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STABILITY PROPERTIES FOR A PROBLEM OF LIGHT SCATTERING IN A
DISPERSIVE METALLIC DOMAIN
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CLAIRE SCHEID
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ABsTrRACT. In this work, we study the well-posedness and some stability properties of a PDE
system that models the propagation of light in a metallic domain with a hole. This model
takes into account the dispersive properties of the metal. It consists of a linear coupling between
Maxwell’s equations and a wave type system. We prove that the problem is well posed for several
types of boundary conditions. Furthermore, we show that it is polynomially stable and that the
exponential stability is conditional on the exponential stability of the Maxwell system.

Kevyworbps. Maxwell’s equation, Stability analysis, dispersive media

2020 MaTHEMATICS SUBJECT CLASSIFICATION. 35B35, 35Q61

1. Introduction. In order to accurately model the propagation of light in a nanostructured metal,
the recourse to dispersive models is mandatory in order to describe the non-instantaneous response
of the electrons of the metal to light. To be more complete, one has also to take into account for
the spatial dispersion that occurs through the electric polarization of the electrons: the response
of the electron depends on the electric field all around the position of the electron. The linearized
hydrodynamic Drude dispersive model is one of the most popular model that is able to tackle
these two effects using a semi-classical approach. The system consists in the linear coupling of
the set of Maxwell’s equations to a wave type system driving the polarization source current and
charge. This system has been studied numerically on several occasions and proves its efficiency
on real physical scenario (see e.g. [24], [26]). Theoretical works on well-posedness do exist for
this system on a bounded domain with standard boundary conditions. In this latter case, metallic
boundary conditions for the Maxwell electromagnetic part and either no flux current or no charges
boundary conditions for the polarization unknowns are considered (see [16], [I0] and [21]). In
[21], the authors furthermore investigated the stability properties but also numerical stability in
a discontinuous Galerkin framework. However, even if these results provide essential steps for a
complete understanding of the system, this precise setting still plays the role of a toy model. To
the best knowledge of the two authors, well-posedness and theoretical stability studies have not
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yet been addressed for more realistic settings. It requires especially to use more general boundary
conditions. The consideration of an exterior problem is a first significant step toward future realistic
settings. Therefore, in this work, we propose an extension of the theory developed in [21I] and we
focus on a particular setting that consists in an open metallic domain with a hole. We artificially
truncate the domain and impose absorbing boundary conditions on the artificial boundary. For the
Maxwell electromagnetic field, classical absorbing boundary conditions, that is to say first order
Silver Miiller boundary conditions, are considered. For the polarization current and charge (solving
also a PDE), the question of the correct boundary conditions has not been investigated so far in the
literature. We propose to keep it as general as possible and study a continuum of possible boundary
conditions: from a "no charges" type boundary condition to a "no flux" boundary condition passing
through a vanishing linear combination of the two. We show that the system is well-posed using
the classical theory of unbounded operators and semigroup theory. We furthermore investigate
the polynomial and exponential decay using a frequency domain approach. Since the kernel of the
associated unbounded operator is non-zero, we base our strategy on characterizing the orthogonal
of its kernel and prove that the restriction of the unbounded operator to this orthogonal generates
a Cy-semigroup of contractions that is polynomially stable. Finally, we show that exponential
stability is conditioned to exponential stability of the Maxwell system alone.

The paper is organized as follows. In section 2] we introduce the notations and state some useful
preliminary results. In section [3] we concentrate on the proof of well posedness using semigroup
theory. In section[d] we study the polynomial decay and finally section [5] focus on the study of the
exponential stability.

2. Notations and preliminary results.

2.1. Notations. As mentioned in the introduction, we consider an exterior scattering problem by
an obstacle. The obstacle will be denoted by O and is a bounded domain of R?® with a boundary
that we denote I's. Then the computational domain €2 of R? is obtained by truncating R?\ O with
an artificial boundary I" 4. The obtained domain is a bounded and simply connected open domain
with a Lipschitz boundary. Its boundary I' consists in the union of the structure boundary I's and
the absorbing boundary I'y, i.e. T =T'4 UT'g, with T, NTg = 0, see Figurefor a typical domain.

Ty

FIGURE 1. Type of considered domain

Remark 1. The artificial truncation of the domain is done first based on mathematical and
numerical motivations. However, since real media are always of finite extension, through the
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truncation of the domain, we also intend to investigate and give some preliminary answer to the
difficult question of the adequate physical boundary conditions one could impose in real scenario.

As usual, the unit outward normal vector along I" will be denoted by n. We assume that "4 is
C? regular. Furthermore, we set D = O U ). We will use the usual spaces L?(Q2) and H*(Q) for
s € R, The L?*(Q)-inner product (resp. norm) will be denoted by (-,-) (resp. || -||). The usual
norm and semi-norm of H*(Q2) (s > 0) are denoted by | - ||s,o and | - | o, respectively. For s = 0
we drop the index s. Furthermore, for shortness, if f € L'(Q2), then we shall write fQ f instead of
Jo f(x) da. Similarly if T is a subset of T', and if g € L (T'y), then we write [;, g for [, g(z)do(x).
If V is a Hilbert space and V’ its dual, the duality pairing between V' and V' will be denoted by
(-,"yv/—v. Finally by a < b, we mean that there exists a constant C' > 0 independent of a, b, and
the time variable such that a < Cb.

For further uses, let us introduce the following spaces:

Hy(Q):={ue H' (Q)u=0o0nT}, and Hj (Q) :={ve H(Q),v=00nTg},

that is a Hilbert space for the inner product / Vu - Vvdz,Vu,v € H&}FS(Q).

Q
We also define usual spaces for fields with L?-divergence and curl, see e.g. |14, 18]. For fields
with square integrable divergence, we set

Hy(div; §2) ={x € L*(Q)*|divx € L*(Q) and x -n = 0 on T},
K@) = {xeL*Q)’|divx = 0},
Hor,(div,Q) = {x € L*Q)? divx € L*(Q) and x -n =0 on T's},
K(©Q)  =K(Q)N Hyrs(div,Q) = {x € K(Q)|x -n=0o0nTg}.
Similarly, for fields with square integrable curl, we set
H(cur,Q) = {x € L*(Q)? curl x € L*(Q)*},
Hy(curl, Q) = {x € L*(Q)®|curl x € L*(2)® and x x n =0 on T},
Hy rg(curl, Q) ={v € H(curl,2),v xn=0,0n I's}.

We furthermore introduce the following subspaces of H (curl;2)
Vr, () = {x € H(curl; Q)|x x n € L*(T'4)*} and Hpix(curl, Q) = {x € Vr,(Q)|x xn=0on I's}.
Similarly the space V() = {x € H(curl; Q)|x x n € L*(TI")3}, is a Hilbert space with the norm

iy = [ (N feurl ) o+ [ xnf do vy € V(@)
Recall that the spaces
X7(Q) := H(curl; Q) N Hy(div, Q) and Xn(Q) := H(div,Q) N Hy(curl; Q)
are Hilbert space with the norm ||XH§(’(Q) = /Q(| curl x|? + | div x|?) d.
If 'y is an open subset of I, we introduce the spaces
Ve(To) ={nx (Gxn):GeH*(Ty)*}, V,(To)={Gxn:GeH?y)*},

and the trace mappings

7 HY(Q)? = Va(I):G— G, v, HY(Q)? - V,(I'):G — G xn,
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where we recall that G| = n x (G x n) is the tangential component of G on I'. We recall from [9,
p. 855] that 7, and 7, are surjective and as I'4 is C? (and is disjoint to I's), from [9, p. 850] that

Vo(Ta) =Va(Ta)=TH?(T4)* :={H € H?(T'4)? : H-n =0 on 4}, (2.1)
and that V'y(FA)/ = VTI'(FA)/'

2.2. Useful Green’s formulas. For further uses, let us now recall some useful Green’s formulas.
First we recall that the normal trace mapping

H(div,Q) - H™2(I's) : R — Rjyg - n

is continuous and surjective (see [14, Theorem 1.2.5 and Corollary I1.2.8]) and that the next Green’s
formula holds (see [14] (1.2.17)])

/Q (J-Vo+odiv]) do = (J-1,6), 3 1 V6 € HI(Q), VI € H(div, Q). (2.2)
We go on with Green’s formula related to the curl operator. Recall from [9, Theorem 4.1] that
for all £ € H(curl, ), we have
Ej € H % (curlp,T) == {A € V,(T)' : cwrlp A € H2(T)}, (2.3)
ExneH 7(divp,T) := {A € Vi(T) : divp A € H2(T")}, (2.4)
from [9] (27)EL for all E € H(curl, ), and all F € H*(Q)3, we have
/Q(E . CU.I‘]F —curl E - F) dx = <E X 1, FH)VW(F)’fV,,(F) = _<EH’F X n>V.,(F)’7V,Y(F)~ (25)
As D(Q2)? is dense in Hy(curl, Q), this identity directly implies that
/(E ceurl F' — curl E - F) dz = 0,VE € H(curl,Q), F € Hp(curl, ). (2.6)
Q

We continue with a similar Green formula but for elements in V(Q) (see Lemma 2.2 of [20]):
Lemma 2.1. For all E, F € V(Q), we have

/Q(E-curlF_'—curlE-F)dx:/F(Ex n) - F do. (2.7)

Corollary 2.2. For all E € Hy,ix(curl; Q) and F' € Vr, (), we have
/(E~curlF—curlE-F)dx:/ (E xn) - F) do. (2.8)
Q Ca
Proof. Fix a cut-off function n € D(R?) such that n = 1 in a neighborhood of I's and n = 0 in a

neighborhood of T4, then nE belongs to Hy(curl, Q) and (1 — n)E belongs to V(2). Using (2.6)
for the pair (nE, F), we get

/ (nE - curl F — curl(nE) - F)dx = 0. (2.9)
Q

Now we fix a cut-off function ¢ € D(R3) such that 1 = 1 on a neighbourhood of the set {x € R? :
n(xz) # 1} and ¢ = 0 in a neighborhood of T'g. In that way ¢ F belongs to V(£2). The property of

1 implying

/ (1=n)E-curl F — curl((1 —n)E) - F)dx = / (1 =n)E - curlF — curl((1 — n)E) - ¥ F) dz,
) Q

Lthe reader is referred to this reference for the definition of surfacic divergence and curl operators.
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using (2.7) for the pair (1 —n)E,yF). Since 1 —n =1 =1 on I'4, we get
/((1 —n)E-curl F — curl((1 — n)E) - F)dx = / (E xn) - F)do.
Q Ca

Taking the sum of this identity with (2.9), we arrive at (2.8). O

3. The system and its well-posedness. In this section we describe the PDE model on which
we focus and investigate its well-posedness.

3.1. The system of equations. The PDE model is obtained using a hydrodynamic description
of the metal. In this approximation, one models the collective behavior of the cloud of the free
electrons of the metal as a fluid. Focusing on the linear response of the system (we refer the
reader to [6] for the details), the resulting system of equations is a linear hyperbolic system of
PDE’s. These equations write formally as:

e E —curl H = —J in O := Qx]0, +o0],
uOtH +curl E=01in O,

OyJ — f?VQ = eqw2E —~J in O,

0@ —divJ =01in O.

(3.1)

The system of PDE thus consists in a linear coupling between Maxwell’s equations (with (E, H)
denoting the electromagnetic field) and a PDE system that describes the evolution of the polar-
ization current J and the charge @). As usual, we consider that ¢y, the vacuum permeability, ¢,
the permeability of the media and p, its permittivity, are physical electromagnetic constants. In
addition, w, denotes the plasma frequency and /3 is the so-called "nonlocal" parameter taking into
account the fact that the reaction of the electron depends on the electromagnetic field existing in
a vicinity of its position. One should notice that if 3 = 0, the system reduces to a linear coupling
between Maxwell’s equation and a simple ODE describing the evolution of the polarization current
J: this is the so-called well-known Drude dispersive model. If 5 = 0, only time dispersion is taken
into account (the electron reaction is influenced by all the history of the electric field).

The full system (with 8 # 0) has been studied theoretically in a bounded domain with
standard boundary conditions: metallic boundary conditions for the Maxwell electromagnetic part
(E xn = 0) and either no flux (J-n = 0) or no charges (Q = 0). Several works (already mentioned
in the introduction) exist: [16], [I0] and [2I]. In [21], a complete theoretical stability study is also
provided. Here, we propose a first extension of [2I]. We consider a metallic domain with a hole
with physical properties described by the model .

3.2. Boundary conditions and spaces. On the structure boundary I'g, we impose the electric
boundary conditions

Exn=0,H n=0,divJ=0,Q =0, (3.2)

On the absorbing boundary I' 4, we impose the Silver-Miiller condition
Exn—zHxn)xn = 0onTly,, and (3.3)
B1J -n+ B0 = 0only4, (3.4)

with two non negative real numbers $; and [ such that §; + 62 > 0 and z = \/g
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This allows to treat the boundary condition J -n = 0 and @ = 0 alltogether corresponding
respectively to the case S = 0 and 5; = 0. In the last case, 51 > 0 and B2 > 0, hence if we define
T = g—; > 0, we can eliminate J - n (or Q) since in this case (3.4) is equivalent to

Q=-rJ n. (3.5)
Alltogether we find the problem

e E —curl H = —J in O := Qx]0, +00],

1o H + curl E =0in O,

OJ — ?VQ = eqw2E —~J in O,

0Q —divJ =01in O, (3.6)
Exn=0,H n=0,divJ =0,Q =0 on Xg :=T'sx]0,400],
Exn—zHxn)xn=0,5J n+ 50 =0o0n X, :=T4x%]0,+oc0],

B(-0) = Bo, H(-,0) = Ho, J(-,0) = Jo, Q(-,0) = Qo, in 2,

Note that these equations imply some hidden constraints on H and €F. Indeed the second

equation in (3.6) formally yields (div H); = 0 in O, while the first and the fourth equations in
(3.6) formally yield (div(eF) + Q) = 0 in O. Therefore

(div(eE) + Q)(x,t) = (div(eE) + Q)(z,0) and div H(x,t) = div H(z,0), Vo € Q,t >0, (3.7)

and if we assume the divergence free properties at ¢ = 0, they will remain valid for ¢ > 0.
Further in the case S = 0, the boundary condition f;J -n + f2Q = 0 on ¥ 4 reduces to

J-n=0onX,4. (3.8)

Hence if F and H are smooth enough, by multiplying the first equation by Vi, with ¢ € Hé,rs ()
such that ¢ =1 on I'4, and integrating in €2, one has

/(68tE—curlH—|—J) -V =0.
Q

Integrating by parts, and taking into account (3.8) we then find / (e E+J)-Vp = / O E-n, as
Q

Ta

well as / curl H-Vy = / Ve xn-curl H = 0. These last properties then lead to at(/ E-n)=0.
Q r Ca

and therefore if we assume that / E(z,t)-n =0 at time ¢t = 0, one has for t > 0
Ta
E(z,t) -n= E(z,0) - n. (3.9
I'a Ta

We now define the energy space. Contrary to [2I], we do not directly integrate these constraints
in the energy space, they will be taken into account later on. We thus consider the Hilbert space

H={(F,G,R,S)" € L?(Q)® x L*(Q)3 x L*(Q)3 x L}(Q)} = L*(2)'°,

with the inner product

S-S dx. (3.10)

_ - 1 _ B2
FG,R,S ", (F.G' R,S"NT ::/ F-F +uG- -G R-R
(( s Ty Ly ) 7( ) ’ ’ ) )7'[ Q(5 +M +€Owg +€0w]2)
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We define the unbounded operator A by
AE,H,J,Q)" = (e (cwrl H — J), —p~ ' cwl E, B°VQ + w2 E — vJ,div J) ", (3.11)

with domain
D(A) := {(E, H,7,Q)" € Hop,(curl, Q) x H(curl, Q) x H(div,Q) x Hip (Q)|
Exn+zH =0 6J n+pQ=0,on FA}. (3.12)

With this definition, introducing the vectorial unknown U = (E, H,.J,Q)", problem (3.6 can
then be formally rewritten as a first order evolution equation

U = AU, U(0) = Uj. (3.13)

3.3. The well-posedness result. The well-posedness of our problem is based on semigroup the-
ory, by showing that A generates a strongly continous semigroup.
Nevertheless, let us start with an hidden regularity for elements of D(.A).

Lemma 3.1. Let (F,G,R,S)" € D(A), then F x n,G xn € H%(FA)?’, in particular F' belongs
to Hpix(curl, Q) and G belongs to Vr , ()

Proof. By its definition, for (F,G, R,S)" € D(A), F and G belong to H(curl, Q) but they are not
in H(div,Q), so for any H € L?(2)3, we consider ¢y € H{(£2) the unique solution of
/ Vou - Vode = / H -Vovdz,Yv € H}(Q),
Q Q

whose existence follows from Lax-Milgram Lemma. This implies that F = F — Vg and G =
G — Vg are divergence free, belong to H(curl, Q) and satisfy F' x n+ zéu =0 on I'4. These facts
imply that for any cut-off function x € D(R?) such that y = 0 in a neighborhood of I's and x = 1
on I'4, the pair (xF, xG) belongs to (asT4 = 0D)

V(D)= {(E,H) € H(curl, D) N H(div, D) : E x n+ zH| =0 on 0D}. (3.14)

As Lemma 4.5.5 of [12] (see [3] for a smooth boundary) shows that V(D) is continuously embedded
into H'(D)®, we deduce that F'xn,G xn € Hz (T 4)3. This yields the result because F xn = F xn
and G xn=G_G X n. 0

We now continue with the characterization of the adjoint operator of A. First for any (F,G, R, S)T €
H, we set O(F,G,R,S)" = (F,—G,—R,S)". Note that O is an isomorphism from A into itself
with O~ = 0.

Lemma 3.2. The domain of the adjoint A* of A is D(A*) ={U € H|OU € D(A)}, and
AU = O0AOUNU € D(A"). (3.15)

Proof. By definition, U = (F,G, R, S)" in H belongs to D(A*) if and only if there exists X € H
such that

(U, AUy = (X, U" )y, YU € D(A), (3.16)

2as xF and xG are zero in a neighborhood of I 4, we can extend them by zero in O
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and in that case A*U = X. Using (3.11)), (3.16)) is clearly equivalent to
1

/Q ((curl G —-R) - F—culF -G+ - (B°VS' +eqwiF' —vR') - R
2

+

divR - S)de = (X,U)y,YU' = (F',G".R',S")T € D(A). (3.17)

60&)1%
First taking U’ € D(Q)1°, we find
1 2 _ 2
TR+ B 5 VS, R') — b 5
Eowj, Eowp, Eowp
Consequently U belongs to H(curl, Q) x H(curl, ) x H(div,Q) x H(Q) and X = OAOU (which
is meaningful due to the previous regularity of U). Using this identity and (3.17), we find
(U, AU" )y = (A*U,U" )3, VU' € D(A). (3.18)

It remains to find the boundary conditions satisfied by U. Let us start with the ones at I'g.

Let us now choose U’ = (0,G’,0,0) with G’ = nG”, with G” € H'(Q)? and 7 is cut-off function
(in D(R3)) such that n =1 on I's and 7 = 0 on I'4. In this way, U’ belongs to D(.A) and using
(13.18), we find

(R —curlG, F') + (curl F,G") — (F +

(divR,S") = (X,U')y.

(F,curl G') = (curl F, G").
As G' € HY(Q)3 and F € H(curl, ), using Green’s formula (2.5, we find (see [9] for the details)

(F' xn, Gﬂ)v,(rs)'—vﬂ(Fs) =0.

As 7, : HY(Q)? = V, : G — G| is surjective (see section , we deduce that F x n =0 on I'g.

Similarly we take U’ = (0,0, R’,0)T with R’ = nR" with R” € H(div,Q) and 7 as before so
that R' = 0 on I'4. This yields an element of D(A), hence using this test function in and
Green’s formula , we obtain

/ —
<R -1, S>H_%(F5)—H%(FS) =

As the trace mapping H(div,Q) — H-2(T's) : R — R{pq - n is surjective (see section , we
conclude that S =0 on I'g.

Let us go on with the boundary conditions satified by U at I'4. First by the surjectivity of the
trace operators 7, and v, for all H € TH2(T'4)3, we can find F”,G” € H'(Q)? such that

F’" xn=H and Gh’ =—2zH on T'4. (3.19)

Multiplying F” and G” by 1 — n, with 7 fixed below we find F/ = (1 —n)F"” and G' = (1 — n)G"
such that U’ = (F’, G, 0,0) belongs to D(.A). Choosing this element U’ in (3.18) and using Green’s
formula (2.5)), and recalling we deduce that

(Fxn,G)) )+<G‘|,F’><n)

1 1 1 1
TH2(TA) —-TH2(Tx TH2(TA)—TH?2(Ta)

With the help of (3.19), we arrive at

(—2F x n+ G|, H) =0,VH € TH? (T 4)>.

TH3 (T4) —TH3 (T'4)
Therefore we have find that /' xn — 2G| =0 on I'4.

For the last boundary condition, we take an arbitrary A\ € H=z(I'y). First we fix a lifting
RX € HY(Q) of \, namely an element in H*({2) such that

RAX=XonTy,, and RA=0on I'g.
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Second recalling that the boundary I'4 is C?, there exists a vector field N € C'(Q) such that
N(z) = n(z),Vz € T 4. We then readily check that (R\)N belongs to H'(Q2)? and satisfies

(R\)N -n=Aln]*=Xon 4.

Then we take S’ = 81 R\ and R’ = —B2(RA)N, which yield U’ = (0,0, R, S") € D(A). Choosing
this element U’ in (3.18) and using Green’s formula (2.2)), we deduce that

(R-n,S") S,R'-m)
By their definition, we find
(Brfen =525 2 44 (ray - md (ra

and shows that 51R-n— 5,5 =0o0onI'4.
Alltogether we have shown the inclusion D(A*) C D* := {U € H|OU € D(A)}. But for
U € D*, by the different Green’s formula mentioned before, one readily checks that

(U, AU" )y = (A*U,U" )3, VU’ € D(A),
with A*U defined by (3.15). This means that D* C D(.A*) and concludes the proof. O
Theorem 3.1. The operator A defined by with domain generates a Cy-semigroup
of contractions (T'(t))¢>0 on H. Therefore for all Uy € H, the problem has a mild solution

U e C([0,00),H) given by U(t) = T(¢t)Uy. If moreover Uy € D(A), the problem has a strong
solution U € C([0,00), D(A)) N C([0,00),H).

mea-ahra T “Sa-mtaa =Y

,=0.vA€ H(T ),

Proof. We apply Corollary 1.4.4 of [22] that guarantees that 4 generates a Cp-semigroup of con-
tractions (T'(¢))¢>0 on H if A is a densely defined closed operator and if A and its adjoint A* are
dissipative.

Since D(Q)0 is dense in (H, (-, )3 ) and since D(2)0 is clearly included into D(A), the domain
of A is therefore dense in H.

Concerning the closedness of A, since D(A) is dense in H, its adjoint A* is closed. Furthermore
Lemma, [3.2] yields that

Ga=0G -

where G 4 is the graph of A and

O(X,Y) = (0OX,0Y),VX,Y € H.

As O is an isomorphism from H x H into itself, we directly deduce that A is closed.
It remains to show that A and A* are dissipative operators. Let us start with the dissipativeness
of A. For U = (E,H, J,Q)" € D(A), by Green’s formulas (2.2) and (2.8), we find that

2

(AU, U)y :/(H-cuﬂE—curlE-H—l— 2(diVJ-Q—diVj-Q)+E-j—J~E—%|J|2)d.’£
Q €0wp {:‘OOJP

_ /82
+ H-FE xn+
T €0wp Ta

QJ -n.

Now using the boundary conditions, we deduce that

2
(AU,U)H:/(H~cur1Efcur1E-ﬁ+ ﬂ2(divJ~Qfdivj-Q)+E-ij~Ef 72|J|2)dx
Q EowWp Eows,

—z Hxn-Hxn-%4(J,Q).
T'a
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where X 4(J,Q) =0if 81 =0 or S =0, and in the contrary X 4(J, Q) := r6° Ir, |/ -n|%. In both

2
E()U.Ip

cases, we may notice that ¥ 4(J, Q) > 0. Hence taking the real part of this identity, we obtain

RAU, U)y = —— / I da — z/ H x nf? — 54, Q). (3.20)
€0wp Q Ta
This shows that A is dissipative.
As for any U € D(A*), (A*U,U)y = (AOU, OU )y, one directly gets R(A*U,U)y < 0. O

4. Polynomial stability results. Our stability results are based on a frequency domain ap-
proach, namely for the exponential decay of the energy we use the following result, see [15] [25]:

Lemma 4.1. A Cy-semigroup (e**);>¢ of contractions on a Hilbert space H is exponentially stable,
i.e., satisfies
1e“Uollg < e “|Uolla, YUo € H, Vt>0,
for some positive constant w if and only if
p(L) D{iB | B € R} =R, and (4.1)
sup [|(if — £) 71| < oo,
BER

where p(L) denotes the resolvent set of the operator L.

On the contrary the polynomial decay of the energy is based on the following result stated in
Theorem 2.4 of [7] (see also [4} 5, [I7] for weaker variants).

Lemma 4.2. A Cy-semigroup e** of contractions on a Hilbert space satisfies
1€ Us|| < ™ [Uollpc), YU € D(L), V> 1,
for some positive real number [ if holds as well as
limsup &4 |(i€ — £)7}| < oo. (4.3)

|€]—00

We then first investigate the property (4.1). We start with the study of the kernel of A. First
we introduce the space

1 _ [ {ve Hjp (Q):vis constant on Tx} if By =0,
. (Q’ﬂz){ H;(9) if B2 > 0.
/32

Lemma 4.3. By setting 6 = one has

2
Eowp

kerA - {(_5VQa VQO, 07 Q)T | pE Hol,FA (Q) and Q € Hl(Q7 62)}
Proof. U = (E,H,J,Q)" € D(A) belongs to ker A if and only if

curl H — J =0, (4.4)

curl E =0, (4.5)

B*VQ + cowiE —~J =0, (4.6)
div J = 0. (4.7)

Recalling (3.20), we get

O:§R(AU7U)H:—5012/Q|J|2dx—z/r |H x n|? —=¥4(J, Q). (4.8)
p A
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and since the three terms of this right-hand side are non negative, we obtain

J=0inQ, (4.9)
Hxn=0onT4. (4.10)
and if B > 0
Q=0o0nTy.

Now taking into account in , we find that F = —6VQ. If S > 0 as @ is already in
Hj . (Q), we deduce that @ indeed belongs to Hj(€2). On the contrary if 8, = 0, since and
the absorbing boundary condition imply that £ xn =0 on I'4, we deduce that VQ xn =10
on I'4, hence Q is constant on I'4. As before, we then deduce that @ indeed belongs to H((2,0).

For H, we notice that and imply that H is curl free. As € is simply connected there
exists ¢ € H'(Q) such that H = Vip. With (4.10), we deduce that ¢ = c on I'4 for some constant
c. We then conclude by setting ¢ =9 — c. O

Remark 2. Since A is a closed operator, ker A is a closed subspace of H. Alternatively this can
be directly checked by using the following Poincaré’s type inequalities

lella < lelia, Ve € Hyp, () and [[¢]lo S [¢]1,0,VY € Hyp, (Q),
and by noticing that H'(f2, 85) is continuously embedded into H&FS(Q).
The same arguments allow to characterize ker A* that in fact coincides with ker A, namely

Lemma 4.4. One has

ker A* = ker A.
Since ker A is far to be reduced to {0}, we introduce its orthogonal space (in H)
H = (ker A)*,
that is an Hilbert space equipped with the same inner product than . Note that
R(A) c H# and R(A*) C H, (4.11)

because we always have [§], Corollary 2.18]
R(A) € R(A) = (ker A)* = H and R(A*) € R(A*) C (ker A*)* = HA.

Owing to the first inclusion from (4.11]), we can introduce the restriction A of A to #, that is
defined by

AU = AU,YU € D(A) = D(A)NH.
Let us characterize the adjoint of the operator A.

Lemma 4.5. A* is the restriction of A* to #, namely

AU = A*UVU € D(A*) = D(A*) NH. (4.12)
Proof. Let us start with the inclusion
D(A*) € D(A*)NH. (4.13)
By definition U € D(A*) if and only if there exists X € H such that
(U, AU" )3 = (X,U")»,YU' € D(A). (4.14)

Now fix U” € D(A), then if we denote by P the orthogonal projection on #, owing to Remark
we have
U” =PU" + (I— P)U",
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with PU" € D(A) and (I — P)U" € ker A. Therefore one has AU"” = A(PU") = A(PU") and
(X, U = (X, PU" ),
since X belongs to 7. Using with U/ = PU”, we then find
(U, AU" )3 = (X,U")3,VU" € D(A).
This means that U belongs to D(A*) with A*U = X = A*U, which yields and (£.12).
Let us prove the converse inclusion
D(A*)NH C D(A*). (4.15)
Let U € D(A*) N'H then (U, AU")3 = (A*U,U")y, for all U’ € D(A). Note that A*U belongs
to H due to (£.1T). As D(A) C D(A), we directly get
(U, AUy = (A*U,U" )3, VU € D(A).
As U belongs to #, this implies that U belongs to D(A*) with A*U = A*U. This proves
and concludes the proof. O
Before going on, we want to give an explicit characterization of the space H. Denote for
simplicity
Ho = {(F,G,R,S)" € H(div,Q) x K(Q) x L*(Q)® x L*(Q) | div(eF) = —S in O},

— T . 1 1 -
7-[00 T {(F7G7R7 S) E HO | <F n? 1>H7§(FA)*H§(FA) O}

Lemma 4.6. If 3, > 0, one has H = H,, while if 8, = 0, one has H = Hgo.
Proof. Let (F,G,R,S)T € H or equivalently satisfying

/ (—e6F -VQ+ uG - Vo +6SQ) dz = 0,Yo € Hy 1, (Q),Q € H'(Q, B2). (4.16)
Q

Taking first Q = 0 and ¢ € D(Q)3, we find divG = 0 in €, and hence G belongs to H(div, ().
Taking again @) = 0 and ¢ € H&,I‘A (©2) and using Green’s formula , we deduce as before that
G -n =0 on Iy, which means that G € K(Q).

Conversely by taking ¢ = 0 and Q € D(2)3, we find div(eF) + S = 0 in Q. If 85 > 0, we get
no more conditions since D(f2) is dense in H{(f2), on the contrary if 83 = 0 by taking ¢ = 0,
Q € H'(Q,0) with @ =1 on I'4 and again using Green’s formula , we deduce that

(F-n, 1>H7%(FA)*H%(FA) =0
This proves the inclusion H C H if B2 > 0 and H C Hop else.
As the converse inclusions directly follow from ([2.2) the proof is complete. O

Remark 3. By Theorem the restriction A of A to H generates a Cp-semigroup of contractions
(T(t))+>0 on H (given by T(t)Uy = T(t)Up, for all Uy € H). Hence for Uy € H, the problem
has a weak solution U € C([0,00), H), in particular U(t) belongs to # for all ¢+ > 0. This fact is in
accordance with the hidden properties (and if 3, = 0) mentioned before.

For further purposes, we need another hidden regularity for elements of D(A).

Lemma 4.7. Fix one cut-off function x € ’DQR3) such that x = 0 in a neighborhood of I'g and
X = lon T 4. Then for any (F,G, R,S)" € D(A), xF and xG belongs to H'(2)? with the estimate

IXFll1,0 + IxG]|

1.0 S IF| #ewro)nH@iv,0) + |Gl Hcurl,0)nE(div,0)- (4.17)
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Proof. The proof is similar to the one of Lemma except that here by Lemmald.6|for (F, G, R,S)T €
D(A), F and G are in H(div, ). Hence the pair (xF, xG) belongs to V(D) defined by (3.14). As
we have seen in the proof of Lemma [3.1| that V(D) is continuously embedded into H'(D)°, the
conclusion follows. O

We are ready to start the proof of the property (4.1). First we show that i€l — A (and its
adjoint) is injective, for any ¢ € R. By the definition of A and Lemma for A*, the case £ =0
requires no investigation, so we distinguish these two cases.

Lemma 4.8. A and A* are injective, in other words
ker A = (ker A) N H = {0}, and ker A* = (ker A*) NH = {0}.
Let us then concentrate on the injectivity of i€I — A, and i€l — A*, for € € R\ {0}.
Lemma 4.9. For all £ € R\ {0}, we have
ker(i€l — A) = ker(i€l — A*) = {0}.
Proof. We have that U = (E, H,J,Q)" € D(A) belongs to ker(i¢I — A) if and only if

—ilE+ e teurlH —e ' J =0, (4.18)
—i¢H — p~tewrl E =0, (4.19)

—i€J + B°VQ + eqwi E — vJ =0, (4.20)
—i€Q + divJ = 0. (4.21)

As in the proof of Lemma the dissipativeness of A yields (4.8]) and then J = 0 (see (4.9)).

Using this property in (4.21) yields Q = 0 (since § # 0). Then by (4.20) we directly get £'= 0 and

finally (4.19) reduces to H = 0. This proves that ker(i¢I — A) = {0}. The same and simple proof

yields the second assertion. O
Let us go on with the surjectivity of ¢l — A.

Lemma 4.10. For ¢ € R, i€l — A has a closed range and

R(i€l — A) = H. (4.22)
Proof. For the first assertion, we prove that E|
U3 S 1161 — A)U |, VU € D(A), (4.23)

which directly implies that the range of A is closed because the operator A is closed. We now
prove (4.23)) by contradiction. Assume that (4.23) is false, this means that there exists a sequence

(Up)nen of elements of D(A) such that
lUnll3 = 1,¥n € N, and (4.24)

| (i1 — A)Up |14 — 0 as n — oc. (4.25)

If we set U,, = (Epn, Hp, Jn, Qn) T, we remark that implies that the sequences (E,)n, (Hy)n,
(Jn)n are bounded in L?(£2)? and that the sequence (Q, )., is bounded in L?(Q2). By these properties
and (4.25), we deduce that the sequences (E,),, (H,), are bounded in H(curl,2), while the
sequence (Q,), is bounded in H'(Q).

Furthermore as U,, belongs to H, we have

div(eE,) = —J, and divH, =0in Q. (4.26)

3within this proof the constants hidden in < may depend on &.
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Therefore the sequences (E,, )., (H,)n are bounded in H(div,{2). By Lemma (with x defined
there), we deduce that (see (4.17))

e S (4.27)
By the compact embedding of H(Q) into L?(£2), up to a subsequence still denoted by (Q,,), (E,)

and (H,,), there exists Q € L?(Q), Xg, Xy € L*(Q)3 such that
Qn — Qin L*(Q) as n — oo, (4.28)
xE, = Xg in L*(Q)? as n — oo, (4.29)
xH, = Xp in L*(Q)3 as n — oc. (4.30)
For the sequence ((1 — x)En)n (resp. ((1 — x)H,)n), we may notice that it is bounded in Xy ()

(resp. X7(9)) and since these spaces are compactly embedded into L?()? [27], up to a subsequence
still denoted by (E,,) and (H,,), there exists Yz, Yy € L?(2)? such that

(1—=x)E, = Yg in L?(Q)3 as n — oo and (1 — x)H,, — Yy in L?(Q)% as n — oo.
Altogether setting £ = Xg + Yg and H = Xy + Yy we have shown that

E, — Ein L*(Q)% as n — oo, (4.31)
H, — H in L*(Q)? as n — oo. (4.32)
Finally for the sequence (J,,),, the properties (3.20)), and directly imply that
J%Omfmf%n%m. (4.33)
At this stage owing to and ( - , we have shown
U, — (E,H,0,Q)" in H as n — oc. (4.34)

This convergence property combined with the definition of AU, (4.25) and (4.26) allows to con-
clude that

E, — E in Hy g (curl, Q) as n — oo,
H, — H in H(curl,Q) as n — oo,
Jp — 0 in H(div, Q)
)

Qn — Qin Hyp (2
This implies that (E, H,0,Q) belongs to D(A) and again owing to (#.25) that
(i€l = A)(E, H,0,Q)" = (0,0,0,0)"

By Lemmas and we obtain (£, H,0,Q)" = (0,0,0,0), which is a contradiction because
(@-34) and (4.24) yield ||(E, H,0,Q) " |l% = 1. In conclusion (4.23) is valid.

For the second assertion, the first assertion is equivalent to (see [8, Theorem 2.19] for instance)
(ker(i€l — A)*)* = H,

where here the orthogonal is taken in H. As (il — A)* = —i¢l — A*, with the help of Lemmas
and we conclude that (4.22) holds. O

as n — 0o,

as n — o0.

As a direct consequence of the previous Lemmas we get the

Corollary 4.11. The resolvent set p(A) of A contains the imaginary axis, namely (4.1)) holds.
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We go on with the asymptotic behavior of the resolvent of A on the imaginary axis. Without
further assumption, we will show a polynomial stability. An exponential stability holds if the
Maxwell system with the electric boundary condition on I's and the Silver-Miiller condition on I" 4
is exponentially stable but we postpone this result to the next section.

Lemma 4.12. If 3, > 0, then the resolvent of the operator A satisfies 1' with [ = 2, i.e.,

limsup 2 || (€1 — A) 71| < oc. (4.35)
|€]—o00

On the contrary if 8, = 0, then the resolvent of the operator A satisfies 1} with [ = 6, i.e.,
lim sup €6 || (i1 — A) 7| < oo. (4.36)
€] =00

Proof. We use a contradiction argument, i.e., we suppose that (4.3) is false with some ! > 2. Then
there exist a sequence of real numbers £, — 400 and a sequence of vectors Z,, = (E,,, Hy,, Jy, Qn)—r

in D(A) with

1 Znll3 = 1,¥n € N, (4.37)
such that

€ |(i6n — A)Zn|5, — 0 as n — . (4.38)

By (3.11)), this is equivalent to
¢l it B, — curl Hy + J,|lq — 0, as n — 400, (4.39)
E |ip&n Hy + curl B, |l — 0, as n — 400, (4.40)
Elli&ndn — BV Qn — c0wiEn + v Julla — 0, as n — 400, (4.41)
i€, Qy — div Jy|lo — 0, as n — +oo0. (4.42)

We now notice that
R((in — A)Zn, Zn)yy < i&n — A) Znlly | Znll3y = [1(i6n — A) Znllyy (4.43)
and the dissipativeness of A yields

y
Eowg

R (66— A2 Z)ye = (A2 Z)yy = = [ TP otz [ 1 %0+ 20,.Q0).

We then obtain
v
Eowg

>From (4.38)) we deduce that

/ T2 da + z/ Hy 50 + S (0, Qn) < (i — A)Zull
Q T'a

fi/ | Jn|* dz — 0, and fﬁl/ |H, x n|> = 0asn — +oc.
Q Ta

Additionally if 85 > 0, then as Y4 (J,, Qn) = i fFA |/, - m|?, by (4.38), we get

2
Eowp

fit/ |Jn -n|? =0, as n — +oo. (4.44)
T'a
Using (3.5), we further deduce that

52/ |Qn|2 — 0, as n — +o0.
Ta
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This means that

€50, =0, in L2(Q)%, as n — +oo, (4.45)
&2 (Hy x 1) — 0, in L2(T'a)?, as n — oo, (4.46)
and if 35 > 0, that
€20, — 0, in LA(T4), as n — +oo. (4.47)
The property and (recalling that [ > 2) imply that
182V Qn + eow2Ey|| — 0, as n — +oo. (4.48)
One has that (E,,) is bounded in (L?(£2))3, so implies that
IVQullL2)s S 1. (4.49)
Hence one has
[ (9Qu + 202 - 90l S 18V + Bl (1.50)

which implies that
/Q (ﬁQVQn + EowZQ,En) -VQ, — 0, as n — +00.

For the second term of this left-hand side, we apply Green’s formula (2.2) to get (recalling Lemma

4.7)
B2IVQnl? + e reow |Qnl? + 0w Qn(E, -n) — 0, as n — +o0, (4.51)
Ta

where we used that ediv E,, = —Q,,. Now we want to show that the boundary term in this left-
hand side tends to zero as n goes to infinity. For that purpose, we first use Cauchy-Schwarz’s
inequality and a trace formula to get

Ta

where the function x is the cut-off function from Lemma By the estimate (4.17)) from this
lemma, we therefore have

S IxEnliell@nllr,,

Qn (En ) n)

Ta

< (1Bl H(eurto)n# div,0) + [ Holl B (eurl,o)n e @div.)) 1Qnllr- (4.52)

Now we show that
1 Enll 2 (cur )i (div,@) + 1 Hull o (e @)nH(div.0) S &n (4.53)
Indeed by [|Z,||3 = 1, and (4.39)-(4£.40), we have
1Bl m(curt,0) + [ Hall #2ewo) S &ns
while by the conditions ¢ div E,, + Q,, = div H,, = 0 and ||Z,,||3 = 1, we surely have

1 Enll m(div,0) + 1 Hnllz@iv,0) S 1-
These two estimates then yield (4.53). Using this estimate in (4.52)), we get

Qn (En : 1’1)

Ta

an”Qn”FA (454)
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In the case B2 > 0, by (4.47) we conclude that, with the choice [ = 2,

Qn(E, -n) =0, as n — +o0. (4.55)
T'a

For B2 = 0, we have to use another method. Namely by (4.42) and since ||Q, || < 1 we have

¢z / (i60Qp — div J,) On — 0, as 1 — +oo.
Q

Integrating by parts in the second term and recalling that J,, -n=0on I'y as g3 = 0, we find
L _
&2 / (ifn|Qn|2 + Jp - VQn) — 0, as n — +oo.
Q
By (4.49) and (4.45), we deduce that

11
ET2Qull — 0, as n — +oo.
Hence with [ chosen such that ﬁ + % = 2, or equivalently [ = 6, we find
1Qnll — 0, as n — +oo.

Finally using the second trace formula

1Qnll, S 1QnllllQn
by (4.49) and ||Q.|| < 1 we find that
fi”Qn”%A — 0, as n — +oo.

Using this property in (4.54)), we again conclude that (4.55) holds but with the choice | = 6.
In both cases, using (4.55) in (4.51) we thus deduce that

1,9,

Qn — 0in Hjp (), as n — +oo. (4.56)
As a consequence, by , we arrive at
E, —0in L*(Q)3, as n — +oc. (4.57)
>From and the above results:
& eurl Hy, — 0 in L*()3, as n — +oc. (4.58)

By Green’s formula (2.8) and the Silver-Miiller condition (3.3), one has
/ curlE, - H,, dx = / E, -curl H, dx + z/ |H,, x n|2
Q Q Ta
and by (4.46) we get
&t / curl E,, - H, dz = o(1). (4.59)
Q
Now by (4.40) and the fact that ||H,|| < 1, we have
f,:l / (iu&n Hy, + curl E,) - H, dz = o(1),
Q

and by (4.59) we get H,, — 0, in L?(Q)3, as n — +oc.
In conclusion, we have shown that Z, — 0, in H, as n — 400, which contradicts || Z,],, =
1. O

The previous Lemmas allow to check the hypotheses of Lemma and then lead to the next
stability results.
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Theorem 4.1. Problem is polynomially stable in 7:1, more precisely
1TVl S ¢ *1[Usllpay, ¥t > 0,Up € D(A),
with Il =2 if B2 > 0, and | = 6 else.

5. An exponential stability result. As mentioned before this section is devoted to an expo-
nentially decay result based on a similar result for the Maxwell system.

Lemma 5.1. Suppose that the Maxwell system with Silver-Miiller boundary condition on I'4 and
the electric boundary condition on I'g

e E =curl H 0, H = —curl E in Q x (0, +00),

div(eE) =divH =0 in Q x (0, +00),

Exn=0,H -n=0,on Xg, (5.1)
Exn—zHxn)xn=0,on Xy,

E(,O) = EQ,H(',O) = Ho, in Q,

is exponentially stable in its energy space K(Q) x K(€) (namely with initial data (Ey, Ho) in
K(€2) x K()). Then the resolvent of the operator A satisfies condition (4.2) in 7.

Proof. We again use a contradiction argument, i.e., we suppose that (4.2)) is false. Then there exist
a sequence of real numbers &, — +oo and a sequence of vectors Z,, = (E,, Hy, Jp, Q,) " in D(A)

satisfying (4.37) and (4.38)) (or equivalently (4.39)-(4.42)) with ! = 0. Using the dissipativeness of
A, we directly find that (4.45) and (4.46) hold with [ = 0, and if 83 > 0, that (4.47) holds with

I = 0. Coming back to (4.39)-(4.40), and using (4.45), we find
icén By — curl Hy, = F, — J,, — 0in L*(Q)3, as n — +o0, (5.2)
i Hy + curl B, := G,, — 0in LZ(Q)?’, as n — +oo.

As Z, € D(A), the pair (E,,, H,) satisfies the boundary conditions from (5.1)

E,xn=0,H, n=0onTlg, F,xn—z2(H,xn)xn=0, onTy.

Further H,, is divergence free, but as div(¢E,,) + @,, = 0, E,, is not divergence free. Hence in order
to use the exponential stability of (5.1]), we then need to correct E,. Therefore as in the proof of
Lemma 5.3 of [19] we consider ¢,, € Hg () such that

/ eV, - Vipdr = / eE, - Vi dx,V € Hy(Q), (5.4)
Q Q

and set E, = E,, — Vo, that belongs to Hyix(curl; Q) and satisfies div(sEn) = 0in Q. Now the
identities (5.2) and (5.4) imply that
1

1
/ elVon?de = — / (F, +curl H, — J,) -V, de = — / (F, — Jn) - Vo, dx,
Q i&n Jo i&n Jo

since by Green’s formula (2.6)), one has / curl Hy, -V, dx = 0, because Vp,, € Hyp(curl, Q). Hence
Q

by Cauchy-Schwarz’s inequality we find that |V,| < &, Fn — Jull- By (5.2), we conclude that

li€ V| — 0 as n — oco. (5.5)
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At this stage we remark that the pair (E‘n, H,,) satisfies the Silver-Miiller boundary condition on
T4, the electric boundary condition on I'g, div(eE,) = div H,, = 0 in © and Maxwell’s equations

i&peE, —curlH, =F, =F,—J,—i,eV,,
&, Hy, +curl E, = G,.

With the help of (5.2) and (5.5), we have
Fn,Gn — 0in L*(Q)3, as n — oo. (5.7)

As by assumption, system is exponentially stable, applying Lemma [4.1} its resolvent is uni-
formly bounded on the imaginary axis. In other words, the solution (E,, H of (5.6) satisfies

1Bl + 1 Hall S 1 Eall + Gl
The property then yields || E,|| + ||H,| — 0, as n — oc. By (5.5), we conclude that

|En|l + || Hnl — 0, as n — oo. (5.8)
It remains to manage the L?-norm of @Q,,. As [|Q,] < 1, by with { = 0, we have

zgn/ |Qnl? = / div J,,Q, + o(1).
Q Q
Using Green’s formula (2.2)), we get
2 = M 9 . 1 1 . .
an \/Q |Qn| = /Q Jn VQn + <Jn n’Qn>H7§(FA)—H§(FA) + 0(1) (5 9)

At this stage we again distinguish between the case f3 = 0 or not. In the first case, we have
Jn -n =0 and hence

(5.6)

zfn/ 1Qn* = / Jn - VQy, +0(1). (5.10)
Q Q
Conversely if S2 > 0, then by (3.5), (5.9) reduces to

Zgn/Q ‘Qn'z = /Q Jn : in - THJn : Il||%A + 0(1)

Due to (4.44) with I = 0, we conclude that (5.10) also holds in that case.
Now using (4.41)) with { = 0 in (5.10) we find

i [[1Qu = =550 [P = [ g0 Butol)

By dividing this expression by i£,,, we find

—i&n +
L1 == [P = [ - B o).
As |E,| <1, using with [ = 0, we arrive at
1Qnll — 0, as n — .
Using this property, with [ =0 and , we arrive at a contradiction with . O

Remark 4. Due to [23] Theorem 4.1], system is exponentially stable if in addition to our
previous assumptions, I' 4 satisfies the Geometric Control Condition in the sense that there exists
T > 0 such that every ray of geometrical optics that propagates in Q and is reflected on its
boundary intersects I' 4 in time less than 7.

This last Lemma combined with Corollary allows to apply Huang-Priiss Lemma [£.1] to get
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Corollary 5.2. If the Maxwell system (5.1)) is exponentially stable in K(£2) x I@(Q), then system
(3.6) is exponentially stable in H.

It turns out that the converse implication is also valid, namely we have the following result.

Lemma 5.3. Suppose that system (3.6) is exponentially stable in 7L, then the Maxwell system
(5.1) is exponentially stable in () x ().

Proof. As our geometrical assumptions guarantee that the operator A, associated with
satisfies (.1), we are reduced to show that the resolvent of Ay satisfies (£.2). As before we use
a contradiction argument, i.e., we suppose that is false. Then there exist a sequence of real
numbers &, — 400 and a sequence of vectors (E,,, H,)" in D(Ayy) satisfying

1Enll + | Hall = 1, (5.11)

and such that
ic€n B, —curl H, = eF,, — 0in L*(Q), as n — +oo, (5.12)
ipénHy 4+ curl B, = G, — 0in L2(Q)3, as n — +oc. (5.13)

Recall that (F,,G,)T belongs to Hys := K(€2) x £(2) and that
D(Ay) = {(En, H,) € Has N (Ho g (curl, Q) x H(curl, Q) | E x n+ zH| =0, on FA}.
As before the dissipativeness of Ay; implies that (compare with )
H, xn—0, in L*(T'4)?, as well as E,, x n — 0, in L}(T'4)%, as n — +oc. (5.14)

Based on the sequence (En,fln)—r, we want to build another sequence of elements Z, =
(B, Hn, Jny Q)7 in D(A) satistying || (i€, — A)Zy |, — 0 as n — oo.

For the case 53 = 0, we consider the unique function 6 € H&,FS(Q) such that (for its existence,
see for instance [2, Proposition 3.18])

AG=0in Q,
6 =1on FA7 (515)

On0o 1)t p )3 oy 7O

Then we set
E,=E, —a,V6, (5.16)

where o, = 0 if B2 > 0, otherwise a,, = ({Onb,1 )"YE, -n,1)
so that (F,, -n,1)

Vi b -t H™3(Ta)=H3(Ta)’

H™3(Da)—H3(T4) - B
Before going on, we may notice that F,, is divergence free, since F, and V6 are, i.e.

div(eE,) = 0. (5.17)
Therefore the natural choice for @,, is @),, = 0. Note further that
Enap — 0 as n — oo. (5.18)

Indeed as E, is divergence free, we have Jo div E,0 =0, and using Green’s formula (2.2)), we get

_/QEn VO (B, 0>H—%(F)—H%(F) =0
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Hence (5.15)) yields
(En -, 1>H*%(FA)—H%(FA) - /QE" Vo
Now (5.12)) implies that

(B, -n, 1)

1 . -
H 3(T4)-HZ(Ta) (3 /sz(curl Ha+eba) - V0.

Since V6 belongs to Ho(curl, ), Green’s formula ([2.6) yields [, curl H, - V6 =0, so we obtain

1 .
{En - m, 1>H—%(FA>—H%<FA) - @/QF" Vo

By Cauchy-Schwarz’s inequality and (5.12) we arrive at (5.18]).
Note that (5.11)) and (5.18)) imply that

[Enll S 1. (5.19)
We further introduce the unique solution 7, € Hj () of
/ Vi, - Vo = —50w§/ Ey, - Vo,Yv € Hj 1 (). (5.20)
Q Q

Hence R,, = V1, satisfies
divR, = fsowz divE, = 0in €,

R,xn=0onTg, (5.21)
R, n= fsowZEn -nonly,
due to (5.17). By taking v = n,, in (5.20), we have
/ |Rn|?* = —Eowﬁ/ E, - Ry, (5.22)
Q Q
and using Cauchy-Schwarz’s inequality and (5.19) we find
R < 1. (5.23)

As E, x n belongs to L?(I'4)?, Theorem 2 of [11] allows to conclude that E,, - n also belongs to
L?(T' 4)3 with the estimate (see [L1, Remark, p. 367])

1En - nlr, S 1Bl + || curl Ey || + [|En x 1,
Hence using (5.11)), (5.13)), and (5.14)), we arrive at
[En nfr, <& (5.24)
Using the definition of E,, we get ||E, n|r, < | En-nlr, + |a,|. Hence using (5.18) and (5.24)
we arrive at
[En-nlr, <& (5.25)
By (5.21)), again Theorem 2 of [I1] yields that R,, x n belongs to L*(T'4)? with
[Rn xnllr, S [[Ball +[[Rn - nllr,.
>From (5.21)) we then have
1B xnr, S [[Rall+ ([ En - nllr,.

By (5.23) and (5.25), we obtain
”RTL X n”FA g gn (526)
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Coming back to (5.22)), using the definition (5.16) of E,, we have

/\RnF:—eowﬁ/ (B — anv0) - Ry
Q Q

Using (5.18), and (5.23)), we deduce

/ |Ru|> = o(1) — 50w;/ E, - R,.
Q Q
Taking into account (5.12)) and again (5.23)), we obtain

cow? .
/ |R,|? = o(1) — .pr / curl H,, - R,.
Q Z€£n Q

As H, xn belongs to L?(I'4)® and H,,-n = 0 on Ty, Theorem 2 of [I1] guarantees that H, belongs
to V(€), hence Green’s formula ([2.7)) yields

2
EoW _ ~
Rp|?=o(1) — - p/ R, xn)-H,).
/f;| | () Zefn FA( ) ’“

By Cauchy-Schwarz’s inequality, we get
[ 1RaP S 00 4+ 6 1R e 1 < e
Q

The estimate (5.26]) and the property (5.14) allow to conclude that
R, — 0in L*(Q)?, as n — +oo. (5.27)
Finally we set J,, = (i, + )" (cow2E, 4+ Ry) that satisfies

Jn — 0in L*(Q)?, as n — +oo0, (5.28)
owing to (5.19) and (5.27). Further due to (5.21)), we see that J,,-n = 0 on I'4, and that div J,, = 0.

In conclusion we have found elements (E,,, H,,, J,,, Q,) " € D(A) that satisfy

ieén By — curl H, + J,, = €F),, (5.29)

ipén Hy + curl B, = G, (5.30)

i&ndn — BV Qn — cowp En 4+ vJn = Ry, (5.31)
0 Qy — div J, =0, (5.32)

with Q= 0, F,, = F,—i&, 0, VO+e~1J,, . This equivalently means that (i&,1—A)(Ey, Hy, Jp, Qn) =
(F,,Gpn, Ry,,0)T and by our assumption, we deduce that

But due to (5.12), (5.18), and (5.28]), one has

F, — 0in L*(Q), as n — +oo0.

This property combined with (5.13)) and (5.27)) yield
|(Fp, Gy Rp,0) T |l3g = 0, as n — +o0,

and by (5.33), one gets

(B, Hy, T, Qn) " [l — 0, as n — +oo.
Taking into account (5.16)), and (5.18)), this implies that
| Enll + [|Hpll = 0, as n — +oo,
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which contradicts (5.11)). O

6. Conclusion. We have investigated a problem of light propagation in metal with a hole. The
light propagation properties inside the metal is described by a linearized hydrodynamical Drude
model that express the non-local reaction both in time and space of the electron cloud of the metal
through its polarization. We proved that for a whole range of possible boundary conditions on the
polarization unknowns, the problem is well posed, polynomially stable and exponentially stable if
the corresponding Maxwell system itself is. Furthermore, we obtain a smaller polynomial decay
when a no flux type boundary condition is considered for the polarization current. The question
of numerical stability has not been addressed here and will be part of a future work. Finally,
this paper opens the route toward the study of more relevant physical settings such as a complete
scattering problem by a metallic structure, that will also be part of our future investigations.
For a complete scattering problem (that corresponds to an unbounded obstacle problem, i.e., if
Q =R3\ 0), in analogy with [I} [13], we may expect to get a polynomial decay rate.
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