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Fig. 1. Distortion distribution over two flattenings of the input triangulated surface (a). Here we flatten a 2-manifold surface parameterized
by a 2D vector ®ξ ; a flattening is a 2D vector function ®x ( ®ξ ). We have defined a piecewise constant scalar distortion measure f (x1, x2), whose
plots are given in (b) and (c). To improve visual perception, we have have plotted the piecewise constant function as a collection of colored
prisms, with linear interpolation of colors for vertical facets. Elastic flattening (b) sacrifices the quality of several triangles to minimize the
average distortion, whereas quasi-isometric stiffening (c) suppresses the peaks of distortion by distributing it evenly over the domain, thus
effectively minimizing the worst distortion.

Optimal mapping is one of the longest standing problems in computational
mathematics. It is natural to measure relative length error to assess map
quality. Maximum of such error is called quasi-isometry constant, and its
minimization is a nontrivial max-norm optimization problem. We present
physics-based quasi-isometric stiffening (QIS) algorithm for max-norm
minimization of hyperelastic distortion.

QIS perfectly equidistributes distortion over all the domain for the ground
truth test (unit hemisphere flattenning) and, when it is not possible, tends
to create zones where all cells have the same distortion. Each such zone
corresponds to a fragment of elastic material that became rigid under
stiffening, reaching the deformation limit. As such, maps built by QIS are
related to de Boor equidistribution principle that asks an integral of certain
error indicator function to be the same over each mesh cell.

We prove that our method can build in a finite number of steps a
deformation whose maximum distortion is arbitrarily close to the (unknown)
minimum. We performed a massive testing: more than 75’000 maps were
computed, and QIS won 100% of the tests. To sum up, we reliably build 2D
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and 3D mesh deformations with smallest known distortion estimates for
very stiff problems.

CCS Concepts: • Computing methodologies→ Mesh models.
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1 INTRODUCTION
Origins of the problem. Construction of optimal deformations is
one of the central themes in mesh generation research. While
the principle of optimality itself is still controversial and problem
dependent, we follow the general formulation suggested by John
Milnor in his 1969 paper “A Problem in Cartography” [Milnor 1969].
He proposed to analyze the relative change of the length of a curve
in a map, “the scale” in terms of cartography. Optimal mapping
minimizes the ratio of maximum to minimum scale over the entire
map. The idea itself is not new and goes as far as to P. L. Chebyshev
and his famous talk for the Imperial Russian Geographic Society in
1856 [Chebyshev 1856]. Chebyshev formulated the theorem stating
that a conformal parameterization of a disc-like domain on the
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sphere is scale-optimal if unit scale is prescribed on its boundary. He
built a conformal map for the European part of Russian Empire thus
reducing the scale error to 1/50, providing a great advantage over
all other maps in use at the time. Refer to Fig. 2 for an illustration. 1

First proof of Chebyshev theorem was provided by Gravé in 1896,
see [Gravé 1911]. Modern rigorous proof was given by Milnor who
also proved that equidistant azimuthal flattening on the hemisphere
is scale-optimal. The Milnor’s solution for the hemisphere and the
cone parametrization by Bonk and Lang [2003] are examples of very
few scale-optimal parameterizations known in a closed form. Note
that general scale-optimal maps are not conformal.

The goal. In this paper we are interested to build a deformation
of a two- or three-dimensional domain Ω, possibly subject to some
constraints. Consider a map ®x( ®ξ ) : Ω → Ωx , where Ω,Ωx ⊂ R

d ,
and d stands for the dimension (2 or 3), the arrow denotes a d-
dimensional vector. Let us denote by J the Jacobian matrix of the
map. Givenmetric tensorsGξ ( ®ξ ) andGx (®x), we canmeasure lengths
of curves in domains Ω and Ωx . For a simple curve γξ ∈ Ω defined
by 1D parameterization ®ξ (q), 0 ≤ q ≤ Q , its length can be found as
follows:

Lξ =

Q∫
0

(
Û®ξ⊤Gξ

Û®ξ )
1
2 dq.

The length of the image γx of γξ under the map ®x( ®ξ ) is defined as
(recall that Û®x = J Û®ξ ):

Lx =

Q∫
0

(
Û®ξ⊤ J⊤Gx J

Û®ξ )
1
2 dq.

A map ®x( ®ξ ) is called scale-bounded (or quasi-isometric) if the
following inequality holds for any curve γξ :

1
K
Lξ < Lx < KLξ ,

where K is called the quasi-isometry constant. For a map regular
enough we can reformulate it as a local matrix inequality:

1
K
Gξ < J⊤Gx J < KGξ . (1)

After normalization of the map from Fig. 2, the closed curve
delimits a domain where scale varies from ≈ 1.027 (at the boundary)
to ≈ 0.9734, so we get the constant K ≈ 1.027.
Our goal is to build a map with lowest possible quasi-

isometry constant K , so-called scale-optimal map.When this
constant is equal to unity, the map preserves distances, so it reduces
to rigid body transformations.

How to tackle the problem? While it could be possible to invent
various matrix-based optimization tools to solve for scale-optimal

1Wewere unable to find the original drawings byChebyshev himself. For this illustration
we took a Chebyshev projection built by Dinchenko [1938]. He approximated the
boundary of the Soviet Union in the Mercator projection by an ellipse and computed
an approximate solution for the Chebyshev map using 6th order polynomial expansion
in complex variables. Note that the paper contains few typographical errors, in our
experiments we had to flip the sign of the imaginary part of 6th order harmonic.

Fig. 2. To build the best conformal map (bottom right), in 1856
Chebyshev proposed to prescribe the zero distortion (isometry)
constraint along a closed curve. Here the curve is chosen to be
an ellipse in the Mercator projection (top right, 1:2 scale). If we
measure the length of the Saint Petersburg–Vladivostok railway in
the Chebyshev map (after normalization), we obtain less than 1.2%
of error, i.e. 103 km over almost 9000 kilometers of the railroad.

mapping, a much more convenient choice is to use finite hyperelas-
ticity functionals as a proxy. 2 Mathematical elasticity is essentially
minimization of deviation from the isometric deformation state on
average [Ciarlet 1988]. Using elasticity analogy was found to be
very fruitful for computing mesh deformations, this choice resulted
in efficient engineering mesh generation algorithms with sound
theoretical foundations.

Variational formulation. The idea is to say that a mesh represents
an elastic material, whose stored energy of deformation can be
measured as an integral of a distortion measure. Then, obviously, we
want to minimize the stored energy of deformation. More precisely,
to build a good map ®x( ®ξ ), we can solve the following variational
problem [Jacquotte 1988; Rumpf 1996]:

arg min
®x ( ®ξ )

∫
Ω

f (J )dξ , (2)

where f is a measure of distortion and

dξ =
√

detGξ dξ1 · · · · · dξd

is volume differential taking into account metric in Ω.
To the best of our knowledge, the first attempt to formulate a

variational principle minimizing the deviation from the isometry is
due to G. B. Airy. In [1861] he suggested to minimize the following
functional:

arg min
®x ( ®ξ )

∫
Ω

fA(J )dξ , fA(J ) :=
(
σ1
σ2
− 1

)2
+ (σ1σ2 − 1)2, (3)

where σ1,σ2 are the singular values of the matrix J . Airy’s “Balance-
of-Errors” functional is the predecessor of variational methods that
trade shape against area distortion and vice versa. Amusingly, Airy

2Refer to App. A for the discussion of the fact that minimizing a distortion measure
implies minimization of the upper bound for the quasi-isometry constant.
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calls each term in the distortion measure fA by “evil” while their
sum is called “total evil”.

Stiffening. While generic “Balance-of-Errors” formulation allows
to minimize distortion on the average, it does not allow to limit the
maximum distortion. The problem of constructing deformations
with bounded distortion has a long-standing history in elasticity
research and goes back to 1957 Prager’s work on “Ideal locking ma-
terials” [Prager 1957]. Now this problem is referred to as “stiffening”
of elastic material and generally is formulated as a set of nonlinear
constraints on the Jacobian matrix of elastic deformation [Ciarlet
and Necas 1985].

We intend to formulate the stiffening problem as an unconstrained
minimization by introducing a weighting function that penalizes
large values of distortion. Having a distortion measure f (J ), we can
try to minimize the following energy:

arg min
®x ( ®ξ )

∫
Ω

w · f (J )dξ , (4)

where w is a weight function. Typically, w is chosen to be large
in the regions where small values of f (J ) are required. With a
clever choice ofw , this general weighted formulation can be used
to control pointwise behaviour of the spatial distribution of the
distortion measure.

2 STATE OF THE ART
Constructing deformations with bounded distortion constraints
is a very hard non-convex and non-linear problem. There were
numerous attempts made to solve the problem. For example, Sorkine
et al. [2002] propose to lay triangles in a plane in a greedy manner
without exceeding a user-specified distortion bound. Obviously, the
mesh is cut during the procedure, and since it is possible to lay
individual triangles without any distortion, the method succeeds.
Fu et al. [2016] propose to enforce the distortion constraints with a
penalty method, leading to conflicts between multiple terms in the
energy to minimize. Kovalsky et al. [2014] also attempt to control
singular values of the Jacobian. This problem has a highly nonlinear
and non-convex nature, and to do so, they resort to semidefinite
programming under linear matrix inequality constraints. In a later
work, Kovalsky et al. [2015] and Su et al. [2019] alternate between
energy optimization and a non-trivial projection to the highly non-
convex set of constraints. Lipman [2012] as well as Chien et al. [2016]
and Levi and Zorin [2014] formulate the problem as a second-order
cone programming, relying on elaborated commercial solvers such
as MOSEK [Andersen and Andersen 2000]. In a similar manner,
Aigerman and Lipman [2013] propose to solve series of quadratic
programs with linear constraints to build a bounded distortion map.
All these papers try to incorporate the boundedness constraint

into different black-box optimization toolboxes. While the approach
may work reasonably well in practice, it is hard to obtain any
guarantees, and solutions may exhibit undesirable, hard to explain
and eliminate artifacts, say, noise and loss of symmetries (Fig. 6 and
Fig. 14). We propose to explore another research direction based on a
unconstrained optimization, avoiding altogether all issues related
to constraints. More precisely, we use the stiffening technique (4).
The key idea is very simple: having chosen a distortion measure

f (J ), we choose a weight functionw that takes large values in the
regions where f (J ) is to be small. Then, by minimizing

∫
w · f (J ),

we can control the distortion.
Bommes et al. [2009] used such a weighting function in a heuristic

procedure for mesh untangling. If an adaptation metric is prescribed
in the computational domain, one can compute the weight function
w according to this metric [Ivanenko 2000]. It is possible to penalize
large values of local distortion by a power law enhancement. Fang
et al. [2021] and Garanzha et al. [2019] use the following definition:
w := f p (J ), p > 0. Fu et al. [2015] propose a solution very similar
in spirit with (4), using an exponential function to penalize the
maximum distortion and minimizing

∫
exp(s · f (J )). They propose

to use s = 5 as a rule of thumb.
While all these methods penalize large values of distortion, they

do not offer away to compute a deformationwith a prescribed bound
of distortion. Let us consider another definition of the weighting
function proposed in [Garanzha 2000]:

w := 1
1 − t f (J ) , 0 < t < 1.

Recall that f (J ) ≥ 1, so if Prob. (4) has a finite solution, it implies that
f (J ) < 1

t . The resulting functional has an inifinite barrier (refer to
§3.3 for more details) on the boundary of the set of quasi-isometric
deformations, thus solving the problem of quasi-isometric map
generation for general domains.
Intuitively, it corresponds to a deformation of an object made

from a quasi-isometric hyperelastic material. The material offers a
control over the distortion bound built directly into the definition of
the deformation energy density. In this way, when a local measure
of deformation exceeds a certain threshold, the elastic material
becomes infinitely stiff. Invertibility theorem for deformations of
this material was established both in 2D and 3D cases [Garanzha
et al. 2014].
To optimize for the distortion bound, the stiffening threshold is

introduced as a parameter, and max-norm optimization problem for
deformation is formulated as a continuation problem for polyconvex
functional (minimization of stiffening threshold, or, alternatively,
maximization of the quality threshold). Unfortunately, until now a
robust strategy of stiffening parameter choice was lacking. Having
carefully designed a strategy of choice for the stiffening parameter,
we obtain lowest distortion maps with our quasi-isometric stiffen-
ing (QIS) algorithm (Alg. 2 + Eq. (19)). With this new contribution,
we were able to confirm the 20-years old conjecture that varia-
tional problem [Garanzha 2000] allows to build best deformations
compared to state-of-the-art algorithms.

Our contributions. First of all, we show that despite being quite
different problems, foldover-free and bounded distortionmapping
problems can be solved with very similar approaches (compare
Alg. 1 and Alg. 2). Just like for the untangling in a finite number
of iterations, QIS builds a deformation arbitrarily close to the
(unknown) optimum bound in a finite number of steps.

We propose a very simple algorithm (under 150 lines of C++!)
that allows us to reliably build 2D and 3D mesh deformations with
smallest knowndistortion estimates (quasi-isometry constants).
To the best of our knowledge, we are the first to provide theoretical
guarantees to this long standing problem. Our parameter-free
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approach is a discretization of a well-posed variational scheme, and
it has an advantage that type, size and quality of mesh elements
in the deformed object have a weak influence on the computed
deformation. We show that attainable quality threshold estimates
(quasi-isometry constants) do not deteriorate under mesh re-
finement which is a unique property of the proposed algorithm.
Our method is numerically stable, the positive definite part of
the Hessian matrix is spectrally equivalent to the Laplacian (refer
to App. B).

By coupling our technique with [Garanzha et al. 2021], we obtain
a complete unified mapping pipeline. We start from an arbitrary
initial deformation, untangle the mesh in a finite number of steps,
minimizing mean distortion, and finally we minimize the maximum
distortion. Both parts of the pipeline build upon the same ideas, and
require only a linear solver [Hestenes and Stiefel 1952] for positive
definite matrices (if Newton minimization is adopted) or a L-BFGS
solver [Zhu et al. 1997] for a quasi-Newton scheme. For a better
reproductibility, we provide a complete C++ implementation.

Last but not least, our stiffening technique tends to suppress peaks
in distortion measure f (J ) distribution in the computational domain
and replace them by minimal height plateaux (Fig. 1). Surprisingly,
we can address some classical problems such as optimal mapping
of the unit hemisphere. To the best of our knowledge, on the
hemisphere we are the first to build an elastic deformation with
constant distortion distribution (deformation energy density).
This is a very first example of exact 2D implementation of the
equidistribution principle formulated by de Boor.

3 VARIATIONAL FORMULATION FOR
UNTANGLING AND DISTORTION
MINIMIZATION

This section gives a necessary background on elastic deformations.
First, in §3.1 we revisit main issues of mesh deformation based on
the elasticity theory. Then, in §3.2 we present the core idea behind
the untangling procedure described in [Garanzha et al. 2021]. Next,
in §3.3, we describe the idea behind generation of deformations of a
given quality, until recently very heuristic. Finally, having prepared
all necessary concepts, we can present our latest guarantees and
results (§4, §5 and §6).

3.1 Elastic material choice and main issues
While there are multiple possible choices for the distortion measure
(refer to App. A), for our meshes we chose a material whose stored
energy of deformation

∫
Ω

f (J )dξ can be measured with density f

defined as follows [Garanzha 2000]:

f (J ) := (1 − ϑ )fs (J ) + ϑ fv (J ), (5)

where shape distortion is defined as [Hormann and Greiner 2000]:

fs (J ) :=


1
d

tr J⊤ J
(det J )

2
d

, det J > 0

+∞, det J ≤ 0
(6)

while volumetric distortion is defined

fv (J ) :=


1
2

(
det J + 1

det J

)
, det J > 0

+∞, det J ≤ 0
(7)

Note that functions fs (J ) and fv (J ) have concurrent goals, one
preserves angles and the other preserves volumes, and thus ϑ
serves as a trade-off parameter. Energy density (5) is a polyconvex
function satisfying ellipticity conditions, it is therefore very well
suited for a numerical optimization. Moreover, the theorem on
invertibility of elastic deformations [Ball 1981] is directly applicable
to finite-dimensinonal approximations of Prob. (2).

There are, however, two issues with this formulation:
(a) the variational problem makes sense and allows for mini-

mization only when an initial guess is in the admissible domain
min
Ω

det J > 0, so a special untangling procedure is required for an
arbitrary initial guess;

(b) the fact that functional (2) is bounded does not imply
that distortion measure (5) is bounded. It optimizes average de-
formation and admits integrable singularities. In order to suppress
this behaviour, one has to consider modified hyperelastic material
which forbids deformations with local distortion above prescribed
threshold.
Two following sections discuss both points and lay the ground
for our contribution that allows us to provably build best known
quasi-isometric maps.

3.2 Untangling
With a slight abuse of notations, the energy density (5) can be
rewritten as follows:

f := (1 − ϑ ) 1
d

tr J⊤ J
(max(0, det J ))

2
d

+ ϑ
1
2

1 + det2 J
max(0, det J )

Note that if an initial guess is not admissible (has inverted
elements), then the function is not defined. To overcome this
problem, we can introduce function χ (D, ε) that will serve as a
regularization for max(0,D) in the denominator:

χ (D, ε) := D +
√
ε2 + D2

2 (8)

When ε tends to zero, χ (ε,D) tends to max(0,D). Then, the energy
density can be regularized as following the ideas from [Garanzha
and Kaporin 1999]:

fε (J ) := (1 − ϑ ) 1
d

tr J⊤ J
(χ (det J , ε))

2
d

+ ϑ
1
2

1 + det2 J
χ (det J , ε) (9)

Finally, Prob. (2) can be rewritten as follows:

lim
ε→0+

arg min
®x ( ®ξ )

∫
Ω

fε (J )dξ (10)

This formulation suggests an algorithm: build a decreasing sequence
of the εk → 0, and for each value εk solve an optimization problem.
In other words, Prob. (10) offers a way of getting rid of foldovers by
solving a continuation problem with respect to the parameter ε .

The simplest way to discretize Prob. (10) is with first-order FEM:
the map ®x is piecewise affine with the Jacobian matrix J being
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Input: X 0 // arbitrary initial guess (vector of size #V × d)
Output: X // final foldover-free map (vector of size #V × d)
1: k ← 0;
2: repeat
3: compute εk ; // decreasing sequence
4: Xk+1 ← arg min

X
F (X , εk );

5: k ← k + 1;
6: until min

t∈1. . .#T
det J kt > 0 and F (X k , εk ) > (1 − 10−3) F (X k−1, εk−1)

7: X ← X k ;

Alg. 1. Computation of a foldover-free map

Input: X 0 // untangled initial guess (vector of size #V × d)
Output: X // final bounded distortion map (vector of size #V ×d)
1: k ← 0;
2: repeat
3: compute tk ; // increasing sequence, Eq. (19)
4: Xk+1 ← arg min

X
W (X , tk );

5: k ← k + 1;
6: untilW (X k , tk ) > (1 − 10−3)W (X k−1, tk−1)
7: X ← X k ;

Alg. 2. Quasi-isometric stiffening (QIS)

piecewise constant, and can be represented by the coordinates of
the vertices in the computational domain {®xi }#Vi=1. Let us denote the

vector of all variables as X :=
(
®x⊤1 . . . ®x

⊤
#V

)⊤
.

A discretization of Prob. (10) can be written as follows:
lim
ε→0+

arg min
X

F (X , ε), (11)

where F (X , ε) :=
#T∑
k=1

fε (Jk ) vol(Tk ),

#V is the number of vertices, #T is the number of simplices, Jk is
the Jacobian matrix for the k-th simplex and vol(Tk ) is the signed
volume of the simplex Tk in the parametric domain.

Prob. (11) can be solved with Alg. 1. The algorithm itself is very
simple, and has been published more than 20 years ago [Garanzha
and Kaporin 1999]. Note, however, that the crucial step here is the
choice of the regularization sequence εk (Alg. 1–line 3), and until
very recently only heuristics were used. Last year [Garanzha et al.
2021] have presented a way to build such a sequence that offers
theoretical guarantees on untangling (refer to §4 for a complete
formulation).
Function F (X , 0) has an impenetrable infinite barrier on the

boundary of the set of meshes with positive cell volumes3

vol(®x(Tk ))
vol(Tk )

> 0, k = 1, . . . , #T (12)

which is a finite-dimensional approximation of the set det J > 0.
Untangling in Prob. (11) is guaranteed because [Garanzha et al.
2021] build a decreasing sequence εk → 0 that forces the mesh
to fall into the feasible set (12) of untangled meshes. With some
assumptions on the minimization toolbox chosen, untangling is
guaranteed to succeed in a finite number of steps.

3.3 Stiffening idea
In addition to untangling, by solving Prob. (11) weminimize average
distortion of a map. Let us for a short while suppose that we have
3As a side note, this set has a quite complicated structure. For k -th simplex vol( ®x (Tk ))
is a polylinear function of coordinates of its vertices, hence each term in (12) defines a
non-convex set. One can hardly expect that intersection of the sets in (12) would result
in a convex domain. Moreover, Ciarlet [Ciarlet and Geymonat 1982] has proved that
barrier property and convexity of the density of deformation energy are incompatible.
Fortunately, barrier distortion measures can be polyconvex, as shown by J. Ball [Ball
1976].

a user-specified distortion bound t∗. How to build a map whose
maximum distortion respects the bound?

Consider following variational problem related to construction of
deformations with prescribed quality 0 ≤ t∗ < 1 [Garanzha 2000]:

arg min
®x ( ®ξ )

∫
Ω

f (J )

1 − t∗ f (J ) dξ , (13)

Recall that f (J ) ≥ 1, so for this integral to be finite, a necessary
condition is

f (J ) <
1
t∗

(14)

A finite-dimensional approximation of Prob. (13) can be written
as follows:

lim
t→t ∗

arg min
X

W (X , t), (15)

where W (X , t) :=
#T∑
k=1

f (Jk )

1 − t f (Jk )
vol(Tk ),

Recall that to optimize for the average distortion, we needed a
special untangling procedure to reach the set (12) of foldover-free
deformations. Here we need to find a deformation that belongs to
the set of deformations with prescribed quality t∗:

f (Jk ) <
1
t∗
, k = 1, . . . , #T (16)

To do so, it is possible to use an approach that shares the spirit
with untangling. It is important to note that a solution of Prob. (11)
corresponds to a solution of Prob. (15) with t∗ = 0, i.e. when
no bound on the maximum deformation is imposed. But then,
having reached the set (12), we can build an increasing sequence of
tk → t∗ to contract the set until the mesh falls into the set (16) of
deformations with prescribed quality t∗.

Alg. 2 sums up the optimization procedure, note how closely it is
related to Alg. 1. While the general idea was published more than 20
years ago, until now it remained unclear how to build this sequence
{tk }, and this constitutes the main theoretical contribution of the
present paper.

4 LOWEST DISTORTION MAPPING
While we assume that parameter t∗ exists, fortunately we are not
obliged to know it to make QIS algorithm work. It is an important
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advantage over optimization algorithms which use prescribed dis-
tortion bound like LBD [Kovalsky et al. 2015], since in practice even
rough estimates of this bound are not available. Essentially, QIS
algorithm by itself serves as a distortion bound estimation tool for
problems of any complexity.
This section provides our main result, namely, a way to build

an increasing sequence {tk } that allows us to effectively contract
the feasible set until we reach the goal. Untangling and stiffening
are very closely related, so let us first restate the main result of
[Garanzha et al. 2021, Theorem 1], it will allow us to highlight the
similarity between the approaches.

Theorem 1. Let us suppose that the feasible set of untangled
meshes (12) is not empty. We also suppose that for solving Xk+1 ←
arg min

X
F (X , εk ) we have a minimization algorithm satisfying the

following efficiency conditions for some 0 < σ < 1:
For each iteration k ,

• either the essential descent condition holds

F (Xk+1, εk ) ≤ (1 − σ )F (Xk , εk ), (17)

• or the vector Xk satisfies the quasi-minimality condition:

min
X

F (X , εk ) > (1 − σ )F (Xk , εk ). (18)

Then the feasible set (12) is reachable by solving a finite number of
minimization problems in X with εk fixed for each problem.

In this theorem Garanzha et. al. not only proved that there
exists a regularization parameter sequence {εk }Kk=0 leading to
F (XK , 0) < +∞, but also provided an actual update rule for εk ,
refer to [Garanzha et al. 2021, Eq. (6)]. Inspired by these results, we
formulate a very similar theorem allowing us to build maps with
bounded distortion in a finite number of steps.
We also provide a way to build an increasing sequence {tk } to

be used in Alg. 2–line 3: denote by fi (X
k+1) the distortion for the

element i , and by f k+1
+ the maximal distortion value over the mesh

Xk+1, f k+1
+ := maxi fi (Xk+1). We propose to use the following

update rule for tk+1:

tk+1 := tk + σ
1 − tk f k+1

+

f k+1
+

, (19)

where 0 < σ < 1 is again the performance index of the minimization
toolbox. Clearly, formula (19) does not involve t∗. Alg. 2 along with
this update rule define our quasi-isometric stiffening (QIS) algorithm.
Now we are ready to formulate the stiffening theorem.

Theorem 2. Let us suppose that the feasible set of bounded distortion
meshes (16) is not empty, namely there exists a constant 0 < t∗ < 1
and a mesh X ∗ satisfyingW (X ∗, t∗) < +∞. We also suppose that for
solvingXk+1 ← arg min

X
W (X , tk )we have a minimization algorithm

satisfying the following efficiency conditions for some 0 < σ < 1:
For each iteration k ,

• either the essential descent condition holds

W (Xk+1, tk ) ≤ (1 − σ )W (Xk , tk ), (20)

• or the vector Xk satisfies the quasi-minimality condition:

min
X

W (X , tk ) > (1 − σ )W (Xk , tk ). (21)

Then the feasible set (16) is reachable by solving a finite number of
minimization problems in X with tk fixed for each problem. In other
words, under a proper choice of the continuation parameter sequence
{tk }Kk=0, we obtainW (X

K , tK ) < +∞.

Proof. The main idea is very simple: update rule (19) defines an
increasing sequence {tk }∞k=0. We will show that the corresponding
sequence {W (Xk , tk )}∞k=0 is bounded from above. Then we can
prove that the admissible set (16) is reachable in a finite number of
steps by a simple reductio ad absurdum argument. More precisely, if
the feasible set is not reachable, thenW (Xk , tk ) must grow without
bounds, what contradicts the boundedness.

To prove that {W (Xk , tk )}∞k=0 is bounded from above, we analyse
the behavior at some iteration k . First of all, if we couple update
rule (19) with the fact that for any t2 > t1 the ratio 1−t1ψ

1−t2ψ
is

increasing function of argumentψ , we can see that the following
inequality holds:

(1 − σ )W (Xk+1, tk+1) ≤W (Xk+1, tk ). (22)

More precisely,

W (Xk+1, tk+1) =
∑
i

1 − tk fi (Xk+1)

1 − tk+1 fi (Xk+1)

fi (X
k+1)

1 − tk fi (Xk+1)
≤

∑
i

1 − tk f+(Xk+1)

1 − tk+1 f+(Xk+1)

fi (X
k+1)

1 − tk fi (Xk+1)
=

1
1 − σW (X

k+1, tk ).

Then, at each iteration k , either condition (20) or condition (21)
must be satisfied. Let us consider both cases.

Cond. (20) holds: in this case functionW actually decreases.
Eq. (22) combined with Cond. (20) directly imply that

W (Xk+1, tk+1) ≤W (Xk , tk ).

Cond. (21) holds: under assumption that tk+1 < t∗, by com-
bining Eq. (22) and Cond. (21), we obtain:

W (Xk+1, tk+1) ≤
1

1 − σW (X
k+1, tk ) ≤

1
(1 − σ )2

min
X

W (X , tk ) ≤
1

(1 − σ )2
W (X ∗, tk ) ≤

≤
1

(1 − σ )2
W (X ∗, t∗)

To sum up, in the first case the value of functionW decreases, and
in the second case it does not exceed a global bound, therefore, the
sequence {W (Xk , tk )}∞k=0 is bounded from above.

Now we are ready for the main result. Suppose that for an infinite
sequence {Xk , tk }∞k=0 we never reach the given quality bound t∗.
In other words, we have tk < t∗, k = 0, . . .∞. Then the following
inequality holds (apply formula (19) k times):

tk − t0 = σ
k−1∑
j=0

(
1

f
j+1
+

− t j

)
≤ 1.
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In the infinite sum each term is strictly positive, hence we can
extract a subsequence

1 − t js f js+1
+ → 0+.

This fact obviously contradicts boundedness of the functional,
allowing us to conclude our proof. □

Remark 1. An important corollary of Th. 2 is that, provided that
the admissible set (16) is not empty, there exists an iteration K < ∞
such that the global minimum of the function W (X , tK ) belongs
to the admissible set. The proof is rather obvious: suppose we have
an idealized minimizer such that Xk+1 = arg min

X
W (X , tk ). This

minimizer always satisfies the conditions of Th. 2, therefore it can
reach the distortion bound in a finite number of steps.

In practice, just like in [Garanzha et al. 2021], the global estimate
σ is not known in advance. Garanzha et al. suggest to compute the
local descent coefficient for each minimization step, and so do we.
Instead of σ in the update rule (19), we use σk defined as follows:

σk := max
(
1 − W (Xk+1, tk )

W (Xk , tk )
,σ0

)
,

where σ0 > 0 is a constant (we chose σ0 = 1/10 in all our experi-
ments).

5 EQUIDISTRIBUTION PRINCIPLE
The definition of optimality (1) is closely related to the equidistri-
bution principle formulated by de Boor and Burchard [1974; 1973]
when they computed quasi-optimal location of control points for
splines for max-norm minimization of interpolation error. In this
section we give a very short description of the idea in simplified
settings (§5.1), then we show that QIS provides the best guess to
equidistributed distortion. We start from the ground truth flatten-
ing of a hemisphere (§5.2), consider application to computation
of conformal maps (§5.3), and finally run a stress test for mesh
independence study of equidistribution of distortion (§5.4).

5.1 A history essay
In 1D, de Boor idea is very simple. Suppose that we have a weight
functionw(x) playing the role of error indicator for the interpolation
problem:

c1 < w(x) < c2, c1 > 0,
1∫

0

w(x)dx = 1

We want to find the position of N − 1 nodes pi > pi−1, p0 = 0,
pN = 1 forming the following equidistribution mesh of the unit
segment [0, 1]:

pi+1∫
pi

w(x)dx =
1
N

(23)

for all i , meaning that mesh cell is smaller for larger values of error
indicator. Equidistribution principle provides simple quasi-optimal
solution to highly complicated problem of max-norm minimization.
Major advantage of resulting adaptivemeshes is the ability to provide

p0 p6p1p2 p3p4 p5

ξ

x 10

1

0

u(x)

p0 p6p1p2 p3p4 p5

1

0 1x

w(x)

Fig. 3. Equidistribution principle in action. The nodes p0 . . . p6
define the optimal max-norm approximation of u(x ) by a piecewise
constant function (left), and the error measure w (x ) = Ûu(x ) has the
same integral over all segments [pi , pi+1], i.e. the error is distributed
evenly over all segments (right).

optimal asymptotic error convergence rate for highly nonuniform
and singular data, say, corresponding to boundary layers in CFD.

Let us see how the equidistribution principle relates to the optimal
mapping problem, refer to Fig. 3 for an illustration. Consider a
mapping x(ξ ) : S → Sx , where S is the parametric domain [0, 1]
endowed with the Cartesian metric tensor Gξ = 1 (in 1D this is
just a positive scalar function), and Sx is the image domain [0, 1]
with the metric tensor Gx = w2. Since we want x(ξ ) to preserve
distances (dξGξdξ = dxGxdx ), it implies the following condition:

dξ = wdx . (24)

Integrating (24) over a parametric cell, we obtain the discrete isome-
try conditionwhich coincides with (23). In 1D the construction of the
mapping is simple: consider the primitive functionu(x), w(x) = Ûu(x).
One can choose u(0) = 0,u(1) = 1. Then u is just inverse mapping
for optimal x(ξ ):

u(x) = ξ (x),

and
u(pi+1) − u(pi ) =

1
N
.

The resulting mesh provides optimal piecewise-constant approxi-
mation of u(x) by a function equal to 1

2 (u(pi ) +u(pi+1)) on interval
pi < x < pi+1.

For the optimal mapping x(ξ ) a finite element approximation of
the corresponding hyperelastic energy attains its absolute minimum
and has a constant uniform distribution of the energy density over
the parametric domain.

W. Huang [2001] provides detailed discussion of the above equidis-
tribution principle in multiple dimensions and its relation to de-
viation from isometry relation (1). The idea that equidistribution
principle is equivalent to construction of quasi-isometries between
manifolds with metric was in the air so it was recognized by many
authors [Godunov et al. 1994; Huang 2001; Xu et al. 2011].
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5.2 Flat Earth mathematics
In this sectionwe apply the equidistribution principle to hyperelastic
deformations in order to tackle the classical cartography problem:
construction of scale-optimal map of the unit hemisphere. The main
goal is to have some ground truth to assert QIS behavior.

Ground truth. Consider a unit radius northern hemisphere H
with colatitude 0 ≤ θ ≤ π

2 and longitude 0 ≤ ϕ < 2π . Due to
the symmetry of the problem, H is to be mapped to a disc D. We
denote by r ,ϕ polar coordinates in the disc. The mapping is rotation-
invariant so dependence on ϕ is not relevant, and the mapping can
be represented by a function r (θ ). Refer to Fig. 4 for an illustration.
The azimuthal equidistant projection, based on the isometric

flattening of meridians, is known since ancient Egypt, but only
in [1969] Milnor proved that it provides the best max-to-min scale
ratio. In our notations this map can be written as r (θ ) = θ . The scale
ranges from 1 to π/2, hence after norming this mapping by

√
2/π

we get the optimal (in the sense of (1)) mapping

r (θ ) =

√
2
π
θ (25)

with quasi-isometry constant K =
√
π/2.

Recall that in this work we consider hyperelastic deformations as
a proxy problem; let us build the reference deformation by applying
the equidistribution principle, see how it compares to Eq. (25) and
get a ground truth for QIS.
Area differential on the hemisphere is defined by

dσ = sinθ dθ dϕ,

and for a general rotation-invariant map r (θ ), Ûr > 0 the singular
values of the Jacobian matrix J of the mapping H → D are equal to

σ1 = Ûr , σ2 =
r

sinθ .

Therefore

det J = Ûrr

sinθ , tr J⊤ J = Ûr2 +
r2

sin2 θ
,

and the distortion measure (5) with ϑ = 1/2 can be written as a
function of r and θ :

f (J ) =
1
4

(
r

Ûr sinθ +
Ûr sinθ
r

)
+

1
4

(
Ûrr

sinθ +
sinθ
Ûrr

)
. (26)

The equidistribution principle requires to find a function r (θ )
such that the distortion f is constant for all values of parameter θ .
In other words, we want to solve the differential equation

f = c (27)

for some constant c . We have numerically found the lowest possible
value of c , thus obtaining the ground truth for QIS:

c = 1.030464 ± 10−6. (28)

To compute (28), first we minimized the mean distortion by
solving

arg min
r (θ )

π /2∫
0

f (J ) sinθ dθ . (29)

r∆φ

∆r

ρ
ξ1 = θ

ξ2 = φ

x2

x1
φ

r(θ)

~x(~ξ)
ρ∆φ

∆θ

Fig. 4. The optimal flattening of the hemisphere is rotation-
invariant, so we can represent it by a function r (θ ), where r is
the polar radius in the disc and θ is the colatitude on the hemi-
sphere. Red squares illustrate the corresponding area differentials.

Fig. 5. Orange and green: two flattenings of the unit hemisphere.
One minimizes the mean distortion and the other one minimizes the
maximum distortion, thus satisfying the equidistribution principle.
The red dashed curve is the Airy’s flattening plotted here for
historical reasons. Top row: the deviation of the flattenings from
the azimuthal equidistant projection, bottom row: corresponding
distortion along a meridian.

The maximum distortion over the solution gave us the starting
point, and then we used the shooting method to solve (27) and
match the boundary conditions on the right, where free parameter
is the constant c . It is done by minimization of c in order to avoid
appearance of singularities inside computational doman. Fig. 5
shows the deviation of the ground truth solution from (25).
It is easy to see that our proxy problem is very close to the

best quasi-isometry Prob. (1). The source of discrepancy is the free
boundary condition for elastic material that results in nonlinear
Neumann-type boundary conditions on the free boundary. This
boundary condition is expressed as Ûr (π/2) = 1, that is not compatible
with optimal solution (25) (see App. C).
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Fig. 6. Four flattenings over a regular 10k uv-mesh of the unit
hemisphere. Top: plot of the distortion fields. Bottom: the distortion
field section along the zero meridian.

Fig. 7. Discrete conformal mapping test. 3D surface (a) is flattened
with BFF (b) and QIS (c). Plots (d) and (e) provide function value
f over the triangulations, ϑ = 0. Histograms of Jacobian matrix
conditioning are given in plots (f) and (g).

Howwell doesQIS behave? Having determined the ground truth (28),
it is time to flatten surface meshes. We have built a regular tri-
angulation of the hemisphere (so called “uv-mesh” made of 10k
triangles), and then flattened it with 4 different methods: simplex
assembly [Fu and Liu 2016]), elliptic smoother (Prob. (2)), advanced
MIPS [Fu et al. 2015]) and QIS. The results are summarized in Fig. 6.
Even if all four methods optimize for exactly the same notion of
distortion measure (5), the performance is very different. Without
any surprise the optimization scheme of simplex assembly (SA)
results in a very noisy solution that is very different from the mean
distortion minimizer (ED).

QIS creates almost constant distortion field with maximum distor-
tion equal to 1.0307, differing from the ground truth (28) in the fifth
digit. Advanced MIPS, however, fails to reach such quality. Recall
that the idea of AMIPS is to penalize large values of distortion with
the exponential law by minimizing

∫
exp(s · f (J )),

where s > 0 is the stiffening parameter. Clearly, higher values of
the constant s result in less maximum distortion. The authors do
not provide a strategy of choice for the constant, and propose a
simple rule of thumb s = 5. We did our best to push s as high as
possible: the solution in Fig. 6 was obtained with s = 300, we failed
to go any higher. We had to give the QIS result as the initialization
for AMIPS, and even then the optimizer had to handle 10150 energy
values, something very delicate for double floating point precision.
Even with s = 300, AMIPS still lags behind in a sense that constant
distortion is not attained and maximum distortion is equal to 1.0377.
It is important to note that this is a toy problem in controlled settings
and we do not know how to attain large values of s in real-world
scenarios.

Interesting historical note. Airy [1861] considered precisely the
same problem for different distortion measures. He provided de-
tailed numerical tables comparing area distortion (“exaggeration”),
shape distortion (“distortion”) for equidistant azimutal projection,
stereographic projection, incompressible projection (“unchanged
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areas”) and BE (Balance of Errors) projection. For BE flattening of
the hemisphere, he wrote Prob. (3) as a least squares problem:

arg min
r (θ )

π /2∫
0

fA(J ) sinθ dθ, fA(J ) = (Ûr − 1)2 +
( r

sinθ − 1
)2
,

(30)
Moreover, Airy managed to find the solution of the Euler-Lagrange
equations for (30) analytically:

rA(θ ) =
√

2 tan θ

2 + 2 cot θ2 log sec θ2 . (31)

The first term in (31) corresponds to the homogeneous solution of
EL equations, we multiplied it by

√
2 coefficient in order to satisfy

Neumann boundary condition on the outer boundary ∂ fA/∂ Ûr = 0
for θ = π/2 (original Airy formulation uses coefficient 1). This
derivation is explained in App. C. This solution satisfies the afore-
mentioned condition Ûr (π/2) = 1.

Fig. 5 shows deviation of BE flattening from the scaled equidistant
azimutal projection. As expected, BE solution is close to the elastic
deformation (ED) solution.

5.3 Quasi-isometric mapping vs conformal mapping
We have already shown in Fig. 1 QIS behavior for a flattening of
a glove-like surface. It is easy to see that QIS not just improves
estimates for the largest distortion compared to elastic deformation,
but actually creates a distortion plateau, meaning that at the limit
of the stiffening all the material behaves as a rigid solid body.
Careful inspection of the plateau reveals a lot of downward noise
meaning that a number of triangles have a much less distortion,
however these mesh elements are locked inside rings of rigid
elements. In other words, we can give a mechanical interpretation
of the equidistribution principle: the resulting construction can be
considered as the rigid one and not elastic anymore.

For conformal mappings the situation is a bit different. In contin-
uous settings, if we set the tradeoff parameter ϑ = 0, the function
f must be equal to 1 everywhere, again perfectly reflecting the
equidistribution principle. Unfortunately, this is not possible for
discrete meshes, however one can expect that QIS would greatly
reduce amplitude and number of sharp peaks of the distortion mea-
sure. While in theory conformal maps are beyond the scope of QIS
algorithm, in practice it was found to be quite successful. Apparently,
approximation of conformal mappings with quasi-isometric ones is
indeed a good and stable numerical solution.

We have computed two discrete conformal maps for a triangular
mesh of a the same glove-like surface (refer to Fig. 7). First we have
computed a map with the boundary first flattening method [Sawh-
ney and Crane 2017]. The idea behind BFF is to set to zero boundary
log-scale factors, essentially making this algorithm identical to
Chebyshev map from Fig. 2. This choice of boundary condition leads
to the conformal map with minimal area distortion [Springborn
et al. 2008, App. E]. Starting from this map, we ran QIS with ϑ = 0.

To compare quality of the maps, we use the condition number of
the Jacobian matrix σ1(J )

σ2(J )
, where σ1 and σ2 stand for the (ordered)

singular values of J . The results are shown in Fig. 7-(f) and Fig. 7-
(g). Log-log element quality histograms show that we improve

considerably the quality of input maps. It is easy to see that the
maximum condition number of the Jacobian matrix is considerably
better in our map (1.32 vs 2.0), while seven-fold improvement for
the ratio of maxima of f − 1 is obtained. It is interesting to observe
that the number of remaining peaks in QIS map is equal to 9, and
locations of their summits correspond very well to potential conical
singularities.

5.4 Stress test
As we have already mentioned, our approach is a discretization
of a well-posed variational scheme, and it has an advantage that
type, size and quality of mesh elements in the deformed object
have a weak influence on the computed deformation. To illustrate
this point, we have computed free-boundary quasi-isometric maps
on two different meshes of the same object. One mesh is a very
regular triangulation with 73k facets, while the other one is of
very bad quality (4k triangles, maximum triangle aspect ratio of
108). We start with elastic deformation (ED), see Fig. 8(a), (d). As
expected, sharp peaks in the distortion field are present which
sharply grow with mesh refinement. Fig. 8(b), (e) show results
for QIS algorithm. The results are very similar, in both cases QIS
created plateaux. The height difference between (e) and (b) cases is
about 10%, which is very good result for ugly triangulation (e). The
material corresponding to plateaux behaves as a rigid one.
Since the essence of the QIS algorithm is contraction of set of

admissible elastic deformations, the natural question is about the
limit of contraction. Above experimental evidence suggests that
when first major plateau in the distortion measure distribution is
reached, we get a locked spots in elastic material. The material
around is still elastic meaning that admissible set is still not collapsed
into point, and the current solution is situated almost on the
boundary of this set. Potentially one can try to build a distribution
of parameter t in Ω consisting of a sets of plateaux with smooth
transitions in order to make all cells of elastic material rigid meaning
that the admissible set is at last collapsed into point.
Fig. 8(c) shows a prototype of this algorithm. Having obtained

Fig. 8(b), we selected mesh cells inside and in the small vicinity of
principal plateaux, and ran a bi-material stiffening, meaning that we
had two different values of parameter t depending on the material.
This allowed to contractmore for remainingmeshwhile locked spots
behave like rigid inclusions which can move or rotate in the process
of optimization. Evidently allowing jumps in parameter t results in
the non-smooth deformations which is undesirable. The transition
model for parameter t between consecutive plateaux should be built
allowing uniform locking of the material. It seems that the target
least distortion solution means a locked state everywhere in the
domain. We recognize that these arguments are speculative and
handwavy, however they have important engineering applications:
local bad behavior of the deformation due to constraints preventing
to attain large values of parameter t should not have global influence
over all computational domain and should not prevent further
optimization.
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Fig. 8. Our method shows an excellent stability irrespective of input mesh quality. Here we show five free-boundary flattenings for two
input meshes: one has a very regular triangulation (73k triangles), while the other one has a very bad quality triangulation (4k triangles,
maximum triangle aspect ratio of 108). Top row: flattenings, bottom row: plots of the distortion measure. (a) and (d) columns show elastic
flattening results, (b) and (e) quasi-isometric stiffening, (c) bi-material stiffening. QIS suppresses peaks of distortion, replacing them by
minimum height plateaux. Bi-material stiffening allows to create a second-order plateau.

6 MASSIVE TESTING
In order to assess QIS behavior, we have performed a series of tests.
We ran competing methods on a benchmark database. The section is
structured as follows: for each adversary method, we closely inspect
an example of two competing maps, and we provide statistics on
several thousands of other maps.

Recall that in our mapping pipeline, first we compute a foldover-
free map with [Garanzha et al. 2021], and then we call QIS to
compute a map with lowest distortion. Fig. 1 and 9 provide 2D and
3D example of quasi-isometric maps, both were computed with
ϑ = 1

2 . It is easy to see that elastic deformations sacrifice quality
of several elements in order to minimize distortion on the average,
while QIS distributes the distortion evenly over all the domain, thus
effectively reducing maximum distortion.

We ran the same procedure over the database provided by Du et
al. [2020]. The benchmark contains 10743 triangulated meshes to
flatten and 904 constrained boundary 3D mapping challenges. We
have flattened the surfaces without imposing boundary constraints.

Fig. 10 summarizes the results: it shows the scatter plot for every
mapping challenge from the database. In the top row we plot the
worst element quality given by the elastic deformation against worst
element quality in maps computed by QIS. It is easy to see that
the plots are upper-triangular: without surprise, QIS is consistently
better. Note the dots on the main diagonal in 3D mapping, they
correspond to the deformations whose worst quality tetrahedron has
all 4 vertices locked, leaving no degrees of freedom for improvement.

The bottom row Fig. 10 provides a log− log scatter plot of our
running time vs mesh size for all the challenges from the database:
for each run, the time varies from a fraction of a second to several
minutes for the largest meshes. These times were obtained with a
12 cores i7-6800K CPU @ 3.40 GHz.

We have also compared QIS maps against 4 competing methods:
(1) Simplex assembly [Fu and Liu 2016]
(2) Power law enhancement [Fang et al. 2021; Garanzha and

Kudryavtseva 2019]
(3) Exponential law enhancement (SLIM+AMIPS [Fu et al. 2015])
(4) Large-scale bounded distortion mappings [Kovalsky et al.

2015]
The comparison is made on free-boundary flattening of 10743
triangular meshes from the [Du et al. 2020] database. All methods
(with the exception of Simplex Assembly that does not require an
initialization) received the same input as QIS, i.e. fold-free maps
provided by [Garanzha et al. 2021].

Simplex Assembly. First we confront QIS to Simplex Assembly
(SA) [Fu and Liu 2016]. Simplex assembly is a method to compute
inversion-free mappings with bounded distortion on simplicial
meshes. The idea is to project each simplex into the inversion-free
and distortion-bounded space. Having disassembled the mesh, the
simplices are then assembled by minimizing the mapping distortion,
while keeping the mapping feasible. Fig. 11 provides a quality
comparison of SA with our quasi-isometric (ϑ = 1

2 ) map for a
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Fig. 9. Tetrahedral mesh deformation, locked vertices are shown in
red. Top left: rest shape, top right: elastic deformation [Garanzha
et al. 2021], bottom: QIS. Both methods optimize for the same
distortion measure f , ϑ = 1

2 , whose log-log histograms are provided
in corresponding plots.

free-boundary mapping of the “Lucy” mesh. This comparison is
interesting for two different reasons: first, SA offers an explicit
optimization for the distortion bound, and second, in 2D Fu et al. use
exactly the same distortion measure f as we do, so we can directly
compare the distortion.

Fig. 12-a shows the quality plot of SA maps against QIS. Without
any exception, QIS produces better results. Note that SA ignores
locally-injective initializations we have offered, it failed to produce
valid maps in 15 cases out of 10743.

Power law enhancement. Fang et.al [2021] attempt to improve
worst-element distortions by formulating a regularized min-max
optimization for IDP by applying a p-norm extension to the symmet-
ric Dirichlet (SD) energy with exponential factor p > 1. Garanzha
et al. [2019] used the same idea, but for the distortion measure f
instead of SD.
We ran IDP code on one 3D mesh from their examples, and we

implemented power law enhancement for 2D flattening. In 3D, we
deformed a cylinder tetrahedral mesh. We applied two bone handles
(two thin boxes of interior axis vertices) to bend it. Fig. 13 shows
the comparison of our results with IDP. Locked vertices are shown
in red.

(a) (b)

(c) (d)

Fig. 10. Elastic deformation [Garanzha et al. 2021] vs QIS tested
on 10743 triangular meshes (a) and 904 tetrahedral meshes (b) the
database provided by [Du et al. 2020]. The boundary is set free for
2D flattenings and locked for 3D. Top row: worst element quality
comparison. Bottom row: QIS running times.

As advised by Fang et al., we chose p = 5. It improves slightly the
worst-element distortion w.r.t regular IDP, but does not allow to
eliminate it completely. As can be seen in Fig. 13–left, the stress is
concentrated around the locked vertices (shown in magenta). Our
optimization (ϑ = 1

2 ) allows to dissipate the stress over a larger area,
thus improving both distortion measures: the maximum stretch
decreases from 5.05 to 1.94, and the minimum scale increases from
0.36 to 0.72.
For surface flattening, we have minimized

∫
f 5, as suggested

by [Garanzha and Kudryavtseva 2019], this allows us to directly
compare maximum values of f over the maps. Fig. 12-b shows the
quality plot of power law enhancement maps against QIS. Again,
the plot is upper triangular, QIS produces better results for every
challenge.

Exponential law enhancement. For our next step, we have im-
plemented SLIM+AMIPS combo [Fu et al. 2015; Rabinovich et al.
2017]4. The idea is to minimize

∫
exp(s · f (J )), thus penalizing large

distortion values by the exponential law. We have already provided
an example of AMIPS flattening in §5.2, where in very controlled
settings we have managed to use s = 300. For the database we have

4Note a typographic error in [Rabinovich et al. 2017, Table I]: AMIPS optimizes
exp(s · f (J )) = exp

(
s
4

(
σ1
σ2
+

σ2
σ1
+ σ1σ2 +

1
σ1σ2

))
.
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Fig. 11. Two quasi-isometric maps for the “Lucy” mesh (a): simplex
assembly (b) vs QIS (c). Both methods optimize for the same
distortion measure f , ϑ = 1

2 , whose plot is given in (d) and (e).

used s = 5, and the results can be seen in Fig. 12-c. We have used
the default trade-off parameter ϑ = 1

2 . The results are better than
for the power law enhancement, but still not as good as QIS. Again,
the plot is strictly upper triangular. Note that even with very good
initializations and quite low value of s , due to floating point error
problems, SLIM+AMIPS combo failed to produce valid maps in 1796
cases out of 10743.

Large-scale BoundedDistortionMappings. Ournext test is LBD [Ko-
valsky et al. 2015]. Given an input map (potentially with folds), LBD
looks for an injective map as close as possible to the input map,
but satisfying some constraints such as the orientation as well as
distortion bounds. Generally speaking, the problem of minimizing
an energy subject to bounded distortion constraints is known to be
difficult and computationally demanding. LBD alternates between
energy minimization steps and projection to the constraints.
For an illustration (refer to Fig. 14), we took the example from

the source code provided by the authors. The 3D surface to flatten
is a regular simplicial mesh of a rectangular patch that was lifted
and noised. Since LBD has an explicit optimization of the distortion
bounds, the comparison is of a particular interest. Note that a) LBD
needs a user-provided bound and b) it optimizes for the Jacobian
condition number. Therefore, we have computed QIS with ϑ = 0,
computed the worst condition number max σ1

σ2
= 1.4252, and ran

LBD with that bound. The result is very interesting: up to numerical
errors, LBD managed to find a flattening with the prescribed bound,
however the vast majority of the triangles are at the bound, whereas
QIS has globally very low distortion and only few bad triangles.
Clearly, to have the best map, not only we need to reach the feasible

(a) (b)

(c) (d)

Fig. 12. Quality of QIS free-boundary flattening against 4 compet-
ing methods. The comparison is made on 10743 triangular meshes
from the [Du et al. 2020] database. (a) Simplex assembly [Fu and
Liu 2016] vs QIS; (b) power law enhancement [Garanzha and
Kudryavtseva 2019] vs QIS; (c) SLIM+AMIPS [Fu et al. 2015] vs
QIS; (d) Large-scale bounded distortion mappings [Kovalsky et al.
2015] vs QIS. The vertical and horizontal lines in (e) highlight
the Jacobian condition matrix bound 1.5 chosen by the authors of
LBD.

set (16), but find its central point. Apparently, elastic deformations
provide a better alternative to ad-hoc projections to the highly
non-convex set of max distortion constraints.

Fig. 12-d provides the comparison of LBD vs QIS over the database.
Note that since LBD optimizes for the Jacobian condition number,
we had to compute QIS with ϑ = 0 for all maps. For LBDwe used the
default bound max σ1

σ2
= 1.5. The plot shows a direct comparison of

corresponding condition numbers, and it is strictly upper triangular,
so QIS is consistently better. Note that in many cases LBD failed
to find a map with the prescribed bound, while QIS succeeded. In
addition to that, despite the fact that LBD was provided with locally
injective maps, it returned invalid maps in 5412 cases out of 10743.

7 CONCLUSION
We formulate a set of variational problems potentially covering the
complete technological chain for construction of optimal mappings
and deformations with fixed as well as free boundaries. We start
with the continuation problem with respect to parameter ε , this min-
imization allows us to compute optimal in the average deformations.
Then we formulate a continuation problem for worst distortion
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(a) (b)

Fig. 13. Bending test for a tetrahedral mesh of a cylinder, locked
vertices are shown in red. (a): IDP [Fang et al. 2021], (b): QIS
deformation with θ = 1

2 . From top to bottom: Jacobian matrix
condition number and the Jacobian determinant are shown in
log-log histograms and corresponding color plots.

measure minimization (quasi-isometric stiffening, QIS), which re-
tains polyconvexity and smoothness of deformation. The stiffening
technique tends to suppress peaks in distortion measure distribution
in the computational domain and replaces them by plateau with
minimal height. Surprisingly, for some classical problems such as
optimal map on the hemisphere, our algorithm provides elastic
deformation with constant distortion measure (deformation energy
density) which is first known example of exact 2d implementation
of equidistribution principle.
At all stages we take care to demonstrate that finite number of

basic optimization steps is enough in order to solve the problem.
We illustrate performance of our algorithm with challenging 2D
and 3D numerical tests. Importance of polyconvexity is underlined
since some competing algorithms for mesh optimization which
potentially may attain good quality criteria for deformations tend to
lose deformation smoothness and symmetries even in the simplest
test cases.

A RELATIONSHIP BETWEEN DISTORTION
MEASURES AND THE QUASI-ISOMETRY
CONSTANT

Given a deformation of a mesh, let us denote by Γ its quasi-isometry
constant (maximal relative length distortion of the map). In our
optimization procedure we do not optimize for Γ directly, we

Fig. 14. Comparison of LBD [Kovalsky et al. 2015] vs QIS. (a): 3D
surface to flatten is a regular triangular mesh of a square patch
that was lifted and noised. The distortion bound for LBD is set by
the QIS result. (b): The map obtained by LBD. (c): QIS (ϑ = 0).
(d) and (e): plots of the distortion measure. (f) and (g): log-log
Jacobian matrix conditioning histograms.

minimize a mesh distortion measure f instead. Let us show the
relation between the two. More precisely, we want to estimate Γ
through available values of f (Jk ), where Jk is the Jacobian matrix
of k-the simplex of the mesh.

First of all, we can write down following estimation, where σj (Jk )
stand for (ordered) singular values of Jk :

1
Γ
≤ σj (Jk ) ≤ Γ. (32)

In practice many different distortion measures can be used, but
we are interested in those that satisfy f (Jk ) ≥ 1 and guarantee that
inequality

f (Jk ) <
1
t
, t < 1 (33)

implies (32). Naturally, for QIS scheme to work with a certain
distortion measure f , we need the bound for Γ to tend to 1 as
t → 1. In this section we analyze two possible choices of distortion
measures, namely, Eq. (5) and Symmetric Dirichlet [Schüller et al.
2013].

Let us start with f := (1 − ϑ )fs + ϑ fv . First of all, let us note that
fs ≥ 1 and fv ≥ 1, so following inequalities hold:

( 1
d tr J⊤i Ji )

d/2

det Ji
< c1, c1 :=

(
1 − tϑ
t(1 − ϑ )

)d/2
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and
1
2

(
det Ji +

1
det Ji

)
< c2, c2 := 1 + 1 − t

tϑ
.

Reshetnyak’s inequality [Reshetnyak 1966] implies that
σ1(Ji )
σd (Ji )

< c1 +
√
c2

1 − 1

From the above estimates we obtain the required bounds for
σj (Ji ) [Garanzha 2000], so

Γ <

(
c1 +

√
c2

1 − 1
)(d−1)/d (

c2 +
√
c2

2 − 1
)1/d

(34)

Note that in the 2D case and with ϑ = 1/2 the bound for Γ takes
the simplest form

Γ <
(1 +
√

1 − t)2
t

.

Indeed, Eq. (5) forces the quasi-isometry constant Γ to tend to unity
when t → 1, so our QIS technique is correct.

Simple estimates for Γ can be also derived for Symmetric Dirichlet
(SD) distortion measure. This measure can be written as follows:

f (J ) := 1
2d

d∑
j=1

(
σ 2
j +

1
σ 2
j

)
.

In this case

Γ2 < c3 +
√
c2

3 − 1, c3 = 1 + d 1 − t
t

The bound satisfies the requirements for QIS algorithm, so SD can
be used in our stiffening scheme. Note, however, that even though
SD distortion measure is a convex function of singular values, it is
not clear whether it is polyconvex (convex with respect to minors
of J ).

B SPECTRAL ESTIMATES FOR POSITIVE
DEFINITE PART OF THE HESSIAN MATRIX

Given a map ®x , let us denote by ®ai , i = 1, 2 (, 3) the tangent basis, i.e.
vectors forming the columns of the Jacobian matrix J . Let us denote
by ®bi the dual basis, i.e. vectors chosen in the way that ®a⊤i ®bj =
δi j det J for all indices i, j. In the 3D case ®bk = ®ai × ®aj , where i, j,k
is cyclic permutation from 1, 2, 3. It is a handy choice of variables,
in particular, tr J⊤ J =

∑d
i=1 | ®ai |

2 and ∂ det J
∂ ®ai

= ®bi . For further
simplification of notations we will use a⊤ = (®a⊤1 . . . ®a

⊤
d ), b⊤ =

(®b⊤1 . . .
®b⊤d ).

In order to derive expressions for the gradient and the Hessian
matrix of

W (X , t) =
#T∑
k=1

f (Jk )

1 − t f (Jk )
vol(Tk ),

we write down explicitly the Jacobian matrix J for the affine map
of a simplex T with vertices ®x0, ®x1, . . . , ®xd :

J = (®a1 . . . ®ad ) = (®x1 − ®x0 ®x2 − ®x0 . . . ®xd − ®x0) S
−1 =

= (®x0 . . . ®xd )Z ,

where
S = ( ®ξ1 − ®ξ0 ®ξ2 − ®ξ0 . . . ®ξd − ®ξ0), det S > 0

is the shape matrix, ®ξi are vertices of “ideal” or “target” shape for
the image of the simplex T , and Z is a (d + 1) × d matrix defined as

Z := {zi j } :=
(
−1 . . . −1

I

)
S−1

Since the Jacobian matrix is a linear function of ®xi , we have

∂ ®ai

∂ ®x⊤j
= zji I , i = 1, . . . ,d, j = 0, . . . ,d .

For simplification we use the notation

ft (J ) =
f (J )

1 − t f (J ) .

Recall that the extended function Φ : Rd2
×R → R is defined as

follows:

Φ(a,D) = (1 − ϑ ) |a |
2

dD
2
d

+
ϑ

2

(
D +

1
D

)
,

and

Φt (a,D) =
Φ(a,D)

1 − tΦ(a,D) ,

so
f (J ) = Φ(a, det J ), ft (J ) = Φt (a, det J ).

Then
∂ ft
∂ a
=

1
(1 − t f )2

∂ f

∂ a
=

=
1

(1 − tΦ(a,D)2

(
∂ Φ(a,D)

∂ a
+
∂ Φ(a,D)

∂D
b

)����
D=det J

.

For second derivatives we get the following equality

Mt =
∂2 ft
∂ a ∂ a⊤

=
2t

(1 − t f )3
∂ f

∂ a

∂ f

∂ a⊤
+

1
(1 − t f )2

∂2 f

∂ a ∂ a⊤
,

where

∂2 f

∂ a ∂ a⊤
=
∂2 Φ(a,D)
∂ a ∂ a⊤

+
∂2 Φ(a,D)

∂D2 bb⊤ + b
∂2 Φ(a,D)
∂D ∂ a⊤

+

+
∂2 Φ(a,D)
∂D ∂ a

b⊤ +
∂ Φ(a,D)

∂D

∂ b

∂ a⊤
=

= M+0 +
∂ Φ(a,D)

∂D

∂ b

∂ a⊤
.

Neglecting the term with second derivatives of det J we are getting
positive definite part of the elastic tensor

M+t =
2t

(1 − t f )3
∂ f

∂ a

∂ f

∂ a⊤
+

1
(1 − t f )2

M+0 . (35)

The positive definiteness of matrixM+0 = M+t
��
t=0 is clear [Garanzha

et al. 2021] since it can be written as a matrix product

M+0 =
(
I b

) (
∂2 Φ

∂ a ∂ a⊤
∂2 Φ

∂ a ∂D
∂2 Φ

∂D ∂ a⊤
∂2 Φ
∂D2

) (
I b

)⊤
.

where Φ(a,D) is convex function of d2 + 1 variables with positive
definite Hessian.
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The additive contribution to gradient ofW from the simplex T
can be written using correspondence of local indices 0−d and global
indices д0 − дd in the list of vertices:

(∇W )дj +=
det S
d!

d∑
i=1

∂ ®a⊤i
∂ ®x j

∂ ft
∂ ®ai
=

=
det S
d!

d∑
i=1

zji
∂ ϕ

∂ ®ai
, j = 0, . . . ,d .

The blocks of the non-negative definite part of Hessian matrix of
F can be updated using the following general formula

H+дjдi +=
det S
d!

∑
m,l

∂ ®a⊤m
∂ ®x j

M+t ml
∂ ®al
∂ ®x⊤i
,

whereM+t ml denotes a d ×d block of d2×d2 positive definite matrix
M+t .
Using assumption that functionW (X ) is bounded, let us derive

rough spectral bounds for the positive definite part of the Hessian
matrix. Let us remind that in this case the singular values σi (J ) are
uniformely bounded, so

1
Γ2 I < J⊤ J < Γ2I , (36)

where Γ is defined in (34), and

c1 =

(
1 − t̄ϑ
t̄(1 − ϑ )

)d/2
, c2 = 1 + 1 − t̄

t̄θ
, t̄ = t +

1
K
.

Here K ≥ 1 is the constant bounding distortion: Φt (a,D) < K . So

Φ(a,D) <
K

1 + Kt , 1 < 1
1 − tΦ(a,D) < 1 + Kt .

From these inequalities it follows
√
d

1
Γ
< |a | <

√
dΓ,
√
d

1
Γd−1 < |b | <

√
dΓd−1, Γ−d ≤ D ≤ Γd . (37)

MatrixM+0 admits the following factorized representation

M+0 =
2
d

1 − ϑ
D2/d

(
I 0
q 1

) (
I 0
0 d−2

d2
|a |2

D2 +
d
2

ϑ
1−ϑ

1
D3−2/d

) (
I q
0 1

)
,

where q = − 2
d
a
D . From this representation and inequalities (37)

it immediately follows that that matrixM+0 is uniformly bounded
from below and from above

C1I < M+0 < C2I ,

where

C1 ≥
2
d

1 − ϑ
Γ2 min(1, d − 2

d

1
Γ2d+2 +

d

2
ϑ

1 − ϑ
1

Γ3d−2 ,

C2 ≤
2
d
Γ2(1 + 4

d
Γ2+2d )max(1, d − 2

d
Γ2d+2 +

d

2
ϑ

1 − ϑ Γ3d−2).

Using equality (35)
k1I < M+t < k2I ,

where
k1 = C1, k2 = C2(1 + Kt)2 +C32t(1 + Kt)3

and
C3 = max

a,D
(|
∂ Φ

∂ a
|2 ≤

4
d
(1 − ϑ )2Γ3.

Hence spectral estimates for matrix M+t can be expressed via
K, θ , t and are guaranteed to be uniformly bounded from below and
from above, provided that 0 < ϑ < 1, 0 < t < 1 and K > 1. It means
that

k1Dh (X ) <
1
2X
⊤H+X < k2Dh (X ),

whereDh (X ) is the discrete Dirichlet functional for standard simpli-
cial linear finite elements which approximates Dirichlet functional

D(x(ξ )) =
1
2

∫
Ω

∑
i
|∇xi |

2 dξ .

Thus we have demonstrated stability of the positive definite part of
the Hessian matrix when compressing admissible set.

C VARIATION OF AIRY FUNCTIONAL
Consider functional (3) describing flattening r (θ ) of the unit hemi-
sphere

F (r ) =

π /2∫
0

f (Ûr , r ) sinθdθ .

First variation of this functional is defined as

F (r + δr ) − F (r ) ≈

π /2∫
0

(f Ûr Ûδr + frδr ) sinθ dθ =

(integrating by parts)

π /2∫
0

(
−
d

dθ
(sinθ f Ûr ) + fr sinθ

)
δr dθ + δr f Ûr |θ=π /2 = 0.

Since solution variation δr is arbitrary, albeit δr (0) = 0, we get the
following Euler-Lagrange equations

−
d

dθ
(sinθ f Ûr ) + fr sinθ = 0, 0 < θ < π/2,

r (0) = 0 — continuity condition

f Ûr (π/2) = 0 — free boundary condition.

Substituting Airy energy

f = fA = (Ûr − 1)2 +
( r

sinθ − 1
)2
,

we obtain the final equation

−
d

dθ

(
sinθ

(
dr

dθ
− 1

))
+

r

sinθ − 1 = 0, 0 < θ < π/2, (38)

with boundary conditions

r (0) = 0, Ûr (π/2) = 1. (39)

Note that minimizers of ED, QIS and SD functionals satisfy the same
boundary condition (39).
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