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Quasi-stationary distributions in reducible
state spaces

Nicolas Champagnat!, Denis Villemonais'

January 24, 2022

Abstract

We study quasi-stationary distributions and quasi-limiting behavior
of Markov chains in general reducible state spaces with absorption. We
propose a set of assumptions dealing with particular situations where the
state space can be decomposed into three subsets between which com-
munication is only possible in a single direction. These assumptions al-
low us to characterize the exponential order of magnitude and the ex-
act polynomial correction, called polynomial convergence parameter, for
the leading order term of the semigroup for large time. They also pro-
vide explicit convergence speeds to this leading order term. We apply
these results to general Markov chains with finitely or denumerably many
communication classes using a specific induction over the communica-
tion classes of the chain. We are able to explicitely characterize the poly-
nomial convergence parameter, to determine the complete set of quasi-
stationary distributions and to provide explicit estimates for the speed of
convergence to quasi-limiting distributions in the case of finitely many
communication classes. We conclude with an application of these results
to the case of denumerable state spaces, where we are able to prove that,
in general, there is existence of a quasi-stationary distribution without as-
suming irreducibility before absorption. This actually holds true assum-
ing only aperiodicity, the existence of a Lyapunov function and the exis-
tence of a point in the state space from which the return time is finite with
positive probability.
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1 Introduction

Let (X,,n € Z;) be a Markov chain in D U {0} where D is a measurable space,
0¢ Dand Z, :=10,1,...}. For all x € Du {0}, we denote as usual by P, the law
of X given X = x and for any probability measure p on D U {0}, we define P, =
Ipu 10y Pxp(dx). We also denote by E and E, the associated expectations. We
assume that 0 is absorbing, which means that X, = 0 for all n = 75, P,-almost
surely, where

To=inf{neZ,, X,, =0}.

We study the sub-Markovian transition semigroup of X, (S,) ez, , defined as
Snf () =Ex (f(Xn)Ln<r,), VREZy,

for all bounded or nonnegative measurable function f on D and all x € D. We
also define as usual the left-action of P,, on measures as

uSuf = Ey (f(Xn)]HKTa) :fDSnf(x) p(dx),

for all probability measure p on D and all bounded or nonnegative measurable
function f: D — R.

The purpose of this article is to provide original and practical criteria al-
lowing to study the quasi-limiting behaviour of absorbed, reducible Markov
processes in general state spaces, both in cases of geometric and polynomial
convergence in total variation to a quasi-stationary distribution.

We recall that a quasi-stationary distribution (QSD) for X is a probability
measure Vs on D such that

vVQsSn

PVQS(Xn€-|n<ra): =vqs, Vn=0.

Vstn]lD

It is well known that a probability measure vg is a QSD for X ifand only ifitisa
quasi-limiting distribution (see e.g. [12,23])). By a quasi-limiting distribution v,



we mean a probability measure v such that, for some probability measure p on
D and for any measurable subset I' © D, the conditional probabilities P, (X, €
I' | n < 75) converges to v(I'). To each QSD vqs is associated an exponential
convergence parameter 0 € (0, 1], such that

Pyos(To=n) = 0" Yn=0.

This parameter is called a convergence parameter in [25], and we add the term
exponential to distinguish it from the polynomial convergence parameter that
we introduce below.

The study of quasi-limiting behaviour of Markov chains on reducible state
spaces started with the work of Mandl [22] (see also [13]). Since then, sev-
eral works studied cases of finite state spaces [26) [7, 5, 27, 28] or infinite state
spaces [17,/8]. Most of these works are devoted to spectific processes, while the
articles [27) 28] address the general situation in finite state spaces (see also the
survey [29]).

In order to obtain results on general state spaces, we make use of results on
the principal eigenvalue and eigenvectors of iterates of upper triangular matri-
ces of linear operators over a Banach space (the developments can be found
in the Appendix). This allows us to prove sufficient conditions ensuring that a
reducible process X satisfies

|07 7719 (X € ) = nEves| 0, VxeD, (1.1)

n—+oo
for some measurable functions n: D — [0,400) and j: D — Z, ={0,1,...}, and
where || - || is a weighted total variation norm (see Assumption (A) in Section 2]
for more details). We call the function j the polynomial convergence parameter.
and prove several properties of j, 7 and vgs in Section

We emphasize that for many usual irreducible Markov processes, the quasi-
limiting behaviour is well understood and it is known that this result holds true
with j =0 (see for instance [12} 23,9, [10]). This is also true for some reducible
processes with exponential convergence (see [10, Thm6.1]). The main nov-
elties of this paper are firstly to consider reducible processes in general state
spaces with sub-geometric convergence in and with non-uniformly zero j,
and secondly to provide a general methodology to obtain precise convergence
results as in (I.I). Of course, all the results of the present paper can be easily
extended to general unbounded semigroups (i.e. not necessarily sub-Markov)
following the same approach as in [11].



The paper is organized as follows. In Section |2, we present our main as-
sumption and its first consequences. In Section 3} we consider reducible sub-
Markov processes with two successive sets where this assumption is satisfied.
We then consider in Section |4 reducible sub-Markov processes with several
communication classes. As an illustration, we prove in Section |5 that, under
a mild Lyapunov assumption, processes on discrete state spaces admit quasi-
limiting distributions. In the Appendix, we provide a detailed study of iterates
of upper triangular matrix of linear operators over a Banach space.

Notation. The set .# (D) is the Banach space of finite signed measures over D,
endowed with the total variation norm. We denote by .4 (D) c .4 (D) the set of
non-negative finite measures over D. Given a positive measurable function W,
the set .4 (W) is the Banach space of signed measures p such that || (W) < +oo,
endowed with the norm

lellw == [l (W).

We extend the operator S, to .4 (D) by uS, = fD 0xSy u(dx). The set L (W)
is the Banach space of measurable functions f such that || f/ W]l < +00, en-
dowed with norm

I lw =11 W oo

Because of the nature of our problem, we will often consider the extensions to
D u {0} of functions defined on a subset of D U {d}. Systematically and without
further notice, all functions are extended by the value 0 outside of their domain
of definition. In all the sequel, C will denote a finite constant that may change
from line to line.

2 Exponential and polynomial convergence param-
eter

We consider a discrete time Markov process (X, n € Z,) evolving in a measur-
able set D U {0} with absorption at 0 ¢ D at time 74, and sub-Markovian semi-

group (S,)nez,. We recall that the exponential convergence parameter of the
semigroup (S;) nen iS given by

0s(W) := inf{e >0, liminf0 ™" S, 1p = o}, Ve . (D).



We also set 0y, s = sup ¢ p 0s(x), where 0s(x) = 05(6 ). We define the polynomial
convergence parameter of the semigroup (S,) sen as

js(w :=inf(¢ 20, liminfn~‘6, tuSu1p =0}, Vp € M. (D) 2.1)

with the convention inf@ = 0. We also set jos = sup, js(x), where js(x) :=
Jjs(0x). Note that if O5(u) < 0g,s, then js(u) = 0. We will see in Proposition [2.1]
below that the converse inequality 8s(u) > 0y s never happens.

In this section, we are interested in the implications of the following as-
sumption (A) on js and on the existence and convergence toward a quasi-statio-
nary distribution for X. In the following sections, we will study sufficient prop-
erties implying that X satisfies this condition.

Assumption (A). We have 0 s € (0, 1], js is integer valued and there exist a mea-
surable function Ws: D — [1,+00), a finite or countable set Is and some prob-
ability measures vg; € .4 (Ws) and non-identically zero non-negative ns; €
L°°(Ws) for each i € Ig, such that

Y ns,ivs,i(Ws) € L®(Ws) 2.2)

ielg

and such that, forall f € L*(Ws),alln=1andall xe D,

00 n SPE(f (X Lner,) — 3 ns,i (Vs (O] < asaWs fllwg,  (2.3)

ielg
where ag ,, goes to 0 when n — +oo0.

When Assumption (A) holds true, we define

Ns:= Y ns,;i € LO(Ws). 2.4)

ielg

Note that only gives an equivalent of 6,S,1p when ng ;(x) > 0 for at least
one i € Is. In particular, for all x such that 0s(x) <0s, implies thatng ;(x) =
OforalliceIg.

We also emphasize that, for all x € D such that ng(x) > 0, entails that
Px(X, € - | n < 175) converges in .4 (Ws) toward ﬁZielsns,i(xWS,i, which is
thus a quasi-limiting distribution and hence a quasi-stationary distribution.
The rest of this section is dedicated to the exposition and proofs of finer proper-
ties on js and on the quasi-stationary distributions of X under Assumption (A).



Remark 1. The results of this section, after minor modifications, hold true with-
out assuming that js is integer-valued in Assumption (A). However, assuming
Jjs integer valued simplifies several expressions and allows us to obtain explicit
speed of convergence toward a quasi-stationary distribution (see in particular
Remark@]below). In addition, in the next sections, we prove that js is integer
valued for the class of reducible processes we are interested in. We refer to[10,
Section 3.2] were similar arguments are developed in a more complicated con-
text, but with js=0. A

Remark 2. For simplicity, we use a countable set Is in Assumption (A). Most of
the results below can be extended without too much effort to a non-countable
measured set (Is,. s, ), but the exposition of the assumptions and results be-
come a little bit more technical. In particular, }_;c;,7s,ivs,; would be replaced

by
f ns,ivs,idi,
Is
with appropriate measurability conditions. Since our setting is complicated
enough, we leave the details of the adaptation to the interested reader. A

Remark 3. The results of this paper are stated in the discrete-time setting. The
adaptation to the continuous time setting can be obtained by considering As-
sumption (A) for the included Markov chain and by assuming in addition that,
forall r € [0,1], Ex(Ws(X;)) < CWs(x) for some constant C > 0. A

We start our study with simple properties on the polynomial convergence
parameter js.

Proposition 2.1. Forall ue 4. (D),

0s(1) = sup {9 >0, plx, O5(x) = 0} > o} 2.5)
and

js(w = sup {z >0, plx, js(0 = ¢} >0} 2.6)

If Assumption (A) holds true, then js is lower semi-continuous on #+(Ws) and,
forallpe H,(Ws),

0s(w) :sup{e >0, plx, 0s5(x) = 0} >o} 2.7)



and
js(w) = sup {z >0, plx, js(x) = ¢} >0}, 2.8)
In addition,
Js() = js(uSy). (2.9)
In particular, (js(Xn))n=o0 is Px-almost surely non-increasing, for all x € D.

Remark 4. The proof of this proposition does not use the fact that js is assumed
integer-valued in Assumption (A). In particular, this result implies that, under
Assumption (A) without the property that jgs is integer valued, the function jg
is integer-valued over .4, (Ws) if and only if js(x) in an integer forallxe D. A

Proof ofProposition We prove (2.6), (2.8) and (2.9) in this order. The proof
of (2.5), (2.7) are similar and thus omitted.

Proof of (2.6). Fix a positive measure p on D (the result is trivial if u = 0). For all
€ >0 and for all x € D such that js(u) + € < js(x), we have by definition of js(x)
and the fact that (js(u) + €+ js(x))/2 < js(x),

liminf@, i~ UsWrerisizg, gn1p > 0
n—+oo

and hence, since (js(u) + €+ js(x))/2 > js(u) +¢€,

liminf, 2n~/s"~¢5,5"1 p = +oo.
n—+oo

Using Fatou’s Lemma, we obtain

0= liminf 6,40 59 u§" 1 = p(liminf 6407549651 )

> /,L( +00 Jljs(-)>js(u)+£)'

This implies that, for all e > 0, uf{x, js(x) > js(u)+€} =0, and hence that u{x, js(x) >
Jjs(w)} =0. In particular, any ¢ = 0 such that u{x, js(x) = ¢} > 0 satisfies £ < js(u).
We thus proved that

Js = £y:=sup{€=0, plx, js(x)= ¢} >0}, (2.10)

Proof of (2.8) and the fact that js is lower semi-continuous. We assume that
U € M. (Ws) is a positive measure and that Assumption (A) holds true, and we
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prove js(u) < ¢4, where ¢, is defined in 2.10). Fix ¢ > ¢, so js(x) < ¢ p(dx)-
almost everywhere. Then, by Assumption (A),
9&?7145)55”11) < n—w—]'S(X)) (aS,nWS(x) +T]S(.X'))

<n I Ccwg(x)

(dx)—a.e.
a 0

n—+oo

for some constant C > 0. This also implies that ‘96 gn_[ 0,S"1 D‘ is bounded,

up to a multiplicative constant, by the u-integrable function Ws, and hence, by
the Lebesgue dominated convergence theorem, we obtain

: -n, —f n _
nglllmeo'sn puS"1p=0.

This entails that ¢ > js(u). Since ¢ > ¢, was arbitrary, we deduce that £, = js(u).
This concludes the proof of (2.8).

Now let (1,,) neny be a sequence of elements of .4 (Ws) converging toward u
in . (Ws). Then for all measurable subset A c D, we have u,(A) — p(A) and
hence, for all £ = 0 such that u{x, js(x) = ¢} >0,

ljglJrinf,un{x, js(x) =41 >0,
so that
liminf js(pn) = €.

This holds true for all ¢ < js(u), so
liminf js(kn) 2 js(W),

which concludes the proof of the fact that jg is lower semi-continuous.

Proof of and that js(X,) is a.s. non-increasing. We still assume that y €
M+ (Wg) and that Assumption (A) holds true. Let us first prove that js(u) =
Jjs(uS1). We have, forall ¢ = 0,

o n \¢ - _
60”71 [(ySI)Sn:(m) 90,390&”4—1)(714- 1) E,LLS,H.l

—(n+1 —
~n—+oo 90,860,2’“— )(n+ 1) (,usn+1-



This implies that the liminf of ;" n~!(uS1)S,, equals 0 if and only if the liminf
of 9&;’ n~‘uS, equals 0, and hence that js(uS;) = js(u).
We conclude by proving the last assertion of the proposition. We have

Js(uS1) =sup {€ >0, uSiix, js(x) =4} > 0},

hence
uS1ix, js(x) > js(uS1)}=0.

Using the equality js(uS1) = js(u) and the fact that uS; =P, (X; €+, X; #0), we
deduce that
Pu(js(X1) > js(w) =0,

where we used js(0) = 0 due to our notational convention about extension of
functions. This and a straightforward application of the Markov property con-
cludes the proof of the proposition. O

We now turn our attention to the implications of Assumption (A) for quasi-
stationary distributions. The following proposition considers quasi-stationary
distributions v € .4 (Ws) such that v(ng) > 0.

Proposition 2.2. Assume that Assumption (A) holds true and let v € 4. (Ws) be
a quasi-stationary distribution such thatv(ns) > 0 and such that v{js(-) < ¢} =1
forsome ¢ = 0. Then the exponential absorption parameter of v is Op,s.

Proof. According to (2.3), we have for all xe D

H&Zn_jS(X)Ex(lD(Xn)ﬂn<10) Ns(x), (2.11)

n—+oo

and
Op.en S PEL(Lp(Xp) Lner,)| < Ins(0)] + as,nlWs(x)] 1 1pllws < CWs(x). (2.12)

Denote by 0, the absorption parameter of v. Assume that 0, > 0 s, then, for
any ¢ = 1 such that v{js(-) < ¢} =1, and n = 1 large enough so that 0, <
-n,—0-1
Ho,gn ,
v(D) = e;n[Ev(ﬂD(Xn)]ln<ra)

<nlv (Ba,Zn‘fs(')[E.(ﬂD(Xn)ﬂn«a)) o

using (2.12). This is a contradiction and hence 0, < 0 s.

9



Assume now that 8, < 6y s, then Fatou’s lemma entails that
1=v(lp) = g;n[Ev(ﬂD(Xn)]ln<ra)
> v (07" 5OE.(1p(X,) Tner,))

+00
n—+oo

by (2.11) and since v(ns) > 0. Hence, we have proved that 6, = 0y s. O

The following proposition shows that all quasi-stationary distributions in
A (Ws) with parameter 6, s are convex combinations of the vg ;.

Proposition 2.3. Assume that there exists a QSD v with exponential absorption
parameter 0y s. Then

jsv) =0 and v{js()>0}=0.
If in addition Assumption (A) holds true and v € 4 (Ws), then v(ns) = 1 and
V=2ier VNs,i)Vs,i-

Proof. The property js(v) = 0 is immediate, while the second equality derives
immediately from in Proposition[2.1}

Ifin addition Assumption (A) holds true and v € .4, (Ws), then and
are satisfied. Using the fact that v(Ws) < +00, we deduce from Lebesgue’s dom-
inated convergence theorem that

1=v(lp) = e(ig[Ev(ﬂD(Xn)ﬂnQ'a)
= (055 VB (LX) Lnery)| —— v(ns),
which shows that v(ng) = 1.

Finally, integrating with respect to v and using the fact that js(x) =0
v(dx)-almost surely, we deduce that, for all f € L*(Wg),

e(iguiv(f(xn)ﬂn<ro) - Z v(ns,i)vs,i(f)

ielg

< aS,nV(WS) ”f“WS

Since Bag Ey(f (Xn)1n<z,) = v(f) and v(Ws) < +o00, we deduce thatv =} ;1. v(1s,i)Vs,i.
This concludes the proof of the proposition. O

In Assumption (A), the vg ; do not need to be quasi-stationary distributions.
However, we will see in the results of Section 4| that this is typically the case if
the set Is and the measures vg ; are defined correctly. In the following corollary,
we consider a special situation where this holds true.

10



Corollary 2.4. Assume that Assumption (A) holds true and that there exists a
measurable partition D = N U (U;e 1, M;) such that for alli € Is, and all x € M;,
we have vs ;(M;) =1, js(x) =0, ns,;(x) >0, and, foralli # j € Is and y € M;,
we have n1s,;(y) = 0. Then the quasi-stationary distributions in 4 ,(Ws) with
absorption parameter 0y s are exactly the convex combinations of the probability
measures vs,;. Similarly, the quasi-stationary distributions v in 4. (Ws) such
thatv(D\ N) > 0 are exactly the convex combinations of the probability measures
Vsi.

Remark 5. Observe that the set N is }_ ;¢ , vs,i-negligible, but is typically non-
empty since it contains all the points with js > 0 (as we will see in the next
sections, js is usually non-identically zero in reducible state spaces). A

Proof. Proposition[2.3]entails that any quasi-stationary distribution in .4, (W)
with absorption parameter ) s is a convex combination of the probability mea-
sures vg ;. Reciprocally, for any x € M;, we have ns(x) =ns,;(x) > 0 and hence,
according to (2.3),

. Y Ns,i(X)Vs,i = Vs,
ns(x) iels

is the limit when n — +oo of the conditional distribution P, (X, € - | n < 1),
hence it is a quasi-limiting distribution and thus a quasi-stationary distribu-
tion in .4, (Ws). Moreover vg ; satisfies vs;(M;) = 1 and, since ns; > 0 on M;,
vs,i(ns) > 0. Propositionentails that the absorption parameter of vg ; is g s.
In particular, for any convex combination v =} ;c; A;vs,i, we have v € 4, (W)
and

I]:Dv(Xn €)= Z ﬂins,i(Xn €)= Z )L,-H(’fysvs,,- = 9&51/,

ielg ielg

which implies that v is a quasi-stationary distribution with absorption param-
eter Op,s.

To conclude the proof, we simply observe that any quasi-stationary distri-
bution v in .4 (Ws) such that v(D \ N) > 0 satisfies v(ns) > 0 and hence, ac-
cording to Proposition[2.2] its absorption parameter is 6 s. O

We conclude this section with properties on the measures )_; s ; (x)vs,; and
on7s.

Proposition 2.5. Under Assumption (A):

11



(i) Forallx € D such thatngs(x) >0, ﬁ YicigNs,i(X) Vs, is a quasi-stationary
distribution with absorption parameter 0 s. In addition, there exists x € D
such thatngs(x) >0 and js(x) =0.

(i) The functionng satisfies, for all all x € D,
Ex [ns(Xn) 1 jsxn=jse] = O sMs(X).

(i) Forall n =0 and all positive measure p € /. (Ws) such that ji(ns) >0 and
w(nfsYWs) < +oo, we have

Pu(Xn€-|n<Ta)—Zl€ISu(n .775,1)1/5_, —2as,nw,
Zie[s“(nm(.)ns,i) TV 'u(n]s(')ns)
(2.13)

(iv) For all measure e 4 (Ws) and all f € L*°(Ws), we have

eagn_jS(lul)[Eu (f X Ln<r,) = Z #(ﬂjs(-)=js(lu|)77$,i)Vs,i(f)‘

ielg
1

foralln=1.

Y 7ms,ivs,i(Ws)

ielg

ﬂjs(u)>1) |l W) I fllwg,  (2.14)
Ws

Remark 6. If js is not assumed integer valued, then Proposition 2.5 remains
true, except that the right hand term in (2.14) has a different form (as will clearly
1

appear in the proof, the term <+ is inherited from the fact that different values

taken by js are spaced by a distance at least one). A
We start with a preliminary lemma. Under Assumption (A), we have, be-
cause of in Proposition 2.1} for any ¢ = 0,
Go:={ue dWs),js(p) < €} ={pe Wy, js(x) < € |ul(dx)-ae}.

Under Assumption (A), the vector space G,, endowed with the norm || - |, is a
Banach space.

Lemma 2.6. Assume that Assumption (A) holds true. For all ¢ = 0, the operator
S : Gy — Gy defined by Sy =0, }g,usl satisfies Assumption (H) of the Appendix
with

]1221~
Ws

Y 1ms,ivs,i(Ws)

ielg

N 1
Je =0 Bsp= ) p(ljs0=3s7s,i) Vs, and @e n = asp+—
ielg

12



Proof of Lemmal|2.6, We have Y ;¢ 1sMs,ivs,i(Ws) € L°(Ws) by assumption. It
follows from with n =1 that .4 (Wj) is stable under &. Therefore, the sta-
bility of Gy under G is a consequence of in Proposition 2.1} Then, for all
1€ Gypand f € L°(Ws) such that || f |, < 1, we have, using Assumption (A),

nYe (&" ) (f) - (Bep) ()] =

”_égo_,gﬂsnf— Z H(]ljs(-)zms,i)vs,i(f)‘

ielg

<

H&ZN(”_jS(')ﬂjs(-)zésnf) = 2 H(Ljso=ens,i) VS,i(f)‘

ielg

1 e
+ Eeo_gllul (n ]S()]ljs(-)sz—lsnws)

Z |l (ﬂjso)sé-ms,i)\/s,i(Ws)

ielg

1
< as,nlpl (1 j50)=cWs) + -

+as,nlpl (1js0r<e-1Ws)] -

This implies that || nJe &"u— Espllws — 0 when n — +o0. Since Gy is a closed
subset of the Banach space .4 (Ws), we deduce that Egu € Gy for all p € Gy.
Hence (H) is proved. O

Proof. Proofof (i). Fix x € D such that ng(x,) >0 and let £, = js(x.). It follows
from Lemma thatSp =0, }g,LLSl satisfies (H) on the Banach space Gy, . Using
Proposition|A.1[of Appendix[A.1} we deduce that the operator

Eep= Z N(ﬂjso):JGns,i)Vs,i

ielg
on Gy, , with Jg = ¢, satisfies
(Es©)6, = (6Eg)0x = Egly, forall x € D such that js(x) < 4.

This means that, for all x € D such that jg(x) <.,

95}5 2 0581 (Ljs0=37s.1) Vs.i = ﬂjm:maé Y 1s,i(X)Vs,iS1 (2.15)
ielg ielg
= Ljsm=e. ). Ns,i(0)Vs,. (2.16)
i€IS

Since js(x.) = ¢, we deduce from the second equality that v := m YiergNs,i(X«)Vvs,; €
M (Ws) is a quasi-stationary distribution for S; with absorption parameter

13



0 s In addition, according to Proposition we have v(ns) = 1and v(1 j;()=0) =
1, so that v(1 j5(y=ons) = 1. Therefore, there exists x € D such that ns(x) > 0 and
Js(x) =0.

Proof of (ii). Fix x € D. Then, applying as above Proposition[A.1jof Appendix[A.]]
on the Banach space Gj,(y), we obtain (2.15) and (2.16) with /¢, replaced by
Jjs(x). Integrating on both sides the test function 1p, this implies that

Ns(x) =Y ns,i(xX) =055 681 (Ljs0=jsoms.i) = 055051 (Ljs0=jseoms) -

ielg ielg
Hence
Ey [TIS(Xi)Iljs(Xl):js(x)] =0o,sn5(x).

We deduce that, for all n =1, P,-almost surely,

Ex,, [7sXD) 1 jsx)=js0] Ljsxan=jst0 = 00,515 Xn-1) L j(x,_1)=js(x)-

Taking the expectation and using the Markov property, we deduce that

Ex [7s(Xn) L jsxm=jso L jsXnon=js0 ] = 00,sEx [1s(Xn-11 jsxp_n)=jsx)] -

Because of the last assertion of Proposition we deduce that {js(X},) = js(x)} =
{js(Xp) = js(Xp—1) =--- = js(x)} up to a P,-negligible event, so that

Ex [7s(Xn) 1 jsx,=js00] = 00,sEx [1s Xn-D 1 js(x,_)=js0] -

Then the property (ii) follows by induction.

Proofof (iii). Fix n = 1 and let yu € 4, (W) such that u(ns) > 0 and p(n/s® Wg) <
+00. Integrating with respect to the measure n/5™ u(dx) we obtain, for all
f € L>®(Ws) such that || fllw, <1,

Q(;,rSl[E,U(f(Xn)ln<Ta) - Z H (an(')nS,i) Vs,i(f) =0asn ,U(VljS(.) Ws). 2.17)

ielg
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Then we have for all f measurable bounded by 1

Epf (Xn)ln<ry Yiers #(n5Un5:) vs i (f)

Pu(n<7s) Yiers 1 (n95Ons,1)
_ Euf (X Lner, | Ziers 1 (n70ns,1) - 0p 5Py (n < 70)|
- Puln<1y) Yierg i (ns0ns ;)

 106.8Euf X Lncr, ~Yiers 1 (n59ns,1) vs,i ()]
Yiers 1t (nisOnsg,;)

IJ (n]S() WS)

S Zas,nm,

which concludes the proof.

Proof of (iv). Let u be a measure in .# (Ws). The property (iv) is an immediate
consequence of Lemma 2.6|lwith £ = js(|ul). O

Remark 7. A natural alternative to Assumption (A) is the following, where jg is
replaced by an arbitrary function.

Assumption (A’). We have 0 s € (0, 1], there exists a measurable, bounded, integer-
valued function j : D — Z,, a measurable function Ws: D — [1, +00), a finite or
countable set Is, some probability measures vg,; € 4 (Ws) and non-identically
zero non-negative ngs,; € L>°(Ws) for each i € Ig, such that

Y ns,ivs,i(Ws) € L% (W) (2.18)

ielg

and such that, for all f € L*(Ws),alln=1and all xe D,

05 en T OEL(f (Xn) Lnary) = Y 1s,i(0)Vs,i (/)| < asnWs@ I fllws,  (2.19)

ielg
where as ,, goes to 0 when n — +oo.

It is clear that, if (A) is satisfies, then js < j and, if x € D is such that ng(x) >
0, then js(x) = j(x). In particular, Assumption (A)) is less demanding than As-
sumption (A) and may be deduced under less stringent conditions (see next
section). However, j lacks most of the properties proved for js above and, in
order to adapt the proof of most of our results, one needs in addition to impose
the following condition on j:

15



Assumption (A”). Assumption (A’) holds true and, in addition, (j (X)) nen is Px-
almost surely decreasing for all x € D.

Since this last property is verified by js, as proved in Proposition As-
sumption (A) implies Assumption (A”). Most of the results of the next sections
can be extended using Assumpion (A”) instead of (A). However, it seems diffi-
cult to find situations where Assumption (A”) is satisfied but Assumption (A)
fails, and the sufficient criteria for Assumption (A) obtained in the next section
allow the explicit computation of js, which would of course not be the case for
a similar study with Assumption (A”) instead. This is why we mainly focus on
Assumption (A) in this paper.

To conclude this remark, we comment on the extension of the results of
this section under the weaker Assumption (A’) or (A”). Proposition and its
proof holds true under the weaker Assumption (A), for quasi-stationary distri-
butions v such that v{j(-) < ¢} = 1 for some ¢ = 0. Concerning Proposition[2.3]
under the weaker Assumption (A’), we have v{j(-) >0and ng(-) > 0} =0, and,
under Assumptions (A) or (A”), one may have v(ns) = 0. Corollary does not
hold true under Assumption (A’) or (A”), however, under Assumption (A’), for
any x € D such that u:= 3} ;e 15, (x)vs,; # 0, the probability measure u/u(E) is
a quasi-limiting distribution, and thus a quasi-stationary distribution. Finally,
Proposition remains partially true under the weaker Assumption (A”), re-
placing js by j in the statements: the first part of (i) remains true, the second
part of (i) does not stand true, (ii) and (iii) remain true, and (iv) holds true with
Js(ul) replaced by j(lul) :=inf{¢ = 0, j(x) < ¢|ul(dx)-ae}. A

3 Quasi-stationary distributions in reducible state
spaces with two successive sets

We start our study of the quasi-stationary distribution for reducible processes
by focusing on cases where the state space can be separated into two successive
classes. This is the generic situation that can be used iteratively to treat more
complicated cases (see Section[4).

We consider a discrete time Markov process (X, n € Z,) evolving in a mea-
surable set DU {0} with absorption at 0 ¢ D at time 74, and sub-Markovian semi-
group (S;)nez,. We assume that the transition probabilities of X satisfy the
structure displayed in Figure |1} there is a partition {D;, D,} of D such that the
process starting from D; can access D; U D, U {0} and the process starting from

16



Figure 1: Transition graph displaying the relations between the sets D, D, and
0. The dashed lines indicate the domains and co-domains of the sub-Markov
kernels P, Q, R.

D, can only access D, U {0}. More formally, we assume that P, (Tp, = +o0) =1
for all x € Dy, where we denote, for any measurable set A < D, T4 = inf{n €
Z., X, € Al

We denote by (P,,) the sub-Markovian semigroup of the process X restricted
to Dy, by (R,) the sub-Markovian semigroup of the processes X restricted to
D, and by Q the transition kernel from D, to D, for X. More formally, for all
measurable f: D; — [0,4+00) and g: Dy — [0,+00), for all x € Dy and y € D, we
define

Ppf(x) =Ex(f (X)), Rng(y) =E,(g(Xy)) and Qg(x) = E,(g(X1)).

Note that, due to our notational convention about extensions of functions by 0
outside of their domain, the previous definitions mean

Ppf(x) = Ex(f(Xn) Ln<ty,0), Rng(Y) = Ey(8(Xn) Lncry) and Qg(x) = Ex(g(X1) 1 x,ep,).-

We consider now three different situations (which are in correspondence
with the three cases studied in Appendix @) The constants 6y p and 0y r de-
note respectively the exponential convergence parameters of the semigroups
(Pn)n=0 and (Ry) n=o.

Assumption (A1) We have jy p < +o00, the process X restricted to D; satisfies
Assumption (A) and there exists a measurable function Wg : D> — [1, +00) such
that, for some constants y € [0,0¢ p) and ¢; >0, for all x € Dy and y € D,

Ex(Wr(X1)) < Wp(x) and E,(Wr(Xp) < c1y"Wr(y), Vn=0. 3.1)

17



Assumption (A2) We have jy p < +00, the process X restricted to D, satisfies
Assumption (A) and there exists a measurable function Wp : D; — [1, +o0) such
that, for some constants y € [0,0y g) and ¢, > 0, for all x € Dy,

Ex(Wg(X1)) < Wp(x) and Ex(Wp (X)) < 27" Wp(x), VR =0.
Assumption (A3) We have jop =0, jo,r < +oo and 0y r = 0y p. In addition, the

process X restricted to D, satisfies Assumption (A) with np > 0, and the process
X restricted to D also satisfies Assumption (A). Finally,

Ex(Wr(X1)) < Wp(x), Vx € Dy, (3.2)
and there exists ¢, € Z, such that, for all x€ D; and all i € Ip,

P (jr(X,,) < . and Tp, < +00) = Px(Tp, < +00) (3.3)

and Py, (jr(X1,,) =€, and ng(Xr,) >0and Tp, <+00] >0, (3.4

where we recall that ng = 3 rc1, Mg, k- Note that £, < jo r.

Remark 8. Note that Assumption (A) remains valid if the function Wg is mul-
tiplied by a positive constant. Hence, in the above assumptions (Al), (A2) and
(A3), the requirement E, (Wr(X;)) < Wp(x) is actually equivalent to E, (Wg(X;)) <
C Wp(x) for some positive constant C > 0. A

Remark 9. In (A3), the assumptions jp p = 0 and the fact that is satisfied
for all x € D; may seem restrictive conditions. However, we will see in Section
that, applying this property inductively in a precise order, this is sufficient to
obtain a convergence result similar to with non-zero jj s (in cases with a
finite or denumerable number of communication classes under mild assump-
tions). A
Remark 10. Possible candidates for Wx = 1 in Assumption (Al) (resp. Wp =1
in Assumption (A2)) are the exponential moment of exit times from D5 (resp.
from D;). Indeed, if Wg(y) =E,(y~") is finite for all y € D,, then E,(Wg (X)) <
YWr(y) for all y € D,. Similarly, if Wp(x) = E, (Y_TDZU{‘”) is finite for all x € Dy,
then E,(Wp(X;)) < yWp(x) for all x € D;. Proofs of these classical results can be
found e.g. in [24]. A

Under each of the above assumptions, we prove that Assumption (A) actu-
ally holds true for the process X evolving on D = D; U D, before absorption,
with formal expressions of the parameters Ws, js, vs and as, ;. In the following
result, we set apo = arpo = 1.

18



Theorem 3.1. Assume that either Assumption (Al), or (A2), or (A3) holds true.
Then X satisfies Assumption (A) with Ws = Wp + Wg. Moreover, there exists a
constant C > 0, independent of x € D and n € N, such that

(i) under Assumption (Al), we have0y s =0o.p, js= jp, and, forallie Is = Ip,
1s,i X Npi and

k-1
Vs o< Vpit ) 055 Pyy (Tp, =1, Xesr €),
k=0

with inverse proportionality constants, and
n k
Y . .k
asn=C)_ (—) ((1 + Jo,P)Xpn—k + jo,p—|;
k=0 QO,P n

(ii) under Assumption (A2), we have 0y s =0y r and, forall x € D,

is) = maxp>o jrR(6xP"Q) ifx€ Dy,
Jr(X) ifxeDy

and forallie Is= Ig,

-T
ns,i(x) =Ex (90, RDZnR,i(XTDZ)ﬂjR(XTDZ>=js<x))
Vsi =VR,i and
n k k
asn,=C Z (aR,n—k + jO,R_) (L) ;
k=0 n HOrR
(iii) under Assumption (A3), we have 0y s = 0o,r = 0o,p,

. 1+¢, forallxe D,
Js(x) =1 .
jr(x)  forall x € Dy,

where?, is defined in (3.3)-(3.4), Is = Ig, foralli€ I, vs,i = VR i,
-1

0,P
7 Y Npk(OEy,, (MR (X)L juxn=c.), Yx€D,
1+ * kelp

Ns,i(X) =nNgi(x) +

and

k=0 n's

C n k[*
Hsn=— (f* +) (ap,k+06R,k ))
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Remark 11. Note that, in conclusion (iii) of the last theorem, even if ap, and
as,, converge geometrically to 0, as , only converges to 0 in O(1/n). Similarly,
in conclusion (i) (resp. (ii)), if jp (resp. jr) is not identically equal to 0, then the
convergence rate is O(1/n). A

Remark 12. Theorem[3.1]under Assumption (A1) and its proof adapt to the sit-
uation where jp takes finite values but where jop = +oo, in which case as,,
depends on the initial position x. Similarly, under Assumption (A2) or (A3), the
result adapts to the situation where jp takes finite values but where jo rp = +oo
(and with the additional assumption that max;>g jr(0xP"Q) < +oo for all x €
D, when working under Assumption (A2)), in which case ag,, also depends on
x. Thus, in these situations, one checks that S satisfies a version of Assump-
tion (A) allowing dependence of a5 ,, with respect to x.

In fact, it is possible to adapt the results of this paper to the situation where
as,, (and hence ag , and/or apj,) is allowed to depend on x. However, this
leads to additional technical assumptions and cumbersome expressions. Since
the case a independent of x is already rich enough and is sufficiently powerful
to derive general results (see Sections and, we decided to focus on this sit-
uation and leave the adaptation to the interested reader (see also Remark[23]in
Appendix[A.2|for the expressions obtained in this situation).

Finally, if js is not assumed integer valued, then again Theorem (3.1| holds
true, but with a5, depending non-explictly on the initial position of the pro-
cess. A

We will see in the proof that a weakened version of Assumption (A3), with-
out the requirement n7p > 0 in D; and without (3.4) implies Assumption (A”) (as
introduced in Remark([7). This entails the following corollary.

Corollary 3.2. Assume that jop = 0, jor < +00, Og,r = 09 p, the process X re-
stricted to D satisfies Assumption (A) and the process X restricted to D, also
satisfies Assumption (A). Assume also that holds true and define ¢, € 7.
as the smallest ¢ such that, for all x € Dy, Px(jr (XTDZ) < ¥¢) = 1. Then for all
feL®(Ws),alln=1andallxe D,

'eg,zn‘ﬂx)tEx( X Lner,)
-1

7]
- (TIR,i(x) + ] f; > Npk(X)Ey,, (]1jR(X1):£*77R,i(X1)))VR,i(f)'
ielg * kelp

<as,Ws@I fllws, (3.5)
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where
. 1+7¢, forallxe Dy,
Jx) =1 .
jr(x) forallxe Dy,
and
C n
as,n=— (f* + Z (apk+ari |
. k=0

for some constant C > 0, which does not depend on x and n. In addition, jr(x) =
j(x) forall x € Dy and jr(x) < j(x) forall x € D;.

Remark 13. The difference between Theorem [3.1] (iii) and Corollary[3.2]is that
we don't know if the polynomial exponent j involved in is equal on D; to
the polynomial convergence parameter js defined in (2.I). However, it follows
from that j(x) = js(x) for all x € D; such that

> > Npk(OEy,, (Ljrxn=.Mr,i(X1)) > 0.

ielp kelp

The introduction of an arbitrary polynomial exponent j instead js is the subject
of Assumptions (A)) and (A”) introduced in Remark[7} Using very similar proofs,
processes with two successive sets can also be studied using Assumption (A”) in
place of Assumption (A), then loosing the explicit expression of the polynomial
convergence parameter. A

Proof of Theorem|3.1|and Corollary[3.2. Under Assumptions (Al) or (A2) or (A3),
we define the linear operators P : 4 (Wp) — 4 (Wp), Q : M (Wp) — M (Wg)
and R : 4 (Wg) — 4 (Wg) (these notations implicitely assume that .4 (Wp) c
A (D) and 4 (WR) < 4 (D)) by

Pu=0,"uP, Qu=0;'uQ, andRu=06;"uRy,

where 0y = 0y, p under Assumption (A1), 8y = 0y r under Assumption (A2), and
0o = 0p,p = Op,r under Assumption (A3). Under Assumption (Al), (A2) or (A3),
all these operators are bounded. Our aim is to apply the results of Appendix[A.2]
to & : M (Ws) — M (Ws), where M (Ws) = M (Wp) & M (Wg), with Wg = Wg +
Wp and & =P+ Q + R. Beware that B,R,Q,S act on the left on u while
Py, Ry, Q, Sy, act on the right, so that, for instance, RPu =06, 2uPiRy.

Under Assumption (A1). We make use of Proposition[A.2] We define B, as
the Banach space .# (Wg) and observe that the operator R : B, — B is bounded
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and

o0 o0
Y URM =Y 6%  sup  |ulR,Wp
n=0 n=0 HEB,, |ul(WR)=1

It follows from (3.1I) that

160

Z I9R" 1l < ¢1 Z O, py"  sup  |ul(Wg)= :
peBy, |ul(Wr)=1 Oop —Y

n n—l
Moreover, I';, < ¢ Yg /%, - and y, = a1y"/8; p (using the notations of Proposi-
tion |A.2 - In partlcular, if x € D,, then (2.3 - ) holds true with ng ;(x) = 0 for all
i€ls=1Ip, js(x) =0, Ws(x) = Wr(x) and as,» = c1 (5;)"-
From now on we assume that x € D; and consider the vector space B; =
{1 e M (Wp), jp(Iul) < jp(x)}. By Lemmal|2.6} the operator B : By — B satisfies
Assumption (H) form the Appendix with J Jp = jp(x),

Eqpu = Z B jp)=jp MR VRi (3.6)

ielp
and
IXic1, neivei (Wp)| Wo
n
Note also that Q : By — B is abounded operator by (3.I). As a consequence,
according to Proposition[A.2} & restricted to B = B; @ B, also satisfies Assump-
tion (H) with Jg = jp(x) and for all u € By,

Esu=Epp+ Y R*QBpu= Y umpdvei+ ). 65]}‘1 Y wMp)Py,, (Tp, =1, Xis1 €
k=0 ielp k=0 ielp

=) ume) (VP.i + 3 005 Puy (T, =1, Xpsr € '))-

ielp k=0

Ap,n = Apn+ Ljpn=1

and

n-l (g p—t—1 + DI (k+1)
agyn:a;p,n+CFn+C ZYIC( Rkl n dm

+ aap,n—k—l)
k=0

<Ci(i)k((1+ () @i+ L (ot ———— t ] (x)f) (3.7)
= 2 0o Jr Bn-k T Ljp0z17 " Jp " .

Y \* k
<agsn:=C Z (9 ) ((1 +jo,p)ap,n—k+jo,P—)
0,P n
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for some constant C > 0 that may change from line to line, where we used
1j,p>1 < jo,p and l__ < £ Using the fact that 6" = 0, p1Sn and taking

n-k+1 — n

1 =0y, we deduce that, for all x € D and all f € L*(Wj),

n P05 b Suf (0 = Y i) | Vei(H+ Y g 'Evy, (JLTDzzlf(Xkﬂ)))'
ielp k=0

<as,Ws(x)|fl. (3.8)

It only remains to prove that js(x) = jp(x) for all x € D (recall that under
our convention jp is extended to D, by the value 0). On the one hand, the
definitions of js, jp and S clearly imply that js(x) = jp(x) for all x € D. On the
other hand, inequality implies that, for all € > 0,

lrilrllig.lofn_(jp(x)+g)9(;?>5nILD(X) =0,

so that js(x) < jp(x) + € for all € > 0, and hence js(x) < jp(x). This concludes
the proof of (i).

Under Assumption (A2). We make use of Proposition For all x € D>,
we have §,S;,, = 6 R, so that holds true with Is = Ig, ns,;(x) = ng,i(x),
js(x) = jr(x) and as , = ag . This also implies that Os(x) = Og(x) for all x € D,.

We fix now x € D;. We set

J(x) ;= max jr(6:P"Q)

and consider the operators ‘3, R and G restricted to the Banach space
B =B ® By c (W),

where

By = {/,t € M (Wp), r}gzeigch(lulP”Q) SS(x)} and B, = {p € M (Wp), jr(p) <J()}.

Note that B is indeed stable by *]3, YR and &. In addition, Propositionentails
that B; is a Banach subspace of .4 (Wp).

We first observe that
) o QO,R
Y IB<) 6 sup  pP"Wps
=0 n=0  peBy, lul(Wp)=1 Bo,r —Y
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n n—l

and @, < YG and 0, <y"/0 , (using the notations of Proposition.
By Lemma the operator R : B, — B; satisfies Assumption (H) form the
Appendix with 39:; =J(x),

Exp= ) p(Lju()=3nNRi) VR,i

ielg

and

1" >1
am,n:C(aR,n+ Jn= )

We thus deduce from Proposition |A.3|that G restricted to B satisfies Assump-
tion (H) with Jg = J(x), forall u € B,

Egp=Enu+ ) ExQP u

k=0
o g-k-1. pk
= 2 (B jpo=aunr) + ) 00k  BP QM jy=35 MR | VR,
ielg k=0
=) [Eﬂ( 0,R T’RZ(XTDZ)]]‘]R(XT )= J(x))VR,i (3.9)
ielp

and there exists a constant C independent of x € D; such that

n-1 \JGk
agn—amn+CZa9gn k— 19k+C®n+CZ—9k
k=0 k=0 "
n 1~ k
<C et =l )( 14 ) 3.10
kgo(om,n ey sl | (3.10)
n k k
<aSn—CZ(aRn k+ Jjor— )(QL) ,
k=0 0,R

where ago := 1. Since &" = 0,%Sy, taking u = 6, in (3.9), we finally deduce
that, forall xe Dand all f € L°°(W5),

90 rN J(X)S f(x) Z [Ex( 0,R an(XTDz):H']R(XTD )= J(x)) VRl(f)‘
ielg

<as,,WsIl fllws, (3.11)

where we extended J to D, by setting J(x) := jr(x) if x € D».
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In order to conclude, it remains to prove that 8y s = 6y g and that js(x) = J(x)
for all x € D. Inequality with f = 1p implies that 5(x) <8y g forall x € D,
so that Oy s < 0y r. Moreover, for all x € D, O5(x) = Or(x), and thus 6y s = O g.
We deduce that 8 s = 0y, g and hence, using again with f = 1p, we deduce
that js(x) < J(x) for all x € D. On the one hand, for all x € D,, we have js(x) =
Jjr(x) = J(x). On the other hand, for x € D,, we observe that, for any n = 0
such that J(x) = js(6P"Q), we have the inequality §,S"*'1p = §,,P"Q1p, and
hence

Js(x) = js(6:S"™) = js(6:P"Q) = J(x).

We thus proved that js(x) = J(x) for all x € D, which concludes the proof of (ii).

Under Assumption (A3). If x € D,, then (2.3) holds true with Is = Iz and

ns,i(X) =ng,i(x), js(x) = jr(x) and as,, = apg ».
Fix x € D;. We consider 3, R and & restricted to the Banach space

B =B;® By c M (Ws),

where
By =.#{(Wp) and By = {p € M (Wp), jrllu)) < €.}

Note that it follows Proposition and the assumption that Px(jr (XTDZ) <
?,) =1 that QB < B,, and from the rest of Assumption (A3) that 3 : By — B,
R: B, — By and 9 : By — B, are bounded operators.

As in the previous step, the operator ‘R satisfies Assumption (H) in the Ap-
pendix with Jo = 2.,

Em’u = Z [J,(]ljR(.)zf*nR,i) VR,i»

ielp

and

lé*zl
am,n = C aR,n + n y

for some constant C > 0. Moreover, Assumption (A) for P,, implies that 33 sat-
isfies Assumption (H) with Jg = 0, Epp = X jer, p(npj)vej and asyyn = app.
We conclude from Proposition[A.4]that S satisfies Assumption (H1) with Jg =
1+4,,
-1
0,P
1+¢

Y > HMeOEy (Ljrcy=c.MRi (X)) VR0,

* jelp kelp

Bl = — En Byl =
GH 369% pH
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and

asn=— ‘jm+2afp,k+(maxaq3,k+l) Zam,n_k( )
n k=0 k=0 =0 n

C n ké*
Sagpi=— [*-FZ(CZP,]C-I-CZR,]C 7 ) ,
n k=0 n-*

with apyg = aro =1. Since 6" = 9&?,;18,1, we deduce that, for all x € D; and all
feL>®(Wsg),

-1
HO,P

1+7¢

> > Npk(X)Ey (1 jpxn=2.MR,i (X)) VR,i ()

* jelg kelp

'Giﬁn‘“”*)snﬂx) -

< asaWs@ I fllws.  (3.12)

This implies that Og(x) < Ho,p for all x € Dy, so 90,5 < Qo,p \% HO,R = Qoyp = QO,R-
Conversely, since Sf = Rf for all positive f, we have 0y s = 6y . We thus deduce
that 6y,s = 0p,p = 8o r. We also have, by definition of S, js(x) = jr(x) for all
x € D,. Moreover, for all x € D, implies that js(x) <1+ ¢*. Note that, up
to now, we have neither used the assumption that np > 0, nor the second part
of (3:3). Therefore, we have proved Corollary[3.2]

It remains to prove that js(x) =1+ ¢, for all x € D;. Fix x € D; until the end
of the proof. Since 1p(x) > 0, we deduce from Proposition[2.5/(i) that

1
Vi= Npx(X)Vpk
TIP(X) kEZIp

is a quasi-stationary distribution for the semigroup (P,),>¢ with exponential
convergence parameter 0y p. Let us first prove that jr(vQ) = £.. Since (R;) n=0
satisfies (A), we have for all y € D, such that jr(y) < ¢.

0:"n"C"65,R,1
O,R yitniDy ©

YierpMri(y) if jr(y) =27,
0 iij(y) <[*,

where the convergence holds in L>(Wp). Therefore,

e&gn—”*vQRnﬂDz Y vQ Rl jpe=2.)- (3.13)

n—+oo .
ielg
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Now, using that v is a quasi-stationary distribution,

+00
Ev (nR(XTDZ)ﬂjmxTDz):A) = Y vPmQ(nrO) Lj0)=0.)

m=0

~ 1060, vQ(MrOLjz0=e,)-

By the second part of Assumption (3.3), the left-hand side is positive, so we
have proved that 6, Zn_[ "vQR,1 D, converges to a positive limit. This shows
that jr(vQ) = ¢..

For all n = 1, using the fact that S, = P, + Ry, + X }_) Pn—k-1QRy, we have

n—-1
n—(€*+1)96nvsn1D > n—(€*+1)86n Z vP;,_k-1QRy1p,
k=0

n—1
~(.+) -1 —k
=n~ oty 0,5vQR1p,
k=1

n-1
=n gt Y K [k 0 VQR b, |
k=1

Using that, by (3.13), k! 0, kaRk 1p, converges to a positive limit when k —
+00, we deduce that

l%gljgofn_([*+l)96”v8nﬂp > 0.

This shows that js(v) = £, + 1. Finally, we have 0,"6 P, — Y ke, Npk(X)Vpi =
np(x)v in 4 (Ws) when n — +oo. Since np(x) > 0, we deduce from the lower
semi-continuity of js (see Proposition[2.1) that

lrillll}gfjg(e(;”@Pn) > js(mp(x)v) = js(v) =€, + 1.

Using again Proposition we have js(x) = js(0,"0:Sp) = js(0,"5Py) for all
n = 0. So we finally deduce that

js(x) = llilrzligfjg(Go_”éxSn) > 1’11@321;]‘3(05”6,613,,) > js(vp) =L, +1.

This concludes the proof of Theorem[3.1} O
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4 Quasi-stationary distributions in reducible state
spaces

Our goal is to study quasi-stationary distributions on general reducible state
spaces, a situation which naturally leads to non-zero polynomial convergence
parameters. In particular, we extend the results of [10, Section 6.2], which are
stated under conditions ensuring that the polynomial convergence parameter
of the process vanishes. We refer the reader to [27, 28] where an in-depth study
of the quasi-stationary distributions on finite reducible state spaces has been
conducted (see also the survey [29], an earlier work [22] resumed in [13, Sec-
tion 9], and the more recent works [7, 5]). The quasi-stationary distribution of
particular processes on reducible state spaces with finitely many communica-
tion classes have also previously been studied in [26] (for multi-type Galton-
Watson processes), [17, Section 3] (for discrete state space processes, under
conditions ensuring that the polynomial convergence parameter vanishes), [8]
(for multitype Dawson-Watanabe processes).

We consider a Markov process X with semigroup S on a general state space
D that can be decomposed into finitely many disjoint sets Ej, E», ..., Ex, where
k = 2. We denote, forall i € {1,..., k}, by Y@ the process

Y(l) — Xl’l ifn< TUj¢,‘EjU{6}’
" 0 otherwise

and define by 0 ; its exponential convergence parameter. We let

0:= max 0 ;
jell,... .k} 07

and assume that, for all i € {1,..., k} such that 6, ; < 6, there exists y < 0 and a
function W; = 1 such that, for all x € E; and for some constant C > 0,

E(W; (V™)) < Cy"W;(x), Yn=0. (4.1)

Note that implies that 0y ; < y and that the constant y < § can (and will)
be chosen independent of i without loss of generality. Assume also that, for
all i € {1,..., k} such that 8, ; = 0, the process YV satisfies Assumption (A) with
the objects 0o, ji, @in, Wi, v; and n; such that j; =0, I; = {1} and ; > 0 on
E; (note that we omit the second index for n;; and v; ;). Many references pro-
vide practical criteria to check Assumption (A) with Is = {1}, js =0, ns > 0 and

28



with as , converging exponentially fast to 0, which corresponds to the classical
irreducible situation, see for example [16} 9, 10, 11} 15} 20} 1, 18} 19} 21} [4].

The process YV is called the process X restricted to E;. More generally, for
all M c D, we call process X restricted to M the process X killed after its first
exit time from M. We set W = Zle W; and assume that there exists a constant
C > 0 such that

Ex(W(X;)) =CW(x), VxeD. (4.2)

We assume that the set {1,..., k} can be equiped with a partial order < such
that i < j if and only if E; is accessible from E; in the sense that: for all i # j, if
i < j,then

Vx€eEj, Py(Tg <+o0)>0 (4.3)

and, if i £ j, then
Vx€Ej, Py(Tg <+00)=0,

We also assume that the oriented graph G induced by the partial order < on
{1,..., k} is connected, since otherwise the dynamics of X in distinct connected
components of this graph are unrelated and can be studied using the result
below separately. The result below can also be applied to X restricted to con-
nected subgraphs of G, to provide convergence results for specific initial con-
ditions and test functions (see for example Remark[16 below).

To state this result, we introduce the following notations. We first define the
sets

F:={ie{l,...,k}:00; =0}

and
Fo:= {minimal elements in F for the order <} .

For all iy € {1,..., k}, we define the set of paths from ij to F as
Piy={lio,., 1), p=0, iy F, i = ig Ve, ..., p}}

and the set 5,-0 of complete paths from iy to F as the set of maximal elements
of 2;, for the partial order induced by the inclusion of paths. We then define

jip= max_ #(lig,...,ip 1} F), (4.4)
(io,...,ip)eyio

with the convention that max @ = 0.
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Theorem 4.1. Under the above assumptions, the process X satisfies Condition (A)
with

. _ k
00,529’ Is=F)y, WS:ZVVir
i=1
js(x) = ji, forallx € E;, andip € {1,...,k},

and, foralli € I,

Vs, o Vi+ Y 055 Py, (X0 ¢ Ei, Xpir €9) (4.5)
=0
and
ns,i(x) >0 forall x € E;y with ig € {1,...,k} s.t. ip > i (4.6)
and
ns,i(x) =0 forall x € E;, withig € {1,...,k} s.t. i # i. 4.7)

Remark 14. In this theorem, the functions 7ns; can also be expressed in terms
of the parameters of the problem, since they are constructed in the proof below
with an inductive argument, with explicit expressions at each step. A

Remark 15. Similarly, the speed of convergence ag , is also constructed expli-
citely with an inductive argument in the proof below. In particular, if it is as-
sumed that a; , converges exponentially fast to 0 for all i such that 8 ; = 0, one
can easily check that ag , also converges to 0 exponentially fast if js = 0, and
converges to 0 polynomially in O(1/n) otherwise. A

Remark 16. It follows from the last theorem and Corollary 2.4 that the set of
quasi-stationary distributions v for X such that v(Ws) < +oco and v(ns) > 0 has
dimension #F, and is spanned (in the sense of convex hulls) by vs;, i € Fo.
Our result also allows to characterize all quasi-stationary distributions v of X
such that v(Ws) < co: one can obtain the other quasi-stationary distributions
by applying Theorem[4.1to the process X restricted to

U &

i€ll,...k}:P =0

and by proceeding recursively. All the new quasi-stationnary distributions ob-
tained this way have an exponential convergence parameter (strictly) smaller
than 6.
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In the particular case where the state space D is finite, our result are thus
reminiscent of [28] (see in particular Theorems 4.3 and 5.1 therein). These re-
sults are already quite complete, and one of our main contributions to the prob-
lem in the finite state space situation is to determine explicitly the polynomial
convergence parameter associated to each communication classes, and to em-
phasize the support of the functions ;. A

Remark 17. In cases where some of then;, i € F,is not positive on its domain E;,
one could obtain a similar result using Corollary[3.2]instead of Theorem3.1| (iii)
in the proof below. For this, Assumption (4.3) needs to be replaced by

Vi,je{l,...,k}suchthati<j, Vx€Ej, supEx(n;(X,))>0
n=0
to make the induction argument used in the proof below work. Then, one ob-
tains the same expressions for 775 ; and v ; for the process X in (2.3), but with
a non-optimal exponent j instead of js. However, as noticed in Remark[13] we
have j(x) = js(x) for all x such that ng(x) = }_;c;,ns,; > 0. It is easy to check
from the proof below that ng(x) > 0 for all x € D such that there exists i € 1_30
satisfying P (TE; <oo,17i(XTEi) >0)>0. A
Remark 18. The above result also allows to study reducible processes with de-
numerably many communication classes, provided that the quantity j;, de-
fined in is finite for all iy. In particular, each E;, i ¢ F, may contain several
communication classes. A

Proof of Theorem/[4.1] For all £ = 0, we define by induction

Fror:= {minimal elements in F \ (1_90 U...U l_%) for the order <}.

Note that F = @ iff £ > £ for some £ < +oo. We define by decreasing induction
on/</¢,
Jr={ie,...k:3ieFs j= i

and
74:{je{1,...,k}\(7g+1u...u7,;):Eliel_?g,jzi},

where j > i means that j > i or j = i. For all £ < /, we also define

E/:= U E;.

i€7[
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Observe that, forall £ € {0,...,¢} and all i € J,, we have ¢ = j;, as defined in (@.4).
Step 1. For all ¢ < 7, let S0 be the semigroup of the process X restricted
to E,. Let us prove that S) satisfies Condition (A) with 6, ¢« = 6, I = Fy,
Wgo = W, jgo =0 and, for all j € Fy, g0 ; >0 on E; for all i € J; such that
i = j. In addition, vgw ; =v;forall j € Fy.
Fixie Fypc Jy. Then i # j for all j € J,\ {i} and hence the process X with

initial position in E; and restricted to E, equals the process X restricted to E;.
In particular, by assumption, for all x € E;,

0" E(f (X Lnety )= MiCOVi(F)| < @i WCOI Fllw,

UD\E,

with n; positive on E;. We deduce that, for all x € Uieﬁ[ E;,

07" Ex(f (X Ln<ry i )= 2 iV < 3 ain W fllw.

l'EI_‘—"g iEﬁg

Now let i; be a minimal element in J¢\F,. Then the process X with initial posi-
tion in E;, and restricted to E, equals Y'?, the process X restricted to jetinuF, Ei-
Hence, by (4.1) and according to Theorem 3.1| (ii), we have, for all x € E;,,

07" Ex(f (Xn) Ln<t,y, ) = 2 My j V(D] <@ ,W@Ifllw,
JeF,

where a’il — 0 when n — +o00, and where, for all j € ?g,

n
M), (0 o Ex (0 Fem; (X))

We observe in particular that, for each j € F, such that i; > j, 77,1'1, i (x) is positive
since 7); is positive on Ej;, since TE = Tg; Px-almost surely on the event Tf; <
+00, and since, by definition, Py (Tg; < +00) > 0.

Proceeding similarly and by induction on the minimal elements of J,\ (F, U
{i1}), we deduce that there exist non-negative, non-zero functions 7, ; on Ej,

j € Fy, such that, forall x € E,

07" Ex(f (X) Ln<ty ) = 2 Mo, 0V ()| S @eaW @ fllw,

JEF,

UD\E
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where @, — 0 when n — +oo, and such that, for all i € J, and j € F, such
that i > j, 7, ; is positive on E;. This entails the claim made at the beginning of
Step 1.

Step 2. Let S be the semigroup of the process X restricted to U?:o E,. Letus
prove that § satisfies Condition (A) with 6 5 = 0, Wg=W and js = ¢ on E, for
all < ¢. In addition, we prove that Ig = F and, for all j € Fo, ng j>0on E; for
all i e U_, Josuch that i = j, and vg ; = v;.

Let S be the semigroup of the process restricted to U -0 Ep. We prove
by induction on ¢ that, for all £ € {0,...,7}, §©) satisfies Assumption (A) with
6o,50 =60, Wgey = W and jg) = €' on Ep for all ¢’ < ¢, and that Ig» = Fo and,
forall j e 1?0, ngw,j > Oon E;forallie U[,zojg/ such that i > j, and Vo j=Vj.

Since S©© = S©@ we deduce from Step 1 that the property holds true with
¢ = 0. Assume now that the property holds true for some ¢ € {0,...,¢ — 1} and
let us show that it holds true for ¢ + 1. We denote by P the semigroup of the
process restricted to Dy := Ei1, by Q the transition kernel of the process from
Dy =Eg; to Dy = Ug,zofg/, and by R the semigroup of the process restricted
to Dy = U?:o E[r. In particular S = P+ Q + R and our aim is to show that As-
sumption (A3) holds true, then to apply Theorem By construction, i ¥ j
for all i € Jp with ¢' < ¢ and j € Jy41, so that Py(Tp, = +o00) = 1 for all x € D,.
According to Step 1, the semigroup P satisfies Assumption (A) with jop = 0,
0op = 0 and np > 0. According to the induction assumption, the semigroup
R satisfies Assumption (A3) with jor < +oo and Oy r = 0. In addition, setting
Wgr:=Y pi<yp Zie]_[/ W; and Wp = CZZ-EJ-[+1 W;, we deduce from that, for all
x€ D,

Ex(Wr(X1)) = Wp(x).

We set ¢, = ¢. Then, according to the induction assumption, jr < ¢, on D>, so
that, for all x € D;,

Px(Tp, < +oo and jR(XTDZ) <?,)=Px(Tp, < +00).

Finally, by definition of the sets Fys1and Jpiq, foralli € o, 1, there exists JE To
such that i > j. In particular, for all x € D, there exists j € 7g such that P x(TEj <
+00) > 0 and, since by the induction assumption, jrp=¢ = ¢, on E;and nr>0
on Eg, we deduce that, for all x € Dy, Py(Tp, < +oo, jR(XTDZ) =/,, UR(XTDZ) >
0) > 0. Hence we can apply Theorem (iii) and deduce that Assumption (A)
holds true for S“*V with 6, g+ = 0o g = 0, with Wges1y = Wg + Wp and hence
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also with Wge+ny = W, and jgesn =€« +1=¢+10n Egﬂ and jgse+n = jr= ?' on
Ey for all ¢’ < ¢, and that Ige. = Ig = Fy, with Vso,; = vej=vjforall j e Fo.
In addition, fixing j € F, the induction assumption and the expression of 7, j
in Theorem (iii) entails that, for all i € |J¢ _o such that i > j, ngesn ;>0 on
E;. This concludes the induction step and shows that the property holds true
with ¢ = £, which concludes the proof of Step 2.

Step 3. Let us now consider the set G :={1,..., k} \ Uﬁzljg. We define Gy as
the minimal elements in G for the order >, and, by induction,

Gy41 = {minimal elments in G\ (GyU --- U Gy) for the order >}

We define ¢’ as the maximal index ¢ such that Gy # @. We first show that, for all
X€UjegE;and all n =0,

Ex(W(Xp) < C'7"W (), (4.8)

for some constants C’ > 0 and ¥ € (y,0). We proceed by induction on the sets
Gy¢. The property holds true on Gy by (4.1). Assume that it holds true for all
x € Gy, 0' < ¢, for some ¢ < ¢' — 1. Then, using Markov’s property, we have for
alli e Gyyq and x € E;,

n

Ex(L1,c=kEx, (W(Xy-k))),
_1 1

[Ex(W(Xn)) = Ex(ﬂTE¢>nWi(Xn)) +
i k=

where T E¢ is the exit time from E;. By definition of G¢+1, X7, belongs to {0} U
i
Ue<¢Uiea,, Ei, and hence, using the induction assumption,

L7 =kEx, (W (Xp—)) < C' Ly 7" W (X

Hence, using in addition (4.1) for the first term in the last equation,
¢ k
Ex(W(Xp) < Cy"W(x) + Z C/)_fn_ [Ex(ﬂTEgsz(Xk))
k=1 i

n
<CY"W@) + Y C'7" *Ex(Lr,esk-1Ex,, (W(X1))
k=1 !

n
<CY"W@) + Y. C'7" FEx(L 7,5 k-1 CW; (Xk-1),
k=1 !
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where we used (4.2). Then using again (4.1), we deduce that

Ex(W(X) < CY"W(x)+ Y C'7"*CPy*w ().
k=1

Since y < 0, we deduce that, up to a change in the constants C’ and ¥, the prop-
erty holds true for ¢ + 1. This shows by induction that holds true.

One immediately checks that Assumption (A1) holds true with P the semi-
group of X restricted to D, := Ufzoﬁg (this is Step 2) and R the semigroup of X

restricted to D, := U?:o Uieg, E¢. Hence, using Theorem (i), we deduce thezt
Assumption (A) holds true for the process X on D = D1 U D,, with 0y s=0p =0,
Is = Ip = Fy, Wg = Wp + Wx and hence for Wy = W, for js=0on Dy and js = jp
on D;. Using the fact that j;, = 0 for all iy € G and Step 2 for iy ¢ G, we deduce
that js(x) = j;, for all x € E;, and iy € {1,..., k}. In addition, for all j € F and all
x € E; with i > j, s j(x) o< np;(x) > 0 (according to Step 2), while, for all x € D5,
ns,j(x) = 0, which corresponds exactly to the last two assertion and
of Theorem It remains to prove ([4.5). Theorem (i) entails that, for all
ieFy,

VsiX Vpi+ Z Qilg_lﬂmvp’i (TD2 =1, Xj41 € )
k=0
=vi+ Y 07F'P, (Tp, =1, Xg1 €).
k=0

But, foralli e 1_30 and x € E;, Tp, is almost surely equal to the exit time from Ej,
and hence (4.5) follows. O

5 Lyapunov type criterion for Markov processes in
discrete state spaces

Let X = (X, n € Z,) be a Markov chain on a discrete state space D U {0}, with
0 absorbing. It is well known that, when X is aperiodic and irreducible, that
iswhen P,(3n =0, X,, = y) > 0 for all x, y € D, existence of a quasi-stationary
distribution is implied by the existence of a Lyapunov type function (see for
instance [14} [10], see also [29] for a general account on quasi-stationary dis-
tributions for discrete state space models). We show in this section that the
irreducibility assumption can actually be removed entirely.
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In the following result, we say that X is aperiodic if all states in D are ape-
riodic (with the usual convention that a state x € D such that P,(3n =0, X,, =
x) = 0is said aperiodic).

Theorem 5.1. Assume that X is aperiodic, that there exists xo € D such that
Py, (3n =0, X, = xo) > 0 and that there exists a function V : D — [1,+00) such
that {x € D, V(x) < C} is finite for all constants C > 0 and such that
Ex(V(X1)11<1,)
Vi(x) V(x)—+o0

0. (5.1)

Then Assumption (A) holds true with Ws = V and, in particular, X admits a
quasi-stationary distribution. In addition, P, (X, € - | n < 1) converges in 4 (V)
when n — +oo toward a quasi-stationary distribution of X.

Remark 19. Despite its generality, the assumption that there exists xo € D such
that Py,(3n = 0, X;, = xp) > 0 is actually not necessary for the existence of
a quasi-stationary distribution. Consider for instance the process with D =
{1,2,...} and 0 = 0, with almost sure transition from i to i — 1 for all i = 1. Then,
choosing v(i) = %6" foralli>=1andany@ € (0,1), we have

0 .
P,(X;=i)=v(i+1)= me’“ =0v(i),

so that v is a quasi-stationary distribution. A
Ex(V(X1)11<q,)

Vx) V(x)—+00
However, a straightforward adaptation of the proof leads to a finer result: de-
noting by C;, i € I with I =N:=1{1,2,...} or [ ={1,...,n} for some n = 1, the
collection of communication classes of the process, and by 6; the exponential
convergence parameter associated to each C;, it is sufficient to assume that

. [Ex(V(Xl)]lkra)
limsup <sup0;.
V(x)—+00 V(x) iel

Remark 20. In (5.1), we assumed for simplicity that

Another natural and straightforward adaptation of the result is to replace by V'
by any function V : D — [1,+400) without assuming that {x € D, V(x) < C} is
finite for all C = 0, but such that, for a non-decreasing sequence of finite sets
(K;) n=0 such that D = U, K;,, we have

. . IEx(V(Xl)]11<Ta)
limsup inf <supb;.
n—+oo X¢Kjy V(x) ieN
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Remark 21. The aperiodicity assumption is actually not needed for all x € D:
one easily checks that it is only required over communication classes whose
exponential convergence parameter is maximal. More generally, adaptation of
these results to periodic processes is common procedure, and we leave its de-
tails to the interested reader. A

Proof of Theorem|[5.1} For all x € D, let Cy be the communication class of x, and
let (x;);e7, where I is either N or {1,...,n} for some n, be such that D is the
disjoint union of the sets Cy;, i € I. We take (without loss of generality) x; = xo
and write C; instead of Cy;.

Let i € I be such that Py, (3n = 0, X, = x;) > 0. By assumption, this is the
case for i = 1. Then the process X restricted to C; is irreducible and satisfies As-
sumption (E) in [9] (this is a direct adaptation to the discrete time setting of the
proof of Theorem 5.1 in the last reference). In particular (see for instance [11]),
the process X restricted to C; satisfies Assumption (A) with js =0, s positive
and Ws = V|c,. We denote by 0; the associated exponential convergence pa-
rameter.

Let i € I be such that Py, (3n =0, X, = x;) =0. Then C; = {x;} and

[Exl- (V(Xl) :H-X1€Cl‘)

=0.
V(xi)
Now, define
E,(V(X7)1
]::{i , x(V(X1) 1<Ta)<91‘v’xeci}.
V(x)

[Ex(V(Xl)Il-lcra)

By assumption, there exists only finitely many points x € D such that E) >

0:/2, and hence there exists p < 8; such that

{ . [Ex(V(Xl)]11<T0)
’ V(x)

J= SpVxeCi}

In particular, for all x € U¢;Cj,

[EX(V(XI)H)QEU]'E]C]') <
V(x) h

)

so,foralln=1,

Ee (VX1 <p"V(x).

UD\UjE]Cj >n)
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Let J' = I\ J. Note that, by assumption, J' is finite. In addition, all i € J is either
such that Py, (3n =0, X, = x;) > 0 or such that Py,(3n = 0, X, = x;) =0, hence
the process restricted to C; either satisfies Assumption (A) with js=0,ns>0
and Ws = V¢, or satisfies

Ex(V(X1)1xec,)

su =0<p,
e V@ p

so that
sup (V(Xn)ILT{a}UD\CiMJ < p"V(x).

xeCj

Therefore, the assumptions of Theorem {4.1| are satisfied by the process X and
the finite partition of D given by U¢;C; and C;, i € J', so we deduce that X
satisfies Assumption (A).

In order to prove the last sentence of Theorem/5.1} we apply the above proof
to the process X restricted to D, U {0}, where

Dy, ={x € D such that P,,(3n =0, X,, = x) > 0}.

We deduce from (4.6) in Theorem [4.1] that 15(x) > 0 in Assumption (A) for this
process, so that Proposition [2.5[(iii) entails the claim for X restricted to Dy, U
{0}. But the definition of D, clearly implies that T, p\ Dy, =T Px-as., which
concludes the proof. O

A Polynomial decay for linear operators on Banach
spaces

A.1 Polynomial decay and first property

Let ¥ be a bounded linear operator on a normed real vector space (B, |-|). We
consider the following assumption.

Assumption (H). There exists a bounded linear operator Ey on B and Jy € R,
such that, forall xe Band all n =1,

n_:"l‘iB"x — Epx| < ag x|, (A.1)

where (a3 ) nen is @ numerical sequence which converges to 0 when n — +oo.
We also set g = 1.
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Remark 22. One natural generalization of Assumption (H) is to consider the
situation were as , = asp ,(x) is allowed to depend on x. One easily checks that
the following result and its proof remain valid in this setting (replacing as , by
s (x) in (). A
Proposition A.1. Assume that (H) holds. Then,

(i) foralln=1andall¢ =0,

I I < (s, + I Expll) n™%;

(i) we have*BEy = Ep*B = Eg; in particular, Ey; takes its values in the vector
space of eigenvectors of*|3 associated to 1;

(iii) if x is an eigenvector of*PB associated to 1, then Epx = 13,,-0x.
Proof. The first assertion is immediate. For the second one, we observe that

Iy — Expll < lln ¥R+ —PEyl
N2+ DTIBP IR [ (4 1) TIFRH - Bl

where
(ImED s —PEgpll = I (2~ Iwsp7 — Ep)ll < 161l a1
and
[[CESVRERUCEES LS U = (MZT%;W - 1)
and

(2 + 1YP™! — Egll < ag pa1,

so that [|*BExy — Epll — 0 when n — +o0, and hence
‘BE}‘B = Esp.

Similarly, for the third assertion, we have

I ExP — Expll < lln ¥ P! — EpPll
+ I+ DTIRP - g IBPIL | 4 (+ DIBRH - Exgll,
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where

Iin =B — BBl < IRl %P - Exll < g,

and the other terms go to 0 as in the previous case. Hence, we deduce that
Ex'B = Exp.

The last assertion is immediate. O

A.2 Polynomial decay for upper triangular matrix of linear op-
erators

Let B; and B, be two Banach spaces, and 3: B; — By, Q: By — By, R: B, — B>
three bounded operators. We define the Banach space B as the direct sum of
Bj and B, and consider the operator S =B +Q + 1 on B, where B 5, = Qip, =
Rp, = 0. Formally, & can be represented as the following upper triangular ma-
trix of linear operators:

_[BQ
o[} &
so that
&n - q3n Zzzlfﬁn—kﬂmk—l
10 R '

The study of the spectrum of such upper triangular matrices of linear oper-
ators over a Banach space has already been considered in the literature, see for
instance [3, 16} 2, [30] and references therein. In the following propositions, we
are interested in the polynomial decay of the operator G, which is related to the
algebraic multiplicity of its leading eigenvalue.

Remark 23. Adapting the results of this section and their proofs to the situa-
tion where Assumption (H) allows ass ,, to depend on x is straightforward, but
leads in some places to additional technical assumptions and cumbersome ex-
pressions. Since the situation where as; , does not depend on x is sufficiently
rich to illustrate the implications of the results below, we decided to only ex-
pose this simplest situation. We leave the interested reader to check that if
sy, = asp, () is allowed to depend on x, then

o Proposition still holds true, replacing as ¢ by as ¢(x) in the expres-
sion of ag p;
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* Proposition[A.3]still holds true, assuming in addition that
n-1 r
Bn(x):= kzzoam,n_k_l(ﬂ‘l? 00k ———0

and replacing Zz;é s n—k—10% (resp. as ,) by B, (x) (resp. an ,(x)) in the
expression of ag ;,;

* Proposition[A.4]still holds true, assuming in addition that

n—+oo

1 -k Im
B, (x):=— Z agn n—k(QPr-1) (%) (n )
ni= n

and replacing Y.} _; s, n—k (%’C

in the expression of ag .

J
) " (resp. asp ) by B,(x) (resp. asg (x))

A

Foralln=0,wesety, =IR"Il, Ty, =X isnYk 0n=IB" Il and ©;, = Y j>, O.
We consider the case I'y < +oo in Proposition[A.2} the case ©( < +oo in Proposi-
tion[A.3} and the case I'g = ©¢ = +o0 in Proposition|A.4]

Proposition A.2. Assume that 37" IR" || < +oo and that the operator*}} satis-
fies Assumption (H). Then S satisfies assumption (H) with

Jo =Jp and Es = Ep+ Y RQEy,
/=0

and

=l (g p—k-1+ DIp(k+1)
(e, = Qg n+CTy+C ZYIC PB,n—k—-1 - Jp
k=0

+ a‘)ﬁ?,n—k—l ’

for some positive constant C > 0 (which depends on ||Q|l| and ||Egll) and with
the convention that asg o = 1.

Proof. Fixn=1and x € B;. Then
In¥&"x - Egx| < [n PP x - Epx|+ ) ‘n_"‘n%kQ‘,B”_k_lx—%kQEspx
k=0

+ Y IRFQEpxl. (A2)
k=n
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By Assumption (H), the first term on the right hand side is bounded by asy ,, (x) | x|.
Moreover, since 9 and Ey are bounded operators, [R*QEyx| < IQEgllyelx|
and hence

In_:"ﬁ‘B”x — Epx| + D‘ikQqux

k=n

< asp,ulxl + IQERIT 51 x].

For the second term in the r.h.s. of (A.2), we have for all k€ {0,...,n—2},

“Ip ek yopn—k-1 k n—k-1\%| R
nIRREQEnk1x — | Qme‘s 1-|——] |I® QIII‘(n—k—l) T x‘
+IRFQ |- k= 139K B
Jnk+1)
< ="y (@i + B 1]

n
+ QI ks, n-k-11xl,

where we used Proposition[A.1](i) and Assumption (H). For k = n—1, we observe
that
IR REQP Ry - REQ By | < 20120+ 1Q By a1 1.

If x € By, then &"x = R"x and Epx =0, so that |&"x — Eg x| < yp|x| <T,|x|.
The above bounds and show that G satisfies Assumption (H) with

n-l (a3 p—t—1 + DIk +1)
aG,n:as;p,n+CFn+C Z)/k( Bonzkl J‘B
k=0

" + g, n—k-11»
which converges to 0 when n — +oo.
O

Proposition A.3. Assume that ) .S, I'B" |l < +oco and that the operator R satis-

n=0

fies Assumption (H). Then S satisfies assumption (H) with

Jo =Jdn and Es = Ex + Y ExQ%’,
=0

and X
n— ~
Jek
asn =00y +CO,+C Y Or|an k-1 + |
k=0
for some positive constant C > 0 (which depends on |||l and ||Ex Q) and with
the convention that as o = 1.
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Proof. We have, forall n =1 and all x € B,
nIeG"x - ng’ < ‘n_:’mﬁ%”x—Eggx‘ + I [P x|

+n IRy ‘i)%”_k_lﬂipkx— (n—k—1)"% EnQP~x
k=0

n—1 —k—1)\%

£y (1- (”—) | En YT x|
k=0

+ Z |E9qQ€ka|
k=n

Using Assumption (H) for R and the fact that £ is a bounded operator, we de-
duce that the first three terms are bounded by

n—1 n—k-1 Jr
A nlxl+ 6l x|+ 1QI Y an n—k-1 (T) Okl xl
k=0

n—1
= (am,n +QN ) am,n—k—19k) | x|.
k=0

The fourth and fifth terms are bounded by

k=n

n-1 n—lk—1\% 00
Y NExQIN|1- (T) Orlx|+ Y IEnQllOkl x|
k=0

n-1~
JInk
< IIIEa%QIII(Z %ekw)n

|x|.
k=0
We finally deduce that
‘n_jGG”x—ng) <agnlxl,
where
n—1 n—1 36 k
as,n = an,n + QI Z an n-k-10k + (IExQIl + )0, + | E QI Z Tek- O
k=0 k=0

Proposition A.4. Assume ‘Y and R both satisfy Assumption (H), with Jp =0.
Then G satisfies Assumption (H) with

1
36 =1+Jn and Eg = ?E%QEsp
G
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and

C — kI
as, = (m + Z“‘ﬁk + (Iilaxaqgk+l)2amn k(n ) )
k=0 k=0

for some positive constant C (which depends on |||EmQqu I, NExLQI, QI and
Il Elll), and with the convention that asg o = @, = 1.

Proof. Using the fact that &"x =P"x+ Y} _, RO 1 x, we deduce that
nY8G"x - Egx| < n 9P x + n ISR x

n
ORDY
=1
n
=1

Rk k-1 —(n—k)hEmepk‘lx(
k

3y (n- k)Jm‘quQ‘Bk ly— quQqux‘
k

n
n -J& Z(n k)‘j%——
=1

+ |E9{QE33)C| (A.3)

For the first two terms on the right hand side, we deduce from Proposi-
tion[A.1] (i) that

nIS P x|+ n ISR x < (@ + A + I Epll + 1 Esell) n ™t | x. (A.4)

For the third term, we use that, for all n = 1, Proposition (i) and the
boundedness of  imply

IR xl < QM (s, -1 + | Bl x].
Hence, using Assumption (H) for ‘R, we obtain, forall k=1,
\%"-kafp’“—lx ~(n- k)J“EmDmk_lx‘ < ag -k (n— K)* QM (o k-1 + Il Bl x1.

Thus

n
JG Z
k=1

%n—kgmk—lx —(n- k)ﬁmEmDmk—lx‘

n — k\I®
Zam,n—k(nn ) . (A5)

< [1Qlll | x| (maxa + [ E |||)1
N k=0 Pk ¥ n
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For the fourth term, we use Assumption (H) for ‘3 to derive

e & ~ _ ExQlllx] & ~
n3e Y (n— k) )EmQ‘Bk 1x—E9qDEq3x‘ < "'”—n”“' Y g (- ki),
k=1 k=1
(A.6)
Finally, the fifth term in is bounded by
& ~ 1
IExQEgpll [n78 Y (n— k) — —| |x| (A7)
k=1 Je
no . kin N
<UEnQERN Y. |~ -Kim® - [ (- du
=ln (k=1)/n
J
< I ExQEpll ™ lxl. (A.8)
Combining and the bounds (A.4), (A.5), (A.6), ends the proof of
Proposition[A.4] O
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