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Abstract

This paper studies the notion of interaction between criteria in a general Choquet inte-
gral model. In the framework of generalized binary alternatives, we give a necessary and
sufficient condition for them to be representable by a general Choquet integral model.
Using this condition, we show that it is always possible to choose from all the numerical
representations, one for which all the Shapley interaction indices are strictly positive. As-
suming that there is possibly to have an indifference relation, we give a sufficient condition
on ordinal information so that positive interaction is always possible into all subsets of
generalized criteria in general Choquet integral model. Outside the framework of binary
alternatives, we propose a linear program allowing to test whether the interpretation of

the interaction indices is ambivalent or not. We illustrate our results with examples.

Keywords: Binary alternatives, Interaction index, General Choquet integral model,

Shapley interaction indices.

JEL Codes: C44

1. Introduction

In Multiple Criteria Decision Making (MCDM), the additive value function model is
widely used and have solid theoretical foundations (Krantz et all |1971)). The additive
model implies the independence hypothesis (Bouyssou and Pirlot} 2016]). In some context,
this hypothesis is considered to be restrictive (Grabisch and Labreuche, [2004). Thus, sev-
eral other models that do not require the independence hypothesis have been developed,
including the Choquet integral model. Its use in MCDM was popularized through the
work of Michel Grabisch (Grabisch, |1995] [1996]). The Choquet integral model is now con-
sidered as a central tool in MCDM when one wants to escape the independence hypothesis
(Grabisch, [2016; |Grabisch and Labreuche, 2004, 2010). The use of these functions allow

*corresponding author
Email addresses: paul-alain.kaldjob-kaldjob@dauphine.psl.eu (Paul Alain Kaldjob Kaldjob ),
brice.mayag@dauphine.psl.eu (Brice Mayag ), denis.bouyssou@dauphine.psl.eu (Denis Bouyssou)

Preprint submitted to Fuzzy Sets and Systems January 28, 2022



to assume that the recoded criteria are “commensurate” and, hence the application of the
Choquet integral model is meaningful (Grabisch et al., [2003]).

In the literature, the particular case of 2-additive capacities has received much at-
tention (Grabisch, 1997). This case is often considered as a useful compromise between
a additive model implying independence and a general Choquet integral model (i.e., us-
ing a capacity that is not restricted to be 2-additive) raising difficult elicitation issues
(Grabisch et al. 2008). This model is often used in applications. Such as the evalua-
tion of discomfort (Grabisch et al., 2002), the performance measurement in supply chains
(Berrah and Clivillé, 2007 |Clivillé et al. 2007)), and the complex system design (Pignon
and Labreuche, 2007). In this paper, we want to go beyond the 2-additive case, to the
general case, although the interpretation remains difficult.

This paper generalizes our preliminary results published in (Kaldjob Kaldjob et al.,
2020), by assuming that the preference information set contains possible indifference re-
lations. Outside the framework of binary alternatives, we have also proposed linear pro-
grams to test the existence of necessary and possible interactions.

In (Mayag et al., 2011)) there are two necessary and sufficient conditions for a prefer-
ential information on set of binary alternatives to be represented by a 2-additive Choquet
integral model. This result is extended to general model of the Choquet integral. Indeed,
our second result shows that the nonexistence of a strict cycle in the preferential infor-
mation set is a necessary and sufficient condition for it to be representable by a general
Choquet integral.

In (Mayag and Bouyssoul, 2019)) it is proven that in the framework of binary alter-
natives, if the preferential information contains no indifference, and is representable by
a 2-additive Choquet model, then we can choose among these representations one for
which all Shapley interaction indices between two criteria are strictly positive. We ex-
tend also this result. Indeed, under the conditions of our second result, we show that in
the framework of generalized binary alternatives, if the preference information contains
no indifference, it is always possible to represent it by a general Choquet integral model
which all interaction indices are strictly positive.

We extend our results when it is possible to have an indifference in a set of preference
information. Hence, we give a sufficient condition on ordinal information so that positive
interaction is always possible into all subsets of criteria in general Choquet integral model.
In practice, many cases do not fall under binary alternatives, so we propose a linear pro-
gram inspired by (Mayag and Bouyssou, 2019) allowing to test whether the interpretation
of the interaction indices is ambivalent or not.

This paper is organized as follows. After having recalled in Section 2 some basic el-
ements on the model of the Choquet integral in MCDM, in Section 3, we extend the
concept of necessary and possible interaction introduced in (Mayag and Bouyssou, [2019).

In Sections 4 and 5, we give our mains results. Outside the framework of binary alter-
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natives, Section 6 proposes a linear programming model allowing to test the existence of

necessary and possible interactions. We illustrate our results with an example.

2. Notations and preliminaries

2.1. The framework

Let X be a set of alternatives evaluated on a set of n criteria N = {1,2,...,n}. The set
of all alternatives X is assumed to be a subset of a Cartesian product X; x X5 x ... x X,
where X; is the set of possible levels on each criterion ¢ € N. The criteria are recoded
numerically using, for all ¢ € N, a function u; from X; into R. Using these functions we
assume that the various recoded criteria are commensurate and, hence, the application of
the Choquet integral model is meaningful (Grabisch et al., 2003).

We assume that the DM is able to identify on each criterion ¢ € N two reference levels
1, and 0;:

e the level 0; in X is considered as a neutral level and we set u;(0;) = 0,
e the level 1, in X, is considered as a good level and we set u;(1;) = 1.

For all z = (21,...,2,) € X and S C N, we will sometimes write u(x) as a shorthand for
(ur(x1),...,un(zy,)) and we define the alternatives ag = (1g, 0_g) of X such that a; = 1,
if i € S and a; = 0; otherwise. We assume that the set X of alternatives contains all the

binary alternatives ag, S C N.

2.2. Choquet integral

The Choquet integral (Grabisch| 1997, [2016; Grabisch and Labreuche] 2004) is an aggre-
gation function known in MCDM as a tool generalizing the weighted arithmetic mean.
The Choquet integral uses the notion of capacity (Choquet} |1954; Pignon and Labreuche,
2007)) defined as a function u from the powerset 2V into [0, 1] such that:

o 1(0) =0,
o u(N) =1,
e Forall 5,7 € 2", [S CT = u(S) < pu(T)] (monotonicity).

For an alternative x = (xy,...,2,) € X, the expression of the Choquet integral w.r.t. a

capacity p is given by:
CM (u(x)) = C,u (u1($1)7 s 7un(xn>)

= Z [Ua(i)(%(i)) — Uo(i—1)(To(—1)) | L (Nog))
=1
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where o is a permutation on IV such that: Ny = {0(i),...,0(n)}, Us0) (%)) = 0 and
Uo(1)(To(1)) < Us2)(To2) < -0 < Uo(n) (To(n))-
Our work is based on the set B9 which we define as follows.

Definition 1. The set of generalized binary alternatives is defined by
B = {CLS = (15,0_5) ) g N}

Remark 1. For all S C N, we have C,(u(ag)) = p(S).

We suppose that the DM can give his preferences by comparing some elements of 9.

We then obtain the binary relations P and I defined as follows.

Definition 2. An ordinal preference information {P, 1} on BY is given by:
P ={(z,y) € BIx BY: DM strictly prefers x toy },
I ={(z,y) € BIx BI: DM is indifferent between x and y}.

We add to this ordinal preference information a binary relation M modeling the mono-
tonicity relations between generalized binary alternatives, and allowing us to ensure the

satisfaction of the monotonicity condition: [S CT = pu(S) < u(T)].
Definition 3. For all ag,ar € BY, as M ar if [not(as(P U I)ar) and S 2 T].
Remark 2. ag M ar = C(u(ag)) > Cy(ular)).

In the sequel, we need the following two definitions classic in graph theory (Rudolf!
and Pilz, |1984)).

Definition 4. There ezists a strict cycle in (PUM) if there exists elements xq, x1, -+ , X,
of B9such that xo(P U M)z (PUM)...(PUM)x.(PUM)xy and for a least one
i€{0,...,r — 1}, x; Px;yy.

Definition 5.  T'Cyy y if there exists elements xg, x1, ..., x, of Bsuch that
r=xo(IUM)x1(IUM)...(IUM)x, =y. Hence, TCi s is the transitive closure of the
binary relation I U M.

2.3. Interaction index

In this section, we recall the definition of the interaction index and we give a lemma of

decomposition which help us for the proofs.



Definition 6. The interaction (Grabisch, |1997) index w.r.t. a capacity p is defined by:
forall AC N,

ri= S WEECORNS e,

— !
KCN\A (n a—i—l). LCA

where { = |L|, k = |K| and a = |A|.
We give a decomposition of the interaction index, it will be useful to us later.

Remark 3. Given a capacity p and a subset A C N, we can rewrite the general interaction

index as follows:

]ﬁ: Z (n—k—a)!k!Au(K)

_ T
Kemoa (n—a+1)!

where ¢ = |L|, k = |K| and a = |A| with AZ(K) = Z(—l)“’gu(K UL).
LCA

The following lemma gives a decomposition of AZ(K) (we assume that 0 is an even

number). We will use it in the proof of the Proposition .

Lemma 1. For all AC N, for all K C N\ A,

AR = 3 [Z WEUL) — Y M(KUL)].

p=0, LCA, LCA,
p even l=a—p l=a—p—1

Proof. We distinguish two cases, depending on the parity of a.

o If g is even.

AR =N (1) (KU L)

L[CAZ WKL) Z M(KuL)] + {Z WK UL) — Z M(KUL)]



Hence we have,

AR = % {Z WEKUL) — > N(KUL)}.

p=0, ca, LCA,
p even L=a—p l=a—p—1
e If a is odd.

AR =3 (1) (K U L)

L{C:ZA:“(KUL) B LCZ; #(KUL)} + LCZA w(KUL) — L; M(KUL)}

Hence we have,

a—1 r 7

A= 3T Y UL = Y K UL
p=0, L LCA, LCA, .
p even l=a—p l=a—p—1

~ Y [ S ukon - Y wrun)
p=0, L LCaA, LCA, .
p even l=a—p l=a—p—1
since a is odd but p is even. O

Remark 4. Let N be the set of criteria, AC N,|A|=a, K C N\ Aand1<t<a.
Then we have: Z Zu(KU L\{i}) =(a—t+1) Z (K UL).

LCA, jeL ZLQA»
= =t—1

In the next section, we extend the concept of necessary and possible interaction intro-

duced in (Mayag and Bouyssou, [2019) in the case of 2-additive Choquet integral model.

3. Necessary and possible interaction

Once the DM has compared a number of alternatives in terms of strict preferences (P) or
indifference (7), the following definition tells us when this ordinal preference information

is representable by a Choquet integral model.

Definition 7. An ordinal preference information {P,1} on X, is representable by a gen-
eral Choquet integral model if we can find a capacity p such that: for all x,y € X, we

have:



Py lute) > o)
v Iy = Cp(u(x)) = Cyu(uly)).

The set of all capacities that can be used to represent the ordinal preference informa-
tion {P, I} at hand will be denoted by Cp.et(P, I). When there is no ambiguity on the
underlying ordinal preference information, we will simply write Cp,e.

The following definition of necessary and possible interactions will be central in the rest
of this text. It is inspired from (Mayag and Bouyssou, 2019)) where it was give in the case

of 2-additive Choquet integral model.

Definition 8. Let A be a subset of N and {P, I} an ordinal preference information. We
say that:

1. There exists a possible positive (resp. null, negative) interaction among the elements
of A if there exists pu € Cpre such that I'y > 0 (resp. I'y =0, I'y < 0);

2. There exists a necessary positive (resp. null, negative) interaction among the ele-
ments of A if I'y > 0 (resp. I'y =0, Iy < 0) for all p € Cprey.

Remark 5. Let be A a subset of criteria.

o [f there exists a necessary positive (resp. null, negative) interaction among the
elements of A, then there exists a possible positive (resp. null, negative) interaction

among the elements of A.

e If there is no necessary positive (resp. null, negative) interaction among the elements
of A, then there exists a possible negative or null (resp. positive or negative, positive

or null) interaction among the elements of A.

Let A be a subset of N and {P, I} an ordinal preference information. If we have a
possible but not necessary interaction, then the interpretation is difficult because it de-
pends on the capacity chosen in Cp( P, I). Indeed, the interpretation of the interaction

only makes sense in the case of the necessary interaction.

In the next section we present our results when {P, I} contains no indifference.

4. Results when [ is empty

In all this section, we suppose that the ordinal preference information {P, I} contains no
indifference. This condition is likely to be met in most applications: indifference is indeed

much less likely between alternative than strict preference, unless alternatives have been
7



specially designed to be indifferent. We started with the special case I empty in this
section before the general case I any in next section since the second case uses the results

of the first case.

We start this section with a simple observation. In the discrete case, when there is
no indifference, there are “holes” between all values of C, (u(z)). If we slightly modify
the capacity p, so as to keep all values C), (u(:v)) within these holes, we find that null
interactions is never necessary. We formalize this idea by Proposition [I} Its proof is
elementary: when there is no indifference, it simply exploits the fact that when the
structure has the “holes”, it is possible to slightly modify the representing model while

remaining in the “holes”.

Proposition 1. Let {P,1} be an ordinal preference information on a set Y C X such
that { P, I} is representable by a general Choquet integral model. If the relation I is empty

then there is no necessary null interaction.

Proof. We only give the proof in the special case in which the DM has provided a linear
order on a subset Y C X. It is easy to modify the proof to cover the other cases. Suppose
that we have a general Choquet integral model representing the preference relation P that
linearly orders the set Y = {x!, 22, ..., 2P}. We suppose w.l.o.g. that Y = {a!, 22, ... 2P}
and that 2P Pa2P~'P... Px! withp e N, p > 1.
Let us suppose that this information can be represented by a general Choquet integral
model using a capacity p for which I'{ = 0 where A is a set at a least two criteria. Let us
first show that this possible null interaction is not necessary.
Let us define the capacity (. by :

L) i SCN,

B-(S)=4¢ 1+c¢
1 if S=N.

where ¢ is a strictly positive real number to be determined as follows.
n

We have Cs. (u(x)) = Z {ua(i) (To)) — ug(i—l)(ma(i—l)>:| Be(Xo))

i=1

= Uy (1) (To(1) Be(N) + ) (uou)(wo(i)) - uo<z1>(ﬂfa<i1>)) B:(Xo@))
1=2

1
= Uo()(To) + 7 > (ua@) (To(i)) — ua(i—1>(fva<i—1>)) #(Xo))
=2

1 n
= 11e [Ua(l)(ma(l)) + Zz_; (uo(i) (xa(i)) - uo(i—l)(ffa(i—l))) M(Xa(i)>:| +1 + 5”‘7(1)(:130(1))
1 €
= EC# (u(z)) + 1T 5ua(1)(%(1))-
1
Therefore Cp, (u(m)) =7 g [CM (u(m)) + 5“0(1)@0(1))] .
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1
1+e¢

5(“0(1)(33211)) - “7(1)@3(1)))1 Vi=1,...,p—1L

We then have Cj, (u(ac”l)) — Cp. (U(xl)) =

(Gufute) = ufute) )+

We are looking for € such that Cp, (u(z™™)) — Cs_(u(z’)) > 0foralli=1,...,p— 1.
Cs. (u(z™)) — Cp. (u(z?) > 0 <= e(ug(l)(mf;&l)) — U'y(l)(xi,(l))) > —(C“(u(:vi“)) -

Culuts) ).

We consider the set Q ={i=1,...,p—1: ua(l)(mf’ﬂ)) - uy(l)(xfy(l)) < 0}.

o IfQ =10, then foralli=1,...,p— 1, we have ug(l)(mf:gll)) — uv(l)(xfy(l)) > 0.
Thus for all i = 1,...,p — 1, Cp_(u(z™™)) — Cs_(u(z")) > 0 Ve > 0.

C 7 _ C i+1
o If Q # (), we choose ¢ such that 0 < € < min ( “(u(l;zl) “( ( - ))) in such a
e \u (1)('730(1)) - “7(1)(%(1))

way that Cg_(u(z™)) — Cs. (u(z’)) > 0 foralli=1,...,p— 1.
6L (0(e9) — Cufuta™™)

Uo(1) (T (1)) — Uy1) (@ 1))
information { P, I'} is representable by the Choquet integral model Cj..

1

So in both cases we can choose ¢ = —m1§121<
ic

) such that the

Moreover we have :

/A S i) L < TRRITSERT 005

— |
KCN\A (n a—l—l). LCA
(n—a) Deg (N Ayuz) + Y RO s (g )
n_a_'_l‘LCA KCN\A (n—a+1)! LCA
(n—a)! (n—a) ¢
= EN a B N A UL
A + ,Z BAN\A)UL) +
(n—k—a)lk! Z —
Y ) (F)TB(K UL
KCN\A (n—a+1) LCA
(n —a)! 1 (n—a)
= + Z p((N\AYUL) +
m—a+1)! 14+en—a+1 'LcA
1 (n—k—a)lk! Z s
> RS e U )
1+5K€N\A (n—a+1)! =
€ 1
_ 1
[ L prp |
As I* = 0, we have I% = —° L >0
A A 14en—a+1" 7

Thus there exists a possible positive interaction into A. Hence there is no null interaction

into A.



Note that, if the modified capacity shows a possible null interaction into a set of criteria A,
the above process can be repeated. This will lead to exhibit a capacity in which there are

only positive interactions. Hence, null interactions are never necessary when [ = . [

Example 1. N = {1,2,3}, X = {2}, 2%, 23, 2*}, 2! = (6,11,9), 2> = (6, 13,7),
23 = (16,11,9), 2% = (16,13,7) and P = {(z*, 23), (2%, 2')}.

The ordinal preference information { P, I} is representable by the capacity p (such that Ity =
0) given by Table|l and Choquet integral corresponding is given by Table @

s {1} {2} {3+ {12} {13} {23} {1,2,3}
uS) 0 05 0 1 0 0.5 1

Table 1: A capacity 1 € Cpyer such that It = 0.

x o 22 !

Cu(u(z)) 13 11 95 85

Table 2: Choquet integral corresponding at previous capacity .
The linear order induced by the Choquet integral is x* P23 P x? P z*.

c, (u(:v3)) -C, (u(m4))

“0(1)@3(1)) - Uv(l)(xiu))

11-13

——— =05
7—9

We have 2 = {3} and ¢ = = X

1 1
— = — X
2 2

A capacity B* € Cprep such that ]f; > 0 and Choquet integral corresponding at B* are
respectively given by Table[3 and Table [}

s {1y {2y {3 {12} {13} {23} {1,2,3}
prsS) o0 1/3 0  2/3 0 1/3 1

Table 3: A capacity B* € Cpyer such that If; > 0.

x 23 x? xt

Cpu(u(z)) 11 10.33 8.33 7.66

Table 4: Choquet integral corresponding at previous capacity S*.

1 e 1 —0'5><1—1>o
1+e B 1473-24+1 1572 6~

Now we will restrict ourselves to the case of generalized binary alternatives. The

Indeed, I =

following two propositions are still in (Kaldjob Kaldjob et all [2020). We give the proof
again to facilitate the task for the reader. The following proposition gives a necessary and
sufficient condition for an ordinal preference information on BY containing no indifference
to be representable by a Choquet integral model.
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Proposition 2. Let {P,1} be an ordinal preference information on B9 such that I = ().
Then, {P, I} is representable by a Choquet integral iff the binary relation (PUM) contains

no strict cycle.

Proof. Necessity. Suppose that the ordinal preference information {P,1} on BY is
representable by a Choquet integral. So there exists a capacity p such that {P, I} is
representable by C,.

If PU M contains a strict cycle, then there exists xqg, 1, ..., 2, on BY such that

zo(PU M)z (PUM)...(PUM)x.(PUM)zy and there exists two elements x;, x;41 €
{zo,x1,...,2,} such that x; Px; ;1. Since { P, I } is representable by C,,, therefore C,,(u(zo)) >
o> Culu(xy)) > Cu(u(zisr)) > ... > Cu(u(xg)), then C,(u(xg)) > Cp(u(zo)), contra-

diction.

Sufficiency. Assume that (PUM) contains no strict cycle, then there exists {Bo, Bi, . .., By}
a partition of BY, build by using a suitable topological sorting on (P U M) (Gondran and
Minoux, [1995)).

We construct a partition {Bg, By, ..., B} as follows:

By = {z € B9:Vy € B, not [x(P U M)yl},

By = {x € BI\By : Yy €B\By, not [x(P U M)y|},

B ={x € BI\(ByU...UB;_1) : Yy € BI\(ByU...UDB;_1), not [z(P U M)y|}, for all

1=1,2,...,m.

Let us define the mapping ¢ : BY— P(N), f : P(N) — R, pu : 2V — [0,1] as
follows:
¢(ag) = S for all S C N,

0 if £=0
f(o(x)) = { ' ’ for all ¢ € {0,1,...,m}, Vo € By,

(2n)t if €€{1,2,...,m}
p(S) = %, where fg = f(¢(ag)) for all S C N and a = fy = (2n)™
Let ag, ar € BY such that ag P ap. We show that C,,(u(as)) > C,(u(ar)).
Since ag,ar € BY and {By,B,...,B,} is a partition of B9, then there exists r,q €
{0,1,...,m} such that as € B,, ar € B;. As ag Par, then r > ¢, thus C,(u(ag)) =
2n)"
pu(S) = fs _(2n)
Q Q
e If ¢ =0, then ar € By and ag € B, with r > 1.
As Cy(u(ar)) = Cu(u(ao)) = u(0) = 0, then Cy(u(as)) > Cp(ular)).

q
o Iqul,CH(u(aT)):u(T):ﬁ:@,sincelgqgm—l.
a Q
r q
But r > ¢ therefore C,(u(ag)) = (QZ) > (QZ) = C,(u(ar)), then C,(u(as)) >

Cp(u(ar)).
11



Hence, in both cases we have C,(u(ag)) > C,(u(ar)). Therefore {P, I} is representable
by C,,. [

Given the ordinal preference information {P, I} on BY under the previous conditions,
the following proposition shows that; it is always possible to choose in Cpf( P, I), one
capacity allowing all the interaction indices are strictly positive. This result shows that
positive interaction is always possible for all subsets of criteria in general Choquet integral
model if the ordinal information does not contain indifference. In other words, when there

is no indifference, negative and null interactions are not necessary.

Proposition 3. Let {P, I} be an ordinal preference information on B9 such that I = (),
and (P U M) containing no strict cycle.

Then there exists a capacity v such that C, represents {P,1} and for all

A C N, such that |A| > 2, we have: T > 0.

Proof. The partition {By, ..., B,,} of BY and the capacity u are built as in proof of Propo-
sition : wu(S) = fs , where fs = f(¢(ag)) and a = fy = (2n)™.

In Proposition I 2| we have proved that C), represents {P, I}.

Let A C N such that |A| > 2, to show that I’{ > 0, we will prove that for all K C N\ A,

S (=) u(K U L) > 0.

LCA
Let K € N\ A. According to Lemma [1| we have:

M =St un = Y | S ukun - X ko)

LCA p=0, LCA, LCA,
- p even l=a—p l=a—p—1

Let LC A, |L| =a—pwithpe {0,1,...,a} and p even.

As KUL 2 K UL\ {i} for all i € L, then axyr(P U M)agur\ iy, hence there exists
q € {1,2,...,m} such that axyr € B, and Vi € L, there exists r; € {0,1,2,...,m} such
that aruL\{i} € Bn‘ with r; < g —1.

Then u(K UL) = (2n)? = (2n)(2n)?* ' and pu(K U L\ {}) = ( n)r.
SowehaveZu(KUL\{i}):Z2n“<22nq1 2n)7 1

1€l i€l i€l
As 2n >, then (K U L) Zu K UL\{i}) , hence Z u(KUL)> Z ZM(KU
ieL LCa, LCA, i€l
l=a—p l=a—p

LA Ai}).

According to Remark {| (with ¢ = a — p), we have

a

YO wEUL\{i}) = (p+1) > p(KUL) > Y p(KUL)since (1)) =p+1> 1.

LCA, €L LCA, LCA,

l=a—p l=a—p—1 l=a—p—1

Then » w(KUL)> Y wKUL)ie, [ Y wKUL)— >  p(KUL)]>0.
LCA, LCA, LCA, LCA,
l=a—p l=a—p—1 l=a—p l=a—p—1

12
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Figure 1: An illustration of the elements B,,, By, By, and By such that m > ¢ > r; > 0.

Therefore y { Y owKuL) - Y u(KUL)] >0, ie., AL >0 0
p=0, eL_QA, Z_LQAy

The following example illustrates this two previous results in this section.

Example 2. N = {1,2,3,4}, P= {(agg,al), (a234,a123), ((Ig,alg,)}.

The ordinal preference information { P, 1} contains no indifference and the binary relation
(P U M) contains no strict cycle, so {P,1} is representable by a general Choquet integral
model. A suitable topological sorting on (PUM) is given by: By = {ao}; Br = {a1, a3, a4};
By = {als,a14,a34}; Bs = {az}; By = {G127a23,a24}; Bs = {a123,a124,a134}; Bs = {CL234}
and By = {an}. The preference information {P, I} is representable by the following
capacity pi:

S 87 x u(9) It

{1}, {3} 8 -
{2}, {4} 8’ -

{1,2} 84 0.33

{1,3}, {1,4} 82 0.33
{2,3}, {2,4} g4 0.33

{3,4} 82 0.33

{1,2,3}, {1,2,4}, {1,3,4} 8° 0.49
{2,3,4} 86 0.50

N 87 0.99

Table 5: The capacity p and the corresponding interaction indices.

We can see that I'y > 0, YA C N such that |A| > 2.
13



5. Result in the general case

In this section, we assume that the ordinal information may contains indifference and we
generalize our previous results. The following proposition gives a necessary and sufficient
condition for an ordinal preference information on Y to be representable by a general

Choquet integral model.

Proposition 4. Let {P, I} be an ordinal preference information on BY.
{P, I} is representable by a Choquet integral if and only if the binary relation (PUMUI)

contains no strict cycle.

Proof. Necessity. Suppose that the ordinal preference information {P,/} on BY is
representable by a Choquet integral. So there exists a capacity pu such that {P, I} is
representable by C,,.

If P U M contains a strict cycle, then there exists zg, x1,...,x, on BY such that
ro(PUMUIDNz(PUMUI)..(PUMUIz,(PUMUI)xy and there exists x;,z;41 €
{zo,x1,...,2,} such that x; Px; 1. Since { P, I } is representable by C,,, therefore C,, (u(z)) >
o2 Culu(xy)) > Cu(u(zigr)) > ... > Cuu(xg)), then C,(u(xg)) > Cp(u(zo)), contra-

diction. So, P U M U I contains no strict cycle.

Sufficiency. We assume that the graph (B9, PUM UI) does not contain any strict cycle
and let us define the relation equivalence Ry, on BY by: For all x,y € gen, xRy if
and only if x TCr py y and y TCropr x. Let us pose B = BY/Run the quotient set of B9
by the equivalence relation R ys. Let us define on the set B’ the preference relation P’,
the indifference relation I’ and the MOPI relation M’ by: for all A, B € B/,

e APB<=da€ A, dbe B:aPhb,
e A'B<=dac A, dbe B:alb.
e AM'B<=3Jac A, Fbe B:aMb.

Since the graph ( B9, P U M U I) contains no strict cycle, therefore the graph
(B', P U M) contains no strict cycle. But the graph (B', P’ U M’) contains no indif-
ference (i.e., I' = (), then there exists {8}, B}, ..., B.,} a partition of B’, builds by using
a suitable topological sorting on graph (B’, P’ U M’) (Gondran and Minoux, (1995).

We construct a partition {B(, B, ..., B.,} as follows:

By ={A e B :vYC € B, not [A(PUM)C|}, B = {A € B'\ B, : VC € B"\ B, not
A(PUMCY},

Bi={AeB\(ByU...UB,_,):¥YC e B\ (ByU...UB._,), not [A(P U M)C]}, for all

1=1,2,...,m.

14



Let B, ={x € A : A€ B} foralli =0,1,...,m. Therefore {By, By,...,B,} is a
suitable topological sorting on graph (B9, PUM U I) since {B}, B}, ...,B,,} is a suitable
topological sorting on graph (B', P U M").

Let us define the mapping f : B/Y— R and p : 2V — [0,1] as follows: for ¢ €

(0.1,....m}, Vo € By, f(oz)) = { 0 if (=0,

— Is
(2n)¢ if L€ {1,2,...,m}. wS) = o where
fs = f(é(as)) and a = fy = (2n)™.

Let ag,ar € BY.

e Assume that aglar, therefore there exists A € B’ such that ag,ar € A. Since A € B/,
thus there exists ¢ € {0,1,...,m} such that A € B}, then we have ag,ar € By.

— If £ =0, therefore C,(u(ag)) = 0= C,(u(ar)).

— If £ € {1,...,m}, therefore C,(u(as)) = (22) = Cy(u(ar)).

In both cases, we have C\,(u(as)) = C,,(u(ar)).

e Assume that ag P ar, then there exists A € B, C € B, such that as € A, ar € C

2 '
with r,¢ € {0,1,...,m} and r > ¢q. We then have C,(u(asg)) = u(S) = Is — ( Z) )
a

(2n)"

— If ¢ =0, therefore C\,(u(ar)) = u(T) =0 <

— If ¢ € {1,...,m}, therefore C,(u(ar)) = p(T) = Jr_ ) . Since r > ¢,
a
@) _ (2ny

therefore (2n)" > (2n)?, then ——
o «

Thus {P, 1} is representable by C,,. O

, e, Cy(u(as)) > C,(ular)).

Remark 6. In the case where I = (), the previous Proposition || say that: {P,1} is
representable by a Choquet integral model if and only if the binary relation (P U M)
contains no strict cycle. Which coincides with proposition |9, therefore Proposition|[] is a

generalization of Proposition [3.

The following proposition gives a sufficient condition on {P, I} such that positive
interaction is always possible within all subsets of criteria in general Choquet integral

model.

Proposition 5. Let {P,1} be an ordinal preference information on B9 such that (P U
M UI) containing no strict cycle. If not(asTCropan) for all S C N, then there exists a
capacity p such that C, represent {P,1} and I'y > 0 for all A C N such that |A| > 2.

15



Proof. Partition {B|,...,B.,} of B' and {By, ..., B,,} of BY are built as in proof of Propo-
sition [l
Let us define the mapping ¢ : BY— P(N), f : P(N) — R and u : 2V — [0,1] as
follows: for all S C N, for all £ € {0,1,...,m}, for all x € B, ¢p(ag) =5

0 if ¢=0,
f(@(x)) =< (2n)* if ¢€{1,2,...,m—1},

(2n)™*t™ if £ =m.
u(S) = &, where fs = f(¢(as)) and a = fy = (2n)""™,
Let ag,ar € B? such that ag P ap. We show that C\,(u(as)) > C,(u(ar)).
Since ag,ar € B? and {By,B,...,B,} is a partition of B9, then there exists r,q €
{0,1,...,m} such that ag € B,, ar € B,. As as P ar, then r > q. We have C,(u(as))

(ls) =
u(S) = Is = (QZ)T (if1<r<m-—1)or (2n)" (if » = m), we then have C,(u(ag)) >
(2n)"

o .

e If ¢ =0, then ar € By and ag € B, with r > 1.
As Cy(u(ar)) = Cu(u(ao)) = u(0) = 0, then Cy(u(as)) > Cp(ular)).

2In)4
:ﬁ:ﬂ,sincelgqgm—l.
Q «a

But r > ¢ therefore C),(u(as)) > (QZ)T > (QZ)Q
Cu(u(ar)).

o Ifg>1, Cu(ular)) = pu(T)

= Cy(u(ar)), then C,(u(as)) >

Hence, in both cases we have C,(u(ag)) > C,(u(ar)). Therefore {P, I} is representable
by C,..

Let ag, ar € B? such that ag I ap. We show that C,(u(ag)) = C,(u(ar)).
Since ag I ar, then there exists r € {0,1,...,m} such that ag, ar € B,, thus

Cu(ulas)) = p(S) = u(T) = Cu(ular)).

Let A C N, according to the Lemma [I] we have:

(n—a+1)!xIh= Y (n-k—a)k) (1) ‘w(KUL)

KCN\A LCA

=Y kg Y [ S uKuL) - Y M(Kum]

KCN\A pp;f;l ZL:gi\, Z:L%ALl
= Z Z {ZM(KUL)— Z ,LL(KUL)],Since(n—k—a)!k!Zl.

KCN\A p=0, LCA, LCA,

- p even l=a—p l=a—p—1
Moreover, Z Z [ Z w(KUL) — Z M(KUL)]
KCN\A »=0, [EQA, éiLgA,
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:{Z iZM(KUL]—{Z Z > KUL}

KCN\A p=0, LCA, KCN\A p=0, LCA,

peven[ap peueneap 1
[ ZZ (N AU+ T ZZ KUL}
KEWa p e,

{ZZZ WK U D)

KCN\A p=0, LCA,
p even f=a—p—1

{ZZZ WK U D)

KCN\A p=0, LCA4,

p even f=a—p—1

Therefore, (n —a+ 1)k! x I'{ > p(N [Z Z Z KUL}

KCN\A p=0, LCA,
p even f=a—p—1

We still have to prove that pu(N [ Z Z Z (KUL)| >0.

KCN\A p=0. LCA,
p even {=a—p—1

Let K C N\ A, pe{0,...,a} even number and L C A with { = a —p — 1. We have
L C A, therefore K UL C N, then by hypothesis not(ax,,TCropman). Thus ay € B,
and there exists (xyr, € {0,1,...,m — 1} such that axyr € Bey, -

1
Then u(K U L) = —(2n)*xvt or u(K U L) = 0, so in both cases we have u(K U L) <
a

1
_(2n>ZKUL'

Therefore, Z i Z (KUL) Z Z Z 2n lkuL

KCN\A »=0, LCA, KCN\A p=0, LCA,

pevenéapl pevenlapl

< ) Z > - Lianymt = ;(2)"-1(271)"1—1.

KCN\A p=0, LCA,

p even {=a—p—1

l n=1(9,)m-1 _ 2n=1(2p)m-1 _ 911 (2p)m1
Moreover, we have a(2) (2n) (2n)"(2n)™ 202" 1(n)"(2n) (2n)m 1
- 4pntl <l= ﬂ(N)

Hence we have u(N [Z Z Z KUL}

KCN\A p=0, LCA,

peven[ a—p—1

{Z Z > KUL}>O.

KCN\A p=0, LCA,
p even f=a—p—1

We can therefore conclude that (n —a + 1)! x I'{ > 0,i.e., I’} > 0. O

The following lemma gives a simplified condition of previous condition
not(asTCrypan) for all S C N.

Lemma 2. The previous condition [not(as T'Crop an) for all S C N| is equivalent at
[not(aN\{i} TCrom an) for alli € N].

17



Proof. Necessity. Suppose that not(ag T'Cruay aw) forall S C N, then not(an i3 TCrom an)
for all i € N since N\ {i} C N for all i € N.

Sufficiency. Assume that not(an\(;3 TCrum ay) for all i € N. Let be S C N, then
there exists i € N\ S. We have S C N\ {i}, therefore an\p;y M ag. Thus an\piy M ag

and IlOt(CLN\{i} TC]UM CLN), SO not(ag TC]UM CLN>. ]
The following example illustrates our two previous results from this section.

Example 3. N = {1,2,3,4}, P = {(a237a1)7 (a234,a123), (CLQ,(llg)} and I = {(CL14,CL23)}.

The ordinal preference information {P, I} contains one indifference and the binary rela-
tion (PUM UI) contains no strict cycle, so {P, 1} is representable by a Choquet integral
model.

A suitable topological sorting on (P U M) is given by:

By, = {ao}; By = {ab as, a4}; B, = {a13, CL34}; B; = {CZQ}; By = {alz, (14, A3, A4} ;

Bs = {a123, 124, a134}; Bs = {a234} and By = {CLN}-

The ordinal preference information {P,1} is representable by a following capacity and

the corresponding interaction indices are given by the following table ju:

18



S 87 x 1u(.9) It

0 0 —

{1}, {3}, {4} 8 -

{2} 8? -
{1,2} gt 0.29
{1,3} 82 0.29
{1,4} gt 0.29
{2,3}, {2,4} 8t 0.34
{3,4} 82 1.04
{1,2,3}, {1,2,4} 8P 0.42
{1,3,4} 8° 0.43
{2,3,4} 86 0.53
N 87 0.83

Table 6: Capacity and the corresponding interaction indices.

We can see that I'y > 0, YA C N such that |A| > 2.

The following lemma gives a more simplified version of monotonicity condition. We

will use this lemma in our linear programs, in order to reduce the number of constraints.

Lemma 3. The monotonicity condition is equivalent to the following condition For all

SCN,Vie N\S, u(S) < u(Su{id).

Proof. Necessity. Assume that for all $,7 € 2V, [S C T = pu(S) < w(T)].

Therefore VS C N, Vi € N\ S, we have u(S) < u(SU{i}), since VS C N, Vi € N\ S, we
have S C S U {i}.

Sufficiency. Suppose that for all S C N, Vi € N\ S, u(S) < u(SU{i}).

Let S,T € 2V such that S C T, we show that u(S) < u(T).

- It S =T, then u(S) = pu(T) < w(T).

-IESCT, then T\ S ={i1,...,éi} #0, with r > 1. We have:

w(T) = p(SU(T\S))
= ,u(SU {i1,... air})
> /L(S u{i,... ﬂirfl})
> pu(SU{ir})
> pu(9).
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In both cases we have p(S) < u(T). O

6. A LP model testing for necessary interaction

This section builds on (Mayag and Bouyssou, 2019). We drop the hypothesis that we only
ask preference information on binary alternatives. We show how to test for the existence
necessary positive and negative interactions on the basis of preference information given
on a subset of X that is not necessarily BY.

Assume that the DM provides a strict preference P and an indifference I relations on a
subset of X. Let A be a subset of at least two criteria. Our approach consists in testing
first, in two steps, the compatibility of this preference information with a general Choquet
integral model, and then, in the third step, the existence of necessary positive or negative

interaction into A.

6.1. The process

Step 1. The following linear program (PL;) models each preference of {P, I} by in-

+
Yy

(Equation (la) or (1b)). Equation (1c¢) (resp. (1d) ) ensures the normalization (resp.

troducing two nonnegative slack variables oy, and ag, in the corresponding constraint

monotonicity) of capacity u. The objective function Z; minimizes all the nonnegative

variables introduced in (1a) and (1b).

Minimize Zy = Y (af, + o) (PLy)
(z,y)ePUI

Subject to

Cuu(z)) — Cululy)) + of, — ag, > ¢ Vr,y € X such that z Py (la)

Cuu(z)) — Cululy)) + o, — az, =0 Vo,y € X such that x [ y (10)

af, >0, ag, >0 Vr,y € X such that (P U )y

n(N) =1 (1c)

p(SU{i}) > p(S) VS TN, Vie N\ S. (1d)

e>0

The linear program (PL;) is always feasible due to the introduction of the nonnegative

variables af and ag,. There are two possible cases:

1. If the optimal solution of (PL;) is Zf = 0, then we can conclude that, depending on
the sign of the variable ¢, the preference information {P, I} may be representable
by a general Choquet integral. The next step of the procedure, Step 2 hereafter,

will confirm or not this possibility.
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2. If the optimal solution of (PL;) is Z; > 0, then there is no general Choquet integral
model compatible with {P, I'}.

Step 2. Here, the linear program (PLsy) ensures the existence of a general Choquet
integral model compatible with {P, I}, when the optimal solution of (PL;) is Z; = 0.
Compared to the previous linear program, in this formulation, we only removed the non-
negative variables Oz;y and g, (or put them equal to zero) and change the objective

function by maximizing the value of the variable ¢, in order to satisfy the strict preference

relation.

Maximize Zy = ¢ (PLs)
Subject to

Cu(u(z)) — Cu(u(y)) > € Va,y € X such that z Py (la)
Cu(u(z)) — Cu(u(y)) =0 Vx,y € X such that = I y (1b)
u(N) =1 (1¢)
p(SU{i}) > u(S) VST N, Vie N\ S. (1d)
e>0

Notice that (PLg) is solved only if Z; = 0. Hence, the linear program (PLy) is al-
ways feasible and it does not have an unbounded solution (it is not restrictive to suppose

that C,(u(x)) € [0,1]; Vo € X). Hence, we have one of the following two cases:

1. If the linear program (PL,) is feasible with optimal solution Zj = 0, then there is
no general Choquet integral model compatible with {P, I}.

2. If the optimal solution of is (PLs) is Z; > 0, then ordinal information {P, I} is

representable by a general Choquet integral model.

Step 3. At this step, we suppose the preference information {P, I} is representable by
a general Choquet integral model, i.e., Z5 > 0. In order to know if the interaction into
subset of criteria A is necessarily negative (resp. positive) w.r.t. the provided preference
information. At (PLy), we add the contraint (le) and we obtain the following linear

program denoted by PL4y (resp. PLAp).

Maximize Z3 = ¢ PL4y (resp. PLAp)
Subject to

Cy(u(z)) — C,(u(y)) > e Va,y € X such that x Py (la)
Cu(u(z)) — Cu(u(y)) =0 Vx,y € X such that = [ y (1b)
W(N) =1 (1)
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p(SU{i}) > p(S) VST N,Vie N\ S (1d)
Iy >0 (resp. I'{ <0). (le)
e>0

After a resolution of the linear program, we have one of the following three possible

conclusions :

1. If PLyy (resp. PL4p) is not feasible, then there is a necessary negative (resp.
positive) interaction into subset A. Indeed, as the program (PLy) is feasible with
an optimal solution Z5 > 0, the contradiction about the representation of {P, I}

only comes from the introduction of the constraint I’y > 0 (resp. Iy <0).

2. If PLYy (vesp. PL4p) is feasible and the optimal solution Z; = 0, then the
contraint C,(u(x)) — C,(u(y)) > € Vx,y € X such that x P y is satisfied with
e = 0, i.e., it is not possible to model strict preference by adding the constraint
I >0 (resp. I <0)in PL4y (resp. PL4p). Therefore, we can conclude that

there is a necessary negative (resp. positive) interaction into subset of criteria A.

3. If PLYy (resp. PL4p) is feasible and the optimal solution Z; > 0, then there is no

necessary negative (resp. positive) interaction into a subset of criteria A.

The following Table [7| and Table [§] give an idea of the decision variables and the number

of contraints of monotonicity.

Decision variables Number of contraints of monotonicity
PL, & Oé:—;w azy ( ) (@ cS C N) n(2n—l - 1)
PLy e, 1(S) (DS CN) n(2" !t —1)
PLixy = n(8) (WS SCN) n(21 1)
PLyp e, u(S) 0 S S S N) n(2" —1)

Table 7: Variables and number of contraints of monotonicity.
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Number of variables (S) Number of contraints of monotonicity

n=3 6 9

n = 14 28
n=> 30 75
n==~6 62 186
n = 126 441
n = 254 1016
n = 510 2295
n =10 1022 5110
n=11 2046 11253
n =12 4094 24564

Table 8: Number of variables 1(S) and number of contraints of monotonicty with 3 <n < 12.

In practice, the number of criteria generally does not exceed 12. Thus, with a common

solver, we are able to solve these linear programs.

6.2. Example

In this section, we illustrate our decision procedure with an example, inspired from
(Angilella et al., 2010). Let us consider a recruitment problem, where the executive
manager of a company looks for engaging a new young employee. The manager takes into

account the following four criteria:
1. Educational degree (abbreviated: Ed);
2. Professional experience (abbreviated: Ex);
3. Age (abbreviated: Ag);
4. Job interview (abbreviated: In).

In this example, X = {Arthur, Bernard, Charles, Daniel, Esther, Felix, Germaine, Henry,
Irene} and N = {1, 2, 3,4}.

The candidates, evaluated by the executive manager and their scores for every criterion
on a [0, 10] scale are presented in Table @ We suppose that the criteria have to be
maximized.

Now, suppose that the executive manager (the DM) on the basis of her preference structure
is able to give only the following partial information on the reference actions X’ = {Arthur,

Bernard, Charles, Germaine, Irene}:
(a) The candidate Charles (C) is preferred to candidate Bernard (B);

23



(b) The candidate Germaine (G) is preferred to candidate Arthur (A);

(¢) The candidates Charles (C) and Irene(I) are indifferent.

A B C D E F G H 1
8 3 10 ) 8 5 8 ) 0
6 9 0 9 10 7 10
7 10 2 8 4 5 9
5 10 9 6 7 4

Table 9: Evaluation matrix.

Step 1 Linear program (PL;) with nonnegative slack variables a5, agg, aba, aga, of;

and ag;.
o . . . + — + — + —
Minimize Z1 = ajp + app + by + gy + by + g

Subject to

C(C) = Cu(B) + afy — agp > <
CulG) = Cu(A) +agy —aga 2 €
Cu(C) = Cul) + afyy —ag; =0

N

) =5+ o + fiz + 1
B) =14 2134 + Tpzy
C) =
D) = 2+ 314 + 4f124

) = 6134 + 24013

F) =4+ p1ga + 204 + 2419
G) =5+ 2p104 + pr12 + 2p2
H) = 4+ p1a3 + 2423 + 23

I) = 2pt034 + 6pigq + 22

cppopenes
&)

M1z = [1; fi2 = H2
P13 = fas fag = P
Hia 2 f1; fh1g = fJhg
Po3 = 25 Ho3 = U3
H2a 2 [25 fhog = fls
P34 = 135 f3a = [a
Hi23 = fh12; H123 = H13; H123 = H23
Hi24 2 fh12; Hi24 = (14} H124 = H24
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H134 = H13; H134 = Ha4; 134 = [34

H234 = fh23; 234 = H24; H23a = H34

Hi234 = H1235 1234 = [h124; 1234 = M4 [1234 = [ha34
pi23s = 1

e>0

+ - + - + -
adpy Aopy Agar Agas 0cp and agp > 0.

The linear program (PL;) is feasible and optimal solution of (PL;) is Z; = 0, then
we can conclude that, depending on the sign of the variable ¢, the preference information
{P, I} may be representable by a general Choquet integral. The next step of the proce-

dure, Step 2 hereafter, will confirm or not this possibility.

Step 2 The linear program corresponding to the test of the existence of a capacity u

compatible with ordinal information {P, I'} is the following:

Maximize Z; = €
Subject to

Cu(C) = Cu(B) = €
C(G) — C(4) 2
Cu(C) = Cu(l) =0

A) =5+ iz + s + [
B) =14 24134 + Tpzy
C) =
D) =2+ 3124 + 4ping

) = 6pt13a + 24013

F) =4+ paga + 204 + 2419
G) =54 2p104 + pr12 + 2p2
H) =4+ ju123 + 24193 + 2413

= 21934 + 6124 + 210

":Q ":Q KQ "RQ ":Q IQ IQ ‘:Q "EQ
S/‘\/\/‘\a/‘\/‘\/‘\/‘\

Pa2 = H1; Hiz 2 fh2
P13 = fas Hag = P
P14 = fia5 fia 2> fa
Po3 = 25 Ho3 = U3
Hoa = b2} fhog = flg
P34 = 135 H3a = [a
H123 = f12; H123 = H13; H123 = H23
Hi24 2 fh12; 124 2 14} H124 = H24

25



H134 = H13; H134 = Ha4; 134 = [34

H234 = fh23; 234 = H24; H23a = H34

Hi234 = H1235 1234 = [h124; 1234 = M4 [1234 = [ha34
pi23s = 1

e>0

The linear program (PLs) is feasible and optimal solution of (PLjy) is Z5 = 3.8 > 0,
then we can conclude that, the preference information {P, I} is representable by a general
Choquet integral model. Moreover, the results obtained by solving (PLy) are given by
Tables [10] and [I11

S 1(S)

0, {1}, {3}, {4}, {13}, {1.4}, {3,4} 0O
(2}, 12,3}, {2,4}, {2,3,4) 0.9
(1,2}, {1,2,3}, {1,2,4}, {1,3,4}, N 1

Table 10: Capacity compatible with (PLs)

x A B C D E F G H I

Cufz) 6 3 9 86 6 86 98 68 9

Table 11: General Choquet integral corresponding at previous capacity p

Step 3 In order to know if the interaction within the subset of criteria {1,2,3} is
necessarily negative (resp. positive). We obtain the PL3 (resp. PL%) by adding

at the previous linear program (PLsy) the constraints I3 > 0 (resp. Ily; < 0) with

I3 = paasa + fl123 — 124 — 134 — Hoga — Hag — s + (14 — fog + floa + s + 1 + flo + f3 — fa.

e The linear program PLY% is feasible and the optimal solution is Z; = 3.8 > 0.

Then interaction within {Educational degree, Professional experience, Age} is not

necessary positive. Moreover, the results obtained by solving PL?3 are given by

Tables |12| and |13| (with I}, = —2.375 < 0).

S ()
0, {1}, {3}, {4}, {1,4}, {3,4} 0
{2} 0.6875
(2,4} 0.9375

{1,2}, {1,3}, {2,3}, {1,2,3}, {1,2,4}, {1,3,4}, {2,3,4}, N 1

Table 12: Capacity compatible with PLL23
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+ A B C D E F G H I
Cuz) 7 3 9 875 8 825 9375 7 9

Table 13: Choquet integral corresponding at previous capacity u

e The linear program PLL%; is feasible and the optimal solution is Z; = 3.8 > 0.

Then interaction within {Educational degree, Professional experience, Age} is not

necessary negative. Moreover, the results obtained by solving PLY?, are given by

Tables |15 and |14 (with I{5, =1 > 0).

S u(S)

0, {1}, {2}, {3}, {4}, {1,2}, {1,3}, {1,4},{2,3}, {3,4}, {1,3,4} 0O
{2,4}, {2,3,4} 0.125

{1,2,3}, {1,2,4} 0.2

N 1

Table 14: Capacity compatible with PL}3;

rx A B C D E F G H I

Cuz) 52 1 1 31 0 445 54 42 1

Table 15: Choquet integral corresponding at previous capacity p

7. Conclusion

This article studies the notion of interaction within a subset of criteria of any size, in the
Choquet integral model. We make a restriction in the case where the DM gives preference
information on a set of finite number of alternatives, as opposed to the continuous setting
used in (Timonin) 2015, 2016a,b)). The capacity to represent this preference information is
not unique. Moreover, the interpretation of the interaction effects between criteria requires
some caution. Indeed, we gave some examples in which the sign of the interaction index
depends upon the arbitrary choice of a capacity within the set of all capacities compatible
with the preference information. This has led us to we extend concept of necessary
and possible interaction introduced in (Mayag and Bouyssou, 2019). Only necessary
interactions are robust since their sign and, hence, interpretation, does not vary within
the set of all representing capacities.

Our first result prove that null interaction is not necessary in a general Choquet integral
model when the preference of the DM contains no indifference. This extends Proposition

1, Page 7 in (Mayag and Bouyssou, 2019)).

27



Our second result gives a necessary and sufficient condition for ordinal preference
information contains no indifference on generalized binary alternatives to be representable
by a general model of Choquet integral. This extends Theorem 1, Page 305 in (Mayag
et al., 2011)).

Under the condition of our second result, our third result shows that in the frame-
work of generalized binary alternatives, if the ordinal preference information contains no
indifference, it is possible to represent it by a general Choquet integral model which all
Shapley interaction indices into a subset of criteria are strictly positive. This extends
Theorem 2, Page 10 on (Mayag and Bouyssou, 2019).

We have extended these results assuming that there is possibly to have an indifference
relation. Then we have given a sufficient condition on ordinal information so that positive
interaction is always possible into all subsets of criteria in general Choquet integral model.
We have proposed a linear program inspired by (Mayag and Bouyssou, [2019)) allowing to
test whether the interpretation of the interaction indices is ambivalent or not.

The subject of this paper offer several avenues for future research.

In fact, It would be interesting to solve the dual problem. Indeed, is it always possible to
build a capacity relative to which all the interaction indices will be strictly negative?

The notion of interaction would deserve further study. In particular, it would be inter-
esting to have a definition that would not depend on a particular aggregation technique
or on a particular index.

It would finally be interesting to study the case of bipolar scales. We are already

investigating some of these research avenues.
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