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ON THE SHAFAREVICH GROUP OF RESTRICTED
RAMIFICATION EXTENSIONS OF NUMBER FIELDS IN
THE TAME CASE

by
Farshid Hajir, Christian Maire, Ravi Ramakrishna

Abstract. — Let K be a number field and S be a finite set of places of K. We study
the kernels HI?.; of maps H?(Gs,F,) — ®uesH?*(Gy,F,). There is a natural injection

Hli« — Bg, into the dual Bg of a certain readily computable Kummer group Vg/(K*)?,
which is always an isomorphism in the wild case. The tame case is much more mysterious.
Our main result is that given a finite X coprime to p > 2, there exists a finite set of places

S coprime to p such that IHZUX S Bgox “ bx <« IH?X In particular, we show that in
the tame case 1113 can increase with increasing Y. This is in contrast with the wild case

where I1I%. is nonincreasing in dimension with increasing Y. For p = 2 we prove a slightly
weaker unconditional result. With mild hypotheses we prove the full theorem for p = 2.

Let K be a number field and S be a finite set of places of K. Denote by Kg the maximal
extension of K unramified outside S, and set Gg = Gal(Kg/K). Given a prime number p,
let Hl?g be the Shafarevich group associated to Gg and p: it is the kernel of the localization
map of the cohomology group H?*(Gg, F,):

HIQ = IHQ(GS,FP) = keI‘(HQ(Gs,Fp) - @veSH2(Gv7FP))7

where Gg acts trivially on F, and G, is the absolute Galois group of the maximal extension
of the completion K, of K at v.

Set
Vs = {x e K*,(x) = I? as a fractional ideal of K;z € K? Vv e S}

and Bg = (Vg/(K*)?)". Clearly (K*)? € Vg and S ¢ T = Vr < Vg. It is well-
known that I1I% is closely related to Bg. Namely, in the wild case, when S contains
all the places above p and all archimedean places, by the Poitou-Tate duality Theorem
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one has Il ~ Bg. See for example [5, Chapter X, §7]. It is important to note that
algorithms exist to compute Bg via ray class group computations over K, so in the wild
case one can, at least in theory, compute deI?g, the dimension of this space. For the
more general tame situation, one only has the following injection (due to Shafarevich and
Koch, see for example [3, Chapter 11, §2] or [5, Chapter 10, §7])

(1) I3 — Bg.
Short of computing Gg itself, we know of no algorithm that computes de_IQS in the tame

case.

Let us write Kg(p)/K as the maximal pro-p extension of K inside Kg, and put
Gs(p) = Gal(Kg(p)/K). It is an exercise to see that the quotient Gg — Gg(p) induces
the injection I3, < III%, where 1%, := ker (H*(Gs(p),F,) — @uesH?*(Gy, Fp)). As
H?*(G,(p),F,) ~ H*G,,F,) (see for example [5, Chapter VII, §5, Proposition 7.5.8]),
we can take G, instead of G,(p).

The Shafarevich group III% is central to the study of the maximal pro-p quotient Gg(p)
of Gg, in particular when S is coprime to p: obviously, one gets

d,H*(Gs(p). F,) < Y. dyH* (G, Fp) + dpIII% < Y 6y, + d, 1108 < [S] + d, Vs /(K*)7,
VES VES

where 6,, = 1 or 0 as K, contains or does not contain the pth roots of unity. This
is sufficient to produce criteria involving the infinitess of Gg(p) (thanks to the Golod-
Shafarevich Theorem).

Using (1), one can force I1I% to be trivial (see the notion of saturated set S in §1.2),
which can also yield situations where Gg(p) has cohomological dimension 2. See [4] for
the first examples and [6] for general statements.

Before giving our main result, we make the following observation: given p a prime number,
and two finite sets Y and X of places of K, one has:

(2) 15 x, — I} x — Byux « By < I} < 1%,

where the middle surjection follows as Vy_x < Vx. We only consider the case where the
finite places X and Y are coprime to p. Here we prove:

Theorem A. — Let p > 2 be a prime number, and let K be a number field. Let X be a
finite set of places of K coprime to p. There exist infinitely many finite sets S of finite
places of K, all coprime to p, such that:

2 2
mSuX,p ~ II¢ ,x ~ Bsux ~ bx-
Moreover such S can be chosen of size |S| < d,bg.

The case p = 2 involves an exceptional situation.

Definition 1. — The situation is called exceptional if p = 2 and if one simultaneously
has:

(a) <4 ¢ I<7
(b) OF N —4K* # &,

() X contains no real place, and for every prime p € X one has (4 € K,.

Observe that if there is a prime p|2 of K with odd ramification index, (b) fails.



Theorem B. — Takep = 2. Let X be a finite set of places of K coprime to 2. Suppose
the situation not exceptional. Then the conclusion of Theorem A holds.
In the exceptional case, one only has:

d2BX —1< dgmgux’z = dgmguX = dQBSuX < ngx-

Set m := d,b. From [5, §10.7.2], we have the exact sequence
0 — Og/(0K)" = Vg/K*? — Clk[p] — 0
so m = d,Clk + d, 0.

As mentioned above, the computation of 1% is very difficult in the tame case. Indeed,
the only examples we know of where the map LH%’p — By is not an isomorphism are
those in which we know the relation rank of G (p) by knowing the full group itself. In
all our computations p = 2 and G (p) is one of Z/2, Z/2 x Z/2 and Q)s. Using Theorem
A, one may give situations where the value of |I11%| is known without being trivial. As a
corollary, we get

Corollary A. — Suppose p > 2. Then there exist infinitely many finite sets So < S <
<o+ < Sy, of finite places of K all coprime to p, such that for i =0,--- ,m, one has

For p = 2, the result holds if either (a) or (b) of Definition 1 fails.

Remark. — We will see that the sets S; can be explicitly given by applying the Chebotarev
density Theorem in some governing field extension over K. As we will use X = &, (¢)
of Definition 1 is not relevant.

Notations

— We fix a prime number p and a number field K.

— Put K’ = K((,) and K” = K((,2), where (2 is some primitive p?th root of unity, and
Cp = C£2~

— We denote by Ok the ring of integers of K, by OF the group of units of Ok, and by
Clk the class group of K.

— We identify a prime ideal p < Ok with the place v it defines. We write K, for the
completion of K at v and %, for the units of the local field K,; when v is archimedean,
put %, = K.

— One says that a prime ideal p is tame if #0k/p = 1(mod p), which is equivalent to
iy < K, that is 6, = 1.

— If S is a finite set of places of K, we denote by Kg(p)/K (resp. K% (p)/K) the max-
imal pro-p extension (resp. abelian) of K unramified outside S, and we put Gg(p) =
Gal(Kg(p)/K) (resp. G¥(p) = Gal(K¥(p)/K)). For S = &, we denote by H := K% (p)
the Hilbert p-class field of K.

— By convention, the infinite places in S are only real. Let us write S = Sy U Sy, where
1 p=2

0 otherwise
— The set S is said to be coprime to p, if all finite places v of S are tame; it is said to be
tame if S is coprime to p and Sy, = .

So contains only the finite places and S, only the real ones. Put d,, =



— Put Vg = {x € K*, (x) = I? as a fractional ideal of K;x € K2 Vv € S}. Note K** < Vg
for all S.

1. Preliminaries

1.1. Extensions with prescribed ramification. — Let p be a prime number.

1.1.1. Governing fields. — We recall a result of Gras-Munnier (see [1, Chapter V, §2,
Corollary 2.4.2], as well as [2]) which gives a criterion for the existence of a totally ramified
Z/p-extension at some set S (and unramified outside S). Put K’ := K((,) and consider
the governing field L' := K’ (W ). The extension L'/K’ has Galois group isomorphic to
(Z/pz)ritr2=1+o+d where d = d,Clk.

Given a place v of K coprime to p, we choose some place w|v of K" above v, and we
consider o, € Gal(L'/K’) defined as follows:

— if v corresponds to a tame prime ideal p, and B to w, then P is unramified in L' /K’,
L//K’
B

and we set o, = 0, = ( ) corresponding to the Frobenius elements at ¥ in

Gal(L//K');

— if v corresponds to a real place (when p = 2), then o, is the Artin symbol at w:
ou(y/€) = € if /¢ is positive at w, and —4/e otherwise.

While 0, does in fact depend on the choice of w (and thus B), it is easy to see, using that
L' := K'({/Vg) and V4 consists of elements of K, not K’, that a different choice changes
o, by a nonzero multiple in the F,-vector space Gal(L//K’). This is all we need when
invoking Theorem 1.1 below. By abuse, we will also call the ¢,’s Frobenius elements.

Theorem 1.1 (Gras-Munnier). — Let S = {vy,--- , v} be a set of places of K co-
prime to p. There ezists a cyclic degree p extension L/K, unramified outside S and totally
ramified at each place of S, if and only if, fori =1,--- ,t, there exists a; € (Z/p)*, such
that

t
[[os =1 eGal(//K).

=1

Remark 1.2. — In fact, Theorem 1.1 is presented in a slightly different form in [1],
the difference coming from the real places (and then only for p = 2). Indeed, one starts
with the following: for a real place v, in our context we speak of ramification, and in the
context of [1] Gras speaks of decomposition. Hence the governing field in [1] is smaller
than " and the condition he obtains did not involve o, for v € Sy, (in fact, in his case
these o, are trivial). But the proof is the same, we can follow it without difficulty due to
the fact that for v € Sy, one has: %,/%? = R*/R*? ~ Z/27Z; see Lemmas 2.3.1, 2.3.2,
2.3.4 and 2.3.5 of [1].

1.1.2. Eaxtensions over the Hilbert p-class field of K that are abelian over K.— As noted
in the beginning of Chapter V of [1], the result about the existence of a degree-p® cyclic
extension with prescribed ramification can be generalized in different forms. Let H be
the Hilbert class field of K. In what follows, we only need the existence of a degree-p?
cyclic extension of H, abelian over K, with prescribed ramification.



Now we follow the strategy of [1, Chapter V, §2, d)]. Since we will focus on the case
where the set of ramification contains only finite places, we use the notation p instead
of v. Take ¥ a finite set of tame places of K (not necessarily satisfying the congruence

N(p) = 1(mod p?) when p € 3). Put B = Gal(K¥(p)/H).
By class field theory, we get
L— (B/B")" > @(%/)(%)") — ((0%))" — 1,

pex

where ¢ : OF — (~B”Z/p/(~?/p)p2 is the diagonal embedding. Observe that %,/(%,)"" ~
pex
Z/p* if and only if (2 € %,.

A cyclic degree-p? extension M of H, abelian over K and unramified outside ¥ is given
by a character ¢ of B/ BP* of order p? as follows:

Given 9, € (%,/(%,)"")" for all p € ¥, there exists a character ¢/ of B/BP" such that
Yy, = ¥, if and only if,

(3) Vee 0%, | [tn(w(e) = 1,

pex

where 1, : OF — %,/(%,)”". As M/H is totally ramified at at least one prime ideal, at
least one 1), has order p?.
Using Kummer theory, we rephrase (3) with the following governing field (see [1, Chapter

V, §2, d)]):
e ().

where K” = K((,2). For the clarity of the exposition, let us develop this correspondence.
For p € 3y, denote by E, = {e € O, ¢ € (%, )”’}. We then have

1 —Ey/(Og)" — Og/(OK)" — ,(0g) — 1.
Lemma 1.8. — For p =2 assume that (4 € K. Let ¢ € G n (K")?*. Then ¢ € (OF)"".

Proof. — One knows that for p > 2, K n (K”)p2 = K»’ (see [1, Chapter II, Theorem
6.3.2]). O

For abelian groups M, N contained in a larger group, it is an elementary fact that
MN/N ~ M/(M ~n N). Set M = 0% and N = (K”*)** so when p > 2 or when
(e Kforp=2

OF (K" ) J(K™ P =~ O3 /(0% (K"™)) ~ 67 /(%)
Modding out by E, and noting E, 2 (6;)"", we sce

(4) OF (K" By (K" )" ~ OF /B,
so by Kummer duality,
(5) w(O%)" ~ (O /E,)" ~ Gal(L/K"(3/Ey))

Lemma 1.4. — Take p = 2, and let p be a tame prime such that (4 € K,. Let € €

Ox 0 (K")'. Then e € (%,°)".



Proof. — If € ¢ (O%)*, one knows that ¢ = (1 + ¢4)*y* with y € K (see [1, Chapter II,
Theorem 6.3.2]) which implies z € (K,)* when ¢4 € K,. O

Hence Lemma 1.4 shows that (4) and (5) also hold when ¢4 € K.

For each prime p € 3 let us choose a prime B|p of K”, and denote by o, the Frobenius of
B in Gal(L/K”"). As before, o, depends on ‘B|p only up to a power coprime to p.

By Lemmas 1.3 and 1.4 (applied to K,,), the Galois group Gal(L/K"( %/E,)) is generated

by o,. Observe that the dual of the inertia group at p in B/ BP* is isomorphic to

ker ((%/(%)") " — (4(67))").
where (4,(0%))" ~ Gal(L/K"(%/E,)) = {o,). Then there is a generator x, of
<%/(%)p2> " which is sent to Op.

Let us write ¢, = x,°. Then via the Kummer duality map, equation (3) implies

(6) Ha;‘*’ = 1.

pex
We show this is an equivalence. For the reverse, suppose (6) holds. Then it im-
\2

plies the relation Hﬁp =1 in (ﬁﬁ(K”)pQ/(K”)ﬁ) , where 6, is a character of
pex
OX (K" /(K")”" associated to op”, and trivial on E,(K”)*/(K”)?"; then 6, can be

taken in <ﬁ§ (K”)pg/Ep(K”)p2> T (OF/Ey) " ~ (1,(0%)) . Now as , is sent to oy, one

deduced that 6, = x;’. To conclude, set ¢, := X3’ o1, € (0% /(OF%)P) ", then H Pp(e) =1
pex
for every e € 0F, and then recover relation (3).

We want to apply this discussion in the following context.

Let S be a finite non-empty set of tame places of K where each prime p (corresponding to
v e S) is such that N(p) = 1(mod p?). We are interested in the existence of a degree-p?
cyclic extension Ky/H, abelian over K and unramified outside ¥ := S U {q}, such that
K,/H has degree p* and for which the inertia degree at q is exactly p and for some prime
in S the inertia degree is p?.

The above discussion allows us to obtain the following:

Proposition 1.5. — Let p > 2. There exists a degree-p® cyclic extension K,/H, abelian
over K, unramified outside S U {q}, for which the inertia degree at q is exactly p, if and
only if, there exists aq € (Z/p)*, and b, € Z/p*Z, p € S, such that

(7) 91| [ow = 1€ Gal(L/K”),

pesS

where

. | o4 if N(q) # 1(mod p?)

707 of if N(q) = 1(mod p?)
with at least one by € (Z/p*Z)*. When p = 2 the result holds if we assume that (4 € K,.
Remark 1.6. — Infinitely many such sets exist by the Chebotarev Density Theorem.

The case p = 2 involves an exceptional situation.



Lemma 1.7. — Assume O n —4K* = . Let e € 6% n (K")?". Then e e (OF).

Proof. — As in the proof of Lemma 1.4, one has € € (0%)* or e = (1 + {4)*y* with y e K
(see [1, Chapter II, Theorem 6.3.2]). The second case would imply that ¢ € —4K* which
is absurd by assumption. O

Assume now O n —4K* = ¥, By Lemma 1.7 the Kummer radical of L/K” is isomorphic
to 0% /(0%)?, and the isomorphism (4) still holds. Then we can follow the discussion
before Proposition 1.5 by observing that the main difference is: one only has E, <

0% (Kp(¢))?, meaning that Gal(L(x/0%)/K"({/E,)) contains the decomposition group
of p, but may be larger. Let o, be a generator of Gal(L/K(y/E,)).

Proposition 1.8. — Suppose OF n —4K* = . Take q such that ¢4 ¢ K,.
There exists a degree-4 cyclic extension Kq/H, abelian over K, unramified outside S u{q},

for which the inertia degree at q is exactly 2, if and only if, there exists aq € (Z/2)*, and
by € ZJAZ, p € S, such that

(8) (op) | [ow = 1 € Gal(L/K"),

pesS
with at least one b, € (Z/AZ)*.

Example 1.9. — Take K = Q, p = 2 and p = (3). Then the governing extension is
Q(¢s)/Q(C4), in which p splits. But here E, = {1}, and Gal(Q((s)/Q(C4s; v/Ey)) = (oy,) ~

Z/2, showing the difference between o, and the Frobenius o,. Take now the prime 5
which is inert in the governing extension. Proposition 1.8 applies: there exists of a cyclic
degree-4 extension of Q, unramified outside {3, 5}, totally ramified at 5 and having inertial
degree 2 at 3,

1.2. Saturated sets. — Take p and K as before, and let S be a finite set of places of
K, coprime to p.

Definition 1.10. — The S set of places K is called saturated if Vg/(K*)P = {1}.

Recall the following equality due to Shafarevich (see for example [5, Chapter X, §7,
Corollary 10.7.7]):

(9) dpGS = |S()| + |SOO|627p — (7“1 + 7“2) +1—-0+ deS/(KX)p,
showing that d,Gg is easy to compute when S is saturated.

Proposition 1.11. — Let S and T be two finite sets of places of K coprime to p. Sup-
pose S is saturated. Then

—if ST, then T is saturated;

— for every tame prime p ¢ S, one has d,Ggy gy = dpGg + 1.

Proof. — The first point is due to the fact that Vo < Vg, and the second point is a
consequence of (9) along with the first point. O

Theorem 1.12. — A finite set S coprime to p is saturated if and only if, the Frobenii
oy, v €S, generate the whole group Gal(K'(g/V)/K').



Proof. — e Suppose the Frobenii generate the full Galois group. By hypothesis, for each
degree-p extension L/K’ in K'({/V)/K', there exists a place v € S such that v is inert
in L/K’ (when v € Sy, v is ramified in L/K’). Let us take now = € Vg: then every v e S
splits completely in K'(¢/x)/K'. As K'(¢/z) < K'({/Vg), one deduces that K'(¢/z) = K',
and then z € (K)?. As [K’' : K] is coprime to p, one finally obtains that = € (K*)P, so
Bs = {0}.

e If S is saturated, then for every finite set T" of tame places of K with T'n S = F, one
has d,Gs r = d,Gg + |T| by Proposition 1.11. Then by the Gras-Munnier criterion, one
has {(o,,v e S) = Gal(L//K’). O

Corollary 1.13. — The finite set S coprime to p is saturated if and only if, for every
finite set T of tame places of K, there exists a cyclic degree p-extension of K unramified
outside S U T but ramified at each place of T.

Proof. — e If S is saturated, then by Theorem 1.12 the Frobenii o,, v € S, generate
Gal(L'/K’), and the result follows from Theorem 1.1.

e Suppose that S is such that for every finite set T of tame places of K, there exists a
cyclic degree p-extension unramified outside S U T and ramified at each place of 7. Then
by Theorem 1.1 and the Chebotarev density theorem, Gal(L'/K’) = {(o,, v € S). By

Theorem 1.12, S is saturated. O]
1.3. A spectral sequence. — Let S and T be two finite sets of places of K coprime
to p. Consider the following exact sequence of pro-p groups

(10) 1 — Hsr — Gsur(p) — Gs(p) — 1.

Definition 1.14. — Put
Zsr = Hsr/[Hsr, Hsr]HS 7,

and
Xgr = <%S:T>Gs(p) = Hsr/[Hs,r, GS(p)]Hg,T‘

Recall that as Gg(p) is a pro-p group, then IF,[Gg(p)] is a local ring.

Lemma 1.15. — The abelian group Zsr is a compact F,[Gs(p)]-module (with con-

tinuous action) that can be topologically generated by d,Xsr generators. Moreover,
d,Xsr < |T.

Proof. — The first part follows from the topological Nakayama’s lemma. For the second,
the fact that Gg(p) acts transitively on the inertia groups I, of wlv € T in Z°(S,T)
implies

t
DF[Gs(p)] —» w,wlve T) = Zsx,
i=1
where ¢ = |T'|. Taking the Gg(p)-coinvariants, we obtain F}, — Xg . O
Applying the Hochschild-Serre spectral sequence to (10), one gets:

Lemma 1.16. — Let S, T be two finite sets of places of K coprime to p. Then one has :

0— HI(GS(p)7FP) - HI(GSUT(p)va) - Xg,T - m%‘,p - m?S'UT,p'



Furthermore, the cokernel of the natural injection H_Iivp — By s noncreasing in dimen-
sion as X increases.

Proof. — The Hochschild-Serre spectral sequence gives the exact commutative diagram:
HY(Gs(p),Fy)—— H'(Gsor(p),Fy) —— Xgp —— H*(Gs(p), Fp) —— H*(Gsur(p), )

| |

@veSHz(Gva ]Fp)c—> ®UGSUTH2(GU7 IF}))

Chasing the trangression map X 9, H 2(Gs(p)) to the right gives that its image lies
in Iﬂép whose image to the right lies in Iﬂguij. We now have the diagram

0 —— H'(Gs(p), Fp) — H'(Gsur(p), Fp) Xsr 15, —— Ig 7,

!

Bs — bBsur
where the bottom horizontal map is surjective as the inclusion Vg r/(K*)P — Vg/(K*)P
is immediate from the definition of Vx. The second result follows. O

Corollary 1.17. — If the natural injection Hl;p — Bx is an isomorphism, then for
any set Y we have ]_U%(Uy,p < Byoy

Let us give an obvious consequence of Lemma 1.16.

Lemma 1.18. — Suppose that H*(Gs(p),F,) =~ H (Gsur(p),Fp), then X§, — 1% .
If moreover S U T is saturated then X ~ ngp.

Proof. — If S U T is saturated then Vg r/(K*)? = {1}, which implies that Bg,r = {0}.
Hence, by (1) IIZ ; = {0}, and the same holds for III% ;. The result follows by Lemma
1.16. [

Remark. — An important consequence of Lemmas 1.16 and 1.18 is that elements of
X¢r can give rise to elements of IH?%. The former can be found via ray class group

computations. We thus have a method of producing independent elements of ng,’p, If we

find d,Bg such elements, we have established H_[?g’p < 1% < Bg, and thus computed
d,111%.

2. Proof of the results

2.1. A key Proposition. — Let p be a prime number. Let K be a number field and let
X be a finite set of places of K coprime to p. The proof of Theorem 1.1 is a consequence
of the following proposition.

Proposition 2.1. — There exist (infinitely many) pairs of finite sets of tame places S
and T of K such that:

(i) T'u X is saturated and d,Gr,x = d,Gx;
(”) dpGSuTuX = dpGSuX;
(i19) |T| < d,Clx + 11+ r9—14+06 and |S| <r; +r3—1+9;



(1v) for each prime q € T, with at most one exception if we are in the situation of
Definition 1, there ewists a degree-p® cyclic extension M of K, abelian over K,
unramified outside S v X U {q} where the inertia group at q is of order p.

Put Fy = K'(3/Vy), Lo = K'(R/6%), K" = K(G2), L1 = K"(A/0%), F1 = K"(3/Vy),
and F = LFy = K"( 2/0%, /Vg). Put G = Gal(F/K').

Proof. — (of Proposition 2.1.)

Given a tame prime p of Ok, we choose a prime B|p of F, and we consider its Frobenius
0p = oy in the Galois group Gal(F/K’) and its quotients. In the diagram of part b) below
all extensions are abelian so, as mentioned earlier, og is well-defined up to a nonzero scalar
multiple in Gal(F/K’) and that is all we need. In part a), Gal(F/K’) need not be abelian,
but the three drawn squares in the diagram are abelian and it is in these squares where
we study the Frobenii, so again they are well-defined up to a nonzero scalar multiple. All
extensions in both diagrams are Galois.

Put Ex = (op,,p € X) < Gal(Fo/K') the subgroup of Gal(Fo/K’) generated by the
Frobenii of the primes p € X. Put mx = d,Vg — d,Ex.
a) Assume first that Fo n K” = K. When p = 2, one has K = K’ = K”, and then (4 € K.

L =K"(7/6%)

/

K" L1 = K"({/0%) F1 = K"(%/Vy)
K Lo = K'({/0%) Fo = K'(3/Vg)

We choose S and T as follows:

— let T' be any set of primes q whose Frobenii o4 in G are such that the restriction in
Gal(Fy/K’) forms an [F,-basis of a subspace in direct sum with Ex: in other words,

Gal(Fo/K') = (e, € T) D Ex.
and (g, 0 € T) = Do,

qeT
— let X be those places of X whose Frobenii lie in Gal(F/F;) and let S be any set of
primes p whose Frobenii o, in G form in direct sum with the Frobenii in X a basis
of Gal(F/Fy).

As Gal(F;/K’) has exponent p, we see for each q € T, of € Gal(F/F;). Observe also
that if g, is not trivial (which is equivalent to #0x/q # 1 (mod p?)), then o? is the
Frobenius at % in Gal(F/F"); otherwise o7 is the p-power of the Frobenius at Q | q in
Gal(F/F").

By Theorem 1.12 the set 7' u X is saturated. Moreover thanks to the condition on
the direct sum for the Frobenius at p € T', by Theorem 1.1, there is no cyclic degree-p
extension of K, unramified outside 7" u X and totally ramified at any nonempty subset

of places of T": thus d,Gr x = d,Gx, and (i) holds.
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Moreover as each place of S splits completely in the governing extension Fy/K’, then
again by Theorem 1.1, d,Gsorox = d,Gsox, and (44) holds.

The condition on S gives relation (7) in Gal(F/F;) ¢ Gal(F/L;) for the set S U X U {q},
q e T. After taking the quotient of this relation by Gal(F/L), we obtain by Proposition
1.5 that for each prime q € T, the existence of a degree-p? cyclic extension K,/H, abelian
over K and unramified outside S U X U {q} for which the inertia at q is of order p, proving

(1v).
(#ii) is obvious.
b) Assume now that that K” < Fy.

Let A;,7 = 1,--- ,d be ideals of Ok, whose classes are a system of minimal generators
of Clk[p], and let a; € OF such that (a;) = AY. Put A = {ay, - ,a)K*P/(K*)P <

Vg /(K*)P. Note K'(3/Vg) = K'(VA, 3/ 6%).

As Fy/K’ and K”/K’ are abelian p-extensions, the containment K” c Fy implies K’ = K.

L=K'("6)) ——————F

o = K5 —— Fa =By = KGV5)
K K//({’/Z)
K’ K'(¥/4)

When p > 2, take T" and S as in case a).

Now take p = 2. One has K" = K"({/0}%) n K"(¥/A). Indeed by Kummer theory the
intersection is characterized by elements ¢ € Oy and x € A such that re = o with
ae K" If a¢ K/, since [K” : K'| =2, we get K" = K'(«) = K'(y/z¢). By uniqueness of
the Kummer radical, one has ze = —y? with y € K/, and then (z) = (y)? which implies
x € A trivial; in other words, € € (K”)?, proving that the intersection is trivial.

We first choose T as in case a) by noting that, with perhaps one exception, the primes
p € T can be chosen with norm equal to 1 modulo 4. Observe that there is no exception
if the Frobenius of at least one place of X is not trivial in K”/K’. We then choose S as
in case a).

For each place p € T for which (4 € K,, as in case a), we can apply Proposition 1.5.
Suppose now that there is one prime p € T such that (4 ¢ K,. And assume O n —4K* =
. Due to the remark regarding the linear disjunction, every element g € Gal(L/Lg) can
be lifted in Gal(F/Fy). Then, by Proposition 1.8, one can use the same strategy as in
case a).

In conclusion, we have proved that if one of the conditions (a), (b), (¢) of the exceptional
situation fails then (iv) of Proposition 2.1 applies for every q € T. O

Remark 2.2. — Observe that one can take 7" such that |T'| < mx = d,Vg — d,Ex.
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2.2. Proof of Theorem A and Theorem B. — Suppose p > 2 or when p = 2, one of
the conditions (a), (b), (¢) of the exceptional situation fails. Let S and 7" as in Proposition
2.1. As X u T is saturated, by () of Proposition 2.1 and (9), one obtains |T'| = d,bx.
Moreover, S U X u T is also saturated and in particular, Bg,x r ~ ngukap = {0}.
With (#7) of Proposition 2.1, we see that d,bs,x = |T'| so (i) and (i) imply: Bg,x ~ Bx.
Now let us take the spectral sequence of the short exact sequence

1 — Hgoxr — Gsuxor(p) — Gsux(p) — 1
to obtain by Lemma 1.16:
l— HI(GSuX(p)va) - HI(GSUXUT(p)an) - XsV*uX,T - m%’uX,p - m%uXuT,p = {0}.

Hence, X§  x 1 =~ m%uX,p' Now (iv) of Proposition 2.1 implies that d,Xs x 7 = |T|, and
as obviously d,Xsoxr < [T, we finally get d,I115 = |T].
Hence d,111%,,y,, = |T| = d,Bsux = d,Bx. Thanks to (2), one has

IH%UX,}) = H‘[%UX ~ bgux ~ Bx.
This completes the proof of Theorem A.

Suppose now p = 2 and we are in the exceptional situation of Definition 1. Let us choose
vo a place of K such that v is inert in K”/K (or ramified if vy is real). Set X’ = X u {vy}.
The situation with such X’ is then not exceptional (condition (¢) fails), then by the
previous result, we get the existence of a set S’ such that:

LH?S"UX’Q ~ % x ~ Bgioxr ~ B,
Set S = S" U {vg}. The previous isomorphisms can be reformulated as:
2 ~ 2 ~ ~
OTg x o ~ Ul x ~ Bsux ~ Bxr.

To conclude, let us observe that dobx — 1 < dyBbx < dyBx.

2.3. Proof of Corollary A. — When (a) or (b) of the exceptional case fails take
X = ¥, otherwise take X = {p} where p is a prime such that ¢4 ¢ K,. We then avoid
the exceptional situation.

Let us choose S and T as in proof of Proposition 2.1. Let us write 7" = {p1,- -, Pmy }
where my = d,bg — d,Ex. Put Sp =S v X and, for i >0, S;41 =S u X U {p;}. Here,
as d,Gg, = dyGsg,, ., the spectral sequence shows that

2 2
(11> Z/p - H‘[Si,p - H_ISH—laP’

in particular d, 1115, , < d,11I% | + 1. After noting that del%mx » =0 (theset X UT
is saturated) and that d,I115, , = |T| = mx, then we conclude that d,III% , = mx — i.

Observe also that (11) induces:
2 2
Z/p — HlS’L — H'ISi+17
and as before del%i = m — i. The isomorphisms Ulzi’p ~ IH%Z,’S become obvious.
We have proved:

Corollary 2.3. — One has LI ~ (Z/p)™~~—".

Take X = ¢J to have Corollary A. To be complete, observe that when X = {p}, one has
mx =m — 1.
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3. Examples

In this section we give a few examples of fields K and sets S such that in the diagram
I}, — By — By « 113,

the two maps on the right are isomorphisms. Here p = 2, and the three examples we give
are not exceptional situations.

In our first two examples we show the left map is not an isomorphism. Thus we give
explicit examples where I11% increases as X does, in contrast to the wild case.

In the third example we establish
1% <> By —» Bg < II12,
but do not know whether dpLH% < del%. Indeed, we suspect equality in that case.

In the examples below, p; refers to the ¢th prime of K above the rational prime p as
MAGMA presents the factorization. All code was run unconditionally, that is we did not
use GRH bounds for computing ray class groups.

Example 1. — Let K be the unique degree 3 subfield of Q((;) and let p = 2. Then one
can easily compute that K has trivial class group and, since K is totally real, d,by =
d,0% 0% + d,Clk[2] = 3. Clearly Gy = {e} and d,]II}; = 0 so I}, — By has
3-dimensional cokernel. Set S = {371,1811,293;} and T = {3071,3111,349:}. One com-
putes d,H' (G7,F2) = 0 so T and S U T are saturated. The 2-parts of the ray class
groups for conductors S U T and S are (Z/4)* and (Z/2)? respectively, so the the map
HY(Gs,Fy) — H'(Gsur, Fs) is an isomorphism and d,X¥ x r = 3. As d,J1Ig < d,Bg <
d,Bg = 3, we see de_I?g = 3.

Example 2. — Let K be the unique degree 3 subfield of Q((349) and let p = 2. Here K
has class group (Z/2)? and is again totally real, so d,By = d,0%/0%* + d,Clk[2] = 5.
One computes the class group of the Hilbert class field of K is trivial so Gy = Z/2 x 7,/2
and has three relations. Thus d,J11%; = d,H*(Gg, Fa) = 3 so the map Hl2Q — DBy has 2-
dimensional cokernel. Set S = {701y,28571,3169,} and T = {367,397, 401,,409;, 449, }.
One computes d,H'(Gr,Fs) = 2 so T and SUT are saturated. The 2-parts of the ray class
groups for conductors SUT and S are Z/4x (Z/8)* x Z/16 x Z/32 and (Z/2)° respectively,
so the the map H'(Gg,Fy) — H'(Gsor,Fa) is an isomorphism and dyX3,x o = 5. As
d, 1% < d,Bs < d,By = 5, we see d,111% = 5.

Ezample 3. — Let K = Q[z]/(f(z)) where f(z) = x'243392'° —197522% — 21887352° +
284236829z + 440134950622 + 15622982921. This polynomial is irreducible and K is
totally complex with small root discriminant and has class group (Z/2)%. The field K has

been used as a starting point in finding infinite towers of totally complex number fields
whose root discriminants are the smallest currently known. Set

S = {727 1]-1a 4317 4737 673a 971}a T = {517 1317 191, 192, 231, 232, 233, 291, 3].1, 611, 1491, 1494}
As K is totally complez,
d,Bys = d,0% O + d,Cl[2] = 6 + 6 = 12 = #T.

One computes dyH' (G, Fy) = 6 so T and S v T are saturated. The 2-parts of the ray
class groups for conductors SUT and S are (Z/4)° x (Z/8)* x (Z/16)* and (Z/2)"* x Z/8.
respectively, so the the map H*(Gg,Fy) — HY(Ggsor,F2) is an isomorphism. From this
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data one can only conclude d,X§ xr = 11. On the other hand, for every v € T one
computes the 2-part of the ray class group for conductor S U {v} has order at least 2'° >
214 As the latter quantity is the order of the 2-part of the ray class group with conductor S,
we get #1' = 12 independent elements of Xg  x v so d, 1% > 12. As d,Bs < d,By = 12,
we have d,11T% = 12. We suspect that in this case d,1115 = 12.
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