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Eprouvettes 
1 Matériau constitutif 
Grandes déformations élastiques ThermoPolyUréthane 
(TPU92) imprimé (Stratasys 270)

Porosité, due à la technique FDM, minimisée avec parois 
d’épaisseur 0,8mm : 0,46% de porosité, majoritairement située 
dans le plan médian des parois.


2 Géométrie

Nid d’abeille à cellules hexagonales :

• Epaisseur de parois 0,8 mm

• Longueur de parois 5,6 mm

• Profondeur hors-plan 30 mm

• 13 x 13 ou 16 x16 cellules


3 Conditions limites 
Forme des cellules périphériques: 
• comportement mécanique au bord le plus proche possible de 

celui à coeur  motifs fermés (= hexagone complet) uniquement

• Ne pas induire des couples importants aux noeuds  

éprouvette pas strictement au format carré (ratio 1:1) 

• Prévenir la rotation des noeuds de coté  cotés de l’éprouvette 

présentant des faces planes (parois des cellules hexagonales ou 
patins additionnels)


Efforts tangentiels réduits: Le frottement entre les cotés de 
l’éprouvette et plaques d’appui provoque un cisaillement non voulu 
de la périphérie  utilisation de plaques en PTFE pour limiter cette 
perturbation en assurant un coefficient de frottement de 0,1.

⇒

⇒
⇒

⇒

⇒

Machine d’essai 
1 Cinématique de compaction

Principe « blocs glissants » inspiré de [2], permettant :

• compaction,

• bicompaction,

• jusque plusieurs dizaines de %.


2 Mesure des efforts appliqués 
Chaque face d’appui mesure via 3 cellules d’efforts :

• Résultante normale, i.e. information principale,

• Résultante tangentielle, i.e. effet du frottement,

• Point d’application, i.e. défaut de symétrie.


3 Pilotage & acquisition 

Flambage des nids d’abeilles en bicompaction

Contexte

Les matériaux architecturés présentent de hautes caractéristiques 
spécifiques grâce à leurs mésostructures élancées (poutres, 
plaques et coques). La nature élancée de ces géométries favorisent 
l’apparition de flambage à l’échelle d’une ou plusieurs cellules 
constitutives. Ces instabilités peuvent être mises à profit pour en 
tirer des propriétés fonctionnelles (comportement adoucissant, 
absorption d’énergie). 

 
Les essais de flambage en bicompaction sur matériaux 
architecturés permettent de mieux comprendre ces instabilités. Les 
essais de Papka & Kyriakides [1], montrent que plusieurs modes de 
flambage locaux différents peuvent apparaître.

Cependant, les machines existantes de bicompaction sont souvent 
encore assez limitées (mesure d’effort sommaire notamment).


La simulation numérique du flambage en bicompaction de tels 
matériaux est rendue complexe par le fait que le mode de 
flambage peut s’étendre sur plusieurs cellules mais également car 
les charges critiques de flambage sont réputées sensibles aux 
défauts. En utilisant un modèle sans défauts, Combescure, Elliott & 
Triantafyllidis [2] ont pu démontrer l’existence de plusieurs modes 
de flambage (Fig. 1), correspondants aux observations de [1].


La prévision des efforts critiques théoriques obtenu par [2] n’a 
pas encore été vérifiée expérimentalement. Le présent travail 
consiste à réaliser des essais de flambage en bicompaction avec 
une mesure fine des efforts appliqués.

Premiers résultats 
1 Existence des modes


2 Hétérogénéité des modes 
Difficile de différentier un mode orange ou 
rouge dû à un chargement biaxial quelconque 
du mode bleu provenant d’un chargement 
strictement équibixial. Néanmoins, un unique 
mode n’est pas présent.

Trois causes pourraient expliquer la coexistence de modes :

• La théorie  validation de [2]

• Une hétérogénéité de chargement (frottement, coin)  à vérifier

• Une hétérogénéité de comportement élastique à vérifier.

L’observation de la stratégie d’impression de l’éprouvette semble 
corroborer cette 3e cause. 


3 Charges critiques 
Les premières mesures de forces montrent une nette charge 
critique, corroborée par le changement de mode de déformation.


⇒
⇒

⇒
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Bilan 
Protocole : Résultats préliminaires montrent que la machine 
développée permet de réaliser des essais de bicompaction avec 
une mesure riche des efforts appliqués.

Résultats : On observe bien les 3 modes attendus lorsque le 
chargement macroscopique expérimental est proche d’un état 
équibiaxial. Les charges critiques sont clairement visibles sur les 
courbes d’évolution d’effort en fonction de la déformation 
macroscopique. 

Perspectives

Protocole : 
• Un post-traitement par corrélation d’image devra être réalisé afin 

de mieux caractériser le scénario de flambage, les déformations 
macroscopiques des différentes régions et les modes qui y 
apparaissent.


• La géométrie de l’éprouvette est encore à améliorer (rôle des 
coins).


• L’hétérogénéité de son matériau constitutif, due à la stratégie de 
dépôt de fil, doit être étudié.


Perspectives

Résultats : 
• Les charges critiques expérimentales doivent être comparées à 

des simulations sur des géométries identiques.

• D’autres chargements et géométries doivent être testés.
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Figure 47 – Résultats d’une bicompaction équi-biaxiale

4.2.2 Discussion sur le paramétrage de la machine

Bicompaction non-équibiaxiale L’interface de la machine n’est pas encore adap-
tée à une étude permettant de comparer parfaitement nos résultats avec les simulations
théoriques de Combescure. En effet, les 4 moteurs sont commandés par une unique com-
mande : nous n’arrivons pas à paramétrer un effort non-équibiaxiale. Pour l’instant, la
machine se contente d’imposer un déplacement différent selon l’axe ~X que selon l’axe ~Y :
en fonction de l’axe selon lequel la déformation est la plus élevée, la machine déforme
d’abord selon cet axe puis selon l’autre alors que nous souhaiterions qu’elle déforme les
deux axes en même temps, mais avec une intensité différente. Les étudiants de M1 sont
actuellement en train de travailler sur le code de la machine pour permettre de modifier
le chargement de la machine.

(a) Échantillon en bicompaction équi-biaxiale
(b) Échantillon en bicompaction

non-équibiaxiale

Figure 48 – Échantillon soumis à deux bicompactions différentes

4.3 Défauts d’impression
Dégradation progressive Nous avons remarqué sur les dernières impressions une dé-
gradation progressive de la qualité d’impression : il y avait de plus en plus de "fils pa-
rasites", petits filaments présents lorsque la buse ne fonctionnait pas correctement. Ces
défauts furent tout d’abord uniquement esthétiques : les filaments n’influencent en rien le
flambement ni les parois qui devenaient moins lisses. Sur la dernière éprouvette imprimée,
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Figure 47 – Résultats d’une bicompaction équi-biaxiale
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Figure 5: Onset-of-instability (bifurcation) for circular cell hexagonal honeycombs, with linearly elastic cell walls under biaxial

in-plane loading (a) aligned with the axes of orthotropy (� = 0) and (b) rotated with respect to the axes of orthotropy

(� = ⇡/15). Note that the rotation of principal loading axes (� 6= 0) results in reaching a maximum load prior to cell wall

contact. The loading paths for which post-bifurcation equilibria are calculated are: ✓ = tan�1(0.4) (plotted in solid, thin grey

line), ✓ = ⇡/4 (equibiaxial loading) and ✓ = ⇡/2 (uniaxial compression along X2).

symmetry of the problem, all points at the onset of bifurcation along each loading path are simple, save for

the equibiaxial loading path ✓ = ⇡/4 that is identical to the � = 0 case and hence has a triple bifurcation

point. Note also that the rotation of principal loading axes results in reaching a maximum load prior to cell

wall contact for almost all loading paths except a narrow zone around ✓ = ⇡/4.

The onset of bifurcation results for � = 0 are qualitatively similar with the ones presented for the straight

cell wall hexagonal honeycomb by Triantafyllidis and Schraad (1998) and Okumura et al. (2002). Along

each loading path, contact occurs before a maximum load is reached. No bifurcation is observed for the

case of nearly uniaxial compression along X1, i.e. for |✓| ⌧ 1, until first contact is detected. For the highest

symmetry case of equibiaxial compression, no cell wall contact is detected, even for loads several times higher

than the one corresponding to first bifurcation. Similarly to what was noted by Okumura et al. (2002), for

biaxial loading aligned with the axes of orthotropy, the paths where |⇧11| > |⇧22| have bifurcation points

of order two (two eigenmodes) whereas the paths where |⇧11| < |⇧22| have simple bifurcation points (one

eigenmode). As for the equibiaxial compression, it is the only loading path with a triple bifurcation, due to

its highest symmetry. These results will be explained by the Bloch-wave calculations which give the wave

vectors kb corresponding to the critical load and the symmetry group of the energy defined on the domain

required for the post-bifurcated orbit.

Results for the case of constitutively nonlinear cell walls under loading aligned with the axes of orthotropy

(� = 0) are given in Figure 6. The graph in Figure 6(a) corresponds to a softening material, and the graph

in Figure 6(b) corresponds to a hardening material. Note that for the softening material case in Figure 6(a),

the paths with |⇧11| > |⇧22| result in a maximum load before cell wall contact, whereas the contrary is

observed along paths with |⇧11| < |⇧22|. For the hardening material case in Figure 6(b), the behavior
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seen from Figure 8(b) this bifurcation is associated to dimensionless wavenumbers (k1, k2) = (±0.5,±0.5) 13.

The corresponding eigenmodes involve a unit cell of the type presented in Figure 8(a), which is composed of

two primitive unit cells. The symmetry group G of the energy E defined on this unit cell takes into account

the symmetry of the geometry and loading and has the following generators: clockwise rotation by ⇡ (C2),

mirror symmetry (�1) with respect to an horizontal axis situated at a quarter height of the unit cell (see

Figure 8(a)) and the internal translational symmetry along G2 (TG2). Thus, the symmetry group G has 8

elements. Its irreps have maximum dimension one and hence all the bifurcations are simple.

(a) (b)
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Figure 9: (a) Post-bifurcation equilibrium orbit associated with the simple bifurcation point corresponding to uniaxial com-

pression along X2-direction in a circular cell hexagonal honeycomb with constitutively linear cell walls. This pattern has been

constructed by periodicity from the yellow colored deformed unit cell. (b) Corresponding load-strain curve. The principal path

is plotted in black and the bifurcated branch in yellow. Solid line segments indicate stability with respect to the Bloch-wave

criteria �min(�,k) > 0 (see (2.16)), while dashed line segments indicate instability.

The first bifurcation encountered along this loading path is simple and symmetric (pitchfork), i.e.

�1 = 0, E11� = �1, E111 = 0, E1111 6= 0 (see (2.20), (2.21)) and the post-bifurcated path is found

by following the unique eigenvector of the tangent sti↵ness matrix. A representative path of the unique

post-bifurcated orbit is depicted in Figure 9(a) and it has a symmetry group generated only by the clock-

wise ⇡ rotation (C2).

The load-strain curve for this post-bifurcated orbit is depicted, along with the corresponding curve for

the principal path, in Figure 9(b); the bifurcated path is calculated up to first contact of the cell walls.

Bloch-wave analysis applied on the bifurcated path in Figure 9(b) using the unit cell of Figure 8(a), finds

it to be unstable. The instability is due to long wavelengths (for ki ⌧ 1) and starts immediately at the

bifurcation point, marked by a black circle labeled “BP1”. This primary path becomes unstable with re-

spect to smaller, finite wavelength perturbations, as its bifurcation amplitude increases. The path reaches a

limit point at (1�U22,�) = (0.13476, 2.34 10�3), represented by a yellow circle labeled “LP” on Figure 9(b).

13The existence of four simultaneous critical k vectors can be understood if one accounts for the point symmetry of the

principal path and recalls that, due to the existence of an energy, �min(�;�k) = �min(�;k).
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(a) (b) (c)

Figure 11: The two di↵erent post-bifurcation equilibrium orbits – (a) Orbit I and (b) Orbit II – associated with the double

bifurcation point corresponding to biaxial compression with a loading path angle ✓ = tan�1(0.4) for a circular cell hexagonal

honeycomb with constitutively linear cell walls. These modes have been reconstructed by periodicity from the colored deformed

unit cells. (c) Corresponding load-strain curves. The principal path is plotted in black and the bifurcated orbits in yellow and

red. Solid line segments indicate stability with respect to the Bloch-wave criteria �min(�,k) > 0 (see (2.16)), while dashed line

segments indicate instability. This figure is activatable on click to let the reader rotate it with its mouse.

di↵erent post-bifurcated orbits. One representative path from each orbit is characterized by

Orbit I : (↵1,↵2) = (1, 0) ,

Orbit II : (↵1,↵2) = (1/
p
2, 1/

p
2) .

(4.2)

These paths are shown in Figure 11: the Orbit I path (plotted in yellow), whose typical configuration is

depicted in Figure 11(a), has a symmetry subgroup with generators {C2, TG2} but no mirror symmetry and

the Orbit II path (plotted in red), whose typical configuration is depicted in Figure 11(b), has a symmetry

subgroup with generators {C2,�1} but no translational symmetry.

The load-strain curves of the principal path and the two bifurcated orbits calculated up to first contact

between cell walls, are plotted in Figure 11(c). In order to properly distinguish Orbit I and Orbit II paths,

the load-displacement curves are plotted in a three-dimensional space where the two horizontal axes are the

strains 1 � U11 and 1 � U22 and the vertical axis is �. Bloch-wave analysis applied on each one of the two

bifurcated paths in Figure 11 using the unit cell of Figure 10(a) finds them to be both unstable. The Orbit I

path reaches a maximum load turning point at (1�U11, 1�U22,�) = (0.103, �0.008, 2.64 10�3). Similarly,

Orbit II reaches a maximum load turning point at (1� U11, 1� U22,�) = (0.099, �0.012, 2.64 10�3).

(iii) Equibiaxial compression (✓ = ⇡/4)

On the radial loading path corresponding to an equibiaxial compression (i.e. ✓ = ⇡/4, � = 0), the first

instability encountered corresponds to a triple bifurcation at (1�U11, 1�U22,�) = (0.0078, 0.0078, 1.84 10�3).

As seen from Figure 12(b) this bifurcation is associated to dimensionless wavenumbers (k1, k2) = (±0.5, 0),
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On the radial loading path corresponding to an equibiaxial compression (i.e. ✓ = ⇡/4, � = 0), the first

instability encountered corresponds to a triple bifurcation at (1�U11, 1�U22,�) = (0.0078, 0.0078, 1.84 10�3).

As seen from Figure 12(b) this bifurcation is associated to dimensionless wavenumbers (k1, k2) = (±0.5, 0),
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Figure 13: The three di↵erent post-bifurcation equilibrium orbits – (a) Mode I, (b) Mode II, (c) Mode III – associated with the

triple bifurcation point corresponding to equibiaxial compression with a loading path angle ✓ = ⇡/4 for a circular cell hexagonal

honeycomb with constitutively linear cell walls. These modes have been reconstructed by periodicity from the colored deformed

unit cells. (d) Corresponding load-strain curves. The principal path is plotted in black and the bifurcated orbits in yellow,

red and blue. Solid line segments indicate stability with respect to the Bloch-wave criteria �min(�,k) > 0 (see (2.16)), while

dashed line segments indicate instability. This figure is activatable on click to let the reader rotate it with its mouse.

path (plotted in red), whose typical configuration is depicted in Figure 13(b), has a symmetry subgroup

with generators {C2,�1} and the Orbit III path (plotted in blue), whose typical configuration is depicted

in Figure 13(c), has a symmetry subgroup with generator {C6}. Notice that the paths corresponding to the

last two orbits have no translational symmetry.

The load-strain curves of the principal path and the three bifurcated orbits calculated up to first contact

between cell walls, are plotted in Figure 13(d). In order to properly distinguish Orbit I, Orbit II and Orbit III

paths, the load-strain curves are plotted in a three-dimensional space where the two horizontal axes are the

strains 1�U11 and 1�U22 and the vertical axis is �. Notice that Orbit I and Orbit II paths involve di↵erent

macroscopic strains 1�U11 6= 1�U22 while Orbit III paths have equal macroscopic strains 1�U11 = 1�U22,

as seen from their projections in the graph of Figure 13(d).

Bloch-wave analysis is applied to each one of the three bifurcated paths in Figure 13 using the unit cell

of Figure 12(a) and finds them to be all unstable, reaching a maximum load and subsequently evolving

under a monotonically decreasing load. Orbit I path reaches a maximum load (turning) point at point

(1 � U11, 1 � U22,�) = (0.027, 0.070, 2.64 10�3). Orbit II reaches a maximum load (turning) point at

(1 � U11, 1 � U22,�) = (0.058, 0.037, 2.635 10�3). Similarly, Orbit III reaches a maximum load (turning)

point at (1� U11, 1� U22,�) = (0.048, 0.048, 2.635 10�3).

The orbit with the lowest energy is Orbit III which reaches a maximum load shortly after the onset of

bifurcation and is unstable only for very large wavelengths (see further, Combescure et al. (2016)), explaining

its appearance in the finite specimen experiments of Papka and Kyriakides (1999a).

21

(a) (b) (c) (d)

Figure 13: The three di↵erent post-bifurcation equilibrium orbits – (a) Mode I, (b) Mode II, (c) Mode III – associated with the

triple bifurcation point corresponding to equibiaxial compression with a loading path angle ✓ = ⇡/4 for a circular cell hexagonal

honeycomb with constitutively linear cell walls. These modes have been reconstructed by periodicity from the colored deformed

unit cells. (d) Corresponding load-strain curves. The principal path is plotted in black and the bifurcated orbits in yellow,

red and blue. Solid line segments indicate stability with respect to the Bloch-wave criteria �min(�,k) > 0 (see (2.16)), while

dashed line segments indicate instability. This figure is activatable on click to let the reader rotate it with its mouse.

path (plotted in red), whose typical configuration is depicted in Figure 13(b), has a symmetry subgroup

with generators {C2,�1} and the Orbit III path (plotted in blue), whose typical configuration is depicted

in Figure 13(c), has a symmetry subgroup with generator {C6}. Notice that the paths corresponding to the

last two orbits have no translational symmetry.

The load-strain curves of the principal path and the three bifurcated orbits calculated up to first contact

between cell walls, are plotted in Figure 13(d). In order to properly distinguish Orbit I, Orbit II and Orbit III

paths, the load-strain curves are plotted in a three-dimensional space where the two horizontal axes are the

strains 1�U11 and 1�U22 and the vertical axis is �. Notice that Orbit I and Orbit II paths involve di↵erent

macroscopic strains 1�U11 6= 1�U22 while Orbit III paths have equal macroscopic strains 1�U11 = 1�U22,

as seen from their projections in the graph of Figure 13(d).

Bloch-wave analysis is applied to each one of the three bifurcated paths in Figure 13 using the unit cell

of Figure 12(a) and finds them to be all unstable, reaching a maximum load and subsequently evolving

under a monotonically decreasing load. Orbit I path reaches a maximum load (turning) point at point

(1 � U11, 1 � U22,�) = (0.027, 0.070, 2.64 10�3). Orbit II reaches a maximum load (turning) point at

(1 � U11, 1 � U22,�) = (0.058, 0.037, 2.635 10�3). Similarly, Orbit III reaches a maximum load (turning)

point at (1� U11, 1� U22,�) = (0.048, 0.048, 2.635 10�3).

The orbit with the lowest energy is Orbit III which reaches a maximum load shortly after the onset of

bifurcation and is unstable only for very large wavelengths (see further, Combescure et al. (2016)), explaining

its appearance in the finite specimen experiments of Papka and Kyriakides (1999a).

21

(a) (b) (c) (d)

Figure 13: The three di↵erent post-bifurcation equilibrium orbits – (a) Mode I, (b) Mode II, (c) Mode III – associated with the

triple bifurcation point corresponding to equibiaxial compression with a loading path angle ✓ = ⇡/4 for a circular cell hexagonal

honeycomb with constitutively linear cell walls. These modes have been reconstructed by periodicity from the colored deformed

unit cells. (d) Corresponding load-strain curves. The principal path is plotted in black and the bifurcated orbits in yellow,

red and blue. Solid line segments indicate stability with respect to the Bloch-wave criteria �min(�,k) > 0 (see (2.16)), while

dashed line segments indicate instability. This figure is activatable on click to let the reader rotate it with its mouse.

path (plotted in red), whose typical configuration is depicted in Figure 13(b), has a symmetry subgroup

with generators {C2,�1} and the Orbit III path (plotted in blue), whose typical configuration is depicted

in Figure 13(c), has a symmetry subgroup with generator {C6}. Notice that the paths corresponding to the

last two orbits have no translational symmetry.

The load-strain curves of the principal path and the three bifurcated orbits calculated up to first contact

between cell walls, are plotted in Figure 13(d). In order to properly distinguish Orbit I, Orbit II and Orbit III

paths, the load-strain curves are plotted in a three-dimensional space where the two horizontal axes are the

strains 1�U11 and 1�U22 and the vertical axis is �. Notice that Orbit I and Orbit II paths involve di↵erent

macroscopic strains 1�U11 6= 1�U22 while Orbit III paths have equal macroscopic strains 1�U11 = 1�U22,

as seen from their projections in the graph of Figure 13(d).

Bloch-wave analysis is applied to each one of the three bifurcated paths in Figure 13 using the unit cell

of Figure 12(a) and finds them to be all unstable, reaching a maximum load and subsequently evolving

under a monotonically decreasing load. Orbit I path reaches a maximum load (turning) point at point

(1 � U11, 1 � U22,�) = (0.027, 0.070, 2.64 10�3). Orbit II reaches a maximum load (turning) point at

(1 � U11, 1 � U22,�) = (0.058, 0.037, 2.635 10�3). Similarly, Orbit III reaches a maximum load (turning)

point at (1� U11, 1� U22,�) = (0.048, 0.048, 2.635 10�3).

The orbit with the lowest energy is Orbit III which reaches a maximum load shortly after the onset of

bifurcation and is unstable only for very large wavelengths (see further, Combescure et al. (2016)), explaining

its appearance in the finite specimen experiments of Papka and Kyriakides (1999a).

21

Results [2]

Experiment [1]

Uimp

<latexit sha1_base64="Sp7/qxcZqmHbchkBccT6FC1cynk="></latexit>

Equi 
bicompression 

KUBC

Equi 
bicompaction


Parfaite

Equi 
bicompaction


avec frottement

Ffrot

<latexit sha1_base64="oXyYfYObURu2Y/7+XF9lbENYQOA="></latexit>

Uimp

<latexit sha1_base64="Sp7/qxcZqmHbchkBccT6FC1cynk="></latexit>

Uimp

<latexit sha1_base64="Sp7/qxcZqmHbchkBccT6FC1cynk="></latexit>

30

20

10

0 20 40 60 80 100
𝜀 [%]

𝜎 
[M

Pa
]

Vue de face
Echelle :  1:1

0
.
8

9
.
7

1
1
6
.
7
5

Eprouvette de 13x13 cellules 
avec patins [mm]

1

4
2

3

5

6

Hétérogénéité des modes 
sur éprouvette 13x13 cellules

Stratégie d’impression 
de l’éprouvette 13x13 cellules 

0 0.5 1 1.5 2 2.5
0

50

100

Fo
rc

e 
no

rm
al

e
[N

]

Face A
Face B

0 0.5 1 1.5 2 2.5
0

50

100

Fo
rc

e 
ta

ng
en

tie
lle

[N
]

0 0.5 1 1.5 2 2.5
déformation [%]

0

50

100

0

ce
nt

re
 p

ou
ss

ée
[m

m
]

Modes ressemblant bien à ceux prédits par la théorie.

Face A

Fa
ce

 B


