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Constrained systems in fluid mechanics

partially free surface flows: flows in closed channels, floating structures, etc.

mixtures

→ existence of a max. constraint (height of the flow, volume fraction, etc) ρ ≤ ρ∗

typical system
∂tρ+ div (ρu) = 0

∂t(ρu) + div (ρu ⊗ u) +∇p = 0

0 ≤ ρ ≤ ρ∗, (ρ∗ − ρ)p = 0, p ≥ 0

in the following: d = 1, ρ∗ = 1

two-phase flow

pressureless equations in the free domain

div u ≥ 0 on ρ = ρ∗

activation of the pressure p on ρ = ρ∗

Lagrange multiplier associated to the constraint
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Modelling of immersed granular flows

mixture: solids particles / liquid

I volume fraction of grains

constitutive laws in the congested zones ?

I 1d model with memory effects proposed by Lefebvre-Lepot & Maury (2012)
∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu2) + ∂xp = ρf

∂tγ + u ∂xγ = −p
0 ≤ ρ ≤ 1, (1− ρ) γ = 0, γ ≤ 0
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Memory effects, case of a single particle (Maury, 2007)

vanishing liquid viscosity ν = ε

q̈ε+ε
q̇ε
qε

= f

ε→ 0
ε ln qε⇀γ

y
 q̇ + γ = u0 +

∫ t

0

f (s)ds

γ ≤ 0, q ≥ 0, qγ = 0
⇐⇒



q̈ − µ = f

γ̇ = −µ
spt(µ) ∈ {t, q(t) = 0}
q̇(t+) = PCq,γ q̇(t−)

γ ≤ 0, q ≥ 0
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Macroscopic models

Lefebvre-Lepot, Maury (2012): Micro. variable q → Macro. variable 1− ρ

suspension

compressible with
singular viscosity

∂tρε + ∂x(ρεuε) = 0

∂t(ρεuε) + ∂x(ρεu
2
ε)

− ∂x (λε(ρε)∂xuε) = ρf

λε(ρε) =
ε

1− ρε

FORMAL−→
ε→0

granular

two-phase flow with
adhesion potential

∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu2) + ∂xp = ρf

∂tγ + u ∂xγ = −p
0 ≤ ρ ≤ 1, (1− ρ)γ = 0, γ ≤ 0

Issue: existence of solutions to the granular model

Plan of the talk:

1 Lagrangian approach to pressureless gas equations

2 addition of the maximal density constraint

3 granular system with memory effects
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Lagrangian approach to pressureless gas eq.

{
∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu2) = 0

Bouchut (1994)

concentration phenomena on the density

some references:

I approx. by sticky particles: Brenier, Grenier (1998), Natile, Savaré (2009)

I viscous regularization: Sobolevskii (1997), Boudin (2000)

I hydrodynamical limit: Jabin, Rey (2016)
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Lagrangian approach to pressureless gas eq.

{
∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu2) = 0

Bouchut (1994)

concentration phenomena on the density

some references:

I approx. by sticky particles: Brenier, Grenier (1998), Natile, Savaré (2009)

→ Lagrangian point of view via the monotone rearrangement

I viscous regularization: Sobolevskii (1997), Boudin (2000)

I hydrodynamical limit: Jabin, Rey (2016)
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Dynamics of sticky particles

N particles Pi = (mi , xi , ui ) such that
N∑
i=1

mi = 1, x1 < x2 < · · · < xN

free motion ...
xi (t) = xi (0) + tui (0), ui (t) = ui (0)

... until the first time of collision t1 when xj(t1) = xj+1(t1) = · · · = xk(t1)

particles Pj ,Pj+1, . . . ,Pk form a new particle P with

I mass m = mj + · · ·+ mk

I velocity u =
mjuj(t

1) + mj+1uj+1(t1) + · · ·+ mkuk(t1)

m

then P evolves freely with velocity u until the next collision

measure description: ρt =

N(t)∑
i=1

miδxi (t), (ρu)t =

N(t)∑
i=1

miuiδxi (t) satisfy

{
∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu2) = 0
in D′
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Lagrangian representation of the sticky particles dynamics

use of the monotone rearrangement Xρ : (0, 1)→ R
(pseudo inverse of the cumulative distributive function)

Xρ(w) := inf
{

x ∈ R, ρ((−∞, x ]) > w
}

→ Xρ is nondecreasing and right-continuous

it pushes the Lebesgue measure on (0, 1) onto ρ

ρ = (Xρ)#L1
|(0,1) i.e.∫

R
ϕ(x)dρ(x) =

∫ 1

0

ϕ(Xρ(w))dw

ρt ∈ P2(R)←→ Xt ∈ K

K = cone of non-decreasing
functions of L2(0, 1)

ρ = 0.5 δ{−0.5} + 0.2 δ{0.5} + 0.3 δ{1}
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velocity Ut = ut ◦ Xt ∈ HXt , HXt =
{

U = u ◦ Xt for some u ∈ L2
ρt (R)

}
→ Ut is constant where Xt is constant

Property of sticky particles HXt ⊂ HXs , Ut = PHXt
(Us) ∀ s ≤ t

Lagrangian representation

The sticky particles system satisfies Xt = PK (X0 + tU0)

X0 + tU0 corresponds to

the ”collision free” motion

ref: Natile, Savaré (2009)

two other Lagr. characterizations

(differential inclusions) are derived
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Direct construction of weak sol. to the pressureless eq.

definition of the transport Xt := PK (X0 + tU0)

=⇒ t 7→ Xt is Lipschitz continuous

=⇒ definition of the Lagrangian velocity Ut :=
d

dt
Xt a.e. t

proof of
Ut = PHXt

(U0) a.e. t

→ Ut is constant where Xt is constant

→ ∃ ut ∈ L2
ρt such that Ut = ut ◦ Xt

the Eulerian variables satisfy the weak formulation of the pressureless system

Remark: one does not use the sticky properties
(HXt ⊂ HXs , Ut = PHXt

(Us) ∀s ≤ t)

ref: Cavalletti, Sedjro, Westdickenberg (2015)
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Constrained pressureless system


∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu2) + ∂xp = 0

0 ≤ ρ ≤ 1, (1− ρ)p = 0, p ≥ 0

Bouchut, Brenier, Cortes, Ripoll (2000)

no more concentration phenomena

some references

I theoretical existence results: Berthelin in 1d (2002), multi-d (2016)

I numerical studies: Degond, Hua, Navoret (2011), Preux (2016)
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Max. density constraint from the transport point of view

ρt := (Xt)#L1
|(0,1)

Proposition ρt � L1 if and only if ∂wXt > 0 a.e. on (0, 1) and in this case

ρt(Xt(w)) =
1

∂wXt(w)
a.e. on (0, 1)

Consequence ρt ≤ 1⇐⇒ Xt ∈ K̃ = K + id

K̃ is a convex subset of L2(0, 1)

in the following Xt = St + id, St ∈ K

Congested domain Ωt =
{

w ∈ (0, 1), St is constant on a neighborhood of w
}
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Sticky blocks

particles Pi = (mi , xi , ui ) → blocks Bi = (`i , xi , ui )

sticky dynamics → HSt ⊂ HSτ ∀ τ ≤ t

property of the Lagrangian velocity Ut = PHSt
(Uτ ) ∀ τ ≤ t

Lagrangian representation

The sticky blocks system satisfies Xt = PK̃ (X0 + tU0)
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Resulting pressure

define Γt such that ∂wΓt := Ut − U0 = PHSt
(U0)− U0

properties: spt Γt ⊂ Ωt , Γt ≤ 0

define Pt := − d

dt
Γt in D′ → sptPt ⊂ Ωt

sticky property Ut = PHSt
(Uτ ) ∀ τ ≤ t → Pt ≥ 0

the associated Eulerian variables: γt = Γt ◦ X−1t , pt = Pt ◦ X−1t satisfy in D′

∂tγ + u∂xγ = −p on {ρ = 1}
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Theorem (Perrin, Westdickenberg)

Let ρ0 ∈ P2(R) with ρ0 ≤ 1 a.e., u0 ∈ L2
ρ0(R), there exists a global weak sol. to

∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu2) + ∂xp = 0

0 ≤ ρ ≤ 1, p ≥ 0, spt p ⊂ {ρ = 1}

remark: Berthelin’s hypothesis ρ0 ∈ L1(R), 0 ≤ ρ0 ≤ 1, u0 ∈ L∞(R).

Charlotte Perrin (RWTH Aachen) Les Houches August 2017



Granular system with memory effects



∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu2) + ∂xp = ρf

∂tγ + u ∂xγ = −p
0 ≤ ρ ≤ 1

(1− ρ)γ = 0, γ ≤ 0

no sticky dynamics due to the external force f

no sign on the pressure p

introduction of system by Lefebvre, Maury (2012) but no existence result

similar system with additional viscosity: C.P. (2016)

I weak solutions obtained by a singular limit from compressible NS eq.

Strategy: construct directly weak sol. without any discrete approximation
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Definition of the transport

set of admissible transports

maximal density constraint ρt ≤ 1 =⇒ Xt = St + id ∈ K̃ , St ∈ K

free trajectory and effective transport

I free velocity U free
t = U0 +

∫ t

0

f (s,Xs)ds

I associated free trajectory X0 +

∫ t

0

U free
s ds

we would like to define Xt = PK̃

(
X0 +

∫ t

0

U free
s ds

)
→ conditions on f to ensure the existence and uniqueness of Xt ∀t
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Velocity and adhesion potential in Lagrangian coordinates

t 7→ Xt is Lipschitz continuous

definition of the Lagrangian velocity Ut :=
d

dt
Xt a.a. t

=⇒ Ut = PHSt
(U free

t ) where HSt := {u ◦ St , u ∈ L2
ρt}

adhesion potential

∂wΓt := Ut − U free
t + ∂wΓ0{

spt Γ0 ∈ Ω0

Γ0 ≤ 0
=⇒

{
spt Γt ∈ Ωt

Γt ≤ 0
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Reformulation of the granular system

we remove the pressure from the eq. by use of the effective velocity v = u − ∂xγ


∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu2) + ∂xp = ρf

∂tγ + u∂xγ = −p

0 ≤ ρ ≤ 1, (1− ρ)γ = 0, γ ≤ 0

→


∂tρ+ ∂x(ρu) = 0

∂t(ρv) + ∂x(ρuv) = ρf

v = u − ∂xγ
0 ≤ ρ ≤ 1, (1− ρ)γ = 0, γ ≤ 0
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Theorem (Perrin, Westdickenberg (ArXiv))

Assume that

f ∈ L∞(0,T ;Lip ∩ L∞(R))

ρ0 ∈ P2(R) with ρ0 ≤ 1 a.e.

(u0, γ0) ∈ L2
ρ0(R)×W 1,2(R) with (1− ρ0)γ0 = 0, γ0 ≤ 0 a.e.

Let X0 be such that ρ0 = (X0)#L1
(0,1) and U0 := u0 ◦ X0, Γ0 := γ0 ◦ X0.

One can then define

U free
τ := U0 +

∫ τ

0

f (s,Xs)ds, Xt := PK̃

(
X0 +

∫ t

0

U free
τ dτ

)
∀ t

Ut :=
d

dt
Xt , ∂wΓt := Ut − U free

t + ∂wΓ0 a.e. t

and the associated family of Eulerian variables (ρt , ut , γt) is a weak solution of
∂tρ+ ∂x(ρu) = 0

∂t
(
ρ (u − ∂xγ)

)
+ ∂x

(
ρu (u − ∂xγ)

)
= ρf

0 ≤ ρ ≤ 1, (1− ρ)γ = 0, γ ≤ 0
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Numerical simulation

→ minimization at each time step of
∥∥X0 +

∫ th
0

U free
s ds − X

∥∥2
2

under the constraint X − id ∈ K

→ Python software for convex optimization CVXOPT
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Conclusion

Lagrangian approach

I Euler under max. constraint → improvement of the existing theoretical result

I system with memory effects → first existence result

I easy implementation

direct extension to the heterogeneous case ρ ≤ ρ∗(t, x) with

∂tρ
∗ + u∂xρ

∗ = 0
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