients are then obtained by:

e ] 11111111 0 ]
¢ 11 1-1 1-11-1| o0
¢, 1 1-1-1 1 1-1-1|1(row n)
% D U S S R I R B (62
0 T T T T RS RS R R |
c. 11 1-1-11-1 1/ 0
¢, 1 1-1-1-1-1 11/ 0
) I R R T R T T B | (R
and (60) becomes:
1 s a4 s e
00:§(O+01+02+03+04+0°+06+07) (63)
_6 I
0,=—L(0-0"+0" -0’ +0"' -0’ +0’ - 0')
—e -
0,=—=(0+0" —0° -0’ +0"'+0’ -0’ —0')
_6 I
0,=—>-(0-0"—0°+0’+0' -0’ —0° +0')
04:%(0+01+02+03—04—05—06—07)
—e ..
05:?5(0—01+02—03—04+0°—o6+07)
_e' .
06=?6(0+01—02—03—04—0°+06+07)
—e
0.=—L(0-0"-0°+0’—0"'+0’ +0° - 0')
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It should be noted that the results in (63) are octonion variables where only the 1%
component is non-zero, therefore they are real-valued scalars.
If we wish to express oe 0<n<7 in terms of conjugates (0") 0<m<7, then a

conjugation operation can be applied to (63):

+(0") +(0")) (64)

The total differential of a function f(0)= f(00,01,02,03,04,05,06,07) o €R 0<n<7 can

be expressed as in (44) (left derivatives) or (45) (right derivatives), which may differ since

octonions are non-commutative.

The differentials do

07

do,,do,,do,,do,,do,,do,,do. are obtained from (63) or (64). To obtain
the partial derivatives, we substitute do,,do,,do,,do,,do,,do,,do,,do_ into (44) or (45). There

are therefore four different possibilities, depending on partial derivatives over the variables

*

0,0',0>,0’,0',0°,0°,0" or (0),(0'),(0”),(0"),(0"),(0°),(0°),(0")", and left derivatives

or right derivatives. Note that for the right derivatives in (45), norm-preserving involutions
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(eo)e™ =e(oe™)=—(eo)e =—e(0e) 1<n<7 would first be applied to (63) or (64)

n o n n

, to get equations where the e term appears at the end of the equation.

The formulation of the left side partial derivative over the variables 0,0',0°,0*,0*,0”,0°,0

is shown in detail in (65) and (66). Grouping together the terms with

do,do',do’,do*,do",do’,do°’,do” and defining % 0<m<7 as the factor multiplying
)

0
do™ 0 <m <7, we obtain the definition of the partial derivatives W 0<m<7.
o

As previously in this paper for calculus in octonion algebra, this last step is invalid because

) )
of the lack of octonion associativity in general: gLo)(endom) # (% enjdx)m. However, as
0 0

previously mentioned in the introduction, this development is shown nevertheless for two

reasomns:

e It provides some insights for the development of calculus for the associative octonion-

like split-biquaternion algebra (next section), and allow some insightful comparisons

with the development of CR calculus and HR calculus;

e [t may later lead to some heuristic approximative algorithms, since despite the lack

of associativity in octonion algebra the product 0,0 of two octonion numbers can
be significantly correlated with the product o o, [8] and also (ozoy)* =o0o0 , ie.,

y oz’

some stochastic estimations of the derivatives may become possible.
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clf(o)zM l(alo+a’o1 +do’ + do® + do* + do’ + do’ + do")
8

800

o)
0o,

)
0o,

_afto)
00

3

)

= | g do+ do! —do’ o o’ —do +do” +do)

oo %(do—dol —do* +do* —do" +do® +do® —do’)

%(do—dol +do® —do® +do* — do® +do® — do’)

—_ 62

— - (do+do — do® — do® + do* +do’ — do® — do")

%(do—dol —do* +do’* +do" —do® —do® +do’)

—-(do+do' + do? +do® — do' — do® — do® — do")

%(do—dol +do —do® —do" +do° —do® +do’)
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oy~ L[2O) 0, _ofle), o), _ofe), o), _ofte), o), |,

8\ Jo, 0o, ! 0o, 2 0o, ’ 0o, ! oo, 0 0o, 6 0o, !
1(oflo), ofl0) _ofle), |, dfle) _dflo) . dflo) _&ffe) , éf0) ),
0o, 0o, ! 0o, 2 0o, s 0o, : 0o, 0 0o, 0 0o, !

1(of0)_ofto),  of0), , ofle) _aflo) _afe) . o), afo) ..

+—| e

do, do, ' do, * do, > o, 1 do, ° do, 6 do, 7
o), ofte), , offe), _afle), _afle), |, ofle), , ofe), _alle),
8 600 801 602 603 804 805 606 807

1(0f(0) _of(0), _ofl) _oft0) (o) affe) | af0) o) ).,

+—| L -

do, do, ' Do, * do, ° 0o, 4 do, ° do, 0 do, 7
o), ofte), _ofle), , ofle), |, Afle), M), , 3fe), _alle),
800 801 802 603 0o X 605 606 807

10f(0) _of(0), , ofto)  offe)  of(0) (o) _ofle), (o) ).

+—| e

do, do, ' 0o, * Qo ° o, ' do. ° Do, " Do 7
L), o), orle), _alle),  ofle), _offe), _2fle), o),
8 600 801 802 803 804 805 ° 606 807 (66)
= af<0> dO + af<0> d}Ol + af(o) Cb2 + af<0) d03 + af<0> d}O4 + 6f(?) Cb5 + af<0) do(i + af<0) do?
0o 0o 0o’ 0o° oo* 0o’ 0o’ oo’

From the above, we note in particular the result for the left partial derivative over octonion

variable o:

0o 8

of(o) _1 of (o) _af(o)e _af(o)e B 8f<0)6 _af(o)e _8f(0)€ _af<0)e _af(C’)e (67)
do, do, ' 0o, ° o, ° 0o, ' Qo ° Do, ° Do '

This corresponds to the intuitive expected extension of the partial derivatives for quaternion

variables (4-dimensional HIR calculus):

4l oq  0q ' 0q, * 0q ') 4l 0g,  0q  0g " g,

of(q) l{af@ _of@), _of@), _ofl@), J _ l(ﬁf@ _ (@), _9f(a) i of(a) kJ (68)
oq 4 ’

and of the partial derivatives for complex numbers (2-dimensional Wirtinger/CR calculus):
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of (2) 1(6f(2) _Z.ﬁf(Z)J (69).

0z - 2 620 0z

1

Therefore, we observe that the development of calculus and partial derivatives over complex
or hypercomplex variables using transformations from Hadamard matrices leads to
consistent forms for different algebras. In the next section, we will see that this also applies

to calculus for the associative octonion-like split-biquaternion algebra.

VI. CALCULUS FOR  OCTONION-LIKE  SPLIT-BIQUATERNIONS  USING
HADAMARD MATRIX TRANSFORMATION

For calculus in the split-biquaternion algebra with the formulation of partial derivatives
over split-biquaternion variables, we apply the same approach using a transformation from
a Hadamard matrix as in the previous section (for octonion algebra). However, since the
split-biquaternion algebra is associative, the last step in the development of the partial

derivatives will be strictly valid, unlike in the previous section.

Using the definitions and properties in (49)-(54) for the split-biquaternion algebra and (56)
-(59), (61)-(62) for the transformation using conjugation-like operations (i.e., changing the
sign of some real-valued coefficients in o) to produce the o™ 1<m <7 transformed
variables using the 8-dimensional Hadamard matrix, the different components of a split-

biquaternion variable o (0 e 0<n<7) can be expressed as a linear combination of o

and seven split-biquaternion transformed variables 0™ 1 <m < 7:

-1 1 2 3 4 5 6 7
Orz - en (CnOO + Cnlo + cn20 + CnSO + Cn-/lo + CnSO + cn()‘o + Cn70 ) (70)
with e ' =— 1<n<6, e'=e n=0,7.
n n n n

1 1 2 3 4 5 6 7

oo=—(0+0 +0"+0°+0 +0" +0 +0) (71)
* 8
—€

1 2 é 4 5 ]
01=?1(0—0 +0°-0’+0'-0" +0" -0")

—€,

1 2 : 4 5 ;
0,=—=(0+0" —0° -0’ +0'+0’ -0’ —0')
8
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—€

0,=—>(0-0"-0’+0’+0' -0’ -0’ +0')
_e I
0,=—>(0+0" +0’+0’—0' -0’ -0" - 0")
8
_er ‘
0,=—>(0-0"+0"-0"-0'+0" -0’ +0')
0 8
—e
0, =—>(0+0' —0° -0’ -0' -0’ +0° +0')
e ‘
1 2 4 5
0.=—L(0-0"-0"+0’—0"'+0’ +0° - 0')
8

It should be noted that the results in (71) are split-biquaternion variables where only the
I*' component is non-zero, therefore they are real-valued scalars. (70) and (71) only differ

from (60) and (63) (octonion algebra) for the component o, .

If we wish to express oe 0<n<7 in terms of conjugates (0") 0<m<7, then a

conjugation operation can be applied to (71), as per the definition in (50) for split-

biquaternion numbers:

+(0") +(0")) (72)
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(73) has the same form as (64) for octonions, however the definition of the conjugation for

split-biquaternions in (50) is different.

The total differential of a function f(0)= f(00,01,02,03,04,05,06,07) 0o €R 0<n<7 can

be expressed as in (44) (left derivatives) or (45) (right derivatives), which may differ since

split-biquaternions are non-commutative.

The differentials do,,do,,do,,do,,do,,do,,do,,do. are obtained (71) or (72). To obtain the
partial derivatives, we substitute do,,do,,do,,do,,do,,do,,do,,do_ into (44) or (45). There are
therefore four different possibilities, depending on partial derivatives over the variables
0,0',0>,0’,0",0°,0°,0" or (0),(0'),(0%),(0"),(0"),(0°),(0°),(0")", and left derivatives

or right derivatives. Note that for the right derivatives in (45), norm-preserving involutions

eoe '=—eoe 1<n<6 and enonen’1 =eoe n=7 would first be applied to (71) or

n -n n n n n

(72), to get equations where the e term appears at the end of the equation.

The formulation of the left side partial derivative over the variables 0,0',0°,0°,0",0°,0°,0"

is shown in detail in (74) and (75). Grouping together the terms with

A , 0
do,do',do’,do’,do*,do’,do’,do’ and defining = 0<m<7 as the factor multiplying
o

do™ 0<m <7, we obtain the definition of the partial derivatives a—m 0<m<7.
o)
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df(o):M l(doerol +do’ +do® + do* + do’ + do’ + do")
8

800
+af(0) i(do_dol+d02_d03+do4—do5+d06—d07)
0o, 8
+5f(0) ﬁ(dDerol_dDQ—do3+do4+d05—d06—do7)
0o, 8
+5f(0) ﬁ(do_dol_d02+do3+do4—do‘“—do“+do7)
0o, 8
+—af(0) i(do+dol+d02+do3—alo4—dx)5—6106—0507)
0o, 8
+ O =G (oot +do? — do® — do® +do* — do® +do)
0o, 8
go) " (do +do' —do® — do’ —do" —do’ +do® +do’)
806 8
ag(o) %(do—dol—d02+d03—do4+do5+d06—0'07)j
07

(74)
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oy [0 a0 _aite)_aio), _aflo), _efle) o), 460),
8 600 do, ! 0o, 2 603 ? 0o, ! 805 0 606 0 807 !

L 1[(3f(0), o0) _ofo), , 3flo) _ofte), |, aflo), _afte) _af(o), ).
800 0o, ! 0o, 2 603 s 0o, : (’305 b 606 0 607 ’
L[2f0)_ofle), L afe), , ofle), _fle), _ofle), , afle), _ofto), |
9o, do, ' 0o, * 0o, * do, ' Do, ° o, ° o '
[, 30, aM0), _afe), _fe), , afle), , afle), , oF(e)
9o, do, ' o, ° o, * 0o, ' Do, ° Bo, ° Do "
A[ef0)_afle), _ate), _afle), o), , ofle), , aMe), _oflo) |
9o, do, ' 9o, * OGo, * 0Oo, ' Do, ° o, ° o '
(30, o), o), o), 3fl0), o), o), o) ),
do, do, ' 0o, * OG0, * o, ' o ° do, ° Oo.
+l 6f(0)_8f(0)6 +8f(0)6 +6f(o)€‘ +6f(0)6 +8f(0)e _8f(0)e) +8f(0)6 o’
do, do, ' 0o, * Go, ° 0o, ' 0o, ° Do, " Do '
1[2fl0), 2f(0), , oflo), _afle), , of(e), _af(o), _afe), _of(e),

00, 0o, ! 0o, 2 0o, s 0o, : oo, 00, 0 0o, ! (75)
Eaf(o)do+af<o)dol+af(0>d02+af(o)d03+mdo4+mdo5+Mdo6+mdo7
0o oo’ 00’ oo’ 60" 00’ 00" 60"

From the above, we note in particular the result for the left partial derivative over the split-

biquaternion variable o:

0f(0) l(af(o) B af(o)e ~ af(o)6 ~ af(o)6 ~ Gf(o)e ~ Gf(o)e ~ Gf(o)e N Gf(o)e J (76)
0o 8 7

= 1 2 3 4 5 6
800 801 802 803 0o X 805 806 807

of(o)

O

Considering the definition of for octonions in (67) (this is only possible if lack of

octonion associativity is neglected in the last step of the development) and considering the
different definitions of conjugation for octonions and split-biquaternions (i.e., the sign of
0. is not changed under the conjugation operation in the split-biquaternion algebra), (76)

of(o)

0o

is the expected intuitive form of the partial derivative for split-biquaternions.

Therefore, we observe that the development of partial derivatives over hypercomplex

variables using transformations from Hadamard matrices leads to consistent forms for
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HR calculus, for calculus in the octonion algebra and calculus in the octonion-like split-

biquaternion algebra.

VII. CR  CALCULUS DEVELOPMENT  USING HADAMARD  MATRIX
TRANSFORMATION

For completeness, and to illustrate that the general approach of performing a transformation

using an Hadamard matrix can also be wused for the development of -classic

Wirtinger/CR calculus, in this section the partial derivatives over complex variables in CR

calculus are derived using the same procedure as in the previous two sections. The well-

known complex-numbers algebra is an associative and commutative normed division algebra

: . : 2 2 -2
over R, with components ¢, =1, ¢ =7 as an orthogonal basis, ¢” =1, ¢” =¢" = -1 and

the well-known multiplication rules of Table IV.

Table IV Multiplication rules in the complex-numbers algebra

e,
J
ee, _ _
i e, =1 e =1
e, =1 1 e, =1
e _ -
i e=1|e=1 -1
z=2z6 +26 =2 +21 (77)
zZ =26, —26 =2 —%i (78)
2 * 2, 2
HZH =2z =2 +2 (79)

For complex numbers algebra, the concept of performing a rotation or involution of a

variable Z over the basis component e =i is not useful to generate a transformed variable,
because it leads to the same variable:

z' =izi" =—izi=—iiz =1z (80).
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Instead, the size-2 Hadamard matrix can be applied as a transformation matrix as in

previous sections, to generate two variables (the original complex variable z and a
transformed variable z' ), which in turn can be linearly combined to obtain the individual

components in z (2,€,,2¢€,.):

_ 1 _ _ _
ze =c z+cC 7 n=0,1 e, =Lle =1 (81).

In matrix form with real-valued elements and the different components of the original

. . 1
variable Z and transformed variable z :

i =Z¢  n=01
If each component in z' (i.e., €,e or 1) involves only the coefficient z of the
corresponding component in z, each row in the above matrix can be normalized by the

coefficient z , to have a formulation which is independent of the coefficients in z:

NH

1 = 0 T
|: :| - 2(,) - Zla() |: :| = 21 = ’61 z = ch n=0,1 (83)

0 1
1 = = 10
:| 61 — Z,_121 — Zr—l |: :| (84)

n

¢ =77 n=01 ¢ =777 =7"
" ’ 0 0 0 1

Therefore, each ¢ 0 <n <1 will have the values from the corresponding column in yA

Once these coefficients € are known, i.e., with proper choice of 7' below as the size-2

Hadamard matrix, we will have:

Z() = e(Jil(c()(JZ + C()lzl) = C(](]Z + C[)lzl zl = 6171 (Cl()z + Cllzl) = _Z'(Cl()z + Cllzl) (85)

With the size-2 Hadamard matrix as the matrix Z':

= (1 1
4 _L —1} (86)
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N Coo _11 EZCw zll
SR N o0

z :%(z+zl) 2z =—(z-12") (89).

It should be noted that the results in (89) are complex variables with only the 1% component

being non-zero, therefore they are real-valued scalars.

From the definition of Z' and comparing the two columns, this defines the transformed

variable z' and we see that there is only a sign change for the component e, =1, therefore

1 *
z =z and we have:

z, :%(z+z*) z :_?Z(z—z*) (90).
The total differential of a function f(z)= f(z,2) 2z €R n=0,1 can be expressed as:
i) =L g, 4 af; @) 4. (@ eR) (91).

2 2 ’

0 1

The differentials dzo,dz1 are obtained from (90). To obtain the partial derivatives, we

. 0
substitute dz,,dz, into (91). Grouping together the terms with dz,dz and defining — as
oz

as the factor multiplying dz , we obtain the definition

the factor multiplying dz and

*

Z

of the partial derivatives over the complex variables:

df (z) = M%(dz +dz’) + %(Z);(dz —dz’)

0z, Z
_1[of=) 0=}, L o2 ,of@))|, (92)
2( 0z, 0z, 2| 0z, 0z,
= (=) dz + (=) dz’
0z oz

From the above, we note in particular that:
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0f(z) _1[ 0f(=z) _ . of(=) (93)
0z 2\ 0Oz 07,

ofz) _1(2f(a) , .of(e) (94)
oz 2\ 0z 0z 7

0 1

which are the well-known classic formulations of the partial derivatives over complex

numbers using Wirtinger /CR calculus. Therefore, we observe that the use of the Hadamard

matrix transformation in the development of the partial derivatives again leads to the

correct result, as previously for HRR calculus, for calculus in octonion algebra and for calculus

in octonion-like split-biquaternion algebra.

VIII. CONCLUSION

This paper introduced the basis of calculus with the formulation of partial derivatives over
hypercomplex variables for two 8-dimensional hypercomplex algebras: octonions and

octonion-like split-biquaternions. We showed that the approach based on rotations over

basis components used in the development of HIR calculus or generalized HR calculus is not

suitable for the two considered 8-dimensional hypercomplex algebras. Instead, the use of
transformations based on Hadamard matrices was found to lead to a common framework
for the development of partial derivatives for complex-numbers, quaternion, octonion and
split-biquaternion algebras. Some next steps to further develop the calculus of hypercomplex
variables in the 8-dimensional hypercomplex algebras will include developing the chain rule
/ product rule, evaluating conditions under which left side partial derivatives and right side
partial derivatives are equivalent, and applying the partial derivatives over hypercomplex
variables for gradient vector based and Hessian matrix based optimization algorithms and

adaptive filtering algorithms.
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