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Abstra
t

In this arti
le we give a tour through Physi
s to explain the meaning of the Rarita

S
hwinger equation and determine its relationship with the Cli�ord algebras. We

also relate the proposed �rst operators of Rarita S
hwinger with the re
ent oper-

ators of that type, given mathemati
ally taking the physi
al 
onstants as unitary.

Finally motivated by the physi
al appli
ations of 
onsidering a weighted Dira
 op-

erator, we propose a new Rarita S
hwinger type operator and dis
uss some possible

appli
ations.

Keywords: Rarita S
hwinger equation; Cli�ord algebras; weighted Dira
 opera-

tor.

Resumen

En este artí
ulo damos un re
orrido por la Físi
a para expli
ar el signi�
ado de la

e
ua
ión de Rarita S
hwinger y determinar su rela
ión 
on las álgebras de Cli�ord.
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También rela
ionamos el primer operador de Rarita S
hwinger propuesto 
on los

operadores re
ientes de ese tipo dados matemáti
amente, tomando las 
onstantes

físi
as 
omo unitarias. Finalmente, motivados por las apli
a
iones físi
as de 
onsid-

erar un operador de Dira
 pesado, proponemos un nuevo operador de tipo Rarita

S
hwinger y dis
utimos algunas posibles apli
a
iones.

Palabras 
laves: E
ua
ión de Rarita S
hwinger; álgebras de Cli�ord; operador

de Dira
 pesado.

1 Introdu
tion

The dis
overy of Cli�ord algebras in the 19th 
entury, gave the bases for the

study of geometri
 phenomena that, even at that time had not been dis
ov-

ered. In the beginning of the 20th 
entury, theories as quantum me
hani
s

and spe
ial and general relativity, appeared and dazzled the world; Einstein

senten
ed that movement is 
aused by the deformation of spa
e-time geomet-

ri
s, though it was William K. Cli�ord the �rst one to insinuate it, nearly

40 years before. Along with the advan
es in physi
s, mathemati
ians worked

making big steps in geometri
 algebras, extending theories as ele
tromag-

netism, framed in ve
tor physi
s, to superior algebra, whi
h gave it a new

point of view. The �rst one to use geometri
 algebras in physi
s problems

was Paul Dira
, resolving the ele
tron time evolution equation and obtaining


on
lusions as the antimatter and the spin existen
e, just by these algebras'

geometri
 
hara
teristi
s. As a result of these new edges proposed by this

new mathemati
s, works in partial derivatives in superior dimension began

to appear, as the fundamental solution of the Dira
 operator[1℄, the solution

of paraboli
, hyperboli
 and ellipti
al equations related to physi
s in this

formulation. Other authors [2,3℄, des
ribe and analyze the Rarita S
hwinger

operator, �nding a fundamental solution for this operator in this parti
ular

geometry, whi
h is related with temporal relativisti
 evolution of fermions

with spin 3/2. In this work, motivated by the physi
s impli
ations of the

appli
ations of Cli�ord algebras in the Rarita S
hwinger equation, we give a

tour of physi
s and mathemati
s to explain the Rarita S
hwinger equation,

we propose a new Rarita S
hwinger type operator and dis
uss some physi
al

appli
ations.
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2 Rarita-S
hwinger equation from Physi
s, preliminary

theoreti
al frame in the 
ontext of Classi
al and

Relativisti
 Me
hani
s

In theoreti
al physi
s, the Rarita-S
hwinger equation des
ribes the temporal

relativisti
 quantum evolution of fermioni
 parti
les with spin 3/2, formu-

lated in 1941 by William Rarita and Julian S
hwinger. To understand this

approa
h, we must know terms as temporal evolution equation, quantum and

relativisti
, all of whi
h will be duly substantiated below.

In Physi
s, a parti
le movement equation is the mathemati
al formula-

tion that relates the parti
le's position in spa
e with time. This equation


onne
ts the temporal derivative of one or several variables, whi
h 
hara
ter-

ize the parti
le's physi
al state, with another physi
al magnitudes that 
ause


hanges in its state.

It is important to note that a fermioni
 parti
le, as des
ribed in the

standard model, is one of two basi
 types of elementary parti
les that exist

in nature (the other type is the boson). A parti
ularity of fermions is that

they present semi-integer spin (1/2, 3/2, ...). In the parti
ular 
ase of 3/2

spin fermions, they 
an be understood as a four-
omponent wave fun
tion,

whi
h means that these fun
tions, spinores, have 4 degrees of freedom, whi
h

determines an irredu
ible representation of these parti
les.

2.1 First ideas about motion and Newton's equations

One of the �rst philosophers in attempting to des
ribe the observed phenom-

ena using 
on
epts of movement versus time was Aristoteles, who said that

heavier obje
ts fall down before that the lighter obje
ts and this senten
e set

the guideline for many years. With s
ien
e development and the introdu
tion

of the s
ienti�
 method, Galileo Galilei, after making experimental measure-

ments, arrived to the 
on
lusion, less logi
al but right, that obje
ts in va
uum

fall at the same velo
ity and its equations of motions had the mathemati
al

form x = v0t+
1
2
at2, whi
h 
orresponds to the movement equations for pun
-

tual obje
ts, where we 
an 
learly observe the relation of position in spa
e x,

with time t. In the same year of Galileo Galilei's death, Isaa
 Newton was

born, known for many as the most famous physi
ist in history and thanks to

the new mathemati
s that he developed, the di�erential and integral 
al
u-

lus, he a
hieved to des
ribe movement in a form not seen before, establishing
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three laws of motions as prin
iples to formulate the des
ription of me
hani
al

phenomena in a theoreti
al frame with the appropriate mathemati
al tools.

2.2 Development of Theoreti
al Me
hani
s and

equations of motion

With the development of mathemati
s and the 
omplexity of the Newto-

nian formulation to solve problems where parti
les presented 
onstraint su
h

as the 
lassi
al example of double pendulum, the Theoreti
al Me
hani
s is

developed, beginning with D'Alembert Prin
iple whi
h mathemati
al formu-

lation is:

∑

i

(ṗi − Fi) · δri = 0, where pi,Fi, δri are the linear momentum,

the applied external for
es and the virtual displa
ement on the i-th parti
le

respe
tively. This prin
iple, that ushered the next great advan
e in Classi-


al Me
hani
s, does not 
ontain the for
es of 
onstraints taking into a

ount

that its virtual work vanishes. From the prin
iple and using generalized


oordinates, we arrive to Euler-Lagrange equations:

d

dt

(
∂T

∂q̇j

)
− ∂T

∂qj
= Qj , (1)

where T is the kineti
 energy of the system and Qj are the generalized for
es

for the j 
omponent or Qj =
∑
Fi

∂ri
∂qj

, the qj represent the generalized


oordinates of the system and q̇j the generalized velo
ities. Besides if we


onsider 
onservative for
es, we 
an say that there exists a potential energy

V and we 
an reformulate the Euler-Lagrange equations as:

d

dt

(
∂L

∂q̇j

)
− ∂L

∂qj
= 0, (2)

where L = T −V is 
alled the Lagrangian of the physi
al system, in this 
ase

of the parti
le in movement.

The Hamilton's Prin
iple is another of the basis for a variational formula-

tion in order to dedu
t the Rarita-S
hwinger equation. Its basi
 ingredient is

the 
on
ept of a
tion fun
tional whi
h is in the spirit of PierreLouis Moreau

de Maupertuis' ideas whi
h state: �nature is e
onomi
 in all of its a
tions� [4℄.

The stationary-a
tion prin
iple establishes: the fun
tional S[qi] is 
alled
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the physi
al system a
tion and it is determined by:

S[qi] =

∫ t2

t1

L(qi; q̇i(t); t)dt. (3)

Then this fun
tional has a minimum value if the fun
tion L(qi; q̇i(t); t) de-
s
ribes the system in study; in other words, parti
les will move following a

traje
tory that minimizes the A
tion.

Cal
ulating the fun
tional derivative of a
tion and equaling to zero:

δS = δ

∫ t2

t1

L (qi(t), q̇i(t), t) dt = 0 (4)

results in Euler Lagrange equations and therefore, the determination of move-

ment equations. The physi
al mathemati
al formulation of the Hamilton

Prin
iple, is given in the equation (4).

The movement equations that are obtained from the minimum a
tion

prin
iple would have a new formulation, 
usp of theoreti
al me
hani
s, the

Hamilton equations. A new physi
al magnitude was then de�ned, the sys-

tem's Hamiltonian H , just as we had before the Lagrangian; pre
isely the

Hamiltonian 
omes from applying the Legender transformation to the La-

grangian:

H(qi; pi; t) = q̇
∂L

∂q̇
− L, pi =

∂L

∂q̇i
. (5)

Now let us see the Hamilton movement equations. When equaling the Hamil-

ton generi
 di�erential and the Hamilton di�erential of the formula (5) we

arrive to the equations:

∂H

∂qj
= −ṗj ,

∂H

∂pj
= q̇j ,

∂H

∂t
= −∂L

∂t
. (6)

The Hamilton equations summarize all the ne
essary to understand the tem-

poral evolution of a parti
le, for example, in the frame of 
lassi
al me
han-

i
s, but there is something more that will help to understand the Rarita

S
hwinger equation and it is the famous Poisson Bra
kets, are another way

to des
ribe the 
lassi
al movement of the systems. Those are an useful tool in

order to transit of the des
riptions of the systems from Classi
al Me
hani
s

to Quantum Me
hani
s.
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Poisson bra
ket in 
anoni
 
oordinates (qi; pi) on the phase spa
e is de-

�ned for two fun
tions f(qi, pi, t) and g(qi, pi, t) as:

{f, g} =
∑

i

∂f

∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi
. (7)

This bra
ket has the following properties for 
ertain fun
tions f, g, s:

1. {f, f} = 0

2. {f, g} = −{g, f} (antisymmetry property)

3. {αf + βg, s} = α{f, s}+ β{g, s} (bilinearity)

4. [[f, g], s] + [[s, f ], g] + [[g, s], f ] = 0 (Ja
obi identity)

5.

∂f

∂t
= {f,H}, provided the fun
tion f is a 
onstant of motion.

Therefore the Hamilton equations 
an be reformulated using the Poisson

bra
ket as

q̇i = {qi;H}, ṗi = {pi;H}. (8)

2.3 Spe
ial Relativity and its relation with the

equations of motion

All these great advan
es in mathemati
s propitiated a development of theo-

reti
al 
lassi
 physi
s. In 1905, a wonderful year for s
ien
e, 5 arti
les were

published [5�9℄ whi
h would 
hange the world, from the demonstration of

the existen
e of parti
les to spe
ial relativity, this last arti
le would 
ollapse

the absolute time paradigm; in this work Einstein postulates two prin
iples

that would later be translated in equations, whose study is fundamental to

develop the Rarita S
hwinger equation: �The physi
s laws are the same in

any inertial referen
e system� and �Light's velo
ity in va
uum is the same

for any inertial observer� [9℄. Both postulates gave as result a transforma-

tion operator whi
h relates position and time of a physi
al phenomenon for

two observers in two referen
e systems at di�erent 
onstant velo
ities. These

transformations are known as Lorentz Transformations.

Lorentz Transformations form a group of transformations that in
lude the

�boosts� and the rotations in the three dimensional spa
e . The �boosts� in
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one position dimension and the time dimension, are nothing more than how

position and time 
hange for two observers of the same physi
al phenomenon,

that are moving at di�erent 
onstant velo
ities [10℄:

e
′

ct = γect + γβex, e
′

x = γex + γβect, (9)

where e
′

ct is the 
oordinate axis for time dimension in the referen
e system

that is moving with 
onstant velo
ity with respe
t to the �xed referen
e

system with time 
oordinate ect; as well as e
′

x is the position 
oordinate of

the system with 
onstant velo
ity respe
t to the �xed referen
e system with

position 
oordinate ex. Also γ = 1√
1−β2

and β =
v

c
is the relative velo
ity

with respe
t to the light velo
ity and 
 is the light's velo
ity in va

um.

Rotations in the three dimensional spa
e form a group 
alled SO(3). �The
ortho
hronous proper subgroup 
ontains transformations whi
h 
orrespond

to rotations in spa
e� [10℄. Consider

L =




1 0 0 0
0
0 R
0


 , with R ∈ SO(3).

Indeed, sin
e RtR = I3, it is evident that L
tηL = η, where η is the metri
 of

the spa
e time, while detL = detR = 1, L0
0 = 1, where L0

0 denotes entry 11
of L.

The Lorentz group is that one of linear transformations that leaves in-

variant the Minkowski spa
e metri
s or isometry group of Minkowski spa
e.

Mathemati
ally it is formed by any matrix Λ that ful�lls the relation

ΛT
ηΛ = η, η =:




−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 . (10)

Lorentz Transformations are fundamental to understand subsequently the

Rarita S
hwinger equation, as the system's Lagrangian must ful�ll the 
on-

dition of being a Lorentz invariant. Let us see how a Lorentz transformation


an transform a quadrive
tor in one that ful�lls the laws of energy 
onserva-

tion and in 
onsequen
e, with the movement equations; �rst of all, let us see
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whi
h is the parametrization of a quadrive
tor that obeys energy 
onserva-

tion and then we will see that we 
an arrive to the same parametrization by

means of Lorentz transformations.

Let us see whi
h is the parametrization of a quadrimomentum that ful�lls

the equations of energy 
onservation. Let this be a quadrimomentum, a

quadrive
tor:

pµ = γ0p0 + γ1p1 + γ2p2 + γ3p3, (11)

where γµ are the gamma matri
es. pµ must 
omply with the energy 
onser-

vation equation:

(pµ)2 − (mc2)2 =
(
γ0p0 + γ1p1 + γ2p2 + γ3p3

)2 − (mc)2 = 0, (12)

Dividing the equation for (mc)2 and separating pµ = p0 + |pi|, pi = γ1p1 +
γ2p2 + γ3p3, we obtain:

(
p0

mc

)2

−
( |pi|
mc

)2

= 1. (13)

The equation(13) 
an be parameterized using the trigonometri
 formula:

cosh2(η)− senh2(η) = 1. (14)

This implies that:

p0 = mc cosh(η). (15)

On the other hand we have

(p1)2 + (p2)2 + (p3)2 = (mc sinh(η))2. (16)

Being the equation (16) a sphere equation and be
ause of this, the parametriza-

tion in spheri
al 
oordinates of the trimomemtum is:

p1 = mc sinh(η) sin θ cosϕ

p2 = mc sinh(η) sin θ sinϕ

p3 = mc sinh(η) cos θ.
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Adding the equation (15) to the trimomentum, we arrive to a parametrization

of the quadrimomentum pµ:

p0 = mc cosh(η)

p1 = mc sinh(η) sin θ cosϕ

p2 = mc sinh(η) sin θ sinϕ

p3 = mc sinh(η) cos θ.

The quadrimomentum pµ parametrized in this way ful�lls the energy 
onser-

vation:

pµ =




mc cosh(η)
mc sinh(η) sin θ cosϕ
mc sinh(η) sin θ sinϕ
mc sinh(η) cos θ


 . (17)

Now let us see how, making Lorentz transformations to a quadrive
tor, we


an arrive to a quadrive
tor that ful�lls the equations of energy 
onservation,


onsequently a quadrive
tor that ful�lls the movement equations.

Let us begin with a parti
le at rest and let us do some Lorentz transfor-

mations:

pν =




mc
0
0
0


 . (18)

If we make a Boost in z axis, we 
an pass from a parti
le at rest to one that

is moving at relativisti
 velo
ities in this axis:




mc cosh(η)
0
0

mc sinh(η)


 =

(
Λ(Z)

)−1




mc
0
0
0


 =




cosh(η) 0 0 sinh(η)
0 0 0 0
0 0 0 0

sinh(η) 0 0 cosh(η)







mc
0
0
0


 . (19)
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Now, we 
an rotate the parti
le moving in the z axis with respe
t to y axis

by the Lorentz transformation:




mc cosh(η)
mc sinh(η) sin θ

0
mc sinh(η) cos θ


 = Ry




mc cosh(η)
0
0

mc sinh(η)


 =




1 0 0 0
0 cos θ 0 sin θ
0 0 1 0
0 − sin θ 0 cos θ







mc cosh(η)
0
0

mc sinh(η)


 . (20)

Now we 
an rotate the parti
le with respe
t the z axis by means of the

Lorentz transformation:




mc cosh(η)
mc sinh(η) sin θ cosϕ
mc sinh(η) sin θ sinϕ
mc sinh(η) cos θ


 = Rz




mc cosh(η)
mc sinh(η) sin(θ)

0
mc sinh(η) cos θ


 =




1 0 0 0
0 cosϕ − sinϕ 0
0 sinϕ cosϕ 0
0 0 0 1







mc cosh(η)
mc sinh(η) sin θ

0
mc sinh(η) cos θ


 . (21)

We 
an observe that, by means of a Lorentz Λ transformation we 
an pass

from a quadrimomentum or quadrive
tor on the z axis, to a quadrive
tor with


omponents that depend on the parameters η,ϕ,θ and satis�es the energy


onservation equations:




mc cosh(η)
mc sinh(η) sin θ cosϕ
mc sinh(η) sin θ sinϕ
mc sinh(η) cos θ


 = RzRy

(
Λ(Z)

)−1




mc
0
0
0


 , (22)

RzRy

(
Λ(Z)

)−1
= Λ. (23)
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3 Quantum Me
hani
s, Quantum Field Theory and

Rarita-S
hwinger equation

In the �rst half of the 20th 
entury new experiments as Young's double

slit, the development of the emission theory and the measurement of the

bla
k body radiation, the photoele
tri
 e�e
t and the experiment of Stern

and Gerla
h, gave the basis to a

ept that these parti
les did not move nor

intera
t following the laws of 
lassi
al me
hani
s and in this way, quantum

me
hani
s emerged, fundamental to understand the movement of very small

parti
les as fermions of spin

1

3
2
.

The knowledge that s
ientists had by that time, had to be applied in

some way to this new physi
s that was arising, so, fundamental prin
iples as

the Hamilton Prin
iple, the Euler Lagrange equations and Einstein's Postu-

lates, were used to des
ribe quantum phenomena; the 
lassi
 theories were

quantized and managed explaining the movement of quantum parti
les, as

the ele
tron or the fermions with spin

3
2
.

How to quantize a theory? Basi
ally and without studying very deeply

the formulation, the postulate that goes from 
lassi
 to quantum world was

proposed by Paul Dira
 [11℄, it 
onsists in equaling Poisson's Bra
ket (7) to

the 
ommutator:

[a, b] = i~{a, b} = ab− ba, (24)

where in this quantum 
ase, a and b are hermiti
 operators, [a, b] is the


ommutator between a and b.

The most important quantum operators are:

~v =
−i~
m

~∇ (25)

~p = −i~~∇ (26)

E = Ĥ (27)

~l = ~r × (−i~~∇), (28)

where ~v represents the parti
le's velo
ity, ~p is the linear momentum, E is the

system's energy, H is the Hamiltonian ,

~l is the angular momentum and ~ is

the redu
ed Plan
k's 
onstant,~ = h
2π
,where h is Plan
k's 
onstant.

1

spin is a physi
al property of elementary parti
les. The spin of a parti
le is always an

integer multiple of

~

2
.
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3.1 A �elds theory

In the 
ase of Copenhague's interptretation of quantum physi
s, parti
les are

des
ribed by a wave fun
tion, whi
h expressed that a parti
le's pun
tual posi-

tion 
ould be des
ribed with fun
tions, as we observed in Young's double slit

experiment [12℄ that determined the wave nature of light and subsequently

the quantum nature of light would be veri�ed with the photoele
tri
 e�e
t

[9℄.

Let us see how to 
onstru
t a quantum �eld theory. Imagine we have

dis
rete parti
les upon whi
h there are for
es a
ting and they 
an move, for

this non relativisti
 
ase it is enough to obtain the Lagrangian and with

the Euler Lagrange equations we 
an obtain the movement equations; but

if we make the distan
e between parti
les tend to zero, then, in ea
h spa
e

point a for
e would be experien
ed by a parti
le that would make it move,


onsequently in this limit we 
an 
hange the position by a �eld , whi
h will

give an s
alar value in ea
h point, a detail formulation of the quantum �eld

theory 
an be seen in [13℄ .

Let us see how the physi
s equations 
hange following this method. Given

an A
tion, using Hamilton's Prin
iple, we 
an obtain the movement equa-

tions: In the 
lassi
 
ase, the A
tion would be given by (3) but in 
lassi
 �eld

theory we would 
hange position for a �eld. Finally, we arrive to a quantum

theory resulting from integrating 
lassi
al me
hani
s, relativity and quantum

me
hani
s; this is made using �elds that are invariant relativisti
 and that

follow the equations of minimum a
tion, using the 
ommutator in pla
e of

Poisson Bra
ket and in this way we pass from the 
lassi
 a
tion (3) to the

quantum a
tion:

S[φ] =

∫ t2

t1

∫ b

a

Lρ

(
φ,
∂φ

∂µ

)
d4xdt, (29)

where Lρ

(
φ, ∂φ

∂µ

)
,would be a Lagrangian density Poin
are invariant.

An example of how to obtain a relativisti
 quantum equation, 
an be seen

when we apply the Hamilton Prin
iple (4) to the Klein Gordon a
tion:

S[φ] =

∫ t2

t1

∫ b

a

(
1

2
∂µφ∂µφ−

(
mc2

~

)2

φ

)
d4xdt, (30)

where φ is the Klein Gordon real �eld and m its mass, we obtain the Klein
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Gordon equations of movement:

(
∂µ∂µ −

(
mc2

~

)2
)
φ = 0. (31)

3.2 Temporal evolution equations of relativisti


quantum parti
les

Having a temporal evolution relativisti
 quantum theory, one of the �rst

su

esses in explaining quantum parti
le's movement was the S
hrödinger

equation [14℄.

S
hrödinger equation dependent on time for a non relativisti
 ele
tron is:

i~
∂

∂t
Ψ(r, t) =

[−~2

2µ
∇2 + V (r, t)

]
Ψ(r, t), (32)

where Ψ(r, t) is a wave fun
tion, the parameter µ is the relative mass and V
is the potential.

Knowing that, for the theory to be 
omplete it should ful�ll the relativity

laws, the next step was made by Klein Gordon, with his relativisti
 quantum

theory of the ele
tron's movement [15℄ and its equation (31):

(
∂µ∂µ −

(mc
~

)2)
φ = 0.

Although this theory 
ame from a Lorentz invariant Lagrangian that ful�lls

the laws of spe
ial relativity, it had un
onsisten
ies with Copenhague's in-

terpretation of quantum me
hani
s, it predi
ted negative probabilities and

it was unable to treat parti
les as wave fun
tions.

The next step was made by Paul Dira
 with his theory of temporal evo-

lution of relativisti
 ele
trons [16℄ and its equation:

(iγµ∂µ −m)ψ = 0. (33)

Here ψ is a Dira
 spinor, a wave fun
tion with four 
omponents, totally 
om-

patible with Copenhague's interpretation of quantum me
hani
s and Spe
ial

Relativity, 
oming from a Lorentz invariant Lagrangian.
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3.3 Development of the Rarita S
hwinger Equation in

the quantum Field Theory

In 1941 William Rarita and Julian S
hwinger [17℄, had the physi
al bases

to develop a theory of the temporal evolution of fermions of spin

3
2
, that


onsisted in obtaining a Lagrangian density of the �eld of fermioni
 parti
les,

based on the studies of the theory of Pro
a and Dira
 [16,18℄, and also in the

work of Fierz and Pauli [19℄. The Lagrangian density that they proposed in

modern notation is:

L =
1

2
ǫµνρσψ̄µγ

5γν∂ρψσ −mψ̄µψ
µ, (34)

where the 
oe�
ients will be de�ned in more detail in the following lines.

Hamilton Prin
iple for the A
tion of the Rarita S
hwinger �eld.

δ

[∫ t2

t1

∫ b

a

(
1

2
ǫµνρσψ̄µγ

5γν∂ρψσ −mψ̄µψ
µ)d4xdt

]
= 0. (35)

Developing the equation (35) we obtain the Rarita S
hwinger equation:

ǫµνρσγ5γν∂ρψσ +mψµ = 0. (36)

Let us see the signi�
ate of ea
h part of this equation:

The Levi-Civita symbol ǫµνρσ:

ǫµνρσ =





+1
−1
0

The positive value 1 
orresponds to all the even permutations of µνρσ (it is

even value if it 
an be redu
ed to the initial ordered series by a even number

of positions ex
hanges) and in the opposite 
ase, when no term is repeated, it

is odd and then it has the value −1. For the 
ase that the terms are repeated,

the 
orresponding value is 0.

Let us see the meaning of the term γν.

γν is by de�nition:

gµνγ
ν = {−γ0,+γ1,+γ2,+γ3} ,
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where γν are Dira
's matrixes. In Dira
's representation, the four gamma


ontravariants matrixes are:

γ0 =




1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


 γ1 =




0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0




γ2 =




0 0 0 −i
0 0 i 0
0 i 0 0
−i 0 0 0


 γ

3 =




0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0


 .

(37)

Let us see the signi�
an
e of the term γ5.
The γ5 matrix is de�ned as the multipli
ation of the four Dira
's gamma

matrixes and i (37):

γ5 := iγ0γ1γ2γ3 =




0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


 . (38)

The γ5 matrix is related to the parti
le's 
hirality be
ause of its properties.

Finally let us see whi
h is the signi�
an
e of ψµ
.

ψµ
is a spa
e time spinor, it is a wave fun
tion of four 
omponents and it

belongs to an intern spa
e of the Minkowsky real spa
e. The wave fun
tion


an be expli
itly written as a 
olumn matrix:

ψµ(x, t) ≡




ψ0(x, t)
ψ1(x, t)
ψ2(x, t)
ψ3(x, t)


 . (39)

The dual wave fun
tion 
an be written as a simple matrix:

ψ†(x, t) ≡ [ψ∗
1(x, t) ψ∗

2(x, t) ψ∗
3(x, t) ψ∗

4(x, t)] , (40)

where the Dira
 adjoint is de�ned by ψ̄ ≡ ψ†γ0, ψ†
denotes the adjoint

hermiti
 spinor (
onjugated transposed) of de ψ, and γ0 is the time gamma

matrix.

Finally, ∂ρψσ, are the spinor ψσ partial derivatives following the Einstein

additive agreement, where ρ, σ varie between 0 and 3.
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The Rarita S
hwinger equation (36) manages to explain the movement

of quantum parti
les with spin

3
2
, in total agreement with the interpretation

of quantum me
hani
s and the Spe
ial Theory of Relativity, with spinor

fun
tions (39) with whi
h quantum variables as position and movement, 
an

be probabilisti
ally determined.

4 Cli�ord Algebras and Rarita S
hwinger Equation

Cli�ord algebras were developed initially by Hermann Grassmann andWilliam

K. Cli�ord. They 
onsist in a uni�ed language for physi
ists and mathemati-


ians, that gathers and uni�es 
on
epts that allow the expression and des
rip-

tion of some geometri
 relations with appli
ations well de�ned in physi
s, as

the 
omplex numbers system, matrixes algebra, quaternions, ve
tor algebras,

tensors, spinors and di�erential forms.

Let us see some generalities and 
hara
teristi
s of these algebras, taken

from the book [20℄.

Universal Cli�ord Algebra:

Given Vn,s(0 < s < n), being a n -dimensional (n ≥ 1) linear real spa
e
with base

{e1, e2, . . . , en} ,

provided by a bilinear form

(v | w), v, w ∈ Vn,s

su
h that

(ei | ej) = 0 , i 6= j
(ei | ei) = 1 , i = 1, . . . , s
(ei | ei) = −1 , i = s+ 1, . . . , n

and v =
∑n

i=1 viei ∈ Vn,s. Then the asso
iated quadrati
 form is

(v | v) =
s∑

i=1

v2i −
n∑

i=s+1

v2i .

Consider the linear real spa
e of dimension 2n C (Vn,s) with basis

{eA = eh1...hr
: A = (h1, . . . , hr) ∈ PN, 1 ≦ h1 < . . . < hr ≦ n} ,
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where N is the set {1, . . . , n} and eφ is e0. Now a produ
t on C (Vn,s) is
de�ned by:

eAeB = (−1)n((A∩B)\S)(−1)p(A,B)eA∆B, (41)

where S represents the set {1, . . . , s}, n(A) = #A,

p(A,B) =
∑

j∈B
p(A, j), p(A, j) = #{i ∈ A : i > j}, (42)

and the sets A,B and A∆B are ordered in the pres
ribed manner. Following

the multipli
ations rules (41), with e0, the identity element, we have

e2i = 1 , i = 1, . . . , s
e2i = −1 , i = s+ 1, . . . , n
eiej = −ejei, i 6= j

and for 1 < h1 < . . . < hr < n,

eh1 · eh2 · · · ehr = eh1...hr.

Moreover for all v, w ∈ Vn,s ve
tor:

vw + wv = 2(v | w).

�It is easy to verify that, in this way, C (Vn,s) be
omes in a linear algebra,

asso
iative but not 
ommutative on R. It is 
alled universal Cli�ord algebra

on Vn,s� (see [20℄).
As we 
an observe in the Rarita S
hwinger equation (36):

ǫµνρσγ5γν∂ρψσ +mψµ = 0.

The terms ǫµνρσγ5∂ρ are multiplying the term γν whi
h by de�nition is gµνγ
ν
.

γν are the gamma Dira
 matrixes (37), these matrixes ful�ll an algebra

stru
ture that is very parti
ular in the Cli�ord algebras:

Let V4,1 be a 4-dimensional linear real spa
e with basis:

{γ0, γ1, γ2, γ3}

provided with a bilinear form:

(v | w), v, w ∈ V4,1
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su
h that

(γi | γj) = 0 , i 6= j
(γi | γi) = 1 , i = 0
(γi | γi) = −1 , i = 1, 2, 3.

The γν fa
tors, ful�ll the parti
ular Cli�ord algebra V4,1, so that the equa-

tion's right part (36) 
an be understood as a fun
tion in the parti
ular Cli�ord

algebra.

Understand as a Cli�ord algebra valued fun
tion, f =
∑
eAfA a

ording

[20℄, where eA are the elements of the basis that generate Cli�ord algebra

and fA represents fun
tions with real values.

The gamma matrixes γν were introdu
ed for the �rst time by Paul Dira


in his attempt to solve the physi
s problems that resulted from solving (31).

To eliminate physi
al problems in the equation (31), Dira
 
ontrary to Klein-

Gordon did not quantize the energy E2 = p2c2+m2c4 Instead, he eliminated

the root of the equation by �nding terms eµ su
h that (eγpc+eǫmc
2)2 = p2c2+

m2c4, these eµ terms 
omply with the stru
ture relations of algebras proposed

by WilliamK. Cli�ord many years earlier. Finding the eµ terms allowed Dira


to �nd his equation (33) ele
tron motion from quantize eγpc + eǫmc
2 = E,

whi
h is a linear equation with respe
t to the energy and moment operators

mu
h simpler to solve than the equation (31).

The terms eµ resulted in 4x4 matrixes (37), fa
t that gave a new twist to

the understanding of physi
s at the moment, introdu
ing 
on
epts as spinors

ψ(x, t) (39) and giving a theoreti
al demonstration of the spin.

5 Rarita S
hwinger operator seen from mathemati
s

From Rarita S
hwinger equation (36), there were developed operators in

partial derivatives. Ones of the �rsts in dealing with the problem of the

movement of fermions of spin 3/2 in this way, were Deser, S. Kay, J. H. and

Stelle, K. in their work of 1977 �Hamiltonian formulation of supergavity�[21℄,

where the Rarita S
hwinger operator was de�ned through

Rν ≡ γµ ∗ fµν = 0, (43)

where

∗fµν ≡ 1

2
ǫµναβfαβ , fµν ≡ Dµψν −Dνψµ
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and it must be ful�lled that

γµf
µν = 0

fµν + γ5 ∗ fµν = 0.

Many mathemati
ians kept dealing with the Rarita S
hwinger equation by

using operators, but in [22℄, the authors de�ned a family of Rarita S
hwinger

type operators, where a 
ase 
oin
ides with the operator of the same name

proposed by [21℄ and enun
iate it as: �A re
ent study of operators 
on-

formably invariants has left 
lear that there is a sequen
e of similar ellipti


operators of �rst order, 
onformably invariants that a
t on more 
omplex

fun
tions with values in spinor representations. The most simple of these

operators is an analog of Rarita S
hwinger operator introdu
ed by physi
ists

in dimension 4� [22℄.

In the 
ited work [22℄, then it is de�ned a Rarita S
hwinger operator that

belongs to a family of ellipti
 �rst order operators 
onformably invariant that

a
t on fun
tions with values in spinor representations, where the authors

textually express that: �it is a generalization of the 
lassi
 Rarita-S
hwinger

equation for spin 3/2 �elds to the 
ase of fun
tions taking values in irredu
ible
representation spa
es with weight k + 1/2. These �elds may be realised as

fun
tions taking values in spa
es of spheri
al monogeni
s�.

In this work [22℄, the authors de�ne the Rarita S
hwinger operator in the

following way:

Let the Dira
 operator be

∂x =
m∑

j=1

ej∂xj
. (44)

A monogeni
 de
omposition of this operator is

∂x = D0x +D1x, (45)

where D0x and D1x are the total Rarita S
hwinger operator and the Twistor

operator, respe
tively. They are de�ned as

D0x = − (Γu∂x + ∂x (Γu −m+ 2)) (m− 2− 2Γu)
−1

(46)

D1x = (Γu∂x − ∂xΓu) (m− 2− 2Γu)
−1 , (47)

where

Γu = −u ∧ ∂u = −
∑

i<j

eijLij,u (48)
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is the Gamma operator and Lij,u = ui∂uj
− uj∂ui

is the angular momentum

operator.

The Euler operator is de�ned as:

Eu =
m∑

j=1

uj∂uj
(49)

The Rarita-S
hwinger operator Rk : C
∞ (Rm,Mk) → C∞ (Rm,Mk) given

by

Rkf(x, u) = D0xf(x, u), f(x, ·) ∈Mk (50)

Given this, we have:

Γuf(u) = (−u ∧ ∂u) f(u) = (−u∂u − Eu) f(u) = (−u∂u − k) f(u).
For all f ∈ C∞ (Rm,Mk)

Rkf(x, u) = − (Γu∂x + ∂x (Γu −m+ 2)) (m− 2− 2Γu)
−1 f(x, u)

= −1
2k+m−2

((−u∂u − k) ∂x + ∂x(−k −m+ 2)) f(x, u)

=
(

u∂u
2k+m−2

+ 1
)
∂xf(x, u),

de�ning then the Rarita S
hwinger operator as

Rk =

(
u∂u

2k +m− 2
+ 1

)
∂x. (51)

6 Weighted Dira
 and Rarita S
hwinger operators

Re
ent works about the Dira
 operator (44) yield interesting appli
ations

in physi
s; for example, in the work [23℄ the authors de�ne the weighted

Dira
 Operator and �nd its fundamental solution and in [24℄, the same au-

thors 
al
ulate the fundamental solution for the weighted Dira
 operator for

anisotropi
 media.

Let us see some important de�nitions taken from this work.

�We 
onsider that in Cli�ord algebra An, is a more general Dira
 operator

de�ned as� [23℄:

Dw =
n∑

i=1

γiei∂i. (52)
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The 
onjugated operator to (52) is also de�ned:

D̄w = −
n∑

i=1

eiγ̄i∂i (53)

With the purpose of fa
torizing the Lapla
ian DwD̄w = ∆n = D̄wDw, it

must also be ful�lled that:

ψiiψ̄jj + ψjjψ̄ii = 2δij, i, j = 1, 2, . . . , n (54)

ψ̄iiψjj + ψ̄jjψii = 2δij , i, j = 1, 2, . . . , n, (55)

where ψii = γiei.
We 
an see an example of a Weighted Dira
 operator in the following

Dw =
1√
2
(−e3 + e123) e1∂1 +

1√
2
(−e3 + e123) e2∂2 +

1√
2
(−e3 − e123) e3∂3,

(56)

where

γ1 =
1√
2
(−e3 + e123) , γ2 =

1√
2
(−e3 + e123) γ3 =

1√
2
(−e3 − e123) (57)

The weighted Dira
 operator 
an be understood as

Dw = w ·D, w = (γ1, γ2, γ3), (58)

where w 
an be interpreted as an operator that transforms D.

Analogously, from a physi
al point of view, remembering the Lorentz

Λ transformations that transform quadrive
tors in a similar way (see the

equation (22)) and if we remember that the quadrimomentum pµ from a

quantum point of view, making unitary the physi
al 
onstants, transforms

in the operator pµ = eµ∂µ, we 
an appre
iate a similarity in:

Dw = w ·D (59)

and

pµ = Λpµ. (60)

Motivated by the appli
ations in physi
s proposed by [24℄, and 
onsidering

that Rarita S
hwinger operator (51) is fa
torized by a Dira
 operator, we 
an

propose a new Rarita S
hwinger type operator in the form:

Rw
k =

(
u∂u

2k +m− 2
+ 1

)
w∂x, (61)



The mathemati
al physi
al meaning of the Rarita S
hwinger equation 30

where:

w∂x = Dw =
n∑

i=1

γiei∂i. (62)

Due to the similarities between (59) and (60), we 
an suppose that a

Rarita S
hwinger type operator solution would imply obtaining a solution

for di�erent quadrive
tors dependent on weights, whi
h would result in a

solution for a more general problem than the one formulated by the Rarita

S
hwinger equation, where varying instantly the weights we would obtain a

solution for a di�erent problem, for a quadrive
tor transformed by a Lorentz

spe
ial transformation, where Λpη is proportional to w ·D, i.e., Λpη ∝ w ·D.
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