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EYRING-KRAMERS TYPE FORMULAS FOR SOME PIECEWISE
DETERMINISTIC MARKOV PROCESSES

DORIAN LE PEUTREC, LAURENT MICHEL, AND BORIS NECTOUX

ABSTRACT. In this work, we give sharp asymptotic equivalents in the small temperature
regime of the smallest eigenvalues of the generator of some piecewise deterministic Markov
processes (including the Zig-Zag process and the Bouncy Particle Sampler process) with
refreshment rate o on the one-dimensional torus T. These asymptotic equivalents are usu-
ally called Eyring-Kramers type formulas in the literature. The case when the refreshment
rate o vanishes on T is also considered.

Keywords. Piecewise Deterministic Markov Processes, small temperature regime, Eyring-
Kramers formulas, metastability, spectral theory, semiclassical analysis.
AMS classification. 35P15, 47F05, 35P20, 35Q82, 35Q92.

1. INTRODUCTION

1.1. Purpose and motivation. Piecewise Deterministic Markov Processes [9] (PDMP
hereafter) have recently attracted a lot of attention for their use within the Markov Chain
Monte Carlo methodology. Given a potential U : M — R on a d-dimensional manifold M
without boundary, such processes are indeed ergodic with respect to the Gibbs measure

Ju e iV
dx being the Lebesgue measure on the position space M. Here, the parameter h > 0 is
proportional to the Boltzmann constant kg through the relation h = kg1, T being the
temperature of the underlying system. When h > 0 is fixed, the ergodic properties and
the rate of convergence of such processes with or without a refreshment rate «, have for
instance been studied in [4, 10, 14, 12, 1, 2,22 23] (see also references therein). We also

refer to [5] for a spectral analysis of the generator of the one-dimensional Zig-Zag process
and its corresponding semigroup when A is fixed.

m(dx) = dzx,

In many applications in statistical physics where one needs to sample from 7, the positive
constant h is very small compared to the energetic barriers of U. Recently, the long time
behavior of the semigroups generated by the generators L;, of these processes on L? have
been investigated in [16] when h <« 1, where it has also been proved that in the subset
{Re(z) > —€egh} of the complex plane, L has exactly ng eigenvalues (ny being the number
of local minima of U), which are non positive, real, and exponentially small as h — 0.
Such results exhibit a metastable behavior of the PDMP when h «< 1, as it is the case for
diffusion processes (see e.g. [11] and references therein). In this work, we want to push

the analysis of the metastability of the PDMP further by proving that each of these ng
1
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eigenvalues satisfies a so-called Eyring-Kramers type formula when h — 0. Such sharp
formulas describe completely the successive timescales involved in the convergence of the
semigroup generated by —Lj to m, as it has been done in [3, 17] for elliptic reversible
diffusions.

Let us be more precise on our results. We work in the following setting: d =1 (i.e. the
dimension of the position space is equal to 1) and M = T, the one-dimensional torus. In
addition, we work with the operator P, defined below in (1.1) which is (up to a multipli-
cation by —h) unitary equivalent to Ly, see (1.2). Thus, all our results are easily translated
in terms of L. The purpose of this work is to compute sharp asymptotic equivalents of
the ng smallest eigenvalues of P, (or equivalently, those of L;) in the limit A — 0, see
Theorems 2 and 3. In particular these asymptotic equivalents allow us to provide a sharp
exponential decay rate of the semigroup associated with =P, in L? when h « 1, see Corol-
lary 1.5. These results hold when (1.4) is satisfied, which implies that the refreshment
rate o does not vanish at critical points of U (i.e. where 9,U = 0), see (1.5). The case a =0
when 0,U = 0 is investigated in Section 1.4, where we show that the smallest eigenvalues
of Pj, satisfy different asymptotic equivalents as h — 0, see Theorem 4

To compute sharp asymptotic equivalents of the ng smallest eigenvalues of Pj, we proceed
as follows. We first introduce a suitable change of variables to turn the eigenvalue problem

(Ph - )\)'LL =0
into a nonlinear eigenvalue problem:
(AV,h - A\W + /\2)g = O,

where V' = -U, Ay, is the Witten Laplacian associated with V, and W = 2|0, U| + «
(see (2.7) and Lemma 2.2). Using a Grushin problem and known results on the low-lying
spectrum of Ay j,, we then prove that when A is small enough, the kernel of Ay, + AW + A2
is composed of the singularities of a holomorphic function A = E_, () € Croxmo (see (2.23)).
We finally investigate the localization of the singularities of A » E-1(\) to deduce sharp
asymptotic equivalents of the ng smallest eigenvalues of Pj,.

1.2. Setting. Let E = {(z,v) € T x {£1}}, where T = R/Z is the one-dimensional torus.
Consider the following unbounded operator Py, on L?(E) associated with a smooth function

U:T - R defined by
(1.1) Pn=-vdyp+2(v0,U).(I-B)+a(l-m,),

where dyj, = h0,+0,U, a: T — Ris a C* non-negative function (the refreshment rate), h > 0
is a parameter proportional to the temperature of the underlying statistical system, | is
the identity operator, and B and m, are defined by

V(z,v) €E, Bf(z,v) = f(z,-v)
and

mof(,0) = 50 41) + (2, -1)
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for all f e L?2(E). Here and in the following, for u € L2(E), we denote by u, = max(0, +u).
The operator P}, is linked to the Zig-Zag (or the Bouncy Particle Sampler generator) process
generator L, where Ly =00, — (%UOIU)Jr(I -B) - %a(l -7, ), through the relation

(1.2) P, =-henl Lyen?.

We refer to [3, 24, 7] and references therein for more details on these two processes (see
also [15] and [13, Section 3.1]). The space E = T x {1} is endowed with the natural scalar
product

(1.3) (f,9)r2E) = Zlff(x v)g(m v)dx.

Throughout this work, we will assume that
U:T - R is a smooth Morse function.

By definition, this means that 0?U(z) # 0 when 0,U(z) = 0, x € T. In particular, U
has a finite number of critical points on T. It is proved in [10] that P, with domain
D(Py) = {f € L*(E), v0,f € L?>(E)} is maximal accretive. The following spectral result
on Py in the limit & — 0 is also proved in [10].

Theorem 1. ([16, Theorem 1 and Proposition 13]) Assume that U is a Morse function
with ng local minimum points. Assume also that

(1.4) mTln(2|3xU|+oz) > 0.
Then, there exist €g > 0 and hg > 0 such that for all h €]0,ho], o(Pr) n{Re(z) < egh?} is

made of ng real nonnegative eigenvalues Ay, < ... < Ay n (counted with algebraic multiplic-
ity). Moreover, their algebraic multiplicities equal their geometric multiplicities and there
exist C' >0 and hg > 0 such that for all h € (0,ho], Apgn < € €. Finally, A\ ;, =0 and has
algebraic multiplicity 1.

Let us mention that dim Ker(Pj) =1 holds for all A > 0 (see [16]). In [16], it is assumed that

ming « > 0, but all the results of [16] still hold when the less stringent assumption (1.4)
is satisfied. Indeed, if (1.4) holds and u € D(P}), then Re (Ppu,u)r2g) 2 7 (1 = m)u?,
where 7, = ming 2|0, U|+a. This follows from the following computations. By [16, Lemma

5], since (I-B) =2(l-m,), one has for all u e D(P},), denoting by w = (I-m,)u (notice that
w(, D = |w(, =1)]):

Re (P, ) 2(p) = f(2v8 U).[(1 - B)uf? + /oz|(|—7rv)u|2

:f4(v(9mU +]w]2+[a|w|2
E E

_ 1 2 1 2 2 _ 2
_QfT4(amU)+|w| +2fT4(8mU)_|w| +fEa|w| —fE(2|8mU|+oc)|w|.

Notice that (1.4) allows « to vanish on T, but not everywhere since (1.4) is equivalent to:
(1.5) forany z €T, 0,U(x)=0 = a(z)>0.

The case when there exists x € T such that 0,U(z) = a(z) =0 is considered in Section 1.4.
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For our analysis, it is convenient to introduce the function
V=-U,

which is also a Morse function on T. We shall denote by U the set of local minima of V/
(i.e. of local maxima of U) and by UM the set of its local maxima (i.e. of local minima
of U). Since we are on the torus, the sets U(® and UM have the same cardinality nq.

Remark 1.1. As mentioned in the introduction, we use the spectral properties of the Witten
Laplacian

Ay =-h*A +10,V (2))* - ho*V (x)
to study the spectrum of Py,. Let us emphasize that, considering the Witten Laplacian acting
on the full space of differential forms, Ay, is simply AE},{ acting on 1-forms (through the
identification between functions and 1-forms) on the one-dimensional torus. In addition,
the Witten complex structure on the torus shows that U(AS}L) =o(Ayy) and thus

o(Avy) =0(Apyp), counting the multiplicities.

Furthermore, Ay, = d&hdU,h, where d(*]’h = -ho, + 0,U, and dyy induces a one-to-one
correspondance between the eigenfunctions of Ay, associated with its nonzero eigenvalues
(i.e. which are not in Span(e~U/")) and those of Ay, (i.e. which are not in Span(eV/")).
In the present setting, the application VU defined in (2.8) realizes a correspondance between
the Witten Laplacian and the generator Ly, of the PDMP.

We refer e.g. to the introduction of [13] and references therein on the Witten complex
structure.

Throughout the paper, we will say that a family of complex numbers (ay,)nso admits a
classical expansion in power of h# (where 8 > 0) if there exists a sequence (a*);so such
that, for all K >0, one has a;, = Yi-q a*h#* + O(hPE+D) when h — 0. In that case, we will
denote ay, ~ Y50 aFhF.

1.3. Main results. In this section we give sharp asymptotics of the exponentially small
eigenvalues \;5, 7=1,...,n9. Observe that if ng = 1, there is only one small eigenvalue by
Theorem 1 which is 0, and there is thus nothing to compute. We then consider the case
when ng > 2. We start with the following theorem, which gives the result in the simplified
setting of a non-symmetric double well potential V| or equivalently of a non-symmetric
double well potential U (see Theorem 3 below for the general case ng > 2).

Theorem 2. Let U be a Morse function. Assume that (1.4) holds and that U is made
of two elements my and my such that V(my) <V (msz). Assume also that the two elements
s1,82 of UM satisfy V(sy) > V(s2). Let ¢g > 0 be as in Theorem 1. Then, the second
smallest eigenvalue \oy, of Py, satisfies as h — 0:

1V () V7 (s2)]

Aoy = Gphe #VEIVD) yhere ¢ v S R3¢, and ¢ =

0 m a(my)
The situation where V' (m;) = V(ms) and/or V(s;) = V(s3) could be handled easily by
constructing adapted quasimodes in the spirit of [21]. Here, we decided to state our result

in the above simplified setting in order to lighten the formulas.
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Note that, in terms of U, s; and s, are the local minima and U(s;) < U(sz), while m;
and my are the local maxima and U(m;) > U(my). In addition, the energetic barrier
V(s2) - V(my) for V is the energetic barrier U(my) — U(sz) for U. Moreover,

_ l\/|U"(m2)|U"(Sz).

7 a(my)

Co

Let us now state our results in the general setting ng > 2. To this end, we need to label
the local minima and maxima of V' in a suitable way. The following construction is inspired

by [19] (see also [21] and [20]). In order to simplify, we assume from now that V' uniquely
attains its maximum at the point s; e UM i.e. that
(1.6) argmaxy V = {s1}.

Then, set UM = UM \ {s;}. Since ng > 2, U + @. We denote the elements of V(U®M)
by o9 > 03 > ... > oy, where N > 2. For convenience, we also introduce a fictive infinite
saddle value o = +00 and we denote ¥ = {071,...,0x}. Starting from oy, we will recursively
associate to each o; a finite family of local minima (m,;;); and a finite family (C,;); of
connected components of {V < ¢;} in the following way

*» Let X, ={x eT; V(z) <oy = +00} =T. We let m;; be an arbitrary global
minimum of V and C;; = T.

* Next we consider X,, = {z € T; V(z) < 09}. This is the union of its finitely many
connected components. Exactly one of these components contains m;; and the
other components are denoted by Cy1,...,Con,. In each component Cy ;, we pick
up a point my ; which is a global minimum of Vic, .

* Suppose now that the families (my, ;); and (Cg ;); have been constructed until rank
k=1-1. The set X,, = {x € T; V(x) < 0;} has again finitely many connected
components and we label C; ;, 7 = 1,...,NV;, those of these components which do
not contain any my, with & < 4. In each C; ;, we pick up a point m;; which is a
global minimum of Vi, .

We run the procedure until all the minima have been labeled.

Remark 1.2. Since we work on T, using the terminology of [19], every mazimum point
SE€ Q(l) 15 a separating saddle points whereas sy s not. In the case where V' attains its global
mazimum at several distinct points sy 1,...,S1, every mazimum point is separating and
the situation can be handled easily by a modification of the above construction. However,
this would lead to a slightly more complicated presentation of the results that we prefer to
avoid in this work.

We now recall some constructions of [21] and [20] that will be useful in the sequel. Through-
out, we denote by s, a fictive saddle point such that V(s ) = 01 = +oo0. For any set A,
P(A) denotes the power set of A. From the above labelling, we define two mappings

C:UD S PRY  and  j:U@ - PUD U{sL))
as follows: for every i€ {1,...,N} and je{l,..., N;},
(17) C(mm-) = Ci,jy
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and
(1.8) j(myy)={se} and  j(m,,):=0C;; nUD fori>2.
In particular, we have
Clmy;)=T and @#j(m;;)c{V=0;}foralli,je{l,...,N}.

Note also that, in our 1-dimensional setting, the cardinality of every j(m), m € U is 1
or 2.

We then define the mappings
o:U0 5% and S:UO - (0, +00],
by
(1.9) Vme U©®), o(m) =V (j(m)) and  S(m):=o(m)-V(m),

where, with a slight abuse of notation, we have identified the set V' (j(m)) with its unique
element. Note that S(m) = +oo if and only if m = m; ;. With the above notations, our
last assumption is the following:

» Equation (1.6) is satisfied.
« For any m € U®), m is the unique global minimum of Vic(m)-

1.10
(1.10) x For allm’# me U©®, j(m)nj(m') = 2.

* The map S: U©® — (0, +o0] is injective.

FIGURE 1.1. Schematic representation of the maps C and j. In this example,
the function V satisfies (1.10) and V(j(ms1)) = V(j(ms2)).

In particular, (1.10) implies that V' uniquely attains its global minimum on T at m; ;.
Moreover, the dimension being 1, (1.10) actually implies that every j(m), m € U has
cardinality 1. This follows for example from [20, Remark 1.7], by taking into account the
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dimension. Hence, identifying every j(m) with its unique element, the map j : U® —
P(UM U {s;}) defined in (1.8) becomes an injective function

(1.11) j:U® 5 UM U (s} such that j(my;) = Se.

In the following, when (1.10) holds, we label the local minima my,...,m,, of V such

-----

(1.12) forall je{l,...,no—1}, S(mj;1) <S(m;) and S(m;) =+oco (i.e. my =my,).

Remark 1.3. Note that, in the geometrical setting of Theorem 2, one has by construction
of S (see (1.9)) and of j (see (1.11)),

S(my) =V (s2) - V(mz) and j(mgz) = s,.
The main result of this work is the following.

Theorem 3. Let V = -U be a Morse function. Assume that (1.4) and (1.10) are satisfied.
Let €g > 0 be given by Theorem 1. Then, there exists hg >0 such that, for all h €]0, hy], the
ng eigenvalues Ay p, < ... < Ay p 0f Prin {Re(2) < €gh?} (counted with algebraic multiplicity)
satisfy: A\ =0 and, for all je {2,...,n0},

(1.13) Aip = Cu(my) he 7 50m),

where S : U — (0, +00] is defined in (1.9) (see also (1.12)) and {, admits a classical
expansion Cp(M;) ~ Y pso hggk(mj) with

i ;) - 2 )

where j:U©® - UW U {s,} is defined in (1.11).

b

Notice that, according to Theorem 3, A, is a simple eigenvalue of Py, for all je {1,...,nq}
and h small enough (that is dim ( Ker(Pj, — Aj5,)™) = 1 for every m e N*).

Remark 1.4. The assumptions (1.6) and (S: U — (0,+00] is injective) in (1.10) are
generic. They can be relaxed following the procedure of [20]. The whole assumption (1.10)
could also be relazed by following the strategy of [21].

Let us recall that by the Hille-Yosida Theorem, —P;, generates a strongly continuous con-
traction semigroup (e7*n);50 on L?(E). Let us recall that under the assumptions of The-
orem 3, according to [16, Theorem 2], we have, for some ¢ > 0 and every h > 0 small
enough:

70

e P =S e Nn Il + O(e™t)  in L(L2(E)),

j=1
where, for j =1,...,ng, IL;j, is the spectral projector associated with the eigenvalue A;j
of Pp,, and I, = O(1) in £(L?(E)). Using in addition Theorem 3, we get sharp asymp-
totic equivalents of the different timescales 1/A;; involved in the return to equilibrium.
This leads in particular to the following accurate exponential decay rate in L?(E) of the
semigroup (e7tPr);5q as h <« 1.
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Corollary 1.5. Let U be a Morse function. Assume that (1.4) and (1.10) are satisfied.
Then, there exist C' >0 and ho >0 such that, for all h € (0,hy), it holds for all t > 0:

< Ce—t)\Q,h7

JemtPe - Hlvhuﬁ(L2(E)) <

2S(mjy)

where, as h - 0, Ay = (o(mg) he™ 7 with (,(my) ~ Y uso h§<k(m2) and (p(my) given
by (1.14), and where I1, ;, is the L2(E) orthogonal projection on Span(eY/"1;.1y), where
Li.1y is the constant function on {1} which equals 1.

1.4. Extension of the results to the case when (1.4) is not satisfied. In this section,
we assume that

(1.15) forany z €T, 0,U(x)=0 = a(x)=0,

and we give asymptotic equivalents of the ng first eigenvalues of P, when (1.15) holds (and
then, in particular, when there is no refreshment at all, i.e. when « =0).

Theorem 4. Let U be a Morse function. Assume that (1.15) and (1.10) are satisfied.
Then, for any ¢ > 0, there exists hg > 0 such that, for all h € (0,ho], o(Py) n D(0,ch?) is
made of ny real eigenvalues Ay < ... < Apgn (counted with geometric multiplicity), which
all have geometric multiplicity one. In addition, A =0 and, for all j € {2,...,n0},

(116) >\j,h = Ch(mj)\/ﬁe_%s(mj),

where ¢, admits a classical expansion Cp(m;) ~ Y s hggk(mj) with

(1.17) Go(m,) = 5=V,

where j:U©® - UW U {s,} is defined in (1.11).

Compared with Theorem 3, we cannot exclude the existence of other eigenvalues in the
strip 0 < Re(z) < ch? with large imaginary part. The reason for this is that Theorem 1
does not apply when a and 0,U vanish simultaneously.

The prefactor (1.17) is consistent with the one obtained in [23, Theorem 1.1] for the
expected hitting time of a 1-dimensional PDMP with no refreshment. Indeed, when o =0
and V, and thus U = -V, is a non-degenerate double well potential (i.e. when U =
{m;,my} with V(m;) < V(my) and UM = {s;,s5} with V(s;) > V(s3)), Theorem 4
and [23, Theorem 1.1] imply that A=t Ao, E[7] = 1 + o(1) when h — 0, where 7 is the
first time X; reaches {my} when (Xo,Ys) = (s2,-1), where (X;,Y;) is the process with
generator Ly, on T x {+1}. Let us recall here that h=! Ay, is the first nonzero eigenvalue
of —Ly, (see (1.2)).

Of course, the situation where the refreshing function « vanishes at some critical points
x €T of U but not at all could easily be handled and would lead, for each eigenvalue A, j,
either to the formula given in Theorem 3 or to the formula given in Theorem 4, depending
on whether a(m;) >0 or a(m;) = 0.
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2. REDUCTION TO A FINITE DIMENSIONAL PROBLEM

In this section, we prove that, if A is small enough, we can reduce the infinite dimensional
problem (P, — Ap)u =0 into a finite dimensional nonlinear eigenvalue problem.

2.1. A suitable change of variables. Let us introduce some notation. For A\ € C and
r >0 we denote D(\,7) ={z€C, |z—- Al <r}. For two families of numbers a = (a;)n-o and
b = (bp)nso, we say that a € £,4(b) if there exists a family ¢ = (¢;)ns0 such that ay = byep,
and ¢ admits a classical expansion ¢, ~ ¥, cjh? with ¢y =1 as h — 0. In all this work,
C >0 and ¢ > 0 are constant which are independent of h and which can change from one
occurence to another.

Recall that E = T x {1} is endowed with the natural scalar product (1.3). Let F =
L2(T) x L?(T) and let (, )¢ be the Hilbertian structure induced by the isomorphism

Oy : L*(Tx{x1}) - L*(T) x L*(T)
(2.1) fl,+1)
f— A E
f(-1)
Then, € is unitary from (E, (,)2(e)) onto (F,(,)r), and
O D(Py) = HY(T) x H'(T).
Direct computations show that

) d 0 _ LU)+ 0
ledU,thl=( ((]]h Uh )7 0 (Ua:cU)+Qllz( ( O) (amU)_ )
0
1
(

Combining these identities with (1.
0

_ —d (0.U)y —(0.U)+ af 1 -1

1_ U,h i T “

(2.2) Q1P —( 0 dy )+2( U, (0.U). tod R

We now change the variables in F and consider the unitary transformation €2, : F - F
defined by

1
1

DO | —
[E W—Y

0,BO;! _( (1) ) and Q7,07 =
1)

, we get

QQ(f,g)=%(f+g,g—f)-

Consider the two vectors of R? given by e; = (i) and ey = (_11) Then, one has:

(2.3) 0Py (fer) = dunfes.
On the other hand,

(G5 O )-8
-2((0.0)- - @.0))(}) + 200,00+ @01 ()
= -20,U fey + 2|0,U| feo.
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It follows that:

O PLO N (fea) =dunfer —20,U fer + (o +2|0,U]) feq
=d_pgnpfer + (a+20,U]) fes

Combining (2.3) and (2.4), we get

QgglthfQ;l:( 0 duy )

(2.4)

dU,h o+ 2|8$U|
Set Qp, == QPO with domain D(Qy) = HY(T) x HY(T) on L2(T)?, i.e.
_ 0 d—U,h _ 0 dV,h
(25) Qh - ( dU,h %% ) - ( _d:—/’h W
where we recall that V = -U and where we denote
(2.6) W(x):=a(x) +2|0,U(x)| = a(z) + 2|0,V (z)|, zeT.

Since the transformation 25€2; is unitary from E onto F,
o(Pp) =a(Qn).

Remark 2.1. Note that the identity (1 - B) = 2(1 — w,), which is specific to the one-
dimensional setting, is crucial to derive the operator Qy.

We will in the following study the spectrum of Qj, to prove Theorems 2 and 3. Consider
the semiclassical Witten Laplacian Ay, associated with V' on T, that is (see Remark 1.1)
Ay = dydvy = =h*A+10,V (x) - hd7V (x), with domain D(Ay,,) = H*(T).

For X\ € C, we finally define
(2.7) Th(A) = Ay, = AW + A2 with domain D(Ay;,).

The following result is the key point of our analysis: it establishes an equivalence between
the spectrum of Q; and the kernels of the operators T,(\), A e C.

Lemma 2.2. The operator Qp with domain D(Qy) = HY(T) x HY(T) is closed and has
compact resolvent. In particular, it has only discrete spectrum. Moreover, A =0 is a simple
eigenvalue of Qp and dim(Ker T,(0)) = dim(KerQp,) = 1. Besides, for every A € C~ {0},
the application

U: Ker(Tp(A\) — Ker(Qn-M)
(2.8) g N %d;,hg )

is a linear isomorphism. Eventually, any p € C is a singularity of A~ Tp(A)~! if and only
if there exists g € H*(T), g + 0, such that T,(u)g =0.

Proof. The operator Qy, is closed on L?(T)? since it is a bounded perturbation of the closed
operator (0, hd,; h0,,0). The resolvent of Qj is compact since the injection H'(T) c L?(T)
is compact. Since Qy, is unitarily equivalent to Py, (see (2.5)), it follows from Theorem 1 that
A = 0 is a simple eigenvalue of Q. Moreover, since T,(0) = Ay, one gets Ker T, (0) = Ce
and then dim(Ker T,(0)) = 1.
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Let us now consider A € C~ {0}. For any g € Ker(T,(\)), one has g € H2(T) and thus
(3dv.rg,9) € D(Qy). It follows moreover from T, (A)g = 0 that

B 0 dyy Tdvng \ dv,ng _
Qhw(g)—(_d*v’h W )( A (=L Ayp+TW)g =AU (g).

This proves that W is well defined. The linearity and the injectivity of ¥ are obvious. To
prove its surjectivity, consider u = (g ) € D(Qp) such that Qpu = Au, i.e. such that

{ dv,hg =\f,
—d;’hf +Wg=M\g.

It follows from the first equation that g € H?(T) and, since A # 0, that u = (idg’hg).
Moreover, applying dj,, to the second equation leads to

Aypg =Ady, f=AWg- Ag.
Consequently, g € D(Ay}) and T,(\)g = 0, which proves the surjectivity.

It remains to prove the last statement of Lemma 2.2. To this end, let us consider y € C.
It is a singularity of X\ = T,(A\)~! if and only if T,(u) : H?(T) — L?(T) is not invertible.
Furthermore, since Ay, +1: H?(T) — L?(T) is invertible,

Th(A) =[1- (1 + AW = X)) (Ayp + 1) 7H(Ayp +1)
is not invertible if and only if 1 - B()) : L2(T) — L2(T) is not invertible, where B()\) =
(L+ AW =A%) (Ay+1)7L Since (Ayy +1)7t: L2(T) — L%(T) is compact, so is B(A). The
Fredholm alternative then implies that Tj,(u) is not invertible if and only if there exists

we L2(T), u # 0 such that (1 -B(X\))u = 0, that is if and only if there exists g € H?(T),
g # 0 such that T,(u)g = 0. This concludes the proof of Lemma 2.2. O

According to Lemma 2.2, for every u € C:

(2.9) peog(Pr) =c(Py) if and only if u is a singularity of A+ T,(\)™
and, for such a yu, one has

(2.10) dim(Ker(Py, — p)) = dim(Ker(Tp(u)).

To prove Theorems 2 and 3, we will thus investigate the singularities of A = T,(A)~! near 0.

2.2. Finite dimensional reduction, a Grushin problem. In this section, we show
that the singularities of Tj,(\) near 0 are those of a matrix valued holomorphic function
E_.(\). To this end, we will construct a so-called Grushin problem.

This construction relies on well known results on the low-lying spectrum of Ay,j,. From the
early works of Witten [20] and Helffer-Sjéstrand [18], we know that there is a one-to-one
correspondence between the local minima of V' and the smallest eigenvalues of Ay,. This
correspondence was further investigated by several authors and sharp asymptotic equiva-
lents of these small eigenvalues were finally obtained in [3] and [17] under assumptions on
the relative positions of the minima and saddle points, and in [21] in the general case. The
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following version gives the general form of these asymptotic equivalents in a non-degenerate
setting.

Theorem 5. [8], [I7]. Let U = -V be a Morse function. There exist €, >0, C' >0, and
ho > 0 such that, for all h €]0,ho], the nonnegative self-adjoint operator (Ayp, H?(T))
admits exactly ng eigenvalues (counted with algebraic multiplicity) in [0,e.h]:

(2.11) o(Avn) N[0,8.8] = {0, 15, - - Higy 1}

where 0 is a simple eigenvalue of Ay . Let us order {uﬁh, . ,pﬁo,h} such that ujA,h < /L]»Aﬂvh
forj=1,...,n9—1. Then, when (1.10) holds, we have for all j =2,...,ny:

(2.12) (5, = an(my) he 7Stms),

where S : UO) — (0, +00] is defined in (1.9) (see also (1.12)) and ap(m;) admits a classical
expansion ap(m;) ~ Y0 hfag(m;) with

(2.13) ao(my) = /¥ ) V(i)

where j:U© - UW U {s,} is defined in (1.11).

Remark 2.3. We have decided to work with Ay, which appeared naturally in the above
derivation of Typ(\). However, according to Remark 1.1, we could equivalently have worked
with AU,h-

We are now in position to construct a Grushin problem. Set
(214) IT= W[O,s*h](AV,h) and EQ = Ran(H),

where 7,41(Av,,) is the spectral projector associated with Ay, and the interval [a,b].
According to Theorem 5, the space Ey has dimension ng for all h > 0 small enough. Let
(U;)j=1..n, be an orthonormal basis of the space Ey. We assume without loss of generality
that W, is proportional to e”V/". Introduce the operators

R_:C™ — L*(T)

2.1 o

(2.15) ue Yy u
j=1

and

(2.16) R, :L*(T)—Cm

we (1, W5)52);.
We equip C" with the ¢, norm. Notice that R, R_ = lcno and R_R, = II. In addition,

||IR.|| <1 and ||R_|| <1, for all h > 0. These inequalities will be used many times in what
follows. From now on, we denote

—

M=1-1II

Lemma 2.4. Let U be a Morse function. For any X € C, the operator T(\) := IIT,(M)II
acting on TIL? := TI(L3(T)) with domain D(Tp(\)) = {u € TIL2, u € H2(T)} is closed.
Moreover, there exist C, ey, hg > 0 such that for all h €]0,ho], and for all X € D(0,€eh),
Th(N) is invertible, holomorphic with respect to A, and |Tp(\)~1]| < Ch-1.
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Proof. The proof is very close to the proof of Lemma 2.1 in [20]. We sketch it for reader’s
convenience. We first observe that since W is bounded, the operator T,(A) with domain
D(Tr(N)) = D(Ay) = H*(T) is closed and densely defined. Its adjoint Tj(A)* satisfies
D(T,(A\)*) = H2(T). Suppose that (t,, Th(Mu,) € D(Tr()\)) x L2(T) converges to (u,v) €
L2(T) x L?(T). For any j=1,...,n9, one has ¥; € D(Ay,;,) = D(T,(X)*) and hence for all
n € N, one has

ng

(2.17) T\t = S(TH Ot U = 3, Th(N) L),

=1
Consequently, the sequence (IIT,(\)uy, ), converges and using the identity
TNt = ITH(A)un + Th(A) s,

it follows that (T,(A)u,) converges. Since T,(\) is closed as a bounded perturbation
of a closed operator, and wu, € H*(T) = D(T,())), one deduces that u € D(T,(\)) and
Tr(Mu = lim T, (A)u,. Since II = 1 - 11 is bounded, this implies that v € D(T,(\)) and
Th(M)u = v which proves that T,()\) is closed. In addition, the operator T,()) is clearly
densely defined on TIL2. Let us now study the invertibility of T, (). For any u € D(T,(\)),
one has by definition

Re(Th(M\)u,u) = Re((Avy = AW + A2 TTu, Tu).
Using Theorem 5, this implies that for |\| < egh, one has
Re(Th(MN)u, u) > e, b TTu|? = Re(A)(WTIu, Tu) + Re(A?)]| Tu?
> (e = €o| W= )R T - € | Tul?
> Zh|Tu?
for ey small enough. This proves that Tj,(\) is injective when || < gh. We observe that

the same proof shows that Tj,(\)* = IIT,,(A\)*II is injective. Moreover, the Cauchy-Schwarz
inequality implies that for all uw e D(T,())),

—~ €x —_
(218) T\l > STl

Let us now prove that T, () is surjective if || < gh. We first observe that Ran(T,())) is
closed since Tj(\) is closed and the convergence of any sequence (T(\)u,) implies the con-
vergence of (u,) thanks to (2.18). Hence it is sufficient to prove that Ran(T,(\))* = {0},
which is consequence of the injectivity of the operator T,(\)*. ]

We now introduce the Grushin operator

(2.19) Kn()) = ( T%(f) o )

Proposition 2.5. Let U be a Morse function. There exist €g >0 and hy >0 such that, for
all h €]0,ho] and all X € D(0,€0h), the operator IC,(N) is invertible. Moreover, its inverse
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En(N) writes

E(N) E. (A
b= ( FO) E) )

where E,E_,E,, E_, are holomorphic in D(0,eoh) and satisfy the following formulas:

E.(\) = R -Ta(N)MIT(MR-, E-(A) = R.-R.T,(N)Ta(M)™',

(2.20) E_.(\) = -R, To(MR_+ R, To(MIT,(N) ITH(AN)R- : C™ — C™,
and
(2.21) E(\) = T,(\)1I.

Moreover, for A€ D(0,€eyh), Tp(\) is invertible if and only if the matriz E_.(\) is invert-
tble, in which case it holds

TW) ™ = EO) - E.O)EZ (VE-(V).

Proof. Thanks to Lemma 2.4, the proof is reduced to an algebraic computation which is
completely analogous to the one used in the proof of [20, Lemma 2.2]. O

We now give some direct consequences of PropositioE 2.5 and Lg\mma 2.4, which will be
used in the following. By definition, one has R, T,(A)Il = -AR,WII. Hence (2.20) becomes

E_,(\) = -R.T,(\)R_+ R, WIT,(\) 'IWR_.
Introducing the matrices
(2.22) My, =R, AypR, W, = RWR_, and G,(\) = XN (lgno - R.WIIT, (V) TTIWR.),
this rewrites
(2.23) —E_.(\) =My, = AW, + G (N).

Moreover, it follows from Lemma 2.4 that A € D(0,€eph) — Gi(\) is holomorphic and that
there exists C' > 0 such that for all A small enough and all A € D(0, eph),

(2.24) IGL(\)| < CIAPR.
According to (2.9) and to Proposition 2.5,
(2.25)  XeD(0,e0h) no(Py) if and only if X e D(0,¢eh) is a singularity of E=1(\).

To prove Theorems 2 and 3, the strategy consists in studying the singularities of E-1(\) in
D(0, eoh), which first requires to compute asymptotic equivalents of My, and W), as h - 0
(see (2.23)).
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3. THE DOUBLE WELL CASE

In this section we prove Theorem 2. To this end, we assume throughout this section that
U®© has exactly two elements m; and my such that V' (m;) < V(my). Assume also that
the two elements s1, s, of U satisfy V' (s;) > V(sz). Recall that in this case, one has by
construction of S (see (1.9)) and j (see (1.11)), S(my) = V(s3) — V(myz) and j(my) = s2
(see Remark 1.3). Thus, according to Theorem 5, it holds

_2(V(s2)-V(m3))
h

(3.1) 15y = an(msz) he )

with ah(mg) ~ ZkzO hkak(mQ) and ag(mg) = %\/V"(mg) |V"(Sg)|.

3.1. Asymptotic equivalent of W, as h — 0. Recall that W, = R,WR_ (see (2.22)),
where W, R,, and R_ are respectively defined in (2.6), (2.15), and (2.16). The operators
R, and R_ are defined with the help of an orthonormal basis (Vq, ¥3) of Ey (see (2.14)).
Hence, in order to compute an asymptotic equivalent of Wy in the limit h — 0, we first
consider a suitable basis (W, Wy), which is chosen as follows.

We choose ¥y as the L?(T)-normalized solution of Ay, W, =0, namely:

1
U, = —— e (V-Vm))/h with Zvp = He—(V—V(ml))/huLz(T)?
Zin
where by Laplace’s method: 7, € E4((wh/V"(m;))Y*), since m; is the unique global
minimum of V on T. We recall that Z;, € E;((7h/V"(my))*) means that Z;, =
(mh/V"(my )4 2z, where zj, ~ 1+ ¥4, wiph®, see the beginning of Section 2.

To construct Wy, we first choose a L?(T)-normalized function ¢ such that both Ay 9
and (U1, py)2(ry are exponentially small as h — 0. Since ¥; concentrates around m; and
V(my) > V(m;), a good candidate is given by:

(3.2) 2 = 2o VYV itk 7, = (VYm0

Zah
where r > 0 and x, € C°(T,[0,1]) satisfies Ugm,r) < X2 < Up(ms,2r). When r > 0 is small
enough, m, is the unique global minimum of V' on the closure of B(msy,2r) (because V' is
a Morse function). Thus, by Laplace’s method: Zs, € Ey((wh/V"(my))Y*). In addition,
for such a fixed r > 0, V > V(my) on supp(Vyz), and therefore, since supp([A,x2]) c
supp(Vyxz) and Ay, (e”V/?) =0, there exists C' > 0 such that for i small enough:

(3-3) AV,h%02 = —hQ[A7X2]902 ZO(efc/h) n LQ(T)-

On the other hand, since Ay, is self-adjoint, it follows from the localisation of the spectrum
stated in Theorem 5 (with ng = 2 there) that

- 1 -
(34) Vze 8D(O,e*h/2), H(Av,h —Z) 1||£(L2(T)): d(z o = O(h 1).

(Avn))

By definition of I and according to Theorem 5,

1
M- — f “Ayp) '
2w aD(o,%*h)(z vn)"
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and, using (3.3) and (3.4) together with the second resolvent identity, it follows that Iy
satisfies

1
s - o= o [ ~Avp) - 2 )pnd
P2~ 2= o5 oD, %2h) ((z vn) T -z )902 2
1
(3:5) " 2in [8D(0 ) 2z = Ava) T Avppadz = O(eM).

Moreover, since V(my) > V' (m;) and I1¥; = ¥y, one has for A small enough:

(3.6) (o2, W1)r2(ry = (02, W) 2(ry = O(e™ ™).

We finally set

o = (Hepo, W) p2(m) ¥s

[Ty = (g, Wy )Wy | g2y

The function W, belongs to Eo, is orthogonal to ¥y, and [Ws|2¢ry = 1. From now on, we

consider the above orthonormal basis (¥, Uy) of Eg. Notice that, using (3.5) and (3.6), one
has (Iga, U1)Ty = O(e /") and |IIs — (T, U1 ) W4 ||z2(my = 1 + O(e~¢/"). Consequently,

\2

(3.7) Uy =y + O(e /M) in L3(T).
Lemma 3.1. With the above choice of (V1,Vs), there exists C' >0 such that for all h small
enough,

[ mn O —C/h
Wh = ( 0 Yoh ) + O(@ ),

where we recall that Wy, is defined in (2.22) and where, for i€ {1,2}, v, satisfies as h - 0:
Vit ™ Lzo W Ya e (my) + \/EZIQO Ry (my), with
V”(mi)

’}/a,g(mi) = oz(mz) and ’)/V’()(mi) =2 T

Proof. Since (¥;,V;) is an orthonormal family, one has W, = ((WW;, ;) 2(1))ij-1,2. In
addition, ¥y = O(e=¢/") in L2(supp(p2)). Hence, using (3.7), for all ¢ # j, (WW;, ;) 2 =
O(e=/"). Suppose now that i € {1,2} is fixed. By definition of W, one has (WW;, W;) 2 =
(@, W) r2emy + 2(|0,V|V;, V;) r2¢ry. By definition of Wy and W, above, using Laplace’s
method, one has as b — 0: (aV;, V)21 ~ Tpso M Yar(m;) with v40(m;) = a(m;). On
the other hand, for ¢ € {1,2}, one has for § > 0 small enough,

10V, W) 21y = Z;7 f | 0,V (2)|e 2V@-VmiD/hgy - O (e
’ r—m;|<d

mi+5
= ZZ_}QL( f 0,V (x)e 2V @)=V(mi)/h gy

m;

_ f iaxv(x)e—a(\/(x>—v<mi>)/hdx)+O(€—c/h)
mi—é

=hZ + O(e~/M.
Using the fact that Z; € E4((7h/V"(m;))'/*), this ends the proof of the lemma. O

We are now in position to prove Theorem 2.
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3.2. End of the proof of Theorem 2. Recall that the strategy consists in localizing the
singularities of EZ1(A) in D(0, eph) (see (2.25)). First of all, A = 0 is always a singularity of
A€ D(0,e0h) = E-1()N), since T,(0)¥; =0 (see Proposition 2.5). Let us now look for the
other singularities of A € D(0,€eh) » EZ1(X). Since dimEy = 2, Ay, ¥y =0, and U5 € E
is orthogonal to Wy, it holds: Ay, Wy = /LZAJL\I/Q and therefore, My, = diag((),uﬁh). By
Lemma 3.1, (2.23), and (2.24), one then has
0 0 Y O
_E(\) = Al (M),
(3 (2o
where A € D(0,e0h) = ry()) is holomorphic and ry(\) = O(A2h~1 + Ae /) for all \ €
D(0,€eph) and h small enough. Set
I, = diag(71,n, 72,0)-
Then, according to Lemma 3.1 and without extra assumption on a(m;) and a(my)’,
(3.8) It =0(h1?).
Therefore, one deduces that

39 B =TAO) R v B - (3 e 0 ),

where Rj,()\) is holomorphic with respect to A € D(0, eoh) and Ry (A) = O(A2h™2 +\h~2¢-C/h)
for all A e D(0,€ph) and h small enough. Set
M2,h = MzA,h/”Yz,h-

According to Lemma 3.1, to (3.1), and to the relation a(ms) > 0 implied by (1.4) (see
indeed (1.5)), one has in the limit A — 0:

(3.10) o = Cu(my) hem i (V(s2)=V(ma)),

where (,(my) ~ $ys0h2 Ge(my) and (o(my) = L1/[V7(my) V7 (sy)]/a(my). Let K > 2 be
fixed in what follows. Set

Di ={AeC, A-may| < hKe—%(V(Sz)—V(mQ))}7

whose closure is by (3.10) included in D(0,eoh) for h small enough. Hence, for any A € Dy,
since K > 2, one has, for all A small enough,

(3.11) C 1 he i (V(s2)-V(m2)) < |\ < Che i (V(52)-V(m2)
Consequently, for any A € 9Dy, the matrix F} () is invertible and
(3.12) F,(\)! = O(h Kei (V2)-Vm))y on 9D,
On the other hand, it follows from the estimate on R;, below (3.9) that for any A € 0D,
Ru(\) = O(\/Ee—4(V(S2)—V(m2))/h + he—(Q(V(Sz)—V(mz))+C)/h) - O(e—(2(V(S2)—V(m2))+C)/h).
Hence, by (3.9), E_,()) is invertible on 0Dy for all h small enough and
~EZX () = (1+0(e7) ) Fr(A\)7'T;! on 0D,

INote that when a(m;)a(my) # 0, it actually holds l=0(1).
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where we have used (3.12) and the invertibility of T',. Using in addition || F},(A)7!| [0Dk| =
O(1) and (3.8), this implies that for all h small enough:

-1
1 1 A0 c
— [ B =[5 [ ] T+ [T O(e 5
T f[)DK =0 [Qm 8DK( 0 772,h—>\) ] n+ T 0(e7=)

= ( 8 ’Y(_)l ) +O(e ) is non trivial.
2,h

(3.13)

Hence, for all K > 2, A\ » EZI(\) admits at least a singularity oy, x in the disk Dg. In
particular, one has for all h small enough,

Qp i =N2,p + O(RX e n(V(2)-V(m2)))  where no,, satisfies (3.10).

But, since (1.4) holds, Theorem 1 implies that for all A small enough, o(P,)n{Re(z) < ¢;h?}
is composed of two elements 0 and Ay . According to (2.25), the nonzero eigenvalue g,
then necessarily satisfies Ay, = oy x for all K > 2. This ends the proof of Theorem 2.

4. THE MULTIPLE WELL CASE

In this section, we prove Theorem 3. We assume that U is a Morse function and that
(1.10) is satisfied. Recall that the local minima my,...,m,, of V' are labeled such that
(S(m;))jeq1,...moy is decreasing (see (1.12)). We then label {VUy,..., ¥, }, the basis of Eq,

accordingly.

4.1. An adapted basis of quasimodes. In order to compute accurately the matrices
My, and W, we will build the basis (V;);-1, ., of Eg from a family of quasi-modes
(¢j)j=1,..n, constructed in [0]. First, as in the previous section, set, for i > 0,

©1 = %G-W-Wml))/h with Zy, = e VYA L e £, ((wh/V7 (my)) ),
and ¥ = ;. For any j =2,...,ng, let ¢; be the L?(T)-normalized quasi-mode associated
with m; given in [0, Definition 4.3] applied to the case of the Witten Laplacian Ay . Since
¢; is by definition supported in a neighborhood of C(m;) (see [0, Section 4]), it follows
from the second item of Assumption (1.10) that, for all i € {1,...,no} and r > 0 small
enough, one has for all A small enough:

1 m;,r
(4.1) i = %e-w-wmz’»/h +0(e™) in LA(T),
ih

where Z; , € Eq((mh/V"(m;))/*). For je{1,... ,no}, we set
Kin = (Avnps, 0))-

We have obviously k1, = 0 and, from [0, Proposition 5.1], we have for all j e {2,...,ng},

V'(m)V"(i(m.))|z
(42) Kjn € gcl(he_QS(mj)/h| (mJ) (-](mj))| )
T
The basis (¥;);-1,..n, of Eg = Ran II is then constructed from the family (¢;);z1,..n by
the following procedure. Set, for j =1,...,n9: v; = IIp;. For h small enough, the family

(vj)j=1,..no is then a basis of Ey (since, according to [0, Proposition 5.3], (vj,vi)r2(ry =
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0;;+0(e/"), for alli,j =1,...,n9). We then consider the family (¥;);-1, _n, obtained from
(v;)j=1,..no by a Gram-Schmidt procedure as in [0, page 30]. According to [0, Proposition

-----

5.3 and Eq. (5.15)], this orthonormal basis of Eq satisfies the following properties:

(4.3) forall j,k=1,...,n0, (Ava¥;,U)=08;xkin+O(h*\/k;(h)ri(h))
and
(4.4) forall j=1,...,m9, VU;=¢;+0(e ") in L*(T).

Working in the basis (¥;);
W, (see (2.22)).

no Of Eg, we obtain the following asymptotic equivalent of

-----

Lemma 4.1. There exists C >0 such that the matriz Wy, satisfies, for h small enough,
Wh = Fh + O(G_C/h),
where I'y, = diag(vi py - -« s Yng,n) and, for j=1,... ng:

Vin~ 2 W e p(my) + VR Y hFyy(my)

k>0 k>0

with f}/a’o(mj) = a(mj)7 and ')/V,O(mj) = 21 /V’/Srn‘lj) )

Proof. The asymptotic computation of (W, ;) as h — 0 is exactly the same as in
Lemma 3.1, using (4.1) and (4.4). The only point to be checked is that for any i + j, one
has (WW;,¥;) = O(e~¢/"). Thanks to (4.4), this is equivalent to say that for all 7 # j, one
has (W, ;) = O(e¢/"), which follows directly from (4.1). m

4.2. Proof of Theorem 3. Let ', be defined by Lemma 4.1 and let My, be given by
(2.22). Notice that in the case ng > 3, the matrix My, has not to be diagonal and we vill
use the following result.

Lemma 4.2. Introduce the symmetric positive semi-definite matrix
1 1
MXF/,h =0, *Myal', .

Then, there exists ey > 0 such that, for all h small enough, the ny eigenvalues B1p < --- <
Bro.n Of M?/,h satisfy: Bip =0 and, for all k =2,...,n9, By € 5cl(Mﬁh/7k7h), where ,uﬁh is
given by (2.11).

Proof. First, observe that My, admits 0 as a simple eigenvalue (since 0 is a simple eigen-
value of Ay,), so it is also a simple eigenvalue of MY, . For A = (a; ;)1 j<n, & matrix, we

define A := (@i j)2<ij<ny- We then have:
MU = (Tn) 2 Mya(Th) 2.
Moreover, by (4.2) and (4.3), the matrix MV,h writes
|\~/|V,h = Qh(DV,h + O(hm))Qh,
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with Q, = diag(e-Sm2)/h  ¢=S(mn)/h) and Dy, = diag(an(ms), ..., ax(m,,)). Since T,
is diagonal, one has ,I", = I',€2, and it follows that Ml;ﬂh writes

MY, = (DY, + O(h*))

with DY, = diag(uf,/vjn:J = 2, .-, m0). Hence |\~/I‘F/h admits a graded structure in the sense
of [20, Definition A.1]. We can thus apply [20, Theorem A.4] which yields the result. O

We are now in position to prove Theorem 3. Let U be a Morse function and assume that
(1.10) is satisfied. Recall that we look for the singularities of E-1(\) and that A = 0 is
always a singularity of E-1(\) (since dim Ker(Pj) = 1). Let us now look for the remaining
singularities of E-1(A) in D(0,€e0h). From Lemma 4.2, there exists a unitary change of
basis Bj, such that M{/,h = By diag(Bip, - - -, Bng,n) B (since Ml‘}’h is symmetric and thus
diagonalizable in an orthonormal basis). Combined with (2.23), (2.24), and Lemma 4.1,
this yields

(4.5) = E_.(\) =T,°B;| diag(Bun - Buon) = Mlemo = Ru(N) | BiLY?,
where, for h small enough, R, (\) is holomorphic with respect to A € D(0,€ph) and
(4.6) Ru(A) = O(A2h™% + A~z O,

and where we have used that I';'! = O(h™1/?) by Lemma 4.1. Hence, the singularities of
EZ1(X) in D(0, egh) are exactly those of L;*, where

(4.7) Li(X\) = Fr,(A) —=Rp(N), with F(X\) =diag(fin— A, .., Bngn — A)-

Recall that 1, = 0 and (3, € Scl(,ujAh/yj,h) for all j > 2. For all j = 2,...,ng, using the
asymptotic equivalents of uﬁh and y;; given in Theorem 5 and in Lemma 4.1, one has
when h — 0, using (1.4) which implies a(m;) > 0:

(4.8) Bin = Gu(my) hew50m),
where (,(m;) ~ Ys0 hgg“k(mj) and (p(m;) is given by (1.14). Let us now consider j €
{2,...,n0} and K > 2. Denote D,y = D(ﬁj,h,hKe‘%S(mf)) and let A\ € 0D, k. Since

S(my) < S(my) when ¢ > k, for h > 0 small enough, the D; ; are pairwise disjoint, their
closures are included in D(0,¢eph), and for all ie {2,...,ng}:

(4.9) Vi > j, (A= Binl 2 [Bjn = Binl = A= Binl 2 C'he_*zs(mi) > Che™ #5(mj)
Vi < j, IN=Binl 2 |Bjn = Binl = | = Bjnl = Che n5(m5),
Moreover, for h small enough,

(4.10) I\ > Che#5(m),
Consequently, for A € 9D, k, the matrix Fj () is invertible and

F(A\) ' = O(h Kei5mi)y on D, .
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Combining this estimate with (4.6) and reasoning as around (3.13), we prove that for all
17=2,...,n9, K >2, and h small enough,

(4.11) L;'(N) (and thus EZ}(\)) admits a singularity o, x in D; g,
so in particular o, x # @ip When i # 5 €{2,...,no} (the D; i being pairwise disjoint).
In addition, since (1.4) holds, Theorem 1 implies that for all A small enough, o(P,) n
{Re(2) < €h?} ~ {0} is made of ng — 1 real eigenvalues 0 < Ayj, < ... < Ay, (counted
with algebraic multiplicity). It then follows from (2.25) that, for each j = 2,...,ng, the
cigenvalue \, , satisfies A; 5 = vy for all K > 2. Since ajp i = B0 +O(hK e #5m)) for all
K >2and §j, € Scl(,uﬁh /7j.n), this completes the proof of Theorem 3, using the asymptotic
equivalent of u%, /7;n as b — 0 (see Theorem 5 and Lemma 4.1).

4.3. The case when (1.4) is not satisfied. In this section, we prove Theorem 4, where,
compared to Theorem 3, we do no longer assume that (1.4) holds but that (1.15) holds. We
can thus no longer use Theorem 1 as we did at the very end of the proof of Theorem 3 to
say that P, admits ng—1 nonzero eigenvalues (counted with multiplicity) in {Re(z) < egh?}.
We can however make use of all the intermediate results in the proof of Theorem 3 until
(4.11) (included), except that one has the following minor scaling changes:

(1) Equation (4.8) must be changed into
(412) Bj,h = Ch(mj) \/Eei%s(mj),

where (,(m;) ~ Y50 hgg“k(mj) with (o(m;) satisfying (1.17).
(2) In Equations (4.9) and (4.10), all the Ch must be replaced by Cv/h.

Let j € {2,...,n0} and note that, for h small enough, the sequence (s k)xs2 defined in
the proof of Theorem 3 is stationary by analyticity of the nontrivial map A » E_, (). We
denote by «;, its limit and recall that, according to (2.25), {0, a2, ..., nent € o(Py). In
addition, the «;;’s are exponentially small and thus belong to D(0, ch?) for any ¢ > 0 and
all i small enough. Let us now prove that, for & small enough, 0 and a5, 7 =2,...,n, are
the only singularities of A » EZL()) in D(0, ch?), that they are all real, and have geometric
multiplicity 1 as eigenvalues of P,. Recall that by (4.5), A € D(0,¢€ph) is a singularity of
E-L(\) if and only if it is a singularity of L,(A\)™" (see (4.7)). Let us denote, for A € C,

dn(N) = det Ly(V) = det(Fy(A) - Ru(A),

which is holomorphic on D(0,€eh). For all A € 9D(0,ch?), using (4.6), we get R,(N) =
O(h*h=3/2) = O(h5/?), and by (4.12),

| det 3, (A)] = |A < IT7% (A = B)| = €h*™ (1 + 0,(1)).

Thus, for h small enough, it holds uniformly on 0D(0, ch?):
(4.13) dp(XN) = AT (A = Bjn) + O(RPR?07D)) = det Fi(A) (1 + 04(1)).
In particular, for any A € 9D(0, ch?), one has

|dp(N) = det Fj, ()] < |det Fj, (M),
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which implies by Rouché’s theorem that dj(\) and det Fj,(\) have the same number ny
of zeros (counted with multiplicity) in D(0,ch?). These ng zeros are thus 0 and o,
J =2,...,n9. Let us recall that the «;; are pairwise disctinct and satisfy o;p = 5,5 +
O(hKe 75mi)) for all K > 2 and j =2, ..., ng. They are then all simple zeros of d,(\) (and
thus dimKer E_, (o) = 1 for j = 2,...,ng). Using also (2.10) and [25, Equation (2.7)],
dimKer(Pp,-a;p) = dimKer Ty (o) =dimKer E_, (o) = 1, for all j = {2, ..., ng}. Lastly,
since the operator Pj, has real coefficients, its spectrum is stable by complex conjugation.

Hence, since moreover 0 and the oy, j = 2,...,n0, have different asymptotic equivalents
as h — 0, one has @}, = a;, for every j =2,...,ng. To conclude the proof of Theorem 4, it
then just remains to use that, for every j =2,...,ng, B € Scl(,uﬁh /7j.n), and the asymptotic

equivalents of ,ujAh /7j.n as h — 0 given by Theorem 5 and Lemma 4.1.
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