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Abstract: Replication in distributed key-value stores makes scheduling more challenging, as it
introduces processing set restrictions, which limits the number of machines that can process a given
task. We focus on the online minimization of the maximum response time in such systems, that is,
we aim at bounding the latency of each task. When processing sets have no structure, Anand et al.
(Algorithmica, 2017) derive a strong lower bound on the competitiveness of the problem: no online
scheduling algorithm can have a competitive ratio smaller than Q(m), where m is the number of
machines. In practice, data replication schemes are regular, and structured processing sets may
make the problem easier to solve. We derive new lower bounds for various common structures,
including inclusive, nested or interval structures. In particular, we consider fixed sized intervals of
machines, which mimic the standard replication strategy of key-value stores. We prove that EF T
(Earliest Finish Time) scheduling is (3 — 2/k)-competitive when optimizing max-flow on disjoint
intervals of size k. However, we show that the competitive ratio of EFT is at least m — k+ 1 when
these intervals overlap, even when unit tasks are considered. We compare these two replication
strategies in simulations and assess their efficiency when popularity biases are introduced, i.e.,
when some machines are accessed more frequently than others because they hold popular data.
Even though overlapping intervals suffer from a bad worst-case in theory, they enable clusters to
reach a maximum load that is up to 50% higher than with disjoint sets.

Key-words: Flow Time, Lower Bound, Restricted Assignment, Processing Set Restrictions,
Replication, Key-Value Stores.
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Bornes sur le temps de réponse dans un ordonnancement en
ligne avec ensembles d’exécution structurés

Résumé : La réplication dans les bases de données distribuées de type clé-valeur complique
I’'étape d’ordonnancement, car elle introduit des restrictions sur les ensembles d’exécution qui
limitent le nombre de machines pouvant traiter une tache donnée. Nous considérons la minimi-
sation du temps de réponse maximum dans ces systémes, et nous cherchons des garanties sur
le ratio de compétitivité atteignable pour ce probléme d’ordonnancement en ligne. Lorsque les
ensembles d’exécution n’exhibent aucune structure, Anand et al. (Algorithmica, 2017) dérivent
une borne inférieure sur le ratio de compétitivité : aucun algorithme en ligne ne peut fournir un
ratio inférieur a Q(m), avec m le nombre de machines. En pratique, la réplication des données est
réguliére, et des ensembles d’exécution structurés peuvent faciliter le probléme. Nous calculons
de nouvelles bornes inférieures pour les structures suivantes : inclusive, nested et interval. En
particulier, nous considérons des intervalles de machines de taille fixe afin d’imiter la stratégie
de réplication standard des bases de données de type clé-valeur. Nous prouvons que la stratégie
EFT (Earliest Finish Time) est (3 — 2/k)-compétitive pour I'optimisation du temps de réponse
maximum sur des intervalles disjoints de taille k. Cependant, nous montrons que le ratio de com-
pétitivité de EF'T est au moins m — k + 1 lorsque ces intervalles sont non-disjoints, méme pour
des taches unitaires. Nous comparons ces deux stratégies de réplication dans des simulations afin
d’évaluer leur efficacité lorsque des biais sur la popularité des clés sont introduits. Méme si les
intervalles non-disjoints ne donnent pas de bonnes garanties dans tous les cas, ils permettent aux
clusters d’atteindre une charge maximum jusqu’a 50% plus élevée que les intervalles disjoints.

Mots-clés : Temps de réponse, borne inférieure, allocation restreinte, ensembles d’exécution,
réplication, bases de données clé-valeur.
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1 Introduction

Since more than a decade, a variety of applications increasingly relies on key-value stores to
record user data [1], monitoring information in scientific projects [2], activity logs, metadata,
statistics, etc. Such systems deal with a heavy load and while they succeed to process most
requests with reasonable performance, they are prone to high delays for a few tasks (also known
as the tail latency problem [3,4]), which motivates the design of efficient processing strategies.

The large amount of stored data most commonly requires the replication of the key-value
tuples on distributed resources. This mechanism ensures high availability in the case of a large
number of requests. For instance, Dynamo [5] replicates data on nodes organized as a ring in a
clockwise fashion. This approach inspired other implementations such as Cassandra [6], Riak KV
and Project Voldemort [7]. However, this eligibility constraint of each task to specific machines
prevents achieving optimal performance in current systems. Moreover, loads between machines
tend to be heterogeneous [8,9] due to varying popularities between the keys, which constitutes an
additional challenge. Finally, requests vary in size and the moment they are performed cannot
be predicted precisely, leading to a difficult problem.

In this paper, we focus on the scheduling problems that appear in key-value stores and
other distributed systems using data replication. We consider requests for data in the key-value
store as tasks to be processed on a server (or machine in the scheduling terminology). In key-
value stores, the most common objective is to minimize the response time, which is the time
between the submission of a request (the release of a task) and the moment a server answers
this request (completion time of the task). In the scheduling literature, this is called the flow
time. Given the dynamic nature of the problem, we focus on simple practical algorithms with
competitive guarantees: we say that an online algorithm (without knowledge of future tasks) is
p-competitive if it provides a solution that is always at most p times worst than an optimal offline
solution. Using Graham’s notation [10], we consider the problem Plonline—r;|Fyax: minimize
the maximum flow time (Fiax) on identical machines (P), with tasks released over time (r;)
without prior knowledge of tasks before their release times (online). For this problem, FIFO
(First In First Out) is known to be a good solution: it is (3 — 2/m)-competitive on m parallel
machines [11,12].

A major difficulty that we need to take into account is that data are not replicated everywhere
in key-value stores: only a subset of servers holds the data for a specific request. In the scheduling
literature, processing set restrictions are used to model the fact that only a subset M; of machines
may process some task T;. This constraint makes the problem a lot more difficult: Anand
et al. [13] prove a lower bound of (m) on the competitive ratio of any online algorithm.

However, processing set restrictions often exhibit particular structures such as the clockwise
ring used by Dynamo. In this case, data are replicated on direct neighbors forming an interval
of consecutive machines, and it is unknown if this enables better results. In particular, we show
that EF T, which is equivalent to FIFO for the problem Plonline—r;|Finax (Section 4), is a good
strategy in some cases, but suffers from inefficient worst case performance with such realistic
processing set restrictions (Section 6). Moreover, we establish the challenge of this problem,
even with specific processing set restrictions, by proving lower bounds on the competitive ratio
of any simple algorithm. Section 7 provides the last contribution by assessing the interaction of
the popularity bias, or load imbalance, with the replication scheme in key-value stores. The rest
of this paper starts by covering related works (Section 2) and presenting the model (Section 3).
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4 Louis-Claude Canon, Anthony Dugois, Loris Marchal

2 Related Work

Maz-flow minimization. Bender et al. were the first to propose the max-flow objective Fi.x =
max;(C; —r;) [11,14], in which C; and r; denote the completion and release times of the i-th task,
respectively. They show that the well-known FIFO strategy is a (3—2/m)-competitive algorithm
for minimizing max-flow on m parallel machines (note that this ratio is tight [15]), and they give
a lower bound of 3/2 on the online problem’s competitiveness. The offline minimization of max-
flow is strongly NP-hard since it is a generalization of the parallel makespan problem; Mastrolilli
gives an FPTAS (Fully Polynomial-Time Approximation Scheme) in unrelated setting that runs
in time O(nm(n?/e)™) [12], where n is the number of tasks. When preemption is allowed, the
problem becomes solvable on unrelated machines, as Fy,.. is a special case of L., in which
a task’s deadline is set to the value of its release time (i.e., d; = r;) [16-18]. FIFO has also
been shown to be (3 — 2/m)-competitive for the preemptive problem [12]. Ambiihl et al. refine
the lower bound for both the preemptive and non-preemptive versions, proving that no online
algorithm can achieve a ratio better than 2 — 1/m [19]. They provide an optimal algorithm
for the preemptive case (i.e., matching the lower bound) and a lower bound of 2 for the non-
preemptive problem when m = 2, implying that FIFO is also optimal on two parallel machines.
In related setting, Bansal et al. derive lower bounds of Q(m) and Q(logm) on the competitive
ratio of SLOw-F1T and GREEDY [20]. They develop a new online algorithm, DOUBLE-FIT, that
is 13.5-competitive by combining these two strategies. They also present a PTAS in unrelated
environment, running in time n®(™/¢) [21], and an offline O(logn)-approximation [22].

Processing set restrictions. Various surveys have been conducted on scheduling problems
involving processing set restrictions. The majority of such problems concern makespan mini-
mization in a wide range of situations, including preemption, structured sets, release times, and
so on [23-26]. To the best of our knowledge, the only result on online max-flow minimization
under (unstructured) processing set restrictions is due to Anand et al., who derive a lower bound
of 2(m) on the competitive ratio of any online algorithm [13].

Table 1 summarizes existing results on online max-flow minimization. In this table, P, P|M,,
@ and R respectively denote parallel machines, parallel machines with processing set restrictions,
related machines, and unrelated machines. Note that we have P — @ — R and P — P|M; — R,
where A — B means that A is a special case of B.

3 Model

Even though our problem originates from key-value stores, we formally formulate it using classical
scheduling terms. In particular, we want to schedule a set T of n tasks T1,...,T, on a set M
of m homogeneous machines Mj, ..., M,, (or n requests on m servers/processors). Each task
T; has a release time r; > 0 and a processing time p; > 0. Any machine cannot process several
tasks simultaneously and preemption is not allowed. Tasks arrive in the system over time and no
information (release or processing time) on task T; is available to the scheduler before time r;,
which is noted online—r;. Without loss of generality, we assume tasks are numbered such that
1< _] = 1 < Tj.

Processing set restrictions (or eligibility constraints) prevent tasks to be processed on any
machine. Formally, a task T; can only be processed by a subset of machines M; C M and we
say that M, is the processing set of T;. Let us consider the following special structures for these
processing sets:

M, (interval). Interval processing sets are such that for all T;, M; = {M; s.t. a; < j < b;} or
M; ={M; st. j <a; orb; <j}, for some a; < b;.

Inria
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Env. Preemption Algorithm Type Approx./Competitive Ratio  Ref.
P Non-preemptive FIFO Online 3—2/m [11]
any Online >2—-1/m [19]

Preemptive FIFO Online 3—2/m [12]
Ambiihl et al.  Online 2—1/m [19]

any Online >2—-1/m [19]

P|M; Non-preemptive any Online > Q(m) [13]
@ Non-preemptive DOUBLE-FIT Ounline 13.5 [20]
SrLow-FIT Online > Q(m) [20]

GREEDY Online > Q(logm) [20]

R Non-preemptive Bansal et al. Offline O(logn) [22]
Bansal Offline, PTAS 14 ¢ in n9m/® [21]

Mastrolilli Offline, FPTAS 1+ ¢ in O(nm(n?/e)™) [12]

Preemptive Legrand et al.  Offline Optimal [18]

Table 1: Existing results on max-flow optimization.

M, (nested). Nested processing sets are such that for all T;,T; (with ¢ # j), either M; C M;,
M; S M; or M;NM; = 0.

M, (inclusive). Inclusive processing sets are such that for all T;,T; (with ¢ # j), either M, C
Mj or Mj Q MZ

M, (disjoint). Disjoint processing sets are such that for all T;,T; (with ¢ # 7), either M; = M;
or M; N M; = 0.

The nested, inclusive and disjoint processing set restrictions can be seen as special cases of the
interval processing set restriction because it is always possible to reorder the machines in each
subset M; so that one obtains contiguous intervals of machines. Furthermore, the inclusive
and disjoint processing set restrictions are special cases of the nested processing set restriction.
Figure 1 summarizes the relations between the different structures in processing set restrictions.

In key-value stores, requests indicate which file to retrieve based on a key that can be used
multiple times. This implies that multiple tasks may share the same processing time and pro-
cessing set.

We can now define the desired output and objective function. For any scheduling algorithm
S, we note p$ the time at which T} is scheduled by S, p the index of the machine on which T;

M (disjoint) —l

M ;(nested) —  M;,(interval) — M;

M ;(inclusive) J

Figure 1: Reduction graph of structures in processing set restrictions. A — B means that A is
a special case of B.
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6 Louis-Claude Canon, Anthony Dugois, Loris Marchal

is scheduled by S, and of the starting time of T; under S. In other words, S gives a schedule
¢ such that TI5(i) = (uf,0¢) for all task T;. We want to minimize the maximum flow time
FS,.. = max F° where F° = C&—r; (Cf denotes the completion time of T} in IIS: CF = of +p;).
The superscript S is omitted when the considered algorithm is obvious from context.

We say that an online algorithm D has the Immediate Dispatch property if all tasks are
scheduled as soon as they arrive in the system, i.e., for all T}, we have 7; < pP < r; + ¢, where
0 < € <« 1, and we call D an immediate dispatch algorithm. This property is of particular
importance in systems that need to scale and cannot handle large waiting queues; the scheduling
phase should be as fast as possible. It is often the case in online distributed systems such as load

balancers or replicated key-value stores.

4 Equivalence of FIFO and EFT strategies

FIFO scheduling has been extensively studied in previous work. It consists of a single queue of
tasks, located on a central scheduler, that are pulled whenever some machine is available (see
Algorithm 1). It is known to be (3 — 2/m)-competitive when minimizing maximum flow time on
parallel machines [11,12,14], which makes it optimal on a single machine. In the present paper,
we move our focus to the EFT scheduler (see Algorithm 2), which pushes each released task on
the machine that finishes the earliest. We show here that both schedulers are equivalent on any
instance of the scheduling problem Plonline—r;|Fyax. However, EFT has two main advantages
over FIFO, which motivates our choice:

1. FIFO relies on a centralized queue, whereas EFT allocates tasks to machines as soon as
they arrive (it is an immediate dispatch algorithm). Hence, it does not require a centralized
scheduler with a potentially large queue of jobs, which is impractical in most existing online
systems with critical scalability needs.

2. EFT can easily be extended to scenarios with processing set restrictions, whereas trans-
forming FIFO to allow such constraints would be cumbersome.

For each machine M; € M and for any 1 < ¢ < n, let H;; denote the subset of tasks 11, ...,T;
being assigned to M in a schedule II:

H;; ={Ty € Tst. 1<i <iand py =j}.

Then we define C; ; as the time at which M; completes its assigned tasks among the first 7 tasks
in I, i.e.,

Cj7i = Ti{%z}:i’i {Cl/} s
where Cj = oy + py is the completion time of T/ in II, with the convention C;o = 0. Finally,

we define U; as the set of machines that may start the i-th task at the earliest possible time
tmin,i = max (3, minag, en {Cji—1}), i-e., Uj is the set of machines that are in a tie for T}:

Ui = {M] = M S.t. Cj,i—l S tmin,i} . (1)

Note that EFT needs to know the set U; for each released task T;, which implies that one must
know the processing time of arriving tasks with precision, in order to compute the completion
times of machines at each step (we are in a clairvoyant setting). In this way, EFT can be readily
modified to account for processing set restrictions by changing Equation (1) to

Ul/ = {Mj € M; s.t. Cjﬂ'_l < ! }, (2)

min,s

Inria
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where ], ; = max (rs, minag e, {Cji1})-

For both EFT and FIFO strategies, a tie-break policy decides which machine will process
T;. We consider that ties are broken according to the same policy BREAKTIE in FIFO and EF T
(in FIFO, ties are broken when at least 2 machines are idle at the same time; we assume the
selected machine runs first).

Algorithm 1 FIFO

Require: Global FIFO queue @

Input: Incoming tasks T;

Output: Allocated machines p;, starting times o;
1: when a new task T; is released do
2: enqueue(i, Q)

In parallel, do:
1: when some machines U are idle at time t do
2: i « dequeue(Q)
if i # NIL then
u < BREAKTIE(D)
i < U
o; +—t

@ e w

Algorithm 2 EFT
Input: Incoming tasks T;
Output: Allocated machines p;, starting times o;
1: when a new task T} is released do
Get U; according to completion times of machines M (Equation (1))
u < BREAKTIE(U;)
Hi < U
J; < max (Ti, Cu,i—l)
Update the completion time of M,

A

Now we show that EFT is equivalent to FIFO for the problem P|online—r;|Fiax-

Proposition 1. For any instance Z of the problem Plonline—r;|Finax, we have FIFO(Z) =
EFT(I), i.e., HFIFO(G) = TI®FT(3) for all T; € T in the instance T.

Proof: Let Z denote an arbitrary instance of the problem P|online—r;|F.x. We prove
the following statement by induction: for any k such that 1 < k < n, OHFIFO(;) = TI®FT(4) for
all 1 <1i <k, where T; € T in the instance Z.

Base case (k = 1). All machines are idle (thus UF'F© = UEFT = M). As FIFO and EFT
have the same tie-break policy and it is called on the same machine subset, they will choose the
same machine and execute 717 as soon as it is released.

Induction step. Suppose that for a given k < n, IF¥FO(5) = TIEFT(§) for all 1 < i < k. We
show that TIFIFO(k + 1) = TEF T (k + 1).

On the one hand, at time r41, EFT will schedule the task Tjy; on one machine M, in

the subset UFf|" according to the tie-break policy. Thus, we have ppi = w and off " =

max(rk+1,C7E§T).
On the other hand, at time max(ry11, min; C;;¥), one of the machine in the subset U} [T
will wake up first according to the tie-break policy. Let M, denote this machine. M, will

RR n° 9446



8 Louis-Claude Canon, Anthony Dugois, Loris Marchal

pull the next task to process from the shared queue (), which is necessarily Tj41. Therefore,
u}:iFlo =’ and U]};ilio = max(rk+1,C511,:O).

As TIFIFO(3) = IEFT () for all 1 < i < k, we deduce that all machines complete at the same
time in ITF1FO and IIFFT when the first k tasks are considered, i.e., for all j, CFIFO CEFT.

This 1mphes that Up;© = UFEY. Thus, as FIFO and EFT break ties the same way, we
have u = v/, and then C} }F© = CIF L. Therefore, piiT" = piii© and oy = o3 15°. [ |
The equlvalence between EFT and FIFO implies that all existing results for FIFO also
apply to EFT in the context of max-flow minimization on parallel machines without processing

set restrictions.

5 Online Minimization of Max-Flow

In this section, we recall and give some results about the minimization of maximum flow time
when there are no processing set restrictions, that is, when tasks can be scheduled on any
machine. The offline problem P|r;|Fi,.x is clearly strongly NP-hard, as it is a generalization of
P||Crnax-

For the online version Plonline—r;|Finax, FIFO has been proven to be a (3—2/m)-competitive
online algorithm. We describe the proof here, as the existing proof of Bender et al. is not entirely
correct.

Theorem 1 (Bender et al. [11]). FIFO is (3—2/m)-competitive for the problem P|online—r;|Fiyax.

Let 7; denote the set of tasks released before time ¢ and not yet started in schedule II, i.e.,
T = {T; € T such that r; <t and o; > t},

and let d; ; be the remaining processing time of the task 7; being executed by machine M; at
time ¢ in I, i.e., é;; = C; — t, where p; = j and o; <t < C;. Obviously, if no task is being
processed on M at time ¢, d; ; is set to 0. Then, the total work waiting to be processed at time
t in II is defined as

Zét,j + sz

T €Ty

We also define the maximum processing time among 71, ..., T; as Pmax,i- The maximum flow
time among 71, ...,T; in schedule II is noted Fpax ;-

Lemma 1. For any task T;, WTP:IFO < WT?PT—i— (m—1) Pmax,i, where OPT is an optimal offline
strategy.

Proof: Let us proceed by induction.
Base case (i = 1). At time 7y, all machines are idle and we have WFIFO =Dp1.
Induction step. Suppose that WEIFO < WT?PT + (m — 1) Pmax,i for a given i. We consider
two cases:

— OPT
= er

(i) All machines are busy between r; and r;; 1 in IIF1FC, We have

FIFO FIFO
We.~ =W, —m(riy1 —1i) + Pit1-

Moreover, WroiT > WIPT —m (ri41 — 1) 4+ pig1 (there may be idle times between r; and

7i4+1 in OPT). Then, WOPT _ WOrT > WwrEo _ yyHro .

Ti41 Ti41

Inria
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Hence,

FIFO OPT FIFO OPT
WIITO <y OPT 4 WFIFO _

Tit1 Tit1
PT
S WT?+1 + (m - 1)pmax,i
S W»,‘?f‘lT + (m - 1)pmax,i+1~

(ii) There is at least one idle machine between r; and r;;; in II"FO. At time r;;, there
is thus no waiting tasks except T;1+1 (otherwise, it would have already started on an idle
machine). In the worst case, m — 1 machines start to process some tasks just before time

7i41 fOr Pmax,; time units. Then we have WEEO < pit1+ (M — 1) Pmax.i-

Furthermore, in the best case T}y, is the only task in the system at time 7;,; in IIOFT

thus WOPT Z Dit1-

Ti+1

Therefore,

WEETO <pit1+ (m - 1)pmax,i

S Wr?iT + (m - l)pmax,i
S WOPT + (m - 1)pmax,i+1~ u

Tit1

Proof of Theorem 1: We consider an online schedule IT*'F© built by FIFO and an optimal

offline schedule II?"7. We start by describing two lower bounds for F,QE7:
Frngjcq; 2 Pmax,is (3)
Fils =2 W fm. (4)

Lower bound (3) is immediate. Lower bound (4) follows from the fact that there is always a non-
finished task T} such that r; < r; and that will necessarily complete after time r; + W,9°% /m.

Now let T} be a task in II"'FC. Then—as it is scheduled by FIFO—it is the last task in
7,510 "and it will not be able to start before time r; 4+ (WFC —p;) /m in the worst case. Hence,

. 1
FFIFO < yyFIFO /4 o) Pi o WEFO /m 4 <1 - > Pmax,i
i m o m /

is an upper bound for FIFO. By Lemma 1, we know that W\'FO < WOPT 4 (m — 1) pyax,; for
each task T;. Then,

i m ’

1
< WrQPT/m +2 <1 - ) Pmax,i
i m ;

2
< (3 - m) FOPT (by lower bounds (3) and (4)). [ |

max,?

As a corollary, the problem is polynomial on a single-machine; FIFO is optimal in this case.
It is also known that P|r;|Fiax is polynomial on parallel machines for homogeneous tasks [27].
As it solves a more general problem, the proposed algorithm is quite complex; we show that
FIFO is sufficient to solve P|r;, p; = p|Fmax-

RR n° 9446



10 Louis-Claude Canon, Anthony Dugois, Loris Marchal

Processing Set Structure  Algorithm Type Competitive Ratio  Ref.
inclusive Immediate Dispatch > |log,(m) + 1| Th. 3
IMi| =k Immediate Dispatch > |log,(m)] Th. 4
nested Online > 3 |logy(m) +2]  Th. 5
disjoint, |M;| =k EFT 3—-2/k Cor. 1
interval, |M;| =k Online > 2 Th. 7

EFT >m— k41 Th. 8, 9, 10

Table 2: Competitive ratio guarantees for the problem P|online—r;, M;|F,.x with various pro-
cessing set restrictions and depending on the type of algorithm.

Theorem 2. FIFO solves the problem Plonline—r;, p; = p|Fiax to optimality.

Proof: Let OPT be an optimal offline strategy and II9FT an optimal schedule. If on

each machine, tasks are processed by non-decreasing release time, then OPT corresponds to an
execution of the FIFO algorithm: two tasks starting simultaneously on two machines may be
allocated on different machines in OPT and FIFO, but it does modify neither their completion
time nor the completion times of other tasks. If this is not the case, let T; and T} be two tasks
in IT9PT guch that r; < rj, and where T; starts after T; (o; > ;). T; can be on any machine,
as well as T;. Thus o, + p > 0; + p, and then C; > C; (p; = p; =p).

Their contribution to the objective is F = max(C; — r;,C; —r;) = C; — r; because r; < 7
and C; > C;. Consider what happens if we swap 7; and T;. Note that this is possible as T}
was originally started first although T; is released before T);. Their contribution to the maximum
flow becomes F' = max(C] — r;,C; — r;). By construction, C; = C; and Cj = C;. We have
Ci—ri=Cj—r; < Ci—r; (because C; > C;), and Cf —r; = C; —r; < C; —r; (because r; < r;).
Hence, 7/ < F.

It follows that we can transform in another optimal schedule TIF'FO by swapping
repeatedly non-sorted tasks. Then, FIFO is optimal. ]

As we proved the equivalence of FIFO and EFT in Section 4, all the results of the current
section also apply to EFT.

HOPT

6 Bounds under Processing Set Restrictions

Obviously, the problem P|r;, M;|Fiax is NP-hard in the offline context, that is, when all details
on tasks are available beforehand. However, when considering tasks with unit processing times,
Brucker et al. show that the problem P|r;,p; = 1, M;|>_ w;T; is solvable in polynomial time [23].
Thus, Plr;,p; = 1, M;|Lmax is also polynomial, and by setting the deadline d; = r; for all tasks,
it follows that P|r;,p; = 1, M;|Fiax is polynomial.

Anand et al. show that Plonline—r;,p; = 1, M;|Fnax has a lower bound of Q(m) on the
competitive ratio of any online algorithm [13] (even the ones that do not have the Immediate
Dispatch property). However, their proof is only valid for the general constraint M;, and it is
unknown if special structures of the processing sets make the problem easier.

We provide here lower bounds on the competitive ratios of scheduling algorithms when con-
sidering that the processing sets follow a particular structure. Table 2 gives a summary of the
results presented here.

We first study the inclusive structure of processing sets. We show in Theorem 3 that re-
stricting to this structure reduces the lower bound on the competitive ratios to [log,(m) + 1] for
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Bounding the Flow Time in Online Scheduling with Structured Processing Sets 11

immediate dispatch algorithms. This is also true for the nested and interval structures, as they
generalize the inclusive structure.

Theorem 3. The competitive ratio of any immediate dispatch algorithm is at least |logy(m) + 1]
for the problem Plonline—r;, p; = p, M; (inclusive)|Fyax.

Proof: Let us assume that we work on a number of machines m that is a power of
2, ie, m = 2L10g2(m,)J, where m’ is the actual number of machines. Let D be an arbitrary
online immediate dispatch algorithm. We build the following adversary. For each ¢ such that
1 < ¢ <logy(m), let T denote the set of 57 tasks with p; = p > logy(m) and r; = £ — 1 for all
T; € T, A final task is released at time r; = log,(m).

Then we define M) = {M,,..., M,,} and for all £ > 1, M) denotes the subset of machines
of MU=V of size sir with at least (£ — 1)52r allocated tasks in total after step £ —1 (we prove
below that such a set exists). Finally, for each ¢ and for all T; € TO, we set M; = MO,

Let us prove by induction that the construction of M® is valid, i.e., that such a subset
exists for all £ > 0. Note that as D is an immediate dispatch algorithm, all tasks of 7() are
irremediably scheduled at time £— 1 on some machines of M® . For the construction of M) we
start from M1 = {My, ..., M,,} where 7 tasks have been allocated on the first step. We select
for M) the subset of machines where these tasks have been allocated, possibly with additional
machines to reach the proper size 7.

We now assume that M© has been constructed and prove that we can build M¢+1), By
induction, M has been allocated (¢ — 1) 572r tasks up to step £ — 1, and 5z new tasks on step
¢. This makes a total of (2 — 1)2 tasks. We select for M“*1) the 2 machines that are the
most loaded in M. We consider two cases:

(i) Each of the selected machines has at least ¢ tasks. Then in total, we have at least (37
tasks, as requested.

(ii) There exists a selected machine with at most £ — 1 tasks. This means that all non-selected
machines have at most £ — 1 tasks (otherwise, we would have selected one of them instead),
for a total work (on the 7 non-selected machines) of at most (¢ —1)3; tasks. Thus, on

selected machines, the number of tasks is at least

m m m

At step log,(m), M19820m)) is reduced to two machines, with at least 2(log,(m)—1) allocated
tasks, where a single task is scheduled at time log,(m)— 1. This leaves one machine with at least
log,(m) tasks, where we finally allocate the last task at time log,(m), leading to a maximum
flow of (logy(m) + 1)p — logy(m). Note that

logy(m) + 1 = logy(21°80m)]) 4 1
= [logy(m’)] + 1 = [logy(m') + 1] .
The optimal strategy consists in scheduling each set 7() on the machines of M) \/\/l(”l), for
a max-flow of p. Thus, as p — co, we have a competitive ratio of |log,(m’) + 1]. [ ]

The previous result may be adapted for processing sets that do not present any particular
structure, but have all the same size k.

Theorem 4. The competitive ratio of any immediate dispatch algorithm is at least |log,(m)]
for the problem Plonline—r;, p; = p, M;, |M;| = k| Finax-
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Proof: Let us assume that we work on a number of machines m that is a power of k, i.e.,
m = kLlng(m/)J, where m/ is the actual number of machines. Let D be an arbitrary immediate
dispatch algorithm. We proceed by building the following adversary. For each ¢ such that
1 < ¢ <log,(m), let T®) denote the set of 7r tasks with p; = p > log,(m) and r; = £ — 1 for all
T,eTW,

Note that as D is an immediate dispatch algorithm, all tasks of 7() are irremediably scheduled
at time /—1. Then we define M® as the set of machines on which the tasks of 7 are scheduled
at this specific time, with the particular case M(®) = M. Finally, for each ¢ and for all 7, € 7,
we set M; € MU with |M;| = k. Moreover, all processing sets of tasks that belong to the
same set 7) are mutually disjoint, i.e., M; N M; =0forall T;,T; € T such that i # j.

D will be forced to schedule each set 7) on the exact same machines that are already busy
with the tasks of the previous set 7¢~1. As all processing sets are mutually disjoint, we know
that the tasks 7 are scheduled on ’7—(@)’ = 77 machines exactly. Moreover, there are exactly
(77 waiting tasks on these machines at step £. Thus, at the last step £ = log,,(m), the completion
time is log, (m)p. Therefore, the maximum flow time is log;, (m)p — (log,(m) — 1). Note that

logy, (m) = logy, (kLo ("))

= |log;,(m)] .
The optimal strategy consists in scheduling each set 7 on the machines MU¢=1\ M®  for a
max-flow of p. Thus, as p — 0o, we have a competitive ratio of |log,(m’)]. [ |

When considering online algorithms that do not have the Immediate Dispatch property (and
thus may allocate tasks only when machines are available for computation), we can still prove
a similar lower bound on the competitive ratio, as long as the processing sets are nested. The
proof is an adaptation of Anand et al. [13], which did not consider any structure.

Theorem 5. The competitive ratio of any online algorithm is at least % log,(m) + 2] for the
problem Plonline—r;, p; = 1, M, (nested)|Fiax.

Proof: Let us assume that we work on a number of machines m that is a power of 2,

ie,m= 2L1°g2(m/)J, where m/ is the actual number of machines. Let A be an arbitrary online
scheduling algorithm. Machines are numbered from 1 to m, and let F' be a number such that
F > logy(m) 4+ 2. We construct the following instance. At time ¢y = 0, we consider the interval
of machines of size sy and starting from wg (that is, {Myy, Myg+1,-- - Mug+se—1}), denoted by
I(ug, sg), where ug = 1 and sp = m. We submit s¢ unit tasks at time tg, with the processing set
restriction M, = I(ug, s9). Let Gi o denote this set of tasks. For each machine M; € I(uy, so),
we release one unit task at each time ¢g,to +1,...,t90 + F — 1 and feasible only on the machine
M;. Let G o denote this set. Note that at time to + F' — 1, algorithm N should have completed
the tasks of Gj o, otherwise the maximum flow time would be greater than log,(m) + 2.

Now, for all k& > 0, we set t = tx_1 + F and s = %sk_l. We choose uj such that
Up—1 < up < Ug—1 + Sk—1 — Sk = Uk—1 + Sk (in other words, I(ug,s) is a subinterval of
I(ug—1,5K-1)), and such that |G | is maximized, where Gy 1 C G2 r—1 is the set of tasks that are
submitted before t; but not completed at this time, and that can be executed on one machine
only in the interval I(uy,s;). Then we submit task sets Gy, and Gs j as previously: Gi , is made
of sy, tasks with processing set I(uy, s;) released at time t;, and G j, contains F' tasks for each
machine M; € I(ug, si) submitted at times ¢, ¢, +1,..., ¢ + F — 1 and that must be processed
on Mj.

Figure 2 illustrates a schedule of the described instance.

We prove the following statements by induction: for all k& > 0, (i) s, = m/2* and (ii) there
are at least ks uncompleted tasks on I(ug,sk) at time ¢ before sending Gy, and Gay, ie.,
|Go,x| > kst
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gO,*
- gl,*
l:l g2,*

I(uk—1,SK-1)

=N

Figure 2: Example of scheduling for the described adversary.

For the base case (k = 0), we have sp = m/2° = m, and Gy = (), so there is no completed
task on I(1,m) at time O before sending Gy ¢ and Ga .

Now assume that sy = m/2" is true at a certain step k. At step k + 1, we have s,41 = 15
by definition, so sg41 = % (m/2¥) = m /2", which proves the statement (i).

Suppose that there are at least ks uncompleted tasks on I(ug, i) at time tx, i.e., |Go x| > ksg.
Then we send G; j, and Ga i, which means that there are at least

ksk—l—sk—i—Fsk—Fsk:(k—i—l)sk

uncompleted tasks on I(ug, sx) at time tg1 =t + F.

Now we choose the subinterval I(ugt1,Sk+1) C I(ug, si) maximizing |Go 41| at time tp41.
Let us divide I(uy, si) into 2 disjoint subintervals of size %sk and by contradiction, assume that
no such subinterval contains (k + 1)3s), uncompleted tasks, i.e., there are at most (k+1)3s; — 1
uncompleted tasks on each of these subintervals. Thus, there are at most 2 ((k + 1)1s, — 1) =
(k 4+ 1)sx — 2 uncompleted tasks on I(ug, si), which contradicts the fact that I(ug, s;) holds at
least (k + 1)s; uncompleted tasks. Then, the chosen subinterval I(ugy1,sk4+1) contains at least
(k+ 1)%5;c = (k+1)sk41 uncompleted tasks at time ¢4, before sending Gy x4+1 and Ga 41 (that
is, |Go k+1| > (k + 1)sk+1), which proves the statement (ii).

We stop when we reach the step k such that s, = 1. This means that m/2¥ = 1, i.e.,
k = log,(m). Therefore, there remains at least ksy = log,(m) uncompleted tasks on an interval
of size 1 at time ¢, plus 1 task of G; ;, and 1 task of G5 j, which gives a maximum flow time of

at least log,(m) + 2. Thus, on all m’ machines, we have a maximum flow of

logy(m) + 2 = log2(2tlog2(m,”) +2
= [logy(m')] + 2 = [log,(m’) +2] .

The optimal strategy consists, at each step 0 < k < log,(m), in executing all tasks of G; ;, on the
subinterval I(uy, sk) \ I(wg+1,Sk+1), for a max-flow of 3: tasks of Gy i are scheduled first (with
flow 2), followed by tasks of G, j, which have a flow at most 3. [ |
The case of disjoint processing sets is particular: we may apply a competitive algorithm
independently on each set, which leads to an algorithm with adapted competitive ratio.

Theorem 6. From any f(m)-competitive algorithm for the problem Plonline—r;|Fp .y, we can
design an adapted algorithm with a competitive ratio of max; {f(|M;|)} for the disjoint case
(Plonline—r;, M; (disjoint)| Fax )
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Proof: Let Z be an arbitrary instance of the problem Plonline—r;, M;(disjoint)|Fiyax, and
let N be an f(m)-competitive algorithm for Plonline—r;|Fy.x. By definition of the disjoint
processing set restriction, we have M; N M; = 0 or M; = M, for all tasks T;,T; (with i # j) of
the instance Z. Let M denote the set of all subsets M;.

Then, for all M, € M, we construct the set of tasks 7, = {T; € T s.t. M; = M,}. As
M, N M, =0 for all M,, M, € M such that u # v, we clearly have T, N7, = (). Moreover,

Un:m

My eEM

Hence, for all M, € M, T, and M, can clearly constitute an instance Z, of the problem
Plonline—r;|Finax. We design an online algorithm N for the original problem by applying N in
parallel to each instance Z,.

By definition of the competitive ratio of A/, we have F. (Z,) < f(IMu|)FEQET(T,), where

OPT is an optimal offline strategy. As Z, is a subproblem of Z, we also have

FOLT () < FOLT (D)
for all Z,,, where OPT’ is an optimal offline strategy built by applying OPT in parallel on each
instance Z,. Then, FN (Z,) < f(IM.)FQLT(T), and

max max

max

FAL(T) = max {FY(T.)}
< mas {f(IM.))} FQET (D). .

max

This result has an important corollary for EFT on disjoint processing sets.

Corollary 1. EFT is (3—2/ max | M;|)-competitive for the disjoint case and (3—2/k)-competitive
when |M;| =k for all M,.

We now move to the study of processing sets that are intervals of fixed size, which we outlined
in the introduction as being representative of the replication scheme used in key-value stores.
We show that the competitive ratio of any algorithm (even without the Immediate Dispatch
property) is not smaller than 2.

Theorem 7. The competitive ratio of any online algorithm is at least 2 for the fixed-size interval
problem Plonline—r;, p; = p, M; (interval), |M;| = k| Finax-

Proof: Let N be an arbitrary online algorithm. At time 0, the adversary sends one task

Ty with processing time p and with My = {M>, M3}. Now there are two cases: A executes this
task (i) on My or (ii) on M3, and we denote its starting time by 1. Note that if o1 > p, the flow
time for this task is at least 2p, while an optimal algorithm could schedule this task at time 0
with a flow time of 1, leading to a ratio larger than, or equal to 2. We thus assume that o1 < p.
Let us assume N executes Ty on Ms (i). Then the adversary sends two tasks Th and T3 at
time oy + 1 with processing time p and with My = M3 = {M;, Ma}. N will schedule at least
one task at time o1 + p at the earliest, and this task will complete at time oy + 2p at the earliest,
for a max-flow of at least 2p — 1. The optimal schedule consists in executing 77 on M3 at time
0, to let the next two tasks execute on M; and My at time 1, for a max-flow of p. As p — oo,
the competitive ratio is 2. The case (ii) is proved analogously by sending two tasks on interval
{M3, M4} |
The lower bound on the competitive ratio can be largely increased when considering imme-
diate dispatch algorithms, and in particular EFT, as defined in Algorithm 2 in Section 4. Note

Inria



Bounding the Flow Time in Online Scheduling with Structured Processing Sets 15

that among immediate dispatch algorithms, EFT is a very reasonable candidate: when a new
task is submitted, it is allocated to the machine that will finish it the earliest. Without pro-
cessing set restrictions, this is known to produce a very good load balancing, as well as good
performance for the max-flow [11]. It turns out that this is not the case when adding processing
interval restrictions. We prove in Theorems 8, 9 and 10 that the competitive ratio of EFT is
larger than m — k + 1 in a variety of settings.

To exhibit this result, we need to focus on a specific tie-break function. We start by studying
the MIN tie-break function: in the set U; of candidate machines that may finish task 7T; at the
earliest, we choose the machine with smallest index. The obtained algorithm is called EF T-MIN
(Algorithm 3) and its competitive ratio is bounded in Theorem 8.

Algorithm 3 EFT-MIN
1: when a new task T; is released do
Get U] according to completion times of machines M; (Equation (2))
u < MIN(U/)
Hi < U
0; < max (14, Cy i—1)
Update the completion time of M,

Theorem 8. The competitive ratio of EFT-MIN is at least m — k + 1 for the fized-size interval
problem Plonline—r;, p; = 1, M, (interval), |M;| = k|Fiax, where 1 < k < m.

We show that the competitive ratio of EFT-MIN is at least m — k + 1 for the problem of
minimizing max-flow when the processing set is an interval of size k, with 1 < k < m, even when
tasks are unitary. For ease of reading, we say that a given task 7T; is of type A if its processing
interval restriction starts on machine My, i.e., M; = {M),..., M x1x—1}, and we say that it is
of type > X (resp. < N)if A > N (resp. A < \).

Let us build the following adversary (we illustrate an EFT-MIN schedule of this adversary
in Figure 3). At each time ¢, we send m tasks such that:

(i) for 1 <i < m —k, task T; is of type m — k — i + 2 (blue task in Figure 3);
(ii) for m — k < i < m, task T; is of type 1 (red task in Figure 3).

This adversary relies on the key observation that EFT-MIN is naive: when several machines
present the minimum load value among all machines, it will choose the first machine that satisfies
its load-minimality criterion, i.e., the machine whose index is the lowest.

Note that at time ¢, just before sending the m next tasks, mt tasks have already been scheduled
in T*¥T | and each machine M; completes at time Cj . Let wy(j) = max(0,Cj e — t) be the
work allocated on machine M; and waiting to be processed, just before the adversary releases
the m tasks. We call w; the schedule profile of EFT at time ¢.

The proof consists in showing that EFT-MIN converges to a stable schedule profile w, such
that for all j,

w,(j) = min(m — j,m — k).
Figure 4 shows an example of a schedule profile w;, which is behind the stable profile w.,.
Definition 1. For any t # t', we say that

(i) wy = wy if wi(j) = wy () for all j;
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I I I
M |4 5 i 4 6 i 5 3 4
M>|3 6 : 3 : 3 6 : 5
- = 1 = | |- |
Ms| 2 12 i 1 4 1 3 6
L Lo L I - I
My |1 ! 11 |
- oot = I = I
M5 | 2 2
r - | - I - 1
Ms | | |
4> | | |
t=0 t=1 t=2 t=3
w0 i-th task released m i-th task released Previously allocated
Ul att (typem —k —i+2) U at ¢ (type 1) work

Figure 3: An EFT-MIN schedule of the adversary from time ¢t = 0 to ¢ = 3, for m = 6 and k = 3.
Colored tasks are released in-order at each time ¢.

Figure 4: The schedule profile w; of EFT-MIN at time ¢ (in green), just before the adversary
sends m new tasks. w, is strictly behind the stable profile w, we want to reach (in purple).

(i) wy < wyp if we(§) < wp () for all j (wy is behind wy );

(iii) wy < wy if wy < wy and there is at least one machine M; such that wi(j) < wy(j) (wy is
strictly behind wy ).

The proof consists in two phases: first, we show that when the schedule profile is strictly
behind w,, there exists a future time such that the schedule profile is closer to w, (Lemma 3);
second, we show that at any time, either we can find a past time such that the schedule profile
exceeds w,, or the current schedule profile is behind w, (Lemma 4).

Before we dive into the proof, we start with the following lemma, which proves that for any
t, wy is a non-increasing function. This will be of particular importance when proving Lemma 3.

Lemma 2. At any time t and for all j such that 1 < j <m, wi(j 4+ 1) < we(j)-

Proof: Let us proceed by induction.

Base case (t = 0). No task arrived yet, so wo(j) = 0 for all machines j.

Induction step. Now we assume that for a given ¢, w;(j + 1) < w(j) for all j such that
1 < j < m. By contradiction, suppose there exists j such that w;y1(j + 1) > wi11(j). We begin
by showing that, as a consequence, only one task can have been scheduled on machine M;,, at
time ¢, which will lead to a contradiction.

Let T; be the last allocated task on machine M;,. By induction hypothesis, we know that
wi(J +1) < wy(y), and we assumed that wyyq1(j +1) > wiy1(4), thus T; has been scheduled at a
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—wi(j+1) ———>
— w1+ 1) —

Figure 5: Schedule profiles on M; and M at times ¢ and ¢t +1, under the described hypotheses.

time comprised between ¢ and ¢ + 1 (let ¢ + £ denote this specific time).

If we had wi4:(j) > wise(j + 1), then T; could not be the last allocated task on M, at
time ¢ + 1, because we assumed that wi1(j + 1) > wey1(j), and EFT-MIN is an immediate
dispatch algorithm. Therefore, we necessarily had wi.(j) < wiye(7 + 1) at time ¢ + €, just
before scheduling 7;. We can deduce that we have M; = {Mj;1,...,M; 1}, otherwise we
would have scheduled T; on the less-loaded machine M; (then we say that T; is of type j + 1).
Furthermore, all machines M, o,..., M, 1} were at least as much loaded as M4, at time ¢ 4 ¢
(Wite(J') > wipe(§ + 1) for all j” such that j + 1 < j' < j + k), otherwise we would not have
scheduled T; on M.

By construction of the adversary, the tasks sent before T; at time ¢ cannot have been placed
on M1 because their interval restriction starts after M, (they are of type > j+2). Moreover,
the tasks sent after T; at time ¢ cannot have been placed on M;;, as well (otherwise, T; would
not be the last task on M;iq). Hence, T; is the only task scheduled on Mj;;q between times ¢
and ¢t + 1.

We consider two cases:

(i) First, suppose that w¢(j + 1) = 0. This means that EF T-MIN makes 7T; starting at time ¢
on Mj41, and then T; completes at time ¢ + 1. We proved that 7T; is the only task that is
scheduled on M;,; at time ¢, and as it completes at time ¢+ 1, we can say that there is no
remaining work at this exact time, i.e., wyy1(j + 1) = 0. This contradicts our hypothesis
wiy1(j + 1) > w1 () > 0.

(ii) Now suppose that w;(j + 1) > 0. Following our two hypothesis w:(j + 1) < w(j) and
wir1(7 + 1) > wi1(§), and from the consequent fact that exactly one task has been
scheduled on M;;, between ¢ and ¢ + 1, the only way to match all these assumptions is
when there is as much waiting work on M; as on M;; at time ¢, i.e., wy(j) = wy(j+1), and
no task is scheduled on M; between ¢ and ¢ 4- 1. Figure 5 helps to visualize the described
situation.

But the last task 7; scheduled on M, is of type j + 1, which means that, by construc-
tion, at least one task of type j arrived after T; at time t. We showed that all machines
Mjio,...,M;y) were at least as much loaded as M;4, at time ¢ 4 ¢, thus they were at
least as much loaded as M;. As a consequence, at least one task must have been scheduled
by EF'T-MIN on M; between ¢ + ¢ and ¢ + 1, which is a contradiction. |

Now we are able to show the first part of our proof: when the schedule profile of EF T-MIN
is strictly behind the stable profile w,, there must exist a future time ¢’ such that the waiting
work volume is greater than the current volume, i.e., >  w:(j) < 32; w (j).
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Lemma 3. At any time t such that wy < w,, there exists a time t' >t such that:
(i) for all ty such that t <t <t', we have 3, we, () = 3_; wi(4);
(ir) 325 wie(d) < 22, we (4).

Proof: Idleness property. The first thing to notice is that when w; is empty for a
given machine that is not the last one, i.e., there exists j < m such that w;(j) = 0, we know
that all subsequent machines have no remaining work to do as well: w;(j') = 0 for all j* > j
(Lemma 2). When it happens, EFT-MIN will not schedule any task on the last machine, because
the only eligible task is the first one, which is of type m — k + 1; that task will be scheduled on
Miax(j,m—k+1) (the first lightly-loaded compatible machine) at time ¢.

Therefore, m new tasks are released by the adversary and at most m — 1 tasks are processed
(no work can be done by the last machine), so we have

Zwtﬂ(j) 2 Zwt(j) +m —(m—1),

and thus 35 w1 (f) > 30,5 we(4).

This means that if w;(j) = 0 for some j < m, we have >, wey1(j) > >_; we(j). The proof is
mainly based on this useful property that we call the Idleness Property. If the schedule profile
is strictly behind w,, we will show that there must exist a plateau on some machines, and this
plateau will necessarily propagate on next machines step by step, until we reach a time ¢ such
that wy(m — 1) = 0.

Existence of a plateau. Now suppose that the schedule profile w; is strictly behind w,
(w; < w,;). By Definition 1, this means that w:(j) < w.(j) for all j, and there is at least one
machine Mj, such that

we(5') < wr(5). (5)
Let j' be the highest index of such a machine; then we have
wi(j) = w, (j) for all j > 7, (6)

and in particular, w,(j' +1) = w-(j' +1). Let us show that there is a plateau on M, and M,/ 41
at time ¢, i.e., that wy(j') = wy(j’ + 1). First, note that by definition of w,, we have

wr(j) =w(j+1)+1foral k <j<m. (7)

We have j° > k, because if wy(j) < w,(j) for some j < k, schedule profiles of all machines
Mj4q,. .., My are also strictly behind the stable profile w, (by Lemma 2 and definition of w, ), and
we defined j' as the highest index; furthermore, j° < m, because we assumed that w;(j") < w,(j’)
and by definition w,(m) = 0 (w;(m) cannot be lower than 0). Therefore,

wi(5" +1) < we(5') < wr(5) (by Lemma 2 and Eq. (5))
<w (j +1)+1 (by Eq. (7))
<w(j +1)+1 (by Eq. (6))
which gives
we(§"+1) Swe(§') < wi(§" + 1), (8)

and then w:(j) = w(j' + 1).
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M;,
Mji i,
0w
Mjr 42 W41
i Plateau at time ¢
My | Ti | i Plateau at time ¢ + 1

t t+1

Figure 6: Propagation of the plateau from machines M, and M; 11 at time ¢ to machines M;/ 41
and M/ o at time ¢ + 1.

By definition, w,(m) = 0, and as w; < w,, wg(m) = 0. If 5/ = m — 1, we have w,(j') =
w¢(m — 1) = wi(m) = 0, and by the Idleness Property, the conclusion is immediate. Otherwise,
j <m—1,s0 wy(m—1) =w,(m—1) = 1. By Lemma 2, w;(j) > 1 for all j < m, and then EFT-
MIN will schedule the first task on the last machine. Overall, m tasks will be processed at time ¢,
and m tasks are sent by the adversary; therefore, >, wiy1(j) = 3=, we(j) —m+m =3 w(j).

Propagation of the plateau. Now we show that the plateau propagates on the next
machine in the next step, i.e., as j' < m—1, w¢(j') = we(j'+1) implies wy 1 (5 +1) = wyy1(5'+2).

By Eq. (6), w(j) = w-(j) for all j > j/, which means that the first m — j/ — 1 tasks will be
scheduled on their last machine (p¢4; = m —i+ 1 for each 1 <i < m — j’). The corresponding
machines will process one task at time ¢. Thus, w;y1(j) = we(j) —1+1 = we(j) for all j > 5/ +1,
and in particular,

w1 (J +2) = we(5 +2). (9)

As w(j') = we(j’ + 1), the (m — j')-th task will not be scheduled on Mj 1 (the index of the
machine it will be placed on is at most j': fmipm—j < j' + 1). All remaining tasks will be
scheduled on machines Mj, ..., M;/, because they are of type < j' — k + 1. Figure 6 shows the
propagation process.

Then Mj/;1 does not receive any additional task at time ¢, but it still processes one task at
this time, so we have:

w1 (' +1) = we(j +1) — 1
=w, (5 +1)-1 (by Eq. (6))
=w;(j' +2) (by Eq. (7))
=wi(j’ +2) (by Eq. (6))
=wi1(j' +2) (by Eq. (9))

This shows that the plateau propagates on machines M., and Mj/, 5 at time t+1. By repeating
the process, we reach a time at which j'+1=m—1 and j'4+2 = m, thus w;(m—1) = w;(m) = 0,
and the Idleness Property applies. This concludes the proof. [ |

The second phase of our proof consists in showing that either there exists a past time such
that the schedule profile exceeds the stable profile w., or the current profile is behind w...
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Lemma 4. At any time t, either (i) there exists a time t' <t such that wy (j) > m—k for some
J or (i) wy < w.

Proof: Let us proceed by induction.

Base case (t = 0). Obviously, the base case is true (wg =0 < w,).

Induction step (case (i)). First suppose there exists a time ¢’ < ¢ such that wy (j) > m—k
for some j. This is obviously still true at time ¢ + 1.

Induction step (case (ii)). Now suppose that w, < w, for some ¢. By contradiction, let us
assume that there exists a machine M; such that w;41(j) > w,(j). Combined to the fact that
wi(J) < wr(j), we have wy1(j) > wi(j) + 1. Let ¢ denote the number of tasks scheduled on M;
at time ¢, such that w(j) + ¢ — 1 = wiy1(j). Then, wi(§) + g —1 > w(j) + 1, i.e., ¢ > 2.

So at least 2 tasks must have been scheduled on machine M; at time ¢. Let j be the highest
index of such a machine. Two subcases arise:

(a) j < k. Then by construction w,(j) = m — k, and we have w11(j) > w,(j) = m — k. This
proves the induction.

(b) j > k. By induction hypothesis, we know that w;(m) = 0 (because w,(m) = 0), and by
construction, at most one task can be scheduled on the last machine at time ¢. Therefore,
wiy1(m) =0, so j < m. Let T; be the last allocated task on M, with o, its starting time:

op=t+1+w1(f) — 1=t +w1().

Let A; be the type of T;, i.e., M; = {My,,..., Mx,4x—1}. As T; has been allocated to Mj,
we necessarily have \; < j < \; +k — 1.

Suppose A\; = j. By construction, all tasks sent before T; at time ¢ cannot have been
scheduled on M}, because their machine interval starts after My,. As T; is the last task of
M;, no task sent after T; at time ¢ can have been scheduled on this machine. Then T; is
the only task scheduled on M; between ¢ and ¢ + 1, which contradicts the fact that at least
2 tasks must have been scheduled on M;. Hence, A; < j.

Now, as T; has been allocated on M; and not on M;_;, we know there was already a task
T, on M;_; when the scheduling of T; occurred, with o, = 0; =t + w41 (j).

At time ¢, just before the adversary releases the m tasks, M;_; completes at time Cj_1 ;¢ =
t+ we(j —1). We have wy(j — 1) < w,(j — 1) (induction hypothesis); we supposed that
w1 (4) > wr(§); finally, w,(j — 1) = w,(j) + 1 (by construction of w,). Therefore,

t+w(j—1) <t+w.(j—1)
<t+w1(j)+1=0y+1,
which means that oy > ¢ + w,(j — 1). In other words, T; starts after time Cj_1 py.

Hence, the scheduling of T;: occurred between ¢ and ¢ + 1, before the scheduling of T;
(t < pir < p; <t+1). Let Ay be the type of T;;. We necessarily have Ay > ;.

If & = 2, this is a contradiction, because T;; cannot have been scheduled on M;_; (we
proved that A\; < j, so M; = {M;_1, M;}, and then A\ > j —1).

If £ > 2, we deduce that T has been scheduled on M;_; because all the machines
Mj, ..., My, 4r—1 are planned to finish at or after time ;. In particular, we have

Civ1,o0 = 0y > t+wep1(j) >t +we(j).
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Then,
Ciry — 1>t +w,(j) = L=t 4w (j+1).
Moreover, Cjy1,i < Cjitm(er1) =t + 1+ w1 (j + 1). Therefore,
t+wi1(G+1) >t4+w(5+1),

ie., wit1(j +1) > wr(j+1). This is a contradiction, because we had chosen j to be the
highest index such that w;y1(j) > w-(j). This concludes the proof. [

Proof of Theorem 8: To exhibit the lower bound of m — k + 1 on the competitive ratio of
EFT-MIN, we first show there exists a time ¢ such that w; = w, or w(j) > m — k for some j.

For a given time ¢, we know by Lemma 4 that either (i) there exists a time ¢’ < ¢ such that
wy (J) > m — k for some j or (ii) wy < w,. If case (i) is true, then we found a time ¢ such that
wi(j) > m —k for some j. If case (ii) is true, either wy < w, or wy = w,. Suppose that w; < w,.
Then by Lemma 3, we can find a future time ¢’ such that Y wy (§) > > w¢(j). Therefore, while
we have w; < w,, we can always find a future time such that the schedule profile is closer to w..
If we proceed step by step, we necessarily reach a time ¢’ such that wy = w,. This proves our
initial claim.

Now, if w;(j) > m—k for some ¢, j, there exists a task T; such that F; > m—k+1. If w; = w,
for some t, EF T-MIN will schedule one task on each machine (by definition of the adversary and
w;). Hence, the k last tasks will be allocated on the k first machines, and they will have a flow
time of m — k + 1. In any case, we have Fi.x > m —k+ 1.

On the described instance, at each time step, the optimal strategy consists in scheduling each
task of type > k + 1 on the compatible machine of highest index. This allows reserving the k
first machines to the k last tasks, and avoid any delay accumulation. Therefore, for all tasks T3,
we have FOPT =1, and then F.OT = 1. ]

The previous bound on the competitive ratio of EFT-MIN can be extended to the case
where EFT uses a random tie-break function RAND, and we call this algorithm EFT-RAND
(Algorithm 4). The only condition for Theorem 9 to hold is that among a set of candidate
machines, the random tie-break function chooses each machine with positive probability, i.e., no
machine is systematically discarded when it is a possible candidate.

Algorithm 4 EFT-RAND
1: when a new task T; is released do
Get U] according to completion times of machines M; (Equation (2))
u < RAND(UY)
Wi <— U
o; < max (14, Cyi—1)
Update the completion time of M,

Theorem 9. The competitive ratio of EFT-RAND is at least m — k + 1 (almost surely) for the
fized-size interval problem Plonline—r;, p; = 1, M, (interval), |M;| = k|Fiax, where 1 < k < m.
In other words, there exists an instance for which we have

P (Fupax > (m —k+1)FIET) = 1.

max

Before starting the proof, we define the weighted distance on machine M; at time ¢ as

ei(j) =27 (m — k+ 1 — wy(j)).
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For any j1, j2 such that 1 < j; < jo < m, the partial weighted distance between M;, and M, at
time t is defined as

t(J1, J2) Z ot (J

J=J1

and the total weighted distance is denoted by ®; = ®,(1,m). Intuitively, this distance quantifies
the proximity between the schedule at time ¢ and a simplified version of the stable schedule
profile w,. In the Lemma 5, we show that this distance decreases with .

Lemma 5. At any time t, (i) if there exists a task Ti<,—_i released at t and that is not scheduled
on its last machine, i.e., fiymiri 7 m — i+ 1, then &1 < Oy, (ii) otherwise Pyq < Py

Proof: Case (i). At a given time t, suppose there exists at least one task Tj<p,—g
released at ¢ and that is not scheduled on its last machine, i.e., pe1s # m — i+ 1. Let i be
the highest index of such a task. We will study the value of &, — ®;,; in two steps: first,
the value of ®,(1,m — i) — ®;11(1,m — i) on machines My, ..., M,,_;; second, the value of
O, (m—i+1,m)— Pyp1(m — i+ 1,m) on machines My, —iy1,..., My,.

From 1 to m —i. We choose i to be the highest index such that 7; is not put on its last
machine; this means that all tasks T; such that i < ¢ < m — k are scheduled on their last
machine M,,_; 11, and the last k tasks are scheduled on any of the first & machines (because
they are of type 1). In summary, all tasks T} such that ¢ < ¢ < m are scheduled on the first
m — i machines, and there are m — 7 + 1 such tasks.

Any machine M; among M, ..., M,,—; can process at most 1 task between ¢ and ¢ + 1. Let
qi,; be the number of tasks released at time ¢ and scheduled on M;.

Hence, wi11(j) > w(j) — 1+ ¢4, and then
2w*(])(m E4+1—wiq1(5)) < 2w*(3)(m E+1—w(j)+1—q ).

Therefore, ¢r41(j) < () + 207 0) — 20-g, .
By summing over j, we have

m—i

> () <X 22% Y ol
j=1 j Jj=1 Jj=1

Note that

21117(] > Z2w7(ﬂm1+7’)

1 =1

<.
I

as we have shown that at least the last m — 7 + 1 tasks released at ¢ are scheduled on the first
m — 1 machines.

Then,
m—1 ) m
o1 (L,m—i) < y(Lm—i) + Y 2970 = " gwrlimess), (10)
j=1 i'=i
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Now we notice that

m

m—k m
Z 2wr(/l‘mt+i/) — 2U’r(ﬂmt+i) + Z 2’wr(ﬂmt+i/) + Z2wr(ﬂmt+i’)

i'=i i’ =i4+1 i'=m—k+1
m—1i k
= 9wr(Bme+i) § ogm=j | Z gm—Fk
j=1

j=k+1

— 2w7(#mt+i) + Z 2wr(j)_
j=1

Finally, by simplifying Eq. (10),
Bu(1,m — i) — By (1 — i) > 20 mes) (1)

From m—i+1 to m. We saw earlier that the last m —i+ 1 tasks released at time ¢ must have
been scheduled on the first m — ¢ machines. We deduce that only the first ¢ — 1 tasks can have
been put on the last ¢ machines. There are more machines than tasks; therefore, there exists
at least one machine M; such that j > m — i that did not receive any task at time ¢. M; can
process at most one task between ¢t and ¢ + 1, so we have w;y1(j) > w¢(j) — 1, and then

ei(§) — pre1(j) > —2v 0.

In the worst case, all machines M; such that j > m — ¢ receive no task. Then we have

> (@iG) = e (d) = = 2w ),
g=m—itl j=m—i+1
and then
@t(m7i+17m)*(I)t+1(m7i+1,m)27221”7(”' 12)

j=m—i+1

Now we sum Eq. (11) and (12), and we get

O, — Dy > Qur (Bme+i) _ Z gu~(j)
j=m—i+1

Because p14; < m —1t, we have Qur (Bmt+i) > QWT(m’i), and as i < m—k, Qur(m=i) — 9¢ and
m —1i+ 1> k+ 1. Therefore,

m i—1
By — @y 220 =) 2m =20 =N =0t (21 1) =1,
j=m—it1 §’=0
and we conclude that &, — ®;,1 > 0.
Case (ii). Now suppose that at a given time ¢, all tasks T;<,,_i released at ¢t are scheduled
on their last machine, i.e., ppmi+s =m — i+ 1.
From 1 to k. Only the last k tasks released at time ¢ can have been put on the first &k
machines. Moreover, these machines can process at most k£ tasks between ¢ and t 4+ 1. Hence,

k k k
Do wen(f) 2 Y wi(i) + k= k= wi(i),
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and then
k k
27N (m = k41— wia(§) 27FY (m—k+ 1 —wi(d)),
J=1 j=1
which gives
> 2w (m— k41— wia(5) <D 27D (m— k41— wi(j)).
j=1 j=1
Therefore,
D, (1,k) — Pryq1(1,k) > 0. (13)
From k + 1 to m. All tasks T;<,,—; are put on their last machines. Then all machines
M1, ..., M, receive exactly one task at time ¢, and we have w;1(j) = w;(j) for these machines,
ie., 0i(j) — e+1(4) = 0.
Hence,
> (@uld) = eria(4) =0,
j=k+1
and then
@t(k—l—Lm)—(I)Hl(k:—l—Lm) =0. (14)
By summing Eq. (13) and (14), we get &, — ;1 > 0. n

Now we prove that if we have no choice at a given time ¢ (i.e., there is no tie-break) and if
all tasks released at this time are put on their last machine, then we have reached a profile that
is similar to the stable profile w., where the load of machines decreases with their index.

Lemma 6. At any time t, if pmiyri =m—i+ 1 and |Upiti| = 1 for all task Ti<p—r released at
t, then wy(j + 1) < we(j) for all k < j < m.

Proof: Suppose that for a given time ¢, all tasks Tj<,,—j are scheduled on their last
machine. This means that all machines My 1,..., M,, receive only one task at time t. Let T;
be such a task (we have pi,¢1; = m — i+ 1). Suppose that there is no tie for T; (|Upmiti| = 1).
By definition of the tie, we have

Con—it1,mtt+i—1 < Cjmtti—1

for all j such that m —k—:+4+2 < j <m—1i+ 1. Moreover, we have Cp,—it+1 miti—1 = Crn—it1,mt
and Cj me+i—1 = Cjme, because all tasks Ty «; have been put on their last machine M, 41, and
we have m — ¢ +1>m—1i+ 1.

Hence,

Cr—it1,mt < Cjmt,
and then

t+wi(m—i+1) <t+w()),
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which gives wi(m — i+ 1) < wy(j). In particular, wy(m — i+ 1) < we(m — i). As this is true for
all 1 <i<m—k, we have wy(j + 1) < wy(j) for all k < j < m. [ ]

Before starting the proof of Theorem 9, we describe the class of random tie-break functions
that we consider: RAND corresponds to any randomized policy for which there exists a constant
6 > 0 such that the probability to put any task on its last machine is lower than, or equal to
1—0, if there exists a tie for this task. In other words, RAND never discards a candidate machine
during a tie.

Proof of Theorem 9: It is clear from Lemma 5 that ® is non-increasing: at any time ¢,
®;,1 < ®;. Then there are two cases: either (i) for all time ¢, we can find ¢’ > ¢ such that
Oy < Py, or (ii) there exists a time ¢ such that &y = &, for all ¢’ > t.

Case (i). Suppose that for all ¢, there exists a future time ¢’ > ¢ such that ®,, < ®;. As
®, € Z for all t, there must exist a time t* such that &+ <0, i.e., Zj = (j) < 0. Then, there
exists at least one j such that ¢ (5) < 0. By definition, we deduce that m —k+1 —w;(j) <0,
thus we(§) > m — k + 1.

The last scheduled task 7; on M; will complete at time ¢* +m — k4 1, and we have r; < t*.
Therefore, Fih.x > F; > m—k+ 1.

Case (ii). Now suppose that there exists a time ¢ such that &, = &, for all future time
t' > t. By contraposition of Lemma 5, for all ¢ > ¢, we have pppy; = m —i+ 1 for all Ti<p—k
released at time t/, i.e., the first m — k tasks released at each t’ are put on their last machine.

We consider first the scenario in which for all ¢’ > ¢, there is at least one task T;<,,—j, released
at ¢’ for which there is a tie (i.e., |Upny4i| > 1). Since the first m — k tasks released at each
t' are put on their last machine, its implies that RAND has selected the last machine through
a tie-break for all ¢’ > ¢. By definition, RAND schedules each such task on any other machine
than its last one with a non-zero probability. Therefore, RAND repeatedly makes this decision
an infinite number of time with a probability of zero and the initial scenario thus occurs with
the same probability.

Then, with probability 1, there exists at least one time ¢’ > ¢ such that |Upy 4] = 1 for
all Tj<— released at ¢'. By Lemma 6, we have wy (j +1) < wy(j) for all k < j < m, ie,
wy (k) > m—k. Therefore, there exists a task scheduled on machine M}, and released before time
t' that will necessarily complete at time t'+m—k. We conclude that Fi.x > t'+m—k—(t'—1) =
m—k+ 1.

|

Finally, this result holds for any tie-break function provided that tasks are not anymore of

unitary duration.

Theorem 10. The competitive ratio of EFT (with any tie-break policy) is at least m — k + 1
for the fized-size interval problem Plonline—r;, M, (interval), |M;| = k| Finax-

Proof: The proof relies on the same instance as in Theorem 8, with some additional tasks
with smaller duration. Original tasks from the instance of Theorem 8 are called regular tasks.
Our objective is to enforce the following property:

Property 1. Consider a machine M; at time t, right before the allocation of reqular tasks released
at t. During time interval [t — 1;t], M; has h > 0 regular tasks waiting for execution (excluding
the eventual one that is already started). These tasks will be completed at time t + h + i0.

The value of § will be set later to a very small value so that (i) m delays of J is smaller
than the duration of a regular task (1 time unit) and (ii) the total volume of small tasks can
be considered as negligible in the optimal solution. Once a value of 6 < 1/m is chosen, we set
e < d/(2m). As we will see below, the i§ delays on each processor allow emulating the original
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EFT-MIN algorithm, which breaks ties among available processors by choosing the one with
minimum index.

We now explain how small tasks are added to the original schedule. Consider any integer
time ¢ (including ¢ = 0). We have two rounds of small tasks submitted at time ¢, right before the
regular tasks. We consider the set of processors that do not process regular tasks during time
interval [t —1,¢] (all processors in the case of t = 0). Let m;q;. be the number of such processors.

Intuitively, we first submit m;q;. small dummy tasks at time ¢ that are scheduled by EFT
using its tie-break policy (which we do not control). All dummy tasks have different durations
such that there is no tie anymore among these machines for the second round. In the second
round, we submit tasks whose duration is carefully crafted to ensure that each machine finishes
its computation at the prescribed time ¢ + id.

First round. We first initialize a counter ¢ <— 1. At time ¢, while there exists an idle processor
M;, with i, > 0, we submit a task T} of duration ce with an interval covering processor
M;, (i.e. M; € M(T}), for example interval [ic,i. + k| if i. + k < m, and [m — k,m]
otherwise). We then increment the counter ¢ <— ¢+ 1.

Second round. When all tasks of the first round are submitted and allocated, we submit new
tasks based on the allocation of the tasks of the first round. For each ¢ = 1,...,m;qe,
we consider the processor M; where the task T} of the first round has been allocated. We
submit a task Tf,i of duration ¢d — ce with an interval covering M; (as above).

My (h=0) Tj—p| T34

My (h=1) T!—#Ti3 |
My (h =0) |
My (h=0)
:r/ :rr =
t—1 t time

Figure 7: Illustration of the construction of the instance for Theorem 10 when adding small tasks
at time t. Regular tasks submitted before ¢ are depicted in blue. Small tasks added to ensure
the common delay of i are in red (dark red for step ¢, light red for step ¢t — 1), and regular tasks
submitted at step ¢ are in green. Only two processors are not processing any regular tasks before
time ¢ (My and M5) and require small tasks to ensure the common delay of 0.

We now prove that Property 1 is verified at all time, by induction on the time ¢.

Let us first consider the beginning of the schedule (¢ = 0): small tasks are submitted for
all idle processors M; with i > 0, before the submission of regular tasks. Each task T} of the
first round must be allocated and started at time ¢ = 0 on some idle processor, not necessarily
M;_ . However, at the end of this first round, all processors must be processing a small task, as
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the scheduling algorithm never leaves a processor idle when there is some task to perform on it.
Tasks submitted during the first round will complete at times ¢ + ce, with ¢ = 1,..., m. Thus,
the latest completion time for the first round is equal to t + me.

We now move to the second round. Note that since ¢ < §/(2m), the duration of a task Tgi
of the second round is greater than (i — ¢/(2m))d and is positive as ¢ < m and 7 > 1. Note also
that M; is the first machine available in the interval of T7;: and on all other machines, either
the small task of the first round completes later, or it has already been allocated a task of the
second round, which lasts at least id — me > me and thus will complete later. Hence, task Tgi
is necessarily allocated to M;, and completes at time ¢ + (ce) + (i0 — ce) = ¢ + id. This proves
the property for time ¢t = 0.

We now prove the property for ¢ + 1, assuming it is correct for . We consider a machine
M;, which has h > 0 regular tasks waiting for execution during interval [t — 1;¢] and r > 0 new
regular tasks released at time ¢ are allocated to M;. We distinguish two cases:

e During interval [t;¢ 4 1], M; starts a regular task either because it has at least one waiting
task in interval (h > 1) or a new task released at time ¢ is allocated to it (r > 1). By
induction, the machine M; will start this task at time ¢ 4+ i and end it at time ¢ + 1 + 0.
Excluding the started task, there remains A’ = h +r — 1 > 0 waiting tasks in interval
[t; t+1]. All the regular tasks waiting for execution will be completed at time t+1+id+h" =
(t4+ 1)+ A +ié with ' > 0. Hence, the property is true at time ¢ + 1 for M;.

e During interval [¢;¢ + 1], M; starts no regular task (h = 0 and r = 0). At time ¢ + 1,
all machines are either idle like M; (when h = 0 and r = 0) or computing a regular task
(allocated before t+1). M; is allocated a small task T in the first round at time ¢+ 1 (it is
available by induction hypothesis) and completes at time ¢+ 14 ce. Since there are at most
m machines without regular tasks in interval [¢;¢ + 1], all small tasks of the first round are
completed before or at time ¢t + me < t + 4. In the second round, we prove that the task
T2, must be allocated on M;. As seen before, at time ¢ + 1 + ce, all idle machines either
completes their tasks of the first round later than M; or are already computing a task of the
second round that completes later. Machines M; with j > 0 that are computing regular
tasks will be available at the soonest at time ¢ + j§ to start a regular task by induction
hypothesis. Thus, each machine M; will completes at time ¢ + 1 + j6, which is much later
than when M, completes its task from the first round. Hence, Tzi is allocated to M;, and
completes at time ¢ + 1 + id.

Lemma 7. With the additional (non regular) tasks, the execution of any FIFO algorithm (with
any tie-break policy) follows the original FIFO policy (with tie-break by selecting the processor
with smallest indez), up to a delay of id for each processor M.

This lemma is proven by noticing that compared to the original setting, processors are not
available simultaneously for regular tasks, but with a small delay i of increasing value for
increasing processor index. Hence, whenever a regular task can be processed on several processors
in the original setting, now the FIFO policy forces the processor with smaller index to execute
it, as it was done in the original FIFO policy.

The instance used in the proof of Theorem 10 requires at most m? steps (each made of m
tasks) to reach a maximum flow of m — k + 1 for the EFT-MIN policy. The modified instance
enforces such a maximum flow for a EFT scheduler with any tie-break policy. The total volume
of small tasks added to this instance at each time step is bounded by Y"." , i6 = m(m + 1)5/2.
Hence the total volume of small tasks during the whole instance is bounded by m3§/2. Choosing
d = 0(1/mP) makes this total volume negligible is front of the duration of a single regular task.

RR n° 9446



28 Louis-Claude Canon, Anthony Dugois, Loris Marchal

We consider an optimal schedule of the original schedule and allocate the additional small tasks
to any processor of their interval. The maximum delay for any processor is of order o(1). Hence
the maximum flow of this modified optimal algorithm is 1 + o(1), which proves the asymptotic
competitive ratio of m — k + 1. [ |

7 Experimental Results

In this section, we evaluate the relative impact of structured processing set restrictions on the
performance of simple scheduling heuristics. We focus on both interval processing sets, because
they are used in actual systems [5-7], and disjoint processing sets, because it is the restrictions
for which we have the best, and only, approximation ratio (Theorem 6). Moreover, the perfor-
mance of actual systems are affected by the popularity of requests, which is not uniform, i.e.,
certain tasks restricted to the same processing set appear more frequently than others. We begin
by explaining our model of popularity before developing the process we used to evaluate the
theoretical maximum load permitted by data item replication. Finally, we perform simulations
to provide an experimental perspective to the bounds derived in the previous section. All the
related code, data and analysis are available online'.

7.1 Model of Popularity

Let us consider a cluster of m machines, where tasks have a unit processing time and are released
according to a Poisson process with parameter A (in other words, A tasks are released in average
at each time unit). A/m measures the average load on the whole cluster; thus, when A = m, the
cluster is loaded at 100%.

For now, suppose that each task can be processed by only one specific machine, i.e., we have
|M;| =1 for all task T;. This corresponds to what happens in key-value stores when data items
are not replicated: each task T; carries a key, which is uniquely associated to a data item in
the system, and this data item is held by only one machine of the cluster. Therefore, T; has no
choice but to be sent and processed on this specific machine.

In practice, some data items are requested more frequently than others during the service
lifetime; depending on the data partitioning and popularity bias on requested keys, some ma-
chines will potentially have to process more tasks than others, leading to a biased distribution
on machine popularity. Let E; be the event in which a task must be processed by machine M;
(because it requests a key held by M;), which occurs with probability P(E;). Thus, AP(E;)
is the average number of tasks sent on M; at each time unit, and measures the load of M;.
Note that because of the non-uniform popularity bias P(E;), the load of a given machine can be
greater than 100% (even if the average cluster load is below 100%). In this case, the machine
completely saturates as there is no replication.

Let us consider that the machine popularity follows a Zipf distribution, which has been
advocated to model popularity distributions [28]. We have P(E;) = ﬁ, where s > 0 is the
shape parameter of the distribution and H,, , is the m-th generalized harmonic number of order
s. We use s to control the popularity bias: the larger s, the more the popularity heterogeneity
increases. In the following, we focus on three specific situations. When s = 0, the distribution
degenerates to the uniform distribution, i.e., no machine is more popular than another (we call
this case the Uniform case). When s > 0, the Zipf distribution has the particularity to generate
a monotonically decreasing load on machines My, ..., M,,. This corresponds to a worst case,
as the first machines concentrate most of the workload (Worst-case). Finally, we randomly

Ihttps://doi.org/10.6084/m9.figshare.19123139.v1
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permute P(E;) to match with more realistic settings (Shuffled case). As realistic bias strongly
depends on the dataset and system usage, each permutation is chosen uniformly as we assume
no prior knowledge. Figure 8 shows an example of load distribution for each case.

7.2 Analysis of Theoretical Maximum Load

We want to find the theoretical maximum cluster load (that is, finding the maximum value of
A such that the load on each machine is below 100%) one can achieve when data items are
replicated across the cluster. Up to now, as we did not consider replication yet, we supposed
that each task could only be processed by a single machine (the one holding its requested key).
In this case, we clearly have A\ < 1/max; P(E;).

Let us give more choices to each task by adding more machines to the processing sets M;.
This can be seen as replicating data items. Our goal is to study how extending M, under a
popularity bias affects performance metrics such as the maximum flow time or the maximum
cluster load, and how structures in processing sets impact them.

For each task T}, we build a new set M) from M; by defining a replication strategy; in other
words, starting from a set with a single machine M; = {M,}, we replicate the keys held by
M, on all machines of M. We focus on strategies that consist in adding k& — 1 machines (with
1 < k < m) to the set, such that M/ constitutes an interval of size k, i.e., M} = I;.(u). We
describe two manners to build Ij(u) from M,. Figure 9 illustrates these constructions.

Overlapping intervals. There are m distinct overlapping replication intervals of size k, ar-
ranged as a ring:

Ii(u) = {M; st. j=(j— 1) mod m+1
forallu <j' <u+k—1}.
This constitutes the basic replication strategy of key-value stores: machines are arranged as a
ring, and data items held by a given machine are replicated on the successors of this machine [5,6].

We have seen in Theorems &, 9 and 10 that EFT does not always provide a good competitive
ratio when minimizing maximum flow time with this structure.

Disjoint intervals. We divide the cluster into [ %] disjoint replication intervals of size k:

Ii(u) = {M; st. '+ 1 < j <min(m,v +k)},

where v/ = k | %+ |. This corresponds to the situation seen in Theorem 6 and related corollar-

ies. EFT guarantees a good competitive ratio when minimizing maximum flow time with this
structure.

L5} 1.5 1.5
S TSRS e SRR 1hafF -t
% 0s]] H 0.5| HHHH 0.5 HHH HH
0123456 0123456 0123456
J J J
(a) Uniform case (b) Worst-case (c) Shuffled case

Figure 8: Example of load distribution on a cluster of m = 6 machines, with A = m, for each
case.
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I ] ] ] ] ] ]

| M| M| Ms| M Ms | M |

2084 5 161 M, (no replication)
I

1 I 1 L4 P M, (overlapping)
s R 5

| 1 T 1 1 ! |

6 S 6

| | | | | | |

| | | | | | |

T 40 M (disjoint)
e 50

| 1 1 | | | |

S 6

| | | | | | |

Figure 9: Example of replication strategies in overlapping and disjoint settings, with k£ = 3. For
example, suppose that a task T; is feasible on M3 only (M; = {Ms}). Then, in overlapping
setting (resp. disjoint setting), the new processing set restriction of T; is M} = {Ms, My, M5}
(resp. M} = { My, Mo, Ms}).

After replication, all tasks that could only run on a given machine M; can now be processed
by any machine of Ix(j). To quantify the gain on maximum cluster load permitted by a given
replication strategy, we solve the following optimization problem modeled as a Linear Program:

maximize A\ (15a)
subject to V7, Zaij = AP(Ej), (15b)
Vi, Y ai; <1, (15c¢)

J
V’L,j s.t. Mz ¢ Ik(]), aij = 0, (15d)
Vi,j, aij Z O, (156)
A> 0. (15¢)

a;; denotes the average amount of work (in tasks per time unit) that is eventually processed by
machine M; and that corresponds to tasks originally restricted to machine M;. We consider the
following constraints:

e The total work corresponding to tasks originally restricted on Mj; is exactly equal to the
initial work of M; (Equation (15b)).

e The average work eventually processed on M; does not exceed 1 (Equation (15c)).

e We can transfer work from M; to M; if and only if M; belongs to the interval of size k
generated from M; according to the considered replication strategy, i.e., all tasks that could
originally run exclusively on M; can now also run on M; (Equation (15d)).

7.3 Experimental Evaluation of Theoretical Maximum Load

In the following experiments, we set the cluster size m to 15, which is a common setup when
conducting experiments with scheduling in real key-value store systems [29,30]. Figure 10a shows
the result of our Linear Program (Equations (15)) as a function of bias s and interval size k, for
both previously described replication strategies, in the Shuffled case (median over 100 different
permutations).
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(a) Maximized load obtained by solving the LP (15)
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(b) Ratio between the max-load of each strategy

Figure 10: Maximized load for both overlapping and disjoint strategies, for each 0 < s <5 (by
steps of 0.25) and 1 < k < m, in the Shuffled case. In Figure (a), we show the median value
obtained from 100 different permutations of weights P(E;). In Figure (b), we show the ratio
between the median max-loads of both replication strategies.

At first glance, it seems that the disjoint strategy is less efficient than the overlapping strategy
to cope with high cluster load when non-uniform popularity biases are introduced. For example,
for s =1 and k = 5, Figure 10a indicates that the cluster can theoretically tolerate a maximum
load of 100% when intervals overlap, whereas the disjoint strategy allows reaching a maximum
load of 70%.

The overlapping strategy superiority is clearly confirmed by Figure 10b, which shows the gain
on the maximum load permitted by overlapping replication intervals over the disjoint strategy.
The overlapping strategy allows the cluster to handle loads that are up to 50% higher than the
disjoint strategy (e.g., for s = 1.25 and k = 6), and we can observe a gain up to 35% for common
situations in key-value stores, when 0 < s < 1.5 (moderate popularity bias) and k = 3 (standard
replication factor in most implementations). Note that the popularity bias has obviously no effect
when data are fully replicated (k = m), and that replication strategies exhibit no difference on
the tolerable load when no bias is introduced (s = 0).
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Uniform case, s =0 Shuffled case, s =1 Worst-case, s = 1

L Y W O

—h—

1
I

66

200 40 60 80 100 10 20 30 40 50 60 10 20 30 40 50 60

Average load (%)

Figure 11: Maximum flow time given by both heuristics EFT-MIN and EFT-MAX as a function
of the average load when &k = 3, for both the overlapping (solid lines) and disjoint (dashed lines)
strategies. Each facet corresponds to a distinct case (for the Worst-case and Shuffled case,
we set s = 1). Finally, each vertical red line shows the theoretical maximum load value given by
the LP (15) in the corresponding case.

7.4 Simulations with Popularity Bias

Now we simulate EFT scheduling on m = 15 machines with a popularity bias, on 10 000 generated
unit tasks, which is sufficient to reach a steady state. Figure 11 illustrates the impact of both
replication strategies on maximum flow time in the EFT-MIN scheduler and its counterpart
EFT-MaX (which selects the candidate machine with highest index). We consider the three
cases of popularity bias (in Worst-case and Shuffled case, we set s = 1). We repeat the
experiment 10 times, and we take the median among max-flow values. We set £ = 3 to match
with a realistic key-value store system.

In the Uniform case, no difference is visible between EFT-MIN and EFT-MAX; however,
overlapping replication intervals give better results than the disjoint strategy (e.g., for an average
cluster load of 90%, EFT exhibits a max-flow of 5 when intervals overlap, whereas it gives a max-
flow of 10 with disjoint intervals). When randomly dispatched popularity biases are introduced
(Shuffled case), we see the relative gain of the overlapping strategy increasing. This is even
more obvious when we consider the Worst-case. We also see EF T-MAX becoming more efficient
than EFT-MIN for the overlapping strategy, which is consistent with the situation in Theorem 8:
when breaking a tie, EFT-MIN will select the most popular machine, whereas EFT-MAX does
the opposite (as we are in a worst-case, popularity biases are sorted in decreasing order), leading
to a smaller max-flow. However, the gain permitted by the scheduling heuristic is rather marginal
compared to the gain allowed by a carefully chosen replication structure.

The replication strategy where intervals overlap, commonly used in key-value stores, exhibits
better results than the disjoint strategy when popularity biases are introduced, even if the max-
flow of EFT in disjoint setting is bounded (Theorem 6). However, there is no efficient worst-case
guarantee for the overlapping strategy, as seen in Theorem 8. The question of whether there
exists a replication strategy giving both good practical results and theoretical guarantees on
EFT scheduling remains open.
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8 Conclusion

The high throughput and scalability needs of key-value stores require immediate dispatch algo-
rithms in which requests are allocated to servers as soon as they arrive (such as EFT). In the
absence of processing set restrictions, EFT benefits from favorable competitive guarantee for
the maximum flow time. However, storage constraints usually prevent replicating all data on
all servers; this is modeled by introducing restrictions on the task processing sets. We provide
bounds on the competitive ratio for several structured processing sets. In particular, we show
that the competitive ratio of EFT goes from (3 —2/m) to m — k4 1 for interval processing sets,
which are the most commonly used in key-value stores. However, despite the poor theoretical
guarantee for EFT, we show experimentally that interval processing sets allow a load up to 50%
larger than disjoint processing sets.

Future directions include devising a structured processing set, or replication strategy, that
would provide efficient performance on average and in the worst case. Moreover, the current
bound on the competitive ratio of EFT with interval processing sets could be extended to other
immediate dispatch algorithms.
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