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GLOBAL STEIN THEOREM ON HARDY SPACES

ALINE BONAMI, SANDRINE GRELLIER AND BENOIT SEHBA

ABSTRACT. Let f be an integrable function which has integral 0
on R™. What is the largest condition on |f| that guarantees that
f is in the Hardy space H'(R™)? When f is compactly supported,
it is well-known that the largest condition on |f| is the fact that
|f| € Llog L(R™). We consider the same kind of problem here, but
without any condition on the support. We do so for H!(R"), as
well as for the Hardy space Hiog (R™) which appears in the study of
pointwise products of functions in H!(R") and in its dual BMO.

1. INTRODUCTION

The aim of this article is to generalize a well known result by Stein
concerning the maximal function. Let us recall it.
Theorem (Stein)[3] Assume that f is a nonnegative integrable func-
tion on R™ that is compactly supported. Then its maximal function
M f is locally integrable if and only if

/fln+(f)dx < o0.

Here, as usual, In; = max(In,0) where In denotes the Napierian loga-
rithm.

One may ask about a global version of such a theorem. Of course, it
does not make sense without a modification, since the maximal function
of such a nonzero function is bounded below by # at co. But it makes
sense if the global maximal function is replaced by the local one, that
is, if we consider

ey = s [ (i)l
o<r<1 T ly—a|<r
We will give a necessary and sufficient condition on a non negative f
which ensures the integrability of M°¢f on R", hence a necessary and
sufficient condition for a nonnegative f to belong to the local Hardy
space h(R™).
A nonnegative integrable function cannot be in H!(R™) since func-

tions in H!(R™) have mean 0. But one can ask whether f — ( / fdy) 0
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GLOBAL STEIN THEOREM 2

is in H!'(R™). Here 6 is a fixed bounded function supported in the unit

cube @ := (—%, %)”, with integral 1. The characterization is simple and
reminiscent of Stein Theorem.

Theorem. Assume f is a nonnegative integrable function on R™.

Then f — </ fdy) 0 is in H'(R") if and only if
(1) [ 151t 17+ ) do < o
RTL

Moreover, condition (1.1) is sufficient, regardless of the condition on
the sign of f.
This answers the question raised in the abstract:

Corollary. The vector space of integrable functions that satisfy (1.1)
is the largest space S with the following property: if g is in S and f

is an integrable function such that |f| < |g| and /fdx = 0, then f
R
belongs to H'(R").

We will not come back to this corollary later on. So let us deduce it
right now from the theorem. First, the theorem implies in particular
that the space of functions satisfying condition (1.1) has this property.
Let us prove that it is the largest. We choose 6 nonnegative, bounded
and supported in Q). We know that 6 is in S since it satisfies (1.1).
Assume that g is nonnegative and belongs to S. We want to prove that
g satisfies (1.1). But, since S is stable under addition (we assumed that

it is a vector space), g—i—‘/gdy‘ f is in S. So the function g— </ gdy) 0
belongs to H!'(R"), and (1.1) holds for g.

The second aspect of our work is the generalization to other Hardy
spaces. Recall that one equivalent definition of H'(R™) is given in terms
of maximal functions M,,, where ¢ is a smooth function supported in
the unit ball with nonzero integral. Following, for instance, [10], we
define, for f an integrable function or, more generally, for f a tempered
distribution,

(1.2) M f(x) = sup e * f(2)],

where, as usual, for t > 0 ¢; = t "p(t"'-). On the other hand, under
adequate assumptions on the Musielak function ¥ : R" x [0,00) —
[0,00), we define the Musielak-Orlicz-type space LY(R") as the set of
all measurable functions f such that

/W(m,@)dm<oo

R



GLOBAL STEIN THEOREM 3

for some A > 0. Typically the class of integrable functions that satisfy
(1.1) is a Musielak space with

U(z,t) :=t(1+In.(t) + Iny |x]).

This is a convex function in the variable ¢, and LY is a kind of Orlicz
space with an Orlicz function that varies with the spatial point x. Ob-
serve that the dual space of this kind of Musielak spaces is well-known
(see [7], [6]). For the specific space under consideration, a function g
is in its dual if, for some A,

eMg(@)l
/ i+ ‘anHdQJ < 0.

One recognizes here an easy consequence of the John-Nirenberg in-
equality for BM O spaces, which can also be deduced from our results.

Other examples of spaces that are defined in terms of a Musielak
functions are Musielak-Orlicz-type Hardy spaces H¥ (R"). These spaces
generalize Hardy spaces HP(R™) for p < 1 (when ¥ does not depend
on the variable x, they are the spaces introduced by S. Janson [1]).

The space HY(R"™) is the space of tempered distributions f such that
M, f belongs to L (R™). We will consider here the space Hj,g(R™), for
which ;

V@) = T e

This space has been introduced in [2] in relation with products of func-
tions in H!'(R") and BMO and generalized div-curl lemmas. After the
seminal paper of Ky [5], which followed this first paper, one can find a
large literature on this type of spaces, which are in particular invariant
through singular integrals. Here we will not appeal to the deep prop-
erties developed there, but use only elementary properties to stick to
the generalization of Stein’s theorem. We will see that, for He(R"™),
the class of nonnegative functions for which one has the equivalent of
the theorem above is defined by

(1.3) /|f| (14 Ing (In ([ f]) + g (Iny () do < oo.

Note that an integrable function belonging to Hjee(R™) has mean 0.
Indeed, since f is in L'(R™), we know that ¢; * f tends to the constant

/ fdx for t tending to co. By Lebesgue’s dominated convergence The-

orem, this constant function belongs to Liog(R™) := LY(R™), ¥ defined
above, which forces the constant to be 0. So, as for H'(R™), it makes

sense to subtract from f the function ( / fd:c) f in order to charac-
terize Hiog(R™).
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This problem has already been tackled in [1] for Hg(R™), for func-

tions with compact support. In other words, the authors of [1] estab-
lished the analog of Stein’s theorem. The interest we found in their
paper motivates ours. Here, the new difficulty is the behavior at oo.
A source of inspiration has also been for the first author the remem-
brance of discussions with Francgois Bouchut in the nineties, and his
manuscript [3], which already contained (1.1) as a sufficient condition.
Acknowledgement. The authors thank Francois Bouchut for having
shared his results with us.
Notations: In the following, we will write A < B (respectively A 2 B)
whenever there exists a nonnegative constant ¢ with A < ¢B (respec-
tively A > ¢B) and A ~ B whenever A < B and A 2 B. Each time
the constants are assumed to be uniform constants, which depend only
on the dimension of the space.

2. THE HARDY SPACE H!(R") AND ITS LOCAL VERSION h'(R")

Let us recall that H!'(R™) is the space of L'(R") functions f such
that, for some smooth function ¢ supported in the unit ball,

(2.1) 1 fll = [IM ()1 < o0
The local space h'(R") is the space of L' functions such that
(2:2) £l = [ME(f)l < o0

Here ./\/lfooC is the local maximal function, which is defined by taking
the supremum on ¢t < 1 and not on all positive .

(2.3) MEf(z) = Sup o % f(2)],

Remark 1. It is important to observe that Mi‘,’c(f) < OMYf for all
f. Moreover, for a nonnegative function f, the local maximal Hardy-
Littlewood function M'°f is equivalent to MﬁgC.

In the following, we will write
1 1\"
Q = <—§,§> ,Qri=k+Qfor ke Z" and fi, == fxo,-

Here xg is the characteristic function of the set F.
We first consider the case of the local Hardy space. The following
statement, which has its own interest, holds.

Theorem 1. Let f be an integrable function. Then M¢f belongs to
LY(R™) if and only if f = fx satisfies

(2.4) 3 /]fk(x)] (1 +1n, (W}iﬁi')) dz < oo.

kezZm

In particular, if f satisfies condition (2.4) then f belongs to h'(R"),
the reverse being true if f is nonnegative.
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One would prefer to have global integrals, but unfortunately this is
not the case. Observe that the condition

(2.5) / 1L+ Doy []) di < oo
J

is necessary. We get a sufficient condition when we add the following
one

(2.6) S el g (£l < oo
k

This last condition may be interpreted as an amalgam condition: the
sequence (|| fx|l1) belongs to a kind of ¢log ¢ space of sequences.

Proof of the sufficient condition. By subadditivity of the maximal func-
tion,

1M < Y0 1M (i)l
k

We will consider each term separately. We first observe that M ()
has support in k£ + 2@, and, on this cube,

M(fr) < M(fr).

The classical Llog L inequality (see [¢] for instance) written for the
normalized function Hfﬁ gives
. Ji
(2.7) M fede S \[felli + | [felIng AR dx.
E+2Q

We conclude at once.

g

Proof of the necessary condition. As for the sufficient condition, we first
prove an estimate for each f;. We claim that the following estimate
holds for v supported in @,

(2.8) /Mlocvd:EZ/\v\anr(]v])da:.
Q

Q

The proof is a variant of the proof of [3] for the local maximal function.
We write it for the sake of completeness. Consider the family Q of
dyadic sub-cubes of (). The maximal dyadic function is defined on @
by

d ‘= su i v
2.9 Misla) = s R/ o)l dy

r€ER,REQ
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The following classical estimate is the key of the proof. For v with
norm 1, and s > 1,

(2.10) o M) (w) >} = ¢ [ Jolds

[v]>s

Let ¢(R) be the length of the sides of the cube R. The following
lemma compares the two maximal functions.

Lemma 1. Let v be an integrable function supported in ) with norm
1. Forxz € Q,

1
(2.11) M"v(z) ZCSup®/|v(y)ldy7
R

where the supremum is taken on dyadic cubes R containing x and such

that £(R)\/n < 1. Here c = n~"/2|B(0,1)|~".

Proof. Each dyadic cube R is contained in the ball B(z, ¢(R)+/n), which
has the volume n™?|B(0,1)||R|. So

1 1
FeaEym | e R/ olda.

B(x,t(R) /)
This ball has radius bounded by 1 when ¢(R)\/n < 1. The inequality

between suprema follows at once. O

We claim that the supremum defined in the lemma coincides with
M%(z) when M%(z) > /n". Indeed, for larger dyadic cubes, we have

o [ s < Vi [ 1oty = v
R Q

So, using the inequality (2.10) for the dyadic maximal function, we get

(2.12) iz € Q M (w)(z) > s}| > % / o dz

[v|>s/c

for s > c¢\/n". We integrate both sides from c¢y/n" to oo, and find

/Ml“v dx > / | In, <|\/‘Ln|”) dx.
Q

Since the norm of v is 1, the estimate (2.8) on |v|Iny(Jv|) follows at
once, using the fact that Iny (¢) < In, (#) +Iny (v/n").
To conclude for the proof, we observe that Mf > M f. on Q.

Hence, applying the inequality (2.8) to each f; and summing on k
allows to get the necessary condition. U
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We now turn to global Hardy space H!'(R™). For f € L'(R"), let us
define

(2.13) Tyf = f — </fdx) 0.

Here, 0 is a fixed bounded function supported in the unit cube with

/de: 1.

The following theorem may be seen as a global Stein’s theorem (see
[8]) and gives as well the necessary condition.

Theorem 2. Let Ty be defined as in (2.13). Let f be an integrable
function. Then Typf is a function of H'(R™) if

(2.14) / F@)] (L + Iy | £(@)] + Ing J2]) de < co.

Moreover, if f is nonnegative and Tyf is in HY(R™), then condition
(2.14) holds.

In particular, a function f of integral 0 satisfying (2.14) belongs to
HI(R™).

Proof. Even if the sufficient condition has already been established by
Bouchut (see the remark below), we will give a slightly different but
complete proof of it.

Let us note first that f belongs to h!(R"). Indeed, let us prove that
the two sufficient conditions given in (2.5), (2.6) are satisfied. It is
straightforward for the first one. We now want to prove that condition
(2.14) implies 3, o ik Ing (u;') < oo, with g = || fx|l1. We divide this
last sum into two, depending on whether 1, > k~(™*1) or not. For the
first sum, the inequality comes from the assumption

J1@10 e de < o0

since

/ @) (A fof) de 2 S (1, [K]) / @) dz = 3 (110 k).

For py, < |k|="*Y |k| > 1 using that 2 — 2 In, (27!) is non-decreasing
on (0,e~ '], the sum of the corresponding terms is bounded by

Dk In k)
|k[>1

which is finite. Hence, f belongs to the local Hardy space h'(R"). It
remains to deal with the non local part.
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Without loss of generality, we assume || f||; = 1. As before, we write
f=>"4 fr, with fi = fxo,, k € Z". We have as well

s o (0]
We write
Tofi = fi— (/ fi dx) Yau (/ fi dx) (xau ).

We will consider separately the two parts.
We first prove the following proposition.

Proposition 1. Let fi, be defined as above and h := ) hy, where
hy == fi — (/ fr dx) Xq, and assume condition (2.4). Then h is in
HY(R™).

Proof. We prove that the hy’s are in H!(R") and that

> [IMhylly < oo

This is done by a slight modification of the fact that atoms are in
HY(R™). Inside k + 2Q, we consider the two terms of hy separately. We
conclude directly for the part involving the characteristic function of
Qy, while, for fi we use (2.7), which we recall here:

(2.15) [ Madz <1+ [ 1, (f—) dr.

| fellx
k42Q

From condition (2.4), the sum over k of the right hand side is bounded.

It follows that
1) S (Mh)xrs2qlh < oo
k

It remains to prove that

1> (Mohi)X (k1 20)¢
k

1 < 0.

By the zero-mean of hy, the maximal function Mhy is bounded by
|hell1/ |z — k|"T! for 2 € R™\ (k + 2Q). So
Mhy dz S [heelly S Nl el
R™\(k+2Q)

The sum of the corresponding integrals is bounded by some uniform
constant. The conclusion follows. U

We consider now the remaining part g := Ty f — h. Recall that

g::;/fkdw(XQk—G).
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The next lemma gives a sufficient condition for ¢ to be in H*(R™).

Lemma 2. Let a be bounded by 1, of mean 0, and assume that a is
supported in Qo U Q;, with |j| > 2. Then

Proof. Observe that |j| 'a is an atom of H*(R™), and thus has bounded
norm. But we need a better estimate. As before, we use the classical
inequality

(2.17) Ma(z)| < !

|x|n+1
for |z| > 2|j|. For |z| < 2|j| we use the elementary inequality

1 1

2.1 SM Mxg,(z) S .
218) [Mea(e)] S Man(e) + Mxe,(®) S T + 15 =TT

We get
|7]dx dx dx
2.19) [Moal: < 2+ / A = 4 e
(219 Il o] o EEE
|z|>2]5] 1<]z| <27 1<]z—j|<3]3]
The conclusion follows easily that (2.16) holds. O

We have the following proposition.

Proposition 2. Let \; be a sequence of real numbers indexed by Z"
and let g ==Y g;, with g; :== X\j(xq, — ). Then g is in H'(R") if

(2.20) Z]Aj\ (14 Ing |j]) < oo.

Moreover, if the N;s are nonnegative, it is a necessary condition for
having g in H'(R™).

The sufficiency of the condition comes from Lemma 2.
Let us now assume that the \s are nonnegative and prove the necessity
of the condition. We choose ¢ such that 0 < ¢ <1, and ¢ =1 on the
ball B(0,1/2).

We will give a bound below of |g, x g|(z) for |x| > y/n and r = 4|z].
We first prove that

—pp x g(z) = Z Aj(@r % 0(z) — @ x xq, (7))

is nonnegative as a sum of nonnegative terms. Indeed, for |z| > /n
and r = 4|z|, the support of 6 is entirely contained in the set of y for
which ¢,.(z —y) = 1. So, on one hand

1

x0(x) = —.

prx0(z) =

On the other hand, since 1 is the maximum of ¢, the other terms
@r * Xq,(x) are bounded by r~". We have proved our claim on the
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sign of —y, * g(z). Now, a bound below is given by " ZjGJ A; where
J={jeZ"; B(x,r)NQ; = 0}. Indeed, for such j’s, ¢, x xq,(x) = 0.
But this set of indices contains all j’s such that |j| > 6|z| since, under
these conditions,

dist(B(x,4[z]), j) > || > V/n = diam(Q;).
Eventually,

1
(Myg(2)] = [@ajaz * g(z)| = > A

and, integrating over the set |z| > v/n,
IMepglh 2 Y Ay In(lj1/6)-
l71>6v/n

We conclude at once. O

End of the proof of Theorem 2. The sufficiency of the condition

/|f(x)| (I+1Ing |f(z)] +In (|x])) dx < o0

is a consequence of Propositions 1 and 2. Indeed, we already mentioned
that condition (2.4) holds. Hence, what we called h in Proposition 1
belongs to H!(R™). To prove that g = f — h is in H*(R™), one has to

prove estimate (2.20) with \; = /fj. Since |z| >~ |j| on Qj, it follows
easily from the discretization of the integral [ |f(z)] (1 + Iny(|z])) dz.

We now prove the necessity for a nonnegative function f with Ty f €
HY(R™). As HY(R") is contained in h'(R™), Tyf belongs to h!(R").
Since 6 is also in h'(R"), the function f itself is in h'(R™). So the
condition (2.4) is satisfied. By Proposition 1, h is in H'(R"). So g =
f — his in H'(R"). By Proposition 2, this implies

S w1+ Ins [K]) < oo

|k|>1

with p, = / fr. As before, this last condition reads

/ @)1+ I (|2])) de < 0o,

Eventually, combined with the estimate (2.5), one gets

J15@I0+ 1 o] + (£ @) do < oo,
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Remark. The precise statement of Bouchut in [3] is the following.
Let T be a singular integral operator given by the convolution by K.
Then the operator Ry, defined by

Ric()(@) = T(f)(x) - ( / fdy) K (@)X

maps the space of functions that satisfy (1.1) into L*(R™).

This may be obtained as a consequence of Theorem 2. Indeed, let f
satisfy (1.1). We know that Ty f is in H'(R"). Since singular integral
operators map H!'(R") into itself and since the integral of Ty f is zero,
Ry (Tyf) is integrable. So it is sufficient to see that Rx(6) is also in
L'(R™). Because of LP estimates for singular integral operators, T'(6)
is locally integrable. The integrability on {|z| > 2} follows from the
estimate

/ / Kz — y) — K(2)0(y)dydz < o0
lz|>2 |y|<1

since the kernel K, which is the kernel of a singular integral, satisfies

/ K(z —y) — K(2)]dz < o0

lz|>2

for |y| < 1.

Conversely, by using the characterization of H!(R"™) through Riesz
transforms, it is easy to see that the statement of Bouchut implies the
sufficient condition in Theorem 2.

3. THE LOCAL HARDY SPACE b

We first consider the local Hardy space hoq(R™). The following result
gives the analogue of Theorem 1.

Theorem 3. Let f be an integrable function. Then M'f is in Ljog(R™)
if and only if

(31) Jis@ (14w, He =D

d .
In(e + |z|) ) T oo

As a consequence, if f satisfies this condition then f is in bg(R™).
Conversely, if f is nonnegative and f is in hig(R™), then condition
(3.1) holds.

Proof. 1t will be convenient to take an equivalent function for ¥, which
leads to the same spaces. Namely, let
— t
U(x,t):= :
(,¢) In(e +t) + In(e + |z|)




GLOBAL STEIN THEOREM 12

We omit the bar from now on. The function ¥ is non-decreasing in t.
An explicit computation gives
1 (x,t) < d . \I’(.T,t)'

2 —
(32) 2t T dt

It is also doubling:
U(z,2t) < U(x,t).
We first establish the following lemma, which may be seen as a pre-
cised version of the corresponding result in [1].

Lemma 3. Let f;, be supported in k + Q with py = ||fx]l1 < 1. One
has

(3.3)

Mk iy 1
JRCRIIDTE (e + K e+ k) ™ (;T)
k+2Q

In(e + [k])
k+Q
Proof. We have
(3.4) U(x,t) ~U(|k|,t)  for z € k+2Q.
We write, as it is classical (see for instance [8], Chapter 1)

[e.e]

/ U (k, M(fr)(z))dx ~ /\II’(k,t)Hx €k+2Q; Mfe(x)>t}dt

E+2Q

Wkt
Sule il [ 25D e 20 M) >
[l ficlla
: t . M
v < —— thefi —_—.
Since U(z,t) < (e T 2] the first term is bounded by e + k)

Using the maximal theorem, one has the inequality

k20 M) >t Sy [ Ih@lds

|fx1>t/2
So, using this last inequality and exchanging the integrals, we get

2| fr (@)
/ ‘I’(k,M(fk)@))deer / | fe(@)] / z ohaT.

k+2Q 2| fi(x)|>pk Mk

We cut the last integral into the integral below 1 and above 1. Since
U is doubling, it is straightforward to see that such integrals are also
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doubling, namely
2s

o [re g 2,

S S
1 1

for s > 2. We will use the following properties satisfied by W.
(1) for0 <t <1,
1

/\Il(a:,s) s In, (1/t)

s2 ~In(e+ |z])’

¢
(2) for ¢t > 1,

n(e+t) _ [ U(zs) In(e + t)
e RD S e S Ry

Indeed, we write, on one hand for 0 <t < 1,
1 1 1

U(z,s) , 1 .~ 1 .
/ 52 ds_/s(ln(e+s)+ln(e+|x|))d _t/sln(e+|x|)d

t t
on the other hand, for ¢ > 1,

t‘I’(:c,s) B / 1
/ 52 ds = /s(ln(e—i—s)—i—ln(e+\x!)) ds

1 1
t

N 1 s <l In(e + t)
= / (51 e)(n(e +5) T In(e + ) = = ( (e + Ja])

1
Using these properties, we get the inequalities

1
U(k, ) 1 1
Ll dt < 1 —
/ 2 et k)T (u)

Hi

and
2| fi ()]

(k. t) In(e + | fi(2)|)
/ 2 dt§1+ln+< ln(e—i—TkD )

1
It follows that

2fx(x)

[ 1n@n [ TR aa m(elfffwsn+ha<elff|k|>1“+(i)+

k+2Q Hk
[ (ms (i)

k+Q
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This ends the proof of the Lemma. U

Let us prove the local theorem 3. Let f be an integrable function.
Without loss of generality, we can assume || f||; = 1. We first prove the
sufficiency of condition (3.1) to have M"¢(f) € Li,g(R™). We have to
estimate

/\If(a:,Ml"c(f)(x))d:c.

Rn
We write f as Y fr with fi supported in k+ Q, k € Z, py. := || fll1-
At this point, we recall that L., is only a quasi Banach space, so that
we need to be careful. We will use the following property, valid for
nonnegative functions g;, that

(3.6) l/wmihmwmsEZ/wm%u»m
U(z,t)

This is an easy consequence of the fact that the function ¢ — "

is nonincreasing. We apply Lemma 3 to f; to get,

[r@argyis < [ v )

k+2Q

S e (o () + [ e S e

It remains to sum over k. The sums corresponding to the two first
terms are bounded by the norm of f in L' (we cut the second sum
into two parts as in the preceding proof by comparing p to |k|=("+1).
Eventually, using that |z| ~ |k| on k + Q,

[ et n@yds <5l + [ 1@,

R

in(e + @)
e+ o)

The conclusion follows for the sufficient condition. For the necessary
condition, we use Stein Inequality (2.12) as for the characterization of
hl(R™). It gives

(@)

[vetgye 2 [ el [ H e

(k)N fi(x)|>1 1

|
s [ i, D,

E+Q

Summing on k gives the result as before. Hence, we proved that M f
belongs to Liog(R™) if and only if condition (3.1) holds. The result
on b (R™) is an easy consequence of the remark we did before that
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loc loc ; 3
MZe(f) < CM™f while, when ¢ and f are nonnegative, a reverse

inequality is also valid.
O

Before leaving the local estimates, let us answer a natural question.
What can we say for functions that are only locally integrable? We will
see that there exist locally integrable functions, which are not integrable
but belong to hg(R™). Thanks to the differentiation Lebesgue Theorem
|f| < M f hence it is clear that f € Ljog(R™) is a necessary condition
for a nonnegative function f to belong to b, (R™). The following lemma
goes into this direction.

Lemma 4. Assume that f is nonnegative and locally integrable. If
/\I/(x, M f) dx < oo,

then the function f belongs to the weighted space L'(In(e + |z|)) tdx).
In particular, z'f/\lf(a:,Ml"Cf)dx =1, then

JELCIR

In(e + |x])

Proof. If we note as before py, := / frdx, it is sufficient to prove that

Hi

Let N be the smallest integer such that 2=V ,/n < 1. Using the compar-
ison between M!¢ and M? given in (2.11), if we consider any sub-cube

R of k+Q such that ¢(R) = 27V, then M"*f,.(z) > /f;c dy for z € R.

R
We call Qj n the family of these 287 gubcubes. It follows that
W (k, ) < /fk ) dy)
RGQk N
< D> / (k, M f,) da = / U(k, M“ f) da
REQk N R E+Q
So
Z (k, px) <Z/ x, M f) da:</\11(:1:,Ml°Cf)d:)3
kkto
Next, one verifies that ln(e,uw < 2W(k, pug) unless py is larger than

|k|, which implies, by monotonicity, that W(k,|k|) < 2W(k, ). Since
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the sequence (¥ (k, ux))x tends to 0, this happens only for a finite num-
ber of terms, which proves the convergence of the series (3.7).

Assume now that / (2, M f)dx = 1, which implies that

k

M
In(e + |k|)
bounded by some uniform constant. The number of the other terms is
Hi

In(e + pr) —
2U(|k|, pr) S 1. It follows that each of these py is bounded by some
uniform constant. The estimate of the integral follows at once. O

The sum , when restricted to those k for which py < |k is

bounded by a uniform constant. Moreover, for any of them

The function
f@) = 1+ |=)™" (In(e + [«]) ™",

which varies very slowly, gives an example of non integrable function
in hiog(R™). The following proposition revisits Theorem 3 without as-
suming a priori that f is integrable. It is much more technical. The
notations for f; and ;. are the same.

Proposition 3. Let f be locally integrable. Then we have following
imequality.

Jwtearena s S o+ [ir@ime (1 SRR ) @

In, (M)
3.8 -
(3.8) > / o) da

Moreover, the finiteness of the right hand side is a necessary condition
for M f to be in Lipg(R™).

Remark 2. If f is such that |fy] < pe and |f(z)| < |x| then this

condition reads
/ M dr < oo.
In(e + |x[)
This is the case of the example given above

flx) = (L4 |2)™" (nfe + [a]) "

Proof. We will only sketch the proof since it follows the same lines as
the proof of Theorem 3. When revisiting this proof, we cut now the
integral

2\fk(z)\qj(k ) min(|k|,2\fk(z)\)qj(k ) Z‘fk(x)\\ll(k )
) S ,S s
ds = / dS+X{2\fk(a:)\>|k|} / ds.

52 52 52
M M ||
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The second integral is treated as previously. For the first one, we use
U(k,s) 1
2 sln(e+|k|)’
which leads to the last term. U

4. THE HARDY SPACE Hog
We finally give conditions for Hj., and prove the following theorem.

Theorem 4. Let Ty be defined as in (2.13). Let f be an integrable
function. Then Tyf is a function of Hieg(R™) if

@D [ 1) 0+ et @) + i e+ fo]) de < .

Moreover, if f is nonnegative and Ty f is in Hiog(R™), then (4.1) holds.

As for H(R"), a function f of integral 0 and satisfying the condition
(4.1) belongs to Hieg(R™).

Proof. We write as before Ty f = g + h. To prove that the function h
belongs to Hieg(R™), we do as in the proof of Theorem 2 and look first
at the Ljog norm of each Mhy on k + 2Q). On this set, we consider the
two terms in hy separately. We conclude directly for the characteristic
function whose sum gives a L' term, while, for f; we use the estimate
(3.3). It remains to look at the integral of M hy outside k+2@Q). We use
the fact that ¥(z,t) < ¢, and may consider L' norms as in Proposition
1. The proof is identical.

We finally want to estimate g. In this case, Proposition 2 is replaced
by the following one, which may be seen as its generalization.

Proposition 4. Let w be a radial nonincreasing positive function on
R"™, which satisfies

(4.2) /%dm < 00.
Rn
Let (Aj)jezn € (HZ") and let g := Y g;, with g; := \j(xq, — 0). Then
g is in HL(R™) if
(43) S A0 <
J
where 2 is the function

aR) =)+ [ “l’@)d

’ n

1<|y|<R

Moreover, if the Njs are nonnegative, it is a necessary condition for
having g in HL(R™).
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Proof. We first note that the function €2 is doubling, that is, there exists
C such that Q(2R) < CQ(R). Next we adapt Lemma 2. Inequality
(2.19) for a; = xq, — 0 is replaced by

Cljlw(x
/|M¢aj]w(x)dx <w(Qo) +w(Q;) + / % dx
||>2]5]
(4.4 B e
1<|z|<2l3] 1<|z—j] <34

From the facts that w is radial and nonincreasing, it follows that

w(Qo) > w(Q;) and
[ ws [ “agou

o = j[" Bl
1<|z—j|<3|j] 1<|z|<3|j]

It remains to consider the term

|jlw(z) w(|jlz)
/ 2] dr = —mnﬂ dr < 1.

|z >2|5] |z|>2

This gives the sufficient condition.
The necessary condition is obtained as in the proof of Proposition 2.
Indeed, one has as before, for |z| > \/n,

;Aj / %dm<oo.

1<z |<|j]

It gives the necessary condition.
OJ

In particular, when w(x) = In(e+|z|) ™!, we have Q(x) ~ 1+In(In(e+
|z|), which allows to conclude for the sufficient condition in Theorem
4.

It remains to prove the necessary condition in Theorem 4. Let us
assume that f is a nonnegative function such that Ty f belongs to
Hiog(R™). Then Tyf € bhiog(R™), and as 0 € h(R™) C bhg(R"), we
conclude that f itself belongs to hie(R™). Hence by Theorem 3, f sat-
isfies (3.1). If we cut f into g + h as before, Lemma 3 implies that the
function h is in Heg(R™) (apply estimate (3.3) to each hy). Hence, g is
also in Hiee(R™). To conclude, we claim that we can work on weighted
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inequalities since, as |g| < 2/ f]l1 = 2, we have
/\I/(x,./\/lwg) dx =~ /./\/l@g(x)
R”

R
Hence, g belongs to H' (R™) where w(x) = In(e+|z|)~!. Then, it suffices

dx
In(e + |z])

to apply by Proposition 4, with A\, = /fk dx to get
Z A(1 4+ In(In(e + |k])) < oo
k

which is equivalent to

/f(a?)(l +1Inln(e + |z]))dr < co.

The conclusion follows. O

5. CONCLUDING REMARKS

For the estimates in b (R") we have allowed f not to be inte-
grable. This could also be done for the space Hjoe(R™), even if only

( / fr d:v) 0 makes sense for f locally integrable. Other possible gen-

eralizations concern the weighted spaces. Part of this study can be
generalized to other Hardy spaces of Musielak type. But formulas
seem to be much more complicated and have less interest.
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