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Complex coupling between thermal effects and Rayleigh streaming in a stand-
ing wave guide at high acoustic levels is analyzed numerically. The approach is
guided by our recent analytical study showing that reverse streaming cells can
form if the nonlinear Reynolds number exceeds a value depending on the wave
frequency and on thermophysical properties of the fluid and solid wall. A nu-
merical configuration is introduced to investigate the evolution of the streaming
flow structure and average temperature field at high acoustic levels. Special
attention is given to inhibit the development of shock waves. Heat conduction
is accounted for in the wall. As the acoustic level is increased, the average
temperature field becomes stratified transversely. Simulations show the rele-
vance of the criterion for characterizing the appearance of new contra-rotating
streaming cells near the acoustic velocity antinodes. For higher acoustic levels
these new cells evolve into increasingly large stagnant zones where the stream-
ing flow is of very small amplitude and contours of temperature are stratified
longitudinally. The overall outer streaming flow decreases. These results are
consistent with previous experimental observations showing that the intrinsic
coupling between thermal effects and acoustic streaming at high levels is very
well described.

https://doi.org/10.1121/10.0009026

I. INTRODUCTION

Rayleigh streaming1 usually refers to acous-
tic streaming generated in a cylindrical standing
wave guide by Reynolds stresses in the Stokes
boundary layer of the oscillating fluid near the
solid wall. It is a second order phenomenon su-
perimposed to the first order acoustic oscillation.
Acoustic streaming is important in particular in
the field of thermoacoustics because it is asso-
ciated with heat convection in thermoacoustic
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engines or refrigerators and can reduce their effi-
ciency2. Working conditions for these devices are
generally associated with high intensity waves
and the behavior of acoustic streaming in this
case has been the subject of numerous experi-
mental and numerical studies over the last 20
years.

At low acoustic amplitudes, the Rayleigh
streaming flow is composed of so-called ”inner”
and ”outer” toroidal vortices that have a half-
wavelength spatial periodicity. They are well de-
scribed by Rayleigh-Nyborg-Westervelt (RNW)
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streaming theory3, valid for low acoustic ampli-
tudes, also called ”slow regime”.

For high acoustic levels, in the so-called ”fast
regime”, it was found both experimentally4,5,6

and numerically7,8,9 that as the acoustic level is
increased, the streaming pattern for the outer
vortices is modified and additional counter rotat-
ing vortices may appear in the center of the guide
near the acoustic velocity antinodes. This be-
havior was found to be followed by outer stream-
ing cells only, the inner streaming vortices being
slightly modified by high acoustic levels.

The nonlinear Reynolds number ReNL is
commonly used in the literature to separate the
two regimes: ReNL � 1 for slow streaming and
ReNL > 1 for fast streaming10. It is defined as
ReNL = (M × R/δν)2, where M is the acoustic
Mach number, M = Uac/c0, with Uac the maxi-
mum acoustic velocity amplitude on the axis and
c0 the initial speed of sound, R being the radius
of the guide and δν =

√
2ν/ω the viscous bound-

ary layer thickness, ν being the kinematic viscos-
ity and ω the wave angular frequency. ReNL can
be viewed as the Reynolds number of the outer
streaming flow.

In the last decade our team has worked on
this distortion of the streaming flow in the fast
regime. A first joint experimental and numerical
study (based on the fully compressible Navier-
Stokes equations) of the evolution of Rayleigh
streaming was performed11 from slow to fast
regime. It was found that the experimental and
numerical streaming patterns evolved in a sim-
ilar manner and that new counter-rotating vor-
tices appeared near the velocity acoustic antin-
odes for a similar value of the nonlinear Reynolds
number.

We then attempted to analyze separately
each phenomenon that could explain this evo-
lution at high acoustic amplitudes: inertia, non
linear coupling between acoustics and streaming,
thermal effects, nonlinear acoustic propagation.
Our first focus was on analyzing the effect of in-
ertia, controlled by ReNL. Thermal effects were
suppressed in numerical simulations by consid-
ering isentropic waves. Also, shock waves being
known for generating entropy, their effect was
expected to be small in these isentropic simula-
tions9,12. A similar evolution of the streaming
flow as in11 was observed but at higher ReNL

9.
These results highlighted the main role of non
linear coupling between acoustic and stream-

ing flows12, and showed that inertia affected the
streaming flow only slightly (in accordance with
the theoretical results of10). More recently our
focus turned to thermal effects.

The crucial role of temperature effects on
Rayleigh streaming was pointed out by Thomp-
son and Atchley4. They found a strong correla-
tion between an axial mean temperature gradi-
ent on the wall guide and the axial streaming ve-
locity, although a clear explanation of the phys-
ical reason could not be provided at this stage:
”The observed steady-state streaming velocities
are not in agreement with any available theory”.

In more recent numerical13,14 and theoreti-
cal studies15,16 it was shown that a transverse
mean temperature gradient has a huge impact:
Červenka and Bednař́ık13,14 showed that a tem-
perature difference of a few degrees only over
the resonator’s section is sufficient to reverse
the outer Rayleigh streaming flow. In16, an
analytical study was conducted exhibiting the
important role of a conducting thick wall in
inducing an axial temperature gradient in the
fluid through combined thermoacoustic effect
and conduction in the wall. This in turn gen-
erates a transverse mean temperature gradient
through convective transport by the streaming
flow14. In the end, appropriate scaling param-
eters for describing acoustic streaming at high
acoustic levels were found: The streaming flow is
strongly modified and a reverse flow is obtained
if the nonlinear Reynolds number ReNL exceeds
a parameter denoted Kc, which depends on the
thermo-physical characteristics of the fluid and
the wall, and on the wave frequency.

In light of these recent results that reveal
the importance of thermal effects in general and
of thermal stratification in particular, a numer-
ical study of Rayleigh streaming at high acous-
tic levels is proposed in the present paper. Spe-
cial attention is given to inhibit the development
of shock waves, since they have important ef-
fects on the thermal field17. In our previous
numerical simulations of the complete Navier-
Stokes equations8 large temperature variations
were observed, probably due to the presence of
shock waves. In numerical simulations of acous-
tic streaming developing within a solely straight
tube, shock waves were shown to be present
as soon as the acoustic amplitude exceeds a
relatively low level18,19, with the exception of7

that used specific boundary conditions (acous-
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FIG. 1. Sketch of the geometry.

tic wave created by two in-phase sources). On
the contrary, there is no shock wave in our ref-
erence experiments6,11. Thus we here consider
a tube with varying cross section that mimics
the experimental apparatus and creates a quasi
mono-frequency wave. To our knowledge, this
is the first numerical simulation at high acous-
tic levels without any shock wave. Also since
the role of a conducting wall was shown to be
important7,20, the wall thickness is taken into
account and the heat equation is solved inside
the wall, which is also a novelty of the present
study. The new criterion found analytically16 is
shown to be adequate. This yields much better
comparison with experimental results than those
obtained previously and therefore is a step for-
ward in understanding the evolution of stream-
ing at high acoustic levels. This approach helps
disentangling the effects of different phenom-
ena on acoustic streaming: non linear propaga-
tion, acoustically-driven convection in the fluid,
boundary conditions.

In Section II, we present the cases under
study and the numerical configurations, as well
as physical and numerical parameters. We then
present in Section III the numerical results ob-
tained for low acoustic amplitude. The acoustic,
mean temperature and velocity fields are ana-
lyzed. Section IV is dedicated to high acous-
tic amplitudes. A first simulation is performed
with a surrounding wall of zero-thickness (ideal
isothermal boundary condition), illustrating the
effect of reducing the harmonic content of the
acoustic wave. Then in the case of a thick con-
ducting wall two values of the guide’s radius and
of the wall thickness are considered in order to
assess the adequacy of the parameter KC in pre-
dicting the evolution of the streaming field16.
The time evolution of the fields are analyzed.

II. PROBLEM DESCRIPTION AND NUMERICAL MODEL.

A. Numerical configuration

The object of this study is the streaming field
inside a cylindrical straight tube filled with fluid
submitted to a mono-frequency acoustic wave.
As stated in the introduction, we consider here
a numerical configuration specifically designed
to reduce the harmonic content of the acoustic
wave and avoid the appearance of shock waves.
This geometry (Fig.1) is analogous to that re-
ported in experiments6. In these experiments,
the acoustic wave is created by two loudspeak-
ers placed at each extremity of the wave guide.
Two convergent tubes connect each loudspeaker
to the straight middle part of the guide, in or-
der to reduce sharp section changes. It follows
that the harmonic acoustic cascade is inhibited,
and the acoustic wave is nearly mono-frequency.
The central straight tube is cylindrical of length
L and radius R. In the calculation, two oscillat-
ing pistons are placed at the extremities of the
guide and create the acoustic wave. They are
modeled as moving cylinders of radius greater
than R. Two converging tubes of length L/4
each connect the piston and the middle straight
tube.

The guide is initially filled with the work-
ing gas. Since the pistons are operated in op-
posite phase, the problem is antisymmetric with
respect to a vertical axis that passes through the
center of the tube (vertical dashed line in Fig. 1).
In the following, we will thus only consider the
right half of the configuration (the half length of
the tube connected to one piston). The working
acoustic frequency, noted f , is the third resonant
frequency of the straight tube, so that the wave-
length λ = c0/f satisfies L = 3λ/2. Therefore
we expect the formation of 6 acoustic stream-
ing cells along the entire straight portion of the
tube, three of which falling within the simula-
tion configuration. The two central streaming
cells are not much affected by side effects due to
the vicinity of the converging section.

The flow is considered to be axisymmetric,
modeled by the fully compressible Navier-Stokes



equations:
∂ρ
∂t

+∇ · (ρv) = 0

∂(ρv)
∂t

+∇ · (ρv ⊗ v) +∇p = ∇ · ¯̄τ
∂(ρE)
∂t

+∇ · (ρEv + pv) = ∇ · (k∇T + ¯̄τv)
(1)

where v = (u, v)T is the flow velocity, E = e +
1
2
v · v is the total energy, with e = p

(γ−1)ρ
the

internal energy, p the pressure, ρ the density, γ
the specific heat ratio, ¯̄τ = −2

3
µ(∇ · v) ¯̄I + 2µ ¯̄D

the viscous stress tensor of a Newtonian fluid,
¯̄I being the identity tensor, ¯̄D = 1

2
(∇v +∇Tv)

the strain tensor, µ the dynamic viscosity, k the
thermal conductivity. The gas is considered as
a perfect gas obeying the state law p = rgρT ,
where T is the temperature and rg is the perfect
gas constant.

Boundary conditions for velocity are: no slip
on walls and symmetry on the axis and on the
left end of the simulation domain. The piston
and wall of the convergent tube are set isother-
mal at ambient temperature T0. The straight
part of the tube is surrounded by a conducting
wall, within which the heat equation is solved.
The wall, of thickness w, is made of a solid ma-
terial of thermal conductivity ks, density ρs and
specific heat cs. The surrounding gas is con-
sidered as a thermostat at ambient temperature
(wall-air convection is neglected and the outside
wall temperature is set equal to the ambient tem-
perature). A zero radial temperature gradient is
imposed on the symmetry axis. Boundary con-
ditions on the convergent tube wall are treated
in the fixed grid using an immersed boundary
approach21. An Arbitrary Lagrangian-Eulerian
method22 (ALE) is applied to the grid portion
surrounding the piston in order to impose the
piston movement, the corresponding grid por-
tion being moving and deformable.

The model is solved numerically by using
high order finite difference schemes, developed
in23. An upwind scheme, third order accurate in
time and space, is used for convective terms, and
a centered scheme, second order, is used for diffu-
sion terms. The numerical scheme being explicit,
the time step δt is fixed such as to satisfy the sta-
bility condition: δt ≤ 1

2
δr/c0, with δr the min-

imum cell size in the radial direction. Finally,
any fluid variable φ is separated, using Reynolds
decomposition, into a fluctuating, periodic, com-
ponent φ′, and its mean value φ according to

φ = φ + φ′. The mean flow is obtained from
calculating a simple mean value for each physi-
cal quantity (velocity, density, pressure, temper-
ature) over an acoustic period. Concerning the
streaming velocity, the average mass transport

velocity vM = v + ρ′v′

ρ
(v being the Eulerian

streaming velocity) will be shown in the follow-
ing, since it is responsible for the convective heat
transport.

B. Physical and numerical parameters

In all simulations presented thereafter, the
tube is initially filled with air at standard ther-
modynamic conditions, p0 = 101325 Pa, ρ0 =
1.2 kg.m−3, T0 = 294.15 K. The thermo-physical
properties of air are µ = 1.795 10−5 kg.m−1s−1

and k = 0.025 W.m−1.K−1. Also for air, γ = 1.4
and rg = 287.06 J.kg−1.K−1. This results in an
initial speed of sound c0 = 343.82 m.s−1. The
Prandtl number Pr is equal to 0.726. Having
taken into consideration numerical constraints,
the central length of the tube is fixed L = 0.026
m. This corresponds to a wave of frequency f =
20000 Hz. The resulting boundary layer thick-
ness is δν = 1.54 10−5 m. The dimensions of the
numerical configuration are much smaller than
the experimental one11, but in both configura-
tions the Mach number is small, so is the Shear
(Sh = δν/R) number (tube large with respect to
the boundary layer thickness) and the acoustic
Reynolds number is high (Re = ρ0c

2
0/µ0ω).

The simulations presented in this paper are
performed with either isothermal straight wall
boundary condition (wall with zero thickness)
or a conducting straight wall with the isother-
mal boundary condition moved to the outer wall
boundary. The geometry and thermo-physical
characteristics of the surrounding wall (of the
straight tube part) are discussed below.

An approximation of the axial streaming ve-
locity u on the axis was obtained analytically16

in the presence of a transverse temperature dif-
ference ∆T between the inner wall boundary and
the guide axis, at low acoustic level and in a 2D
geometry, under the hypotheses ∆T/T0 � 1 and
δν/R � 1. It was found16 that u can be ap-
proximated as the Rayleigh solution with a first
correction term introduced by Rott24 depending
on the Prandtl number, and a second correction
term proportional to the product ∆T

T0
( R
δν

)2, which

becomes of order O(1). A third correction term,



inversely proportional to R̂ = R
δν

, is negligible
in the present applications. It follows that the
streaming velocity on the axis can vanish or be-
come negative for a large enough value of the
transverse temperature difference ∆T , which is
proportional to the inner longitudinal temper-
ature difference between cold and hot regions.
The latter is the result of thermoacoustic ef-
fect in the boundary layer and heat conduction
through the wall. These results were combined
to establish the following criterion on ReNL for
the streaming velocity to vanish on the axis16:

ReNL ≥ KC , (2)

where

KC = 30
ks/k

w/δν

(
1 +

3

2

1 + Pr

(γ − 1)
√
Pr

)
1

(1− Pr3/2)
.

(3)
Although this result was obtained in the plane
case, we expect it to provide a reasonable pre-
diction in the axisymetric case. Note that KC is
a function of the wall thickness, of the thermo-
physical parameters for the wall and the gas, of
the wave frequency, but not of the guide radius.
In the relation given above for KC , convection
with the outside air is not taken into consider-
ation. Two values of the radius of the straight
tube are considered in the following, R = 50δν
and 30δν in order to assess the relevance of the
criterion, Eq. (2).

In the numerical simulation, the thermo-
physical characteristics of the surrounding wall
are chosen so that Eq. (2) could be satisfied for
”physically” reasonable values of acoustic ampli-
tudes. Specifically, the wall of the straight sec-
tion is chosen to have a very small heat conduc-
tion coefficient. Indeed, taking a wall made of
a standard material with thermal conductivity
ks = 1.2 W.m−1.K−1 (e.g. pyrex, borosilicate-
glass) would give KC = 3744 from Eq. (3). For

R̂ = 30, the corresponding Mach number would
then have to be equal to 2 (and to 1.22 for

R̂ = 50) in order to observe a nearly vanish-
ing streaming flow along the axis, as seen in ex-
periments. This is not suitable for the current
context. Taking a very small value of ks is a
way around this problem. Therefore we consider
a hypothetical material of thermal conductivity
ks = 0.01 W.m−1.K−1, density ρs = 2230 kg.m−3

and specific heat cs = 830 J.kg−1.K−1. If the
wall thickness is fixed at w = 4δν , this gives

KC = 31.2. For R̂ = 30 the criterion will
thus be satisfied for Uac ≥ 64 m.s−1 (and for

Uac ≥ 38.4 m.s−1 in the case R̂ = 50). A third
case will be considered for which the wall thick-
ness is reduced to w = δν , yielding a value for
KC multiplied by 4, KC = 124.8. Therefore
for R̂ = 50 the criterion will be satisfied for
Uac ≥ 76.8 m.s−1.

The grid is rectangular, uniform in the ax-
ial direction (x). The maximum radius of the
domain (corresponding to the piston radius) is
approximately 5R (Fig. 1). In the radial di-
rection, the mesh is uniform for radius r less
than R and stretched between R and 5R in
the connecting tube. Following8, there are 5
grid points per viscous boundary layer thick-
ness, which has been shown to be the appro-
priate grid refinement. The corresponding mesh
involves 750 points in the axial direction, and be-
tween 360 and 460 points in the radial direction.
The time step is fixed according to the stabil-
ity condition to δt = 8 × 10−9 s, corresponding
to 6250 time iterations per period. When the
heat equation is solved inside the non-zero thick-
ness wall, the time necessary to reach steady-
state is much longer than when the wall has zero
thickness, since the thermal diffusion time scale
across the wall (τ = w2ρscs/ks) is much larger
than all other times scales. The value obtained
is τ = 0.044 s (' 884 periods) for w = δν and
τ = 0.7 s (' 14000 periods) for w = 4δν . For
the largest value of w, the simulations then re-
quire more than one hundred millions time steps
to reach a nearly steady streaming flow.

III. NUMERICAL RESULTS. LOW ACOUSTIC LEVEL

The following results correspond to low
acoustic level, with Uac = 2.92 m.s−1 (piston dis-
placement amplitude 0.3×10−3L), ReNL = 0.18.

Results are presented for R̂ = 50 only, since the
case R̂ = 30 is qualitatively similar.

In Fig. 2 is represented the velocity ampli-
tude of the acoustic wave along the axis of the
tube. Thanks to the anharmonic shape of the
guide and to the low acoustic level, the oscil-
lation is quasi-sinusoidal (the ratio of the am-
plitude of the second to the first harmonic at
their respective antinode is 0.01). Figure 2 also
shows that due to the guide geometry, the x = 0
position (that is the resonator mid-length) cor-
responds to an acoustic velocity node. At the



FIG. 2. Acoustic amplitude along the axis, R̂ =
50, ReNL = 0.18 : First harmonic (red), second har-
monic (blue).

FIG. 3. Colored contours of axial streaming velocity
(m.s−1) with streamlines of the streaming flow on
entire simulation domain, R̂ = 50, ReNL = 0.18.

extremity of the guide, the boundary condition
yields a non-zero acoustic velocity amplitude, as-
sociated with the moving piston that provides
the necessary acoustic power, used to counteract
the losses along the guide. These losses trans-
late into the fact that the other minima of the
acoustic velocity amplitude are not zeros, i.e. the
nodes are pseudo-nodes or equivalently the wave
is not purely standing. The same observation
was made in the experiments 6,11.

Figure 3 shows the streamlines of the stream-
ing flow superimposed to the contours of axial
streaming velocity obtained in the entire simula-
tion domain. There are 3 visible streaming cells
in the straight part. As stated previously, the
two streaming cells closest to the middle of the
tube are not much affected by the converging
section, and are analyzed thereafter.

FIG. 4. Colored contours of the average tempera-
ture field (K) with streamlines of the streaming flow,
R̂ = 50, ŵ = 4, ReNL = 0.18.

FIG. 5. Axial mean temperature T−T0 profile along
the inner wall, R̂ = 50, ReNL = 0.18.

Figure 4 shows the streamlines of the stream-
ing flow and the mean temperature field (T−T0)
in the fluid domain (0 ≤ r/δν ≤ 50) and in
the surrounding wall (50 ≤ r/δν ≤ 54) for
0 < x < λ/2. The left cell has the theoret-
ical length λ/4, while the right one is slightly
shorter. The usual Rayleigh streaming flow is
recovered, consistent with the distance between
a velocity node and a pseudo-velocity node as
seen in Fig. 2. The outer streaming velocity is
of the same magnitude as that associated with
the counter-rotating inner cell. As expected, the
zone near the acoustic antinode becomes cooler
than that near the nodes through thermoacous-
tic effect. Heat conduction within the fluid is
then responsible for the steady temperature dis-
tribution given by Fig. 4. Figure 5 shows that
the axial mean temperature T − T0 profile along
the inner wall is sinusoidal, the maximum tem-
perature difference between hot and cold fluid
being ∆T = 0.035K. Note that the coolest tem-
perature is greater than T0, meaning that there
is global heating of the fluid. This could be due
to viscous effects, and similar observations were
made in17. In the wall the temperature distri-
bution is linear in the transverse direction and
sinusoidal in the axial direction, which is consis-
tent with heat conduction in the wall with fixed
outside temperature.

IV. NUMERICAL RESULTS. HIGH ACOUSTIC LEVEL

In this section, high acoustic level is consid-
ered (so-called ”fast streaming” regime) in or-
der to analyze the associated modification of the
streaming flow. A first simulation is performed
with a surrounding wall of zero-thickness (ideal
isothermal boundary condition), illustrating the
effect of reducing the harmonic content of the
acoustic wave. Then the analysis is conducted
accounting for a thick surrounding wall, with two



FIG. 6. Acoustic amplitude along the axis, R̂ = 50,
ReNL = 55.4, first harmonic (red), second harmonic
(blue).

values of R̂ and of ŵ = w/δν to assess the rele-
vance of the criterion relation, Eq. (2).

A. Simulation with surrounding wall of zero-thickness (ideal

isothermal boundary condition)

We first consider the effect of using the nu-
merical configuration presented in Fig. 1 with
a surrounding wall of zero-thickness, for Uac =
51.2 m.s−1 (piston displacement amplitude 5 ×
10−3L), ReNL = 55.4.

Figure 6 shows the velocity amplitude of the
acoustic wave along the axis of the tube for R̂ =
50.

One can observe that the amplitude of the
second harmonic of acoustic velocity at its antin-
ode is approximately 20% of the amplitude of
the first harmonic at its antinode. This is
slightly larger than the amplitudes observed in
experiments4,6, which is to be expected consid-
ering that the acoustic velocity is larger in the
numerical simulations than in the experiments.
However this value remains compatible with the
assumption of a monofrequency acoustic field:
Assuming a superposition principle the magni-
tude of the streaming generated by this second-
harmonic standing wave is expected to be only
4% of the magnitude of the streaming generated
by the first harmonic, and is therefore negligible.
In any case, there are no (or very weak) shock
waves in this simulation.

Figure 7 shows the streamlines of the stream-
ing flow superimposed to the contours of axial
streaming velocity (top) and the temperature
field (bottom) in a domain of axial extension
λ/2. The outer streaming flow pattern is al-
most unchanged with respect to the low acoustic
level case and no extra cell is generated. This
can be explained by observing that tempera-
ture differences are small (a maximum value of
1.65 K). They are much smaller than in the sim-
ulations reported in8 for a straight tube, where

FIG. 7. Top: Colored contours of axial velocity
(m.s−1) with streamlines of streaming flow in the
left part of the figure, R̂ = 50, ReNL = 55.4 with
surrounding wall of zero-thickness. Bottom: con-
tours of relative mean temperature T − T0 (K).

shock waves were at the origin of large temper-
ature differences (about 45 K for ReNL ≈ 30).
Merkli and Thomann17 have pointed out the ef-
fect of shock waves on the temperature field in
an empty standing-wave guide. For this value
of R̂, the mean temperature difference is not
large enough to significantly modify the stream-
ing flow in the absence of shock waves. There-
fore and despite the high value of the nonlin-
ear Reynolds number, no extra streaming cell is
generated. The case of a zero-thickness wall is
indeed an ideal case with no physical applica-
tion. The results obtained on this configuration
show the necessity of including a conducting wall
with non-zero thickness in order to reproduce the
evolution of streaming patterns observed exper-
imentally.

B. Simulations with conducting wall

In this section, the specific effect of taking
into account the thickness and thermo-physical
properties of the conducting wall is analyzed.
The analysis is conducted in light of previous
theoretical results summarized at the end of Sec-
tion II B, pointing out temperature effects on
acoustic streaming. Recall that the parameter
given by Eq. (3) for this type of conducting wall
and oscillating gas is KC = 31.2 for ŵ = 4
and KC = 124.8 for ŵ = 1. For ŵ = 4, we
will present two cases (R̂ = 30 and R̂ = 50)
with similar acoustic amplitudes and maximum
mean temperature differences, but with differ-
ent -although both large- values of ReNL. For



FIG. 8. Contours of the mean temperature field
T − T0 (K) at steady state, time=25000 periods,
with heat conduction solved in the wall, ŵ = 4.
Top: R̂ = 30, ReNL = 24.6, Bottom: R̂ = 50,
ReNL = 66.5.

R̂ = 30 the criterion of Eq. (2) is not satisfied
and no extra streaming cell is expected. On the
contrary, for R̂ = 50 the criterion is satisfied and
an extra streaming cell is expected. Then, keep-
ing the same value of ReNL as in the last case we
will show that if KC is increased by decreasing
the wall thickness (ŵ = 1) the criterion is not
satisfied and no extra streaming cell develops.

The acoustic field is very similar to that pre-
sented for a wall with zero-thickness (Fig. 6),
with no (or very weak) shock waves. As in Sec-
tion IV A, the amplitude of the second harmonic
of acoustic velocity at its antinode is approxi-
mately 20% of the amplitude of the first har-
monic at its antinode (a little smaller in the case

R̂ = 30). The acoustic amplitude of the first har-

monic is equal to Uac = 56.8 m.s−1 for R̂ = 30,
yielding ReNL = 24.6 < KC . For R̂ = 50, in
the case ŵ = 4 we obtain Uac = 56.1 m.s−1 and
ReNL = 66.5 > KC , and for ŵ = 1 the acoustic
velocity is close with Uac = 58.6 m.s−1, yielding
ReNL = 72.7 < KC .

For ŵ = 4, contours of the average temper-
ature field can be compared for both values of
R̂ in Fig. 8, and longitudinal temperature pro-
files along the axis and the inside wall boundary
are depicted in Fig. 9. As for the low acoustic
level the left cell has the theoretical length λ/4,
while the right one is slightly shorter, resulting
in visible asymmetry of Fig. 8 and 9. These fig-
ures show that the temperature on the axis is
several degrees hotter than on the wall, for both
values of R̂. The levels of temperature are the

FIG. 9. Axial profile of the average temperature
field T − T0 at steady state, ŵ = 4, along the axis
(dashed) and the inner wall boundary (solid). Blue:
R̂ = 30, ReNL = 24.6; Red: R̂ = 50, ReNL = 66.5.

same (see color codes in Fig. 8), with a max-
imum temperature difference between cold and
hot areas approximately equal to 10 K, but with
a different spatial distribution due to different
magnitudes of convective effects. In both cases,
hot fluid is driven toward the acoustic velocity
antinode near the axis r = 0, with stronger ef-
fect for R̂ = 50. Also, near the wall, cold fluid
is driven toward the velocity node. This phe-
nomenon results in a temperature field stratified
in the radial direction in a large portion of the
domain, with fluid hotter near the axis than near
the wall (corresponding to the situation analyzed
in16).

Although the temperature fields and lev-
els are similar in the two cases, the effect on
the modification of streaming patterns is much
stronger for R̂ = 50. Figure 10 shows the stream-
ing velocity field in a λ/2 area, for R̂ = 30

and R̂ = 50. Streamlines are superimposed to
colored contours of the axial velocity. In both
cases, the inner streaming flow pattern is almost
unchanged (just slightly stretched towards the

acoustic nodes). In the case R̂ = 30, the outer
streaming flow patterns are not modified very
much compared to the linear case. However one
can see that the amplitude of the axial velocity
on the axis is significantly lower than the ampli-
tude in the inner streaming region (Fig. 10, top

view). On the contrary, in the case R̂ = 50,
the streaming flow pattern is very disturbed,
resulting in a small reverse flow near the axis
next to the acoustic antinode, which is consistent
with experimental observations4,6. The maxi-
mum value of outer streaming axial velocity is
even lower than for R̂ = 30 (Fig. 10, bottom
view).



FIG. 10. Colored contours of axial velocity (m.s−1)
with streamlines of streaming flow represented in the
left part of figures, ŵ = 4. Top: R̂ = 30, ReNL =
24.6. Bottom: R̂ = 50, ReNL = 66.5.

FIG. 11. Streaming axial velocity uM along
x/(λ/2) = 0.4, ŵ = 4. Top: R̂ = 30, ReNL = 24.6.
Bottom: R̂ = 50, ReNL = 66.5.

The corresponding radial profiles of axial
streaming velocity at x/(λ/2) = 0.4 (an axial
position passing through the recirculation cell
visible in Fig. 10) are shown in Fig. 11, for both

values of R̂. As expected, the inner streaming
flow is unchanged in both cases. On the other
hand, for R̂ = 30 the outer streaming velocity is
parabolic with its maximum value on the axis,
and for R̂ = 50 it decreases to become slightly
negative on the axis.

If the wall thickness is chosen to be ŵ = 1,
the value of KC becomes KC = 124.8. Running
the calculation for R̂ = 50, ReNL = 72.7 < KC

shows that as expected, the outer streaming pat-
tern, similar to that of Fig. 10 (top), is not dis-
torted and no extra cell develops. These re-

FIG. 12. Time evolution of the average tempera-
ture T − T0 at several radial positions, R̂ = 50,
ReNL = 66.5, ŵ = 4, x/(λ/2) = 0.25. 1=axis,
2=R̂/3, 3=2R̂/3, 4=R̂.

sults show the relevance of the criterion given
by Eq. (2) with the definition of parameter KC

given by Eq. (3) to assess the existence of an
extra contra-rotating outer streaming cell in the
region near the acoustic antinode. It shows the
essential role of thermal effects in general and of
heat conduction through the guide wall in par-
ticular.

C. Analysis of the time evolution of average temperature and

streaming velocity.

In order to get more insight into the flow dy-
namics, the time evolutions of the streaming flow
and mean temperature are analyzed for R̂ = 50,
ŵ = 4 and ReNL = 66.5. The temperature vari-
ation in time for several points located along the
transverse section at x = λ/8 (in the middle of

the streaming cell) for R̂ = 50 is reported in Fig-
ure 12: This figure shows that the radial temper-
ature gradient is established soon after the wave
is set in the guide, the temperature difference be-
tween fluid near the axis and near the wall being
about 2 degrees after 1000 periods. The temper-
ature difference between the axis and the wall is
equal to 4.7 K at steady-state (Fig. 12). This is
sufficient to create a reversed flow near the axis,
since the criterion of Eq. (2) is satisfied.

Figure 13 shows the time evolution of the
mean temperature at the acoustic velocity node,
corresponding to the heated zone, on the axis
(r = 0) and on the wall (r = R), for R̂ = 50.
Conversely to Fig. 12, it appears that the time
evolution of the temperature is homogeneous
along the guide section. Comparing Fig. 12 and
13 thus permits to distinguish different stages in



FIG. 13. Temperature evolution T − T0 at x = 0,
R̂ = 50, ReNL = 66.5, ŵ = 4. Solid red line: axis,
Dashed blue line: y = R.

the transient evolution: Firstly thermoacoustic
effect yields an increase of mean temperature in
the whole velocity node region; then streaming
flow convects heat from the velocity node region
towards the velocity antinode near the axis.

The time evolution of the axial streaming ve-
locity for two different locations along the axis is
shown in Figure 14, for R̂ = 50 and ReNL ' 70,
for two values of the wall thickness, ŵ = 4
(in which case ReNL > KC) and ŵ = 1 (for
which ReNL < KC). For ŵ = 4 it can be ob-
served that the velocity follows a time evolution
correlated with the mean temperature evolution
(Fig. 12 and 13): It decreases with time and
stabilizes over a long time that corresponds to
the establishment of a transverse mean temper-
ature gradient (about 15000 periods). At posi-
tion x/(λ/2) = 0.4, the sign of the axial veloc-
ity changes after about 10000 acoustic periods,
which indicates the appearance of a reversed cell.

For ŵ = 1, ReNL = 72.7 < KC and the
axial streaming velocity remains positive at both
locations, which is to be expected since there is
no extra cell. In accordance with the estimate
of the characteristic heat conduction time across
the wall, steady state is established much faster
than in the case ŵ = 4.

It is also interesting to analyze the evolution
of the temperature field, especially during the
appearance of the extra cell. Let us first recall
that as shown by Fig. 4, at low acoustic level, the
average temperature is stratified horizontally: in
a given transverse section the temperature is
mostly uniform, satisfying the symmetry condi-

tion on the axis, ∂T
∂r

= 0. These features change
at high acoustic level due to convection by the
streaming flow that becomes important. The top

FIG. 14. Time evolution of the axial streaming ve-
locity on the axis, R̂ = 50, ReNL = 66.5, ŵ = 4,
x/(λ/2) = 0.25 (red dash-dot) and x/(λ/2) = 0.4
(solid red). ReNL = 72.7, ŵ = 1, x/(λ/2) = 0.25
(blue dash-dot) and x/(λ/2) = 0.4 (solid blue). In-
sert: zoom on first 2000 acoustic periods.

figure of Fig. 15 shows the radial profile of av-
erage temperature for x/(λ/2) = 0.4 (R̂ = 50,
ReNL = 66.5, ŵ = 4), 2500 periods after the
acoustic wave is set in the guide. It shows that
the averaged temperature fits a quadratic curve
in r for the first half of the section (which is
also compatible with the symmetry condition on
the axis). This reveals the appearance of a ra-
dial temperature gradient. This gradient then
causes the decrease of the streaming flow, ac-
cording to the analysis developed in16 and sum-
marized at the end of Section II B. The decrease
of the streaming velocity towards zero in turn in-
duces a decrease of the radial temperature gra-
dient. This is illustrated by the bottom figure
of Fig. 15 that shows the radial profile of aver-
age temperature for x/(λ/2) = 0.4, in the es-
tablished regime (25000 periods) together with
a constant fit.

This process converges towards vanishing ra-
dial temperature gradient as well as streaming
velocity. Thus the additional streaming cell that
characterizes high acoustic levels turns into a
zone of almost stagnant streaming flow. This
corresponds to the axial streaming velocity on
the axis at x/(λ/2) = 0.4 remaining around zero
once it has vanished (see Fig. 14).

When the acoustic amplitude is further in-
creased, the same structure of the streaming flow
can be observed and a large stagnant flow area is
still present near the acoustic velocity antinode.
The overall outer streaming flow amplitude de-
creases in a stabilization -or saturation- manner.



FIG. 15. Average temperature (red dots) along
r/δν , x/(λ/2) = 0.4, R̂ = 50, ReNL = 66.5, ŵ = 4.
Top: time=2500 periods, with quadratic fit on first
100 points (blue line). Bottom: Time=25000 peri-
ods, with constant fit on first 90 points (blue line).

FIG. 16. Streamlines of Eulerian streaming flow col-
ored by contours of axial Eulerian streaming veloc-
ity (m.s−1). Top: Experimental result6, R̂ = 140,
KC = 11, ReNL = 30. Bottom: Numerical result,
R̂ = 50, KC = 31.2, ReNL = 66.5.

Figure 16 illustrates the comparison in a
λ/4 area of the Eulerian streaming velocity field
obtained from experiments6, and the present
numerical simulations. The visual agreement
is remarkable and the stagnant zone near the
acoustic velocity antinode is clear in both im-

ages. This comparison validates the ReNL > KC

criterion: Even though geometrical and phys-
ical parameters are quite different, the crite-
rion ReNL > KC is satisfied in both cases and
the streaming flow dynamics is qualitatively the
same.

V. CONCLUSION

The coupling between thermal effects and
outer Rayleigh streaming in standing wave
guides was analyzed numerically. An axisym-
metric numerical configuration was introduced
to investigate the evolution of the streaming flow
structure and average temperature field at in-
creasing acoustic levels. The numerical domain
mimicked the experimental setup used in6 to
avoid the development of shock waves, which
was a novelty of this study. The simulations
highlighted the crucial role of heat conduction
in the wall and the effect of a transverse aver-
age temperature difference on the structure of
outer streaming cells. We had shown in a re-
cent paper that a reverse streaming cell could
form if the classical nonlinear Reynolds number
exceeded a value KC depending on the wave fre-
quency and on thermophysical properties of the
fluid and solid wall. Indeed, as the acoustic level
was increased, the average temperature field be-
came stratified transversely, and the maximum
outer streaming velocity decreased. Simulations
showed the relevance of the criterion for predict-
ing the appearance of new contra-rotating outer
streaming cells of small velocity amplitude near
the acoustic velocity antinodes.

For higher acoustic levels these new cells
evolved into large stagnant zones where the
streaming flow was of very small amplitude and
the temperature field radial stratification de-
creased. The overall outer streaming flow de-
creased in a stabilization -or saturation- manner.
The present simulations correctly reproduced ex-
perimental findings.

This study concludes our search of the physi-
cal mechanisms responsible for the complex evo-
lution of outer streaming patterns observed from
low to high acoustic levels9,11. Our isentropic
simulations showed that non linear coupling be-
tween acoustic and streaming flows is a neces-
sary mechanism to explain the appearance of
the extra streaming cell under isentropic condi-
tions (inertial effects alone cannot explain the
evolution of the streaming flow)9,12. Our present



simulations of the fully compressible Navier-
Stokes equations show that the intricate non-
linear coupling between acoustic streaming and
heat transfer is the most important mechanism,
highlighting the crucial role of thermally con-
trolled boundaries. Non linear coupling between
acoustic and streaming flows still holds but is
much weaker than that between acoustic stream-
ing and heat transfer.

These findings will be useful to further in-
vestigate streaming in practical applications;
among those, it is still necessary to clarify the
balance between thermoacoustic effect, natural
convection, end effects and acoustic streaming
in real thermoacoustic devices.
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