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Abstract

In Inertial Confinement Fusion (ICF) experiments, radiation is well described by a kinetic
model (radiative transfer equation). This model is usually too expensive to be used in numerical
simulations of such phenomena. Hence, approximations are used. A common one is to use a
moment model, in which the radiative transfer equation is replaced by its first and second order
(in velocity) moments, together with a closure assumption. In this article, we propose a closure
for 2D and 3D geometries, which are extensions of a one-dimensional radially symmetric model
called P{. This model has proved to be very accurate in the study of ICF, which makes the
models we propose promising in this respect. The closure is based on the fact that the model
should, if possible, reproduce the exact solutions of radiative transfer equation in vacuum. We
also design a numerical scheme for the radially symmetric case. This scheme is well-balanced
and satisfies the diffusion limit of the model. This scheme is validated by various numerical
tests.

Contents
1 Theoretical study of a radial model: P| 7
1.1 Derivation of the P{ model . . . ... ... ... .. ... ... 7
1.2 Theoretical properties of the model . . . . . . . . . .. .. ... L. 10
1.3 Stationary solutions in pure transport . . . . . . . . ... ... 12
1.3.1 Solutions of the radiative transfer equation . . .. .. ... ... ... .... 12
1.3.2  Stationary solutions of the P{ model . . . . .. ... ... ... ........ 16



2 Derivation of axisymmetric models 18

2.1 The P; model in cylindrical coordinates . . . . . . .. .. .. .. ... ... .. ... 19

2.2 Higher order models . . . . . . . .. 20

2.2.1 The 3D spherical Pymodel . . .. .. ... .. .. .. 20

2.2.2  The cylindrical Py model . . . ... ... .. ... 23

223 Calculationof p1y . . . . . ..o 25

3 Asymptotic preserving discretization of the P| model in the radial case 25

3.1 General framework . . . . . ... 26

3.2 Staggered scheme . . . . . ... 26

3.3 A partially implicit Buet-Després type scheme . . . . . . . .. .. .. ... 28

3.3.1 A homogeneous conservative formulation of the P} model . . . .. ... ... 28

3.3.2 Explicit Buet-Després type scheme . . . . . .. .. ... . 0000, 29

3.3.3 Partially implicit Buet-Després type scheme . . . . . . . ... ... ... ... 34

3.3.4 Theoretical study of the scheme . . . . . ... ... ... ... ... 0. .. 36

3.3.5 Numerical validations . . . . . .. .. ... .. ... 39
Introduction

Inertial confinement fusion aims at reaching thermonuclear fusion in a laboratory using high energy
laser beams. In such an experiment, a small plastic ball (the target) filled with hydrogen (deuterium
and tritium) is heated up. Doing so, the external layers of the target are dilated. Conservation of
momentum implies that the inner layers are contracted, so that the pressure and temperature of
the combustible are increased, hopefully reaching values allowing for fusion reactions. In order to
heat up the target, mainly two approaches are used: the direct one, in which the laser beams are
pointed directly towards the target, and the indirect one, in which the target is inserted inside a
small cavity (hohlraum) with golden walls. These walls are heated up by laser beams, and emit
X-rays towards the target (see Figure 1). The advantage of the first approach is that the laser
energy is more directly transmitted to the target, at the price of being highly anisotropic. On the
other hand, indirect approach gives a more isotropic energy flux on the target boundary, while an
important part of the laser energy is wasted in heating up the hohlraum walls.

Inertial confinement fusion experiments involve many different physical phenomena such as laser-
plasma interaction, radiative transfer, neutronics and plasma hydrodynamics. This contribution
focuses on the radiative transfer, which is of particular importance in the indirect approach. A good
approximation in this case is that of a kinetic description of a photon gas: the radiative intensity
[8] is a distribution function I = I(t,x,). Tt depends on time ¢ € R, on space position x € R®
and the propagation direction 2 € S? where S? is the unit sphere of R®. The velocity of photons
is the speed of light c. For the sake of simplicity, we ignore the dependence of I on the frequency
v of the photons. This approximation is physically irrelevant, but this simplification allows us to
concentrate on some issues of the modelling and numerical simulation, leaving aside some important
but well-documented problems about frequency dependence (see for instance [19, 41, 44] and the
references therein). The radiative intensity I is solution of the kinetic equation

1
~0 1+ Q- Vil = o,({I) = 1), teR, xR Qe S (1)



Figure 1: Inertial confinement fusion: indirect drive.

where

I =— I(t,x,Q)dS2,

(1) = g [, 10%.9)
Vi« is the space gradient and o, = 0,(x) > 0 the scattering cross-section. This source term represents
a density of photons changing direction because of collisions. Another important approximation
we make here is to neglect emission-absorption terms, which read o,(aT* — I) in the right-hand
side of (1), and is of high importance in the applications we have in mind. Here again, we believe
that including such a term is not difficult in what follows, but we avoid the corresponding technical
difficulties. An important property of equation (1) is that its solution satisfies the maximum
principle, that is,

vt >0, sup  I(t,x,Q)= sup I(0,x,92). (2)
x€R3, Qes? x€ER3, QES?

Of course, such a property is valid if the equation is set in the whole space R3, or with appropriate
boundary conditions. Property (2) is a simple application of the method of characteristics.

The kinetic equation (1) is set in a six-dimensional phase space (one for the time variable, three
for the position variable, and two for the propagation direction variable). A direct discretization is
therefore highly expensive. Different kind of methods have been proposed to solve this equation.
A natural approach is to use a Monte Carlo approximation [31, 40]. These methods have the
advantage of being essentially dimension-independent, with a rather simple implementation if one
sticks to standard transport Monte Carlo schemes. However, statistical noise may be prohibitively
large, since the rate of convergence is 1/ VN , where NV is the number of particles, directly related
to the computational cost. In addition, the cross sections in (1) may be very large, which implies
stability issues, hence implicitation of the method is necessary [16]. Another approach is the discrete
ordinate method, it consists in using a finite difference approximation for the velocity directions €2
[7, 8, 36, 39]. This method suffers from so-called ray-effects [37]. In order to solve it, a large number
of discretization directions (that is, of degrees of freedom) is necessary, which makes the method
expensive. Another kind of discretization, considered in [34] for instance, amounts to expand [
on the basis of spherical harmonics with respect to 2. This method may prove fairly accurate in



case of smooth solutions. However, it suffers from violating the maximum principle satisfied by
(1). Several methods have been proposed to solve this issue [23, 32]. Here again, a large number of
spherical harmonics may be needed to give accurate results, which implies high numerical costs.

In this contribution, we focus on moment models [10, 30, 36, 39] which allow to decrease the phase
space dimension. They consist in writing a set of equations on some means of the radiative intensity
called moments. A natural way to derive such a model consists in integrating the equation against
1 and against Q. Defining the radiative energy, the radiative flux and the radiative pressure by

1
E(t,x) = p /52 I(t,x,Q)dQ,

F(t,x) = QI(t,x,Q)dQ, teR,xeR? (3)
82

P(t,x) = 1/ Q@ QI(t,x, Q)d,
C Js2

we obtain the system

O, F + div(F) = 0,

1 : (4)
EatF + ¢ div(P) = —0,F.

Let us note that E(t,x) € R, F(t,x) € R® and P(t,x) € M3(R), the set of real-valued 3 x 3
matrices. This new system is simpler than (1): we have replaced a scalar equation by a system, but
the variable €2 is now integrated out, and we no longer need to discretize it. However, the system
is not closed for now: we have four equations for ten unkwnowns (one for E, three for F, and six
for P, since it is a symmetric matrix). The strategy is thus to close the system by deriving an
expression of P as a function of F,F. The choice of this relation is crucial both from a modeling
and a numerical point of view. In particular, I > 0 implies that the energy is nonnegative:

E >0, (5)

and that the flux is limited
|F| < cE. (6)

The closure should imply (5) and (6).
Another important property of (1) is the diffusion limit: if o, and ¢ are large, then a good approx-
imation is given by the diffusion equation on E [7, 8, 36, 39|

0, — div(LVE) —0. (7)
30,

In the application we have in mind, this limit is of importance. Indeed, in the experimental setting,

both transparent regions (o, small) and highly diffusive regions (o, large) are present, as we can see

on Figure 2. Thus, the closure should preserve this diffusive regime.

Several approaches have been proposed to derive such closure relations. The simplest one consists

E F-Q E
simply in assuming that I is an affine function of €2, that is, I = ol + ———, which gives P = —1Id.
0

™
This model, usually called Py, is equivalent to the decomposition on spherical harmonics mentioned
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Figure 2: Idealized configuration of an ICF target.

above, provided only first and second order terms of the development are considered. This model
satisfies the diffusion limit, but is rather crude in the transport regime, and does not satisfy (5)
nor (6) except in one dimension (slab geometry). A maximum entropy principle has been used in
[10] for deriving the so-called M; model in which an explicit closure is obtained. An advantage of
this approach is to recover properties (5)-(6) while preserving the diffusion limit. In spite of these
theoretical assets, we do not consider this model here for a reason we explain later.

The starting point of our contribution is a linear model named P and introduced in [42] for a
radially symmetric geometry. This model, recalled in Section 1 and written in spherical coordinates,
is not proved to ensure the positivity of the energy and the limitation of the flux yet. However it
satisfies the diffusion limit (Section 1) and its behavior in the case of a radially symmetric target
implosion is more accurate than the M; model. This fact is illustrated on Figure 3. On the left
hand side, we have plotted the velocity of the interface between the plastic of the target and the
hydrogen gas. The black curve corresponds to a Monte Carlo simulation, which is considered as a
reference. The blue curve corresponds to the use of P; model. Red and green curves correspond
to the diffusion approximation, and to the M; model, respectively. The right plot represents the
Eddington factor Ppp/E as a function of the spherical radius R (distance to the center of the
target) at time t = 1.5 x 10™%s. The green curve is associated with the M, model, the blue one
with the P{ model and the black one is the Monte Carlo solution. On both plots, one can see that
the P; model is much more adapted to this case. As for the Monte Carlo calculation, it provides an
Eddington factor smaller than 1/3 unlike the M; model. More explanations of this better behavior
are given in Section 1.3 below.

The aim of this article is to propose an extension of the P model to a cylindrical geometry. To
do so, we focus on the target rather than considering the complete geometry of the cylinder. The
cylindrical symmetry is represented by an axisymmetric condition at the boundary of the simulation
(Figure 2). These geometrical considerations are the starting point of all our models.

Several models are proposed, that satisfy the diffusion limit. Of course, numerical schemes used
to discretize these models should satisfy the diffusion limit at the discrete level. Such schemes are
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Figure 3: Left: plot of the velocity of the interface between the solid layer of the target and the
(inner) gaseous DT as a function of time. The black curve is a Monte Carlo simulation (reference),
the blue one a P simulation, the green one a M, simulation, and the red one a diffusion approxi-
mation. Right : the corresponding Eddington factor as a function of R at time 1.5 x 10~ %s, that
is, just before focus.

called asymptotic preserving (AP). Numerical experiments show that this is usually not the case
of standard finite volume methods [5, 9, 17, 20, 27]. Specific corrections are needed in order to
have a correct behavior in diffusion regimes. In this paper, we have studied this aspect in one
dimension only, since it is already a challenge. Extension to higher dimension is possible but not
straightforward [17]. An alternative would be to use Galerkin discontinuous methods [28], which
are AP, at least for second-order (i.e. piecewise affine) discretization.

The article is organized as follows: in Section 1, we review some important properties of the 1D
radial P] model. In particular, we recall that in the pure transport case (o5 = 0), it gives a solution
which coincides with that of (1). Actually, we also prove that such a property cannot hold if
spherical symmetry assumption is dropped. This is why, in Section 2, we propose a way to extend
this model to axisymmetric geometries. Finally, Section 3 proposes some numerical experiments.
They are restricted to the radially symmetric case, but we plan to consider higher dimension in the
near future. In this one-dimensional setting, we use the ideas of [9] to build an AP scheme, and
study its consistency and stability, before giving some numerical results.

Before proceeding, we fix the notations we will use throughout the paper:

Notation. The spherical frame (eR,eg,e@) is represented on Figure . Note that the spherical
radius vector is denoted by R whereas the cylindrical one is denoted by r.

In the mobile frame (eR,ee,eW), the direction of the photons S is also expressed in spherical co-
ordinates. Space angles are denoted by greek lowercase letters 0,¢. On the contrary, the velocity
spherical angles are denoted by greek capital letters ©, .



Figure 4: Representation of spherical coordinates.

1 Theoretical study of a radial model: P|

In this Section, we recall the derivation of the model referenced as P| in [42]. This model involves
the first three moments F, F and P, defined by (3), and solutions of equations (4). In the spherical
frame (Figure 4), we denote the flux and pressure components by

PRR PRG Pch
F:(FRaFOaFcp)a P= PRO P99 P,

Op
Pp Pew P

@ wp

The P] model closes the system (4) with geometric considerations in the radially symmetric case.

1.1 Derivation of the P, model

The intensity is assumed to be radially symmetric as in Section 1.2. Thus [ is a function of ¢, R
and p = Q- ep = cos(0), the projection of the direction of photons € on the vector ep (Figure 4).
We first write Equations (4) in spherical coordinates. The moments are evaluated in the basis

(er,ep,e,) using

Q= (u, VT = 12 cos(®), /1 — 12 sin(cb)), pe-1,1],® € [0, 2q]. ®)

The energy and the flux reduce to

2 1 1
E= i/ I(t, R, p)dp, Fgp= QW/ pl(t, R, p)dp, Fy=F,=0.
_ 1

& 1 —



Figure 5: In the case of vacuum (o5 = 0): I(¢,R, Q) = Iy(t,R) if Q- ep < uo(R) and I(t, R, Q) =
Ii(t,R) if Q-ep > up(R) (the shadow cone of the target).

Furthermore, the pressure tensor is diagonal and its three coefficients are linked by
1
P90:§(E_PRR):P<,0@‘ (9)
Using radial symmetry, the divergence of the flux reads
) 1
div(F) = @8R(R2FR%

and the first component of the divergence of the pressure is given by

2Ppr — Pyy — Py,
7 .

div(P) g = Or(Prr) +
Using (4), the general one dimensional radial equations satisfied by E, F are thus

1
O.F + ﬁaR(RQFR) =0,

%atFR + cOr(Prr) + ¢
We are going to close the system i.e. to express the pressure Prp as a function of E and Fp,.
Let us first note that choosing Prr = FE/3 gives the so-called P; model |8]. Leaving aside this
choice, we use the geometry of the experiment (Figure 5) to derive a closure which is more adapted
to this setting.
If o, = 0, the method of characteristics implies that the solution to (1) is of the following form:

I(t, R, 1) = Io(t, )1 _1<pugpg(ry + Lo (6 R) Ly (ry<pusas (10)

where pg(R) = Qo(R) - e delimits the boundary of the shadow cone of the target (see Figure 5).
Assuming this structural assumption on the intensity, one can evaluate the energy and the flux

27
e

E = (1L R)(1 = o(R)) + Io(t, R)(1 + po(R)) )



Fr =7 (1= ug(R)) (1Lt R) — I,(t, R)).
The inversion of this linear system leads to

E F E F
O s LR =S4k

Lo(t, B) = 4 2m(1 4 po(R))’ A 27T(1_—'UO(R))'

Thus the pressure Ppp satisfies

o 1— pp(R) L+ uo(R)Y _ E | 2u(R)Fy
PRR_?(Il(th)i"FIO(t’R)f) =gt (11)
Using this closure relation, we define the P| model as
0E+—0 (R*Fg) =0
t R2 R R ) (12)

1 c 2 2
EatFR + gaRE + gaR(Mo(R)FR) + EUO(R)FR = —0,Fp.

Finally, we need to compute py. In the situation represented in Figure 2, its definition is relatively
clear and corresponds to the shadow cone of the target (Figure 5):

2
po(R) = /1~ 2L (13)

In more realistic situation, we do not have a clear separation between the transparent zone R > R,
and the target. Hence, the definition of j, needs to be adapted. In the radially symmetric case,
a strategy has been proposed in [42]. It amounts to considering the equation on the second order
moment P of Equation (1). This equation relates this second order moment to the third order one

Q(t,x) = /S Q®Q®Q It x, Q2)dO. (14)

Each of them is then expressed in terms of 11o(R), E, F'i using the structural assumption (10). Thus,
one ends up with an ordinary differential equation on p, which reads

dpy _ 1—pg 2
SHo _ - 15
dR ~ Rp, 37 (15)

This equation may be solved numerically. If o, = 0, one recovers (13). Note that obtaining an
ordinary differential equation is conditioned by the radially symmetric assumption. Indeed, this
symmetry leads to simplifications which do not occur in a more complicated geometry (see [42] for
the details).

To treat the diffusion regime (¢ — oo, g, — 00), we need to rescale the P, model. So we introduce
the scaling

(16)

Is
€



We can then write the P| model as
OE + — 0p(R*Fy) =0,
B+ R2 r( R) ) (17)
atFRJr 6RE+ 63(#0( )FR)JFRHo(R)FR* **FR

Although the limit diffusion ¢ — 0 is independent of g, it is interesting to study the behaviour of
o in this limit. Indeed, (15) becomes
dpg _ 1—pg 23,

dR  Rpg 3¢’

Hence, a formal expansion of u in powers of € gives

3 N 275, (R)
€
2Ro,(R)  85,(R)*R?

wo(R) = e +0(). (18)

Actually, if o, is constant, one easily proves that we have the exact formula po(R) = ——=-¢. In any

3
2Ro,
case, o vanishes in the limit € — 0. Hence, it is expected that all the properties of the model in
this limit be consistent with those of the P, model.

In the following, we keep ¢ and o, instead of ¢ and g, for the sake of clarity. We show in the next
Section that the system formally tends to the diffusion equation (7) as e goes to 0.

1.2 Theoretical properties of the model
This Section deals with some properties of the P; model, which now reads
atFR T3 aRE + 83(#0( JFR) +

2 R)F F 19
E'UO( JFr = ——Fg.

We first prove an energy equality, then study the diffusion limit of the model. Unless otherwise
stated, we assume that p( is nonnegative and nondecreasing with respect to R, which is physically
relevant. We also prove that the P| model formally tends to the diffusion equation (7) as € goes to
0.

The P; model (19) reads as the following linear system:

1
2,U + —8R(R2 (R)U) = -G.(R)U, (20)
where
< E 0 0 0
U= (6\;13 >’ A(R) = < c 2cpq(R) )’ Ge(R) = ( 2c 720"‘0(3) _ co, (R) ) (21)
R ﬁ 3 V3R 3R €
The matrix A is symmetric, and
+ 24 0 0
G +'G, — ﬁaR (R?A) = 0 _Scua(R) _ 2e0,(R) _ 2eui(R) | (22)
3R € 3

10



is nonpositive, provided pg is nonnegative and nondecreasing. Hence, (20) is a so-called Friedrichs
system with a linear relaxation term [13, 12, 14, 15, 18]. As a consequence, it is hyperbolic. In our
case, the P] model is strictly hyperbolic, since it has two distinct eigenvalues.

This allows to prove the following Proposition.

Proposition 1.1 (Energy equality). Assume that 1, > 0 is a nondecreasing function of R. If
U € W is a solution of the symmetrized P; model (20) then

1 1
0,(U-U) + o 0p(IPU - AU) = ~Q,(U), (23)
where the quadratic form
Op(R2A)
QE(U) =U- (Ge + tGe - RT)[L
is nonpositive and - is the canonical scalar product of R?.

Proof. The identity (23) immediately results from (20). The matrix defining the quadratic form Q.
is given by (22). As we already pointed out above, its eigenvalues are nonpositive for all R because
It is a nonnegative nondecreasing function of R and o, is nonnegative. O

An important question when dealing with hyperbolic systems is the determination of the eigenvalues
and eigenvectors of the corresponding matrix. Here, the eigenvalues of A are given by

c

A1) = (1ol o) +3). (24)
We always have AT(R) > 0 and A~ (R) < 0 and the corresponding right eigenvectors are
V3
RE(R) = :
®=(sxkim)
Hence, the Riemann invariants of (20) read

wE(R) = B+ e%)ﬁF(R)FR. (25)

Remark 1.2. In the special case pg = 0, we recover the classical Py model, with the corresponding
. and the Riemann invariants cE F eV/3Fg.

V3

Let us give a rapid analysis of the diffusion limit.

eigenvalues +

Proposition 1.3 (Diffusion limit). Assume the following ezpansions on E and F,

E=E9 +EW 4 0(?),
O, gD L o2 (26)
Fr=FY +eFP +0(),
as € goes to 0 where (E, Fy) is a solution to (19). Then E°) is a solution to
8,E© — div(3iVE<0>> = 0. (27)
O-S

11



Proof. We only give a formal proof of this result. A rigourous one can be found for instance in [17,
Theorem 4.3]. After replacing the expansions (26) in (19), we identify the terms of same order in
€. The term corresponding to ¢ * of the equation over Fj leads to

Cc

30,(R)

FY = ORE. (28)

Then, the term corresponding to €® of the equation on E yields

1
0,E© + ﬁaR(Rng)) =0. (29)
We get the diffusion equation (27) by inserting (28) into (29). O

To close this Section, we mention that we have not been able to prove or disprove the positivity of
the energy and the limitation of the flux (6). However, in the case po = 0, we recover the usual P,
model, which does not satisfy the maximum principle [33].

Let us also mention that the free streaming regime is not reproduced by the present model. Indeed,
such regime corresponds to a closure in which the Eddington factor v = Ppp/E satisfies the
following property :

W)L (30)
where f = Fp/(cE). Here, we have

which clearly does not satisfy (30).
Let us note that the present model allows situations in which v < 1/3, which is not the case of
most moment models [29], as for instance M; model (see Figure 3).

1.3 Stationary solutions in pure transport

In this Section, we compute the stationary solutions of the radiative transfer equation (1) and of
the P model (19) in the pure transport case (o, = 0) for an axisymmetric boundary condition.
These computations have three purposes. First, it shows that the P; model preserves the stationary
solutions of (1) when o, = 0 for a radially symmetric boundary condition. Second, it proves that
the stationary P; model is ill-posed for a nonradial boundary condition. Third, it allows to derive
some moment models, well-posed for an nonradial boundary condition, which are generalizations of
the P| model. The idea is to take into account the exact solution of the radiative transfer equation
in the case o, = 0 in the structural assumption as we did for P{ model in the radially symmetric
case.

1.3.1 Solutions of the radiative transfer equation

In this paragraph, we compute the stationary solutions of the radiative transfer equation when
o, = 0 for an axisymmetric boundary condition. We consider two spheres of radius 0 < R; < R,
(Figure 6). In the domain

D={x€eR® R, <|z|<R,},

12
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Figure 6: Definition of 8" and M’.

the radiative intensity is supposed to satisfy the transport equation
1
—0I+Q -V, I=0, tcRx€eDQcS (31)
c

An axisymmetric boundary condition on the radiative intensity is prescribed at R,: this intensity
is an expansion on the Legendre polynomial basis [1, 38, 43] given by

R, (t,0,0,9Q ZIl )P(cos(f)), if Q-er <O, (32)

where P, is the [th Legendre polynomial. Note that this intensity is chosen independent of 2. We
impose zero incoming flux at R;:

Ig (t,0,,2) =0, if Q-ep>0.

Our purpose is to compute the first moments of the intensity at an arbitrary space position R
belonging to (R;, R,). The following computation is a generalization of [22], in which only I(R;)
is computed.

The intensity is constant along the characteristics of Equation (1). The intensity at the point
M(R,0,¢) in the direction Q originates from the point M’(R,,0’,¢") (Figure 6). Thus it is given
by

ex8) = In, (¢ 200000 ) = L, iy S (1= 200 ) Plcos@ (@), (39
l

where 11 is defined by (13) and represents the limit of the shadow cone (Figure 5). Using (8), a mo-
ment m associated with the polynomial P € R[X, X,, X5] (the space of three variables polynomials)

writes o
0 s
/ / V1= p2 cos(®),\/1 — p2 sin(®))I(t, x, i, ®)dud®. (34)

13



In the case of a stationary radial boundary condition

IR2 (t7 07 2 Q) = IR23 (35)
the computation immediately leads to
2 VR?2 - R? wR?
E= ?(1 n Tl)fgz, Fp=—"2l I, (36)

For a boundary condition which is not radially symmetric, we have to express cos(f'(£2)) in terms
of p and ®. This is achieved using the addition theorem on Legendre polynomials [11]

!
Py(cos(6'())) = Y (=1)™F ™ (cos(8)) 2" (i)™, €N
m=—1
where ¢/ = Q' - ey (note that p' # cosf’) and

PM(z)=(-1)"(1 - 552) Hpm

P(z), I,meN,|m| <]

Thus (33) now reads

l

I(t,x,92) =1(x,92) = 1{9'ER<H0 le Z 1)™P ™ (cos(0)) P (1 )e ™. (37)

m=—I1

Note that the addition theorem allows to express the boundary condition in the plane (O, £, ep).
We can relate the projections u’ and p. The Al Qashi theorem (Figure 7) yields

, RE4+R*-MM? R+ MM"” - R}
- 9RR, T T ORMMY

. MM'=\/R}+ R? —2RRy.

Moreover, ¢/ and p satisfy the relation

_ R—p'Ry R— /R,
MM’ VRS + R? —2RR,/

We now evaluate the moments. The variable change (38) is applied to (34) to get

27r
/ / (W', ®)I(t,x, 1, <I>)R 2(B, — RM)d 1 d®,

MM’3
where
R? (R3—R})(R*—R?)
Hmin = R,R + R,R )
and
oD,/ R— p,Rz R /,J,R2 R p,Rz
Py, @) = < T ey cos ey sm .
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Figure 7: Points M and M’.

To simplify the expression of the integrand, we use a second change of variable:

2
,u’n:M}]%Vé :1+I/272V‘LL/,

where v = R/R,. Consequently,

1 #n(l‘mm) ~ 1— 2
m= 7/ By, ®)I(t, %, 1, @)~ T Fn gy g,
(

C J1-v)2 0 4y'u72l
where
- v 71+,u u271+u vi—1+p 2
P(u"rwq)) = 2y\/;T"n 2v p"n COb ( 21/\/;Tnn) 31n(<I>) )
and

2 7\ 2

— VR? - Rj

Ry

These integrals can be computed for any polynomial using the intensity (37). For the sake of
conciseness, we do not give the details. We rather explain how this framework can be used for

building generalizations of the P| model to a cylindrical geometry. The idea is to reproduce the
exact solution of the radiative transfer equation when o, = 0 for the boundary condition (32) for
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1 € {0,1,2} (P| preserves exactly the solution when [ = 0: see Section 1.3.2 below). The structural
assumption on the intensity adapted from the P| model is

2

I(t,x,8) = ZPZ(COS(G/(Q))) [Iz(tax)1—1<u<u0(3)(ﬂ) + i, x)1, (ry<pu<t (D) (39)
1=0

where I, J;, for [ € {0, 1,2}, are six unknown intensities. Then the model is composed of equations
on E,F,P and the closure involves the third order moment Q (14). More details are given in
Section 2.2.2.

1.3.2 Stationary solutions of the P| model

The purpose of this Section is to compute the stationary solutions of the P; model for axisymmetric
boundary conditions in pure transport (o, = 0). This is useful for several reasons. First, it justifies
the better accuracy of the P| model compared to P, and M, for the isotropic target implosion
(Figure 3). Indeed, we show that for a radially symmetric boundary condition, the P; model has
the same stationary solutions as the radiative transfer equation in pure transport (36). Thus, the
good accuracy in the transparent part of the target implies a precise evaluation of the flux at
the boundary of the highly diffusive zone. Second, it shows the ill-posedness of the P; model for
nonradial boundary conditions: the P model thus needs to be generalized to non radially symmetric
configurations. Third, exact solutions are useful for further evaluation of the models and of the
numerical schemes implemented.

The starting point is the stationary P; model in pure transport, in spherical coordinates, for an
axisymmetric configuration £ = E(R,0), F = F(R,0). So, let us consider the stationary system
(4) written in spherical coordinates:

1, 1 , B
ﬁaR(R Fp)+ RTn(e)ae(Sln(a)Fe) =0,

F
gaRE +0g 2M0(3R) R) + 2MO(R)FR =0, (40)

fo(R)
3R

C
ﬁaeE - agFR == 0

where the pressure tensor is defined by the relations (9) and (11).

Proposition 1.4. Assume that 0 < R, < R,, and that uo > 0 satisfies uo(R,) = 0. Let E,F €
L*[(Ry, Ry) x (—m/2,7/2)] be a stationary solution to the P| system (40) with o, = 0. Then E, Fy
are radially symmetric. Moreover E, Fy are also defined by (3), where I is a stationary solution of
(31).

Remark 1.5. A consequence of this Proposition is that the stationary P problem is ill-posed when
the boundary condition is not radially symmetric.

Remark 1.6. Note that Proposition 1.4 states that the P model is exact in the case of radially
symmetric geometries, if o, = 0. However, this is not the case when radially symmetry is dropped,
as we will see below.
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Proof. For almost all R, E(R,-),F(R,-) € L*[(—7/2,7/2)] can be decomposed using the hilbertian
basis of Legendre polynomials P, of L?[(—1,1)] so that

ZE )P, (cos(0)), ZF (cos(0)),

for E;,F; = (Fg ;. Fy;, F, ;) radial functions of L* [(R,, Ry)],i € N. We insert these expansions in
the model (40). The third Equation of (40) gives

to(R)Fpi(R) = cEy(R) i 70,  po(R)Fro(R) = c(Eg(R) + f(R)), (41)

for some function f = f(R). We now use these identities in the second Equation of (40). It follows
that

Oy (R) + S Ey(R) + 205 ) (R) + L) 4 S0, (R) + 2 1, (1) P (cos(0) = 0.
i#0

The uniqueness of this development yields

Ei(R):%, i£0, K;eR
2 2 2f(R) (42)
OrEy(R) + EEO(R) + gaRf(R) + “r 0,

Knowing that py(R;) = 0, (41) combined with the first relation of (42) implies that Vi # 0, VR,
K; =0 and j1o(R)Fp,;(R) = cE;(R) = 0. Hence the energy and the radial component of the flux
are radially symmetric and satisfy

E= EO(R)7 Fr= FR,O(R)-
In order to compute Fp, we use the first Equation of (40) and find

g(R) cos(0)
sin(6) + Rsin(0)

Fy(R,0) = Or(R*F o(R)),

with g a function of R. The assumption F, € L*[(Ry, Ry) x (—m/2,7/2)] leads to

K
g(R) =0, FR,O(R) = R7;’

We now combine (41), the second Equation of (42) and (43) to get

Ky + 3K, po(R) + 6K, /R #o(s)d
Ry

K,eR, F,=0. (43)

f(R) =

cR? c PR

so that

2K,p0(R) 6K, RMO(S)
E(R)=-K;— 2 e e ds.

Thus, we have proved that any square integrable stationary solution of the P/ model for o, = 0
is radial. Let us now prove that this solution (FE, F;) satisfies (3) with I solution of (31). The
condition (35) allows to compute the boundary condition on E, Fg:

E(Ry) = 2m(1 + po(Ry))Ir,, Fr(Ry) = (o (Ry)? — DIR,. (44)
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Using (43), (44) and (13), one gets

(43)+(44) (13)

K, TR (1o (Rs)? — DIg, = WR%IR2~

This gives exactly the expression of the flux in (36) obtained for the radiative transfer equation.
Then the constant K5 is given by

K= 2mpu(Ry) R _2m(1 4 pp(Ry)) n 6m R /R2 1o (s) ds
37 cR3 c ¢ Jg s ’

and the energy

E—1 2rRipg(R)  2mRipg(Ry) i 2m(1 + po(R,))  67RE 2 i (s) ds
B cR? cR3 c c s3 ’
2 R

This gives, after calculations, the value of the energy in (36). O

2 Derivation of axisymmetric models

In this Section, we present several models which are generalization of the P; model to cylindrical
geometry. First, we simply use a change of coordinates to write P in cylindrical geometry. Next,
we present closures which are generalizations of P;, and are based on the assumption that the
underlying radiation intensity I is a finite combination of spherical harmonics.

We first present the structural assumption used to generalize the P model. Here again, we distin-
guish between points being inside or outside the shadow cone of the target. The idea is to add an
axisymmetric anisotropy to enrich (10) keeping the model as simple as possible. Our first choice is
a kind of P, closure [8, 36, 39]. Let us define the spherical harmonics [43]:

20+ 1)l —m)!

m _ m m®
Y, (©,0) = Il )] P (cos(@))e™®, 0<m <,
}/E—m(e)?@) = (71)m}flm(®a¢); 0<m<l,
with gmp
Pm = (-1)"(1—2?)% ml, I,meN,m<I,

ox
where P, is the [th Legendre polynomial. It is known that the spherical harmonics form an orthog-
onal basis of L?(S?) [11, 43]. The structural assumption consists in truncating the expansion on
the spherical harmonics of the intensity at first order. The intensity reads

!
I(t,x,Q) = Z Z Y,"(©,2) {Ilm(t,x)lflgu@o(m(ﬂ)+J{”(t,x)1%(RKH<1(Q) , (45)

1=0,1m=—1

where I}, J;" € R are some unknown functions of time and space. Here, we point out two facts.
First, the P{ model corresponds to (45) truncated at order zero. Second, no assumption of cylin-
drical symmetry is made for this closure. It leads to a three dimensional model which can then be
particularized to the cylindrical symmetry.
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Figure 8: The basis (eg, er) in the plane (e, e,).

Next, we present a strategy which takes into account the cylindrical symmetry. For this purpose,
we use the structure of the exact solution of the radiative transfer in pure transport (o, = 0).
This solution is explicit by the method of characteristics; it is characterized by the angle 6'(€2)
represented on Figure 6. We replace the spherical harmonics Y, (0, ®) in (45) by P,(cos(d")),
I € N. Thus the intensity is given by (39), that is,

2
I(t,x,8) = ZPl (cos(6'(£2))) Il(tvx)lqguguo(}%)(ﬂ) + Jl(taxﬂuo(R)gug(Q)} )
1=0

where I}, J), for | € {0,1,2}, are six unknown intensities. More details are given in Section 2.2.2
below.

In both cases, we could have gone further in the expansion. However, we want to build nonradial
models with as few equations as possible. A higher order model implies larger set of equations in
the final system.

2.1 The P model in cylindrical coordinates

In this Subsection, we define the P model in cylindrical coordinates. It will be used as a comparison

basis to test our new models. The cylindrical basis is denoted by (e,,e,,e,). The transition from

the spherical basis (er,ey,e,) to the cylindrical one (Figure 8) is given by the matrix

sin(f) cos(d) 0
R,=| 0 0o 1]. (46)
cos(f) —sin(f) 0

R=+r?2+ 22

The spherical radius vector reads
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The flux F and the pressure P in cylindrical coordinates are written as

F’l‘ P’I‘T PTLP PTZ
F=|F,|, P=(P, P, P,
FZ PT‘Z P(,OZ PZZ

In cylindrical coordinates, the model (4) becomes

F
O,E+0.F.+—+0,F,=0,
r

E PTT - PSOW — US F
I € r e
So,F, +0.p. +57 2+ 9P, = -2F.
c € €T € €

$o,F, +%o,P, +50.P,, +
C € €

ToTrr zZTTrz (47)

z

The pressure P and the flux F are obtained by applying the change of frame R, to the pressure
tensor and the flux of P/, respectively, expressed in the spherical basis:

Prr O 0 Fp
P=Ry| 0 Py 0 |'R;, F=Ry| Fy |, (48)
0 0 P, F,

where Prp, Ppy and P, are defined by (11) and (9), respectively, that is,

E  2py(R)Fg E — Prp :
Ppp = 3 + . Pyy=P,, = — Fp =sin(0)F, + cos(9)F,.
Hence, we have
% + uo(R)(2sin(9§z—605(9)2)FR 0 cos(0) Sin(@)uo(lj)FR
P = 0 E_ w(@)Fp 0 o (49)
COS(@) sm(9) /LO(IE)FR 0 % + o (R)(2 cos(eg)j—sin(H)z)FR

which is the closure relation for the P| model in cylindrical coordinates (47).

2.2 Higher order models

This Section introduces the models associated with the structural assumptions (45) and (39). These
models are derived in the same manner as Pj, integrating (1) over the unit sphere S?. They use a
larger number of unknowns, hence more equations involving the pressure.

2.2.1 The 3D spherical P, model

In this Section, we concentrate on the derivation of a model named Pj associated with the structural
assumption (45). We recall that the final model is expressed in three dimensions because (45) is
three dimensional.

The difference between the structural assumptions (45) and (10) is the presence of the first order
spherical harmonics in (45). It leads to eight unknowns I;", J;" which must be determined using
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eight moments. The natural choice of moments would be the eight components of E, F, P. Then
the closure would express the third order moment Q as a function of E, F, P.

However, the moments E, F, P do not allow to close the system. Indeed, when we compute these
moments as functions of the unknowns ], J/™, we get two linear systems of four equations. The
moments E, Fp, Ppp, Pyy are expressed with the intensities Ig, Ig, Jg, J? associated with the even
spherical harmonics. On the contrary, Fy, F,,, Pry, Pp, are expressed with I, Ifl, Ji, Jfl. The
following lemma asserts that the first linear system is not invertible.

Lemma 2.1 (Relation between E and P). The structural assumption (45) implies that

Proof. Knowing that Tr(P) = E, we only need to show that Py, = P,,. This last equality is true
because the structural assumption (45) involves only the zeroth and first order spherical harmonics.
We have

1 27
Puolt) = [ [ (= i) cos(@ 10,1 @) 0

We know that cos?(®) is a linear combination of Y3 and Y. So when I is replaced by (45), we find

1 2
Pyo(t,%) :/1/0 (1—N2)COS(‘I’)2YOO(®"I’)(Ig(t7X)l—lguguo(R)(H)+J8(t’X)luo(R)gugl(M)>d‘bdﬂy

by orthogonality of the spherical harmonics basis. A similar argument holds for

1 27
P,, = /1/0 (1 — p?) sin(®)?YY (0, ®) (Ig(t,x)l,l@@o(m (u) + Jg(t,X)lHO(R)<M<1(M)>d<I>du,

so that Pyy = P, O

This issue is a well known problem for the P, models when n is even [4]. A possible strategy consists
in adding a third order moment expressed as a function of 13, I?, JJ, J{. This expression, together
with the equations linking E, Fr, Prp to the corresponding intensities, will form an invertible
system. Hence, we choose to replace P,, by

Qrrr(t,x) :/ w3 I(t, R, x, i, ®)dud®,
S2

which is the radial component of the third order tensor (14). Thus the model consists of eight

equations on E, Fp, Fy, F,, Prp, Prg, Pr,, Qrrr plus one closure linking the pressures and the

energy (50). The equations obtained by integration of (1) over € (with the scaling relations (16))

are given by
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cot(0)

2
0,F, + =Fr
+ + 5

1
8tE+8RFR+*89F9+ R

R
O g + 8RPRR +

2 2
0. Fy + —OrPyr +

% e

O F, + :QaR R T+ R

0;Prr + OrQRRR + EaeQRRG +

1
0, Pro + OrQRrro + EaeQRee +

1 1 1
0:Pry + OrQrpry + EBQQR&p + RTn(e)anR%o + R (—Fq; + 4QRR¢)

co%@) (2Q99¢ B

(_3§PRR + 5MRRRR) +

1
- F, =
Rsin(6) % 0=0,

89PR9 +

2 c?cot @

R
cos

Poo) + —

coS

c
(2PRR Py — PR0+

& cot 6
g (

c
@ 9¢PR¢+€27R PWJ)"‘

¢
——00Poo + mQDPW + —=Pro +

Py —

¢ cotf

C
@Rsing e oo T agthe T2 ag Pt

FG 07

cos (

R,

89 %9—’_ F —0

e2Rsi

1 2 t
Tsin(0) 0,QrRe + 7 (=Fr +2Qgrgrr) + «© ( )

Qrro +
cot( )

1 1
Rsin(0) 9,Qro, + 7 (=Fy + Qrro + 3QRR9)

2 Cot( ) cos

QRQLP €2

cos

wa) + GTP'?«J
cot (6
R

1 1 4
0: Py, + OrQRroy + EaeQeow + RTH(Q)QOQ&M + EQR&D +
1

0, Mgrr, + R

ot
Rsin(6)

where Mprrr: Mrrro: MRrRrR, are some components of the fourth order tensor

€ 1
EatQRRR +OrMprrr + EGQMRRRG +

M(t,x) = QRN QD I(t,x,2)dQ.

S2

This system is closed by the relations P,

0's

— Pro

E
Prp— =
RR 3

(QRGG - QR«p«p)

=0,

:O7

)

R:07

)0

€2

= Pyy = (E — Pgpg)/2. The linear system expressing

E,Fgr, Prr, Qrrr as a function of I, 19,79, J? is now invertible. Computing its solution, one can

get the closure

Qrro = $1o(R)Pro+ £Fp,  Qproo = 5Fr — 5Qrrr> Qooo = —E11o(R)Pry + 2 Fp,
QRrry = 45 to(R) PRy, + %Fw QRro, =0, Qrpp = 3Fr — 3QRrRrrs
Qoo = —5Ho(1R) PRy + %Fw Qopp = _S?C“O(R)PPW + 5F</>7

Qopp = —EFHo (R)PRe + 35

Mgrrr = %MO(R)2E - %NO(R)QPRR F £+ 4PPRR 5MO(R)FR + %MO(R)QRRJ%
Mprro = %(QNo(R)z + 1) Pgy, MRRR«p = g(Qﬂo(R) +1)Pp,.

Let us note that this system can degenerate in a bidimensional axisymmetric system. In such a
case, F,, Pro,, Py,s QrRrys @Rroyws Qoo vanish. It amounts to choosing a closure cancelling the odd
components of the spherical harmonics of (45), or to expanding on real spherical harmonics.

Finally, let us point out that this model also satisfies the diffusion limit:

Proposition 2.2 (Diffusion limit).
the following expansion

E=E9 4D 402,
F=FO 4 FV + O(?),

22

Consider a solution of System (51). Assume E and F satisfy

(52)

COs
PR9:

0,

(51)




as € goes to 0, and similarly for P and Q. Then E© is a solution to

8,E© — div(LVEm)) =0. (53)

30,

Proof. Here again, as in Proposition 1.3, we only give a formal proof. A rigorous proof may easily
be derived using the methods in [17]. Inserting (52) into the first line of (51) and identifying the
powers of €, one gets

EF(O) n cot(6)

LR =0

0
a‘PFSg)+RR R

)

0 1 0 1
(9tE(O) + 6RF}(%) + E%Fg( ) + RTH(@)

that is,
0,E© + div (F<°>) = 0. (54)

Next, we insert the expansion into the second, third and fourth equations of (51). This easily gives

FO — —? div (P<°>) .

Os

Now, equations five to eight in System (51) imply that

P —

E 0 0 0
T P = P}{g - Pa(@) —0.

Hence, since we also have Ppy = P, = (E — Ppp)/2, we infer

> 100 .
PO = S| 010l whence FO = __—vEO),
001 7
Inserting this equation into (54), we find (53). O

2.2.2 The cylindrical P, model

This paragraph aims at taking into account the cylindrical symmetry contrary to the Pj three
dimensional model (Section 2.2.1). We choose to derive it in spherical coordinates. It can be
written in cylindrical coordinates using the change of variables defined by (46) and (48). The
idea originates from the P; model which preserves the radially symmetric stationary solutions of
the radiative transfer equation (1) in pure transport (Section 1.3). For o, = 0, given a boundary
condition

I(R,,0,p,Q) = P(cos(9)), 1€{0,1,2},

the solution of our future model must be equal to the radiative transfer equation solution. (Note
that the P model achieves this for [ = 0.) This solution can be explicitly obtained with the method
of characteristics. Thus, the intensity (39) at the point M = (R, 0, ¢) in the direction €2 is the same
as at the point M': I(M, ) = P,(cos(6'(£2))) (see Figure 6).

This is why we choose the structural assumption (39) taking into account both these exact solutions
and the shadow cone. This structural assumption involves six unknowns I}, J;, I € {0,1,2}. Hence,
six moments are needed to determine these unknowns: E, Fg, Fy, Prp, Prg, Ppy. Applied to the
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axisymmetric intensity (39), F,,, Pg,,, P, vanish. The general equations of the model are given
by (47) written in spherical coordinates plus the equations on the pressure, with, here again, the
scaling law (16):

1 2 cot (6

2 CZR 5

F‘QZO7

¢ cot 6 cog

8FR+ aRPRR+ R86PR0+ R(QPRR—Pee—PW)‘i‘ 2R PR9+€TFR207
&2 3 t 6 s
8F9+ S ORPyp + CR89P06+£PR9+&(P39 P+ 25k, =0,

1 2 cot(6) cos E
0;Prr + OrQrrr + EaGQRRO + = (=Fgr +2Qggr) + ( ——Qrro + — <PRR - 3) =0,

R
1 1 cot(6)
0, Prg + OrQrpo + E(%QRGG + 7 (=Fp+Qprry + 3QRR9) (QRGO QRW)

1 4 cot 9 0 E
0,Fpg + OrQRoo + EQeea + EQRG() + (Qopp — 2Qpp0) + 67 (Pee - 3> =0.

cag

(55)
To close the system, we need an expression of the third order tensor Q as a function of the lower order
moments E, Fr, Fy, Prp, Prg, Pyg- To get Q, the six moments Q rrr, @ rro, @ roo; QRW, (OFYPR Qew
are evaluated as an invertible linear system on the six unknowns I;, J;. To do so, we integrate (39)
against
1, p, V1 —p2cos(®), p?, puy/1— p2cos(®), (1 — u?)cos(®)?.

This leads to the computation of the integrals

T et e @

L P ) Reosto (@) duda,
€ Juy(R)

where Q(u, @) = (p, /1 — p?cos(®), /1 — p?sin(®)). If p, is given by Formula (13), that is,
po(R) = 1/1 — R?/R?, these integrals are similar to (34). We have seen that they are computable
with two variable changes but this computation is cumbersome. Then the inversion of the linear
system cannot be computed analytically. So the closure needs to be numerically evaluated at each
time step. Finally, going back to cylindrical coordinates is made using the change of coordinates
(46) and (48).

Note that the linear system is expected to be invertible contrary to the spherical harmonics case
(Section 2.2.1). Indeed, Assumption (39) involves second order Legendre polynomials hence second
order spherical harmonics. So Relation (50), which prevents the system from being invertible, is no
longer valid.

As before, one easily proves that this model satisfies the diffusion limit.

Proposition 2.3 (Diffusion limit). Consider a solution of the system (55). Assume E and F
satisfy the expansions given by (52) as € goes to 0, and similarly for P and Q. Then E© s q
solution to

0,E© — div(3iVE<0>> =0.

Os
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2.2.3 Calculation of y,

This paragraph briefly explains a possible way to compute 1,. We have already mentioned about
the method of [42] for the P| model, consisting in adding an equation on the pressure (Section 1.1).
The radial symmetry of P, allows simplifications that do not occur in a more complex model.
However, it is possible to turn this into a numerical strategy. Here again, we add an equation on
an additional moment: all the moments are then expressed with the lower order moments and g,
thanks to the closure. At each time step, we use the moments E™ F" etc... from the preceding
time step, to solve the equation satisfied by p,. This gives ug, an approximation of (™), which
may be used to compute the radiative moments at time "1

3 Asymptotic preserving discretization of the P/ model in the
radial case

As already told, the numerics of this contribution are restricted to the one dimensional radially
symmetric case: this Section focuses on with the numerical discretization of the P{ model. However,
this framework may be useful to derive schemes for the models presented above.

The purpose of this Section is to design a precise scheme in both transport (o, = 0) and diffusion
regimes (0, — 00, ¢ — 00). We want the scheme to reproduce the diffusion limit (7) as o, and ¢ tend
to infinity. In other words, we need to derive a so called asymptotic preserving scheme. A rather
natural way to achieve this is to use discontinuous Galerkin discretization, as for instance in [28].
However, in ICF applications we consider here, the radiation transfer equation (1) is coupled to
a Lagragian hydrodynamics scheme which is usually of finite volume type. Therefore, in order to
simplify this coupling, we prefer considering finite volume scheme for the P; model.

In the one dimensional cartesian framework, a large literature exists on asymptotic preserving
schemes. Let us for instance cite the former work of Jin and Levermore [27], in which the sources
are inserted in the flux, the splitting methods [25] and the well-balanced methods [20, 21]. Other
methods, based on Godunov type fluxes were proposed in [2, 3]. A full review of such methods is
beyond the scope of this article, and the interested reader is referred to the reviews [24, 26]. The
design of well-balanced scheme needs a careful discretization of the stationary solutions, hence of
the interplay between flux and source terms. Moreover, when preservation of an equilibrium state
is related to the asymptotic limit of the model, the design of well-balanced schemes may be a good
way to build asymptotic-preserving schemes. It is the case of the P| model: in the diffusion limit,

we have © c .

Fy' = 30, (1) OrE (56)
where £ and F](%o) are the zero-th order terms of EF and Fg in the Chapman-Enskog expansion
(see Section 1.2).

In the case of spherical or cylindrical geometries, few works deal with asymptotic preserving schemes.
In [43], a discretization of P, models is proposed for the one dimensional radial geometry while [35]
studies the numerical resolution of the P; model for a two dimensional cylindrical geometry.

A well-balanced strategy has however been proposed by Buet and Després [9] which could be used in
the one dimensional radial geometry. It is well-suited to linear hyperbolic systems of Friedrichs type
with linear relaxation terms. This method transforms a linear hyperbolic system in an equivalent
conservative homogeneous formulation which is the starting point of the discretization. This method
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has been adapted to the P, closure in the one dimensional radial geometry [43]. We use it to derive
an asymptotic preserving scheme for the P model. We compare it to a staggered method which
is one of the simplest way to get an asymptotic preserving scheme. This staggered scheme is
asymptotic preserving but may produce oscillations in the transport regime (o, small) for non
smooth solutions. We hope that the Buet-Després scheme has a nicer behavior in this regime.

3.1 General framework

In this Section, we give some general notations and definitions we use. We first introduce the mesh
notations. Let [a,b] be a given interval of R discretized by a regular grid of N cells. The center of
the i*" cell is the R; point and the grid interfaces are located at the nodes R;11 such that

Ri1 =R,

(2

-1 + AR;,
with AR; the mesh step. Moreover, we define the global mesh step by

AR = min AR;.

1<i<

Let [0,7] be the time interval. It is discretized by a uniform mesh associated with the time step
At: t" = nAt.

Let us now introduce some definitions.

Definition 3.1. A scheme consistent with the P, model is said to be well-balanced if it preserves
exactly the stationary solutions of this model at every time t", n € N.

Definition 3.2. [25, 6/ Let Pxr be a discretization of the P{ model (19).

If the scheme PXR_ is consistent with the diffusion equation (27), then it is said to be asymptotic
preserving. '

Definition 3.3. Let P{p be a scheme consistent with the P model (19) as AR, goes to 0 at a
given order. '

The scheme Px g is said to be asymptotically stable if the stability condition does not tend to At =0
as € goes to 0. '

3.2 Staggered scheme

This paragraph presents an asymptotic preserving staggered scheme. The staggered scheme [17] is
one of the simplest way to capture the diffusion limit. In such a scheme, some of the unknowns
are constant over the cell ¢ and the other ones are constant over the dual cell [R;, R;y1]. For the
P{ model, the energy E is assumed to be constant over the cells and the flux Fj, over the dual
cells. Hence, a staggered scheme for the P{ model can be derived by a finite volume integration of
the first equation of (19) on the i*® cell [R; 1, R;, 1] and a finite volume integration of the second

T3

equation of (19) on the dual cell [R;, R;4+1]. This gives, in the implicit case,
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n+1
BT B

+1 +1) _
Vo (S Py - Sy FY) =0
Ftt—Fn,
i+5 i+3 c c n n n n

Vig1 2T2 + gSH% [E(Ezu:l - BT+ 2(#0(Ri+1)Fi+—ql — po(R) F; +1)}

C‘/’i-‘y—l C

n+1 n+1l __
2 €R ; MO(RH%)FH% + :2Vi+% Us(RiJr%)FiJr% =9

itg
while, in the explicit case, we have
n+1 n

Vi At

+ (S yFly = Sy 1y ) =0,

2 2

F'—Fn
i+3 it+3 c C n n n
2T2 + §5i+% {E(EHJ - E)+ Q(No(RiH)FiH — po(Ry) F; )]

C‘/H_%

ERH%

Vi

Nl=

+2

C
UO(RiJ,_%)FZ_% + 672Vz+é Us<Ri+%)F£|_% =0,

4
where V; denotes the volume of the cell i, Vi, 1 = - (R}, — R}) the volume of the annulus
included between R; and R;;;. The quantity SH% is the surface calculated at the node Ri+%' The
flux at the center of the cell is defined by

Fr 4 Y
Fﬁ-i-l _ 2 2
¢ 2

We can obtain the limit scheme doing a Chapman-Enskog expansion as in Section 1.2. The limit
scheme reads (in the implicit case)

n+1,(0 n,(0 n+1,(0) n+1,(0) n+1,(0) n+1,(0)
ViEi ()_Ei ()_E SzlEiH - L —S.Q_lEi - Ei) —0
Ai 37T B Vi T aB Ve
In the explicit case, it reads
p B0 B e[ BB o ENO-END]
’ At 3|72 0y(Riy)Vipy  TEoy(R_)Vii |

It is consistent with the diffusion equation (27) as the space and time steps tend to zero.

In spite of its simplicity, this scheme has some drawbacks we want to avoid. The first one is related
to the stability condition: we want the scheme to be asymptotically stable in the diffusion regime,
in the sense of Definition 3.3. The explicit staggered scheme (as the following Buet-Després scheme)
is stable under a condition of the kind At < CeAR which becomes too restrictive when e tends to
0. Hence, an implicit version of the scheme must be used to get a stability condition independent
of € in the diffusion regime. This implicitation requires the inversion of a linear system. The second
drawback of the staggered scheme is illustrated on the Figure 10: it may produce oscillations in the
transport regime (o, small). This is a problem since the applications we have in mind imply both
transport and diffusion. Hence, we need a methodology which is precise in both regimes.
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3.3 A partially implicit Buet-Després type scheme

In this paragraph, we use the Buet-Després methodology [9] introduced to build well-balanced
schemes. Our hope is that, as in [9], applying this method, we find an asymptotic preserving
scheme consistent with the P, model. A scheme is derived for this model and its properties are
discussed. We use a partially implicit discretization of some terms so as to have an asymptotical
stability in the diffusion regime (¢ — 0).

The initial framework [9] was developed for linear Friedrichs systems having stationary states and
a linear relaxation term. Here, we apply it to the P; model which is such a system.

The key idea is to build the scheme from a homogeneous conservative formulation equivalent to
the initial model. Starting from a homogeneous conservative formulation is a natural way to build
well-balanced and asymptotic preserving schemes in one dimension. As already pointed out above,
the equilibrium states are intimately linked with the diffusion limit, as (56) shows. This is why we
use this method to derive our asymptotic preserving scheme.

3.3.1 A homogeneous conservative formulation of the P, model

Wanting to apply the method of |9], we consider the P| model written as (20), (21), and write its
dual system:

1 1
0,V + —TA(R)0,V = —='G_(R)V.
€ €

If U and V are solutions of the primal and the dual systems, they satisfy the following homogeneous
conservative equation

8,(U-V)+ ﬁaR (R2 (A(R)U - V)) =0,

where - is the canonical scalar product of R?,p € N. Then given a basis of solutions of this dual
system, one can form a homogeneous conservative system of equations equivalent to P;. The one
dimensional framework is a real advantage to exhibit such a basis. The stationary dual equation is
thus a linear system of ordinary differential equations

RV = —A(R)_l tQ (R)V = (0 g(RUs(R) + 2€MO(R))>V.

0 R

Since A (R) is invertible, this system has a unique solution for any boundary condition at R = Ry >
0. We get a two dimensional vector space of solutions given by V; = (V,;,V, ) € R?,i=1,2,

Cia
R2’

B3
Vii=Ci2a+Cia = (uo,(u) + 2epp(u))du, Vo=
Ro U e

for C;1,C; 2, Ry some real constants. Taking successively (C;1,C;2) = (0,1) and (C;1,Ci2) =
(1,0), we obtain two solutions

V1:(1’0)7 V2:(fe(R)a$)a
where
_[TVE

f(R) = i 3¢ (U0 (1) + 2epo(u))du. (57)
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Since the integrand of (57) is non-negative, f. is a non-decreasing function of R. The new system
of conservation laws is given by

1 ) .
8,(U-V,) + ﬁaR(R (A(R)U-Vi)) =0, i=1,2 (58)
The new variable W, = ((U - V;), (U -V,)) satisfies
W, =V_U, (59)

where

vam = j)

Then the hyperbolic system (58) writes equivalently as

1
O,W._ + @aR(R2B€(R)W€

with B, = V_A(V,)~!. This model is the starting point of the discretization.

) =0, (60)

3.3.2 Explicit Buet-Després type scheme

This paragraph presents an explicit discretization of the system (60). A finite volume method is
applied; the system being linear, the spatial discretization is based on the resolution of Riemann
problems with an upwind method. Let us denote W' the mean of W, on each cell [R._.,R

i—3 H—%]

R, 1
wr— L / "2 W (", R) dr R*dR.

After integrating (60) over the cell [Ri_%,Ri +%}, we get the general finite volume scheme
W?—i_l — W:L 1 2 n 2 n
L TVZ»((“R B,W,)/,, — (4rR BSWG)F%) —0. (61)

Next, we need to evaluate the fluxes at the nodes. To do so, we use an upwind discretization as in
[9]. The first step consists in considering the variable

Z = R*B_(R)W, (62)
satisfying the cartesian hyperbolic system with a space dependent flux
1
0,Z + -B_(R)ORZ = 0. (63)
€

The upwind method requires the diagonalization of the matrix B, (R). Following Buet and Després

[9], the matrix B, (R) is approximated by a piecewise constant function in each cell [R, 1 R, 1 ]

B.(R) R <R<RE,i,
B.(R) = B.(R;,,) if R SBS Ry
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The matrices B, and A being similar, the eigenvalues of the matrix B, are given by (24). Let us
note P, the matrix of the right eigenvectors of B, £; the left eigenvector associated with AT at
R; and L7, the left eigenvector associated with A~ at R, ;. They satisfy

{ L =P (R) ")
Li1=P(Riy1) N

where (M), denotes the k'™ row of a given matrix M.
Then the upwind method reads

(‘Cer : Zz+ ) (’CJr l)
(Li_+l ’ Zz+ 1) = (Ez_-l-l 1+1)'

The inversion of this linear system gives:

)\j_RZZI;rlZﬁ’H»I A Rz+11’+Z1 i \/§>‘j)‘i_+1R12R12+1(Z£i+1 - 7Z3;)

(Z1)i4 sy = S, 2 CRp :
N Riwi — A R (64)
+ —
(Z,)" )‘+Rz2 z+1 )‘1+1R1+1x Zy i+l T \/g €T, i+1(Z{L,i+1 _Zfi)
2)i+1 =

)‘+R12 z+1 )‘H~1Rz+13j
where )\ii, fe,i denote )\i(Ri), fe(R;) and

3
wE =1 %)\ffe,ili’f.

The scheme on W, is then obtained by inserting the relation (62) Z7,, = (R*B.(R)W.") o1 in
2 L)
the finite volume formulation (61).

Then the scheme on the primal variables E, F is easily obtained with the change of frame (59).

Let us make some remarks on the scheme (61)-(62)-(64).
First, this scheme is well defined because the denominator involved in the relations (64) never
vanishes. Indeed, it is the sum of two positive terms

¥

)‘ij'sz;l >\1+1R2+1‘r ()‘:FRQ )\z+1Rz+1) A+)‘1+1R2R2+1(f6,i — feit1)

as A" (R) < 0 < A*T(R) and f, is an increasing function of R.
Second, this scheme can ensure a zero flux boundary condition at R = 0, which is the natural
boundary condition for a one dimensional radial geometry at R = 0.

Remark 3.4. The numerical fluzes (64) can be written as functions of the cartesian Riemann
invariants (25) multiplied by R*. Let us note

wE(R) = R? (cE(R) + %A?(R)FR(R)), wE = wE(R).

(2
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Then, the numerical fluzes are given by
n Cc -, n +,n
(Zl)H.% = *W ((Ri+1)2wi - (Ri)2wi+1 ))

¢ wf’n(?) 1+\[( i) f“+1) SCD” Z+1( A+ V3(R )fs,i>7

(Z2)isy = —3pawi

and

D = =2 ((R)Af1 — (Rea A7) + VBR (Rign)? (fos — Feion).

The explicit Buet-Després type scheme (61)-(62)-(64), written for the P; model (u, = 0) and an
arbitrary o,(R), reads

EM' = (1—-af —a]) El +af EP 4 +a] E"l—&—i[(l—aT)F" af F'y +a; FX1], (65)

(2

Frt = [(a} —a; ) BP —al Bl +a; By + (1= b)FP + o B a7 Fy, (66)
V3
where
4drcA R?R?
aii _ mwcAt _ 3 1i21 - 7 (67)
Viv3 e (R} + Riyy) + RIRY A fip1
R? R?
by = <R2 + RZAfi 1 ) <R2 + RZAf;_ ) , (68)
1+1 7—1
Rix1 — R;
eAfip1 =4V30,(R,, )'ilit (69)
(Ri + Ri+1)
It should be noted that the above coefficients satisfy
4reAt 2R?
bi+af +a; = e L. (70)

Vi3 €

In order to obtain the above expressions, we have used a quadrature method in order to compute
fi = fe(R;), which is defined as an integral (57). Here, we have used a trapezoidal rule.

Remark 3.5. We would like to relate the present scheme to the one presented in [43, page 48] for
the P, (that is, uo = 0) model. Actually, scheme of [43] is equivalent to the present one if we have

47TRi2 1
Vi AR}

Afiiy = @ (j:as(Ri) (; _ RL) + oy(Ris1) <R41il - R;)) , (72)

Relation (71) is exact up to second-order terms in AR;, as shows (80) below. On the other hand,
(72) is a particular quadrature formula. A way to obtain it corresponds to assuming that os is

(71)
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piecewise constant in the interval [R;, R; 1], with value os(R;) in [Ri,RH%] and o5(Rit1) in

[RiJr%,RiH . Thus, this is only a first-order quadrature formula. Nevertheless, it should be noted

that if os is constant, this quadrature formula is exact, and thus we recover the present scheme,
up to (71). Since the scheme proposed in [43] is written in finite volume form, this indicates that
(65)-(66)-(67)-(68)-(69)-(70) below may be written in finite volume form, although this is not clear
in the expressions (65)-(66).

In the case pg # 0, it is also possible to write the scheme in the same form. An easy but tedious
computation gives

BT = (- af —a) BY + ol Bl + o B
3e

+

7 N0l Fl + A0 FIL = (Ve +07af) T (73)

H—la

2 a+ a; n a+ n [
Fril= [(*)E F i — E@ 1

PV A A
D S _AT 0
+ (1 - bz)Fz - a?_ )\il Fl-‘rl 1F —1» (74)
where
+  AmcAt R?Rfﬂ
K V\/g ceR? ceRZ, 2 D2 ’ (75)
A T + Bvere + RiR7 €A fi
R2 3 R2 3
b ( : —R?Am) Btat - ( o +R?Af’;) Sl @
\[Rz+1>‘z+1 ¢ \[R 1Ai-1 ¢
0s(R;z1 depo ( Ry
eAfip1 =4V3 [Riz1 — R (Risy) + ( 2> (77)

(Ri + Rix1)>  (Ri+ Rix1)’

Equality (70) is no more valid, but a similar relation holds:

47 At R

i €

bi+af +a; = (N =)

Of course, if pg = 0, then )\;t =

(69)-(70).
Lemma 3.6. The scheme defined by (73)-(74)-(75)-(76)-(77) is L°°-stable under the CFL condition

iﬁ’ and (73)-(74)-(75)-(76)-(77) reduces to (65)-(66)-(67)-(68)-

AF 4T R?
+ ) F ()
ST 4 ) < AT A—F < 1. 78
a’( A?E)\"‘ Vi ()
Proof. In order to study the stability of the scheme, we write it with respect to the Riemann
invariants 3
wE = cE; + ¢S \FF;.
c
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Using (73) and (74), a simple computation gives

Ar At R? A
+,m+1 iy — +,n i n
w; = <1 + TAi > w;, "+ (1 — )\*) ijwitl
471'AtRi2 _ A _
T AT 1= 2 ) o o
( e‘ri ) ( )\;F) al ) /LU»L 9
_ AT AtR? _ by _
,n+1 i N 7 — n

AT AtR? AP
—\F - (1= ) ey ) w
(s (5

The sum of the coefficients of each line is equal to 1. Hence, this system satisfies the maximum
principle if and only if all coefficients are non-negative, that is,

AT AtR? AT AtR? AT
1+ ——\F >0, F— 2\ —(1-"L)af >0
GV;' i ) + 6‘/2' i ( )\Zi> a; )
which, using that A\, < 0 < A]", is equivalent to (78). O

Remark 3.7. In the case g = 0, relation (78) simplifies into
47 R?

€ A AR

V3 Vi

+
2a;- <

<1

4mcR?
ViV3

As e — 0, the coefficients agt are bounded, because eAfii% does not vanish. However, At

behaves like e 1. More precisely, if AR is fixed and € — 0, we have

£ mcAt
" 3Vios(Rip1)AR, 1

a (Ri + Rix1)” + O(e). (79)

On the other hand, a simple computation gives

AR;\® AR;\®
() (209

Hence, using (79) and (80), the second condition in (78) gives, in the limit AR — 0,
<
V3

In the case p, # 0, a similar analysis is possible, that gives

IAF| At < eAR + O(ARP).

_Aw

=3

— 47R?AR; + gARf’ = 4nR?AR; + O(AR®). (80)

At < eAR + O(AR?).

This condition is of hyperbolic type. However, when dealing with small values of ¢, it proves very
restrictive. A way to solve this difficulty is to make the scheme implicit. On the other hand, doing
so, we need to solve, at each time step, a linear system. In order to avoid this, it is possible to make
implicit only diagonal terms, as for instance in [17]. This is the aim of the next subsection.
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3.3.3 Partially implicit Buet-Després type scheme

In this Section, we explain how one can obtain a stability condition that does not imply At = 0
when ¢ = 0. For this purpose, we make implicit some of the terms of the scheme, which are stiff
but diagonal. Hence the scheme can still be written as an explicit one.

Let us first do it in the case po = 0. We replace (65)-(66) by

EM'=(1—af —a]) El +af EP 4 +a] E"l—&—i[( —af)F —af F' | +a; F' ], (81)

K2

(146, Frtt = —a; ) E} —afEl 4+ a7 B} |+ (146, = b)) F' +a; F/' y +a; F/*. (82)

¢ +
o
V3 [(a:
where §; > 0 is chosen in such a way that 1 + §; — b; is bounded as ¢ — 0. See (86) below for a

"good" choice of §;. In the case of the P| model (that is, ug # 0), the same procedure gives the
scheme

B = (1} —a7) B +af Bl +ar L

3
+ C; Aoaf Bl + N ey By — (A a7 + X af) FY], 0 (83)
(1+6)FM = — [(A++A> E! A;Em )\_EZ L
A7 >\+
+ (148 — b)) F" —af ;f F' —a; A LEr, (84)

K2

Lemma 3.8. The scheme defined by (83)-(84)-(75)-(76)-(77) is L°°-stable under the CFL condition
AF 4 nR? +
I+di—~x)a < A yAt 5 <146, (1—a]). (85)

Proof. As we did in the proof of Lemma 3.6, we write the scheme using the Riemann invariants w™.

We omit the details of the calculation, which is not difficult (although rather lengthy). We have

4 AtR} ;
(14 6)w, " = <1 + WEVtRZ AT+ (1 - ai)) w4 (1 +0; — i\l) afwit

?

47TAtR2 )\; + n
_(EWU\ +<1+5z‘—)\+)%) "t da; w0,

%

2 +
(i = (1= T () (18- 35 rury
eV ;

A AtR? ATY - n n
+ < ATz )\+ <1 +0; — )\_) a; > w;r’ + 5ia?‘w;’1.

3
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One easily checks that in each line of the above scheme, the sum of the coefficients of the right-
hand side is equal to 1 + §;. Thus, a sufficient condition for stability is that all the coefficients are
non-negative. Note that the conditions

>\:F
1+6; — )\i Oandéa >

(3

are always satisfied because §; > 0, ai > 0, )\;r > 0 and A; < 0. We are thus left with the
conditions on the first and third coefficients of the right-hand side, which read

AF 4T AtR?
<1+5i—>\it>a§t<:|:7r RZ}E 1+(5i(1—af).

7 7

These conditions are equivalent to (85). O
In order to choose J;, we impose that

1. the scheme remains consistent (we did not prove it yet, but we will do so in Proposition 3.9
below). This is achieved by imposing that §; = O(At) as At — 0;

2. the stability condition (85) is not too severe as ¢ — 0. This is studied below
Another possible criterion is that the source terms appearing in (74) should be fully implicited.
Hence, only the terms accounting for the numerical diffusion should remain. This is satisfied if
A A+
5 —b +a + il +a- 1—1.
+ —
A; P
Using this deﬁnition we now analyze the stability constraints (85) as ¢ — 0. For this purpose, we
recall that o satifies (79), and that

(86)

A=+ 10, 87
; 7 (€) (87)
as € — 0. Inserting these estimates into (86), we infer
ATAt o 2
5= — R C o).
V3
We then insert this, (79) and (87) into (85), which now reads
47rAt 2 2¢ weAt (Ri + Ri:l:l)2 < 4reAtR? < AT At _, 2c

S Riia
"V33Viou(Ris1) AR,y V3eV; Vi "3

where we have discarded lower order terms. The second above inequality is always satisfied. The

first one simplifies into
2meAt

3was(Riig)ARii§
This condition is of parabolic type. To see this, we assume now that AR; — 0, and use (80),
finding, up to higher order terms in AR;,

30 (Ri:t%)
At < TARiARii%.
The partially implicit scheme (83)-(84)-(75)-(76)-(77) is thus asymptotically stable in the sense of

Defintion 3.3.

(R; + Rz‘il)Q <L
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3.3.4 Theoretical study of the scheme

In this Section, we study the properties of the partially implicit Buet-Després type scheme (Section
3.3.3). We first study its behavior in terms of consistency. We then show that it preserves the
stationary solutions up to the error of the quadrature on f,. Finally, we prove that it is asymptotic
preserving when e goes to 0.

Proposition 3.9. Consider the partially implicit Buet-Després type scheme (83)-(84)-(75)-(76)-
(77) associated with a trapezoidal quadrature for f., with 0; defined by (86). This scheme is first-
order consistent in space and time with the P] model (19).

Note that ¢; needs not be defined by (86). The proof we give below actually does not use (86), but
only the fact that 6; = O(At) as At — 0.

Proof. For the sake of clarity, we assume that py = 0 and that AR; = AR is constant. We first
prove that the explicit scheme (65)-(66) is consistent.
First, (80) gives

V; = 4rR2AR + gAR?’.

Next, we compute

AR V30s(Rixy) AR? 3 AR? .

Similarly, a simple computation gives

i — ¢ _|_ ¢ ii _ @
At 26/3AR  2¢V3 R, 2e

as(Rii;)> + O(AR).

Hence, assuming that R + o,(R) is of class C'*, we infer

at +a;7 ¢ ¢ 0s(Ri_1) +os(R;y1) c cos(R;)
i i _ 2 2 + O(AR) = — - + O(AR).
At eV/3AR 262 2 (AR) eV3AR 2¢2 (AR)
Similarly,
af —a; c c c
? 2 — —_— . 1 il 1 A = A .
At eV3R; * 4e2 (US(Rz_f) US(R“W)) +O(AR) eV3R; TOBR)

Inserting these estimates in the first line of the scheme, we have

Ein+1 - B! a;r n n a’; n n 6\/§ — n n n n
Tz = A7 (Ei+1 _Ei)_Kt (Ez _Eifl) +E [ai (Fz +Fy) —af (Fz +Fi+1)]
a;r —a; ex/g _ e\/g _
= TARaREz + E2 (ai — aj) Fin — E (CLl+ + a; ) AR@RFl + O(ARQ)
_ 2 V3 AR e O(AR).

Ri ¢ C 6\/§AR

This concludes the proof for the first equation. For the second one, a similar proof applies.
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We have proved that the explicit scheme (65)-(66) is consistent. Then, it is an easy exercise to
prove that the partially implicit scheme (81)-(82) is also consistent, noticing that

0; = O(At) as At — 0.

The generalization of the above argument to pg # 0 and non-constant mesh size is tedious, but not
conceptually difficult. O

Remark 3.10. In Proposition 3.9, we have assumed that a trapezoidal quadrature is used for f.
This is second-order consistent. If a rectangle method is used instead, it is first-order consistant,
hence Proposition 3.9 still holds.

We now deal with the way the scheme preserves the stationary solutions of the P; model. The
derivation of the scheme from a conservative formulation is a good way to get a well-balanced
scheme. However, the conservative variable is W which depends on an integral f, that is in general
not computable. We show that the accuracy of the scheme on the stationary solutions is determined
by the accuracy of the quadrature.

Proposition 3.11. Let p € N be the order of the space quadrature in the explicit Buet-Després type
scheme (73)-(74)-(75)-(76)-(77). Then this scheme is well-balanced up to order p in space. The
same conclusion holds for the partially implicit scheme (83)-(84)-(75)-(76)-(77).

Proof. The stationary solutions of the P, model (19) are easily seen to be

~ 2eCipg(R)  3C, B oy (u)+2€p10 (1)
cR? ¢ Jr, us

E:CQ _ﬁu

du, Fp (88)
for C1,Cs € R. A scheme is well-balanced (see Definition 3.1) if for an initial condition equal to a
stationary solution,

Ein'i'l — Ev;n,7 Fin+1 — Fn,'l,,'n c N.

K3

This is equivalent to show that W™ = W because the schemes on U = (cE/V3, F) and W
only differ from a change of frame. Then, according to (61)-(62)-(63), it is sufficient to show that
Z, 1 is independent of R. We know that Z;, 1 = ¢(Zi, Zi11, R;, R; ) for ¢ a given function that
satisfies ¢(8, 8, R;, R;,,) = B for 3 € R®. Hence, if Z;,1 is independent of R;, R;,, the scheme is
well-balanced. After inserting (88) in Z;, Z,+1, one computes

N S Wy (S-S} _ 5 [ so(s)+2ep0(s)
zl—<\/§,c<36 +\/§<f€(Ri) V3 . — ds>>>.

Then if f.(R;) is computed exactly, Z; is independent of the radius vector R, and the scheme
is well-balanced. Otherwise the accuracy on the stationary solution is given by the error of the
quadrature on f.. This concludes the proof for the explicit scheme. In the case of the partially
implicit scheme, the same argument applies. O

We now focus on the asymptotic preserving property (in the sense of Definition 3.2) of the scheme.
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Proposition 3.12. The explicit Buet-Després type scheme (73)-(74)-(75)-(76)-(77) is asymptoti-
cally preserving in the sense of Definition 3.2. More precisely, as € tends to 0, this scheme formally
tends to the limit scheme

Ef™ —Ep 7o ((Ri+ Rip)” Efyy — BY (Ri+ Ri)” B — B}
At Vi ARH_% 308(Ri+%) AR, 1 305(Ri—%)

4 —

(89)

This scheme is second order consistent in space and first order consistent in time with the diffusion
equation

0, — div( ¢ VE) —0. (90)

30,
The same result holds for the partially implicit scheme (83)-(84)-(75)-(76)-(77).

Remark 3.13. In Proposition 3.12, the trapezoidal method is used, ensuring a second-order con-
sistency in space. If a first-order quadrature method is used, the limit scheme is no more (89), and
is only first order consistent. On the contrary, if a higher order quadrature method is used, then
the limit scheme is given by (89).

Proof. The limit scheme can be obtained with a Chapman-Enskog expansion of E*. We first note
that, according to (75)-(76)-(77) on the one hand, and (18) on the other hand, a and A\ satisfy
(79) and (87), respectively, as ¢ — 0. Hence, the first equation of the scheme reads as

Ein+1 —Er e (R + Ri+1)2 TC (Ri + Ri,1)2

EM . _ ET) — EM _ BT
At SVO'S( )ARl-‘rl ( i+1 z) 3Via’5(Ri—%)ARi—% ( i zfl)
LT (Ri+Ric1)® (R + Riy1)” Fr
V3V [\ os(Ri_1)AR; 1 os(Riy1)AR; 1
(Ri + Rit1)? (Ri + Ri1)?
_ Tl pn Jod .
o) AR, AR T O

Hence,

e (Rl + R;_ 1)2
3%JS(RZ,,)AR 1

L)

EMY B me(Ri+ Rip)’
At N SWUS(Ri+%)ARi+%

(Bl = E}) - (B! = E"y) +O(e),

which converges to (89). To prove that this scheme is consistent with (90), we apply a finite volume
scheme to (90), which gives

S 1 . — . S’L—
atEi o C +3 Ez-i—l Ez _
30s(R; %) ARZ-+% 30s(R;

1
2

Pointing out that S; 1 = 7 (R; + Ri+1)> + O(AR) and using an explicit time discretization, we
recover (89). Here again, the argument was given for the explicit scheme, but carries over to the
case of the partially implicit scheme. O
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3.3.5 Numerical validations

In this Section, we validate numerically the previous theoretical properties: consistency, stability,
accuracy on stationary solutions, asymptotic preserving property. Let us recall that the system
under study is (19), and we use the partially implicit scheme (83)-(84), with (75)-(76)-(77).

Most test cases deal with domains excluding R = 0. We also present a test case including R = 0
both in transport and diffusion regimes. All the test cases are associated with a uniform mesh of
space step AR. The two first test cases deal with the consistency of the scheme. For each test,
boundary conditions are treated using ghost boundary cells.

3.3.5.1 Transient transport case. The first test case concentrates on the P, model corre-
sponding to choose i, = 0 in the P model. If o, is constant, it is possible to exhibit the following
analytical solution:

K3
E(t, R) = — exp(t - RVK), 3@
wit =2 T
RK + VK c?

Fp(t, R) = = exp(t - RVE),

(91)

The initial condition and the boundary condition are given by (91). Our parameters are chosen as:
e Domain: [1,2].
o At=10"".
e c=¢c=1.
e 0 (R)=1,Re1,2]
o Ty =1 (final time).

On Figure 9, we plot the L error on E and Fj for mesh steps ranging from AR = 107° to
AR =2 x 1072, We observe a first order consistency in space for F and Fp as expected.

3.3.5.2 A transparent-opaque case. The second test case validates the consistency in the
case of the P; model with a domain containing the origin. In this test case we do not have
an analytical solution. The domain [0,1.1] is composed of a transparent and a diffusive part
0, = locr<1 + 10311 req.1. We initialize the energy and the flux by

E(R) = 1R<0.77 FR(R) =0.

We apply homogeneous Neumann boundary conditions at R = 0. At R = 1.1, we impose homoge-
neous Dirichlet conditions. The integral defining f, is approximated by a rectangle quadrature. We
choose € = ¢ = 1. We first compare the numerical solutions on E and Fj of the staggered scheme
(in blue on Figures 10 and 11) to the Buet-Després scheme (in red on Figures 10 and 11) at ¢ = 0.5
(Figure 10) and ¢ = 10 (Figure 11). The discretization parameters are AR = 10~2 and At = 10™%.
The staggered scheme produces oscillations in the transparent domain for both times contrary to
the partially implicit Buet-Després type scheme. In the opaque region, they both behave well.

Because there is no analytical solution, the reference solution is given by the partially implicit Buet-
Després type scheme with a fine mesh: AR = 107%. We plot the L' error on E and F, obtained
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Figure 9: L' Error with respect to the mesh size AR for the transient transport case (91) of
paragraph 3.3.5.1.
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Figure 10: Comparison of the staggered scheme (blue) and the Buet-Després scheme (red) for the
case described in paragraph 3.3.5.2, at time ¢t = 0.5. Up: energy E as a function of R. Down: flux
Fr as a function of R.

40



0.35 ; —
0.30}

0.25f
0.20
0.15f
0.10f
0.05f
0.00}
—0.03

Energy

0.004

0.003}

0.002

Flux o0.001
0.000
-0.001}

—0.002 . . . . .
0.0 0.2 0.4 0.6 0.8 1.0 1.2

R

Figure 11: Comparison of the staggered scheme (blue) and the Buet-Després scheme (red) for the
case described in paragraph 3.3.5.2; at time ¢ = 10. Up: energy E as a function of R. Down: flux
Fr as a function of R.

with the partially implicit Buet-Després type scheme for mesh steps ranging from AR = 107° to
AR =2 x 1072 (Figure 12). We choose the final time 7} = 0.5. We note that the method is first
order convergent in space for both quantities.

3.3.5.3 Equilibrium states for P;. The third test case deals with the preservation of the
stationary solution of the P{ model, thereby validating Proposition 3.11. We recall that the P; model
preserves the solution of the stationary radiative transfer equation in pure transport. According to
Section 1.3, it is given by

B(R) = 20 (1 4+ po(R)), Fa(R) = ~"2L, (92)

where R, is the radius of the inner sphere (Figure 5) and

Lisi

to(R) =1psp \/1— 2k

We use (92) as the initial and boundary conditions. Our parameters are chosen as:
e Domain: [1,2], Ry = 1.25.
e At=10"3, AR=10"2.

e c=c=1.
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Figure 12: L' error for the transparent-opaque case (paragraph 3.3.5.2).

e 0,(R)=0,Re[l,2].
o Ty =1 (final time).

For this choice of parameters, f, is exactly computable: we expect this scheme to preserve exactly
this stationary solution when no quadrature is considered. On Figure 13 the profiles of Ef and Flp
are plotted. The blue curve corresponds to the initial condition and the red one to the scheme at
time t = Ty = 1. On Figure 14, the relative error between the numerical approximation and the
exact solution is plotted as a function of R. We note that the error is of the order of the machine
epsilon.

3.3.5.4 Comparison of different quadrature methods for P/. This case is the same as
the preceding one, but we consider three different quadratures for f. (the rectangle approximation,
the trapezoidal approximation and the exact expression). In Proposition 3.11, a Taylor expansion
is used, so we need f, to be smooth. This is why for the same domain we choose R, = 0.75: this
moves the singularity of pg out of the domain. Since we are only interested in the quadrature error,
we choose the final time 7y = 2.107° (that is, two time steps in the simulation), At = 10~° and
AR ranges from AR = 107" to AR = 2 x 1072 We plot (Figure 15) the L' error on Fj as a
function of the mesh size AR. The rectangle approximation is first order convergent, the trapezoidal
approximation is second order convergent, and the analytical formula gives machine epsilon error,
in concordance with Proposition 3.11.

3.3.5.5 Transient diffusion limit case. The last test case validates Proposition 3.12 about
the asymptotic preserving property of the scheme. It also exhibits the parabolic stability condition
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Figure 13: Stationary solution (92)-(93) (paragraph 3.3.5.3) for the P, model, computed with the
Buet-Despres scheme.
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Figure 14: Relative error for the stationary solution (92)-(93) (paragraph 3.3.5.3) for the P| model,
computed by the Buet-Despres scheme.
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Figure 15: L' error on the flux Fj, for different quadrature methods for the P; model in the case
described in paragraph 3.3.5.4.

of the kind At < AR? as ¢ goes to 0. To do so, we consider an exact solution of the diffusion
equation ([17]) for o, =1

2
E(t,R) = ) az%, t,R>0. (94)

1

RvVat eXp ( 4dat
Here the P| model for po(R) = 1 for all R is considered. Hence the function f, is computable
analytically. The domain is [0.1,1]. The initial condition is thus 0, and the boundary conditions
are given by (94). Figure 16 shows the consistency with the diffusion equation in the limit e — 0,
according to the quadrature applied to f. (rectangle method, trapezoidal method, exact formula).
We plot the L' error on E as a function of AR for a range of AR such that At < AR? and for the
parameters ¢ = 1, e = 10712, At = 1078, Ty = 1075,
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