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Abstract: The theory of surface wave generation, in viscous flows, is modified by replacing the
linear-logarithmic shear velocity profile, in the air, with the model proposed by van Driest (1956)
which links smoothly the linear and logarithmic layers through the buffer layer. This profile
includes the effects of air flow turbulence using a damped mixing-length model. In the water, an
exponential shear velocity profile is used. It is shown that this modified and coupled shear-velocity
profile gives a better agreement with experimental data than the coupled linear-logarithmic, non
smooth profile, (in the air)-exponential profile (in the water), widely used in the literature. We
also give new insights on retrograde modes that are Doppler shifted by the surface velocity at
the air-sea interface, namely on the threshold value of the surface current for the occurrence of a
second unstable mode discovered by Zeisel et al (2008).

Keywords: Orr-Sommerfeld equation; wind waves; gravity; capillarity; shear flows; instability

1. Introduction

An important literature has been devoted to the generation of gravity-capillary
waves at the sea surface under the action of a turbulent wind. The occurrence of
gravity-capillary waves has been considered theoretically as the stability of a viscous
parallel shear flow of air over water. Note that several studies have considered inviscid
fluids, too. For a review on can refer to the paper by Young & Wolfe (2014). In the
present paper we focus attention on viscous fluids and take into account the shear-
induced flow (figure 1). Miles (1962) investigated the energy transfer from wind to
short water waves through the viscous stress in the vicinity of the surface and neglected
the shear flow in the water. He suggested that the generation of the short waves is
due to a resonance mechanism between the water waves and the Tollmien-Schlichting
waves occurring in the air shear flow. Within the framework of the Orr-Sommerfeld
equation, Valenzuela (1976) investigated numerically the linear stability of the basic
state composed of lin-log profiles in the water and in the air. He showed that the
initial growth of the gravity-capillary wind waves is due to the linear instability of the
parallel shear flow and that the water shear flow cannot be ignored. He found that the
uncoupled model of Miles underestimates and overestimates the growth rate of waves
of small and large wavenumbers, respectively. Kawai (1976) carried out experimentally
and numerically the study of the same problem. He found that the frequency and the
growth rate of the gravity-capillary waves depend on the air friction velocity and do
not depend on the fetch. The basic coupled shear flow, composed of the lin-log profile
in the air and an analytic functional form for the velocity profile in the water initially
proposed by Kunishi (1957), was investigated numerically by using the Orr-Sommerfeld
equation. He claimed that the amplification of infinitesimal disturbances inevitably
present in the flow is due the instability of the basic state. Larson & Wright (1975) used
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Figure 1. A Coupled shear flow. The wind blows up. Viscous effects induce a shear velocity
profile in the water. Two boundary layers with high shear develop near the air-water interface.
Consequently, the air-water interface is unstable and there is a growth of small water waves.

microwave backscatter based on the resonant Bragg scattering mechanism to measure
experimentally at fixed fetch the growth rates of wind induced gravity-capillary waves.
They found the growth rate does not depend on fetch. Furthermore, they proposed a
power law for the growth rate depending only the wavenumber of the water waves and
the friction velocity. van Gastel et al. (1985) tackled the problem of the linear stability of
the basic state using asymptotic methods to solve the Orr-Sommerfeld equation. They
considered the lin-log velocity profile in the air and an exponential velocity profile in
the water. They showed that the maximum growth rate is proportional to u3, where
Uq is the air friction velocity. Note that Kawai (1976) found that the maximum growth
rate depends on u3;. They concluded that the wave growth is mainly due to pressure
work resulting from normal pressure perturbation of the air on the surface. Wheless
& Csanady (1993) used a compound matrix method to integrate the Orr-Sommerfeld
equation. To avoid the unphysical discontinuity of the second derivative of the velocity
profile in the air existing in the previous models, they considered a velocity profile in
the air with a smooth variation of the second derivative and an exponential velocity
profile in the water. Note that the presence of discontinuities in the velocity profile in
the air may be troublesome computationally. They emphasized the influence of the
second derivative of the velocity profile in the air on the growth rate. As van Gastel et al.
(1985) they found that the growth rate of the gravity-capillary waves increases as u3,.
Tsai & Lin (2004) extended numerically the stability of the coupled air-water shear flow
investigated analytically by van Gastel et al (1985). They used a lin-log velocity profile in
the air and an exponential velocity profile in the water. Zeisel et al (2008) investigated
numerically the temporal and spatial growth rates of short waves. They extended the
results of previous studies to larger wavelengths (up to 20 crn) and stronger winds (up
to t.q ~ 1m.s~1). Their main finding is the occurrence of a second unstable mode when
U > 0.5m.s~1. Our main purpose focuses on the occurrence condition of the second
unstable mode discovered by Zeisel et al (2008). In the present study, the theory of surface
wave generation, in viscous flows, is modified by replacing the linear-logarithmic shear
velocity profile, in the air, with the model proposed by van Driest (1956) which links
smoothly the linear and logarithmic layers through the buffer layer. This profile includes
the effects of air flow turbulence using a damped mixing-length model. In the water, an
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exponential shear velocity profile is used. Note that Riley et al. (1982) used the model
proposed by van Driest to study wave generation by wind, but in the context of Miles’
theory, i.e. with inviscid flows and no current in the water. The paper is organized as
follows. The mathematical model is presented in section 2. Section 3 is devoted to the
presentation of the velocity profiles in the air and in the water. A particular attention is
paid to the velocity profile introduced by van Driest (1956). The developed numerical
method and its validation are presented in section 4. Finally, we present our main results
in section 5 and our conclusions are given in section 6.

2. Mathematical model

We consider the stability of a basic state (Uy(z), Py(z)) to small perturbations
u(x,z,t) = (u,w) and p(x,z,t) where Uy(z) is the mean velocity profile, Py(z) the
static pressure, t the time, x and z the horizontal and vertical coordinates, respectively.

The continuity equation and the linearized Navier-Stokes equation read

Ju ow
=0 M
ou ou oy  19p ?u  u
or TUogy T = —oar TV G T o) @)
ow ow  1dp Pw  Pw
o TUogy = o TG T o) ©)

where p and v are the density and kinematic viscosity, respectively.
The solutions of the linearized problem are sought in the form

(w,w, p) = (u1(2), w1(2), p1(2)) explik(x — ct)]

where k is the wavenumber of the perturbation and c its complex velocity. Note that the
growth rate of the perturbation is w; = J(kc) and the energy growth rate is f = 2w;.

The system of equations (1)-(3) gives

. dw
ikuy + Tzl =0 (4)
. dW ik d?u
KWy +w—— = fo)’l (Tz21 — Kuy) (5)
. 1d d?
ikWwy = _Edizl +v( dzaél — Kwy) (6)

where W = Uy(z) —c.
After simple algebraic calculations the system of equations (4)-(6) reduces to the follow-
ing differential equation (Orr-Sommerfeld equation)

o d? 5 APW v d*w, d%w; 3
Note that the left-hand side of equation (7) corresponds to the Rayleigh equation.
The system of differential equations to sove is
Vg dz 2\2 . dZ 2 d2W
?(@—k ) wlzzW(@—k )wl_lﬁwl (8)
Vw d2 2\2 . d2 2 dZW
p (dz2 k*)*wy, = 1W(dZz K )wy —i L 9)
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where the subscripts a and w refer to the air and water, respectively.
At frst-order, the amplitude p; of the wave pressure can be derived from the horizontal
component of the linearized Navier-Stokes equation

dw, AW, p dPwy pdw

= Pwd o, Ny L B _
=W~y el = (0
where yu = pv is the dynamic viscosity.
Using a Taylor expansion about z = 0, the first-order continuity condition for the normal

stress at the interface #(x, t) = 11 exp[ik(x — ct)] reads

ow ow 0%y
p(x,0+,£) = p(x,0—, ) = 2pta5~(x, 04, 1) = 2ppeo 5 (x,0—, ) + T35 + (pa — Pw) 1
(11)
where T is the surface tension, g the acceleration due to gravity, y; = pavs and py =
PwVw.
The linearized kinematic boundary condition about z = 0 is
d 0
(g + usa)ﬂ =w
where U; = Uy(0).
From this equation one can derive
w1 (0)
= 12
=W (0) (12)

with W(0) = U — c.
Combining equations (10), (11) and (12) gives in fine the first-order continuity condition
for the normal stress at the interface

pg{W(O) (W(O)w’l(0+) - w’(o+)w1(o)) T ivg WIEO) (w;”(o+) — 3K%w), (o+)) — g (0)} _

. W(0
pw{W(O) (W(O)w’l (0—) — W’(O—)wl(O)) +ivg 15 ) (w’{'(O—) - 3k2w;(0—)) — Gw; (0) }
(13)
The prime denotes d/dz and G = g + Tk?. Note that we can use wy (0) = ikW(0)7;.
Using a Taylor expansion about z = 0, the first-order continuity condition for the
tangential stress at the interface reads

ya{?;;(x, 0+, 1) + %(u + W) (x,0+, t)} = yw{ Z—Z;(x,o—, t) + %(u + W) (x,0—,1)
(14)
Using uj = —wy{/(ik) the boundary condition at the interface for the tangentiel stress
becomes
Ha{ w1 Q)W (0+) = W(0) (wf (0+) + K1 (0) ) } =
{1 Q)W (0=) = W(0) (w] (0-) + K1 (0) ) } (15)

e The continuity of the vertical and horizontal components of fluid velocity at the interface

sz reads

w(x,0+,t) = w(x,0—,1)
u(x,04,t) + yW'(0+) = u(x,0—,t) + W' (0-)
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Using 17 = —w) /(ik) the fluid velocity continuity at the interface becomes
w1 (0+) = w1 (0—) = w1 (0) (16)
w} (0-H)W(0) — wy (0)W'(0+) = w3 (0—)W(0) — w: (0)W'(0—) (17)

Far from the interface all perturbations should vanish. Therefore

lim wy(z) =0. (18)

z—+o0

3. Velocity profiles

The theoretical study of the generation of water waves by wind relies on the
hypothesis that the mean velocities in the turbulent boundary layers (in the air and in
the water) may be regarded as parallel shear flows (figure 1). It is also well known that
the results of instability studies are sensitive to the velocity profile shape. In this section,
details concerning the mean flows used, herein, in the air and in the water are given.

3.1. Air profiles

The exact mean turbulent profile above water waves is not well known. As infinites-
imal waves are studied, it is a good approximation to consider mean flow profiles above
flat plates. Two profiles have retained our attention, the lin-log profile and the damped
mixing-length profile.

3.1.1. The lin-log profile

The widely used velocity profile, for water wave generation by wind, is called the
lin-log profile. It is linear in a viscous sublayer and is asymptotically logarithmic far
from the interface. The lin-log velocity profile, used in previous studies, reads (Zeisel et
al. (2008)):

llz
Wy <z <
ua:{uerVaz, ) ) 0<z< 2z, (19)
Us + muy + %= [a —tanh(5)], z>2
2
«=sinh (), B= ’;”* (z—21), 21 = ? Us = Bu,, m =5, B=05.  (20)
a *

3.1.2. The mixing-length profile
For a boundary layer in the air, according to the Prandtl mixing length hypothesis,
the total shear stress near the air-sea interface is

Ta(2) — al, +VTB§ZL1/

=y (21)

where v is the turbulent viscosity given by vy = ¢,,0U,/0z and ¢,,(z) is the mixing
length. Using the following normalisations:

Uf =Up/ue, z7 =uz/vy 7 =1,/ (pati?), £} = usln/va, (22)
the total shear stress reads

T(z)  oU,f ou,f

2
7m0zt + (b ozt ) (@3)
The solution of this quadratic equation for oU,’ /dz™" is
+ +
u, 27,/ 7T, (24)

ozt 14 [1+ (41,/7)(65)?2)(1/2)°
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Near the air-sea interface, the ratio 7,(z) /7, is practically unity so that
’ 2
14 /144465 (2')?

UF(z) = /0 ) dz. (25)

For large z ", where viscosity effect is small, the mixing length is ¢;;, = xz* and the log
law is recovered when constant terms in the integrand denominator are neglected in the
limit z* — +o0. If the same specification for the mixing length is used near the air-sea
interface (in the viscous sublayer) considered as rigid (a wall), the resulting turbulent
stress vrdlU, /9z will increase as z2, whereas the Reynolds stress — (uw) increases more
slowly, as z3 (Pope (2000)). Therefore, the specification £, = xz needs to be damped near
the interface and van Driest (1956) proposed

Oh(zT) =x[1—exp(—zT/AT)], (26)

where A" is a constant attributed the value AT = 26.

The van Driest and the lin-log velocity profiles are compared in figure 2 together
with experimental data from Eckelmann (1974) and direct numerical-simulation results
from Kim et al. (1987). The law of the wall is also shown. Normalised coordinate z*
and velocity U,;+ are used. The different profiles are practically undistinguishable for
zt < 10. However, It is clear that the van Driest profile fits better with experimental
data and numerical simulations than the lin-log profile for z* > 10. Furthermore, the
main advantage of the van Driest profile is the fact that it is infinitely derivable, i.e.
C®, contrarily to the lin-log profile who is piecewise defined and hence not infinitely
derivable. This is shown in figure 3.

3.2. Water profile

Many velocity profiles have been used in the water, in previous studies, and are
reported in figure 1 of van Gastel ef al. (1985). Among them the exponential profile has
retained our attention because it resembles experimental observations (Kawai 1979) and
because it allows for exact solution of the Rayleigh equation that will be used below
to compute sheared gravity-capillary wave speeds. In the water, the current profile is
(Zeisel et al. (2008))

2
Uy (z) = Us exp(flaz* z), z < 0. (27)
SHrw

4. Numerical method and validation

The differential equation (7) and boundary conditions (13), (15), (16), (17) and (18)
are transformed into an algebraic system of equations using a spectral Tau approximation
method (Gottlieb and Orszag (1977)). This algebraic system of equations is solved
numerically for w; and c for a given wavenumber k. Note that the algebraic system is
nonlinear in ¢ due to the boundary condition (13). Therefore, the Levenberg-Marquardt
method (Moré (1977)) is used and computations are stopped when the residual is
O(10712). We also used the Broyden method (Broyden (1965)). The boundary conditions
at infinity are enforced at z+o = £1.6 A where A = 271 /k is the reference wavelength
(Zeisel & al. (2008)). This choice corresponds to kz+. =~ £10. We have checked
that doubling z+ does not affect significantly the results. The obtained results are
validated by (a) the self consistency of the results from Levenberg-Marquardt and
Broyden methods and (b) by comparisons with already published results in the literature
obtained with the lin-log velocity profile in the air. The sum up of these comparisons is
given in figure 4.
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Figure 2. Colour on-line. Normalised velocity profiles, in the air, against the normalised z coordi-
nate. Blue: direct numerical simulations of Kim et al. (1987). o Eckelmann (1974) experimental
data. Red: van Driest (1956) profile. Black: lin-log profile. Discontinuous line: law of the wall.
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Figure 3. Colour on-line. Normalised derivatives of the van Driest velocity profile (in red) and the
lin-log profile (in black), against the normalised z coordinate. Left: first derivative and right: the
second derivative. Note the sharp discontinuity of the second derivative for the lin-log profile.
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3.5

Figure 4. Color on line. Validation of the numerical method, for u, = 24.8 cm s71

, using the
lin-log velocity profile in the air and the exponential profile in the water. The energy growth rate
is plotted against the wavenumber k. Present results: solid line (red). Zeisel et al. (2008): ©. Kawai

(1979): W van Gastel et al. (1985): *. Tsai & Lin (2004): o.

5. Results
5.1. Prograde unstable modes

Using the above described Orr-Sommerfeld equations, and the appropriate bound-
ary conditions, we have computed the maximum energy growth rate, 3, for wavenum-
bers in the range 1 < k < 9 (cm™1), and for different values of the friction velocity .
In this paragraph waves travelling with the wind (waves with positive intrinsic phase
speeds) are considered. The results are presented in figure 5 for the lin-log profile and
the van Driest profile in the air and exponential profile in the water. The results from
Kawai (1979) are also reported. The agreement using the van Driest profile is better
than that obtained with the lin-log profile. This fact could be justified by inspection
of the comparison of the different velocity profiles presented in figure 2. Indeed, the
lin-log profile departs from the other profiles far from the air-water interface. Besides,
the van Driest profile is infinitely derivable and this fact is an advantage for numerical
computations.

5.2. Retrograde unstable modes (Second mode)

Young & Wolfe (2014) have pointed out the existence of a second unstable mode,
called rippling mode, in the context of inviscid fluids (using the Rayleigh equations).
The maximum growth rate they obtained is O(1s~!) for k = O(4 cm~!). Noting that for
these values v,k = O(2.4 s71), the second mode will be obviously damped by viscosity
in the context of Orr-Sommerfeld equations. Zeisel et al. (2008) have also discovered a
second mode in the context of viscous flows when the air friction velocity is larger than
50 cm s~ 1. In both cases, the second modes are retrograde modes (waves with negative
intrinsic phase velocity) that are Doppler shifted by the surface velocity Us in the wind
direction (positive phase velocity). Therefore, a necessary condition for their occurrence
is

co>0andcy— Us <0, (28)
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12 14 16 18 20 22 24 26 28 30
u, cm/s

Figure 5. Colour on line. Comparison with experimental data. The energy growth rate f is plotted
against the friction velocity u. o Kawai (1979) experimental results realized with u4z1 /v, = 5,
with z; the height of the viscous layer in the air. Red: Theoretical values obtained using the van
Driest velocity-profile in the air and the exponential profile in the water. Black: Theoretical values
obtained using the lin-log velocity profile in the air and the exponential profile in the water.

where ¢ should be the sheared gravity-capillary wave speed in the laboratory frame.
Zeisel et al. have found a minimum value u, =~ 50cm s~! corresponding to A ~ 3cm
for the occurrence of the second mode. However, they used the gravity-capillary wave

speed
/ T
co=U;s + %+'yk, vy=—, (29)
Oa

and not the sheared gravity-capillary one, as it should be, to justify these values (in their
figure 13). Retrograde waves correspond to the minus sign before the square root. In the
present study, we use the sheared gravity-capillary wave speed given by equation (6.3)
of Young & Wolfe (2014) to predict the critical values. Note that this equation presents
a typo that we have corrected. The corrected equation reads (with Us > 0 as it is the
wind-induced surface drift),

_ 1 + (8hw) /U2 + (7/ (holUs)?) (hwk)? + 1
2y/1 + (k)2 1+ (hyk)? 41+ (hok)?) |’

(30)

and it is valid for gravity-capillary waves propagating on an exponential velocity profile

in the water of the form exp(z/hy), where hy, is the characteristic shear length. In the

present study the characteristic shear length depends on air density, friction velocity (or

equivalently on the surface velocity Us) and water viscosity. By inspection of equation (

27) we have

C():US 1

hu)(lls) = 4p]/;uljls.
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A (cm)

Figure 6. Critical value of u, corresponding to the occurrence of the second mode is plotted
against the wavelength A. Continuous line: using the sheared gravity-capillary wave speed. The
minimum value of u, for the occurrence of the second mode, is approximately u, ~ 160 cm s~
corresponding to a wavelength A ~ 0.35 cm. Dashed line: using the gravity-capillary wave speed
in still water. The minimum value of u, for the occurrence of the second mode, is approximately

1

1y ~ 45 cm s~ corresponding to a wavelength A ~ 1.74 cm.

Therefore, we obtain the following implicit equation for Us to satisfy the necessary
condition of the occurrence of the second mode:

_ 8 4(Pa/Pw)Us 4(Pu/Pw)us 2
U, = (%—i-'yk) =R+ <1+(Vwk ) , (31)

and the corresponding friction velocity is
Uy = ZUS/

with in cgs units: ¢ = 981, v =75, puy = 1072, pa = 1.23 10~3. The Newton
method is used to solve the implicit equation (31) and the results are given in figure 6
using A = 271/k where A is the wavelength. By inspection of this figure, the minimum
friction velocity for the occurrence of the second mode is u, =~ 160 cm s~! corresponding
to A >~ 0.35 cm. Indeed, using the van Driest velocity profile in the air and the exponential
profile in the water, we have found no second mode for as high values of u, as 124 cm g1
(the highest value studied experimentally by Larson & Wright (1975)). Wheless &
Csanady (1993) have emphasized the sensitivity of the growth rate to the curvature of
the air velocity profile. Note that this fact does not call into question the existence of the
second mode.

6. Conclusions

We studied surface wave generation by wind in viscous flows. We focused on
gravity-capillary waves. Our main purpose was to use air velocity profile that avoids
the inherent discontinuity of the second derivative of the lin-log profile. That is why we
have considered the van Driest profile which links smoothly through the buffer layer
the linear and logarithmic layers. Our numerical computations of the rate of growth of
the gravity-capillary waves, with the van Driest profile, are in better agreement with the
experimental data of Kawai (1976) than those calculated with the lin-log profile.
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1o Besides the unstable mode which occurs whatever the investigated values of the air
o friction velocity, Zeisel & et al. (2008) discovered a new additional unstable mode for
i strong winds when the air friction velocity is larger than approximately 50 cm s~1. We
12 have developed eigenvalue computations until 124 cm s~ (the highest value studied
s experimentally by Larson & Wright (1975)) and did not find second mode instability
174 using the van Driest profile. A theoretical approach, based on the linear dispersion
175 relation of gravity-capillary waves travelling on an exponential current, showed that
e the threshold value is close to 160 cm s~ whereas it is close to 50 cm s~ for a constant
1z current. This gap is probably due to the sensitivity of the growth rate to the profiles used
17e  as mentioned by prvious authors.
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