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Abstract

We study properties of positive functions satisfying (E) —Au+m|Vu|?—
uP = 0 is a domain  or in RY when p > 1 and 1 < ¢ < 2. We give
sufficient conditions for the existence of a solution to (E) with a nonneg-
ative measure p as boundary data, and these conditions are expressed
in terms of Bessel capacities on the boundary. We also study removable
boundary singularities and solutions with an isolated singularity on 0f2.
The different results depends on two critical exponents for p = p, := J+L

N—1
and for ¢ = ¢, := % and on the position of ¢ with respect to %.
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1 Introduction

In this article we study the boundary behaviour of positive solutions of
the following class of quasilinear elliptic equations

—Au+m|Vul? — |[ulP~lu =0 (1.1)

in a domain of RY which can be either RY, or RY \ {0}, or R_ij\_’, or
a bounded domain € with smooth boundary 92 according the type of
phenomenon we are interested in. We assume that p,q > 1 and m > 0.
We also consider the associated measure boundary data problem

—Au+m|Vul? — [u[P~lu =0 in Q (1.2)
u=p in 09 ‘

in the case where G = Q and p is a positive Radon measure on 0f.

The wide variety of phenomena that exhibit the solutions of equation
(1.1) comes from the opposition between the forcing term |u[P~1u and
the reaction term m|Vu|?. Furthermore, in the specific case ¢ = %,
the value of the coefficient m plays a fundamental role. This is due to
the equivariance the equation (1.1) under the transformation u — Tj[u]
defined by

Tolu)(z) = Z%u(ﬁx) where ¢ > 0. (1.3)

This equation has been introduced by Chipot and Weissler [11] is a
parabolic setting. They also studied the one dimensional case of (1.1).
Later on Serrin and Zou published two deep articles [26], [27] where
they concentrate on the existence of radial ground states, introducing
unexpected energy functions. In [25] they conduct a series of numerical
experimentations showing the extreme complexity of this equation, even
in the radial case, and many deep questions that they raised are still
unanswered. More recently, Alarcén, Garcia-Melidan and Quaas proved
several non-existence results of supersolutions in an exterior domain of
a large class of equations containing in particular (1.1). Their results
pointed out the role of some critical exponents, p = %, p= % and
q= % as well as ¢ = =2, A priori estimates of solutions have been

p+1°
obtained in [23] in the case ¢ < 1% 2

[4] to the case ¢ = 1% and p < ¥+2 under a condition of smallness of

m by a completely different method. The regular Dirichlet problem has
been investigaed in [24] in the subcritical case p < % and ¢ < %, and
even extended to the m-Laplace equation, always in the corresponding
subcritical case, but to our knowledge, nothing has already been pub-
lished concerning the boundary behaviour of singular solutions and the

associated Dirichlet problem with data measure. The aim of this article

and p < , and then extended in



is to fulfill some gaps in the knowledge of the properties of this equa-
tion, emphasizing the connection with sharp description of the boundary
behaviour.

We first prove an a priori estimate for positive solutions of

—Au+m|Vu|? —u? =0 in Q (1.4)
u=0 on 00\ {0}. ‘
when g < 1%. We set ,
= —. 1.5
— (15)
Theorem 1.1 Let Q be a bounded smooth domain such that 0 € OS2.
Suppose 1 < p < % and either 1 < q < % and m > 0, orq:%

and 0 < m < €y for some ¢g > 0 depending on N and p. Then there
exists a constant ¢ = ¢(N,p, Q) > 0 such that if u is a positive solution
of (1.4), it satisfies

u(z) < clz|™ for all z € Q\ {0}, (1.6)

and
L(m) u(x cle|~* Y forallz e
e + [Vu(z)] < cfz| for all z € Q\ {0}, (1.7)

where p(x) = dist (x, Q).

Thanks to this estimate we can describe the behaviour of positive
functions satisfying (1.4). For this purpose we say that the bounded
open set Q C RY is in normal position with respect to 0 € 9Q if 9 is
tangent to ORY at z = 0 and if z,, > 0 is the normal inward direction to
9. We set 0B, 4 := RY N 9By, identified with S ' := SN =1 ARY in
spherical coordinates (r, s). In the sequel we denote by A’ the Laplace-
Beltrami operator on S™V~1 and by V’ the covariant gradient identified
with the tangential gradient to 0B;.

Corollary 1.2 Let Q be a bounded smooth domain in normal position
with respect to 0 € 0N). Suppose 1 < p < %, 1<g< % and m > 0,
and u is a positive solution of (1.1) vanishing on 0Q \ {0}, then either
u can be extended as a continuous function in 2, or one of the following

sttuations oocurs.

1-Ifl<p< %, there exists k > 0 such that

: u(x)
I o) (1.8)

x— 0

where Pq is the Poisson kernel in  x 0f).

2- Ifp= 4,
N-1
. N-1 1 1 : =\
Ilelrg |:C| nm u(x) - N¢1(s)7 (1.9)
z — 0



uniformly on any compact set of Sjy_l, where ¢1 s the first eigen-
function of —A" in Wol’z(Sivfl) with mazimum 1 (actually ¢1(x/|x]) =
sin(zy/|x])), and A, is a positive constant depending only on N.

3- If {L < p < 222
Jim ] u(z) = (s), -

z —0

= s
&l

uniformly on any compact set of Si\'*l, where Y is the unique positive
solution of

A+ a(N—-2—a)p—¢P =0 in SN

Y =0 on 9SY1. (L11)

In case 1, a solution which satisfies (1.8) is actually a weak solution
of
—Au+m|Vu|? —uP =0 in Q
u=cykdy in D'(90).
where ¢,, > 0 depends only on N and dy is the Dirac measure at 0. A

solution which satisfies (1.9) or (1.10) is a weak solution of (1.1) in §2
with zero boundary value in the sense of distributions in 02, and this

(1.12)

property still holds even when % <p< % and q = %.
The proof of Corollary 1.2 is based upon the fact that if 1 < ¢ < 22

p+1?
and thanks to the a priori estimates of Theorem 1.1, problem (1.4) is a

perturbation of

—Au—uP =0 in Q

w=0  ondQ\ {0} (1.13)

near = 0, a problem which has been thoroughly studied in [3]. When
q= 2—1’1 it is a consequence of the invariance of (1.1) under the trans-
formations Ty that there could exist invariant solutions « which are the
ones such that Ty[u] = w for any ¢ > 0. We first consider self-similar
solutions in whole RY. Using spherical coordinates (r,s) € Ry x SVN~1,
these self-similar solutions have the form

u(z) = u(r,s) = r~“w(s), (1.14)
where « is defined in (1.5). Then w satisfies

P
—ANw+ a(N =2 - a)w+m(a?w? + |Vw?) 7 — |wP~lw =0
(1.15)
in SV—1. Constant solutions are roots of the function

Pr(X) = a(N — 2 — a)X + martt Xot1 — |X[P~1X. (1.16)

In the study of the variations of P,, on R the following constant defined
ifp< % plays an important role

= (p 4+ 1) (JV—I’Q(;V—Q))”“ . (1.17)
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Concerning the self-similar solutions in R™ we recall the result stated
without proof in [4, Prop. 6.1],

Proposition 1.3 Assume N > 2

(i) If N >3, m >0 and p > 57— there exists a unique constant positive
solution X,, to (1.15).

(ii) If N > 2,1 <p< 2 and m > m* there exist two constant positive
solutions 0 < X1, < X2 m to (1.15).

(i) If N >21<p< 2 and m = m”* there exists a unique constant
positive solution X, to (1 15)

(iv) If N > 2,1 <p< y—= and 0 < m < m* there exists no constant
positive solution to (1. 15)

A more complete study of equation (1.15) and its role in the descrip-
tion of isolated singularities is developed in the forthcomming paper [7].

When G is a domain with a non-empty boundary, it is natural to study
solutions of (1.1) with an isolated singularity lying on the boundary. The
understanding of boundary singularities is conditioned by the knowledge
of positive self-similar solutions in Rﬁ\_f vanishing on aRf except at x = 0.
They are solutions of

—A’w+oz(N—2—a)w+m(a2w2+|V’w|2)#—wP:O in Siv_l

w=0 on 05 iv -1
(1.18)
There, the critical value for p is N—fl The main result concerning prob-

lem (1.18) states as follows,

Theorem 1.4 Let1l <p< N'H

1-For any m > m* there emsts at least one positive solution wy, to (1.18).
2- There exists my € (0,m*) such that for any 0 < m < m,, there exists
no positive solution to (1.18).

The value of m,, is explicit.
In the next section of this article we study problem (1.2).

Definition 1.5 Let p,q > 0, m € R and p be a bounded measure on
IN. We say that a nonnegative Borel function u defined in € is a weak
solution of (1.2) if u € L'(Q), u? € L1(Q), |Vu|? € L,() and

a¢

/ (—ulAl + (m|Vul|? —uP) () de = — | —=dpu, (1.19)
Q a0 0n

Jor all ¢ € X(Q) :={¢ € CL(Q) : A € L>(N)}.

For a > 0 and 1 < b < o0, we denote by C’apa the Bessel capacity
on 9. It is defined by local charts (see e.g. [18]). Our main existence
result is the following.

Theorem 1.6 Let p > 1, 1 < ¢ < 2 and m > 0. Assume p is a
nonnegative measure on 08). If u satisfies

p(K) < C5min {C'ap2 . ,( ), Cap‘ZQp, (K), } for any compact set K C 012,
2,
(1.20)



then one can find e3 > 0 such that for any 0 < € < €3 there exists a weak
solution u to problem (1.2) with p replaced by ep.

The main idea for proving this result is to associate to (1.1) the two
problems

—Av+m|Vo|? =0 in Q
v=p in 09, (1.21)
and A 0
—Aw —wP =0 in
W= in 0. (1.22)

We show that when (4.6) holds these two problems admit positive solu-
tions respectively v, and w,,, such that 0 < v, < w,, (with pu replaced by
ep) which both satisfy the boundary trace relation

lim v, ZdS = lim w,ZdS :/ Zdj, (1.23)
020 J{p(x)=6} 020 J{p(x)=6} o9

for any Z € C(2). Since v, and w,, are respectively a subsolution and a
supersolution of (1.1), we derive the existence of a solution u of (1.1) in
Q) which satisfies also the boundary trace relation (1.23). This approach
is linked to the dynamical construction of the boundary trace developed
n [20]. As an easy consequence of Theorem 1.6 we have the following
result.

Corollary 1.7 Letp > 1, 1 < g < 2 and m > 0. If u is a nonnega-
tive measure on OS) there exists a positive weak solution to (1.2) with p
replaced by ep under the following conditions.

N+1 N+1
1-Ifl<p< 37 and 1 < g < 554
2-Ifp> T8 1 < g < X and p satisfies

u(K) < CgCangp,(K) for any compact set K C 0R. (1.24)

5-If1 <p< JAL NH < ¢ <2 and p satisfies

w(K) < C1Capd® e q,(K) for any compact set K C 0S. (1.25)

A more delicate corollary is based upon relations between Bessel ca-
pacities.

Corollary 1.8 Letp > 1,1 < g < 2 and m > 0. If u is a nonnega-
tive measure on 0S), there exists a positive weak solution to (1.2) with p
replaced by ep under the following conditions.

1- If A < g < p+1, when
w(K) < C’gC'ap‘ZQp,(K) for any compact set K C 0N2. (1.26)
2-Ifp> % and q > +1’ when

w(K) < C'ALC’ap8Q (K) for any compact set K C 0S). (1.27)

’

d



It is noticeable that the results of Corollary 1.7 and Corollary 1.8
cover the full range of exponents (p,q) € (1,00) x (1,2). The sufficient
conditions of Theorem 1.6 are stronger than the necessary conditions
which are obtained below.

Theorem 1.9 Letp > 1,1 < g <2 and m > 0. Assume there exists a
nonnegative solution u of problem (1.4) for some p € M, (0). Then u
satisfies

Capd?, q,(K) =0= uw(K)=0 if K COQ is a compact set,

’ (1.28)
and

Capaz?p,(K) =0= u(K)=0 if KC 99 is a compact set. (1.29)

In the last section we study the boundary trace of positive solutions
of (1.1). The notion of boundary trace is classical in harmonic analysis
in the framework of bounded Borel measures. It has been extended to
semilinear elliptic equations by Marcus and Véron in [17], [18], [20] with
general Borel measures as a natural framework for the boundary trace.

Definition 1.10 Let Q@ C RN be a smooth bounded domain, p > 1,
1 <qg<p m>0 and O a relatively open subset of 0. We say
that a positive solution w of (1.1) in Q admits a boundary trace on O,
denoted by Tro(u), if there exist a relatively open subset R(u) of O and
a nonnegative Radon measure p on R(u) such that

lim uZdS = | Zdu (1.30)
020 J{p(x)=6} o9

for every Z € C(Q) such that supp(Z|o) C R(u), and if for every z €
S(u) :== O\ R(u) and any € > 0, there holds

lim udS = 00. (1.31)
020 J{p(2)=6}NB.(2)

The boundary trace Tro(u) is represented by the couple (S(w),un) or
equivalently by the outer Borel measure ug, on O defined as follows:

. Cdp V¢ e C(09Q) s.t. supp(() C R(u)
1o(Q) =9 Jrw
00 V¢ € C®(09) s.t. supp(()NS(u) #0, ¢ >0.
(1.32)

It is easy to prove that if a compact set K C € is such that u? +
[Vul? € LL(K), then K NdQ C R(u). We first give a result where the
trace is a positive Radon measure.

Theorem 1.11 Let Q be a bounded smooth domain and p > 1. Assume
either 1 < q < 1% and m > 0, orq:% and 0 < m < my for some

my > 0 depending on N and p. If u is a positive solution of (1.1) in
Q, then u € L*(), w” + [Vul? € L}() and there exists a nonnegative
Radon measure p on 9 such that u is a solution of (1.23).



The boundary trace of a positive solution of (1.1) may not be a Radon
measure, for example, if % <p< %, q= %, m > m* and u is the
restriction to €2 of a radial singular solution obtained in Proposition 1.3.
In that case

lim uZdS = oo, (1.33)
020 Jgp(x)=0}

for any Z € C; (), such that Z(0) > 0. We have the following result.

Theorem 1.12 Assumep > 1,1 < q <p and m > 0. If u is a positive
solution of (1.1) in Q and z € 99, we have that:

1- If there exists € > 0 such that |[Vu|? € LY(B(z) N ), then uf €
L) (Bc(2) N Q) and u admits a boundary trace on QN Be(z) which is a
nonnegative Radon measure.

2- If there exists € > 0 such that u? € L (Bc(z) N€Y), then u admits a
boundary trace on 02N B(z) which is a nonnegative outer reqular Borel
measure, not necessarily bounded.

The last assertion shows how delicate is the construction of solutions
with unbounded boundary trace. We give a few examples with one point
blow-up on the boundary. In particular we prove that when 0 € 01,
p>1and % <q< % there exists positive solutions u of (1.1) in
(or @\ K where K is compact), vanishing on 99 \ {0} satisfying

w(z) = 2|~ 1 o(:) (1 +o(1)) as z— 0, (1.34)

|z]

for some positive function ¥ defined on the Siv ~!. Such solution has
boundary trace Traq(u) = ({0},0).

The existence of a boundary trace in the case ¢ > % for any positive
solution of (1.1) remains an open problem.

2 Solutions with a boundary isolated singu-
larity

2.1 A priori estimates

In this section © denotes a bounded smooth domain of RY such that 0 €
0. We prove a priori estimates for positive solutions of (1.1) vanishing

on 90\ {0}.

Proposition 2.1 Suppose 1 < p < % and either 1 < q < z% and
m >0, orq= % and 0 < m < €y for some ¢y > 0 depending on N
and p. Then there exists a constant ¢ = ¢(N,p,Q) > 0 such that if u is

a positive solution of (1.4), it satisfies
u(z) < cz|~® for all z € Q\ {0}. (2.1)

The proof needs a series of intermediate results involving the Polacik
et al. method [23], a result of Montoro [21] and a previous Liouville
theorem proved in [4]. We first recall the doubling lemma.



Lemma 2.2 Let (X,d) be a complete metric space, T ¢ X and 7 :
X\T — (0,00). Assume that vy is bounded on all compact subsets of
X\T. Given k >0, let y € X \T such that

~(y)dist (y,T") > 2k.

Then there exists x € X \ T such that

1- y(z)dist (y,T) > 2k,

2-7(z) 2 (y),

3- 2y(x) > y(z), for all z € B(L) ().
v (x

The next result is an extension of [3, Proposition 5.1]

Lemma 2.3 Suppose 1 < p < % and either 1 < q < % and m > 0,

orq= % and 0 <m < €y for some €9 > 0 depending on N and p. Let
0<r< %diam Q. There exists a constant ¢ > 0 depending on p, m, ¢

and Q such that any function u verifying

—Au+ m|Vul? = uP in QN (By, \ By)
B,)

u>0 in QN (Bar \ (2.2)
u=0 in 00N (Ba, \ B,),
satisfies
u(z) < c(dist (z,1,)" "  for all x in QN (B, \ B,), (2.3)

where T, = QN (0Ba, UOB,).

Proof. We proceed by contradiction. Then for every k > 1 there exists
0<r < %diam Q, a solution uy of (2.2) with r = 7, and y, € QN
(Bay, \ B, ) such that

wi(yr) > (2k) ™ (dist (,T5,)) "

It follows from Lemma 2.2 applied with

Tl

)

X =0n(By, \B,,) and y=u
that there exists z; € X \ T'y such that

(2) ug(zy) > (2k)~* (dist (2, T, )",

(1) ur(r) = uk(ye),

(ii1)  2%up(zr) > ug(z), for all z € Bp, (zx) N Q with Ry = k(ug(zx)) a.
(2.4)

Since (i) holds, Ry, < 3dist (z,T,), hence

BRk (.Tk) n Frk = (.
Since dist (z,T,,) < 374 < 7diam Q we also have from (i),

8k o
> .
up(zr) > (diamQ) — o0 as k — oo




Next we set
tp = (uk(a:k))_% , Dy = {f eERN: |€] < k and xp + 1€ € Q},
and
v = tpuk(xp + &) for all € € Dy.
Then vy, is positive in Dy and satisfies
2p—(p+1l)ag
—Avp +mt, T V|7 =oh in Dy,
0< v <2¢ in Dy, (2.5)
Uk(O) =1.

We encounter the following dichotomy:

(A) Either for every a > 0 there exist k, > 1 such that By, (zx) N
0Q = . The sequence {vy} is locally uniformly bounded in R¥. Since
q < 2, standard a priori estimates in elliptic equations imply that {vx}
is eventually uniformly bounded in the C*7 (0 < 7 < 1) local topolpgy
in RN, Up to a subsequence still denoted by {vz} it converges locally in
C?(RY) to a positive function v which satisfies v(0) = 1, 0 < v < 2% and
either

—Av =P in RY (2.6)

ifl<g< %, or
—Av +m|Vo|? = vP in RY (2.7)
if ¢ = %. In the first case it is proved in [13] that such a solution
cannot exist. If ¢ = % it is proved in [4, Theorem E] that there exists

€0 > 0 depending on N, p such that if |m| < ¢y no such solution exists.
Therefore if situation (A) occurs we obtain a contradiction.

(B) Or there exists some ag > 0 such that By, () N OQ # 0 for all
k € N*. Denote zj, a projection of xj. Then |z — 2| < aoty. Since vy
is bounded in Dy, it follows that Vuvj remains locally bounded therein.
Since ug(z},) = 0 and uy(x) = 1 it implies that |z — x| > a1ty for some
0 < a1 < ag.- Up to a subsequence, we can assume that t,;lxk. — X,
ty'x), — o) and that Dy — H where H ~ RY is the half-space passing
through z{, with normal inward unit vector e, and z¢ — z, = ae, with
a1 < a < ag. Let H ~ RY be the union of H and its reflection through
OH. Performing the reflection of v;, through 0t 'Q (see [29, Lemma
3.3.2]) we deduce that the function @, which coincides with vy in dt; 'Q
and with its odd reflection in the image by reflection of the set 8t,;1(2
vanishes on 815];1(2 and converges locally in C%(RY) to a positive function
¥ defined in H, bounded therein, vanishing on 0H and positive in H and

the function v = 0| g is nonnegative and v(zg) = 1. If ¢ < %, v satisfies

—Av =P in H

v=20 in OH. (2:8)

By [13] such a function cannot exist. If ¢ = 1%, the function v satisfies

—Av+m|Vv\r% =P in H

2.9
v=20 in OH. (2:9)
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Since it is positive, bounded and Vu is also bounded, it follows from [21]
that v is nondecreasing in the variable x,. But by [4, Theorem E], the

function v satisfies )

v(z) < 2T T, (2.10)

which is impossible because z, +— v(.,x, ) is nondecreasing. This ends
the proof.

O

Proof of Proposition 2.1. We use [3, lemma 4.4] with r = @ in QN

(BM \ BM). O
3 3

Proof of Theorem 1.1. It follows from standard regularity results and

scaling techniques (see e.g. [29, Lemma 3.3.2]). O

2.2 Removability

Theorem 2.4 Let Q be a bounded smooth domain such that 0 € 012,
ML < p < 822 andeither1<q<% and m > 0, orq:% and
0<m<e. Ifue CHQ\{0})NC%Q) is a positive solution of (1.1) in
Q wvanishing on 9Q \ {0}, then u € Lb(Q), Vu € L1(Q) and the equation

(1.1) holds in the sense that
/ (—uAC¢ + (uP — m|Vu|?) {)dx =0 for all ¢ € X(Q). (2.11)
Q

Proof. Under the assumptions on p and ¢, there holds
u(z) < clz|™ for all 0 < |x| < R. (2.12)

Since p > {H1 > £32, the function u belongs to L'(Q) N LE(Q). It

follows by Theorem 1.1 that,

|Vu(z)| < clz|* ! for all 0 < |z| < g (2.13)

Since ¢ < % we have that |[Vu(z)|? < ¢?|z|~*2. Hence Vu belongs

to L1(92). Finally, let {¢,} be a sequence of smooth functions such that
0 < ¢ <1, Gulx) =0if |z < n7ty Gu(z) = 1if 2] > 2n~! with
V¢ (z)] < en and |A,(2)| < en?. Let ¢ € X(Q). We have that

/QUA(Cnd))dx = /QCnuA¢dx + /QqﬁuAgndx + Q/QUng.V(ndx
=1I(n)+ II(n)+ III(n).

(2.14)
Clearly

I(n)—>/uA</)dm as n — oo.
Q

11



If p € X(Q), p~1¢ is bounded in 2, hence

1
[II(n)| < cin? ||p’1¢||Loo (/ u”pda:)
nol<|w|<2n !
1
P
< 7o (/w<|$l<2nluppd:v> :

k]
/N
T~

|

Since p > {1 p < MH “hence |I1(n)| — 0 when n — co. For the last
term, we have from Theorem 1.1
1110)| < can |9 | uda
n-1<|z|<2n—1
< Vol [ o]~
n-1<lz]<2n—1

< NV

Since p > L o +1— N < 0, we deduce that [III(n)] — 0 when

n — 0o. Therefore there holds
/ (u? — m|Vul?) ¢¢,dx — / (u? — m|Vul?) ¢dx,
Q Q

we obtain the claim. O

2.3 Proof of Corollary 1.2

The proof is an easy but technical adaptation of the computations in
[3, Theorems 1.1, 1.2] and [22, Theorem 3.25], but for the sake of com-
pleteness, we briefly recall its technique. Since €2 is in normal position
with respect to 0 there exist a bounded open neighborhood G of 0 and a
smooth function ¢ : G N aRf — R such that

GNoQ={z=(2",z,):2" € GNIRY and z, = ¢(2’)}.

Furthermore ¢(2’) = 0(|2'|?), Vé(a') = 0(|2’|) and |D?¢(z")| < c if
2’ € GNORY. If u satisfies (1.1), we set

w(z) = u(y) with y; = x; when 1 <i < N — 1 and y, =z, — ¢(z').

If we set r = |y|, s = y/r, t = Inr and v(t,s) = r*a(r,s), then v is
bounded in C?((—o0, Tp] x S¥ ') and vanishes on (—oo, Ty] x 9SY ).
Using the computations in [22, Theorem 3.25] and [3, Lemma 6.1], it
satisfies, with n = ﬁ,

(I+e)vy +Av— (N -2+ 2a+e)v + ((N —2—a) +e3)v
+ A+ V. s+ V. €5 + V’(V’v.eN.?G + P
2P7pq_(zi+1)t [

(v —av)n+ Vv + (v —av)n + V've,). 7] =0,
(2.15)

— me
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where we denote by {e,,...,e, } the canonical orthogonal basis in RY.
The functions €; (or € ;) are uniformly continuous and bounded for j =
1,...,7 and there holds

lej(t,.)| < cet forj=1,...,7

lese(t,) & [Vie;(6,) < cet for j = 1.5,6,7. (2.16)

By since v,v; and Vv are uniformly bounded, we infer by standard reg-
ularity theory the following uniform estimate,

[0l gy + 10t Yl ey + 000t g sy <
(2.17)
for any t < Tp, for some ¢ > 0 and 7 € (0,1). Hence the limit set at

—0o0 of the trajectory {v(t,.)}+<, in C3(S} ') is a connected non-empty

compact subset of {w e (s 1. wtasi\f—lz O}. Next we write (2.15)
under the form
v + A'v — (N — 24 2a)v; + a(N — 2 — a)v + Alv 4+ 0P = %0
(2.18)
where © is bounded and # = min {1, Z”;qf(q“)}. Since N — 2 4+ 2a # 0,
the standard energy method (multiplication by v;) yields

To
/ / (v +v})dSdt < oo.
—o0 Sf71

Since v; and vy are uniformly continuous, the above integrability condi-
tion yields

Jim (||vt(t, Mpags—) + et .)HLQ(Sf_l)) —0. (2.19)

Therefore the limit set of the trajectory at —oo is a connected subset of
nonnegative solutions of (1.11). This implies that either v(¢,.) converges

to the unique positive solution ¢ of (1.11) in C?(SY ") or it converges
to 0. Note that the set of nonnegative solutions of (1.11) is reduced to 0
when 1 < p < %

If % <p< % and v(t,.) does not converge to 0, then we have
proved (1.10). If v(¢,.) converges to 0, then the proof of [3, Theorem
7.1] applies, the only difference being in the value of the term H therein
[3, (7.3)] which is replaced by €?'© defined above. The remaining of the
argument can be easily adapted.

If p= % then v(t,.) converges to 0. The adaptation of [3, Theorem

9.1] is easy. We obtain that u satisfies

N—1

u(r) < clat=N (ln i)_ ’ for all x € Q. (2.20)

||

The completion of the proof follows by the same perturbation method
as in [3, Lemma 9.1], by decomposing the function v(¢,.) into v(¢,.) =

13



v1+va(t,.) where v; € ker(A’+ (N —1)I) and vy € (ker(A'4 (N —1)I))* .
This yields

o (t, Yl zsy-1) < o(—=t)= "= and |t Mpasy-1) < cest for t < Ty.
(2.21)

N—-1

The function w(t, s) = (—t) "z w(t, s) satisfies

wy — (N + 52wy + (N—1—|— —N:tgl)w—&—A’w

_ % (w%ti _ ww) _ n*o,

(2.22)
where © is bounded. The proof given in [3, Theorem 9.1] applies with
almost no change, but straightforward ones. The main step is to intro-
duce

)= [ ultn()is,

and to prove that z(t) admits a nonnegative limit A > 0 when ¢t — —o0.
If this limit is positive its value A is given in the proof of [3, Theorem
1.3]. If this limit is zero, then

N—-1

1 2
lim |y/V ! (In — a(y) = 0,
t ¥ () )
and the conclusion follows easily from the proof [3, Theorem 7.2] (only
the exponent in the perturbation term H therein is changed).

If 1 < p < ZH, then v(t,.) converges to 0 and (2.18) can be written

under the form

v + Ao — (N =24 2a)v + (N —2 —a+€(t))v+ Ao =0,
(2.23)
where €(t) — 0 when t — —oo. It is therefore a very standard but
technical method of linearization [15, Theorem 5.1] to obtain first an
exponential decay of w(t,.) at —oo and then the convergence of t +
eWN=1=)ty(t ) to k¢, for some k > 0, and then to infer the regularity
of uif k=0. g

3 Separable solutions

3.1 Separable solutions in RY

Proof of Proposition 1.3. Constant positive solutions of (1.15) are roots
of

O(X) = X" —martT X5 —a(N—2—a)=0.  (3.1)
Set -
B(X) = B(X#F1), (3.2)
where ~ "
OY)=YP —mar 1Y —a(N -2 —a). (3.3)

14



Then ti’(}f) =(p+1)Y? - ma%, hence if m < 0, ® is increasing and
if m > 0, ® is decreasing on [0, Yy) and increasing on (Yp, co) with

m % 2
Yo = — QP 3.4
g (pﬂ) (3.4)

From now we always assume m > 0. Then

N—p(N—Z)—Zp(ljj:l)pyl] ﬁ,

P(0)=—a(N-2-a)= 2(;]\7_1)22 (N]\j2 p).

Therefore, <i>(0) < 0 if and only if p > % In that case there exists a
unique X > 0 such that ®(X, ) =0.
When

B(Vp) =

and

pt1
N 2p m \ 7
N—2_p<N—2<p+1) ’ (3:5)

then ®(0) > 0 and ®(Y) < 0, thus ® admits two positive roots. The

same property is shared by @, hence there exist X ,,, for 7 = 1,2 such
p+1

that (I)(ijm) =0and 0 < Xl,m < Yropf1 < Xz’m.
When

0<

p+1 p+1

0= 2 (m>p :»(m)pzN_p(M, (3.6)

N-2\p+1 p+1 2p

then ® admits a unique positive root. Hence ® > 0 on R, \ {X,,~} and
vanishes at X,,-, where

p+1 p
* \ #p-D N —p(N —2)\ 7
Xm*:<m ) a1 with m"=(p+1) (p2( )> )
p

p+1
(3.7)
If 0 < m < m*, ® and thus ® are positive on R, hence there exists no
root to ®. The proof of Proposition 1.3 is complete. g

3.2 Separable solutions in RY

If u is a nonnegative separable solution of (1.1) in RY which vanishes on
ORY \ {0}, the function w is a nonnegative solution of (1.18).

Proof of Theorem 1.4. If 1 < 1% < %, equivalently 1 < p < %, it is

proved in [22, Theorem 3.21] that there exists a unique positive function
1= € C2(SY™1) satisfying

—A’n+a(N—2—a)n+m(a2n2+|V’77|2)Pp? =0 in SiV*l
n=20 on 9SNL.
(3.8)

15



+1
By uniqueness, n,, = mfﬁjm, and by the maximum principle

p+1
_p+l 1 /a+2—N\rT?
m 1 sup 1 = Sup Ny < — | ——— . (3.9)
gN-1 gN-1 « m
+ +
If7,, = sup 7, then
SN—l
+

2p _2p_

—martightt —a(N -2 - a)7,, > 0.

Hence ®(7,,) > 0, where ® has been defined in (3.1). Therefore
(i) either N > Xom (resp. Mppe > Xim= ),
(#) or T < X1,m (resp. Tppr < Xomx ).

3.10
For € € (0,1), ey, is a subsolution of (3.8), hence it is a subsoluti(on 0}
(1.18) too. For € > 0 small enough it is smaller than X, (resp. X,,-)
and it belongs to Wol’OO(SiV_l). By the result of Boccardo, Murat and
Puel [10] there exists a solution w € W&’Q(Sj_v_l) of (1.18), and it satisfies

Nm <w < Xo ., (resp. enp <w < Xppx). (3.11)

For proving the second assertion, we set w = ¢ for some b > 1, then

2
—A¢— (b— 1)|V¢| _ O‘(O‘+2_N)¢_ }¢1+b(p—1)
1) b b
+ DU (0202 + 1| VeP) T =0,
(3.12)
Since
2 2p  2p . 2p 2p_
(0% +12|V9[*) 7T < arfrgrit 4 briT V|7t (3.13)
(3.12) implies
2 2
—A@%km%;i¢+%%4qnﬁ%¢ﬁ%%iﬂvwﬁ%z(b—lﬂ??
4—%¢“*@—”+—951t§§159¢.
(3.14)
For any 6 > 0 we have by Hoélder’s inequality,
e 2 2 gp+l
mbi ¢ U |y g < PO VI | mbr 0P ooy,
(p+1)0% ¢ ptl

we deduce the inequality

= 2 2B pp+1
“No>[b-1- mpb +,1,+1 [V 4 1 1_ mbr+1 4P ¢1+b(p71)
(p+1)0"% b p+1
alat+2-N)

o.
(3.15)
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If the following two conditions are satisfied

p—1
(z) b—1- mpb“;ﬂ =0,
(p+1)07»
mb1 grtl
(i) - 20,
p+1 ( )
3.16
we infer that there holds
ala+2—N
(V-1 [ onds> aat2—N) [, emds. @)
g1 b gN-1
+ +

where ¢ denotes the first normalized and positive eigenfunction —A’ in
W&’Q(Sffl), with corresponding eigenfunction A\; = N — 1. Hence, if
(3.16) is verified and there holds

N-1< M7 (3.18)
there exists no positive solutions. We proceed as follows for solving
(3.16)-(3.18). If 1 < p < &+ then a(a+2— N) > N — 1. We de-
fine b, > 1 by

ala+2—N)
b,=——— "~/ 3.19
p N1 (3.19)
For su_clh b = by, the Sptimality is achieved in (3.16) when b, — 1 =
mpblf7T _ mb,??WHl . . . .. .
——L5 and 1 = — This gives an implicit maximal value of
(p+1)0 P
My
pt1
p+1)(b,—1)0 7 p+1
my = ( ) z;;l ) = —5 . (3.20)
pb5+l b§+1 fPp+1

Then the value of the corresponding 6 := 6, is expressed by

'Y
. — P
g bp(bp - 1)’
and we infer
p+1 p+1 P24l
myp = 2p_ = ( p+1 ) (bp - 1)p+1bpp+1 . (321)
b;—%—l 95-‘1-1 P

Hence if m < m,, problem (3.13) admits no positive solution. O

Remark. The case p > % is open. It can be noticed that the constant

solution X, obtained in Proposition 1.3-(i) cannot be used as a super-
solution for solving problem (1.18) as it is done in Theorem 1.4. If w is
a positive solution of (1.18) and @ is it maximal value, then

—Aw = wd(w).

Hence ®(w) > 0 which implies that @ > X,,.
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4 Boundary data measures

4.1 Sufficient conditions

We associate to (1.2) the following two problems

—Av+m|Vu|?=0 in Q

v=p in 092, (4.1)
and A q
—Aw—wP =0 in
w=p in 0Q. (4.2)

Problem (4.1) has been solved in the case 1 < ¢ < 2 in [22]. There, it
is proved that for any nonnegative bounded measure u on 0f) there exists
a weak solution v, to (4.1). Furthermore the correspondance p — v, is
sequentially stable. When % < ¢ < 2 it is proved in [8, Theorem 1.6]
that if a measure p satisfies

|u|(K) < C1Capi? =, ,(K) for any compact set K C 09, (4.3)

then there exists ¢y > 0 such that for any 0 < € < ¢y there exists a

solution v, to (4.1) (i.e. with u replaced by ep).

Problem (4.2) has been solved in the case 1 < p < ¥+ in [9] where it

is proved that for any nonnegative measure u there ex1sts €1 > 0 such

that for any 0 < € < ¢; there exists a positive solution w := we, to (4.2)
N+1

provided 4 is replaced by eu. In the supercritical case p > =7 it is

shown in [8, Theorem 1.6] that if a positive measure u satisfies

w(K) < C’QCapaQ ,(K) for any compact set K C 0, (4.4)

then existence of a positive solution we, to problem (4.2) holds with x
replaced by e, under the condition 0 < € < €9, for some €5 > 0 depending
on fi.

Proof of Theorem 1.6. We assume that (1.20) holds and we set e3 =
min{eg, €1, €2}, take € < e3 and for the sake of clarity, replace eu by pu.
We denote by v, and w,, the solutions of (4.1) and (4.2) respectively with
boundary data p. Since there holds

Vu S IPQLU’] S Wy

and v, is a subsolution of (1.1) and w,, a supersolution in Q, it follows
from [29, Theorem 1.4.6] that there exists a solution w to (1.1) such that
v, < uw < wy. This implies that v € L'(Q) and u? € L}(). Because v
and w satisfy

lim vZdS = lim wZdS = | Zdu (4.5)
020 J{p(x)=5} 020 J{p(a)=6} 99

for any Z € C(Q), it follows that

lim uZdS:/ Zdu. (4.6)
020 J{p(x)=6} o9
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Let ¢s be the first eigenfunction of —A in Wy*() (Q is defined in
(5.26)), normalized by 0 < ¢s < 1 = max{¢s(x) : x € Qs} and As the
eigenvalue. Then

0
m/ |Vul!psdz :/ (uP — Asu) psdx — 995 u(z)dS. (4.7)
25 Q5 s on
Because ¢s — ¢ := ¢g and Ay = X := \g, and the left-hand side of (4.7)
is convergent, it follows by Fatou’s lemma that

0
m/ [Vul?edr < / (uP — Au) pdx — —¢ dp.
Q Q anOn
Hence Vu € L%(Q), thus (1.19) holds and this ends the proof. O

In several cases the sufficient condition can be weakened either by
comparison between capacities or because one at least of the two expo-
nents p or q is subcritical.

Proof of Corollary 1.7. Tt follows easily from [9], [22] and the previous
theorem. 0

Proof of Corollary 1.8 1- As in the proof of [6, Corollary 1.5], we have
from [1, Theorem 5.5.1]

Capl, (K) < " Capl?, |, (K).
p’ q
It implies the following inequality
u(K) < C’gC’LLp‘39 (K) = C3min {C’apf’Q J(K), *C’ap‘zgq o (K)}

< Cg(l—l—c*)min{Cang,( ), Cap%® 2y ,(K)}.

2- Similarly, as in the proof of [6, Corollary 1.4], we have from [1, Theorem
»o CapZ 2 ,(K) < c**Cap%?p,(K),
therefore
u(K) < CiCapt, () = Camin { o Caplf, (). Capll, (1)}
< Cy(1 4+ c**)min {Cap%?p, (K), Cap@%)q, (K)} .

This completes the proof. O

4.2 Necessary conditions

Proof of Theorem 1.9.
Step 1: proof of (1.28). We follow the notations of the proof of [22,
Theorem 4-5]. Let n € C?(99Q) be a nonnegative function with value 1
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in a neighborhood U of the compact set K, and ¢ = (Pqg[n])2¢ ¢. Then
we have

/(IVuqu—uAO dw:/upcdx—/ % 45> —/ % 4.
Q Q a0 On a0 On
Since 7 = 1 on K, there holds by Hopf boundary lemma
¢
— —dS > 1 u(K).
500N 1 ( )

The same computation as in [22, Theorem 4-5] yields, with A = A1(),
1
() < [ (9l + 3 G+ ex (14 (9l )l o+ (49)
Q P q

Since Cap?®y, q,(K) = 0, there exists a sequence {n,} C CZ%(99) sat-

isfying 0 Sq 7, < 1 and m, = 1 in a neighborhood of K, such that
||77n||W2;q s — 0asn — ooy thus 9, — 0 in L'(0Q) and ¢, :=
—4,

(P, [nn])Qq/qﬁ — 0 a.e. in . This implies that the right-hand side of
(4.8) with 7 replaced by 7, tends to 0 as n — oo and thus u(K) = 0.

Step 2: proof of (1.29). We recall that a positive lifting is a mapping
n +— R[] from C?(9Q) to C*(Q) satisfying

R[n]loe=n and n > 0= R[n] > 0.

If n € C%(99N) satisfies 0 <n < 1, n = 1 in a neighborhood of K we take
for test function ¢ = (R[n])?' ¢. We have

AC = =X+ p'd(RM)P ~TARM) + ' (0 — (R[] 2|V R[] |
+2(p' — (R[NP " V¢.VR[).

As in [18, Lemma 1.1] we have

[acae= ( fowcar)’ (3( f )

where

1
7

T (] L<n>|p’dx)”l/> ,

L(n) = 6% AR[y]| +2|6™5 V6.V R[]
From (1.19) we have (see [18, formula (1.2)])

</agnd“ ) " Cn /Q“pCd”f <mCy /Q Vu]9¢da
#0 ( [urcas) % (A ([ ca)

o (]
o0

%/ P
dp

1
7

Ty ( / |L<n>|p’dx)”1'> |

(4.9)
where

99

on
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The ”optimal lifting” introduced in [18] has the property that the map-

ping 1 — L(n) is continuous from W%’p,(aQ) into L¥'(€2). Note that with
R[n] = Pgq[n], which is a positive lifting, the continuity of the mapping L
holds only when 1 < p’ < 2. This is why the construction in [18] is much
more elaborate. We conclude as in Step 1 by considering a sequence
{n,} € C%*(09Q) such that 0 < 5, < 1, n, = 1 in a neighborhood of K,
such that ||77n||W%,p/ — 0. Then 7, — 0 in LY(99), ¢, — 0 a.e. and

L(n,) — 0 in L¥' (). Thus the right-hand side of (4.9) tends to 0. This
ends the proof. O

Remark. We conjecture that (1.29) could be strengthened and replaced
by: There exists a constant ¢ > 0 such that

w(K) < cCapgﬂp,(K) for any compact set K C 0. (4.10)
Z,

This is a necessary condition when m = 0 (see [8]).

5 The boundary trace

5.1 The regular boundary trace

Proof of Theorem 1.11. Set u = v® for some b > 1, then we have that

—Av=(b-1)

2
Vol L)) _ =1, a=00-1gjs = F. (5.1)
v

S

By Holder’s inequality,

mbqflv(qfl)(bfl)wﬂq < b;l@ +mbi! (meq1>2q U%}”ﬂ'
2 v b—1
(5.2)
Case 1: ¢ < %. There holds %}1) +1 < 1+4b(p—1) independently
of b. Hence for any § > 0 there exists C' = C(4,b,m,p,q) > 0 such that

2 bqil ﬁ q— 1)
mb?~1 <ZL—1) o < RS (5.3)

Therefore

b—1|Vo|? n 1-9¢
2 v b
If ¢ = Gp,[1] (ie. the solution of —A¢ =1 in Bp vanishing on dBgr),

we have

F> L14b-1) _ ¢ (5.4)

b—1 |V'U|2 + 1— 61)1+b(p71)

>0.
2 v b -

—A(v+Cy) >

v 2
By Doob’s theorem [Vol® + i1 ¢ L, (Q). We put a =b~' -1,
v
then @ < 0 and v = u? = u!*+2. Therefore

v 2
Vo= (1+a)u"Vu, [Vl = (14 a)?u® Y| Vu|? and v H0@—D = yp+a,
v
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consequently
w7 V|2 4 uP T € L})(Q).

2
Let 1 < ¢ < 75 <2, then

/\Vu\zpdx:/|u%Vu|€u(lf2aMpdx
Q Q
(A—a)e

< e/u“71|Vu|2pdz+C’(e)/u =7 pdx.
Q Q

(1 a)é

We fix a < 0 such that = p + a, or equivalently

Finally, we infer that for any ¢ < |Vult € L}(Q). This implies in
particular that [Vul? € L}(Q).

Let U = mGq||Vul], then ¥ > 0 and

p+1’

—A(u+ T) =uP.

Clearly the function u+ W is positive and superharmonic in 2. By Doob’s
theorem (see [12]), it follows that [~A(u+ ¥)] = u? € L}(Q2) and there
exists a nonnegative Radon measure p on 0f2 such that

u = Galu"] =V + Polu] = Go[u” —m|Vul*|] + Pq[u],

where Pq is the Poisson operator in 2. This implies that (1.23) holds.

Case 2: q = m We proceed as in the proof of Theorem 1.11, setting
u=1o", b>1. Since ¢ = m, inequality (5.2) becomes
—1 (=D —1|Vo? o (ombiE "
mbrFiy - pFI v U|7 < 5 + mbr T —) pltoe=1),
v _

(5.6)
Defining m; by the identity,

b—1)\7T
my = (2&)) , (5.7)

we deduce that for 0 < m < m; and some 0 € (0,1), there holds

2
b—1|Vu| + b~ 1U1+b(p—1)_

_Av >
V=T 2

(5.8)

Again, by Doob’s theorem, Ivvl 4ottt ¢ 1 (), which implies that
Vu € W1 2(Q). Using Sobolev type 1mbedd1ng theorem for weighted
Sobolev spaces (see e.g. [16, Section 19]),

</ (W)Q(Wll)pdx) a < c/Q (V)? + |V vo]?) pda. (5.9)
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If we choose in particular b = L 7y we deduce that u” € L}(), but

2
actually, for any 1 < p < N+1), uP € Ll(Q) and for any € > 0, |uvfi|£ €

L}(). We have from (5.5) with £ =

+17

2p (A+e)p

_(+e)p
|Vu\r)+1 pdr = pHL | Vu|p+Tu 771 pdz

<s/|
N+1

If € is chosen such that (1 4+ €)p = p < {75, we infer that \Vu\% €
L} (2). We end the proof as in Case 1. O

(5.10)

(s )/u(1+€)ppdx.
Q

Remark. The same regularity and boundary trace results hold if it is
assumed that u is a nonnegative supersolution of 1.1 in €.

5.2 The singular boundary trace

Proof of Theorem 1.12. Assertion 1. We assume that F' := |Vu|? €
Ly (Bc(2) N Q). Weset Fo = Fx,,_ ., and U = Gp,_(s)nolFe]. Then ¥,
has boundary trace zero on B, N 92 and

—A(u+m¥.) =uP in B(z) N

Thus u + m%P, is a positive super-harmonic function in B. N 2. Hence

uP € L,l)(BE(z) N Q) and there exists a Radon measure p such that

u+mV¥, admits for boundary trace pe on Be(z) N 9Q. This implies that

u admits the same boundary trace on B (z) N IS.

Assertion 2. We assume that H := uPx, ., € Ly(Bc(z2) N Q). If
= |VulTXp5 yna € L} (Bc(2) N Q), we deduce from Assertion 1 that u

admits the boundary trace p. € M4 (B.(z) NIN) on B.(z) NoN. If for

any € € (0, ¢
/ |Vul?pdz = co
Bez(z)ﬂQ

/ (m|Vu|? — uP) pdx = .
B,/ (z)

there holds

For 0 < 0 < <, set Os5e = Ba(z)NQN{x € Q: p(z) > §} and

2
denote by ¢;, the first eigenfunction of —A in H&(@g’é/) normalized

by sup¢s = 1 and let As be the corresponding eigenvalue. Then

®5,.e — ¢o,er, uniformly, A5 | Ao and 8% < a‘g‘;"' in the sense that
0 €’ 0 € .
gi’l (x +dn) — %(m) uniformly for z € 9Q N B (2).

Let ve 5 be the solution of

—Av+ m|Vu\q —uP =0 in @576/
v=u  ondOF", =05 N{z:p(x) =4}
v=0 on 8@1‘”/ =005, N{z : p(x) > 6}
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Then u > ver 5 in @5,6/ and

/ (As,ev +m|Vul! — uP) ¢5.dx = —/ 095 49 (5.11)
5.0

peyr, On
Since the left-hand side of (5.11) tends to co when § — 0, we deduce that

lim udS = oo. (5.12)
=0 JonB_ (2)
Thus z € S(u). O

Remark. Note also that if p > 2, then u” € L1(Q) implies u € L'(Q)
and the assertion 2 follows from [19, Lemma 2.8]. If p > &+ and if we
assume that u satisfies

u(z) < e(p(x)) 71, (5.13)
then u?P € L},(Q).

In order to describe the boundary singularities of solutions we intro-
duce the following equation studied in [22]

q
2

~AD—B(B+2-N)o+m (B> + VD) =0 inSY!
o=0 inosSY !,
(5.14)
where m > 0 and
— ﬂ 5.15)
6—q_1 (5.

It is proved in [22] that if 1 < ¢ < &3, (5.14) admits a unique solution
Oy The function Vi, (z) = Vi, (r,8) = 7~ P0,,(s) where (r,s) € Ry x

m

Sivfl is the only positive solution of
—Av+m|Vo[?=0  inRY (5.16)
which vanishes on ORY \ {0} and satisfies

lim sup |2V o(z) = oo. (5.17)
x—0

It is a consequence of uniqueness that

- I 1

Um =M q—1 v i=m a—1), (518)
Furthermore, if vys, is the unique positive solution of

—Av+m|Vu|?=0 in RY

v==kdy on 8]1@_’, (5.19)
then vgs, T vs,, when k — oco. If Rf is replaced by a bounded smooth
subset 2, the previous statements still hold provided some adaptations
are performed. We assume that € is in normal position with respect to
0 € 09. The next result is proved in [22].
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Theorem 5.1 Let 2 be as described above, m >0 and 1 < g < %
1- Then for any k > 0 there exists a unique positive weak solution vs,
of

—Av+m|Vo|?=0 in Q

v =kdy on I (5.20)

Furthermore

. lim  |z[Nog(2) = enkoi(s)  locally uniformly in s € SY 1.
Sz —0

Ta]
(5.21)

2- The function vy is stable in the sense that if {un} is a sequence of
positive Radon measures on OS2 which converges weakly to kdég, then the

corresponding sequence of solutions {v,,, } of

—Av+m|Vu|? =0 in Q

U=, on oS, (5.22)

converges locally uniformly in Q to vis, .
3- Finally, when k 1 0o, vgs, T vs,, where vy, is the unique positive
solution of

—Av+m|Vu|? =0 in §, (5.23)

which vanishes on 0N\ {0} and satisfies (5.17). Furthermore vg,, verifies
the following limits, locally uniformly on Siv_l,

lim  |z[%vs, (2) = Om(s), (5.24)
x Q
x i 0
ﬁ — s
and .
i ol 70, (@) = ~35,(9)
a:wa 0
[N 5.25
hrg |x‘5+1vtangvﬂm () = ViangOm(s), ( )
T €
xz— 0

where Vigng = r~1V' denotes the tangential gradient.

We set

Q={zeQ:px)>6}, Ws={xeQ:0<p(z) <} and T5 = 9.

(5.26)
It is known that Y5 is smooth for ¢ small enough. The following variant
is proved in [22, Corollary 2.4].

Corollary 5.2 Under the assumptions on N, q and m of Theorem 5.1,
assume that {6,} is a sequence decreasing to 0, {u,} is a sequence of
positive bounded Radon measures on X5, which converges in the sense
of measures in X to a measure 1 on 9. Then the sequence {v,, } of
solutions of

—Av+m|Vo|? =0 in Q.

B (5.27)

25



converges up to a subsequence locally uniformly in Q to a positive solution
v, of
—Av+m|Vo|T=0 in Q

V=L on Of. (5.28)

Proposition 5.3 Let p > 1, 1 < ¢ < X and m > 0. Ifu is a
positive solution of (1.1) in 2 such that there exist a sequence {z,} C 09
converging to z and two decreasing sequences {e,} and {0,} converging
to 0 such that

lim udx = oo. (5.29)

"B, (20)N3s,

Then there holds

liminf |z — 2| gigu(x) > 0(s) locally uniformly in s € S ',
z €N
x i z
7‘2:; — s

(5.30)

Proof. For k > 0, there exists ng such that for n > ny,

/ udx > k.
Bén (zn)ngn

Hence there exists ¢ := ¢,, > 0 such that

/ min{u, {}dx = k.
B

(zn)ﬁ25n

€n

We set pinx = min{u, €}|s, X5, ~p_ (.., and denote by vy, , the cor-

responding solution of (5.27) in Q5 . Then u > v, , in Qf . Up to a
rotation we can assume that 8]1%1 is tangent to 002 at z. Using Corol-
lary 5.2 we obtain u > wvgs_ . Letting k — oo and using Theorem 5.1-3
we deduce that
liminf |z — z[°u(z) > o(s) locally uniformly in s € SY . (5.31)
250
% — s

O

In the sequel we denote U1 = U and vy, = vy. In the next theorem
we show the existence of positive singular solution of (1.4) with a strong

blow-up in |z|~? provided the function vz, has no critical point in Q and
%q < % If it is the case the constant M defined below is positive

because of (5.25) and Hopf boundary lemma,

_ Ve (@)

Theorem 5.4 Let Q be a bounded smooth domain with 0 € 02, p > 1

2 N+1
1 ga=1
p— pP—q Pt
m > m,, =: 5.33
(i) (533)
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then there exists a positive solution of (1.4) which satisfies

li(rzn |2|Pu(x) = Oy (s)  locally uniformly in s € SY~'.  (5.34)
x €
z — 0

ﬁ — s
where Oy, 18 the unique positive solution of (5.14).

Proof. The function U is the unique positive solution of (5.14), and since

it depends on m > 0 we denote it by v, and clearly ©,, = m” T,
1

Then v, = m~ aTvg is the solution of (5.23) which is obtained in

Theorem 5.1, since this solution is the unique positive solution of (5.23)
which satisfies (5.24)-(5.25). We also set

Lo pqu=—Au+m|Vul? — uP.

The function vz, is a subsolution of (1.4). Let 0 < m < m, then vg, <
Vg, . Furthermore

P

U

Lo pqVs, = (m—m)|Vug, |7 —v

Then

q—1
. 1 p—1 P—q )P‘l
min ¢ X + — = = My, 5.35
x>o{ XM} (i (53)

and it is achieved for

q—1

X =X, = (M) o (5.36)

If we fix m = X it follows that for m > m,,, the function v;_, satisfies
L p.qUs, > 0in £ and it is larger than the subsolution v;,,. Hence
there exists a solution u of (1.4) in  and it satisfies

v, <u<vg. infd. (5.37)
The end of the proof is standard. For £ > 0 we set Sy[v](z) = (Pv(lx).
Then wug := Se[u] satisfies

a(p+1)—2p

—Aug+m|Vug|! — €T uf =0 in Q= 1Q, (5.38)

and
Sg[’U@m] S Uyp S Sg[vgm] in Qg.

By Theorem 1.1,
Lug(x)
p(lx)

|Vug(z)| + <cz[7P7t in Q,\ {0} (5.39)
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Since 0f is smooth, there exists ¢y > 0 such that colpp(z) < p(lx) <
c1lpe(z) for |z| < €, where pe(z) = dist (x, Q). Since g(p+1) —2p > 0,

a(p+1)—2p

=1 uj — 0 when ¢ — 0, locally uniformly in Q, N B§ for any ¢ > 0
and by standard elliptic equations regularity theory [14], D?u, is also
locally bounded in €, N Bg. When ¢ — 0, S, [U{)m] and Se[vg,, ] converge
respectively to x > |z|~# ﬁm(lz‘) and z +— |z|78 177;1("””‘) Therefore, if

u= lim wy, for some sequence {¢,} converging to 0, then u is nonneg-
n— oo

ative and satisfies

—Au+m|Vul?! =0 (5.40)
in RY and there holds
g T g T
x| P (—) <wulx) < |z| "Omn(—).
2| (x|) (z) < |z (|3?\)

Since (5.40) admits a unique positive solution vanishing on ORY \ {0}
such that limsup |z|[°u(z) > 0 (see [22, Proposition 3.24-Step 2 ), it
z—0

follows that u(z) = |z|~# vm(‘ ). Uniqueness implies that uy — « and
(5.34) holds. O

Remark. The assumption that v admits no critical point in © is uneasy
to verify. At least it is easy to see that vz cannot have any non-degenerate
critical point in 2. Furthermore because of Hopf boundary lemma and
the behaviour of vz near x = 0 given by (5.24), the critical points of vg
are located in a compact subset N of €2, possibly empty. For ¢ > 0 we
set

N, ={z € Q:dist (z,N) < €}.

If € is small enough N, C . Denote

.| Vug(x)]9 p—1 ( p—q >gi
My = min —-—— and m;_ =: .
bl P ) p—q (q_l)]‘l’gﬁ
(5.41)

zeQ\N. vE(x)
The proof of the next result is similar to the one of Theorem 5.4.

Theorem 5.5 Let Q be a bounded smooth domain with 0 € 02, p > 1
and p+1 <g< N'H If N denotes the set of critical points of vy, then
for any e >0 small enough and m > mg_ there exists a positive solution

of (1.1) in Q\ N, which vanishes on 89 and satisfies (5.34).
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