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Abstract

We present a new set of analytical solutions for analysing pumping tests in a well near a
vertical fault zone, dyke or vein. We consider a fault zone with finite width, storativity and
hydraulic conductivity, which can be anisotropic, and without limitation of the diffusivity
contrast between the three aquifer domains (pumped aquifer, fault zone and opposite-side
aquifer). This configuration, not described before, also considers flow transience within the
fault zone. Drawdown solutions were developed for the three-aquifer domains based on an
unconventional application of the well-image theory. Their comparison with numerical
modelling results was very satisfactory. Drawdown behaviour at the pumping well is
discussed for contrasted properties between the three-aquifer domains. Original analytical
solutions for transient flow along both sides of the fault zone, and net transient flow from the
fault itself, are proposed and discussed, with particular attention to flow reversal, from the
pumped compartment to the fault zone, which occurs where the fault zone is the most
transmissive. Finally, we extend the solutions to the case of a well intersecting and pumping a

vertical fracture of finite length located near the same vertical geological discontinuity.

Keywords: Pumping test, Anisotropic fault, Pumping near a fault, Compartmented aquifer,
Analytical solution
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1. Introduction

In hydrogeology, the oil-and-gas industry, and geothermal activities, well testing is an
essential tool for assessing the hydrodynamic properties of a reservoir. The evaluation of
these properties, as well as their variability in space, is essential for improving resource
management (e.g., Raghavan, 2004; Dewandel et al., 2012). In addition, detailed groundwater
flow conditions, particularly in fractured systems, are required for pressure and transfer
modelling, for instance in the case of a nuclear-waste deposit, geothermal exploitation, or
contaminant transport. Therefore, the design of an adequate conceptual model based on well-
test data prior to quantification of the hydrogeologic parameters has been a topic of interest
for decades (Bourdet et al., 1983, 1989; Ehlig-Economides, 1988; Renard et al., 2009; Rafini
and Larocque, 2012; Ferroud et al., 2019, etc.).

A common case encountered in the field is a well located near a fault (Fig. 1a) that may act as
a barrier or a conduit, or a combination of both, to flow (e.g., Maslia and Prowell, 1990,
Haneberg, 1995, Bense et al., 2003). In sedimentary rock, but not only, faults may be
permeable, or act as low- or non-permeable structures, because the throw along the fault plane
may be such that a permeable layer on one side of the fault is completely, or partially,
juxtaposed against an impermeable layer on the other side, or because of low hydraulic
conductivity materials in the core of the fault zone. The reverse is also possible, where the
rock’s hydraulic conductivity is enhanced because of unaltered fracturing along the fault zone
(Caine et al., 1996). Other geological features, such as dykes, veins, or karst conduits, may
locally enhance the hydraulic conductivity, and drain the surrounding aquifer, or act as a
barrier or low-permeability discontinuity to flow (Dewandel et al., 2011, Perrin et al. 2011;
Lachassagne et al., 2011, 2021, Maréchal et al. 2014; Xiong et al., 2017; Xu et al., 2018).

Depending upon the properties of the fault or of the geological discontinuity, fluid flow may
occur along the structure and across the structure’s planes. Several analytical studies have
described transient pressure behaviour in the pumping well and flow processes; such work
often refers to a pumping well near a fault of infinite length with finite-conductivity
(Abbaszadeh and Cinco-Ley, 1995, Abbaszadeh et al., 2000; Escobar et al., 2013). Yaxley
(1987) derived an analytical solution from Bixel’s et al. (1963) work for a well located near a
partially communicating vertical fault. This model, dedicated to low-permeable barrier, does
not account for flow along the fault plane. Abbaszadeh and Cinco-Ley (1995) presented a
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solution for a well located near a finite-conductivity vertical fault, with fracture skin for
simulating damage zones on the sides of the fault plane. Their solution allowed varying
aquifer properties on both sides of the fault, considered flow along and across the fault plane,
but assumed a small fault width and neglected fault storativity and thus flow transience in the
fault zone, the net flux in/out of the fault being nil. This model was dedicated to fault zones
with higher hydraulic conductivity than those of the surrounding aquifers. Later, Rahman et
al. (2003) proposed a semi-analytical solution similar to Abbaszadeh and Cinco-Ley (1995)’s
work, to account for transient flow in the fracture plane, but also assumed a greater hydraulic
conductivity in the fault. Other solutions exist in the literature, such as that developed by
Boussila et al. (2003) for a well near a linear leaky boundary in laterally infinite composite
systems, or the one proposed by Althawad (2016) for a pumping well intersecting and
pumping a finite conductivity fracture of infinite length near a finite conductivity fracture of

infinite length.

Vertical faults, or other vertical geological discontinuities, can also be conceptualized as
vertically compartmented aquifers. Butler and Liu (1991) and Dewandel et al. (2014),
proposed solutions for investigating the influence of a pumping well located in a linear strip
aquifer—representing the geological discontinuity—bounded laterally by aquifers of differing
properties. However, no analytical solution was provided for a pumping well located in one of
the two external compartments and thus near the geological discontinuity. Anderson (2006),
using the method of images, presented an analytical solution for a pumping well near such a
discontinuity. His solution allows considering the anisotropy in hydraulic conductivity of the
central compartment, the one representing a vertical fault zone, or another vertical geological
discontinuity. However, this solution was established for steady-state flow only. Rafini and
Larocque (2009) used numerical models for assessing the flow behaviour induced by a
pumping test near a fault zone, embedded in a low-permeable matrix with various fault
inclinations, but they did not consider the anisotropy in hydraulic conductivity of the fault

Zone.

We propose new analytical solutions for drawdown induced by a pumping well near an
infinite sub-vertical and anisotropic fault zone (or another vertical geological discontinuity).
We consider a fault zone of finite width, storativity and hydraulic conductivity that can be
anisotropic (Fig. 1a), without limitation of the diffusivity contrast between the three-aquifer
domains (pumped aquifer, fault zone and opposite-side aquifer), which was not considered in

earlier works. Our solutions are based upon an unconventional application of the well-image
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theory. Solutions are first developed for an isotropic fault and then extended to the anisotropic
case; they are given for the three-aquifer domains and are compared to numerical modelling.
The hydrodynamic signatures of drawdown and flow behaviour at the pumping well are
discussed. Analytical solutions for transient flow along both sides of the central compartment
(the fault zone) are given in terms of spatial and transient evolution, with particular attention
to reversed flow, i.e. flow from the pumped compartment entering the fault zone, which can
occur under specific conditions. These new solutions allow discussing the transient behaviour
of such flow, which has not been studied in the past. Finally, we show that the solutions can
be extended to other cases, such as a well intersecting and pumping a vertical fracture of finite

length located near an infinite vertical fault zone (Fig. 1b).

The proposed solutions should be useful for examining and modelling drawdown created by a
pumping well, or a well intersecting and pumping a vertical fracture, near a vertical fault
zone, or another vertical geological discontinuity, such as dykes, veins, buried channels
embedded in other materials, or even karst conduits.

2. Theoretical method and mathematical model

2.1. Conceptual model
The problem of interest consists in evaluating drawdown as a function of coordinates x, y and

time, caused by a pumping well near an infinite vertical fault (or geological discontinuity)
with finite thickness, finite storativity and anisotropic hydraulic conductivity (Fig. 1a).
Following Anderson’s (2006) nomenclature, the system is divided in three domains, D1, D*
and D2, with L1 representing the boundary between D1 and D*, and L2 the one between D*
and D2. Domain D*, the infinite vertical fault, separates two semi-infinite half-spaces. The
pumping well is located in D1; it is at the origin of a Cartesian coordinate system (x=0, y=0)
and is at a distance a from L1. The y-axis is parallel to the two boundaries L1 and L2. The
well fully penetrates the aquifer and produces at a constant flowrate Q. The overall domain
(D1, D*, D2) assumes a confined condition; each domain is characterized by its own
transmissivity and storativity. D* has anisotropic hydraulic conductivity in the horizontal
plane, while the two other domains are isotropic. Domain thicknesses can be different (not

shown on Fig. 1a). Damage zones along the fault zones (D*) are not considered.
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2.2. Method of images
The method of images is a classic technique for tackling boundary-value problems, such as

those encountered in heat conduction, electrostatics, and, particularly, in groundwater flow, to
solve the problem of no-flow, constant boundaries, or leaky boundaries (Ferris et al., 1962;
Kruseman et al., 1990; Bruggeman, 1999; Anderson, 2000, 2006). Solutions with this method
have the advantage of providing convenient forms, compared to solutions from differential
equations that may require numerical inversion of a Laplace transform. The proposed
solutions are based upon an unconventional application of the well-image theory. This
method, originally proposed by Fenske (1984) for the case of a boundary separating two
aquifers with dissimilar diffusivities, and later extended by Dewandel et al. (2014) to a well
located in an infinite linear strip aquifer limited on both sides by aquifers of differing
properties, has been further developed for the case presented here. Though good and useful
approximations, the proposed solutions are not shown to be exact solutions to the appropriate
partial differential equations (Bixel et al., 1963; Butler and Liu, 1991; Appendix A, hereafter).
We do believe, however, that—although it is not the method used here—drawdown solutions

can also be obtained by numerical inversion of a Laplace transform.

In a general manner and using the well-image theory for the case presented here, one can
consider the drawdown in domain D1 to consist of two components: direct drawdown caused
by the pumping well, and reflected drawdowns caused by the reflection of image-well
drawdowns from the two boundaries onto D1. Total drawdown can be represented by a sum
of drawdowns caused by the pumping well and that caused by image-wells located across the
boundaries; each image-well is strengthened to consider the contrast in properties between the
three domains. Figure 2a shows the solution for drawdown in D1, where each dot corresponds
to an image well with its distance from the pumping well and its strength. This technique is
widely used for solving the particular cases of no-flow and constant-head boundary conditions
(e.g. Ferris et al., 1962; Kruseman et al., 1990); in these cases, image strength is 1 or -1. More
information on the well-image theory can be found in Anderson (2000, 2006), or in
Bruggeman (1999).

The drawdown in domains D* and D2 is the transmitted drawdown across the boundaries. Its
solutions depend upon the properties of the domain of interest and are analogues of the
solution in D1. Consequently, drawdown can also be represented as the sum of drawdowns

caused by the producing well, and one or two infinite well-image series—depending upon the
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domain—Ilying outside the domain of interest, whereby each pumping- and image well was
strengthened to cover the aquifer properties of each domain (Figs. 2b and 2c).

Along the boundaries, conditions vary from boundary L1 (between D1 and D*) to boundary

L2 (between D* and D2) and the following criteria must be satisfied:
1). Drawdown must be equal on both sides of the boundaries:

- then s;(a,y,t) = s*(a,y,t) along boundary L1,

-and sy(a + h,y,t) = s*(a + h,y, t) along boundary L2,

2). Unit discharge orthogonal to the boundaries must be equal on both sides as well:

-then T} asl(a‘;'y'f) — T 6S*E;:y,t) along boundary L1,
dsy(a+hy,t) — T ds*(a+hy,t)

-and T, o I

along boundary L2,

where s;(x,y,1), s*(x,y,t) and s,(x,y,t) are the drawdowns in each domain (D1, D* and D2), T,
T* and T, are the transmissivity values of each domain, a is the distance from the pumping
well to boundary L1, and h is the width of domain D*.

2.3. General solutions for drawdown

Here, we first considered the case where domain D* is isotropic. A second section deals with
the anisotropy of this domain. All three domains are characterized by dissimilar diffusivity
values (T1/S1£T*/S*£T51S5).

Using the well-image theory described above, the general solutions for drawdown valid for
each domain are expressed as series (Fig. 2). For domain 1 (D1), drawdown is expressed by
that of the producing well, that of one image-well at the opposite of L1 (at x=2a), and that of
one infinite image-well series lying outside D1. For domain D*, drawdown is expressed by
two infinite image-well series lying outside D*, and for D2 by one infinite image-well series

lying outside D2.

The general form of solutions for drawdown are as follows, for an observation well in domain
D1:
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S1 S1
45,1, {W <4T1 (x? + y2)> + agW <4T1 ([2a —x]? + y2)>

+ Z a;W <4T1 ([2a + nh — x]? +y2)>}

n=2,4,6

Sl(x!y! t) =

1)

For domain D*:

s*(x,y,t) = ¢ { Z ﬁ-’W( : [2a + nh —x]*+y ))
" 4 T* L AT
n=2,4,6
+ Z ﬁlW<4T*t([2nh +x]°+y ))}
n=0,2,4

2

And for domain D2:

s,(x,y,t) = ) {n;“&w <4T2 ([2nh +x]* +y ))}

(3)

where W(u) is the well-function (or exponential integral function also noted -Ei [-u]); S; and
T. (m?/s) are the storage coefficient and transmissivity of the aquifer in D1, respectively; S*
and T* (m?%s) are those of the strip aquifer in D*, and S, and T, (m%s) those of aquifer D2;
a (m) is the distance from the pumping well to L1; and Q is the pumping rate (m*s™); a0, an,
Gi’, i and & are the image-well strengths. Now, we must evaluate the strength coefficients of

each image-well.

2.4. Drawdown solutions for the three domains

2.4.1. Isotropic case

We consider the first series of images according to L1 and L2 (Fig. 3a). The pumping well is

first imaged according to L1. The result of applying the two boundary conditions at boundary
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L1 (s;(ay,t) = s*(a,y,t) and T, aslf;;;y't)zT* as*;c;y't)) is that the two strength coefficients oo

and f depend upon the contrast of diffusivity between domains D1 and D*, the distance to
the boundary (a) and time (t). Appendix B gives the detail of their solutions. This case refers
to the influence of a partial hydrologic barrier that separates two domains with contrasted
diffusivities, where the drawdown solutions for both domains D1 and D* correspond to the
ones proposed by Fenske (1984). Then, considering the case of two parallel boundaries L1
and L2, and thus that of a well pumping near an infinite strip aquifer, the pumping well must
be imaged about the second boundary L2 (2™ image), which allows evaluating strength

coefficients & and & (Fig. 3a), while applying the new boundary conditions (s,(a + h, y,t) =

ds; (a+h,y,t)_T* as* (a+h,y,t))

s*(a+ h,y,t)and T, o o

These strengths depend upon previous ones fy for f’, but also on the diffusivity contrast
between domains D* and D2, on the width of domain D* (h), and on time (t); Appendix B
gives the detail of their solutions. Then, as this last image-well does not respect the conditions
at boundary L1, it must be imaged about L1 (3" image), which allows evaluating strength
coefficients oq and g according to boundary conditions in L1 (Fig. 3b). As the 3" image does
not respect the condition along L2, it has to be imaged about L2 (4™ image) and strength
coefficients £;” and & should be evaluated according to boundary conditions in L2 (Fig. 3b),
and so on. Therefore, each iteration results in a new image-well with a strength evaluated
according to boundary conditions at L1 and L2. As the strength of the n™ image-well depends
upon the product of all previous image-strengths, the strengths of each image-well series can
be expressed as a combination of arithmetic and geometrical series. The drawdown for an

observation well located in D1 is:

Q ! S Tyt — T*yo S1
t) = W —— (x? 2 w 2a — x]? 2
s1(x,y,t) I, (x“+y°) +Tlro T, 47,11:([ a—x]*+y*)

n-1 n-2 , ,
2T, Tt = Toy; T TV —Tat})
2Ty T, Tith + T*yy a2 5T"‘Tl- + T,y; L 46T"‘yi’ + Ty7{ l
Tyto + Ty
, w(

S1
Flt([Za + nh — x]? +y2)> J

(4)

with the second geometrical series (the one up to ‘n-2”) valid for n>2.
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For a well located in D*, the drawdown is:

( n-2 *. 1 1
| 1—[ T t; — Toy; Ty, —Tht;

2T*yo7, ) 4 Z g Tty L4 Ty + Ty
| n=2,

: (
* ) lt =
Sy = o T + Ty

> ([2a + nh — x]? + y2)>

(®)

with the second geometrical series of the first arithmetic series (the one up to ‘n-2”) valid for
n>2, and both geometrical series of the second arithmetic series (the ones up to ‘n-1’ and ‘n’)
valid for n>1.

For a well located in D2, the drawdown is:

n-1 n

2T2Yn+1Tn+1 T't; — Thy; T"y; — Tht

sy (t,y,t) = Q ( 2Ty 70 ) Z TIThe1 + TV =135 T 1, + Ty, i 46T*Vi’ + Ty 7
4Ty \Tyt9 + Ty, Lo S, ’ , |
l W<4T2t([nh+x +y )) J

(6)

with both geometrical series (the ones up to ‘n-1" and ‘n’) valid for n>1.

W) )

with @ y, =— %=
W<4T* (a2+y2)> e( YT (a2+y2)>

W(4;it([a+ih]2+y2)

yl = So 2 So 212 2
W<4T2 ([a+ih]%2+y?2) e ——4T2t([a+1h] +y2)
w(-1 =L ([a+in]?+y?) e —S—l([a+ih]2+ 2

aTqt Y 4Tqt Y

yl = s*
W(4T* ([a+ih]%2+y?2

: 1 In =
w 4;*t([a+nh]2+y2)> e( T ([a+nh]2+y2)>

9/49



238

239

240
241
242
243
244
245
246
247

248
249
250
251
252

253

254
255
256
257
258
259
260
261
262
263

264
265

266

Advances in Water Resources - https://doi.org/10.1016/j.advwatres.2021.104107

W(ﬁ([aﬂmﬂhlzwz)) B e(‘%([a+(n+1)h]2+y2)>

yn+1 = P , Tn+1 - 5
W<T2t [a+(n+1)h]2+y2)> e<_F2t [a+(n+1)h]2+y2)>

where W(u) is the exponential integral and e(u) is the exponential function.

As a result, the strength coefficients depend upon geometrical series that are a function of
each domain diffusivity, time, the distance a from the pumping well to the first boundary
(L1), and the width h of the strip aquifer (width of D*). In each infinite series, the strength
coefficient of each image well decreases with distance from both boundaries, and each series
converges absolutely. To solve Egs. 4 to 6, we used an algorithm based on an iterative
process, where the number of images is determined when the absolute value of a certain
metric given by the n™" computation (of the n™ becomes negligible (e.g. 10®). This criterion

ensures high computation accuracy.

Note that for the case of time-constant strength coefficients (equal-diffusivity ratio between
the compartments), the solutions are the same as those of the appropriate partial differential
equation. Solutions of this particular case are given in Appendix (C) for the three-aquifer
domains, and, as expected, strength coefficients are identical to the ones given in Anderson

(2006), for a solution in steady-state condition.

2.4.2. Anisotropic case

Analytical solutions for the three domains can be obtained for the case where the geologic
discontinuity (D*) has an anisotropic transmissivity (or hydraulic conductivity). These
solutions are based on the isotropic solutions (Eqgs. 4 to 6) and standard transformed
coordinate techniques (e.g., Hantush, 1966; Ramey, 1975; Neuman et al., 1984). It is assumed
that the main axes of transmissivity in D* are oriented along the x- and y-directions, thus T,"
and T, are parallel and orthogonal to both boundaries, respectively, and T* = JTZT;. As the
pumping well fully penetrates the aquifer (in D1), flow lines are parallel to the bottom of the
aquifer. Consequently, the anisotropy of hydraulic conductivity in the vertical plane is not

considered.

According to Bear and Dagan (1965) and Anderson (2006), the transformed coordinates in D1

remain unchanged. However, in D2, x coordinate must be shifted to the right along the x-axis

to account for the transformed width of D*, i.e. h 5. Therefore:

Tx
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in D1, x=xandy =y (7)
and in D2, 5‘c':x+h(\/;:;yc—1>andj‘i=y (8)

In D*, the transformed coordinates are more complex because of rotational flow in D*. They

are ¥ = x’ \/? and y = y, where x' is a function of the real-coordinate system that assumes at

boundary L1 (i.e. between D1 and D*): x = ¥ = x" = a, and at the second boundary L2 (i.e.

between D* and D2): X =¥ =x'" =a + h\/f—;{). These re-scaling relationships show that D*

must also be shifted to the right along the x-axis to account for the transformed width h \/%
According to Dewandel et al. (2014), x’ can be estimated empirically; it is found that x’ =

x+a (\/? — ) which gives for asx<a+h:
y

kz\/%(x—a)+a 9)

The evaluated relationship still depends on the anisotropy ratio in D* and is linear, which
agrees with Baer and Dagan (1965).

Drawdown solutions in the transform domains are not re-written as they use isotropic
solutions (Egs. 4, 5, 6), where h is replaced by h\/f—g and T* by \/T;T;. In Eq. 5 (for an

observation well in D*) x is replaced by X, and in Eq. 6 (for a well in D2) x is replaced by X,
according to the previous re-scaling rules (Eqs. 9 and 10). The y coordinates remain
unchanged, as well as the x coordinates in Eq. 4 (for a well in domain D1). Re-scaling of all
three domains also satisfies long pumping stages, when drawdown solutions are characterized
by straight lines on semi-log plots whose slope values depend on the average transmissivity of
domains D1 and D2. These solutions are compared with numerical modelling, particularly the
one in D*, in Section 4. Comparisons between the developed solutions and numerical

simulations).

3. Drawdown and flow behaviour at the pumping well
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3.1. Isotropic case
As many type curves exist for describing flow behaviour near such a discontinuity (domain

D*), some examples are given below to discuss the main flow behaviour characteristics.

Figure 4 shows the result of Eq. 4 at a pumping well of radius ry (x,, =y, = v2r,) using

dimensionless time, t,, = T;t/(S;a%), and dimensionless drawdown, s,("/q,tp,) =

27;—Tlspw(rw, t), for the case where T1/S1=0.1, T,/S,=0.5, T1/T,=20.0, h=5 m. Figure 4a presents

the case where T*/T; varies from 107 to 10° with S*/S; =20.0, and Figure 4b the case where
S$*/S, varies from 107 to 10° with T*/T,;=100.0. Diffusivity in D* thus varies between 10 and
10°. The dimensionless forms of the solutions (Eqgs. 4 to 6) are provided as Supporting

Information.

A convenient starting point for the analysis of Eq. 4 is the log-log diagnostic plot developed
by Bourdet et al. (1983). In this plot, both drawdown (sp) and its derivative (Sp’) are shown
with respect to the natural logarithm of time (dsp/dLn(tp,)). Among others, this log-log plot
is commonly used for identifying flow regimes during a pumping test (Ehlig-Economides,
1988; Bourdet et al., 1989; Spane and Waurstner, 1993; Renard et al., 2009; Ferroud et al,
2019). For all presented derivative curves in this work, derivatives were computed
numerically according to Bourdet’s et al. (1989) algorithm.

During the early stages of pumping, when the cone of depression has not yet reached
boundary L1 (tp.<0.2 on Figs. 4a and b), Eq. 4 is identical to the solution of an infinite
homogeneous aquifer (Theis, 1935). For a large enough tp, the condition for which Theis’
equation reduces to Cooper-Jacob’s (1946) equation, a straight line on a semi-logarithmic plot
with a slope % characterizes dimensionless drawdown. Its logarithmic derivative is constant
(value of %2), reflecting the first infinite-radial flow to the well (Fig. 4). Therefore, for short
times, the logarithmic derivative of drawdown will converge to ds/aLn(t) = Q/4nT;.

Once the cone of depression begins to reach boundary L1 (tp >0.2), transmissivity and
storage-coefficient ratios between the pumped (D1) and the strip (D*) aquifers change the
character of the drawdown curves. At that time, the drawdown propagates along boundary L1
and within the strip aquifer. For high T*/T; or S*/S; ratios, the derivative slope tends to -1,
showing that the fault zone acts as a steady-state source (i.e. constant head boundary;
Abbaszadeh and Cinco-Ley, 1995, Abbaszadeh et al., 2000). The higher the T*/T; or S*/S;
ratios, the more the -1 slope is established and the longer it lasts. Note that this trend generally

characterizes a fault zone with infinite hydraulic conductivity near a pumping well
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(Abbaszadeh and Cinco-Ley, 1995, Abbaszadeh et al., 2000; Escobar et al., 2013). However,
Fig. 4b also shows that a similar trend can be obtained for high S*/S; ratios and not
necessarily high T*/T; ratios, as in the previously cited literature. Then, at medium-stages
(to>10.0), when the fault begins to drain the whole aquifer system, derivatives follow a near
Y4 slope, which describes a bi-linear flow regime within D*, as mentioned in previously cited
work. However, when S*/S; ratios are high (>100.0 on Fig. 4b) the derivative’s slope tends to
Y, describing a linear flow regime within D*. It is also interesting to note that, for
intermediate T*/T, ratios (with T*>T;) or S*/S; ratios, drawdown behaves similarly to
naturally fractured media like dual-porosity aquifers (Abbaszadeh and Cinco-Ley, 1995), or

dual-permeability media such as multilayer aquifers.

When T*/T; and S*/S; ratios decrease (Figs.4a and b), derivative curves rise up, and
durations of the -1 derivative slope period and subsequent ¥ or %2 slope decrease (linear flow
regimes), showing that D* is less able to drain the whole aquifer system. In the proposed
examples, the derivative may form a hump at the end of the linear flow period within D*
(to.>30 on Fig. 4a or 6 000 on Fig. 4b). On Fig. 44, it is the consequence of a decrease in the
T*/Ty ratio (<1), and on Fig. 4b it is the result of a lower diffusivity contrast between domains
D* and D2. The smaller the contrast, the greater the hump, which may cause boundary L1
(Fig. 4a) and L2 (Fig. 4b) to appear temporarily as a no-flow boundary (see blue curves on
Fig. 4a).

At late pumping stages (tp>10° on Figs. 4a and 4b), drawdown has diffused through the
whole domain D* and propagates significantly in the third domain (D2). This period is
characterized by a second radial flow regime, illustrating the overall response of the aquifer

system.

During very late stages of pumping (i.e. t—o0 or tp.—), all strength coefficients y; and 7; in
Eq.4, but also in Egs.5 and 6, tend to 1. Therefore, and after rearranging Eq. 4, the

logarithmic derivative of the dimensionless drawdown for late-pumping stages leads to:

g~ ) 1+ (220 ) B 2 (2
tbL2%® gep, T \Ty 4T T,+7*) \1p+7*/) “1=012\ 1, 17+ ) \1y+T*

(10)

As (T*_Tf) and (T*_Ti) ratios are between -1 and 1, the series can be regarded as a Taylor
To+T Ti+T

series that tends, for n—oo, to % Therefore, the last equation simplifies to
1 2
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T1+T,

LimtDL_m;tﬂ ~ ( ) showing that the logarithmic derivative of the dimensionless
DL

drawdown depends only on the transmissivities of the pumped aquifer (D1) and of domain
D2. Thus, the logarithmic derivative of drawdown, ds/dLn(t), will converge to a constant

as _
aLn(e)

value inversely proportional to the average transmissivities of D1 and D2,

Q/[2n(T; + T,)]. This shows that, for late-stage pumping, the drawdown slope does not
depend on the transmissivity of the strip aquifer (D*, representing a fault, another geological
discontinuity, or another compartment), but on those of the pumped compartment and of the
compartment on the other side of the geological discontinuity. This behaviour agrees with
previous work (Abbaszadeh and Cinco-Ley, 1995, Abbaszadeh et al., 2000; Rahman et al.,
2003; Escobar et al., 2013).

3.2. Anisotropic case
As discussed above, the solution with an anisotropic central compartment (D*) is similar to

that for the isotropic case (EQ. 4, h being replaced by h\/% and T* by ,/T{Ty). Therefore,

drawdown and derivative curves are characterized by a similar behaviour (Fig. 5). During the
early-stage pumping (tp.<0.2), dsp/dLn(tp,) = 1/2 (or ds/dLn(t) = Q/4nT,)—or the first

infinite-acting radial flow when boundary L1 has not been reached by the pumping—and for

aL(le(t) = Q/[2n(Ty + T)]), which

late-stage pumping, ds,/dLn(ty,) always tends to % (or
characterizes the overall response of the aquifer system. However, compared to the isotropic
case (Tx =T, , curves T*/T;=100.0 on Fig. 4a or S*/S;=20.0 on Fig. 4b), the T, /T, ratio
increase induces a decrease of the derivative slope, up to -1 for the highest ratios
(Ty*/T*>100.0), because of the increasing transmissivity contrast (Ty*/Tl) in a direction
perpendicular to the central compartment (x-axis). This shows that the anisotropy increase of
transmissivity in D*, increases the capacity of the central compartment to drain the entire
system, and thus its capacity to supply water to the pumped D1 compartment. Consequently,
at medium-stage bi-linear flow (Y2 derivatives slope) or linear flow (%2 derivatives slope),

regimes are shifted in time. The higher the T,"/T, ratio, the greater the offset.

Conversely, a decrease in the anisotropy ratio (Ty*/TX*<1.0, Fig.5) induces a lower
transmissivity contrast between D1 and D* (Ty*/Tl). This reduces both the exchange between

domains and the capacity of D* to drain the whole system. For the lowest contrast
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(T, /T <10?), D* may act as a semi-permeable boundary, even though the overall

transmissivity value of D* is still significantly higher than that of D1 (T*/T;=100.0, Fig. 5).

4. Comparison between developed solutions and numerical simulations

We compared the performance of solutions with transmissivity anisotropy in D* with
numerical modelling, to check their accuracy but also to evaluate Eq. 9 required for the
drawdown solutions in D*. The numerical modelling was developed with the MARTHE_7.4
©BRGM computer code (Thiéry, 2010, 2015, 2018). MARTHE allows 2D or 3D modelling
of flow and mass transfers in aquifer systems, including climatic and human influences.
Groundwater flow is computed by a 3-D finite volume approach, to solve the hydrodynamic
equation based on Darcy’s law and mass conservation. The grid geometry used in the
numerical model is a 40x40 km square grid with a constant-head boundary condition at each
side. In the x, y plane, cell size varies from 1x1 m at the origin (pumping well) up to
500x500 m near the limits of the model. Vertically, the pumped aquifer is a 100-m-thick layer
subdivided into 25 4-m-thick layers. The aquifer is capped by an impermeable layer (no-flow
condition), creating a confined condition for the pumped layer.

Several diffusivity ratios between the three domains and widths of the strip aquifer were
prescribed to test the isotropic and the anisotropic solutions at various observation-well
locations, i.e. in the pumped compartment D1, the strip aquifer D*, and in the right-side
compartment D2. Figure 6 shows the results of two of these models for testing the anisotropic
solutions. In the model, the pumping well fully penetrates the aquifer and is located at the
centre of the grid (x=0; y=0) and at 12 m (a=12 m) from a 8-m-wide strip aquifer (h=8 m). In
both cases, transmissivity in the pumped compartment D1, Ty, is 102 m?%s (hydraulic
conductivity k;=10"* m/s), the storage coefficient S; is 2.0x107 (specific storage Ss;=2x10™ m"
1y and the transmissivity and storage coefficient of the right-hand side compartment (D2), To,
is 5x10° m?%/s (k,=5x10"° m/s) and S is 10 (Ss,=10° m™), respectively. Only the properties
of the strip aquifer (D*) differ, although the T",/T", anisotropy ratio is the same at 10.0. In
Model 1, T* is 10% m%/s (k*=10" m/s) and S* is 107 (Ss*=10°m™), and in Model 2, T* is
3x10° m?s (k*=3x10 m/s) and S* is 2x107 (Ss*=2x10* m™). Thus, in Model 1 the strip
aquifer is the most transmissive and capacitive of the whole domain, while it is the least

transmissive and the least capacitive in Model 2. For the simulations, a constant pumping rate
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of Q=1.11x10 m*/s (40 m3/h) was set up for up to 700 days (about 10° min). In this context,

the model’s boundaries were not reached, and the aquifer remained saturated.

Figures 6a and b compare the results of numerical modelling with analytically computed
drawdown values. As shown on the figures, drawdown values and derivatives computed with
the proposed solutions (Egs. 4 to 6 with the proposed re-scaling rules of Egs. 7 to 9), for
observation wells in the pumped aquifer (D1; curves A to D on figures), for the ones in the
strip aquifer (D*; curves E and F) and for the ones in the right-side aquifer (D2; curves G and
H), perfectly match the values from numerical modelling. The root mean square error
(RMSE) was calculated for each numerical-analytical comparison of drawdown values (see
inserted tables on Figures 6a and 6b). RMSE values range between 1.4x10° and 1.7x10? m,
showing that the proposed analytical solutions agree with the numerical modelling, a good

indication of their accuracy.

5. Flow along and through boundaries L1 and L2

As mentioned in earlier studies, flow through and across a fracture plane or geological
discontinuity (domain D*) is complex, and may be locally reversed (Fig. 7), particularly
where the fault-transmissivity is higher than that of other compartments (Abbaszadeh and
Cinco-Ley, 1995, Abbaszadeh et al., 2000; Rahman et al., 2003). The aim of this section is to
propose analytical solutions of such flows, and to highlight their spatial and transient
evolutions under different diffusivity contrasts (T1/S1£T*/S*£T>/S;). The dimensionless forms

of the following solutions are provided as Supporting Information.

5.1. Analytical solutions for flows through L1 and L2

Analytical solutions for flow through both boundaries can be derived from Egs. 4 to 6 for an
isotropic central compartment (D*), and with re-scaling rules presented in section 2.4.2. for
the anisotropic case (Egs. 7 to 9).

The solutions for flow are normalized with respect to the pumping flowrate Q, thus
AQLyi. AQp

Q' Q
(x=a; between D1 and D*), according to Eq. 4 and for the anisotropic case, the solution is:

representing the fraction of Q that flows through L1 and L2 (

). Along boundary L1
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AQLl(y' t) _ £651(a;y1 t)
Q S Q  ox

_ T*vo a
T n(Tyte + T*y) | a? + y?

oA+

n—1

n-2 ,
o 2T, Tt —Tay; Iy — Ty
— 1 Z Tity + Ty, 2135 T*t; + Tyry; i=2'476T y; + T17;

n=2,4,6 <[ nh’ ;'Za 2) e—%([amh*]zwz)
a+nh*]“+y

I
)
(11)

and for flow along boundary L2 (x=a+h; between D* and D2), according to Eq. 6 and for the
anisotropic case, the solution is:

AQLZ(y't) _ EaSZ(a + th't)
Q - Q 0x

n—1

* n * ! !

. 2T ¥Yn+1Tn+1 Tty — Thy; Ty; =Tyt

T*yoTo Z Tyt + T Vs ;213 ST*Ti + Tz)’i 246 T*y{ + Ty1;
T[(TITO +T"%0) n=0,2,4 < ath'(n+1) )e aT, t([a+h (n+1D)]2+y?) J

[a+ h*(n+ 1)]% + y?

(12)
where h* = h |2 = JT;T,;, and where coefficients yand rare determined from Egs. 4 to

6 (h is replaced by h\/7 and T* by ,/T;T;). Note that Eq. 11 and Eq. 12 can also be obtained

from Eqg. 5 (domain D*) at the corresponding boundaries.

5.2. Flux profile along L1 and L2

Equations 11 and 12 are complex functions whose behaviour was explored through numerical
experiments. Figures 8a and b show the flow profile along both boundaries (i.e. along the y-
axis, with y>0 both solutions being symmetrical about the x-axis) after 21 days of pumping
(t=3x10* min and Q=1 m*/h). For this experiment, the pumping well is located at 10.0 m from
a 5-m-wide strip aquifer (a=10.0 m and h=5.0 m). In all cases, the hydraulic properties in D1
are identical (T;=10° m?s; S; =5x10™®). For curves A to F, the properties of D2 are identical
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to those of D1 (T1=T»; $1=S,), D* is isotropic but its properties differ, T* varies from 2x10
to 2x10% m?/s and S* from 10™ to 6x10™, making compartment D* both the most or the least
transmissive, or the most and the least diffusive aquifer. Curve G is similar to C, but D2 is the
least transmissive, and storativity is the least (T,=10* m?/s; S, =10"%). Curve H differs from G

only because D* is anisotropic in transmissivity (T,*/T,*=50.0).

Analysis of these curves shows that, as mentioned in earlier studies (Abbaszadeh and Cinco-
Ley, 1995, Abbaszadeh et al., 2000; Rahman et al., 2003), the flow through boundary L1 is
mainly from the compartment D* to D1. Locally, however, it can also be reversed (from D1
to D*) when the central compartment D* becomes the most transmissive aquifer (Fig. 8a,
curves A, B, C, G and H). This flow reversal indicates that, at a certain distance along the y-
axis (or from the pumping well) and after a certain duration of pumping, the hydraulic
gradient at the boundary between D1 and D* is reversed. This implies that streamlines are
reversed, because drawdown within the central compartment propagates faster than in the
surrounding compartments. Such behaviour stems from the higher transmissivity in D*, but
not necessarily because of a higher diffusivity (curves: A, B). For curve E, D* is the most
diffusive, but reversed flow is absent. Curve A presents the equal diffusivity ratio case in
which flow reversal occurs. Regarding the storativity (S*), the higher the value, the greater the
reversed flow (curves: A, B, C). When compartment D2 on the right-side is the least
transmissive (curves G and H), the flow in D* and therefore the reversed flow (D1 to D*)
increase, and an increase in transmissivity anisotropy of D* (Ty*>TX*) enhances the flow
reversal (curve H). When D2 is the least transmissive, reversed flow may occur even if T*<T,
but with T*>T, (not shown on the figure), the increase in anisotropy of D* (Ty*>TX*) will still
increase such flow. Logically, when D* is the least transmissive, no reversed flow will occur
(curves: D, E, F), as well as when T, becomes the most transmissive aquifer (not shown on

the figure).

Other tests concerned the distance between the pumping well and L1 (a), and the width of the
central compartment (h). They showed that, regarding distance ‘a’, the greater the distance,
the greater the influence of pumping on the pumped compartment (D1), and therefore the less
on D* and D2. Therefore, logically, flows along the two discontinuities are reduced as ‘a’
increases. An increase in the width of the central compartment (h) induces an increase in the
lateral transmissivity of the central compartment, perpendicular to the x-axis, which facilitates
the propagation of drawdown in this direction, to the detriment of the y-axis. Consequently,
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drawdown within the aquifer of the central strip aquifer propagates less rapidly, reducing the

reversal hydraulic gradient between D1 and D*, and therefore the reversed flow.

Flow along boundary L2 (between D* and D2) is less complex as it is always positive, from
D2 to D* (Fig. 8b). It increases when D* is the least transmissive compartment (curves: D, E,
F), and decreases when D* is the most transmissive or anisotropic (with Ty*>Tx*)
compartment (curves: A, B, C, H), or when D2 is the least transmissive (curves G and H).
Logically, when D2 is the most transmissive compartment, flow increases (not shown on the

figure).

5.3. Time-variation of flux along L1 and L2

Figures 9a and b show the evolution of flow profiles through both boundaries for case H on
Figure 8 (the anisotropic case T*y/T*X:SO.O), at time of pumping t=1, 7, 30, 200, 500, 3x10°,
3x10* and 10® min. Up until 30 min, the flow at boundary L1 is only from compartment D* to
D1, as the hydraulic gradient between D1 and D* is always positive. During this period,
particularly from about 2 min, when drawdown begins to reach L1, to 30 min, drawdown does
not propagate more rapidly in D1 than in D*. From t=30 min the flow reversal starts, as the
drawdown begins to propagate faster in D*. The location of the point of reversed flow
into/from D*, increases slightly with time. At t=200 min the reversal point is at about 48.0 m,
and then converges to about 58 m (y=58.0 m at t=10° min). Along L2, the flow from D2 to D*
increases with time, particularly for the smallest values of y (0<y<150-200 m; t=1, 7 and
30 min). Then, it flattens for longer time values, but total flow increases significantly. In fact,
after 200 min, linear to bi-linear flow regimes start to occur in D* (Fig. 10c), which means

that D* begins to drain the two surrounding aquifers (D2 and D1).

The precise assessment of flow along L1 (Eq. 11; Figs. 7a and 8a) is a challenging task. It
requires separation of the two flow components, the one from D* to D1 (positive flow), and
the one from D1 to D* (negative or reversed flow). This implies separating the positive and
negative values of the calculation of Eq. 11. The flow at each time t can be calculated by
integrating Eq. 11 along the y-axis at the appropriate interval. For flow from D* to D1, the

solution is:
AQLi(t) _ o (YVrAQLy

and the one from D1 to D* (flow reversal), is:
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AQui(D) _ - % AQu1
Q ZfJ/f o ¥ (14)

where A‘% is given by Eq. 11 and y; is the location of the point of reversed flow into/from

compartment D* onto the y-axis. However, no formal solution of the roots of Eg. 11 was

found, and they were evaluated numerically using the Newton-Raphson method.

For flow along L2, entering compartment D* from D2, Eq. 12 has to be integrated along L2 (-

oo<y<oo), Which gives:

8O (6) _ o (+0 801,

where A%i is given by Eq. 12.

Note that all integrals in Egs. 13 to 15 are multiplied by two, to account for symmetrical
properties of equations about the x-axis. Net flow from Domain D* is obtained by subtracting
Eq. 13 from both Egs. 14 and 15.

Figure 10a shows the variations of the various flow components over time, for the anisotropic
example given in Fig. 9 (T*y/TX*:50.0) and for the case where the compartment D* is isotropic
(T*y/Tx*=1.0; all other parameters remaining unchanged). Figure 10b presents the net flow
from the strip-aquifer D* (net flow=Eq. 13-[Eq. 14+Eq. 15]). Figure 10c shows the
corresponding drawdowns and their derivatives at the pumping well. Flow entering D1 from
D*, or the one entering D* from D1 (flow reversal), increases sharply once drawdown begins
to propagate significantly in D* (-1 or negative slope on derivatives). Then, once the bi-linear
to linear flow regime is established in D* (t>100 min; Fig. 10c), and drawdown propagates in
the right-side compartment (D2), the flow along L1 increases and then slows down, almost
stabilizing over long times when the whole system responds to pumping (second radial flow
regime). The contribution of the strip-aquifer to compartment D1 varies over time (net flow,
Fig. 10b) according to the various flow components. It first increases rapidly due to the
contribution of D* to D1 (positive flow) and then, once the feature begins to drain the system,
it decreases as reversed flow and flow from D2 increase. Logically, an increase of the

anisotropy ratio in D* increases the net contribution of D*.

6. Extension of the proposed theory to a well intersecting and pumping a vertical

fracture of finite length located near an infinite fault
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We propose drawdown solutions for the case of a well intersecting and pumping a vertical
fracture of finite length, 2I, making an angle « with the x-axis (Fig. 1b; Fig. 11) near an
infinite vertical discontinuity. They are based on the drawdown solutions for the three
compartments developed above for the isotropic and anisotropic cases. The pumping well is
located at the centre of the fracture, at a distance a from L1. The fracture fully penetrates the
aquifer, and should not cross domain D* (i.e. lcosa<a). Assuming that the pumping rate Q is

uniformly distributed along the fracture, i.e. the rate of pumping per unit length of the fracture

isq(x,y) = Q/Zl’ according to Dewandel et al. (2018), drawdown solutions can be obtained

by integrating the above solutions along the fracture axis. Solutions for the three domains then
take the following general form:

Strac(0,y,6) = [ s(x,y,)d9 (16)

where s(x,y,t) corresponds to Eqgs. 4, 5 or 6 for the isotropic case, which, combined with
Egs. 7, 8 or 9 gives the solutions for the anisotropic case (or T*y/T*Xqél). Note that for the
particular case where the distance of the pumped fracture to L1 is infinite (a—o0; i.e. there is
only one aquifer system, D1), Eq. 16 corresponds exactly to a known analytical solution
(Gringarten et al. (1974), their Eq. 20) for drawdown in a well pumping a vertical fracture
with uniform flux distribution that fully penetrates the aquifer (Dewandel et al., 2018).

The integral in Eq.16 can be evaluated numerically with the Gauss-Legendre quadrature, as
done here, or evaluated using a discretized form of Eq. 16 by dividing the fracture into small
elements and placing the appropriate line-source solution at the centre of each segment
(Dewandel et al., 2018, their Eq. 7).

6.1. Drawdown and flow behaviours at the pumping well

Figure 11 presents the result of Eq. 16 for a pumping well of radius r,, intercepting a fracture

parallel to domain D* (i.e. parallel to the y-axis, @=90°). Dimensionless time according to

fracture length, tpr = Tyt/(S11%), and dimensionless drawdown,
sor(%/p tor) = 25 spur(rt), are used for presenting the case where Ty/S;=0.1,

T/ =T,/S,=0.5, T'/T x=10.0, T /T;=100.0; T4/T,=20.0, h='5m, and a/I ratios varying from 1
to 10. This setting describes the behaviour of a fracture with increasing distance from
boundary L1.
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At the start of pumping, the flow is linear (half-unit slope of derivative curves) and
corresponds to flow from aquifer D1 to the fracture intersected by the pumping well. For
intermediate pumping stages, the derivative curves may describe the first infinite-acting radial
flow, when both the boundary L1 has not yet been reached by pumping and the fracture is far
enough from L1, a/l>4. For this case, dsps/dLn(tpr) =1/2 OF 0Sfrec/OLn(t) = Q/4nTy).
Then, once the cone of depression begins to reach boundary L1, the derivative slope
decreases, and may tend to -1 when the half-fracture size is close to the distance between the
centre of the fracture and L1 (a/I<3). This shows that D* acts temporarily as a steady-state
source. At times tpe>10.0 derivatives follow a near % slope, describing the earlier-mentioned
bi-linear flow regime within domain D*. As for the case of pumping in a well (without
fracture), the derivative slope may also tend to % when S*/S; ratios are high (linear flow
regime within D*). For late pumping stages (tor>2.10° in Fig. 11), the drawdown has diffused
through the whole domain D* and propagates significantly into the right-side aquifer (domain
D2), indicating that D* drains the whole aquifer system. A second radial flow regime is

encountered and characterizes the overall response of the aquifer system, the derivative

: s frac . . : .
always tending to 2h ( rac _ Q/[2n(T; + T,)]), as in previous solutions (see section
T1+T2 6Ln(t)

3., above).

6.2. Flow along and through boundaries L1 and L2

As done previously for pumping in a well (without fracture), flow along and across both
boundaries L1 and L2 can also be computed using the same procedure as described before
(section 5.). Figures 12 and 13 show examples of flow profiles along L1 and L2 at
t=3x10* min, and time-variations of fluxes along L1 and L2, respectively, for pumping in a
20-m-long fracture (21=20 m) either parallel (e=90°), perpendicular (e=0°), or making a 45°
angle with compartment D* (&=45°). In all cases, the aquifer properties in all three
compartments are identical to case H in Fig. 8 (T:=10°m?s, S; =5x10°, T*=2x102 m?%s,
$*=1072, T*y/T*x=50.0, T,=10"* m%s, $,=103, h=5m, a=10 m, Q=1 m%h). The results are

also compared to the case where the well that is pumped does not intersect a fracture.

For pumping in a fracture, flow profiles along both boundaries L1 and L2 have a similar
shape compared to the case of pumping in a well, and are logically symmetric to the y-axis
when the fracture is symmetric to the y-axis (« =0° and 90°; Fig. 12). Compared to pumping

in a well, flow along boundary L1 (Fig. 12a) is higher near the x-axis (x=0) when the fracture
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is perpendicular to D* (a=0°), and is logically less important when it is parallel to it (¢=90°).
When the fracture makes a secant angle with D* (a=45°), maximum flow shifts to the side
where the fracture is closer to boundary L1 (here, to the right). Reversed flow (from D1 to
D*) is similar in all cases, including the pumping well case, as the reversal point is far from

the fracture, at about 50 m.

Concerning flow along boundary L2 (Fig. 12b), the same remarks apply, except that for the
fracture cases flux distribution is characterized by a sharp distribution almost centred along
the x-axis (near x=0), and is locally higher than that for the well case. This shows that
pumping in a fracture concentrates flow in a larger area, and then solicits more compartment

D2 near the fracture.

When pumping a fracture, time-variations of flow show similar behaviour to that of the
pumping well case (Fig. 13a). In particular, flow reversal is almost identical for all cases. The
main difference compared to the pumping well case occurs when the fracture makes a secant
angle with D* (=0 and 45°), forcing D*, but also D2, to react more rapidly, even at early
stages during the linear flow caused by pumping in the fracture (Fig. 13c). However, for late
pumping stages, the flow from D* to D1 is less in the cases considering a fracture when
compared to the pumping well case. This difference stems from the larger pumped area that
facilitates the reaction of D1 near the pumped fracture. Consequently, the net flow from

compartment D* to D1 (Fig. 13b) is less important when pumping is done through a fracture.

7. Conclusions

New analytical solutions for drawdown are proposed for a pumping well, and for a well
intersecting and pumping a vertical fracture of finite length, near an infinite vertical fault zone
or another vertical geological discontinuity (vein, dyke, strip aquifer) with finite width, finite
storativity, and finite—and possibly anisotropic—hydraulic conductivity. Consequently, the
solutions proposed can relate to a relatively large set of hydrogeological situations. However,
the dip of the structure must be close to vertical and long enough (with regard to the pumping

duration) to be considered as infinite for a good use of the solutions (see Fig. 1).

The solutions are based on an unconventional application of well-image theory, without
limitation on the diffusivity contrast between the aquifer compartments, and considering flow

transience within the fault. Solutions were developed for the drawdown in three aquifer
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compartments, the pumped compartment, the one within the fault zone, and the compartment
on the other side of the fault. The solutions are good approximations of the corresponding
partial differential equations, and comparison with numerical simulations showed high

accuracy.

Drawdown and flow regimes in the pumping well were analysed in various configurations
and, overall, are similar to previous studies, especially when the fault zone is strongly
permeable and anisotropic. In the last case and once the cone of depression reaches the fault,
the slope of the logarithmic derivative of drawdown in the pumping well tends to -1, showing
that the fault temporarily acts as a steady-state source. Later, when the fault begins to drain
the whole aquifer system, the derivative follows typical ¥% or % slopes, depending upon the
contrast in aquifer properties that describe bi-linear to linear flow regimes within the fault
zone. For the late stages of pumping, the derivative forms a second radial flow regime that
depends upon the average transmissivities of the two external aquifer compartments, but not
on the fault zone. The first radial flow is established at an early stage, before the cone of

depression reaches the fault zone.

This application of image-well theory fits the need for other well functions, which should be
derivable on x to get mathematical expressions of strength coefficients. Therefore, drawdown
solutions were developed for a well intersecting and pumping a vertical fracture of finite
length located near the same infinite vertical fault zone. In terms of flow regimes, behaviour
was similar to the pumping well case, except for early pumping stages when a first linear-flow
regime defines the response of the pumped vertical fracture. We also believe that other
solutions can be derived for a partially penetrating well, or a partially penetrating fracture
pumped by a well, located near a 3-D anisotropic fault using the Hantush and Hantush leaky-
well functions (Hantush, 1964, 1966; Dewandel et al., 2014). A 3-D geometry of the pumped
fracture could be considered as well.

An interesting point of the proposed solutions is the possibility to derive transient-flow
solutions along both sides of the fault zone, and thus net transient flow from the fault itself.
Depending on the contrast in aquifer parameters between the three compartments, flow
reversal between the fault and the pumped aquifer occurs, as found in previous work, when
the fault zone is the most permeable. We show that net flow from the fault into the pumped
aquifer increases rapidly during the early pumping stage due to contribution of the fault zone,
and then, once the fault begins to drain the system, it decreases as reversed flow and flow
from the opposite-side aquifer increase. Logically, an increasing anisotropy of the fault zone
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increases the net contribution of the fault. When the pumping takes place through a vertical
fracture near a fault zone, net flow is less important because the fracture increases the reaction
of the pumped compartment, compared to the fault zone and the opposite-side compartment.
Furthermore, all results show that the net flow contribution is characterized by strong time-
variation that stabilizes by long pumping stages. This may influence the quality of the pumped
water, especially when the water quality of the fault zone is different from that where the well
is located. Future work should focus on such flow computations in an experimental site, using
geochemical data for assessing the origin of water (or fluid) when pumping a well, or one that

intersects and pumps a fracture near a vertical geological discontinuity.
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List of symbols:

a: distance to boundary L1 in m

e*: exponential function

h: width of domain D* (linear strip aquifer), in m
I: half-fracture length (in Domain 1), in m

Q: pumping flow rate, in m®™

rw: well radius, in m

S1, S*, Sy: storage coefficients of the right-side compartment (D1), the strip aquifer (D*), and
the left-side compartment (D2), respectively, dimensionless

S1, $*, Sp: drawdown of the right-side compartment (D1), the strip aquifer (D*), and the left-
side compartment (D2), respectively, in m

Strac. drawdown for a well intersecting and pumping a vertical fracture, in m

27TT1

sp: dimensionless drawdown for pumping in a well; sD( Wa,tpL) = — Spw (T, t)

spr. dimensionless drawdown for a well intersecting and pumping a vertical fracture;
2nT-
SDf( /l'th) 1Spwf(rw:t)

tpL: dimensionless time according to the distance to the boundary (for pumping in a well);
tp, = Tit/(S;a%)

tpr: dimensionless time according to the fracture half-length (for a well intersecting and
pumping a vertical fracture); tpr = Tyt/(511%)

t: time, in seconds

Ty, T*, T,: transmissivity of the right-side compartment (D1), the strip aquifer (D*), and the
left-side compartment (D2) respectively, in m?/s

T.and T y- prlnC|paI axes of transmissivity anisotropy in the horizontal plane of the strip
aquifer (D*), in m%/s

X, y: coordinates of a Cartesian system, in m
W(u) = f —ds with ga variable of integration. Well function.

o angle of the fracture with the x-axis, radian
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Appendices

Appendix A Partial differential equation
In D1 (Bixel et al., 1963; Butler and Liu, 1991):

6251 6251

m+ﬁ+%6(x)5(y) =

51 651
T, ot°

(A1)

d(x)8(y) is a combination of Dirac delta functions representing the pumping well as a line

source at x=y=0.

In D* (Butler and Liu, 1991):

9%s* | 9%s* _ s*ds”

dx2 ay2 T* at (AZ)
And in D2 (Butler and Liu, 1991):
O%sy %52 _ S2 05, (A.3)

dx2 dy? T, Ot

Appendix B Calculation of strength coefficients for the first series of image-wells

according to boundaries L1 and L2 (Fig. 3a)

We first consider the first image according to L1 (boundary between D1 and D*; Fig. 3a). In
this case, the problem refers to the influence of a partial hydrologic barrier on a well test
(Bixel et al.,1963; Fenske, 1984; Maximov, 1962; Nind, 1965; Raghavan, 2010).

Applying the first boundary condition, it results that drawdown in Domain 1 is:

s1(0,y,6) = 7o [W (— (x* + yZ)) + W (— ([2a - x]* + yZ))] (8.1)
and that drawdown in Domain D* is:
S0 0 = 1 oW (5 (62 +y7)) (B:2)

Equating Egs. (B.1) and (B.2), and for the condition x=a (i.e. s;(a,y,t) = s*(a,y,t)) at the

boundary L1, we obtain:

W<—S1 (a2+y2)>
l+ay = 2B withyy = —2° 7 (B.3)
T* Yo W( s* (a2+y2)>
4T*t
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6sl(ay t)—T* ds*(a,y,t)
dx

Then, applying the second boundary condition at boundary L1, T, , gives:

o)
e(—4T’lt(a2+y2)> (4

B

1 _ao =T_((:With TO

Equating Egs. (B.3) and (B.4) gives the strength coefficients o and f:

T1To—T*Y,
Qo = 170 0

and B, = 2T"To¥o_ (B.5)

T1To+T*Yo T17T0+T"Yo

This case, which considers a system composed of only two domains (D1 and D¥), is exactly
the solution proposed by Fenske (1984) for various diffusivity contrasts (T1/Si£T*/S*).

Now, the pumping well must be imaged about the second boundary L2, and it results that

drawdown in Domain D* is:

50020 = 2 [BoW (525 G2 + D)) + BoW (5 [2a — 07 +y71)) (B6)
and that drawdown in Domain 2 is:

__0Q S2 2
sy(x,y,t) = E(SOW (4T , (x%2+y )) (B.7)

Equating Egs. (B.6) and (B.7), and for the condition x=a+h (s,(a + h,y,t) = s*(a + h,y,t)) at

the boundary L2, we obtain:

W(4T* [(a+h)2+y? ])

Bo+Bo = ——WIth Y1 = W a7 (B.8)

Applying the second boundary condition at boundary L2, T, 652(‘”” O+ as*(“a;h’y B gives:

By = 22 with 7, = L@ ) (B.9)
T3 o(—grl(ath)?+y?1)

Equating Eqgs. (B.8) and (B.8) gives the strength coefficients £’y and &:

Bl = =y 22TV gng §, = 2l (B.10)

TrTq +T*)/ 0 T2V1+T*T1

Calculation of strength coefficients for the second series of image-wells according to L1 and

L2 (Fig. 3b).
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Drawdown in Domain 1 is:

Q s
s;(x,y,t) = Halw <4T1t [2a + 2h — x]* + y2)> (B.11)

Drawdown in Domain D* is:

5003, 0) = s [BoW (55 (2 + 2 = 217 + 7)) + oW (2 (120 + 6T + 7))
(B.12)

Drawdown in Domain D2 is:

5:063,8) = o= EW (32 [2h + )% +y7]) (B.13)

Applying the two boundary conditions at each boundary, first at L1 and then at L2, results
that strength coefficients o1, £, f1, 1 and o are given by:

2Ty ) T"y2=T T. T* 2T
:BOT T B ,3 Y212 ﬁ1 — _ﬁluand 61 — ﬁ1T 2T3Y3 (Bl4)

0 75y, 4Ty 7, Ty T3 +T*Y3 Y3 +T* T3
S1 *
| w(zklavzn?ey?)) o ~siLillas2n?+y2)) WS (a4
with y, = = , V3 = and

* ] TZ - W ) an 3 3
W(m([a+2h]2+y2)) e( T ([a+2h]2+y2)> (th[(a+ )2+y ])

= e( 4T* [(a+3h)2+y ])
3T (-2 l(ar3n?zey?])

and so on.

Appendix C Drawdown solutions for the equal diffusivity case (T1/S1=T*/S*=T,/S,=17)

For Domain 1:

si(x,y,t) =

W () e (B +

(72) (7o) () B () () w (Beneieinty] €

For Domain D*:
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sCeyt) = 4nT* {(T_j-TT) (T2+T )Z" 01,2 (?; ) (TT:%)TLW ([2a+2("+41;£1—x]2+3’2) +
(T1+T ) Ln=0.1,2 (2; ) (2;;)” w (W)} (C.2)
And for Domain 2:

s2(6y,t) = 47T, (leir) (TZZIZT) {27%0:0’1’2 (2;;)11 (Z;;)

Note that for this particular case, strength coefficients are identical to the ones given by

n

W ([nh+x]2+y2)} (C.3)

4nt

Anderson (2006) for a steady-state solution.
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Figure captions

Figure 1. Conceptual sketches: a) of a pumping well and b) of a well intersecting and
pumping a vertical fracture with finite length, located near a vertical infinite and anisotropic
fault zone, (or another vertical geological discontinuity, strip aquifer). Domain D* (width h)
separates two semi-infinite half-spaces of dissimilar properties (domains D1 and D2). The

pumping well, or the pumped vertical fracture, is located in D1 and is not connected to D*.

Figure 2. Graphical display of the image-well series. (a) Image-well according to L1 and L2,
graphical display of the image-well series. (b) Observation well located in domain DI.
(c) Observation well located in domain D*. (d) Observation well located in domain D2.

Modified from Anderson (2006). The pumping well is located in D1.

Figure 3. Graphical display of the first image-wells and calculation of the corresponding
strength coefficients. (a) First series of image-wells according to L1 and L2. (b) Second series

of images according to L1 and L2.

Figure 4. Type-curves of dimensionless drawdown (Sp) and derivatives sp’, and dimensionless
time (tp.) for a pumping well near a vertical infinite and isotropic fault zone (D*). T1/S;=0.1,
T2/$,=0.5, T1/T,=20.0, h= 5m. (a) Variations of transmissivity contrast T*/T, (10 to 10°%)
with $*/S; =20.0. (b) Variations of storativity contrast $*/S; (10 to 10%) with T*/T,= 100.0.

Figure 5. Type-curves of dimensionless drawdown (sp) and derivatives sp’, and dimensionless
time (tp.) for a pumping well near a vertical infinite and anisotropic fault zone. Anisotropy
ratio varies (10°°<T /T ,<10°) T1/$;=0.1, $*/$;=20.0, T*/S*=T,/S,=0.5, T1/T,=20.0, h= 5m.

Figure 6. Comparison of drawdown, s, and derivative, s’, computed with MARTHE software
(plain dots: s; open dots: s’) and the analytical solutions (plain curves: s; dotted curves: s”) for
the anisotropic case (Egs. 4-6 with Egs. 7-9). See figure and text for model parameters. The
inserted tables show RMSE values for various observation-well locations (x, y coordinates).
(a) Model 1: T*: 10" m%s and $*:10™%. (b) Model 2 T*: 3x10° m%s and S*: 2x102. In both
cases, T /T x=10.0. ’

Figure 7. Conceptual sketch of flow behaviour through boundaries L1 and L2, where the
transmissivity of the central compartment (D*, fault zone) is higher than that of other
compartments. Black arrows: normal flow from compartment D* to D1, or D2 to D*. Blue

arrows: flow reversal from D1 to D*. Pumping is performed in D1.
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Figure 8. Flow profiles through both discontinuities. (a) L1 and (b) L2 with various aquifer
properties after 21 days of pumping (t=3x10* min and Q=1 m3/h). The pumping well is
located at 10.0 m from a 5-m-wide fault zone (a=10.0 m and h=5.0 m). See figure and text for

model parameters.

Figure 9. Flow profiles through both discontinuities. (a) L1 and (b) L2 at various times of
pumping, t=1, 7, 30, 200, 500, 3x10°, 3x10* and 10® min. It corresponds to case H on Figure 7

(the anisotropic case T*y/T*XZSO.O). See figure and text for model parameters.

Figure 10. (a) Time-variations of the various flow components through both discontinuities
L1 and L2. (b) Net flow from strip aquifer D*. (c) Corresponding drawdowns and their
derivatives at the pumping well. Two examples are shown, the one given on Figure 8
(T*y/TX*:SO.O, case H) and the one where D* is isotropic (T*,/T,*=1.0), all other parameters

remaining unchanged.

Figure 11. Type-curves of dimensionless drawdown (sps) and derivatives spf, and
dimensionless time (tps) for a well intersecting and pumping a vertical fracture near a vertical
infinite and anisotropic strip aquifer (Fig. 1b). Variations of a/l ratios (from 1 to 10),
T1/$1=0.1, T /S =T2/S,=0.5, T /T «=10.0, T /T;=100.0; T+/T,=20.0, h=5m.

Figure 12. Flow profiles through both boundaries: (a) L1 and (b) L2 for a well intersecting
and pumping a vertical fracture near a vertical infinite fault zone at t=3x10* min. T;=10"
*m?/s, S, =5x1073, T*=2x107% m?/s, $*=102, T*y/T*x=50.0, T,=10* m%s, S$,=10, h=5 m and
a=10 m, Q=1 m*/h, fracture length 21=20 m, and a=0°, 45° and 90° (a: angle of the fracture
according to the x-axis). We also presented the case where a well is pumped without fracture

(grey curve H on Fig. 8).

Figure 13. (a) Time-variations of flux along L1 and L2. (b) Net flow from fault zone D*.
(c) Corresponding drawdown and derivatives at a well intersecting and pumping a fracture.
Aquifer properties are identical to the examples shown on Fig. 12. We also present the case

where a well is pumped, without fracture (in grey, the same as on Fig. 9).
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