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CLIPS OPERATION BETWEEN TYPE II AND TYPE III O(3)-SUBGROUPS
WITH APPLICATION TO PIEZOELECTRICITY

P. AZZ1 AND M. OLIVE

ABSTRACT. Clips is a binary operation between conjugacy classes of closed subgroups of a
compact group, which has been introduced to obtain the isotropy classes of a direct sum of
representations F1 @ FE», if the isotropy classes are known for each factor F1, F». This allows,
in particular, to compute the isotropy classes of any reducible representation, once one knows
the decomposition into irreducible factors and the symmetry classes for the irreducible factors.
In the specific case of the three dimensional orthogonal group O(3), clips between some types
of subgroups of O(3) have already been calculated. However, until now, clips between type II
and type III subgroups were missing. Those are encountered in 3D coupled constitutive laws.
In this paper, we complete the clips tables by computing the missing clips. As an application,
we obtain 25 isotropy classes for the standard O(3) representation on the full 3D Piezoelectric
law, which involves the three Elasticity, Piezoelectricity and Permittivity constitutive tensors.
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1. INTRODUCTION

Given a linear representation (V) p) of a compact group G, the symmetry classes (or isotropy
classes) are defined as the sets of conjugacy classes of the symmetry subgroups of G (see [1], for
more details). Finding explicitly the isotropy classes of a given representation has always been a
difficult task, but it is known that there exists only a finite number of them. This fact was first
conjectured by Montgomery [5, problem 45] and proved by Mostow in the case of the action of
a compact Lie group on a compact manifold [19] using the result of Floyd [7].

The explicit calculation of isotropy classes is an interesting problem not only in mathematics
but also in mechanics because the symmetry classes are connected to material symmetries. The
problem of classifying materials according to their symmetries goes back to the work of Lord
Kelvin [13]. Since then, many authors devoted a great effort to formulate the problem especially
for SO(3) and O(3) tensorial representations (used to model constitutive laws in mechanics).
Surprisingly, it was only in 1996 that Forte and Vianello [8] solved definitively the problem for the
FElasticity tensor (a fourth-order tensor). In that case, eight isotropy classes were found. Based
on this method, the problem was solved for other constitutive laws. For instance, 16 isotropy
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2 P. AZZ1 AND M. OLIVE

classes were obtained for the Piezoelectricity tensor (a third-order tensor) [21, 30, 29, 20, 31].
Similar results were obtained for other constitutive tensor spaces [9, 15].

However, the Forte-Vianello approach requires rather fine calculations and reasoning to estab-
lish the classification. This complexity makes difficult its application to more involved situations,
such as constitutive tensors of order greater than 4 or coupled constitutive laws involving a family
of tensors [12, 6]. A systematic way to calculate the isotropy classes was proposed by Chos-
sat and Guyard in [3] using a binary operation between conjugacy classes. This operation was
named the clips operation in [23, 24, 22, 25|, where it was generalized and used to determine
isotropy classes for reducible representations.

Clips tables for SO(3)-subgroups were obtained first in [3]. The problem is more complicated
for O(3)-subgroups, since there exist three types of subgroups (see Appendix A), where type I
corresponds to SO(3)-subgroups. Clips tables for O(3)-subgroups were calculated in [22], except
the ones between type II and type III subgroups. In this paper, we complete these results by
providing these missing tables, which have never been obtained before. The clips tables 1 and
2 given in this paper, together with the tables provided in [22], furnish an exhaustive list of
clips tables between O(3)-subgroups. Since the isotropy classes are known for the irreducible
representations of O(3) [10, 4], this allows, in practice, to determine the isotropy classes of any
reducible representation of O(3). As an original application, we used these results to determine
the 25 isotropy classes of the full 3D Piezoelectricity law, in which three constitutive tensors are
involved: the Elasticity, the Piezoelectricity and the Permittivity tensors.

Organization of the paper. The paper is organized as follows. In section 2, we recall basic
material on symmetry classes and we introduce the clips operation. In section 3, we provide
(in tables 1 and 2) the list of clips between O(3)-subgroups of type II and III. The proofs and
calculations for these clips are given in section 4. The application to the full Piezoelectricity
law is detailed in section 5, where 25 symmetry classes are found. To be self-contained, the
classification of closed O(3)-subgroups, up to conjugacy, is recalled in Appendix A.

2. ISOTROPY CLASSES AND CLIPS OPERATION

In this section, we recall the notions of isotropy groups and isotropy classes of a group rep-
resentation and we introduce clips operation for sets of conjugacy classes. We consider a linear
representation (V, G, p) of a group G on a finite dimensional vector space V, i.e., a group mor-
phism

p: G — GL(V)
with GL(V), the group of invertible linear mappings of V' into itself.
The isotropy (or symmetry) group of v € V is defined as

Gy :={g € G; p(g)v = v},

and the isotropy (or symmetry) class of v is the conjugacy class [Gy] of its isotropy group
[Gv] = {gGvg_1§ ge G}-

For a given subgroup H C G, the conjugacy class [H]| is an isotropy class of the linear

representation (V| G, p) if H is conjugate to some isotropy group G,. Let us then define J (V)
to be the set of all isotropy classes of the representation V'

JV):={[Gy]; veV}.
As mentioned in the introduction, the finiteness of J (V) is proven when G is a compact Lie
group and V is a compact manifold (see, for instance, [19], [1], [16]). The result for a linear
representation of a compact Lie group on a vector space follows immediately, since, then, an

invariant scalar product exists and the restriction of the representation to the unit sphere, which
is a compact manifold, has the same isotropy classes as the full representation.

Theorem 2.1. Let (V,G) be a linear representation of a compact Lie group G on a vector space
V. Then there exists a finite number of isotropy classes

J(V)=A{[H],....[Hn]}.
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Remark 2.2. The set of conjugacy classes [H] of closed subgroups of a compact group is
endowed with a partial order relation (see [2]), given by

[H]| < [K] < 3g€G, gHg'CK.

Given this finiteness result, it is important to explicitly calculate the isotropy classes of a
given representation. In the specific case of SO(3) linear representations, Michel [18] obtained
the isotropy classes for the irreducible representations and the ones for O(3) irreducible repre-
sentations were obtained by Ihrig and Golubitsky [11]. Thereafter, Chossat and Guyard [3] get
the isotropy classes of a direct sum of two irreducible SO(3) representations. To do so, they
introduced a binary operations on conjugate SO(3)-subgroups that allows one to compute the
set of isotropy classes J (V) of a direct sum V' = V; @V of linear representations of a group G, if
we know the isotropy classes for each individual irreducible representations. Such an operation
is generalized to a binary operation on all conjugacy classes of subgroups of a given group G
and is defined as follows

Definition 2.3. For two subgroups H; and H» of a group G, we define the clips operation of
the conjugacy classes [H;] and [Hj] as the subset of conjugacy classes

[Hi] © [Hy] == {[HiNgH29™"], g€G}.

This definition immediately extends to two families (finite or infinite) F; and F of conjugacy
classes
FieF= |J [H]e[H,).
[Hi]eF;

The following lemma states a central result that is useful to find the isotropy classes of a
reducible representation once we know the isotropy classes of irreducible ones (see [22] for a
proof).

Lemma 2.4. Let Vi and Vi be two linear representations of G. Then the set J (V1 @ Va) of
isotropy classes of the diagonal representation of G on Vi & Vs is given by

JWoV)=JW)eJ (V).

Using this result, one can find the isotropy classes of any representation V' provided we know

(1) a stable decomposition V. =W; @ --- & W,;
(2) the isotropy classes of each representations Wi;
(3) the clips table of [H1] ® [H3] for all subgroups of G.

Lemma 2.4 has already been applied to find the isotropy classes of some O(3) reducible
representations, which are essentially the standard O(3) representations on odd order tensor
spaces on R? (see [24, 22]). To extend these results to all reducible O(3) representations, new
clips table of closed O(3)-subgroups have to be calculated.

3. CLIPS OPERATION BETWEEN CLOSED O(3)-SUBGROUPS

The clips tables have already been established for two type I subgroups in [3, table 1] and
[22, Table 1] (see remark 3.2). As for two type III subgroups, the clips have already been
calculated in [22, Table 2]). The clips operation between a type I and a type III subgroup is
deduced from [22, Lemma 5.4]. The clips between a type I and a type II subgroup or two type
IT subgroups are deduced from the clips between two type I subgroups, see remark 1.

As recalled in Appendix A (see also [11] for details), any closed O(3)-subgroup is either of
type I, type II or type III. More specifically

e Every type I closed O(3)-subgroup is conjugate to one of the following list
(1) SO(3), 0O(2), SO(2), Db,, Z, T, O, I or 1.

e Every type II closed O(3)-subgroup is conjugate to H @& Z§ where H is a type I subgroup
and Z§ := {-1d,Id}.
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e Every type III closed O(3)-subgroup is conjugate to one of the following list:
@) Zz, Di DY, O, O@) .
Each closed subgroups from the lists (1) and (2) is defined in Appendix A.

Remark 3.1. Every type III subgroup of O(3) is constructed from a pair of SO(3) subgroups
(T4, T) of index 2, where I'y = T' N SO(3), such that

=T,U-AIy; yel\Iy4.
Note that I' =T'y UAT,.

Five subgroups of type III can be deduced

(3) Zy, = Ty U (—1(es, %))Zn Yn > 1.
(4) D? =Z, U (—r(e1,7m))Zy, Vn>2.
(5) DS, = Dy U (~r(ez, =)D, Yn > 1.
(6) 0O~ =TU (—r(es, g))qr.

(7) 0(2)~ = SO(2) U (—r(e1, ))SO(2).

The notation r(n, #), with 6 € [0; 2r[ and n = (ng, ny, n,), a unit vector, denotes the Rodrigues
formula to represent a rotation by angle # around n, which is given by

r(n,0) = exp(6j(n)) = Id + j(n) sin(8) + j(m)*(L - cos(9))

where j(n) denotes the antisymmetric matrix with entries

0 Ny Ny
jn) =1 n, 0 —ng
Ny Ny 0

As said before, the clips tables for two type I subgroups can be found in [3, table 1] and [22,
Table 1]. However, these two tables differ in some cases. In the following remark, we point out
the differences between the two references and we recalculate the disputed clips.

Remark 3.2. The two tables regrouping the clips between two SO(3)-subgroups provided in
[3, table 1] and [22, Table 1] differ in the following cases:

e Clips between [D,] and [O(2)] (see equations (23) and (29) for details on these sub-
groups): the table given by Chossat [3] is the correct one in this case

[Dn] @ [0(2)] = {[1], [Dp], D] (if 72 is even), [Zo]}
while Olive [22] has [Ds] if n is odd. Indeed, the following intersection

D, N gO(2)g~" = {r <e3, 2"%) ,r(bi,ﬂ)} A {x(ges, 0), r(gb, 7)}

gives D9 only if n is even (take for instance g =r (62, %))
e Clips between [T] and [T]: the table of Olive [22, table 1] is the correct one for this case

[T @ [T] = {[1], [Zs], [Da], [Zs], [T]}

since Chossat [3, table 1] omits the conjugacy class [Ds]. Indeed, [Do] € [T] ® [T] since
the intersection

3 4
TngTg !, for T=|Jzgu|Jz;" (24),
i=1 j=1

gives Dy for g =1 (62, %) for example.
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e Clips between [T] and [O]: we follow the table given by Olive [22] for this case

[T] © [0] = {[1], [Z2], Da], [Z3], [T]}

since Chossat [3] omits the conjugacy class [Zs] . Indeed, [Z3] € [T] ® [OQ] since the
intersection

4
ONgTg™?t, forT= UZeZUUZ (24), and O = UZeZUUZ UUZ“% (25),
i=1 j=1 k=1

gives Zs for g = r (e2 — e, arccos(—1/3)) for example.
e Clips between [0] and [I]: we consider the table 1 of Olive [22]

(0] © [I] = {[1], [Z2], [Zs], [Ds], [T]}

since [Dq] ¢ [O] ® [I]; the intersection
ONnglg™t, forl= U Z% U U Zy U U 7Yk (27),
A ~ .

gives Dy only if there exists three orthogonal wy, &k = 1,...,15, that turn to ej,es,es
for some g. However, the only three orthogonal w;, which match this condition are the
triplet (w4, w10, w12), and in that case the intersection gives T (since g is necessarily the
identity rotation in that case).

e Clips between [I] and [I]: the table given by Olive [22] is the correct one in this case

I © [ = {[1], [Z2], [Z3), [D3], [Zs], [Ds], [}

since Chossat has the conjugacy class [T] contrary to Olive which can’t be realized by
any rotation using the intersection 1N glg~! (the only rotation that can realize T is the
identity rotation which gives I instead).

Remark 3.3. Note that
(1) If Hy and Hj are two closed subgroups of SO(3) then,

[H1] © [Hy & Z3] = [H1] © [Hy] and [Hy & Z5] © [Hy & Z3] = ([H1] © [Ha]) & Z5.
(2) For every closed subgroup H of SO(3) we have

[H] @ [0(3)] = {[H]} and [1] © [H] = {[1]}.

We give, in tables 1 and 2, clips operations between type II and type I1I subgroups, where we
have used the notations

d:=ged(m,n), di:=ged(k,n), dj, = ged(k,m),
[Zs]  if n even 1 trs .
Zn):=4." and Lo = [1], [Zo], [Dg,], [Z5 ], [D3], [Z4,], [Das], [Dg,]-
[Z5] else
Remark 3.4. In tables we have used the conventions
4] :=[1), [D1] =[Zs], [Df]=[Z5], [D3]=[Dg].

Remark 3.5. Note that in [22, figure 3] it was stated that D C D¢ only when n is odd.
However, this is true for all n.
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® (Z3] [D7] [D5,]
[]1]7 [ZQL [Z;L [Z;d] if % even
(1], (25, if o even [1],[Z4] if m odd .
[Zm D Zg] []1]7 [Z2]7 [Z;L [Zd] and % odd
[1],[Za4] else 1], [Za], [Z5] else
[1], [Zd4] else
[]1]7 [Z2]7 [Dd2]7 [Z;] if % even
73], D3], [D4
- O T
(1], [Z54], Z(n) if 7 even (23], Dg,], [Dg]
D, @ Z5) [ll]z, [Z2], [D2], [Z;]z it m even
[1], [Za], Z(n) else 1], [Z] | (D3], [Za), [Da], [DF]  and Z odd
Za,), 25, D3] %
(1], [Z2], [Z3 ], [Za], [Da], [DF]  else
Lo, [Z]] .
c []1]7 [Zd2]7 [Zd3]7 [Zd4] :
OOZL | mza)  neven | (23] D3] D3] D] Lo 2z} 08 L
[stL [ZZ] and 4 * n
(1], 23], [Zay) else Lo clse
[T S Zg] []1]7 [ZdaL Z(n) []1]7 [Z2_]7 [ZdzL [Zd3]7 [Déz] []1]7 [22]7 [Zz_L [Dd2]7 [Dg]v [st]
¢ []1]7 [ZdzL [st] _ .
[]I S5 ZQ] []1]7 Z(”)v [Zd3]7 [st] [Zd5]7 [Z;L []]])22] [1]7 [Z2]7 [ZZ ]7 [Dd2]7 [D2]7[Zd3]7 [st]
[SO(2) ® Zs3] (1], [Z3,] (1], [Z3 ], [Zn] (1], [Z2], [Z5 ], [Z5,,]
[0(2) ® Z3] (1], Z(n), [Z3,] (1], [Zy ], [DF,], [D7] (1], [Z2], [Z3], [Da,], D3], [DS,,]

TABLE 1. Clips between type IT and III O(3)-subgroups (part 1)
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® [07] [0(2)7]
(1], [Zay), (23], (2] if 4]m
2 © 23 (1], 20, 125
[]1]7 [Zd’QL [ngL [Z;’Q] else
[]1]7 [Z2]7 [ngL [ZQ_] .
3,105, (D3], ) A .
1), [Z5 ] if m even
(D3], [D7,]
D, ® Z3] (1], [Z2], [ngL Zy] if m even
[D2]7 [DdgL []D2] and 4 Jf m []1]7 [ZQ] dlse
(23], D7)
[1]7 [Z2]7 [Zdé]v [ZQ_]7 []D)Zg] else
[® @ Zg] []1]7 [Z2]7 [Z3]7 [Z;L [ZZL [DSL [D§]7 [DZL [@_] [1]7 [Z2]7 [Z;L [Dé]v [D§]7 [Dfl]
[T & Z5) (1], [Z2], [Zs], [Z5 ], [D2], D3], [T] (1], [Z2], [Zs], [Z5 ], [D3]
[I® Zs] (1], [Z2], 23], [D2], [D3], [Zs], [T] (1], [Z2], 23], [D3]
[SO(2) ® Z5] (1], [Zs], 25 ], [Z4] (1], [Z5],[SO(2)]
[0(2) ® Zs] [1], [Z3 ], [D3], [DF] D3], [0(2)7]

TABLE 2. Clips between type II and III O(3)-subgroups (part 2)

4. PROOFS

In this section, we provide the details of the computation of clips between type II and type 111
O(3) subgroups. We recall from Appendix A that every type III subgroup of O(3) is constructed

from a pair of SO(3) subgroups (I';,T") of index 2, where I'y =I" N SO(3), such that
=T,U-AIy; ~yel\Iy.

Note that T = T'y U~T ..

Let I' =T'; U (—~T'4) be a subgroup of type III and H a subgroup of SO(3). By definition,
the clips operation between a type II and a type III subgroups [I'] ® [H & Z§] is given by the
intersection T'N (gHg~! ® Z$) wich can be reduced to

8) PN(gHg "t ®Z5) = (L1 N (gHg ) U (=(TrN(gHg ™)), —yeT\Iy
Indeed, as we have H & Z§ = H U (—H) we deduce that
I'N(HeZ3) =T U(=T4)) N (HU(-H))
=CenH) U@y n(=H))U(=(Ty)nH)U (=(yT'y) N (=H))
=T nH)U(=((1Ty) N H)).
In the following, we prove a theorem which describes the possible conjugacy classes belonging
to the clips between a type II and type III subgroups of O(3). The computation of such classes
can be complicated since it involves intersection of groups of type III which can be tricky

sometimes and we risk to not cover all the groups resulting from this intersection. For this
reason, we use a characterization of these conjugacy classes making use of the clips between
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type I subgroups that have already been calculated before. But, before, a preparatory lemma is
needed.

Lemma 4.1. Let (K, f() be a pair of subgroups of a group G of index 2 and H be a subgroup
of G. Then, either

K. NH=KnNH,or the pair (Ky NH,K N H) is of index 2.
Proof. Consider the following exact sequence
15Ky 5KBK/K, ~7y -1
Then p(K N H) is a subgroup of Zy. Therefore, either p(K N H) = Zy and in this case (K, N

H,K N H) is a pair of index 2 (considering the exact sequence 1 — K, N H — K N H — Zs)
or p(KNH)=1 and then KNH =K, NH. O

Theorem 4.2. Let T be a type III subgroup of O(3), built from the pair of SO(3) subgroups

(T+,T) of index 2 and let H be a subgroup of SO(3). Let L be a subgroup of O(3) such that
L] € [I'] © [H @ Z§] then, either

(1) L is of type T and [L] € (IT4] @ [H]) 1 ([F] ® [H]), )

(2) Or L is of type III built from a pair (L4, L) of index 2 such that [Ly] € [['+]@[H] and [L] €

M@ [H].
Proof. First remark that —Id doesn’t belong to the intersection between a type II and a type
IIT subgroups and hence if [L] € [I'] © [H & Z§] then L is either of type I or type III. Let
[L] € [I') © [H & Z§] then [L] is given by the union (8)
L=TyNgHg 'U(=(TyNgHg™") ge€80(3), yel\Ty.
If ATy N gHg’1~: () then L is of type I and L = T, NgHg~ ' = ' NgHg~'. Hence, [L] €
(Cy] @ [H]) N (I © [H]). } 5
If 7Ty NgHg™' # () then L is of type III and I'y N gHg_} 4T NngHg'. Since (I'y,T) is
a pair of index 2~then, by lemma 4.1, the pair (I'y NgHg ', T NgHg™ ') is of index 2. Hence,
there exists 0 € T NgHg™ '\ ([ NgHg™!) such that
L=TyngHg ' U(~o(TyNgHg™"))

Hence, the result. ]

In the next subsections, we compute the clips operation between type II and type III subgroups
of O(3) using theorem 4.2 which involves clips between type I O(3)-subgroups that have already
been calculated in previous works ([3, 22|, see also remark 3.2). Indeed, the classes for the clips
operation between a subgroup H @ Z§ of type II and a subgroup I' of type III are deduced from
the knowledge of the tables of the clips [[';] ® [H] and [I] ® [H]. By eliminating the classes that
can’t be realised by any g € SO(3), we deduce the clips operation between [I'] and [H & Z§).

4.1. Clips with Z,,. First, let us recall that Z;,, is built from the couple (Zy,, Zay,), where Z,
is given by (22), as in the equation (16) of appendix A
Ly = LnU(=VLn), 7= (o3, )
where we note Z; := {Id} when n = 1.
Lemma 4.3. Let n > 1 and m > 2 be two integers and d = gcd(m,n). Then

{125} if % even

Bl € S 21 = {{m, 7} else

Proof. We deduce from (8) that

_ _ _ B T
L, N (9Zmyg 1EBZg):(Znﬁmeg 1)U(—(fyZnﬁmeg 1))7 ")/:I‘(eg,g).
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In the case when ges and e3 are not colinear, such group reduces to 1, so we suppose now
that ges = +e3. We thus have to consider

(Zn N Zm) U (_(’YZn N Zm))
where Z, N\ Z,, = Zq and ¥Z,, N Z., is obtained by solving the equations of unknown ki, ko € Z
2k1 +1 . 2ko

n m
We get solutions only if m; = 7 is even. By replacing m by 2p we get that p devides k2 hence

ko = pk’ with k' odd. On one hand, % = 22”]2 and on the other hand, hn“ = k Tt We deduce
that

S )

= (2k1 +1)dmy = 2kadny, ged(my,ng) = 1.

In the following, recall that

[Zs]  if n even

) Z(n) = L5, © (T2 ® L5) = {[Zz_] o

Lemma 4.4. Let n > 1 and m > 2 be two integers and d = ged(m,n). Then

1],[Z,,], Z(n if & even
ol @B 2] = {gm]f o
Proof. Recall from (23) that

Dy = Zy ULy 28, 25" := {e,r(b;, )}

where b; are called the secondary axes of the subgroup D,,, with

b, —e;, by= <e3, )bk Lok=2....m
We have

Ly N (gDmg ™ ® Z8) = (Z N gDmg ™) |J (= (VZn N (gPmg ™)) -

The non tivial cases take place for ges = +es and the union is deduced from lemma 4.3, and for
gb; = tes in which case we get Z(n), so we can conclude. O

Lemma 4.5. Let d3 = ged(3,n) and ds = ged(5,n). We have
(Z3,) © [T © Z3) = {[1], [Zas], Z(n)},  [Z3,] © [1® Z5] = {[1], Z(n), [Zas], [Za; ]} -

],

{1}, [Z2], [Z4s), [Z4]} if n is even and 4|n
[Z5,] © (O @ Z5] = {[ 1, [Za], [Z45), [ZZ]} if n is even but 44 n .

{111,123, [Za5]} if n is odd

Proof. By (8), we have to consider
(Zn N (gHg™ 1)) U(=(vZn N (gHg ™)) for H = T, O, I

Let us consider decomposition (24) of the group T. Then the only non trivial cases are obtained
for ge; = +e3 in which case we get Z(n) and for gs;, = +e3 and we get Zg, .

For the group O given in (25), the only non trivial cases are for ga., = te3 and gs;, = +e3
which have been calculated in the case of T and for ge; = +es in which case we get Zy4 if 4 | n,
Z, if n is even but 4t n and Z; otherwise.

For the group I, we consider the decomposition (27) and we deduce the result following the
same reasonning. O

Finally, for the subgroups SO(2) and O(2) given in (28) and (29) and as a direct consequence
of (3).
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Lemma 4.6. For any integer n > 1 we have:
Z3,) © [SO(2) @ Z5] = {[1], [Z3,]},  [Z3,] ©[0(2) & Z3] = {[1], Z(n), [Z3,]}
with Z(n) given by (9).

4.2. Clips with D?. As explained in Appendix A, the subgroup D7 is obtained for —y =
—r(e;, ), so that

™
Di:ZnU—’yZn:ZnU{—I‘(bl,T(),..., —I‘(bn,ﬂ')}, b =eq, bk:r<63,ﬁ) bi_1
where (b;) are called secondary axes of the dihedral subgroup D, (see [22, Appendix A]).
Lemma 4.7. Let m, n > 2 be two integers and d = ged(m,n). Then

D] © [Zm & Z5] = {{[]l]a [Zd]]} if m is odd

{[1],[Z3),[Za)}  if m is even
Proof. From (8) we have to consider
D}, N (9Zmg ™" © 25) = (Zn N gZmg ™) U (=(V2n N gZing™")), 7 = r(e1,m),

where vZ,, = {r(by,n),..., r(b,,m)}. Here, the only non—trivial cases are obtained when
9Zmg~ ! = 7y, (see lemma 4.3) or Z;’i , which leads directly to the result. O

Lemma 4.8. Let m, n > 2 be two integers and d = ged(m,n) and dy = ged(2,n). Then

[D;] © [Dy, @ Z3] = {{[]l], Z4,), 1 Z4), (25, D7)} if m is odd

Proof. We apply theorem 4.2 with 'y = Z, and I = I,,. We have from [22, table 1]

[Zn] © D] = {[1], [Za,], [Za]} and [Dp] @ D] = {[1], [Z2], [D2]( if m and n even), [Zg], [Da]}
Hence, the classes of [DZ]®[D,, BZS], corresponding to type I subgroups, are among the following
list

(4] @ [H]) N (L] @ [H) = {[1], [Za,], [Za]}
and the classes corresponding to type III subgroups are among
{[z3], D3,]( if m is even), [D3]} .
We can check that all the possibilities can occur by using (8):
(Zn N gDmg™") U (=(vZn N gDimg ™))

where vZ,, = {r(b;,7),i = 1,...,n} and Dy, = Z,, U], Z;’j, we get

o [Zq,] for a rotation g such that gb; = e3 for j = 1,...,m (take for instance g =
r (eg, g) or (62, %) that turns only e; to es and nothing else);

e [Z4] for a rotation g such that ges = es (for instance g =r (63, %)),

e [Zy] for a rotation g such that gb; =b; for i =1,...n and j = 1,...,m (for instance
g=r(e1,5));

e [D7] for the identity rotation for instance;

e [D7,] if m is even and in this case we can take g = r (62, %) for instance so we have
ges — e = b1 and gbg = b2 = €3.

O

Lemma 4.9. Let n > 2 be an integer, do = ged(2,n) and d3 = ged(3,n). We have
D7) © [T ® 28] = {[1], [Z5 ). [Za,), [Zas], [DF,]} -
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Proof. We deduce from [22, table 1] and theorem 4.2 that the classes in [DZ] ® [T @ Z§], corre-
sponding to type I subgroups, are among the following list

([Zn] @ [T]) N (D] © [T]) = {[1}, [Za,], [Z4,]}
and the classes corresponding to type III subgroups are among
{[Z5], D3]} -
We can check that all the possibilities can occur by using (8):
(Zn N gTg™ ) U(=(vZn NgTg™"))

where 7Z,, = {r(b;,7),i=1,...,n} and T = | J}_, Z% U?Zl Z;ﬁj (24), we get

[Z3] for a rotation g such that ge; = b; for i = 1,...n (take for instance g =r (e1, %));
™ )

[ ]
e [Zg4,] for a rotation g such that ge; = e for i = 1,...,3 (take for instance g =r (es, %)
o [Zg,] for a rotation g such that gst; = es;

° []D)fl2] for a rotation ¢ such that ge; = es for i = 1,2,3 and the two remaining e; turn to
two orthogonal b; (exists for n even).

O

Lemma 4.10. Let n > 2 be an integer, dy = ged(2,n), ds = ged(3,n) and dg = ged(4,n). We
have
[Di] © [© D Zg] = {[]1]7 [Zd2]7 [de,]? [Zd4]7 [Z2_]7 [Dflg]a [ 23]7 [ 24]} .

Proof. We deduce from [22, table 1] and theorem 4.2 that the classes in D] ® [O & Z§], corre-
sponding to type I subgroups, are among the following list

([Zn] @ [0]) N ([Dn] @ [0]) = {[1], [Za,], [Zas), [Za4,]}

and the classes corresponding to type III subgroups are among

{[25], [Dd57], D], [DF, ]} -
We can check that all the possibilities can occur by using (8):

(Zn N gOg ") U (=(vZy N gOg ™))
where O = U?:1 g U?:1 thj U2:1 chk (25), we get

e [Zy] for a rotation g such that ga., = b; for i =1,...n and k =1,...,6 (for instance
take g =r (el, %) or (63, —%) that turns only a., to ej);
o [Zg,] for a rotation g such that ga., =es for k=1,...,6;

]

® [Zg,] for a rotation g such that gs;, = es;

e [Zg4,] for a rotation g such that ge; = es for i = 1,...,3 (take for instance g = r (63, %) o
r(e1,5));

° []D)fb] for a rotation g such that ga., = e3 and two other edge axes a., turn to two
orthogonal axes +b; for i = 1,...,n (exists for n even) ;

e [D7.] for a rotation g such that gs;; = es and three other edge axes a, (for instance
ac,,a., and a.; are three coplanar edge axes seperated by an angle of §) turn to three
+b;;

e [D,] for g =r (e3, §) for example.

O
Lemma 4.11. Let n > 2 be an integer, dy = ged(2,n), ds = ged(3,n) and ds = ged(5,n). We
have

[sz] © [H D Zg] = {[]l]a [Zd2]? [Zd:a]’ [st]’ [Z;], [ 22]} .

Proof. We deduce from [22, table 1] and theorem 4.2 that the classes in [DZ] ® [I & Z§], corre-
sponding to type I subgroups, are among the following list

([Zn] © [H]) N ([Dn] © [H]) = {[]l]’ [Zd2]’ [Zd:a]’ [st]}
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and the classes corresponding to type III subgroups are among

{(2;], [DG,], D], D]} -

We can check that all the possibilities can occur, except [D7,] and [D7_], by using (8):

(Zn N glg™') U (=(Zn N glg™))

e [Z;] for a rotation g such that gwy =b; fori=1,...nand k =1,...,15;

e [Zg4,] for a rotation g such that gwy =es for k=1,...,15;

e [Zg,) for a rotation g such that gv; =es for j =1,...,10;

® [Zg4,] for a rotation g such that gu; =es fori=1,...,6;

° [ID)ZQ] for a rotation g such that gwy = e3 and two other axes wy turn to two orthogonal

axes b; for i = 1,...,n (exists for n even) (the identity rotation works as well since wy,
w1, W12 are colinear to eq,es,e3 (e2 = b, for some i for n even));

e [D7,] for a rotation g such that gv; = es and three other axes w; turn to three b;.
However, there is no three coplanar wy, seperated by an angle of %;

° [Dflg] for a rotation ¢ such that ge; = es and five axes w; turn to five b;. However, there
is no five coplanar wy, seperated by angle of Z.

O
Lemma 4.12. For any integer n > 2, we have

D7) @ [SO(2) & Z5] = {[1], [Z;], [Zn] }
D7) @ [0(2) & 25] = {[1], (2], [DF,], D3]}
Proof. By theorem 4.2 we deduce that the classes in the clips [D?] ® [SO(2) & Z§] are among the
following list
{[]. (23], (2]} -

All the classes of the above list can be realized by a rotation ¢ using the union Z, N gSO(2)g~1 U
(—(vZ, N gSO(2)g™ 1)) (8) where SO(2) consists of all the rotations around e3 . Indeed, we get:

e [Z,] for a rotation g such that ges =b; fori =1,...,n,

e [Z,] for the identity rotation for instance.

As for the classes in [DZ] © [O(2) @ Z§], by theorem 4.2 we know that such classes are among
the following list

{[]1]7 [Zd2]7 [ZZ_]7 [ 22]7 [D;]} :

By the same reasoning, the above classes can be all realized except for [Zg4,] using (8)
Zn 1 g0(2)g~" U (=(7Zn N gO(2)g7"))

where vZ, = {r(b;,7),i=1,...,n} and gO(2)g~! = {r(ges,0),r(gb,7),b € (zy) plan}. In-
deed, we get
e [Z3] for a rotation g such that gb =b; for i = 1,...n (take for instance g =r (e1,%) o
r (63, %) that turns only es to ej);
o [DF|forg=r (62, %) for example;
e [D?] for the identity rotation for example;

4.3. Clips with D¢ . First we have (see Appendix A)

s
Dgn = Dn U (_WDn)a T=r (63, E)
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where we can write

2k
(10) Dn:{r<e3,7”>,r(b2m,w); k:l:O,...,n—l}
2 1
11 Dy, =4 —r 63,(1@7—’_)7T ,—r(bg,m);ke=0,...,n—1
n

with
(12) b1 =€ and bl =T (63, ) bl 1-

Lemma 4.13. Let m, n > 2 be two integers and d = ged(m,n). Then

{[]l]’ [ZQ]’ [Z2_]’ [ZQ_d]} Z'f % even
[Dgn] © [Zm ® Z3] = {[]1]7 (Z5],Z5 ], [Zd]} if m even and 7 odd .
{[1],[Za]} else

Proof. From (8) we have to consider intersection

_ _ _ T
DY, N (9Zmg~ " ®Z5) = Dy N gZing ") U(—(YDy N gZmg™ ")) v =r (es, 5)

which can always reduces to 1. Otherwise we have only to consider three cases:

e ges = t+e3 and we deduce intersection from lemma 4.3;

e ge3 = *+by for some k and intersection reduces to Z, for m even;

e ges = *+by; 1 for some k and intersection reduces to Zs for m even, and we can conclude
the proof.

]
Lemma 4.14. Let m, n > 2 be two integers, d = ged(m,n) and do = ged(2,n). Then
{[1],(Z2], [Da,), (23], [Z,), D3], [DS,] ) if % s even
[]Dgn] © Dy, ® Z5] = {[]l], [Zs], D3], [Z5 ], (D3], [Z4], [Dg], [ID)Z]} if %7 is odd and m is even .
{(1), [Z2], [Z3 ), [Za), [Da], [DF] } else
Proof. We apply theorem 4.2 with I'y. = D,, and [ = Dy,. We deduce from [22, table 1]
D,] © [Dy,] = {[1], [Z2], [D2](if m and n even), [Z4], [Dq4]}

and
{[1], [Z2], [D2], [Zsq], [D2q]} if % even
[Dan] © D] = 4§ {[1], [Z2], [D2], [Z4], [Dq]} if m even and % odd
{[1], [Zs], [Za], 4]} if m odd
Hence, the classes in [DZ]©[D,, BZ§], corresponding to type I subgroups, are among the following
list
{[1], [Zo], [Do]} if % even
([Dn] © D)) N ([Dap] © [Din]) = § {[1], [Z2], [D2], [Zg], [Dg]} if m even and % odd
{[1], [Zo], [Za], [Dg] } if m odd

and the classes corresponding to type III subgroups are among
{[25), D3], (Z5,), D3]} if 7 even
{[Z3], D3], D3]} if m even and 7 odd .
{[ZQ_], [Dfl]} if m odd
We can check that all the possibilities can occur by using (8):
(Dn N gDmg™") U (=(4Dn N gDimg ™))
where D,, and yD,, are given in (23) and (11). We obtain
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e [DY,] if m/d is even and [Dy] otherwise for a rotation g such that ges = e3 and
gb; = +bo;, 1 for some [;

e [D4,] if m/d is even and [D?] otherwise for a rotation g such that ges = e3 and gb; = +by,
for some I;

e [Z,,] if m/d is even and [Z4] otherwise for a rotation g such that gez = e3 only;

[Dy]  if m and n even
D3] if
° (D3] 1 m even and n odd for a rotation g such that ges = +by;11 for some [,
[Z2]  if m odd and n even
[Z5] if m and n odds

2
e [Zs] for a rotation g such that ges = +bo;y; for some [;

D3] if m even
e {[Zs] if modd and n even for a rotation g such that ges = by and gb; = es;
[

Zy] if m and n odds

e [Zy] if m is even for a rotation g such that ges = by.

Lemma 4.15. For any integer n > 2 and dy, = ged(n, k) for k = 2,3, we have
D3] © [T @ Z5] = {[1], [Z2], [Za, ), [Day], [Z5], D3]} -

Proof. We deduce from [22, table 1] and theorem 4.2 that the classes in [D,] ® [T @ Z$],
corresponding to type I subgroups, are among the following list

([Dn] © [T]) N ([Dan] @ [T]) = {[1], [Z2], [Za5], [Da, ]}

and the classes corresponding to type III subgroups are among

{[Z3], D3]} .
We can check that all the possibilities can occur by using (8):
(D, NgTg 1) U (=(vDy NgTg ™)),
where D, and D, are given in (23) and (11) and T in (24). We get
® [Zg,] for a rotation g such that gs;, = +es;
o [Zs] for a rotation g such that ge; = bg4q for i = 1,...,3 (take for instance g =
r(en,§)or(es 5));
e [Z5] for a rotation g such that ge; = by for i =1,...3;
e [Dg,] for a rotation g such that ge; = es for i = 1,2,3 and the two remaining e; turn to
two bojyq for some I;
° [ID)le] for a rotation ¢ such that ge; = es for i = 1,2,3 and the two remaining e; turn to
two by, for some [.

O
Lemma 4.16. Let n be any integer and dy = ged(n, k) for k = 2,3, we have
{Lo, [Zy], [Z4], [D4], [DF]} if 4In
De]e [0z = {Lo,Z;],[Df]} if n is even and 41 n
{Lo} if n is odd
Lo := [1], [Z2], [Da,], [Z5 ], [D3], [Zas), [Das], [Dg,]

Proof. We deduce from [22, table 1]
[D ] [ ] {[ ] [ ] [Zd:a]’[Zd4]’[Dd2]’[Dd3]’[Dd4]}
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where dy = ged(4,n) and
[D2n] © [(O)] = {[]l]’ [22]’ [Zd:a]’ [Z2d2]? [D2]’ [Dda]’ [D2d2]} :

We deduce, by theorem 4.2, that the classes in [D4, ]©[Q®ZS], corresponding to type I subgroups,
are among the following list

([Dn] ® [O]) N ([D2n] @ [O]) = {[1], [Z2], [Zd5], [Da], [Das], [Za](if 4 | n), [Da](if 4 | n)}
and the classes corresponding to type III subgroups are among
{[Z;], [Z5)(if n is even), D3], [DZ,], [D3]( if 4 | n), [D4]( if n is even and 4+n)} :
We can check that all the possibilities can occur by using (8):
(D Ng0g ™) U (—=(7Dy N g0y ™))
where D,, and yD,, are given in (23) and (11) and O in (25). We get

e [Zs] for a rotation g such that ga., = bgy; fori=1,...n;

e [Dg,] for a rotation g such that ga., = es and two other edge axes a., turn to two
orthogonal axes bg;;1 (exists for n even) for some ;

e [Z,] for a rotation g such that ga., = ba;

e [D3] for a rotation g such that ga., = bg; and two other edge axes a., turn to two
orthogonal axes bg; for some [;

o [Zg,] for a rotation g such that gst; = es;

e [Dgyy] or [D7,] for a rotation g such that gs;; = ez and three other edge axes a, turn to
three secondary axis of I, (either three bg; or three bg;) (one can take for instance
g=r(es,T)or(<1,—1,0 >, arccos (1/v3)) to get Dgy);

e [Z4] for a rotation g such that ge; = es for i = 1,...,3 (when 4 | n);

e [Z,] for a rotation g such that ge; = e3 for i = 1,...,3 (when n is even and 4 1 n);

e [Dy] or [Df] for a rotation g such that ge; = e3 with 4 | n and two edge axes a., together
with the remaining two e; turn to four secondary axis of I, (either four by, or four

bay);
e [DY] for the identity rotation for instance.

Lemma 4.17. For any integer n > 2 and dy, = ged(n, k) for k =2,3,5, we have
[Dgn] © []I S Zg] = {[]1]7 [Z;], [Z2]7 [Dd2]7 [DSL [Zd3]7 [st]}

Proof. We deduce from [22, table 1] and theorem 4.2 that the classes in [D4,] ® [I @ Z$], corre-
sponding to type I subgroups, are among the following list

(IDn] ® [I]) N (D2n] @ [I) = {[1], [Z2], [Day], [Zas), D], [Za5], D]}

and the classes corresponding to type III subgroups are among

{(23], D3], [DF,], [DF]} -
We can check that all the possibilities can occur except [Dg,], [D7,], [Dg,], [D7. ] for the same
argument as in lemma 4.11 by using (8):

(D N glg™) U (=(vDy N glg™))
where D,, and yD,, are given in (23) and (11) and I in (27). We get
e [Zy] for a rotation g such that gwy = by for k =1,...,15;
e [Z5] for a rotation g such that gwy = by for k=1,...,15;
o [Dg,] for a rotation g such that gwj, = e3 and two other axes wy, turn to two orthogonal
axes boji1;
° [ID)ZQ] for a rotation g such that gwy = e3 and two other axes wy turn to two orthogonal
axes by;
e [Zg,) for a rotation g such that gv; =e3 for j =1,...,10;
® [Zg4,] for a rotation g such that gu; =es fori=1,...,6;
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Finally, we have
Lemma 4.18. For any integer n > 2 we have
D§.] © [S0(2) © Z5] = { (1], Z2), 1Z5], 1Z3,]}
D%,] © [0(2) © Z5) = { [1], [Z2], [Z3 ], (D], D3], D4, ]}

Proof. By theorem 4.2 we deduce that the classes in the clips [D4,] ® [SO(2) @ Z§] are among
the following list

All the classes of the above list can be realized by a rotation ¢ using the union
D, N gSO(2)g~" U (—(vDn N gSO(2)g~1))(8).
Indeed, we get:
® [Zs] for a rotation g such that ges = bojy1;
e [Z;] for a rotation g such that ges = by;
e [Z,,] for the identity rotation for instance.

As for the classes in [D4,] ® [O(2) @ Z$], by theorem 4.2 we know that such classes are among
the following list

{11, Z2), 23], D), [D4,), D3] }

By the same reasoning, the above classes can be all realized by a rotation g using (8)
Dn N gO(2)g~" U (=("Dn N gO(2)g™ "))
where gO(2)g~! = {r(ges,0),r(gb,7),b € zy plane}. We get,
e [Zs] for a rotation g such that g =r (el, %) or (62, %) that turns only es to e; for instance;
e [Z;] for a rotation g such that gb = by, for some k and some b € (zy)-plane and that
doesn’t turn es to the other axes of Do, (take for instance g = r (bgk, %) or (es, ) where

« is the angle between b and boy;
e [Dg,] for a rotation g =r (ez, %) for instance (for n even there exists k such that bog1 =

€2);

o [D3] for a rotation g =r (v, %) where v is a secondary axis of Dy, orthogonal to ez and
by, for instance;

e [Dg,] for the identity rotation for example.

O

4.4. Clips with O~. First, we introduce a useful decomposition of the subgroup O~ (see
Appendix A), constructed from the couple of index 2 (T, Q)

O =TuU(—T), ~v=r <el, g)

3 4
(13) T=|Jz5 | )z,
i=1  j=1

(14) AT = {r(ack,ﬂ),r(ei,g> r<e37”>}

Lemma 4.19. Let m > 2 be an integer and dj, = ged(k,m) (k= 2,3). Then we have

(1), 23], [Za), (271} if 4lm

©_ @ Zm@Zc - X
elel ? [ﬂ]a[Zdé],[Z%],[ng]} otherwise
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Proof. From (8) we have to consider intersection
_ _ _ _ 7T
07 N (9Zng™" ®Z5) = (TN gLng ™) U (~(YT N gZmg™") 7 =r(e1, )

which can always reduces to 1. Otherwise we have only to consider three cases:

e ges = te; and we get [Z, ] if 4 [ m and [Zg] if not ;

e ge3 = +s;; and we get [Zy ] ;

e ge3 = *ta., and we get [Z, |.

2

Lemma 4.20. Let m > 2 be an integer. We have
[1], (22, [Z5], [Z4), Dy ], (2], D3], [Dﬁf]} if 4m
071 @ D © Z3] = § (U [22], [25]; [Zay ], [DF, ], [D2], [DS]} if m is even and 4 {m .
), 2], (23], (2, D)} if m is odd

Proof. We apply theorem 4.2 with I';, = T and I' = @. We deduce from [22, table 1]

) © D] = { (1], [Z4y), [Zay), Dy}
and
0] @ D] = {[1], (2], 4y, 2], [Py), Dy ], Dy}

Hence, the classes in [O7] ® [Dy,, & Z§|, corresponding to type I subgroups, are among the
following list

(1] © D)) N (0] © (D) = {[1], [Z2], [Zy ), D] |
and the classes corresponding to type III subgroups are among
23], [Dg), (27), D3], (D3]} if 4| m
Z;], D3], [Dy, ]} if m even and 41 m .
Z;], D3, ]} if m odd

We can check that all the possibilities can occur by using (8), except [D3] when 4 | m since it
becomes D¢ in this case. Consider

(TN g]D)mgil) U(=(Tn gDmgil))
where 7T is given by (14). We obtain

e [Zs] for a rotation g such that gb; = e; for i = 1,...,m and j = 1,...,3 (take for
instance g =r (e2,%) or (e3, 5));

e [Z;] for a rotation g such that gb, = a, for i = 1,...,m (take for instance g =
r (ac. 5) or(es, §));

° [ng] for a rotation g such that ges = 8¢ ;

° [Dflg] for a rotation g such that ges = 8, and three secondary axis b; of D,, turn to
three a., ;

e [Dy] for a rotation g such that ges = e; and two orthogonal secondary axis of D, turn
to the two remaining e; and that is possible when m is even and 4 t m since if 4 | m we
get [DF;

e [D3] for a rotation g such that ges = e; and two orthogonal secondary axis of D, turn
to orthogonal a., and this is possible if m is even;

e [Z,] for a rotation g such that ges =e; fori =1,...,3 and if 4 | m.

Lemma 4.21. We have
[©_] © [T 2] Zg] = {[]1]7 [Z2]7 [ZQ_]v [D2]7 [D;], [Z3]7 [T]} :
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Proof. We deduce from [22, table 1] and theorem 4.2 that the classes in [07] ® [T @ Z§], corre-
sponding to type I subgroups, are among the following list

([T} @ [T]) N ([0] @ [T]) = {[1], [Z2], [Zs], [D2], [T]}

and the classes corresponding to type III subgroups are among

{[z;], D3]}

We can check that all the possibilities can occur by using (8):

(TNgTg~") U (=(yTNgTg™),
where T is given by (14) and T in (24). We get
[Z3] for a rotation g such that gs;, = sy;;
[Ds] for a rotation g = r (es, §) for instance;
[Zs] for a rotation g =r (63, %) or (62, %) for instance;
[D3] for a rotation g such that ge; =e; for ¢ = 1,...,3 and the two remaining e; turn to
two a., (for instance g =r (e3, T));
e [Z3] for a rotation g such that ge; = a, for i = 1,...3 (for instance g = r (a.,, §) o

r (s, 5));
e [T] for the identity rotation for instance.

Lemma 4.22. We have
07) @ [0 25] = { 1], [2], 125 ), [Z4), [27), D3], [D3), D], [07] }

Proof. We deduce, by theorem 4.2, that the classes in [07] ® [O @ Z§], corresponding to type I
subgroups, are among the following list

([T) @ [O]) N ([0] ® [0]) = {[1], [Z2], [Z3], [D2], [T]}

and the classes corresponding to type III subgroups are among

{12z),127), D3], (D3], (D), (071}

We can check that all the possibilities can occur by using (8) except [Ds] since to get [Do] we
need a rotation g such that ga., = e; and ge; = e; which will give [Z; ]. We have

(TNg0g U (-(7TNgOg™ )
where 4T is given by (14) and O in (25):

e [Zs] for a rotation g such that ga., =e; fori=1,...,3 (take for instance g =r (317 %) o
r(es,—7));

e [Z3] for a rotation g =r (a.,, %) or (e, 5) ;

e [D3] for a rotation g =r (es, %) for example;

e [Zs] for a rotation g such that gst; = 8u;

° [Dflg] for a rotation g such that gst; = 8y, and three edge axes a., turn to three a,;

o [Z,] for a rotation g such that ge; = e; for some i,j = 1,...,3 (take for instance

g=r (63, %) )a
e [DY] for a rotation g = r (e, Z) for example;
e [O7] for the identity rotation for instance.

Lemma 4.23. We have
[07] @ [Te Z5] = {[1],(Z2], [Z3 ], [Z5], [D3], [T]} .
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Proof. We deduce from [22, table 1] and theorem 4.2 that the classes in [07] ® [[ & Z§], corre-
sponding to type I subgroups, are among the following list

([T @ [M) N ([0] @ [M) = {[1], [Z2], [Z3], [T]}

and the classes corresponding to type III subgroups are among

{[z5], D3], (D3]} -
We can check that all the possibilities can occur except [Dj] (same argument as in lemma 4.11)
by using (8):
(TNglg™) U (-=(1TNnglg™))
where T is given by (14) and I in (27). Hence, we get

e [Zs] for a rotation g such that gwy =e; for k=1,...,15and i =1,...,3;

e [Z;] for a rotation g such that gwy = a,;

e [D3] for a rotation g such that gwj = e; and two other axes wy turn to two orthogonal
axes @, (take for instance g =r (63, %));

e [Z3] for a rotation g such that gv; = s ;

e [T] for the identity rotation for instance.

Lemma 4.24. We have
[071@[S0(2) @ 23] = {[1], [Zs], [Z,], [Z4]} -

Proof. By theorem 4.2 we deduce that the classes in the clips [07] ® [SO(2) @ Z§] are among
the following list

{[]l]’ [22]’ [23]’ [Z;], [ZZ]} .

All the classes of the above list can be realized by a rotation g using the union TN gSO(2)g~! U
(—(YT N gSO(2)g™1)) (8) except [Z3]. Indeed, we get:

e [Z3] for a rotation g such that ges = 8t

e [Z,] for a rotation g such that ges = a,;

e [Z,] for the identity rotation for instance.

Lemma 4.25. We have
07 @ [02) ®25] = { [1], 123, D3], (D]}
Proof. By theorem 4.2 we deduce that the classes in the clips [0~] ® [O(2) & Z§] are among the
following list
{11], (2], ID2), 23], ID3), D3], D)}
Using the union T N gO(2)g~ ! U (—=(vT N gO(2)g~1)) (8) where
90(2)g~" = {r(ges.0),r(gb,7), b € zy plan},

we deduce the classes that can be realized by a rotation g:

e [Z,] for a rotation g such that ges = a,;

[D] for a rotation g such that ges = s;; and three axes b of the (zy)-plane turn to a.,
(take for instance g =r (< —1,1,0 >, arccos (1/v3)));

e [DY] for the identity rotation for instance.
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4.5. Clips with O(2)~. We construct O(2)~ as follows
0O(2)” =S0(2) U—(ySO(2)) where v =r(ej,n)
= {r(es,0),0 € [0,2n], —r(b,7)}.
where r(b, 7) represent the symmetry with respect to all the axes in the zy plane.
Lemma 4.26. Let m > 2 be an integer and d, = ged(2,m). We have
[0(2)7] © Zm ® 28] = {[1], [Zu], [27]}
Proof. We get the result by considering the following intersection (from (8))
O(2)™ N (9Zmg™" ® Z5) = (SO(2) N gZng™") U (—(¥80(2) N gZmg ™))
where v = r(ej, ) and 7SO(2) = {r(b,7)}. O
The proof of the following lemma is similar to the proof of lemma 4.8.

Lemma 4.27. For any integer m > 2, we have

{[]l]’ [Zg]’ [DS]’ [Dﬁb]} Z'f m 1S even

[0(2)7] @ Dy, ®Z5] = {{[1117 Z5),(25), D)} if mis odd

Proof. We apply theorem 4.2 with T'y = SO(2) and T' = O(2). We deduce from [22, table 1]
[SO@)] @ D] = {[1], [Z2], [Zm]}

and
02)] © D] = { 1], 2], Dy ], D]}

Hence, the classes in [O(2)7] © D, @ Z$], corresponding to type I subgroups, are among the

following list
(SO(2)] @ D)) N ([0(2)] @ [Dy]) = {[1], [Z2]}

and the classes corresponding to type III subgroups are among
{1Z3), 13,031}

We can check that all the possibilities can occur by using (8), except [Dz] when 4 | m since it
becomes DY in this case. Consider

(SO(2) N gDmg ") U (—=(750(2) N gDymg ™))
where vSO(2) = {r(b, ), b € zy plane}. We obtain
e [Zs] for a rotation g such that gb; = es (possible only if m is odd since if m is even the
second part of the intersection won’t be empty);
e [Z5] for a rotation g such that gb; = b for some b in the zy plane;
° [ID)Z/Q] for a rotation g =r (62, %) for example;
e [DZ ] for the identity rotation for instance.

0

The argumentation for the calculation of the clips with O(2)~ is very similar to the ones for
D? exposed in subsection 4.2.

Lemma 4.28. We have

0@) e [Tez5] = {[1], (2], [Zs], [Z,], D3] }
[0@2)7]e [0e 23] = {[1], [Z2], [Z; ], [D3], D3], [DF]} .
0@) e lezs] = {1][Z ] [ ] D3]} -

And finally we deduce the clips with SO(2) & Z§ and O(2) & Z§ in the same way as in lemma
4.12.
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Lemma 4.29. We have
[0(2)7] @ [SO(2) ® Z3] = {[1], [Z;].[SO(2)]} -
[0(2)"]@[0(2) @ Z5] = {[D3],[0(2) 7]} -

5. APPLICATION TO PIEZOELECTRICITY

We propose here to apply clips operation to the specific case of the Piezoelectricity law. We
introduce the space of constitutive tensors occurring in the mechanical description of Piezoelec-
tricity, which describes the electrical behavior of a material subject to mechanical stress. It
is defined by a triplet of tensors given by an elasticity tensor, a Piezoelectricity tensor and a
permittivity tensor. Such a space is naturally endowed with an O(3) representation, and the
finite set of isotropy classes is obtained in theorem 5.1 below.

We recall now the Piezoelectricity law, while details can be found in [28, 14, 27, 17]. First,
the mechanical state of a material is characterized by two fields of symmetric second order
tensors: the stress tensor o and the strain tensor €. The relation between these two fields forms
the constitutive law that describes the mechanical behavior of a specific material. In linear
elasticity, the relation is linear, given by

oc=—FE:¢

which is known as the generalized Hooke’s law. Such fourth order elasticity tensor E have the
index symmetries

Eijri = Ejir = Eijie = Eguij
and we define the associated space of elasticity tensors Ela, which is a 21 dimensional vector
space.

Similarly to the mechanical state, the electrical state of a material is described by two vector
fields: the electric displacement field d and the electric field e. These two fields are related and
the relation between them forms the constitutive law that describes the electrical behavior of a
material. In the linear case, it is given by

d=S.e

where the second order symmetric tensor S is the permittivity tensor. We define S to be the
vector space of the permittivity tensors, which is of dimension 6.
Finally, the Piezoelectricity law is given by the coupled law

c=E:e—eP

d=P:0+S.e
which involves a third order tensor P called the Piezoelectricity tensor, satisfying the index
symmetry

Pijk = Pig;

The vector space of Piezoelectricity tensors is an 18 dimensional vector space, noted Piez.

As a consequence, the linear electromechanical behavior of any homogeneous material is
defined by a triplet P of constitutive tensors

P:=(E,P,S) cEla® Piez$ S
and we define Piez to be the space of Piezoelectricity constitutive tensors:
Piez = Ela ® Piez & S.
The natural O(3) representation on (E,P,S) € Piez is given in any orthonormal basis by
(15)  (p(9)E)ijki == 9ipiqkr9isEpgrs;  (P(9)P)ijk = Giv9jq9kr Poars  (p(9)S)ij := 9ipgiqSpq

where g € O(3).
As a consequence of lemma 2.4, the isotropy classes J(Piez) can be deduced from isotropy
classes Ela, Piez and S:

J (Piez) = (J(Ela) ® J (Piez)) ® J(S).



22 P. AZZ1 AND M. OLIVE

Recall from [25] the isotropy classes of Piez (the notations and definitions of O(3)-subgroups
have been moved to Appendix A)

j(PieZ) = {[]1]7 [Z2]7 [Z3]7 [D;], [D§]7 [Zz_]7 [ZZL [D2]7 [D3]7 [DfllL [Dg]v
[SO(2)],[0(2)),[0(2)7],[07], [0(3)]} -

The symmetry classes for O(3) representation on Ela and S are the same as the symmetry
classes for SO(3) representation which can be found in [9] and [26], except that each type I
subgroup occurring in the list of isotropy classes has to be replaced by the corresponding type
IT subgroup (see Appendix A). Indeed, —Id acts trivially on Ela and S, and we have

j(Ela) - {[]1]7 [ZQ D Zg]? []D)Q @ Zg]? [D3 @ Zg]v [D4 @ Zg]? [(D) @ Zg]v [0(2) > Zg]? [SO(?’) @ Zg]} >
and
T (S) = {[D2 & Z3], [0(2) & Z3], [SO(3) & Z3]} .
We deduce the isotropy classes of the Piezoelectricity law Piez = Ela®Piez®S from lemma 2.4
by calculating the clips operations between the isotropy classes of Ela, Piez and S (see Table 1

and Table 2 for clips between type II and III O(3)-subgroups and [22, table 1] for clips between
two type I and remark 3.1 (1) for type I with type II and two type II).

Theorem 5.1. There exists 25 isotropy classes for the Piezoelectricity law Ela ® Piez® S given
by
J (Piez) = {[1], [Za], [Z3], [Za], Da], [D3], [Da], [SO(2)], [O(2)], [O(3)],
22 & 75, 1D & Z5), [Ds @ Z5), [Ds & 25, [0 & Z5, [0(2) & Z5),

23], (23], D3], (D3], (D], [DF], (D], [DE], (07, [0(2)*]} :

APPENDIX A. CLOSED O(3)-SUBGROUP

Given a subgroup I' of O(3), set
Iy ={gel; detg=1} andT_- ={g€T; detg =—1}.
Then I' =Ty UT'_ and we have the following classification (see [10]).
Type I:: A closed subgroup I of O(3) is of type I if I'_ = (), in which case T is a subgroup
of SO(3). A subgroup of type I is conjugate to one in the following list
SO(3), O(2), SO(?2), Db, Z, T, O, I,or 1

Type II:: A closed subgroup I' of O(3) is of type Il if —Id € T', in which case —I'_ =T}
and I' =Ty U—-I4. A subgroup of type II is a direct product of a subgroup of type I
and the subgroup Z§ = {£Id}, it is a conjugate to one in the following list

SO33)@Z;5, OR)eZ; SOR2)eZ; Zm®Z;, D,oZ; ToZ; O0&Z; 1675
Type IIIL:: A closed subgroup I' of O(3) is of type IIT if T'_ # () but —Id ¢ T". Then, 'y
is a subgroup of index 2 in the subgroup I' = I'y U (=I'_) of SO(3). In that case, there
exists 7 € I' \ I';. such that —I'_ = ~T'; and I' = I';. U —T";.. Five representatives of
conjugacy classes of subgroups of type III can be deduced

(16) 7y, = Ty U (—1(es, %))Zn Yn > 1.
(17) D =7, U (—r(e1,m))Z,, Yn >2.
(18) D¢ =D, U(—r(es, %))]D)n Vn > 1.
(19) 0~ =TU (—r(es, g))qr.

(20) 0(2)” = SO(2) U (~r(e1, 7))SO(2).

Example A.1. Z; =Zy U (—r(e3,7/2)Zy) = {Id,r(e3, 7), —r(e3, 7/2), —r(es, 37/2)}
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We propose in Table 3 generators of type I and type III closed O(3)-subgroups.

Type I subgroup | Order Generators

Ly > 2 n r(es,2m/n)

Dy, n>2 2n r(es,2v/n), r(ey, )

T 12 r(es,m), r(ei,m), r(eys + ez + e3,27/3)

0 24 r(es,7/2), r(e1,m), r(e; + es + e3,27/3)

I 60 |r(es,m), r(e; +es+e3,27/3),r(e; + ges,27/5) ¢ := (14 /5)/2
SO(2) 00 r(es,0), 6 €|0,2n]

0(2) 00 SO(2),r(ey,n)

Zy 2 —r(es, m)

Ly, n > 2 2n —r (e3,7/n)

Dg,, n>2 4n —r (e3,7/n) , (€1, )
DZ, n>2 2n r(es,27/n), —r(ey,m)
O~ 24 —r(es,/2), —r(ex —es,m)
0(2)~ 00 SO(2),—r(ey, )

TABLE 3. Generators of closed O(3)-subgroups

We give now some useful decompositions of subgroups T,Q and I. To do so, first introduce
subgroups

(21) 7v <r <u %”>> oDmy <r <u 2%) ,r('v,w)>

where u,v are a non—zero orthogonal vectors. In such notations, the axis (u) generated by u is
said to be the primary axis of Z% and D}, while (v) is said to be a secondary axis of Dy”. In
fact we have
Zn =172, D,=Dt*%
and for any g € SO(3)
9lng 't =752, gDng ! = DjEa9e,

In particular, Z,, is given by

P
(22) Zn:{r<e3,ﬁ>,k:0,...,n—1}
n

And D,, by

2%
(23) D, = {r <e3,7”> (b, m); k=0,...,n— 1, izl,...,n}
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with b; being the secondary axis of D), in the (zy)-plane such that b; = e; and b; =r (eg, %) b;_1,
for ¢ > 2. We propose now details on compositions of the subgroups T, O and I, with explicit
axes for all cyclic and dihedral subgroups they contain.

First we have (see [11] for instance)

3 4
(24) T=|Jz5u|Jz”
i=1 j=1
with

Sy, —=e1+ex+e3, 8, =€ —ey—e3, 8, = —€] +ey—e3, 8, =—€ —Eey+Ees.

For the cubic group we have
3 4 6
(25) o=JzgulJz" v zy>
i=1 j=1 k=1
with vectors ay given by
(26) a., =e;t+ey a,==e —e, a,=e +e3
a,, —e] —e3, a., —ex+es3, a, =ey—es.
Finally we have
6 10 15
(27) I=Jz¢ v Jzy vl zy
i=1 j=1 k=1

Taking ¢ := (1++/5)/5 to be the golden ratio, vectors u; are obtained as centers of icosahedron
faces ( [22, Figure 11]):

up := (14 3p)e; + (2+ ples, uz:=(2+ p)e; + (1 + 3p)e, us:=(2+ ¢)ea — (1 + 3¢)es
uy:=—(2+ ¢lea — (1 +3dles, us = (1+3p)er — (2+ ¢les, wup:=(2+ ¢)er — (1 + 3p)es.

Then vectors v; are obtained from vertices of icosahedron:

1 1
vy =€ +ex+e3 Vyi=¢e + —e, v3:=e;+ey—e3, V4= der— —€3

¢ ¢

1 1
V5= ¢es + —e3, Vg:= —€1+eyte3, vUr:=—¢el+ —ey, Vg:=—e]+ey—e3

o) o
Vg = —%61 — ¢de3, vy = %61 — ¢es

while vectors wy, are obtained from its edges:

1 1
wy =€+ (d+1)ex + <1+—>63, wy = <1+—>61+e2+(¢+1)e3

¢ ¢
w3 := (¢ + 1)e + (1 + %) ext+es, wy:= e, ws:=(p+1)e; + (1 + %) e> — e
we := (¢ + 1)e; — (1 + %) es +e3, wr:= <1 + é) er —ex+ (¢p+ 1es,
wg = (¢ + 1)eg — <1+%> es—es3, wyg:=e;+ (p+1)ex — <1+%> es3
wio = Pez, wi = —e + (¢ + 1)ea + (1 + %) e, w2 = ¢es
wig 1= — <1 + é) e1t+ex+ (p+1)es, wig:=—e1+ (¢p+1)ea — (1 + %) es,

W15 = — <1+%> e —ex+ (¢ + 1es.
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Finally, the subgroups SO(2) and O(2) are given by

(28)
and

(29)

1]
2]
3]
[4]
[5]
[6]
[7]
8]
[9]
[10]
[11]
[12]

[13]
[14]

[15]

[16]
7]
18]
[19]
[20]

21]
22]

23]
[24]
[25]
[26]
[27]

[28]
[29]

SO(2) = {r(es,),0 € [0,27]}

O(2) = {r(es,0),r(b,m), 0 € [0,27], b € (zy) — plane} .
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