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Abstract

This work focuses on the design of a 2D numerical scheme for the M; model on conical meshes.
This model is nonlinear and approximates the firsts moments of the radiative transfert equation using an
entropic closure. Besides, this model admits a diffusion limit as the cross section increases. It is important
for the numerical scheme to be consistent with this limit, that is to say, it has to be asymptotic preserving
or AP. Such a scheme already exists on polygonal meshes and our work consisted in adapting it to conical
meshes. After having introduced conical meshes, we explain the construction of the scheme. It is based
on an analogy between the M; model and the Euler gas dynamic system. We also present a second
order reconstruction procedure and we apply it on both polygonal and conical meshes. Moreover, we
prove that the scheme converges toward a limit scheme in the diffusion limit. In the last section, some
numerical test cases are given so as to compare the polygonal and conical schemes. The limit scheme is
studied and we observed numerically that it is consistent with the diffusion equation. Eventually, the
limit scheme is compared to a limit scheme coming from another moment model for the radiative transfer
equation (namely, the P; model).
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1 Introduction

In this article, we focus on the following system, called M; system:

1
o FE + gdiv F=0,
1 o (1)
OF + —div P = —=F,
3

2
5

where ¢ is a positive coefficient, o > 0 is the opacity. The time variable is denoted by ¢ > 0 and the space

variable is x € R?. The unknowns of system (1) are the radiative energy E(t,x) and the radiative flux

F(t,x) € R%. The pressure tensor P(t,x) € R?*2 depends on E and F and writes :

B, L fof 34|
P=g(0-xonr o0 -0i). =S )

where f = F/F is the dimensionless flux, I5 is the identity matrix of size 2 and x(f) is called the Eddington
factor. Furthermore the model satisfies E(t,x) > 0, ||f(¢,x)| < 1 and as & goes to 0, the radiative flux F
vanishes and E converges toward the solution of the diffusion equation :

- 1 ~
OF —div| —VE | =0. 3
VB~ div (1 VE) ®
This can be seen using a standard Hilbert expansion in powers of €. A rigorous proof is given in the 1D case

in [1]. It is important for a numerical scheme that discretises system (1) to be consistent with this diffusion
limit. Such a scheme is called asymptotic preserving (AP).

h—0 h—0

e—0
Figure 1: Definition of an AP scheme.

Figure 1 illustrates this property. The discretisation parameter is denoted by h, € is the physical parameter
aimed at vanishing and which reflects the convergence of the model P? toward the limit model P°. A scheme
Py consistant with P¢ is said to be asymptotic preserving is the scheme P}B computed in the limit ¢ — 0 is
consistent with the limit model PY.

Originally, the M; model was derived and studied in [2]. We refer to [3, 4] (see also [5]) for its mathematical
properties, and to [6, 7] for related modelling considerations. As we already mentioned, the M; model is
based on the radiative transfer equation. Taking the two first moments of this equation with respect to
the velocity, we find system (1), where the matrix P is a priori not known. Then, assuming that I is the
minimum entropy distribution with first moments equal to E and F, allows for an explicit expression of I,
hence of P, as functions of E and F, namely (2). In [2], numerical tests were given in dimension 1, with
an HLL-type scheme. Such a discretization is in general not asymptotic preserving [8]. In [9], an AP finite
volume scheme was proposed for this model, in dimension 1, using an upwind discretization, together with
ideas of [10]. In [5, 11, 12], modifications of HLL-type fluxes were proposed to derive an AP scheme in
dimension 2 on cartesian grids. A discontinuous Garlerkin approach satisfying positivity and flux limitation
in dimension 1 was also considered in [13]. In [14, 15] (see also [16]), an AP scheme on deformed meshes in



dimension 2 was proposed, based on nodal Riemann solvers [17, 18] and the method of Jin and Levermore [8].
This method is our starting point for deriving an asymptotic preserving scheme on conical meshes.

Some recent works have also focused on higher order AP schemes for the M; model, as for instance [19],
with a Discontinuous Galerkin approach.

The method of entropy minimum closure has also been extended, first in the radiation setting, by including
more moments (this gives the so-called My model). Note however that only N = 1 allows for an explicit
expression of the closure. In all other cases, the closure must be performed through a numerical method,
inducing an additional numerical cost and loss of accuracy. For these aspects, we refer to [20, 21] and
the references therein. The case of rarefied gas (in which the underlying kinetic equation is the linearized
Boltzmann equation instead of —here— the radiative transfer equation) was considered in [22], and the case
of electronic M1 model was studied in [23, 24, 25].

The M; model (1), together with its generalizations My, are known to exhibit unphysical shocks. This
is why a modified version of the My models have been proposed in [26], with a discontinuous Galerkin
discretization.

The paper is organised as follows. In section 2, we define conical meshes and give some useful properties.
Once the model is reformulated (section 3), the design of the numerical scheme is described (section 4). Some
properties are given and a second order recontruction procedure is proposed. Section 5 is devoted to the
theoretical analysis of the scheme : we prove that the energy remains positive under a CF'L condition. We
also give a rigorous proof of the AP property of the scheme (we mention here that the previous proofs were
formal and used a standard Hilbert expansion). Eventually, some numerical tests are presented in section
6. The present scheme is compared to the polygonal scheme and its properties (positivity, convergence) are
illustrated by numerical simulations.

In order to make the algebra clearer, vectors are denoted in bold in the rest of the paper.

2 Conical meshes

In this section, we define conical meshes. We follow the presentation of [27] [28]. Important geometrical
properties are presented and a quadrature formula is given in order to compute the integral of a smooth
function on a conical cell.

2.1 Rational quadratic Bezier curve

A rational quadratic Bezier curve is a curve {M%“(q), ¢ € [0,1]} such that :

1 —q)*My + 2wq(1 — ¢)M; + ¢*°M, (@)
(1 —q)? +2wq(l —q) + ¢* ’

where M and My, are the extremities, M is the control point and w > 0 a scalar weight. The curve is said
to be :

M=(q) = |

e degenerate if w =0,
o elliptic if w € ]0,1],
e parabolic if w =1,

e hyperbolic if w > 1.

In the first case (w = 0), the curve is equal to the segment [Mgy, Ms]. Note that the control point M;
almost never belongs to the curve (except in some very particular cases). This is the main drawback of this
parametrisation. This is why we prefer to parametrise the curve in a different way, using a point that lies
on the curve. The point is named the shoulder point and is defined by :

S=MU(05)= 3(Qu+ Q) Qo= (MitMo), Q= (M M)



Figure 2: Rational quadratic Bezier curve.
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Figure 3: Shoulder point.
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Figure 4: Polygonal (left) and conical (right) meshes.

2.2 Computing the area of a conical cell

Let €2; be a conical cell which center is denoted by x;. The area of Q; can be computed using the following
formula :

1

0 = [ x= g [ txts) e NGt )

where N(x(s)) is the unit normal vector to the edge at the curvilinear coordinate s € 0; and ds is the
surface measure on 9€2;. In order to clarify the algebra, we define the following notation :

e (%), the coordinates of the vertices of the cell 7,
e (M ;41/2)r4+1/2 the coordinates of the control points of the cell j,
e (X,4+1/2)r+1/2 the coordinates of the shoulder points of the cell j,

« >, g; : sum over all the vertices of the cell j of the quantity g (g; being the evaluation of the function
g on the vertex r in cell j),

> /2 g;+1/ % . sum over all the shoulder points of the cell j of the quantity g,
. Zdofg;k’f =>,9;+ Zr+1/2 g;H/Z : sum over all the degrees of freedom (dof) of the cell j of the
quantity g,

o Niof = y_; 1 : number of cells that contains the given degree of freedom dof,

o > gdf: sum, for a given degree of freedom, over all the cells that contains this degree of freedom,



o« > iy, 9i + sum, for a given cell j, over the neighboring cells (those which share a dof with j, note that
j€vi),
. Zj* g; : sum over all the cells of the mesh,

o D aor 997+ sum over all the degrees of freedom (nodes and shoulder points) of the mesh.

The integral (5) can be computed exactly using the coordinates of the vertices (x,), and the control points
(M q1/2)r41/2 (cf [28])

Q] = %Z (CF,x, — ;) + % S (O] 2 My = %) (6)

T r+1/2, control points

it can also be expressed in terms of (x,), and (X,41/2)y41/2 (cf [28]) :
0. = 1 cr 1 crti/2 _1 Cdof 7
| j|_§Z< X = X5) g > i X2 X _§Z< 57 Xdot —%;) . (7)
r r+1/2, shoulder points dof

The coefficients C7, C;H/ 2, C; and C;H/ 2 depend on the geometry of the cell and are given by :

1
Cj = 5 (1= fwr—1/2)) N1 + (1= flwrg1/2))Nog1 + f(wrm12)Np—1 /20 + f(wWrg12) Ny pi1/2)
. flwriay2)
Cj+1/2 = %/Z(NrJﬂ»l/Q + Nr+1/2,r+1)7
o1 < ) \ \
Ci =3 (1= hwr—1/2))Npo1p 4+ (L= h(wrg12))Nr g1 + h(wr1/2)No1 2, + b(wrg12)Nyga2) s (8)
and :
~ h(w7 ) N N
Cj+1/2 _ %/Q(Nrﬂq—lﬂ + Noyg1/241),
with :
2w 1 l-w o i
1—w2< 1—w2mtan< 1+w>_2> e
1+w 2
h(w) = f(w) — flw) = 3 if w=1, ?)
w 1
- — - 2 - i
- (w—leog(w w 1)) if w>1.




Figure 5: Normal vector from a degree of freedom defined on boundary cell ©;. Two types : endpoints M,
denoted by C; or shoulder point denoted by C;H/ 2

Figure 2.2 displays the curves of functions f and h (9).
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Figure 6: functions f and h.

The following properties are satisfied :

o for any cell j :

S @ =,

dof
e for any inner degree of freedom dof :

Y Cf=o. (10)

l

As a conclusion, for any given scalar valued function g and any vector valued function g, we approximate :



Vg = / gN =~ gi”Ci,
Q, 89 Z T

dof

di _ ,N ~ (.iof7Cc'lof 7
Q; e /89_7 <g > Z <g] ’ >

dof

(11)

where g;-i"f and g?"f are the values of the functions g and g at the degree of freedom dof in the cell j.
Formulas (11) are equalities if g and g are affine functions.

3 Reformulation of the model

Using the ideas from [29] and [16], system (1) can be written under the form of the gas dynamic system.
This system writes :

1
Op + gdiv(pu) =0,
1 1
O(pu) + gdiv(pu ®u)+ qu =0,

1 1 (12)
O¢(pe) + gdiv(peu) + gdiv(qu) =0,

O(ps) + édiv(psu) >0,

where the density p, the velocity u, the massic energy e and the massic entropy s are the unknowns of the
system. The pressure ¢ is a function of e and u.

In order to relate the M7 model (1) (2) to system (12), we define :

1— x(f) 3x(f) -1 2 3 — x(f)
=———"F = f= f k= —>—=
2 ] T PR (R 2

The following relations hold :

q:

(E+qu=F, F = ku, P=qlL+F®u.
Eventually system (1) can be written in the following form :
1. 1.
O E + gdlv(Eu) + gdlv(qu) =0,

1 1 o (13)
OF + —div(F®u) + -Vqg= - F.
€ € 5

The structure of system (13) is quite similar to the one of system (12), for which numerical methods exist
(see [30] and [17]). We use similar ideas to define a numerical solution for system (13). The major differences
are that the velocity u and the pressure ¢ depend on the unknowns E and F and that there is no density p.

4 Numerical method

In this section we introduce the numerical scheme : it is an adaptation of the method of [16] to conical
meshes. We give here the details of its construction. We want it to satisfy the following properties :

e positivity of the radiative energy : E > 0,

o limitation of the flux : ||f|| <1,



e asymptotic preserving : the scheme obtained when & vanishes is consistant with the limit diffusion
equation (3).

Our numerical scheme is based on the reformulation of the M; model that is described in section 3. System
(13) is integrated over cell ©;. We denote by E; and F; the averages of E and F over cell ;, thus leading
to :

1 1
‘Qj‘ 8tEj+*/ E<11,N>+*/ q(u,N) :O,
€ Jog, € Jog,

1 1 o
\Qj\atFpo/ <U7N>F+*/ qN:—j/ F.
€ Jog, € Jog, €% Jo,

J

(14)

First, we adapt the Gosse and Toscani method [31] to the M; model and we use the ideas from [16]. The
source term is discretised using the node values :

/ F~ Z 5d°deof Zﬂ °f Edof Wdof, (15)

dof dof

since F = ku. The matrix ﬂ?"f is given by :
ﬁdof Cdof (Xdof _ Xj)~ (].6)
The advection terms (div(Eu) and div(F ® u)) are discretised using an upwind scheme (94) :

/ div(Eu) :/ E(u,N) ~ > (uqor, C5°N) E; +Z Waof; C°") Bk (don)
0 00

3J J Rj’
/ div(F®u) = / N)YF ~ Z Ugof, C F + Z <udof7 Fk(dof)
Q a9,

J

with :

R = {dof, (uaor, ) >0}, Ry = {dof, (uaer, G*) < 0}.

The remaining integrals in (14) are approximated using formula (11) :

df —~dof
/ Zq ° udof; Cj0>7
o0,

J dof
/ q N ~ Z dofcdof
0% dof

In the end, the scheme associated to (14) writes :

1 ~
121 OeE; + - Z (udor, CJ°7) E; + Z Waot, C°") Br(aon | + = Z ¢;°" (ugor, C°) = 0,
dof
1 dof Gvdof _ g dof
1251 O:F; + - 2 (uaor, C{°") F + Z Wior, C§) Fraon | + = ; g G =-3 ; B35 Kdot Udot-
R’ o o
J .

(17)

dof i3 described

Note that scheme (17) is similar to the JLb scheme from [27]. The computation of uger and g5
below. Coeflicient kqof is given by :

10



1 )
k of = ki7 kl = 7Ei7 1
T Noof ; 2 (18)

where Ngor is the number of cells that contains the degree of freedom (Ngor = 2 for a shoulder point that is
not on the boundary).

Now we apply the ideas used in [29] for developing a 1D solver. We impose the following relation between
the pressures and the velocities at the degree of freedom and at the center of the cell :

q;iof + ,,,dof <udof, ﬁ?0f> =g + T,;lof <uj7 ﬁ;:_lof> (19)
where :
fdof _ 1 Cdof g = 1- X(fj)E, 0 — 2 £, (20)
CTEE T T T YT s
Several definitions of rd"f are possible :
4 E;
dof __ . _ * J . .dof

v =T = \/573 T ||llj||2’ Or : 7,7 = T'dof = Ndof 27‘1 (21)

Equation (19) is equivalent to :
dof Cdof =g Cdof + rdof ?of(uj _ udof)7

with :

df dof ~df
of = gdof i fdef, (22)

The flux is modified using the Jin-Levermore [8] method. The equilibrium state obtained by setting to 0 the
time derivatives and the transport terms is given by Vg = —(ok/e)u. It is then added to the fluxes :

(45" + (V@)dot , X, — Xdor)] C°" = ¢;CJ°" + ri°faf (u; — uaor),
which can be written :
o - -
[Q?Of - gkdof<udof ) Xj — Xdof)] Ciof = ¢;CI° + rfad (u; — ugor).
Thus we define, using definition (16) :
- o
G?Of = qJ'C;lOf + T?Ofa?Of(Uj - udof) - gﬁ?Of kdof Udof- (23)

The scheme eventually writes :

1
12| OB + = Z<udofa ') E; +Z<udofa 0 Epdon | + = Z<udofa Goof) =
c R} dof
1
1| 9. F; + - > (uaor, G F; + Z Uaor, C§) Frodon) | + = Z Gy = = Z B kdof Udof.
R} dof dof
) (24)
The second line of system (24) can be simplified using (23) :
- Z Gdof + 72 Z ﬁdof kdof Udof = Z Cdoi 4= Z dof dof (Mdofu] _ udof) (25)
dof dof dof dof
—_———
=0

11



1
dof  dof dof _ dof .
+2 { D rad™ = D o Maor | wj,

dof dof
where M, is defined by :

-1
M, = (Z rraf + Zkﬁ{) <Z r:a:> : (26)

and M, /; is defined below, see (39).
The semi-discrete system writes :

1 1
[510:E; + - > (vaor, G E; + Z Waot, C5°) Br(aon | + z D> (waor, G) = 0,
R;F dof
Q,[0F; + - GOy, GOy F Ly oot - @7)
| jl tL g + - Z <udof7 + Z Udof, > k(dof) + c Z 7
RT RT dof
— _li Z dof dOf(I My f) F
e k; ¢
dof
with :
G?Of * = T?Of dOf(Mdofu] Udof)- (28)

We impose, for every inner degree of freedom dof :

Y Gr=) G2 <o, (29)

Equation (29) ensures the conservativity of the scheme. It allows also to compute ugof for some given (g;);,
(r;); and (u;);. Using definition (23), it writes :

g
<Z 7,,;iofoé;iof + EkdofB?Of> Ugor = Z qZCdOf + rdof dof (30)
7

We have, for any inner node 7 :

g ~
rol + 2k | u, =S €l 41Tl 31
<§:naz+€ @,>u > + riafu (31)

i
The proof of the invertibility of the matrix ), ma; + 2k, 3] is given below. However, for an inner shoulder

point, the matrix is not invertible. Denoting by i the unique cell different from j that contains the shoulder
point r + 1/2, we have :

C;+1/2 n C;+1/2 _o,
and the matrix of equation (30) simplifies into :
r:+1/2a;+1/2 r;+1/2 r+1/z kr+1/2(/6r+1/2 n ﬁ'r+1/2) C;+1/2 9D,y )2, (32)

with :

r+1/2
(ri*Y

o r+1/2\~r+1/2
DT+1/2 = (r )nj

o
+r; + ng_l/Q(xi —X;). (33)

Therefore, the matrix of (32) has rank 1. The right hand side of (30) can be written under the form
br+1/265+1/2, Wlth :

12



bri1ja =45 — i + <ﬁj+1/25 r;+1/2uj . T:+1/2ui>, (34)

Using ideas from [27], u,. 41 /2 is computed using the following formulas :

(Wri1/2, Drg1/2) = bryr)2, (Wri1/2, (Dyg1yo)t) = = (W + i1, (Dygy2) ), (35)

DO =

where, for any ¢ € R? :

@) e () eo-@ @) @

The linear system solved by u,; /> can be written under the form :

o
(Ar+1/2 + EBT+1/2) Urt1/2 = Yr41/25

with :
r+1/2 r+1/2 ~r+1/2 ~r+1/2 L1 r 1 T
Aryry2 = (ry +r )| Ay (nj ) : Bij1/2 = kry1y2 (Xi -x; (% —x;j) ) :
(37)
Yry1/2 = (1 er/Q i ) (38)
r §<ur + Uy, Dr+1/2> 3
thus allowing us to define M, /5 by :
. -1
M,y = <Ar+1/2 + gBr+1/2) Apyiy2 (39)

Remark 1. As noted in [27] and [28], if the mesh is conical degenerate (all the weights w are set to 0), the
scheme under study is not equal to the classical polygonal scheme. Indeed, the contribution of the shoulder
points is nonzero and the two schemes may produce quite different results. This remark is highlighted by the
test cases below. Indeed, a parasite mode is observed with the classical polygonal node solver, but it is no
longer present with the conical degenerate scheme.

Remark 2. The definition of Mao in (26) and (39) is arbitrary. Indeed, equation (25) is satisfied for any
choice of the matriz Mgop. However, as mentioned in [32], this particular choice (26) allows to recover the
Gosse-Toscani scheme [31] in the 1D case.

4.1 Partially implicit time discretisation

Only the source term in (27) is chosen implicit. The obtained scheme is thus easy to implement and its
stability condition is not too restrictive.

EMtL_pr - ~ 1 n
|QJ| ! At s + g Z <u<TiLof7 C?Of> Ejn + Z <ugof7 C?Of> El?(dof) + g Z <ugof7 (G?Of) > = Oa
R Ry dof
Frtl _ pn 1 B _ 1 . 40
9= gy 2 | 22 (e O B+ 3 (ot OF) Pl | +2 2 (65) o
R} Ry dof
1 n n
=z (Z (T?Of) O‘?Of(I - M&f)) k—nF]“
dof J

13



The polygonal scheme depends only on the values located at the nodes of the mesh (cf [16]) :

EMtt—Er n
e VA Yoo Le(wrmg) BR Y e (utng) By + Y (ar (G))")
rlir(up,n;,) >0 rljr(ul,n;.) <0 r
F;Hrl — F;L 1 n n n n rE)"
="z > el i Y e (whng) iy + (G )
i (ul,ng.) >0 r,lir(u,ng ) <0 r
1 I\ A n 1 n+1
= Z(rj) aj(Id—MT) k—nFj ,
- i
(41)
with :
L (yri1—Yr 1 A
T <xr_1 —Xpy1) Lir = 5lr1 = xr—all; a5 = ljrnjr @ mj.

4.2 Second order reconstruction

In this section, we explain how to modify the scheme (40) so as to make it second order in space while
ensuring that the reconstructed values of the energy are positive and that the reconstructed flux is limited.
To this aim, we adapt the ideas of [28]. Only the advection terms are modified (that is to say div(Eu) and
div(F ® u)). Writing them as functions of F and f, system (13) becomes :

1 1
OE + gdiv(Eu) + gdiv(qu) =0,

1 1
0,(Ef) + ~div(Ef © u) + -Vq = ——EX.
€ € €
For the sake of clarity, we will consider the following linear transport equations :

O F + div(Fa) =0,
O (Ef) +div(Ef ®a) =0,
where the velocity a is given. A first order scheme (such as the upwind scheme (94)) approximates the

solution with some piecewise constant function. Here the approximation is built using piecewise affine
functions :

P}(x,E) = E; + ((VE);,x — x;),
P}(x,F) =F; + (VF); - (x — x;).
The exponent 1 means that the polynomial has degree 1. Then the gradient of E is limited so as to have :

P}(x,E) > 0, thus we write :

P!(x,E) = E; + ((VE);,x — x;) = E; + a; 5((VE);,x — x;),

where ;g is the limiter (see [33]). Therefore we have P!(x, E) > 0. Moreover, using the Leibniz formula,
one can write :

Pj(x,F) =F; + (VF); - (x = x;) = E;f; + B;(VE); - (x — x;) + (VEj, x — x;)f;.

The dimensionless flux f is thus approximated by :

PY(x,F) E;

1, f = P = f 7‘7 f ;o - y

R; (x,f) Pl(x,E) i+ Pi(x,E) (VE); - (x —x;),

the letter R reminds that f is approximated by some rational fraction. The jacobian of f is then limited so
as to have || R} (x,f)|| <1:
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E.
Ri(x,f) =1f; + Wi‘E)O‘j,f(Vf)j (x—x5),

where a;r may be a matrix or scalar limiter (its computation is based on convex hulls, cf [34]). Finally, F
is approximated by :

1 _ pl 1
P;(x,F) = P; (x, E)R;(x, f).
Therefore, values of the unknowns at the degrees of freedom can be computed :
E{°" = P} (xqo1, E), Ff = P! (xqof, F).
These values are then used instead of the cell-centered values :
‘Q ‘875E + Z adof, CdOf EdOf + Z adof, >Ek(d0f) 0,
R Ry

with :

1 ~
5 <ad0f7 C?Of> E?Ofv
Z[Jr <adof7 Cd f> ;

dof

Eaor) =

and the same values are computed for F.

Remark 3. Another method would consist in directly limiting the jacobian of F so as to verify ||Pj1(x, F)H <
le (x, E). However the first method gives much better results in practice. Indeed, the limiter of the vector
quantity (F or f) is based on the computation of the convex hulls of the values in the neighboring cells.
Therefore it is easier to ensure ||f|| < 1 (since the bound is constant) than ||F|| < E (since the value of E in
one cell does not necessarily lie in the convex hull of the values of the neighboring cells).

4.3 Diffusion limit scheme

In this section we describe the limit scheme, that is to say the scheme that is obtained as € goes to 0 in (40).
It reads as :

ntl_ pn ~ ~ 4o
1=+ | D (o G B+ (uiior ©5°7) Eifaon +Z< i 5 Blorl” Wor ug°f> -0
RT RS dof
(42)
with E} ;=" EI"/Nqaot and :
(W (6 =) = o
u X;—Xj)) = ———
1 _ r+1/25 J 4o E™ ’
r — ErCT r+1/2
<zz:ﬂl> ur 4O.E:L zz: ' v n 1 1 n n i
(uriaye, (% = %5)7) = S(uy + iy, (xi = x5)7)
It is an extension to conical meshes of the limit scheme of [16] :
Entl _ pn
|QJ|JT]5J + > lir(uyt, nyp) B + > Lirayt, 150 ) B
rli-(u?,n;.)>0 rlir(u?,n;,.) <0
E? 4o
R s @
ﬂr uj} = 40-E77} ZE:LZWDW

15



In addition, it is proved in [16] that the scheme (43) is consistent with the diffusion equation (3). In the
next section, we give a rigorous proof of the convergence of the scheme (40) toward the limit scheme (42)
as € vanishes. In the previous works (such as [16]) this AP property was formally proved using a standard
Hilbert expansion.

5 Theoretical study of the scheme

5.1 Notation

We denote by J the number of cells of the mesh. The numerical solution at iteration n is denoted by
E™ = (E}")j<y and F™* = (F}°);<;. The scheme (40) can be written as :

(En+1’E7Fn+1’E) _ Z(E,En’E,Fn’E)7

where 2z :]0,1] x D — R’ x (RQ)J is a function defined by :

(ED,FD) =22, B,F) = (21(e, B, F), (e, B, F)), D ={(E.F)eR'x(R})", Vji<J E >0, |[F|<E}
and :
E](‘l) = [z1(e, E,F)|; = E; — % Z ! (ugor, C{¥)E; + Z (ugor, C°) Ejdof) +1 Z<udof7G?Of> )
‘ j‘ Rt € R— € dof
advection terms
(44)
N -
AJFS ) :Aj[ZQ(é,E,F]j :Yj7 (45)
with :
At 1 dof *
Y =F;— a7 > = (ot CIOF; + Z (Waof; Cf°N) Fr(aor) += Z Gj ; (46)
1€2; | Rt € dof
j
advection terms
and :
A‘ dof dof I Mdof) (47)
! E‘Q ‘kj ;
Moreover, equation (30) writes :
o 1 -1
<Adof + gBdof) Udof = Ydof; ~ Wdof = (eAdof + 0 Bdot)  Ydof, (48)
with, for a given vertex r :
AT:ZTZQL BT‘:‘ZCT/87’7 BTZZB{, yr:Zqi(~3§+rfo¢§ui, (49)

and for a given shoulder point r + 1/2 :
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N\T T
Apyryo = (T;+1/2 T 7a:+1/2) <ﬁ;+1/2 (ﬁ;+1/2) > ’ Bri1jo = kpsa o (Xi % (% — Xj)J_) :

y _ <1 br+1/2 N >
r+1/2 §<ur + Uy, Dr+1/2> )
where B7, af, gi, 8, w;, kaof, br41/2 and D, /5 are respectively defined in (16), (22), (20), (18), (34) and
(33).

The coefficients uqof, G?Of, G?Of * and Mgos depend on e, E and F. For a given (E,F) € D, we de-
note by Enin and Enay the extrema of E.

Eventually, we assume periodic boundary conditions are imposed.
Lemma 5.1. Let (E,F) € ® and 0 > 0 and € > 0, then the following properties are satisfied :
D20 (o 67 = 237 (ma GI) =0
j* dof dofx 1
Besides, the advection part of the scheme being conservative (cf section 8.1), the scheme is conservative :
1
STilEY =3 10;1B;.
J* J*

dof

Here we choose : 5% = Tdof and thus, for any vertex r :

'
A, =r.ap, o = E a;.
i

This choice allows us to prove the following results.

Lemma 5.2. There exists a universal positive constant denoted by Cs.o such that, for any (E,F) € © and
any € > 0, the following inequalities hold true :

At 1) At
_ E, <E<E;+Cs9—i—— E;,
oh?+¢ch i;v SRS >25h2 + eh ;

J

Ej — 05,2

Remark 4. A sufficient condition condition for ensuring the positivity of the energy therfore write :
1 E;
At < ——(oh® + eh)min { —=—>— .
05.2 ( ) J ZiEVj E7

Lemma 5.3. There exists a universal positive constant denoted by Cs 3 such that, for any (E,F) € © and
any € > 0, the following inequality holds true :

At
Y| <Ei+Cs3——— E E;
1Yl < Ej + 535h2 + eh _
i€V;
The following lemma proves that the scheme is well defined.

Lemma 5.4. There exists a constant Cs4 > 0 such that, for any e > 0, 0 > 0 and (E,F) € D, if At
satisfies :

h B,
At < Cs4 50 te min J ,
g i | e, Bi

then the matriz A; in (}7) is invertible.
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The following lemma is more interesting since it proves the invertibility of the matrix in the diffusion regime
(e < 1) for a given timestep At.

Lemma 5.5. There exists a universal positive constant Cs 5 such that, for any (E,F) € D, any o > 0 and
for e >0 such that :

h At 1
Cosr 1+ —22 = SR | <1,
x|\ T ot an g ; <

the matriz A; in (}5) is invertible and the following inequalities hold true :

Eh J + ah2+eh ZZGV
At E;

ch
[&5°]] < sz

E +—="_\"F Hf(1H<C
At J+Jh2+€hi§> SOAt

h2+ h Zzev

Lemma 5.6. For § > 0 we define :

D, = {(E,F) eR x (R?), Vj<J, E; >5 |F]<E}.

For any § > 0, there exists €3, > 0 such that z is continuous on [0,&5,;,[xDs.

min » “min

Theorem 5.7. Let N € N be the number of iterations and (E™,F™¢),.n € DV be the solution to (/0)
for a given € > 0. Assume that, for € > 0 small enough :
36 >0, Vn < N, (E™*,F™°) € Dy, (50)

and that the initial conditions is of the form :

E% = E(t =0) (independent of <), F%¢ =o0.
We define the limit scheme (E™°),<n by :

Vn < N, E""10 = 2 (0, E™*,0).
Then, for any n < N :

Fre 0 EmE En,O
e—0 e—=0

and (E™°),, <N is the solution to (42).

Remark 5. We do not know a priori if assumption (50) is satisfied in general. However, if we assume that :

TL

Vn < N, At < 05 o(oh? 4 €h) E;j”n (51)

max

and that Cxo is chosen large enough so as to ensure : Zievj E; < C52Fmax for any cell j and any F,

then (50) holds true. Note however that this assumption is very restrictive (see below). Indeed, according to
lemma 5.2, if (51) is true then :

En+1 S E™

max

Vi <J, ¥n <N, 3

N W

nnn —

Since the scheme is conservative and the energy is positive, there exists a constant Cy > 0 such that :

El .« < Cy for all n. Therefore :
El. L EY,
mln > 2—7‘LC mlIl .
Er?lax 4 Ernax

So a way to ensure (51) is to impose :

18



0 : 2
At < C4(O'h2 + Eh) Emm 2~ N R Cy = @
2C,

EIOH'IX
Reminding that the timestep At, the number of iterations N and the final time T are such that : T = AtN
then (52) reads as :

(52)

0

. E
A2 < Cy(oh? + eh) Eg“n .

max

The left-hand side is minimal in At for At = T'1In(2) and thus :

! 1 C h2 h 21111
= () CHoh + e o
—_———

:=C)

max

In other words, for a given h > 0, we can only reach a time T < Cy(ch® 4+ eh)EY,,/EL ...

5.2 Assumptions on the mesh

First we need some assumptions on the regularity of the mesh. We denote by h the characteristic length
of the mesh (h = Az for a cartesian mesh). We assume that there exists a numerical constant C; > 0
independent of h such that, for any cell j, any dof, any node r and any shoulder point r + 1/2 :

|QJ| < Cth, m < — Nygor < Cl, Card(V ) < Cl, (53)
IG5 < Cun, la§f|| < Cuh, 185l < Cam?, (54)
and :
1\t Ch
18,71 < hg, ‘ (Xi -x; (x5 —x5) ) < 5 (55)
Therefore we have :
= C? C?
T als 1 -1 _r 1
ooyl < S el < (50
Without loss of generality, we assume that C; is large enough and simplify :
s Cy _ Ch
1 1 r
18G5l < 5~ 18- a5l < == (57)
We also assume that 3, is positive definite for any vertex r and :
1 1
Ve € R, (€, 5,:6) > €I, (€ o) > -hlig]?, (58)
Cl Cl
and for any shoulder point r 4+ 1/2 :
” 1
VA2 0, [ A = xp) | 2 (1 ), (59)
1

where j and ¢ are the indices of the cells that contain the shoulder point r + 1/2.
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5.3 Proof of lemma 5.2
5.3.1 First step

Using 1/3 < x(f;) < 1 and the definitions (18) and (20), it can be proved that there exists a constant C; > 0

independent of (¢, F, F) such that, for any cell j and any dof :

qj < C1E;, ;|| < Ch, rj < C1E;,

and :

1 ~
1

Without loss of generality, we assume C; = Cj.

5.3.2 Second step

In this part we prove an estimate on uges of the form :

[ltaot]] < Co2

k; < CLE;, kaor < C4 ZEi,

1 .
=kdof < Tdof < Crkdor.
Ch

_c
ch+¢’

for some universal constant Cgs > 0. To this aim, we show an estimate of the form :

C63 1

|| (sAdof + O'Bdof)

i<
- hmdo

(e+oh) 3, B’

(60)

(61)

(62)

(63)

for some universal constant Cgz > 0, with maor = 1 if dof is a vertex, 0 if it is a shoulder point. Here )", F;
stands for the sum of all the cells containing the degree of freedom dof. The proof uses the facts that the

matrices Aqof and Bgor satisfy :

[ Agotl| < CER™0 N " By, | Baotl| < CFR™4 1> " B,
First case : the vertices
We define :
- 1 - 1
A, = A, = ————B8,,
hZiEi ' ' hzZiEi '
then :
1 ~ och -
—_— Ar Br = T
h(ah—l—E)EiEi(E +ob) och+¢ oh+¢
and, due to (58) and (61):
it 1 2 1 2
(x,A,x) > C*IQHXII ; (x, B;x) > C*IZIIXII :

Therefore (65) writes as a convex combination of A, and B, and we have, for any node r :

YA€ [0,1], (M, + (1 -N)B,) € {M M| < Cf,”mli 1<x,Mx> > (;2} =M,

= 1

(64)

Since M is a compact subset of the set of invertible matrices and since the mapping that gives the inverse
of a matrix is a continuous mapping, there exists a constant Cx > 0 such that :

VA€ [0,1], Vr, (M, + (1= \)B,) 71 < O,
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which proves (63) in the case of vertices.

Second case : the shoulder points

One has :
€Ary1)2+ 0B 10 =¢ (Dr+1/2 DTLH/Q) .

Since (DTH/Q DrL+1/2) /IIDy41/2| is a rotation matrix, it is invertible and there exists a universal constant
C5 > 0 such that :

—1
IDyt1/2l H(Dr+1/2 Df+1/2) H < Cs,

and using (59) one can write :

_ _r41/2 o 1 kry1/2 0
D12l = ‘ Tr41/21, + k7'+1/2g(xi - Xj)H > 7’7-4-1/261 <1 + W5h> )
and thus :
1 oh 1 1 1
Doz LY B (1) e oB | 2ot L
” +1/2H_012; ( + - ) (5 +1/2+O’ +1/2) _ClcQO'h—f—EZiEi

Therefore (63) is proved. Moreover, on can easily check that : ||y, || < C?h >, E;. Therefore, using equation
(48), we have :

1 CMCIQ
= <
E”urll ~e+oh’

and using the definition of y, /o (38), one eventually has :

CiCy
e+oh’

1
[Yry1s2ll < Ct ZEi, g||ur+1/2|| <
5.3.3 Conclusion of the proof
The fluxes are defined by :

dof , ~dof dof dof T dof
G5” = q;C5% + Taoraf 0 — Taora Udor — gﬁj Kdof Udot,

therefore, according to (60), (54) and (62), there exists a constant Cge > 0 such that :

o 9 g 13
1G5°| < Ceo EthrE EthrE Eiho_h+5 +gh2§ Ei0h+€ §C66h2 E;, (66)
i€Vj i€V; i€V; i€V;

hence, thanks to (62) :

1 h
- G| < Ce2Co6——— > Ei.
. |(uaot, G§°)| < Cé2 6 s Z
i€V;
The advection terms in (44) can also be bounded from above by C"h} ¢, Ei/(ch + €), for some universal
constant C’ > 0, thus the right hand side of (44) can be bounded from above by :

At

h
E; +C59—— E,—,
j+ Cs.2 oh e 2%; 2
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thus leading to :

At 1) At

E; —Cs90—5—— E,<EV<Ei+Cso——— E;, 67
7 5‘2ah2+ehz sH SR 5'20h2+5hz (67)

i€V; i€V;

and a sufficient condition for keeping the energy positive writes :
1 E;

At < ——(oh® + eh) min { —=—+— ». 68
o >j{zmw& (69)

5.3.4 Continuity of ugor/c

The previous computation shows that the mapping ]0, +00[xD > (g, E,F) — ugot/e admits a continuous
extension on [0, +oo[xD.

5.4 Proof of lemma 5.3

Let (E,F) € ©. Using the definition of Mqor (26) (39), one can write :

1 _
gMdof = (eAdor + 0Baor) " Ador. (69)

According to (63) and (64), there exists a constant Cro > 0 such that :

| Maot|| < Cro (70)

oh+¢

In addition, using the definition of G?Of * (28), one can prove the existence of a constant C7; > 0 such that :

h

GP | < = Ei. 1

IG5 = e > (71)
i€V

The advection terms in (45) are also bounded from above by C'h Zievj E;/(ch + ¢), thus the right hand

side of (45) Y satisfies :

At
Y,[| LB+ Cs3—5—— E;.
Y511 < By + Cois—m— D

2
+ i€V;
5.5 Proof of lemma 5.4
According to equation (47), we can write flj as :
~ 1
A; =1+ A4, Al = = " raor@ (I — Macr), (72)
€lQlk; 4=

In addition, one has :

I — Maot = 0 (€Adaof + Baof) " Baor.
According to (63) and (64), there exists a constant C73 > 0 such that :

oh
11— M < C . 73
l dof|] < [ (73)
and therefore there exists a constant C74 > 0 such that :
1 o Ziev. E;
AL < Cra= _—t 74
451 < Cra 7 = (74)

thus if :
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o Licv, Bi
g O'h+€ Ej

<1,
then flj is invertible.

Moreover, under the condition (75), one can prove the following inequalities :

- 1
1457 <
— At o 1 ’
! — O oh+e Ej Zievj B
1 At
DA E B, +Caam— 3 B
J — o 2
! 1- 074 € oh+e E ZZEV ah + eh iEV;
and :
1
Hfgl)H < 1 Ej+ Cs 30t ey, Bigrrrey,

At o 1 R 1
1- O74? ohte Ej Eiev,- E; Ej — Cs.3At Zievj E; oh2+eh

5.6 Proof of lemma 5.5

First we prove that the matrix flj of (45) is invertible if € is small enough, for a given At. We can write it

as :

A 1 o o
Aj = g (AJ +6HJ)’ j |Q |k Zrdofad f Hj = ‘Q ‘k Zrdof d fi

J dof
For (E,F) € D, note that :
Yiev, Bi _ raor 1

cadievs By Taor o L
= Z A2
E; k; i

Moreover, the matrix A; is symmetric positive definite and :

A A
v e R (6. 458) 2 h§<s,<z d°f>5> o5 e,

dof

and thus A; is invertible and there exists a universal constant C77 such that :

h

||A 1|| < 077 max < C77Cf§

1
AESL(A;) A

Moreover, one can write :

o 1 _
Aj=Z(Aj+eH;) = —A; (I +2A7Hj),

and H; satisfies :

At 1
H|[<Cp |1+ ——"——S"E
il < 0 (14 iy &

Therefore, if :

S Cgof

1+ E; 1 Cgo = C79C77C3
At ah2+5hE] Z <5 80 = Crobrrtr,
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then (I + 8A;1H ;) is invertible and so is A; (using equation (78)). In addition one can write :

—+oo

(T+eA7 H) =S (=) (471 H)',
1=0
and if :
h At 1 IR
3 ) —1lg7. -1 _
EC79077ClE 1+mE ZE §§ then. H(I—FéA] HJ) HSZ:Q =2
Eventually :
11 3 ch
477 < 20mc3 2,
and using lemma 5.3, we have :
eh At
P <on (5 2 yop 5
H CSlAt I R g eh Z; ’ (81)

The dimensionless flux f;l) = F;l) /Ej(l) can therefore be bounded by :

1
ch Ej +Atzz€V ah2+5h

At E; — Cs0At Y, ev; h21+5h 7

<Cs1i
which is smaller than 1 if ¢ is small enough.

5.7 Proof of lemma 5.6

Since the scheme is conservative and the energy is positive (by assumption), there exists a constant C5.¢ > 0
such that, for any cell j :

S B <o Bl i ), = 0 = 3 0 E (2)
i€V; VE: j*
hence :
1 I E°| 2
— E; <Csg
) ; e
Define :

;A AL Bl
Epnin 1= — + 5.6
mm Cgoh oh?2+¢ech 7" 6h?

Equations (69) and (76) show that Mgy.¢/c and flj admit continuous extensions on [0, g’

X@(g The other
coefficients (g;, u; etc) are also continuous with respect to (F, F), thus 2 is continuous on [0,&3;, [xDs.

min [

min [

5.8 Proof of theorem 5.7

Let (E™¢,F™¢),,<n be a numerical solution (N being the number of iterations) that is to say :

Vn < ]\/v7 (En+1,s’Fn+1,s) — Z(@,En’E,Fn’E),

which can be writen :
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un < N E’n,-‘rLE _ 21(67 En,s’ Fma)
n ’
Fn+1,s — ZQ(E,E”’E,Fn’E).

According to (82, one has, for alln < N and j < J and e > 0 :

| E°[| 1
h2

EP° < Cs

and according to lemma (5.4), there exists a constant C5 7 depending on the mesh, on § and o such that :

Vn < N, Vj < J, |[F}¢| < Csre,

leading to : (F™*),<ny — 0.
- e—0
The diffusion limit (E™Y),<y is defined by :

Vn < N, E"™0 = 2,(0, E™¢,0).

Then, since z and z; are continuous :

EM = z(e, E(t = 0),0) — 2,(0, E(t = 0),0)

e—0

Thus, by induction :

Eme En,O
e—0

Indeed, if E™¢ —— E™0 then :
e—0

En+1,s — 21(&‘, En,s ’Fn,s) - Zl(O,En’O,O) — En—&-l,O.
N e
—En0  —0

As a conclusion, property (85) is true for any n < N.
In addition, by assumption , there exists a constant § > 0 such that :

Ve €]0,ed,, V0 < N, Vj < J, B > 6.

min

Thus :

Vn< N, Vj<J B>

Therefore E™° does not vanish and :

0 0
EY 4E™ 1
n,€ J n,e dof __ k:”’o n,e n,e n,0 &
: Zi - | s Y B
J e=0 3’ dof . . 3 dof? T es0 Yr e—0 34— " g
K
0 n,0
E™ — EM%)/3 1
n,e ( J 7 n,0 n,e n,0N—1_ n,0
Yy ? n,0 0 n,0 1 =Y ) —Uyof ? (Bd f) Yaof = W,
r+1/2 o Jk7,+1/2<uf’ +u, (x—x5)7)/2 r+1/2 e 4ol e 0 o o

which writes, for a given node r :
1 ~
,0 0 ,0
ok Bl = 3 % E"CE,

and for a given shoulder point r +1/2 :
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<u?’+01/27(xi - X)) = w0
30kr’+1/2
1
n,0 n 7,0
(0 (i = 25) ) = Gl ul, (i = x))

As a conclusion, (E™?%),,<x is solution to (42).

5.9 Invertibility of the matrix "

In this section, we give some suffisant conditions to ensure that the matrix §” = >, 57, with B;f = C; &
(x, — x;), is invertible. In [16], this result is proved, under some conditions on the mesh, for the polygonal
scheme. Here we prove this result for a conical degenerate mesh (w = 0) and thus the result still holds true
for w small enough since the determinant is a continuous mapping. For w = 0 the coefficient C} writes,
according to equation (8) :

~ 1 T, = T, = T~ T~

C; =3 ((1 - E)Nr—l,r + (1 - E)Nr,r-&-l + EN’I‘—l/Q,T + §N7',r+1/2>
where NT,LT is the normal vector to [x,,X,1] and NM_H/Q is the normal vector to [X,,X,1/2]. Since the
shoulder point is given by S,.1/2 = (M, + M, 1)/2 then :

- 1~ -~ 1
Nr—l/Z,r = §N1”*1,T7 Nr7r+1/2 = §N1‘,r+1
and :
CT*1<175)(N +N )*(1—1)1()( —X,_1) <1ff) cr
i = 2 4 r—1,r ror+1) — 4 9 r+1 r—1 - 4 ]
polygonal

thus 8, = (1 — m/4)Brelveenal i invertible.

6 Numerical results

This section is dedicated to several numerical test cases. First we show some examples for which the conical
scheme (40) gives much better results than the polygonal one. We also describe two particular regimes of the
M; model for which exact solutions can be computed : the streaming regime (section 6.2) and the diffusion
regime (section 6.3). These examples allow to compute the convergence rate of the scheme.

In some test cases, the radiative energy can be 0, then we define f as :

F
—ifE
f_ 1B i >0,
0 else.
When no other precision is given, the timestep is chosen as : At = (Az)?/10, with Az = 1/N,, N, being

the number of cells in abscissa. The number of cells in the y direction is denoted by IV,,.

For the 1D test cases (the solution does not depend on y) (sections 6.2.1, 6.2.3 and 6.3.1), the solutions
are computed using the conical degenerate (w = 0) scheme only. We observed very few differences with the
polygonal scheme.

In practice, conical meshes are computed in the following ways :

o for cartesian, Kershaw type (21) and Voronoi type (16) meshes, a control point is added to each edge
at a distance worth 20% of its length,

o for a radial mesh (18), a control point is added to each edge and the weights w of the edges are chosen
so the edges are circles center at (0.5,0.5) (cf [27]).

26



6.1 Propagation of a Dirac mass

The initial data is a Dirac mass for E (86) on a cell j located at the center of the domain and we compare
the polygonal and conical schemes on several meshes.

1
— if (x, e Q,,
E(0,z,y) = { 1] (@) ! F(t=0)=0. (86)

0 else,

This model is close to the streaming regime of section 6.2. The final time is ¢t = 0.2 and 0 = 0, e = 1. The
simulation failed when using the polygonal scheme (41) (we obtained values of ||f|| larger than 4/3, thus
making it impossible to compute the Eddington factor (2). However, the conical scheme (40) proved to be
more stable since the values of ||f|| remained smaller than 4/3. Figure 7 shows the results.

533
4.92
451
4.1

3.69

3.28

w 1] 1%
W 2.86 2.87
5 8 5
- ] 245 B~ 246
2.04 2.05
1.64 1.64
=
RO LR 123 123
0.818 0.821
0.409 0.41
0 0
X-Axis X-Axis

Figure 7: Numerical solution for N, = N, = 40 using the conical degenerate (left) and conical parabolic
(right) scheme at ¢ = 0.2 with initial data (86).

6.2 Streaming regime test cases

This regime is charaterised by 0 = 0, ¢ = 1 and ||f|| = 1. Then ¢ = 0 and u = f. Periodic boundary
conditions are imposed.

Remark 6. If F = Fa with a constant, |la|| = 1, then (E,F) is solution of the My model if and only if E
satisfies :

OF + div(Fa) = O,E + (VE,a) =0, that is to say : E(t,x) = E(0,x — ta).

In such a case, the scheme (/0) reduces to the upwind scheme (94) and : ¥n, F™ = E™a. This property is
used in the first and the second test cases of this section.
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6.2.1 Transport of a step function

This test case comes from [16]. The initial data is :

1siz € [0.4,0.6],

F, =0, 87
0.0001 sinon, Y (87)

E(O) x, y) = Fflﬁ(()? x? y) = {
and 0 = 0, ¢ = 1. The quantities E and F are transported at velocity a = (1,0). Figure 8 (right) shows the
absolute L! error on E as a function of the space step Az. The number of cells in the y direction, denoted
Ny, is set at 1. The rate of convergence is 0.5, which is expected for a discontinuous solution.

—  E | — F

1.0¢ o Eexacl — &
— rate 0.5

0.8}
0.6 8

F10!

=
0.4}
0.2}

L L —2 L
080 0.2 04 06 0.8 70 1o 102 10!
X Ax

Figure 8: Numerical solution for N, = 400 and N, = 1 using the conical degenerate scheme at ¢ = 0.2 (left)
and L' error on E (right) with initial data (87).

6.2.2 Smooth solution

The initial data of this test case is smooth and writes :

(E,F,F,)(0,x) = ( (x), gf[) g(\[)> g(x) =1+ e IIx—xo|[? (88)
0,

with : xo = (0.25,0.25), v = 100, and o =
a=(1,1)/Va

Here F and F are transported with a velocity
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Figure 9: Numerical solution on a cartesian mesh (N, = N, = 40) with the polygonal scheme (41) (up left),
conical degenerate (up right), conical parabolic (down left) and exact solution (down right) at times ¢ = 0.05
with initial data (88).
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Figure 9 shows that the conical solution is closer to the exact solution than the polygonal one. Figure 10
shows the L! error as a function of the space step Az = 1/N, = Ay = 1/N,.. A first order rate is recovered
for both schemes. A second order rate is also recovered when using the reconstruction described in section

107! : 1072
— polygonal
—— conical degenerate
+— random polygonal
~— random conical degenerate
102k rate 1 103}
5 5
5 5
= =

08 10t}

10 1077

polygonal
conical degenerate
random polygonal

random conical degenerate
rate 2

1072 10-! 1072
Ax

Ax

1071

Figure 10: L! error on E with the first order scheme (40) (left), second order reconstruction (right) and with

initial data (88).

6.2.3 Singular solution

This test case comes from [29]. The initial data is :

0.7 — e
(E7F:C7Fy)(07xay) = (1’(V4‘I’ E? _Fx2> ifz e ]03’ 07[a

and o = 0, e = 1. The exact solution is defined for ¢t < 0.4 :

0.4 0.7—x .
(E,Fy,F))(t,z,y) = <O.4 — t’0'4(0.4 7 VE? — Ff) ifx €]0.3+

0, elsewhere,

t, 0.7],

(89)

0, elsewhere.

2.0} — & | 2.0}
_ R
—
15 15
1o} 1 1o}
0.5 0.5
095 0.2 0.4 0.6 0.8 Lo 095 0.2

— bk

— E

0.6 0.8

Figure 11: Numerical solution (left) computed with the conical degenerate scheme and exact solution (right)

for N, =400 and N, =1 at ¢t = 0.2 with initial data (89).
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Figure 12 shows the L! error on E as a function of Az = 1/N, computed with the conical degenerate scheme,
N, being set at 1. The results of the polygonal scheme are almost identical. The rate of convergence is 0.5,
which is expected for a discontinuous solution.

For this test case, we had to choose T?Of = r; instead of r?Of = 7qof- Indeed the later lead to values of
the f such that ||f|| > 4/3, thus making the Eddington factor (2) ill-defined. We noticed that the choice
T?Of = r; allowed to overcome that difficulty. One possible explanation is the following. The coefficient pdof
is the analogous of the acoustic impedance for the gas dynamic equations (12). It has been studied in [35]

that choosing the value of the acoustic impedance at the centers of the cells (in our case, this corresponds

to r?"f = r;) makes the CFL condition much less restrictive than in the case where it is computed at the
boundaries (here it corresponds to T?Of = T'dof)-
10" :
— F

error

1071 F

L

1072 .
1072 10-!

Ax
Figure 12: L! error on E using the conical degenerate scheme with initial data (89)

Remark 7. We used the second order reconstruction 4.2 on this test case. We noticed that if the quantity F
was directly reconstructed then the norm of the dimensionless fluz ||f]| could be larger than 4/3, thus making
the Eddington factor (2) ill-defined. This is no longer the case when the quantity £ is reconstructed.

6.3 Diffusion regime

Here 0 = 1, ¢ is chosen small enough and F(¢ = 0) = 0. The conical scheme (40) is compared with the
conical diffusion limit scheme (40) and the exact solution of the diffusion equation (the exact solution for F
being 0). The final time is T = 0.003.

6.3.1 1D test case
This test case comes from [29]. The initial data is :

lifz €]0.4,0.6],

90
1079 else. (90)

E0,2,y) = {
The exact solution is given by :

1—-10¢ z—04 xz—0.6 B 1
E(t,z,y) = — (erf<\/m>erf(\/m>>+10 ‘, K= g,

Figure 13 shows the numerical solution computed with the conical degenerate scheme with ¢ = 0.015 and
o = 1. The curve given in [29] is well recovered. The curves computed with smaller values of £ (1072, 1074)
are quite similar.
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1.0
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0.8} — limit scheme ||
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0% 0.2 0.4 0.6 0.8 10

Figure 13: Numerical solution computed with the conical degenerate scheme, N, = 400, IV, = 1, with
e = 0.015 and initial data (90).

Figure 14 shows the L' error on E as a function of Az = 1/N,, N, = 1. The convergence rate is 1 (2 with
the reconstruction step). We only display the results for the conical degenerate mesh since the polygonal
scheme gives almost the same results in this test case.

10! ‘ 10!
— My, == 0.001 — My, == 0.001

+— limit scheme +— limit scheme
— ratel — rate 2
1072}

102 F

L' error
L" error
=
T
b

1073
104

10~ 1077

10-? 10! 10-? 10!

Figure 14: L' error on E using the scheme (40) (left), with the reconstruction step (right) with initial data
(90).
6.3.2 Propagation of a Dirac mass in the diffusion limit

The diffusion limit schemes (42) and (43) are compared. The initial data is a Dirac mass and it is given by
(86) and o = 1. The exact solution is the fundamental solution to the diffusion equatin and it is given by :

1 lx — xol|? 1
E(t = — _ = — = (0.5,0.5). 91
( ’X) Atk eXPp ( 4tk ’ & 30’ xo = (0.5, ) ( )

The final time is ¢ = 0.01.
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Figure 15: Solution computed on a cartesian mesh with N, = N, = 41 with the polygonal scheme (43)
(up left), conical degenerate (up right), conical parabolic (down left) and conical random (the weights w are
chosen at random between 0 and 50) at ¢ = 0.01 with initial data (86) and o = 1.
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Figure 15 (up left) shows a well known drawback of the node-based schemes (cf [16] and [27]). This phe-
nomena is called cross-stencil : the information propagates alongside the diagonals lines. This drawback
disappears when using the conical scheme due to the non-null contribution of the shoulder points. The
energy can thus propagate in cells which share a common edge and the conical solution is much closer to the
exact solution.
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Figure 16: Voronoi type mesh (up left) and solution computed using the polygonal mesh (up right), conical
degenerate (down left) and conical parabolic (down right) at ¢ = 0.01 with initial data (86) and o = 1.
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As in [27], the results of the polygonal and conical schemes are quite similar on the Voronoi type mesh.

6.3.3 Fundamental solution of the diffusion equation

This test case comes from [16]. We chose o = 1 and € = 0.0001. The initial data is the fundamental solution
of the diffusion equation (91) at time ¢ = to = 0.01. The exact solution is the fundamental solution of the
diffusion equation at time ¢ =ty + Ty with Ty = 0.003.
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Figure 17: Numerical solution with the polygonal scheme (up left), conical degenerate (up right), conical
parabolic (down left) and exact solution (down right) with N, = N, = 40 on a cartesian mesh with initial
data (91) et e = 0.0001.
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Figure 18: Numerical solution on a radial polygonal mesh (left) and on a conical one (right) at time ¢ = 0.003
with initial data (91).

The results computed on a cartesian mesh are quite similar (Figure 17). However, we observe a significant
difference on the Figure 18, the results of the conical scheme are much better than those of the polygonal
one. Figure 19 show the L! error on E on cartesian meshes as a function of Az = 1/N, = Ay = 1/N,. The
convergence rate is 1 (2 with the reconstruction step).
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+——+ limit scheme, w =0
+—— limit scheme, w = 1
— M 1024
. Mpw=0

1071 E
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— Myw=0
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10- ‘ 10 ‘
10~ 10! 10~ 107!
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Figure 19: L! error on E using the scheme (40) (left), with the reconstruction step (right) with initial data
(91).
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Figure 20: L' error on E as a function of N, = N, on a radial mesh using the limit scheme (left) and the
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reconstruction step (right) with initial data (91) and homogeneous Dirichlet boundary condition.

For the mesh of Figure 21, the timestep is given by At = (Az)?/100. For the mesh of Figure 20, the timestep
is At = (Az)?/10000.
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Figure 21: Kershaw type mesh of size 40 x 40 and solution computed with the conical degenerate scheme

(40).

1
X-Axis

39

Y-Axis

0.003

X-Axis

4.56e-15



100

. 107 .
— polygonal — conical
— conical — rate2

— ratel 101} e®¢ polygonal

1071 E
1072

L' error
1
error

=
10 F
1072k

1074

1073

1077

1072 10-! 1072 10-!
Ax Ax

Figure 22: L' error on E on the mesh of Figure 21 using the scheme (40) (left), using the reconstruction
step (right) with initial data (91).

Figure 22 displays the convergence analysis on Kershaw type meshes. The missing points on the curves for
the polygonal scheme are due to instabilities : the scheme computed values of ||f|| larger than 4/3, while the
conical one did not. This illustrates the fact that the conical scheme is more stable the the polygonal one.

6.4 Comparison with the limit scheme of another model

In this section, we compare the limit schemes of M; model and P; model (92) in the diffusion limit. The
later writes :

oE + 1div F=0,
1 . (92)

1
OF + -VE = - 5F,
13 13

A conical scheme for P; model can be found in [27]. Both models admit the same diffusion limit, thus we
compare here two schemes that discretise the same PDE. We set ¢ = 1 and we use the following Kershaw
type mesh :
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Figure 23: Kershaw type mesh of size 100 x 100.

For this test case, the timestep is given by At = (Ax)?/1000.
Figure 24 shows the numerical solutions with a smooth initial data (91). The results of the two schemes are

quite similar.

41



0.003 0.003

17.9 17.7
16.5 163
15.1 15
138 136
124 122
@ 11 @ 109
é 9.64 é 953
>L 826 >L 8.17
6.8 6.81
551 544
413 4.08
275 272
138 136
474e-11 2.98e-10
X-Axis X-Axis
0.003 0.003
178 17.6
16.5 163
15.1 149
137 135
123 122
@ 11 @ 10.8
é 96 é 9.48
>L 823 >|_ 8.13
6.86 677
548 542
411 4.06
274 271
137 135
2.88e-11 151e-10
X-Axis X-Axis

Figure 24: Solution computed with the polygonal P; scheme (up left), polygonal M; (up right), conical
degenerate P, (down left) and conical degenerate M; (down right) with initial data (91).
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Figure 25 shows the solution with a discontinuous initial data given by :

1if z €]0.4,0.6],

10712 else.

E(0,z,y) z{
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Figure 25: Solution computed with the polygonal P; scheme (up left), polygonal M; (up right), conical
degenerate P, (down left) and conical degenerate M; (down right) with initial data (93).
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One can notice that the P; limit scheme does not guarantee the positivity of the solution, while the M7 limit
scheme does.

7 Conclusion

In this work, we adapted a numerical scheme defined for the M; model on polygonal meshes to conical
meshes. We numerically observed that the good properties of the original scheme were preserved (positive
energy, limited flux and AP property ). We also proposed a rigorous proof of the convergence of the scheme
toward the diffusion limit scheme (this is the AP property). The test cases from [29] and [16] have been
reproduced. We also highlighted some drawbacks of the polygonal scheme and we showed that they disappear
when using the conical scheme. Moreover, we adapted a high order reconstruction procedure and obtained
a second order convergence in space for different values of o and ¢ (cf sections 6.2.2 and 6.3.3), contrary to
[16]. Eventually, in most of the cases, we noticed a decreasing of the error between the numerical and exact
solutions thanks to the use of the conical scheme regardless of o, € and the order of the space reconstruction
step (cf sections 6.2.2 et 6.3.3).
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8 Annex

8.1 Upwind scheme for the transport equation

We consider the following conservative linear transport equation :

Ouf + div(fa) =0,

In order to make the algebra clearer, the unkown f(¢,x) is a scalar function. The velocity a only depends
on the space variable x. The upwind scheme is defined by (cf [28]) :

1510, f; + Z (G agof) £ + Z °f agor) fr(aor) = 0, (94)

+ —
RJ RJ

where deOf is the value of f at degree of freedom dof in cell j computed with some arbitrary reconstruction
step (which can be of order one, that is to say : def fj), and :

= {dof, < of ager) > 0}, = = {dof, ( of ager) < 0},

and for a given dof :

1 ~
<ad0f7 C?Of> fdefa (95)
5 e G 2=

dof

Jr(dot) =

with :

I dof — = {i, (adof, C?Of> > 0}, Id_of = {4, (adof, é?0f> < 0}.
Remark 8. In a 1D framework, the scheme (94) reduces to the classical 1D upwind scheme.

Proposition 8.1. The scheme is conservative :

S8 ] =0 (96)
j*

Proof. Denoting by e the sum over all the cells of the mesh, and ), ;, the sum over all the degrees of
freedom of the mesh, on can write, up to the boundary terms :

O | D IG1L | =D D (aaes, C°F) d0f+z ador, 1) fr(dot)

J* J* | RY
i
~d f d f
= E E <ad0f,Ci° o+ g 5 adof; fk(dof)
+
dofx* I, dofx Ioos
~dof\ pdof ~dof
=3 ) (aaor, CIN T+ Fridon (@aor, Y CFF).
dofx 1+ dofx I~
dof dof

Moreover, according to equation (10) :

Z Cdof + Z Cdof Z Cdof
dof

dof

thus, thanks to (95) :

Jr(dof) (Adof, Z C) = — fr(dof) (Adofs Z Ciofy = — Z(adof, Clofy piof, (97)
Id_of I(;Fof I;of
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Therefore, summing equation (97) over all degrees of freedom leads to equation (96).
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