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Bias-dependent Intrinsic RF Thermal Noise
Modeling and Characterization of Single Layer
Graphene FETs

Nikolaos Mavredakis, Anibal Pacheco-Sanchez, Paulius Sakalas, Wei Wei, Emiliano Pallecchi, Henri
Happy, and David Jiménez

Abstract—In this article, the bias-dependence of intrinsic
channel thermal noise of single-layer graphene field-effect
transistors (GFETs) is thoroughly investigated by experimental
observations and compact modeling. The findings indicate an
increase of the specific noise as drain current increases whereas a
saturation trend is observed at very high carrier density regime.
Besides, short-channel effects like velocity saturation also result in
an increment of noise at higher electric fields. The main goal of this
work is to propose a physics-based compact model that accounts
for and accurately predicts the above experimental observations
in short-channel GFETs. In contrast to long-channel MOSFET-
based models adopted previously to describe thermal noise in
graphene devices without considering the degenerate nature of
graphene, in this work a model for short-channel GFETs
embracing the 2D material’s underlying physics and including a
bias dependency is presented. The implemented model is validated
with de-embedded high frequency data from two short-channel
devices at Quasi-Static region of operation. The model precisely
describes the experimental data for a wide range of low to high
drain current values without the need of any fitting parameter.
Moreover, the consideration of the degenerate nature of graphene
reveals a significant decrease of noise in comparison with the non-
degenerate case and the model accurately captures this behavior.
This work can also be of outmost significance from -circuit
designers’ aspect, since noise excess factor, a very important figure
of merit for RF circuits implementation, is defined and
characterized for the first time in graphene transistors.

Index Terms— Bias dependence, compact model, excess noise
factor, graphene transistor (GFET), intrinsic channel, thermal
noise, velocity saturation.

1. INTRODUCTION

RAPHENE field-effect transistors (GFETs) have been

shown to exhibit significant extrinsic maximum
oscillation (fnax) and unity-gain (f;) frequencies with fi ~ 40
GHz, fmx ~ 46 GHz for SiO; substrate devices [1] and f; ~ 70
GHz, fmax ~ 120 GHz for devices with SiC substrate [2]. This
promising performance despite the still early stage of the
technology is mainly due to the extraordinary intrinsic
characteristics of graphene, e.g., high carrier mobility and
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saturation velocity, leading circuit designers to consider these
devices for analog RF applications whereas the lack of bandgap
makes GEFTs unsuitable for digital circuitry [3]. Among such
analog RF circuits [4] —[8], a Low Noise Amplifier (LNA) [7],
[8] is a key circuit for receiver front-end systems. Hence,
understanding of High Frequency Noise (HFN) in short-
channel GFETs is of great importance and shall be modelled
precisely.

In this study, we focus on intrinsic channel drain current noise,
generated from the local random thermal fluctuations of the
charge carriers, resulting to velocity fluctuations (<1*>) and
diffusion noise. For the two-port noise representation, the
channel thermal noise fluctuations should be calculated as drain
current noise spectral density (Sip). Under Quasi-Static (QS)
conditions quite below fi [9], channel thermal noise is
independent of frequency. First works on a thermal noise
analysis in FETs were reported several decades ago [10]-[12],
whereas a long-channel compact model was first proposed by
Tsividis [13, (8.5.21)]. Short-channel related effects were
shown to increase Sip [14] and to account for this, physics-
based compact models embracing Velocity Saturation (VS)
effect were developed for CMOS devices [15]-[21].

A limited number of works dealing with the HFN
characteristics of GFETs is available in the literature [22]-[27].
In order to improve the understanding of noise behavior, and
enhance further the technology, a reliable description of Sip is
required. Up to now, simple long-channel empirical models
taken from MOSFETS, are used to describe Spp in fabricated
GFETs [23], [24], [27] which neither consider the degenerate
nature of graphene and its effect on noise [28]-[30], nor the
behavior of noise at different operating conditions. Thus, the
main objective of this study is the development of a physics-
based compact model for Sip of single-layer (SL) GFETs which
accounts both for the noise bias dependence including the VS
effect and the degenerate nature of graphene. The approach
presented here is based on an already established chemical-
potential based model, describing the GFET IV, small-signal
and 1/f noise characteristics [31]-[33]. To our knowledge, this
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Fig. 1. Measured (DUT) S-parameters from 0.8 GHz to 8.4 GHz at Vgs=-0.5 V
(blue) and 0.5 V (red) for GFETs with a) L=200 nm (EGS) and b) L=300 nm
(EG8). DUT, de-embedded (DEV) and intrinsic (INT-after the removal of Rg,
R, effect) magnitude of ¢) Y, parameter and d) noise resistance R, vs. Vgs at 1
GHz for both EG5, EG8 GFETs. P-type operation region for Vs<0.7 V (EG5)
and 0.8 V (EG8). All data in (a)-(d) reported at Vps=0.5 V.

is the first time that such a complete Sip model is proposed and
validated with experimental data of short-channel GFETs [34]
without the need of any fitting parameter, after appropriate de-
embedding procedures for both Y- parameters [35], [36] and
noise data [37], [38]. In Section II, the devices under test (DUT)
and the HFN measurement set-up are described in detail while
in Section III, the derivation of the Sip model is presented
thoroughly. Finally, in Section IV, the behavior of both the
model and experiments vs. bias is presented where apart from
the Power Spectral Density (PSD) of noise, the significant -
from circuit designers’ point of view-excess noise factor
parameter y [12], [39] and the intrinsic noise resistance Raint
[40] are also shown for the first time in GFETs.

II. DUT AND MEASUREMENT SET-UP

Two SL short-channel aluminum back-gated CVD GFETs
fabricated on a 300 nm thick SiO, followed by 40 nm Al
deposition and lift-off process, were characterized in this study
with a ~4 nm thick Al,O; used as a dielectric layer between
graphene and gate. The total width was W=12x2 pm=24 pm
(where 2 is the number of gate fingers) and gate length L=200
nm (EGS5) and L=300 nm (EG8), respectively. More details on
GFET fabrication can be found elsewhere [34]. On-wafer DC
and AC standard characteristics (S (Y)pur) have been measured
with a PNA-X N5247A and a Keysight HP4142 Semiconductor
Parameter analyzer. Noise parameters (HFNpyr) in source-load
matching conditions have been measured using the corrected Y-
factor technique with a Maury Microwave automated tuner
system ATS 5.21 and impedance tuner MT982. Gate voltage
Vgs was swept from strong p-type to strong n-type region
whereas drain voltage was set to the maximum limit for the
specific GFETs, Vps=0.5 V. Operation frequency for noise
measurements was set to 1 GHz as the main goal of this work
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Fig. 2. Transconductance g, vs. Vgs with markers representing the

measurements (red: IV data, purple: Y parameters data at f=1 GHz) and lines
the model for a) EG5 and b) EG8 GFETs for Vpg=0.5 V.

TABLE I
IV EXTRACTED PARAMETERS

Parameter Units EGS5 EGS8
u cm?/(V-s) 200 170
Chack uF/cm? 1.87 1.87
Vaso \% 0.34 0.37
R, Q 134 134
A meV 145 154
hQ meV 11 11
Ktr 0.35 0.5

is to study Sip at the QS regime (fi ~9 GHz and fi ~4 GHz for
EGS5 and EGS, respectively [34]). A complete de-embedding
procedure was applied to both Y-parameters and HFN data
[35]-[38] (see Supplementary Information SI, §Al). Pad
parasitic network de-embedding from HFNpur and Ypur yields
device data: HFNpgy and Ypgv. Since the basic goal of this
work is to express intrinsic channel thermal noise, the effect of
contact and gate resistances R., Rg, respectively, should also be
excluded from HFNpgyv and Ypev parameters since Rc is not
negligible in GFETSs [41]. After this removal, intrinsic HFNnt
and Ymrare obtained [36, (10)-(13)], (see SI, §A2). To extract
intrinsic Sip from HFN parameters data, the following relation
isused [16, (16)], [21, (5)]:

Sip = 4. KpTo[Y21nr[*Ruint (1)
where Kg is the Boltzmann constant and Ty is the standard
reference (290 K) [16] temperature. Notice that only Y, vt and
Rninrare required to extract Sip from experimental data. Fig. 1a-
1b present the measured Spur parameters in a Smith chart at
Vgs=-0.5, 0.5 V and Vps=0.5 V for frequencies from 0.8 to 8.4
GHz for EG5 (a) and EG8 (b) GFETs whereas, Fig. 1c-1d
depict |Y21DUT, DEV, INT| and Rupurt, DEV, INT, respectively vs. Vags
for the same DUTSs and Vps where the contribution of R., Rg
(EGS5: Rg=18 Q, EG8: Rg=12 Q) to Rar is significant.

To ensure that the IV model [31], [32] describes accurately the
DC operating point at HF operation, the former is validated with
R[Y21ipev], i.€., the transconductance g, of the device measured
through the HF set-up. A model parameter embracing defects
effects and the initial state of traps at different lateral fields [42],
i.e. a trap-induced hysteresis, has been considered here. Trap-
affected performance of the technology used here has been
described elsewhere [42] using the same model. Fig. 2 presents
the modeled and measured g for both GFETs under test vs. Vs
at Vps=0.5 V. The model agreement with R[Y2ipev] is precise,
especially in p-type region, cf. Fig. 2. In this study we focus on
p-type region due to maximum g, recorded there since data
asymmetries [33] are observed between p- and n-type regions
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Fig. 3. Small signal Quasi-Static noise model for a GFET device. g, gasi are
the intrinsic transconductance and output conductance respectively. C,=Cpg-
Cgp where Cgs, Cap, Csp, Cpg are the intrinsic capacitances [32]. Both extrinsic
and intrinsic noise sources are shown. <i>>, <ig>, <ig?>, <ig¥>, <ip>>: gate,
drain, gate resistance Rg, source contact resistance Rg and drain contact
resistance Rp current fluctuations, respectively.

cf. Fig. 1c, Fig. 2. P-type region is defined for Vs<0.7 and <0.8
V for EGS5, EGS, respectively as shown in Fig. lc. gm data,
obtained from the derivative of drain current Ip w.r.t Vgs
matches gn (AC) as shown in Fig. 2. The extracted model
parameters for both GFETs are listed in the Table I where p is
the carrier mobility, Cpack the back-gate capacitance, Vgso the
flat-band voltage, R. the contact resistance, A - the
inhomogeneity of the electrostatic potential, which is related to
the residual charge density po, hQ is the phonon energy related
to VS effect and K reveals the Vps dependence of the trap-
induced shift of charge neutrality point (CNP) voltage Vcne
[317-[33], [41], [42] (for more details on the underlying model
definitions see SI, §B).

III. THERMAL CHANNEL NOISE MODEL

The basic procedure for the derivation of the total Sip is based
on dividing the device channel into microscopic slices Ax,
calculating all the local noise contributions at each Ax and then
integrating them along the gated channel region assuming a
small-signal analysis since these local fluctuations are
considered uncorrelated [19]-[21], [33], (see SI, §C1, Fig. S1b).
The different noise sources of the GFET are presented in the
small-signal circuit in Fig. 3 where apart from Sip, channel
induced gate current noise spectral density Si; as well as the
noise contributions from resistances Rc and Rg are included.
Since the main contribution to minimum noise figure (NFuin),
the measure of two port noise property, is stemming from Sip
as S, is negligible at =1 GHz [16, Fig. 10-12], in this work we
will enhance analysis of the spectral density of Ip fluctuations.
To calculate Sip, a drift—diffusion current approach is used:

Ip = _W|Qgr|UeffE: Heff = = uiat 2)

|Ex| ’
TEc
where |Qg] is the total graphene charge (see (A22) in SI, §B).
The absolute value of Qg indicates the movement of negative
charged electrons and positive charged holes in opposite
directions, additively contributing to the Ip. E, Ex, E. are the
electric, the longitudinal electric and the critical electric fields
respectively and e the effective mobility representing the
degradation of the channel mobility at high electric field regime
due to VS effect. The latter effect is considered in the proposed
noise model since it is expected to increase Sipin short-channels
at high Vps values [15]-[21]. A two-branch VS ug model is
used which is considered constant near CNP below a critical
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Fig. 4. Channel thermal noise Sp vs. a) Vs for low Vps=30 mV (left subplot)
and high Vps=1 V (right subplot) and vs. b) Vps for ug, (left subplot) and ug./2
(right subplot) at two different increased mobility values, p=103, 10* cm?/(Vs),
respectively for EG5 GFET at =1 GHz. Total Spp and its different contributors
are shown with different colors.

chemical potential value Vet and inversely proportional to
chemical potential V. above Vit [33], (see (A24) in SI §B).
Total Sip along the gated channel is given by [19, (6.3), (6.4)]:
Lsalz (0,x) 812 (w,%)

Sip = J, dx = f GZyAR? —1—dx (3)
where Gen is the channel conductance and AR the resistance of
the slice Ax of the channel, Ss/%, the PSD of the local noise
source and Sz ’,p the channel noise PSD due to a single noise
source (see SI, §C1). perr can be considered a function of both
channel potential V and Ip through Ex(V, Ip) where the latter
depends on the position x along the channel [19, §9.4.1], [20].
Thus, Ip is defined as:

W V af
Ip =f(V,1p) = ;fVS|Qgr|ueff(v, Ip)dV = dlp = —dV +

of —dp _ of | of dip - —W|Qgr|“eff
alp dlp ©Gs =37 =5y alp dv ST wiY IQgrlauefde
S
“)
since it can be easily shown from Ip definition in (4) that:
Olteff
T |Queluerr 5= % | Qel B av (5)

where Gs is the transconductance on the source side (see SI,
§CI1, Fig. S1b). The next step would be to calculate Ope/ Olpin
the denominator of (4) [19], [20]:

1 0Ex
— Heff gE 1

OHefr __ OMeff OEx OE _ W OEx 0E _ W = Opeff (6)
alp 0Ey OE dlp eff 5E a1p fg_g > Heff = 35

where from (2):

alp _

9E W|Qgr|ud1ff (7

(for more details see (A29) in SI, §C2) with E. OE/OE=Ej (see
(A17) in SI, §B) where pair= pertp estEx [19, (9.3)] is the
differential mobility. By using (6) and (7) in (4), Gs yields:
W|Qgr|He
Gy = —Larliert_ ®)
J‘V ”effﬁ
Vs Hgiff

Similarly, the transconductance on the drain side Gp [19], (see
SI, §C1, Fig. S1b) can be calculated by following an identical
procedure as in the Gs case [19], [20]:

W|Qgr|”eff
Gp = — M — ©)
L—x+ [, D—fLOE gy
Kdiff
and thus, Geris given according to (8), (9):
1 1 1 W{Qgr |Meff
- (10)
CH S D va ueff_aE av
Vs Haifr

(for more details see (A27) in SI, §C1, (A30) in SI, §C2). For
AR calculation, (9) is applied from x to x+Ax [20]. With the
help of wirr definition and E. OE./OE=E, as mentioned before:
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AR=—=_—2% (11)
AG  W|Qgr|uaite

(for more details see (A31) in SI, §C2).

In presence of an electric field, equilibrium does not stand
anymore locally in the channel and thus, Einstein-relation
between mobility and diffusion coefficient cannot be applied
directly [19], [29], [30]. This can be dealt with the assumption
of an Einstein-like expression to stand in nonequilibrium and
the definition of a noise temperature T,~T. where T. is the
carrier temperature [19, (9.141, 9.142)]. For degenerate
semiconductors like graphene, the contributions of total charge
carriers to Ip and Ss%, are no longer independent [28], [29] and
thus, Ss?n must be multiplied with ANYN=(KpTi/ng).(
0Ong/OEF) where AN?is the variance and N the average number
of carriers [29, (3)], [30]. Ss% can be calculated if (11) is
considered as [19, (6.13)]:

oy (0,5) = e = HEIEEL — i, 1 ATy | (12)

(for more details see (A32) in SI, §C2) where Ty is the lattice
(room) temperature, ng=|Qgl/e [31] is the graphene charge
density where e is the elementary charge, EF=e|V| is the shift
of the Fermi level [32], (see SI, Fig. Sla), Ur=KgTi/e the
thermal voltage at room temperature and k a coefficient [31],
(see SI §B). Thus, (3) is transformed because of (10)-(12) as:

Spp = 4K TeUrk = " b M|V, | dx (13)
L7770 gy
where (e pair=p [41, (A36) in SI, §C2]. M is given by [19]:
1 1 L \?2
M= 1 OE 2=( de q|V|) (E) (14)
<1+ f\‘,’guizf?xdv> e Ves ugar

(see (A37), (A38) in SI, §C2) where Cq=k|V| is the quantum
capacitance [31]-[33], (see SI, §B, Fig. Sla), C is the sum of
top and back oxide capacitances, L.raccounts for an effective
channel length representing the reduction of Ip due to VS effect
[31]-[33] and thus, two cases shall be considered for its solution
according to the two-branch us model applied in this work (see
(A24), (A25) in SI, §B). V¢, Ve are the chemical potentials at
source and drain sides, respectively (see, (A23) in SI, §B). From
[19, (9.150)], (see (A17) in SI, §B):

oy Mo Te - (20) (4 D)
Hetf = u\/T;c > L (ueff) B (1 + EC) (15)
and (13) becomes due to (14), (15):
SID = 4’KBTLUTk|.1 w f (1 + |EX|) |VC|dX =

4Ky T, Urkp - [f |V|d +J; z'EX' IV, |dx +

L X
INE) |vc|dx] (16)
Integral in (16) can be split into three integrals named Sipa, Sig,

Sioc. In order to solve each one of them, the integral variable
change from x to V.shall be applied (see (A19) in SI, §B). Thus:

WL
Sipa = 4'KBTLUTkP-LT“f0 [Veldx =

Ved |Vc||Qgr|2Leff Cqt+C ]
[fvcs <_ kgyc ( C ) dVC_

4Ky T, Urkp—-| | a7

R ()|

which again is split into two integrals, namely Sipa; (1% in the
brackets) and Sipa> (2" in the brackets) as Sipa= Siai- Sipa
where:

Sipa1 = 4Kg TLUTkll

M e (Ve vl + 0 (V2 +

VCS

vcLefr

[ acv§+av§ _I_cv‘g_l_k_vg]

2k 3 7 4 5

)) dVe = 4K T, Urky

Cgcheff
(18)

where gV. is a normalized Ip term (see (A21) in SI, §B) and a
is related to residual charge [31]-[33]. VS effect contributes to
Sipar only through Leg while for Spa, both Leg and ug are
included. As in Lex solution (see (A25) in SI, §B), two cases
shall be considered for the solution of Sppa> according to the
two-branch ug model (see (A24) in SI, §B). Thus, near CNP

Sipaz =

4K T, Urkp?

Ved

VCS

-

[kV3

Vea (kV2
CLZ f cs ( )IdV | =4KyT, Urky® CSLgff

|Vc| < Vccrit (l9a)
whereas away CNP:

Ved

Vg [ KVE [v2+d
SIDA2—4KBTLUTkI1 Lz f ¢ N |ch|=

4Kp T, Urkp? CNLZ = (KV[VZ + a/k(a + 2kV2) —
VCS
«?In(V, +/VZ + a/k))]v | > Vel > Veerie (19b)
cd

(for S, N definition see (A24), in SI, §B). The absolute value in
the analytical solution of (19) comes from |[dV.| in order to
distinguish two cases for Sipaz depending on the sign of dV..
Thus, in the case of dV.<0—V>Veq (Vps>0)—|dV [=-d V., the
integral is solved from V¢4 to V¢s while when dV>0—V<Vq
(Vps<0)—|dV=dV,, the integral is solved from Vs to V4. For
the solution of Sipc (see (A40) in SI, §C3), the main idea was to
express electric field as: E>=(-dV/dx)(-dV/dx) (see (A17) in SI,
§B) and then both sides are integrated after being multiplied
with dx which has as a result a double integral notation. Sipc is
directly affected by the square of us, thus again two different
cases shall be considered. Near CNP:

Ved (Ve kvC
Sipc = 4Kp T Upkp® —— [ [ a GdVeD? |[dV,||dV,| =

LCZL2 Ves “Ves
w Kk? Vc
4KBTLUTku3m(VCS - cd) [+ ] Vea |Vc| < Vccrit
(20a)

and away CNP:
Sinc = w2 )

Ved (Vea KIVED3(VE+a/k
4KpT Urky® LCZLZ fvcs‘i [ = 1dVclldv.| =

4K T, Urkic gz (Ves = Ve [k (S + kZ)]:d 5

|Vc| > Vccrit (20b)
Oppositely with Sipa2, Spc has always the same solution
regardless of Vpg polarity, since the sign of the product
|dV¢||dV=dV..dV. for dV>0 (Vps<0) or |dV||dV|=(-dV)(-
dV,) for dV<0 (Vps>0) is always positive. In , F notation in
(18)-(20), top sign refers to V>0 and bottom sign to V<0 case.
It can be easily shown that Sg=2Sa> (see (A39) in SI, §C3)
which means that Sip= Sipa+ Sips+ Sipc= Sipait Sazt Sic.
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Fig. 5. Spp vs. Vgs for a) EG5 and b) EG8 GFETs for Vps=0.5 V and f=1 GHz.
markers: measured, solid lines: model, dashed lines: Non-degenerate model.
Sipa1, Sibaz and Sipe in (18)-(20), respectively can be solved in
a compact way which is of outmost importance for circuit
designers. It is critical to mention that the signs and the absolute
values of V¢, Vg define different regions where Vs, Vg belong
(p- or n-type, above or below Vuit) and the integrals shall be
solved in each of these regions and then added (see SI, §E of
[33]). S as well as its contributors (Smai, Smaz and Sipc) are
illustrated in Fig. 4a for both low and high Vps at left and right
subplots, respectively vs. Vgs for the EG5 GFET where the
simulations were conducted with the IV parameters from Table
I. It is apparent that in low electric field regime, VS induced
terms Sipaz and Sipc are negligible and Sip=Sipai. Sipai has a
dependence on VS through Legrbut in low Vps, L=Lefr. At Vps=1
V, Sip2 and Sipc have become significant and they increase total
Sip. It is also clear that each noise term increases as we go
deeper in p- and n-type region, respectively. In addition to the
model validation with the low mobility DUTSs used in this work,
cf. Table I, we have benchmarked our model at two higher p
(10%, 10* cm?/(V.s)) values. HFN related terms are shown in
Fig. 4b vs. Vps at Vgs=-0.6 V where Sip is maximum, cf. Fig.
4a, for EG5 GFET. All noise contributors increase with p as it
is predicted from (16) and shown in Fig. 4b while any additive
increase of (1+|E|/E.)? term with p in numerator of (16) through
Eq, cf. (2), is largely counterbalanced from the corresponding
increment of L%in the denominator of (16). In the right subplot
of Fig. 4b, a usy/2 case is shown, where VS effect is more acute
than the ug case (left subplot) mainly due to a steeper Sipai
reduction with Vps caused by the ~1/Ler—~Uug trend of Sipai,
cf. (18). Spaz, Sipc exhibit a direct ~1/ug and ~1/uq
dependence respectively, through S, N VS-related parameters
while the concurrent ~1/L2ep—~ug contribution, cf. (19)-(20),
leads to a ~ug trend and thus, to a saturation of Sipaz at high
Vs, and to no decrease for Sipc with Vps as the different effects
are compensated there.

IV. RESULTS — DISCUSSION

The proposed Sip model is validated with experimental data
from two short-channel GFETs in this section. As mentioned
before, the measurement frequency f=1 GHz primarily ensures
the QS region of operation which results in a frequency
independent behavior of Sip. At Non-QS regime, one should
deal with induced gate noise as well as carrier inertia effects
which would produce different current noise PSDs at source
and drain; the latter is not the purpose of the present study.
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Fig. 6. Noise excess factor y (a) and intrinsic noise resistance Ryt (b) vs. Vs
for EGS (red) and EG8 (purple) GFETs for Vps=0.5 V and f=1 GHz. markers:
measured, solid lines: model, dashed lines: long-channel model.

Thus, in the following plots the attention is focused on the bias
dependence of noise. In Fig. 5, both measured and simulated
Sip are depicted vs. Vgs at Vps=0.5 V from strong p-type to
strong n- type regime for both devices where asymmetries of [V
[33] and Y-parameters data, and consequently Sip data are
recorded. Additionally, the reduced gain due to low |gm| near
CNP does not ensure accurate R, measurements there since a
sufficient gain is required for the Y-factor HFN measurement
method, thus Vgs points very close to CNP (Vs=0.6, 0.7 V for
EGS5 and Vgs=0.7, 0.8 V for EG8) are omitted. Experimental
data are extracted from (1) at any bias point since noise and Y-
parameters are measured simultaneously from the same set-up
while simulated data are obtained by solving (16) with (18)-
(20). The model provides accurate description of the
experiments for both GFETs in p-type regime where we focus
our analysis since maximum g, is estimated there, cf. Fig. 2.
This work for the first time considers the degenerate nature of
graphene and how it affects Sip performance thus, the non-
degenerate case is also shown in Fig. 5 for comparison reasons.
For more details on the extraction of the non-degenerate Sip
model see SI, §C4 where the contributions of total charge
carriers to Ip and Sg?y are independent, thus Sg?, is not
multiplied with AN*N [19], [29], [30]. Non-degenerate case
(dashed lines in the Fig. 5) overestimates Sip almost one order
of magnitude for both devices. These results clearly show that
the application of Sip models taken from MOSFETs related
noise models with assumption of non-degenerate channel
directly to GFETSs is not valid.

An important Figure of Merit (FoM) for RF circuit design for
noise performance is an excess noise factor y, introduced by
Van der Ziel [12] and widely investigated in CMOS devices
[13], [19]-[21], [39]:

_ &n _ Sip
VT B0 T 1)

where gni is the intrinsic transconductance of the device
(removed R. and Rg resistances) and g, is noise conductance
[19]-[21]. The latter is defined by the Sipin (16) with (18)-(20),
divided by 4KgT¢. Initially, excess noise factor was referred as
o whereas y was the thermal noise parameter defined as gn/gdso
where gus is the output conductance at Vps=0 V [12]-[18].
Thermal noise parameter is not an ideal FoM for analog/RF
design since g, and gu, are evaluated at different operating
conditions [19], [21]. Excess noise factor is of outmost
importance for noise performance in RF circuits since it
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accounts for the generated noise at the drain side of the device
for a given transconductance [19], [21], [39]. g. and gmi can be
evaluated for the same bias point and y is important to
determine the noise figure (NF) of an LNA [21]. In this work,
excess noise factor y is for the first time characterized for
GFETs. Consequently, measured and modelled y are displayed
in Fig.6a vs. Vgs at Vps=0.5 V for DUTs. Data are extracted by
using (1) for Sip in (21) while model by using (16) with (18)-
(20) in (21). Measured y can be up to ~3 to 4 showing an
increasing trend with higher carrier densities. The model
precisely captures this behaviour. Simulated y for long-channel
case is presented with dashed lines by de-activating VS effect
(hQ parameter) in our model, cf. Fig. 6a. This leads to an
underestimation of y by up to 30%, compared to measured data.
Noise resistance behavior versus bias is depicted in Fig. 6b.
Taking into account (1) and (21), Runtcan be calculated as:

gn (22)

IY211Nl?

and then compared to the measured Rt cf. Fig. 6¢-6d. The
results present a consistency of the model vs. measured data,
whereas Rninr increases towards to stronger p-type region.

For more explicit analysis, Sip, Y and Ryt for both investigated
DUTs are shown vs. Ip and gn (insets) in Fig. 7a, 7b and 7c
respectively for Vps=0.5 V. The proposed GFET noise model
accounts well the measured data: Sip, Y and Rant dependences
on Ip, cf. Fig. 7. Presented parameters increase with Ip and such
trend agrees with results from MOSFETs [15]-[21]. In terms of
S, there is a saturation-like trend at higher Ip values (or at
strong p-type region as shown in Fig. 5) which also agrees with
findings from CMOS [15]-[18], [21]. Moreover, the shortest
device (EGS) exhibits higher noise as it was expected. This is
more evident in the insets of Fig. 7 vs. gn since both GFETs
appear to have similar g, while maximum g, value corresponds
to minimum noise.

Rumnt =

V. CONCLUSIONS

A complete physics-based analytical intrinsic channel thermal
noise model in QS region of operation for GFETs is derived and
verified on the measured data. The presented Sip model
describes precisely the bias dependence of noise, including VS
effect while it also considers the degenerate nature of graphene
for the first time. The proposed model can be easily
implemented in Verilog-A for the use with circuit simulators.
The model is successfully validated with experimental high
frequency Y-parameters and noise data without the need of any
fitting parameter which proves its physical consistency. Noise
PSD increases with Ip and saturates at deep p-type region
similarly to CMOS devices. Apart from Sip, noise excess factor
v is defined for the first time for GFETs. Its value for the short-
channel GFETSs under test reaches maximum from ~3 to 4 at
higher Ip (EG5: ~1.8 mA, EG8: ~1.4 mA) away from CNP
whereas it is lower for smaller currents near CNP (EG5: ~1.4
mA, EGS8: ~1.1 mA). This trend is successfully predicted by the
model whereas the simulations without taking into account VS
effect reveal an underestimation of y around 30%. Furthermore,
Sip, ¥ and Runt present a minimum at highest g, value which is
a very useful information for the circuit design point of view.
These quantities are higher for the shortest device and the
proposed model fits accurately this characteristic which is
indicative of a proper scaling behaviour. GFET HFN studied in
this work, shows comparable results with CMOS [20]
indicating that this emerging technology is on a good track of
development and could eventually compete with incumbent
devices without facing the scaling limitations of the latter.
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A. Supplementary Information: De-embedding process and extraction of intrinsic |[Y21int| and

noise resistance Runt parameters
Al. RF and noise de-embedding

De-embedding is the process of removing unwanted parasitics from high frequency measurements and
has to be applied at the Device Under Test (DUT) before the extraction of any device parameter. After RF
and noise de-embedding, the de-embedded parameters will be referred as DEV parameters. In this study,
an open-short-pad de-embedding procedure was applied for the extraction of Ypgv parameters [35]-[36]
since OPEN, SHORT and PAD structures and data were available for the DUT. In more detail, measured
S-parameters (Spur) are transformed to Y-parameters (Ypur) and then the following equation is applied:
Ypev = [(Ypur — Ypan) ™" — (Ysuort — Ypap) 717" — [(Yopen — Ypan) ™" — (Ysuort — Ypan) ~'17*
(AD)

It is crucial to mention here that for noise de-embedding, S-parameters have to be measured together with
noise parameters (HFN) since Ypgyv parameters participate in the noise de-embedding, as it will be shown
later. For noise de-embedding, an open methodology was applied which is based on the noise correlation

matrix approach [37] according to the following steps [38]:

1. Calculation of the measured correlation matrix Capur
NFminpyt—1 *
C KT RnDUT 2 - RnDUT(YoptDUT) A2
ADUT — B INFhinpuT—1 R v R |Y |2 ( )
2 nDUT *optDUT nDUT | *optDUT

where Ripur, Neminput, Yoprpur are the measured HFN parameters while * symbolizes the complex con-
jugate.

2. Conversion of Capur to Cypur:

SI
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Cypur = TDUTCADUTTDUT1 , Tpyr = _YMDUT 0] (A3)
21DUT

where I corresponds to the transpose and complex conjugate matrix.

3. Calculation of Cyopen:
Cyopen = ZKBT:R(YOPEN) (A4)
4. De-embedding of Cypev as:
Cypev = Cypur — Cyopen (AS)
5. Conversion of Ypgy from (A1) to chain matrix A as:
-1 Y22pEV 1 ]

A =— A6

PEV ™ o106y | Yi1pEv Yo20EV — Yi2DEVY21DEV  Y11DEV (A6)
6. Conversion of Cypgy to Capev

0 A
Capev = TADEVCYDEVTADEVI , Tapgy = 1 AlzDEV] (A7)
22DEV
7. Calculation of noise de-embedded parameters HFNpgv from Capgv
NFmin -1 *
RnDEV % - RnDEV (YoptDEV)

Capev = 2KgT (A8)

NFmin -1 2
% - RnDEVYoptDEV RnDEVlYoptDEV|
It is apparent from (A6)-(A8) that de-embedded Y pev parameters participate directly into HFN parameters

de-embedding.
A2. Contact and gate resistance removal from de-embedded Y and noise resistance parameters

Whereas in CMOS technologies, contact resistance R effect on Ypev parameters can be neglected since
Rc is very low, this is not the case for GFETs thus, this effect shall be removed. Regarding Ypev, the
procedure proposed in Ref. [36, (10)-(13)] is applied to remove R. effect. After removing R. contribution

from Ypey, intrinsic Y-parameters YNt can be calculated as:

Yint(rG) =
[ w?RgCE¢ + jwCaq —w?RgCq6Cep — jwCap
8mi — W*RgCq6Cpg — jw(Cpg + 8miRaCae)  8asi + ®*RgCaq6(Cop + Csp) + jw(Cgp + Csp — gasiRaCaa)
(A9)

As it can be observed from (A9), gate resistance Rg contribution to YNt parameters is still there and has

also to be removed. Intrinsic Y-parameters Yt without R contribution are given by [32]:
jwCeg —jwCgp

8mi —JwCps  8asi +j(Cep + Csp)

Imaginary parts of Yiimnt®a), Yi2int®G) and Yiint, Yi2int in (A9-A10), respectively are the same thus

Yint = (A10)

Caa, Cop and Rg can be extracted:
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_ 3(Y11INT) _ =3(Y121nT) _ R(Y11INT(RG))
Cec=—, +Cp=—"_ Rc= SamD)? (ALT)

Cbg can be calculated by imaginary part of Y21inTRG) in (A9) as:

3(Y21NT(RG))

S(Vaantra)) = —0(Cpg + 8miReCaa) = Cpg = — " — 8miRcCac (A12)
whereas gmi from the real part of Yointre) in (A9) if (A12) is used:

3(Y
R(Y211nT(RG)) = 8mi — ©*ReCe6Cpe = 8mi — ®?ReCeg (—W - gmiRGCGG) (Al3)

In (A13), gmiis calculated as it is the only unknown term and then from (A12) Cpg is also extracted. Thus,
Y21t in (A10) is calculated which is essential for the intrinsic channel noise, as shown in (1) of the main
manuscript. For the complete characterization of Y ntparameters in (A10), Yot must be extracted. Thus,
Cap +Csp, and consequently Csp, can be calculated by imaginary part of Y22intra) in (A9) as:

_ 3(Y22inT(RG))

S(Yazintray) = @(Cap + Csp — 8asiReCac) = Cop + Csp = — 5 T8asiReCaq (Al4)
whereas ggsi from the real part of Y2ounrra) in (A9) if (A14) is used:

(AEmwa) g, ReCo) (A1S)

In (A15), gasiis calculated as it is the only unknown term and then from (A14) Csp is also extracted.

R(Y22in1(ra)) = 8asi + ©?RgCa6(Cop + Csp) = 8asi + ®?ReCeg

For the purposes of this study, only intrinsic noise resistance parameter Runr is needed for the derivation
of intrinsic channel thermal noise as it is shown in (1) of the main manuscript. Intrinsic noise resistance

is calculated as if (A8) is considered [40]:

C
Roint = Rupev —R¢ — Rg = %:;V —R¢ —Rg (Al6)

B. Supplementary Information: Definitions of basic quantities of the IV model

Quasi Fermi
level {-e.V)—
_ I(E_V) Gate
-e.p=-e.(V+V )}— c
Dirac point a) e Ax—
x A
b)
Scurce_ i Drain
5Ir~|D
VesVessT T VgsV
GS™V GSD Cq==*VC(X) BS"VBSO |

T Vix) T

Fig. S1. a) Energy dispersion diagram of GFET (top) and its capacitive circuit (bottom) are shown. b) The equivalent circuit
for a local current noise contribution to the total noise is illustrated. Each noise-generating slice of the channel is connected to
two noiseless GFETs, M1 and M2 respectively.

Ghack

Fig. Sla depicts the equivalent capacitive circuit of the CV-IV chemical potential-based model [31], [32]

where quantum capacitance (Cy) is the derivative of graphene net charge Qne and chemical potential V(x).
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A linear relationship is considered between Cq and V. (Cq=k| V. |) where k=2¢*/(nh?u*f) [31] with e the
elementary charge, ur the Fermi velocity (=10° m/s) and h the reduced Planck constant (=1.05-107* J.s).
V(x) corresponds to the voltage drop across Cq at channel position x and equals to the potential difference
between the quasi-Fermi level and the potential at the CNP, as illustrated in the energy dispersion relation
scheme of graphene in the top drawing of Fig. S1a where V(0)=V.s and V¢(L)=V.q4 at the Source (x=0)
and Drain (x=L) end, respectively. Top and back gate source voltage overdrives are represented as: Vgs-
Vaso, Ves-Vaso whereas top and back gate capacitances as: Ciop and Cpack Where C=Ciop +Cpack. V(X) is the
graphene channel quasi-Fermi potential at position x, which equals to zero at the Source and Vps at the

Drain end respectively. It is known that [31]-[33]:

d
av Usat dy dv Cq+C  dV C_ dy _ dv+dvc Cq Ex _ o
E=——’ EC= ’EX=——'—=— - — = ==, T =g =
dx u dx’ dve C AV~ Cq+C’ dv. dve c'E IV
X
d dy dv c dE
dy _ dydVe _ Cq _ dByp _ p (A17)

dv ~ dVc dV  Cq+C  dE
where y=V+V. is the electrostatic potential and all other quantities are defined in the main manuscript.

Equation (2) of the main manuscript is transformed due to (A17):

_ d\y avel|l _
ID = _Wngrlueff Wngrlueff dx |Qgr| u d\u| d H ID [1 +— Vsat dVC dx ]
Usat
v dve B Cqldvel] _ Cq+C dvC PWKgyc
W Qg ln -G = Ip 1+ Sl IVel] = —W]Qge 1= where I, = e [30] (A18)
Then from (A17), (A18) we can end up with equation:
dx _ —|Qgr[2Lefr (Cq+C) _ u (Cq) ldV|
dVe  Kkgye ( C ) Vsat ( c) dv, (A19)

If we multiply both terms of (A18) with dx and then integrate from Source to Drain we get:

Cq+C % KIVel+C
I —Wufvccsd|Qgr| —av, _ W [ CS|Qgr| | Cl dve A20
DT e S avy L fcd“'VC'l | (A20)
K Vcsu tC ¢ Ves usatC €

Bias dependent term gV.in (A18), (A19) which expresses the normalized drain current, is in fact the

numerator integral in (A20) and is calculated as [31]:

= [V, + 2005 = YEVet 4 X [gn(vi,) VA — sgn(Vea) Vil + 522 (A21)
Graphene charge is given by [3 1]—[33]:
K
|Qgr| = 3 (VCZ + (X/k) (A22)

where 0=2.poe is a residual charge (po) related term whereas chemical potential at source and drain is

calculated as [31]:
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C—JCZ +2K[Ctop(Va—Vaso—Vs,pINT)+Chack (VB—VBso—Vs,pINT) ]

tk

Vcs,d = (A23 )

In the denominator of (A20), Lesr is defined which represents an effective length to take into account
Velocity Saturation (VS) effect. The thorough procedure of its extraction will be presented below. To
proceed with the calculation, two cases should be distinguished regarding us.: value as described below;
one for V<V.uit where us,: is constant and the other for the opposite conditions where us. is inversely
proportional to sqrt(V2+a/k) [33].

(2 =5 =66210m/s > V| < Veerie
ot = 1 ] 8__ 8 O o NN =P V] > Ve (A24)

nlQgr] 2. 2, 2, &
| = JLk(VCLE) CE N IC
2e

\

For the first case where us, 1S constant we take:

[£5we],”

Ved

Vca K|V,
Leff =L+ vaccsd%ldvcl =L +% - |Vc| < Vccrit (Azsa)

whereas for the second case where s is inversely proportional to sqrt(V.>+a/k) we have:

=5 +)"]
The absolute value in the analytical solution of (A25) comes from |dV.| in order to distinguish two cases
for Lesr depending on the sign of dV.. Thus, in the case of dV.<0—V>Ved (Vps>0)—|dV[=-dV,, the
integral is solved from V¢4 to Vs while when dV>0—V<Veq (Vps<0)—|dV[=d VL, the integral is solved
from Vs to Vea.

* 4+, + : Top sign refers to V>0 and bottom sign to V<0.

o
_ Veq  VEFgKIVel Ves
Leff - L + IJ' fVCS NC

k
|ch| =L+ % - |Vc| > Veerit (AZSb)

Ved

C. Supplementary Information: Thorough procedure for channel drain current noise derivations.
C1. General methodology

As described in [19 §6.1.1], the methodology for noise derivations applied here, considers a noiseless
channel apart from an elementary slice between x and x+Ax as shown in Fig. S1b. This local noise con-
tribution can be represented by a local current noise source with a Power Spectral Density (PSD) Ssi%
which is connected in parallel with the resistance AR of the slice. The transistor then can be split into two
noiseless transistors M1 and M2 on each side of the local current noise source, at the source and drain
side ends with channel lengths equal to x and L-x respectively. Since the voltage fluctuations on parallel

resistance AR are small enough compared to thermal voltage Ur, small signal analysis can be used in
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order to extract a noise model according to which, M1 and M2 can be replaced by two simple conduct-
ances Gs on the source and Gp on the drain side, respectively. The PSD of the drain current fluctuations
Ssr’np due to a single local noise source is given by [19, (6.3)]:

SSIﬁD (w,x) = GéHARZSSI%, (w,x) (A26)

where o is the angular frequency and G is the channel conductance at x where [19, (6.2)]:
1 1 1

Gn G T Gp (A27)

Total drain current noise PSD along the channel is obtained by summing the elementary contributions
Ssr’np in (A26) assuming that the contribution of each slice at different positions along the channel remains
uncorrelated [19, (6.4)]:

LSz (@) 2 (@)
Sip = [ —~2—dx = [, G&yAR? A i . — dx (A28)

which is also (3) of the main manuscript.

C2. Useful relations

In this subsection, we provide the complete step-by-step derivations of (7), (10)-(12) and (14) of the main
manuscript. Moreover, some useful relations between effective mobility pef;, its derivative w. r. t. longitu-

dinal electric field p’er and differential mobility pairr are calculated which will be very helpful for the

derivation of the final noise compact model. In more detail, (7) of the main manuscript is solved due to

2):
dlp _ _6W|Q |U ffE Opesr OE
m= s = ~WIQglterr = W|Qge| T T E = ~W|Qur| Chetr + MesrEx) = —W|Qgr|aiee
(A29)
Equation (10) of the main manuscript is solved due to (8), (9) and (A27):
VH ffa H ffa \% H’ffai
eff 9E oo (VDHeff 3E pHeff 9E
ST TN v g e o0 " v i O — LHVS i OV = Gry = W]Qgr|Hett (A30)
GcH Gs Gp W|Qgr|i‘-eff W|Qgr|ueff W|Qgr|“eff CH Lt VDu,effaaLg
*hs Kdiff

Equation (11) of the main manuscript is solved due to (9), (A17) and pais definition:

RTINS Ax Mhprax Mefr
X+AxHeff gE X+AX eff 9E e
Ax+ —=0F —q Ax+ ——0%Ed AX<1 -E >
AR = L = Xt haiee ax O I Raiff - _ *uaift) _ Ax(Hefr+ierEx—terrBx) _ Ax
AG W|[Qgr|Hefr W|Qgr|Hefr W|Qgr|uefr W|Qgr|uefrhaitr W|Qgr|Haitr
(A31)

Equation (12) of the main manuscript is solved due to (11) and AN?/N=(KgT1/ng).( Ong/0EF) where AN?

is the variance and N the average number of carriers [29, (3)], [30]:
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0|Qgr|
4KgTp _ 4KgTcAN?  4KgT. KTy Ongr  4KgT. KT, ov; _ 4KgT:KgTpk

SSI%((‘)'X) TTAR AR N AR ngr 0EF AR Qg ZETF ~ AR e|Qgl Vel =
4Kp T 4T | | (A32)
Regarding mobility relations, we have:
_ M HEC 2 _ _ (REQ)?
Heft = B ™ feydvee Pt ™ Gkl (A33)
and
HEC
! =a|’leff — a(lEXH'EC) — —UECcEx (A34)
eff ™ 9E, ) |Ex|(|Ex|+Ec)?
Due to (A33), (A34), differential mobility is given:
MEc | —MECER _ pEc|Exl(ExI+Ec)—pECEX _ _ uEG
aifr = Herrt HetEx= Tp L et e 480~ (e (B vE0? (Bal+EcP (A35)
and from (A33), (A35):
(uEQ)”
Merr _ (lEx|+Ec)
A
Maige _ MEC —H (A36)
(IExl+Ec)*
whereas from (A34), (A35):
ﬂ dy C
Wi _ Enl(ExiEQ® _ By _ g _ _avgdVe _ —Mve  ave (A37)
e E2 dy o | ¢ |Ca -
Haiff _ MET EcIExl Ec|——| Ec|—Wch| EC|TdVC| EcldVc|
(IExl+Ec)” ¢
Equation (14) of the main manuscript is solved due to (A17), (A20) and (A37):
_ 1 _ 1 _ 1 _
- 2 ed_—dvg C Cq+C 2 CqdV z
( f\‘llDuefdev> <1+ fvcsd“sat|d$/c|cq3C( c )dvc) ( CLfVcs uSaqt|d‘Sc|dV)
S Hdiff
2
) (438)
( fVcs usatI Ve l)
C3. S, Sipc thermal noise integrals — degenerate nature of graphene
Sipg after the consideration of (A17), (A19) becomes:
Ex
Sibg = 4KpT Utk - f v2 I|v |dx =
AR T Urkt - fg 22 I Vel g doe = 4Ky T Urkp - [P 2 = Vell—dv] =
S usatC +C
Ved 2 Veg 2p C
4Kp T, Urkp —— iz fvcsd " Cq+c oo dve| = 4KBTLUTkuE J, Sdu — = VAIEVA (A39)

It is apparent from (19) in the main manuscript and (A39) that Sipg equals to the double of Sipa.
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Sipc is given by the following equation if (A17), (A19) are considered. Electric field is written as E*>=(-
dV/dx)(-dV/dx) and then both sides are integrated after being multiplied with dx.

Sipc = 4KpT, Uk ﬂfL( ) IV ldx = 4KpT, Urkp - [ £ (o 2| -5 —d—v|d =
ipc = *RplLUr HLgff 0 X =aRgl Ut Hszf 0 uZ, \CqtC Ve dx ax| 4X

_ ﬂ Ved I-l2
dXSIDC B 4‘KBTLUTk|J Léff fVCS ugat (Cq+C) Ve Vc

w Ved Vcdp._z Cq CqtC
4KBTLUTkuL§HfVCS et (L) (2 Wellavelavel & Sine =
\’ Vea (k|V

AR T Urkie® [ [ fv;d(LCD |dV,||dV,| (A40)

C4. Thermal noise integrals — non-degenerate approximation

The thermal noise integrals in (18)-(20) of the main manuscript are derived and solved after the degenerate
nature of graphene is considered. Since all of the analytical models available in literature consider a non-
degenerate approximation [19], thermal noise for non-degenerate case should also be calculated for gra-
phene for comparison reasons. Thus, the local noise source PSD is also calculated for the non-degenerate
case where it is given:

4KgTn
AR

WP—dlff' Qgr|

581121((0’ X) = = 4KBTC (A41)

If (A41) is considered for the local noise source, then total drain current noise in (16) of the main manu-

script is calculated as:

2
Sip-w> = 4K T | [y 1Qarlx + [y 22220 [Qgelax + [ (£2) [Qgrle (A42)

As in degenerate case, (A42) can be split into 3 integrals named Sipa-np, SipB-ND, Sipc-ND, respectively. In
order to solve each one of them, the integral variable change from x to V. described in (A19) shall be

applied. More specifically for Sipa-np:

I[f:“‘ <_ |ler(|22Leff (Cq+C)> dv, _]I
W L cs 8vc C
Sipa-np = 4KpTukit gz fo'|Qgrdx = 4KpTin 3 (A43)

e ) av J|

which again is split into two integrals, namely Sipai-xp (1% in the brackets) and Sipa2-np (2™ in the brack-
ets) as Sipa-~np = Sipa1-np — Sipa2-np Where:

2 2 2v72
2 _ w a“CV¢ a“Vg
Sipa1-ND = ZKBTLkHC — fv » ((V ) (kIVe| + C)) dVe = 2Kg Ty kp Cgvelon | K2 Tt

2aCV3 +avg cv2 _I_kvg]vcs

3k T 2 5 7 6

Ad4
Ves (Ad4)
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while Sip2-np depends on us.: model described in (A24), thus two different cases shall be considered: Near

CNP:

Ve Ve k|V¢ \'%: 41Ves

Sipaz—np = 2KgT kp? CLZ fvcsd <%) |dV.| = 2K T kp? CSszf [_ 2 i 7 ]V - Vel <
e cd

Vccrit (A45a)
and away CNP:

Ved (V%*‘%) k|V¢ Kk 2 5/2 Ves
Sipaz-np = 2KpT kp? Cszf fVcs <—N |dV.| = 2KgT kp? CNLz = (V& +o/k) ]Vcd -
|Vc| > Vccrit (A45b)

The absolute value in the analytical solution of (A45) comes from |dV.| in order to distinguish two cases
for Sipa2-np depending on the sign of dV.. Thus, in the case of dV.<0—V>Ved (Vps>0)—|dV [=-dV.,
the integral is solved from V¢4 to Vs while when dVe>0—V<Veq (Vps<0)—|dV[=dV,, the integral is
solved from V¢ to V. Sipenp after the consideration of (A17), (A19) becomes:

W (L, |Eyl W (L2
SIDB-ND = 4KBTLHLTf0 ZﬁngrldX = ZKBTLkIJ-LTfffO FZJEKV‘:Z + o/
e

_ Vp 2p Cq 2 _ _ W Veq 2p Cq 2
k) Cq dx = ZKBTLkIJ. fVS Usat Cq+C (V + O(/k)l dVl = ZKBTLkP- Lg fvcs Ugat Cq+C (V + a/
k) |— = 2KpTyku - f\)’c Csd uzs*:t 59 (V2 + a/K)|dV,| (A46)

It 1s apparent from (A43), (A46) that Sipe-np equals to the double of Sipa2-np. Sipcnp i1s given by the
following equation if (A17), (A19) are considered. Electric field is written as E*>=(-dV/dx)(-dV/dx) and
then both sides are integrated after being multiplied with dx.

Sinc o = HKaTu [ () Qgeldx = 2K Ty 3 fy & (C o) w2+ afi |- 2] |-

usat

dv
dv,

2 =1
cs uéat C +C> (V + /k)| C

W (Veq p?
dXSipc-np = ZKBTLkHLTfffV ‘- (

. uZ Cq+C
2K Toku e [ 1 2 (S02) (S29)° V2 + 0/ 1aV Vel & Sipcno =

kVo)" = (V2 + o/ dVelldVel (A47)

u

2Kp T kp LCZLZ Je fe

Again, Sipcnp depends on usae model described in (A24), thus two different cases shall be considered:

Near CNP:
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Vea Ves (ch) w
Sinc-np = 2Kp Tk oz fy o fy = S (V2 + ) 1aVelldVel = 2Ky Tokie® i (Ve
k k2vg]Ves
Vcd) [?O( ch + T] - |Vc| < Vccrit (A48a)
Ved
and away CNP:
Ved (Ves (kVo)? w
Sipc-np = 2Kp T kp? LCZLfo fvcsd fVcd N2 ( ) |dV.[|dV.| = 2Kg T kp® m(vcs -
2 2ak V7 VCS
Veo) |5 V2 + Z5EVE + 55| = IVel > Veern (A48b)

It is clear from (A48) that Sipcnp has always the same solution since the sign of the product
1AV dVd=dVe.dVe for dVe0 (Vis<0) or [dVd|dVe=(-dVe)(-dVe) for V<0 (Vps>0) is always positive..
As mentioned before Sipnp= Sipa-~np + Sip-ND + Sipc-np = Sipainp + Sipa2-np + Sipe-Np.

* +, 4+ : Top sign refers to V>0 and bottom sign to V<0.
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