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—— Abstract

In this paper, we mainly study error bounds for a single convex inequality and semi-infinite convex constraint systems,
and give characterizations of stability of error bounds via directional derivatives. For a single convex inequality, it is
proved that the stability of local error bounds under small perturbations is essentially equivalent to the non-zero
minimum of the directional derivative at a reference point over the unit sphere, and the stability of global error bounds is
proved to be equivalent to the strictly positive infimum of the directional derivatives, at all points in the boundary of the
solution set, over the unit sphere as well as some mild constraint qualification. When these results are applied to
semi-infinite convex constraint systems, characterizations of stability of local and global error bounds under small
perturbations are also provided. In particular such stability of error bounds is proved to only require that all component
functions in semi-infinite convex constraint systems have the same linear perturbation. Our work demonstrates that
verifying the stability of error bounds for convex inequality constraint systems is, to some degree, equivalent to solving
convex minimization problems (defined by directional derivatives) over the unit sphere.

Keywords Local and global error bounds, Stability, Convex inequality, Semi-infinite convex constraint systems,
Directional derivative.
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1 Introduction

Our main goal in this paper is to study error bounds of a single convex inequality and semi-infinite convex con-
straint systems and to provide characterizations of stability of local and global error bounds under perturbations.
Theory of error bounds can be traced back to the pioneering work by Hoffman [22] for systems of affine functions
in which it has been proved that for a given matrix A and a vector b, the distance from x to the polyhedral set
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{u: Au < b} is bounded above by some scalar constant (depending on A only) times the norm of the residual
error ||(Axz — b)4 ||, where for any vector z, (z)+ denotes the positive part of z.

Hoffman’s result was extensively and intensively studied by Robinson [48], Mangasarian [40], Auslender and
Crouzeix [2], Pang [45], Lewis and Pang [36], Klatte and Li [30], Jourani [29], and there have been important
developments of various aspects of error bounds for convex and nonconvex functions in recent years. We refer the
readers to bibliographies [3, 4, 6, 9, 14, 15, 17, 18, 19, 23, 26, 34, 37, 42, 44, 46, 52, 54] and references therein
for the summary of the theory of error bounds and their various applications for more details.

Error bounds have been applied to the sensitivity analysis of linear programs (cf. [47, 49]) and to the
convergence analysis of descent methods for linearly constrained minimization (cf. [20, 21, 28, 38, 51]). In
addition, it is proved that error bounds play an important role in the feasibility problem of finding a point in the
intersection of a finite collection of closed convex sets (cf. [7, 8, 9]) and have an application in the domain of image
reconstruction (cf. [13]). Also, error bounds are extensively discussed in connection with weak sharp minima of
functions and metric regularity /subregularity as well as Aubin property/calmness of set-valued mappings (cf.
[1, 6, 10, 11, 12, 19, 24, 25, 31, 32, 48, 57, 58] and references therein).

Since real-world problems typically have inaccurate data, it is of practical and theoretical interest to know
the behavior of error bounds under data perturbations. For systems of linear inequalities, this question has
been studied by Luo and Tseng [39] and Azé and Corvellec [5]. Subsequently Deng [16] studied systems of a
finite number of convex inequalities. In 2005, Zheng and Ng [56] considered the stability of error bounds for
systems of conic linear inequalities in a general Banach space. In 2010, Ngai, Kruger and Théra [43] studied
the stability of error bounds for semi-infinite convex constraint systems in a Euclidean space and established
subdifferential characterizations of the stability under small perturbations. The infinite dimensional extensions
were considered by Kruger, Ngai and Théra in [33]. In 2012, by relaxing the convexity assumption, Zheng and
Wei [59] discussed the stability of error bounds for quasi-subsmooth (not necessarily convex) inequalities in a
general Banach space and provided Clarke subdifferential characterizations of the stability of error bounds. In
2018, Kruger, Lépez and Théra [35] extended the development in [33, 43] and characterized the stability of error
bounds for convex inequalities in the Banach space setting. From the viewpoint of infinite dimensional Banach
spaces, results on the stability of error bounds in [33, 35, 43, 59] are dual conditions, and it is a pretty natural
idea to study this issue not involving the dual space since information on the dual space may be missing. Inspired
by this observation, we study characterizations of the stability of local and global error bounds of a single convex
inequality and semi-infinite convex constraint systems via directional derivatives. For a single convex inequality,
we prove that the stability of local error bounds under small perturbations holds if and only if the minimum of
the directional derivative at a reference point over the unit sphere is non-zero, and the stability of global error
bounds is proved to be equivalent to the strictly positive infimum of the directional derivatives, at all points
in the boundary of the solution set over the unit sphere, as well as some mild constraint qualification. When
these results are applied to semi-infinite convex constraint systems, characterizations of the stability of local and
global error bounds under small perturbations are also provided. Particularly such stability of error bounds is
proved to only require that all component functions in semi-infinite convex constraint systems have the same
linear perturbation. Our work demonstrates that verifying the stability of error bounds for convex inequality
constraint systems is, to some degree, equivalent to solving optimization/minimization problems (defined by
directional derivatives) over the unit sphere.

The paper is organized as follows. In Section 2, we give some definitions and preliminary results. Section 3
is devoted to the study of the stability of error bounds for a single convex inequality. In terms of directional
derivatives, we provide characterizations of local and global error bounds for a single convex inequality under
small perturbations (see Theorem 6 and Theorem 11). When these results are applied in Section 4 to semi-infinite
convex constraint systems, stability of local and global error bounds can be obtained (see Theorem 14 and
Theorem 16). Conclusions of this paper are given in Section 5.

2| Preliminaries

In what follows we consider the Euclidean space R™ equipped with the norm || - || := y/(-,-). We denote by
B™ the closed unit ball of R™ and following the standard notation by T'g(R™) the set of extended-real-valued
lower semicontinuous convex functions f : R™ — R U {400} which are supposed to be proper, that is such that
dom(f) :={z € R™: f(x) < 400} is nonempty.
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For a subset D of R™, we denote by d(x, D) the distance from z to D which is defined by
d(z, D) := inf{||z —y|| : y € D},

where we use the convention inf ) = +o0o. We denote by bdry(D) and int(D) the boundary and the interior of
D, respectively.

Let f € To(R™) and z € dom(f). For any h € R™, we recall that the directional derivative f'(Z,h) of f at T
along the direction h is defined as

(@ h) = lim LEFN ZJ@

t—0+ t

(1)

It is known from [50] that the function
L IGE ) — (@)

is nonincreasing as ¢t — 0% and thus

) — g FEE )~ 1(E)

t>0 t

We denote by df(z) the subdifferential of f at  which is defined by
of(z) :={a* e R : (", v — z) < f(x) — f(z) for all z € R™}.
It is known from [41, 50] that
Of (@) ={z* e R™: (z*, h) < f'(z,h) for all h € R} (3)
and if f is continuous at , one has
f(z,h) = max{(z*, h) : 2" € Of(T)}. (4)
We conclude this section with the following lemma which is used in our analysis.
Lemma 1. Let f € T'o(R™) and & € dom(f) be such that infy, = f'(Z,h) < 0. Then

— inf f'(z,h) = d(0,0f(z)). (5)

llAll=1

Proof. We denote « := inf |, =1 f'(z,h).

If &« = —o0, then one has df(Z) = 0 by (3) and thus (5) holds.

Next, we consider the case a > —oo. Note that o < 0 and thus 0 € df(z). Let r := d(0,0f(z)). For any
e > 0, we can select u’ € (r +¢)B™ N Jf(z). Then for any h € R™ with ||h|| =1, one has

fi(@,h) = (uZ,h) = —(r+¢)

and consequently
inf f'(z,h) > —(r+e).

By letting ¢ — 0T, it follows that d(0,0f(z)) > —a.
Suppose now that d(0,9f(x)) > —a > 0. Then Z is not a global minimizer of f. We claim that there exists
y € R™ such that

fly) = f(@) <ally -z (6)
Indeed, suppose on the contrary that
f(@) = f(z) - allz — 2] = 0, vz € R™.
This implies that

(7) = min (),
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where p(z) := f(x) — f(Z) — afjr — Z|| and thus 0 € J¢(Z). Then according to the subdifferential sum rule
formula, there exist * € df(Z) and u* € Bgm such that

" —au® =0.
This yields d(0,0f(Z)) < ||z*|| = —a, a contradiction with d(0,0f(Z)) > —a.
Using the convexity of f, when ¢ > 0 is sufficiently small, one has
T =T\ _ (g _
f<f”+t\|y—f|\) f(@) W) - f@)
t — ly—2

Pla =) <a
Iy =2l

which contradicts the assumption d(0,0f(Z)) > —« > 0. This means that (5) holds. The proof is complete. <«

<

and thus

» Remark 2. Note that Lemma 1 follows also from Zalinescu [54, Proposition 3.2] or [55, Proposition 3.10.5.].

3 Stability of Error Bounds for a Single Convex Inequality

In this section, we mainly study the local and global error bounds for a single convex inequality, and provide
characterizations of stability (in terms of directional derivatives) of error bounds. We first recall the definition of
error bounds for a single convex inequality.

For a given f € T'o(R™), we consider the set of solutions of a single convex inequality:

Spi={z eR™: f(z) <0} (7)

Recall that convex inequality (7) is said to have a global error bound if there exists a constant 7 € (0, 400) such
that

d(x, 8p) < 7l (@)]s Vo R, ®)
where [f(z)]+ := max{f(z),0}. We denote by Tmin(f) := inf{7 > 0: (8) holds} the global error bound modulus
of Sf.

For z € bdry(Sf), convex inequality (7) is said to have a local error bound at z if there exist constants
7,6 € (0,4+00) such that

d(, Sy) < Tlf(@))s Ve € B(z,0). ©)
We denote by Timin(f,Z) := inf{7 > 0: there exists § > 0 such that (9) holds} the local error bound modulus of
Sy at .

The following theorem gives characterizations of global and local error bounds. We refer the readers to [5] for
more details. This result is needed in the sequel.

Theorem 3. Let f € T'o(R™). Then
(i) Sy has a global error bound if and only if

n(f) :=inf{d(0,0f(z)) : € R™, f(x) > 0} > 0.
More precisely, Twmin(f) = [n(f)] 7.
(ii) Sy has a local error bound at & € bdry(Sy) if and only if

n(f,Z):= liminf d(0,0f(z)) > 0.
z—Z,f(2)>0

More precisely, Tmin(f,Z) = [n(f,z)]71.
(iii) The following equality holds:

Tmin(f) = SUp  Tmin(f, Z)
z€bdrySy

For a mapping ¢ : X — Y between two normed linear spaces X,Y, we denote by Lip(¢) the Lipschitz
constant which is defined by
. o(u) — p(v
L) wp 16 =60

u,vEX, uFEv HU_UH
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3.1 Stability of Local Error bounds

In this subsection, we mainly study local error bounds for a single convex inequality and aim to provide equivalent
criterion for the stability of local error bounds for convex inequality (7). We first give a sufficient condition for
the local error bound of convex inequality (7).

Proposition 4. Let f € I'o(R™) and & € Sy such that infy, =1 f'(Z,h) # 0. Then convex inequality (7) has a
local error bound at x and moreover

1
Tmin(f,Z) < 77—y (10)
inf f'(z,h
IRll=1 f@h)
Proof. Let B(f,z) := inf)p =1 f'(Z,h). Suppose that 3(f,z) > 0. Then for any x # z, by (2), one can verify
that

f@ - 1@ = (@ le-alp i) - @
e DL
> BBl — 7] 2 B D, Sy).

This means that T (f,Z) < [B(f,2)] 7
Suppose that S(f,z) < 0. Then Lemma 1 implies that d(0,0f(z)) = —B(f,z) and by virtue of Theorem 3,

one has 1
T f, x S e —
VD= 555
Hence (10) holds. The proof is complete. <

» Remark 5. Close analysis of the proof of Proposition 3 shows that the solution set Sy will reduce to the
singleton {z} if inf) =, f'(2,h) > 0 and f(Z) = 0, which means that Z is the sharp (or strong) minimizer of
f. Further, it should be noted that the condition inf|, -, f'(Z,h) # 0 is only sufficient for the existence of
a local error bound of (7). Indeed, let f(x) = 0 for all € R. Then Sy = R has a global error bound, while
ianhH:l f/<.’f, h) =0 for all x € R. ([l

The following theorem shows that the condition inf), =, f'(#,h) # 0 can be used to give characterizations
of stability of the local error bound for the convex inequality (7). For the sake of completeness, we provide a
self-contained proof of this theorem.

Theorem 6. Let f € T'o(R™) and & € R™ be such that f(z) = 0. Then the following statements are equivalent:
(i) infyp=1 f'(Z, h) # 0;
(ii) There exist constants c,e > 0 such that for all g € T'o(R™) satisfying & € Sy and

s @) = 0(2) = (/@) = 9(@))

27 o — x|

<kg, (11)
one has Tmin(g, %) < ¢;

iii ere exist constants c,e > 0 such that for all u* € with [|u*]] <1, one has Tmin(gu+e, ) < ¢, where

iii) Th jst tant 0 such that Hu* e R™ with ||u*|| <1 h &) < h
gu e (x) = f(z) +e(u*,z — T) for all x € R™.

Proof. Let (f,z) := infl\h\l:l 'z, h).
(i) = (ii): Take any € > 0 such that € < |3(f, )| and let ¢ := (|3(f,z)| —)~!. For any g € I'o(R™) such that
z € S, and (11) holds. If B(f,z) > 0, then for any h € R™, one has

g/(i‘vh’) Z f/(‘i‘ah) — &,
and thus
inf ¢ (z,h) > inf f'(z,h) —c> ,T) — €.
nt @) it (@R -2 6(1.5)

This and Proposition 3 imply that mmin(g,2) < [B(f,Z) —¢] L =c.
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If B(f,z) < 0, then for any h € R™, one has
g (z,h) < f'(z,h)+e,
and thus
H}iﬂilg'(i% h) < Hlizﬂil f'(@,h)+e <B(f,Z)+e.

By using Proposition 3 again, one yields that Tmin(g,7) < [-B(f,Z) — €] ™! = c. Hence (ii) holds.
Note that the implication (ii) = (iii) is clear and it remains to prove (iii) = (i).
Let € > 0. Suppose on the contrary that there exists a sequence {hy} in R™ with ||hg|| = 1 such that

Qg = f/(i‘,hk) — 0.

Without loss of generality, we can assume that |ag| < ¢ for all k (considering sufficiently large k if necessary)
and consider the function g.(z) := f(x) + e(hg,x — ) for all z € R™. From S(f,z) = 0, one can verify that
f(x) > f(z) for any x # . By the definition of directional derivative, there exists a sequence {dx} decreasing to
0 such that

F(@ +0phi) < f(2) + (e + ar)op = inf f(z) + (€ + ar)d. (12)

By virtue of the Ekeland variational principle, we can select zj, € R™ such that ||z, — (z + dphy)|| < %, f(z1) <
f(Z + dihy) and

f@) +2(e+ap)lle — 2l > fzk), Vo # 2. (13)
This implies that zp — Z, g-(Z) = f(&) =0 and

9e(zr) = fl2x) +ehi, 26 — T)
f(@) +elhg, zx — T)
E<hk, Zl — xr — 6khk> + 55]@

Y

V

1 1
O0p — —€0 = —€6 .
EO0k 25k 25k>0
We claim that

inf ¢’ . 14
”}111”1:1g5(2k,h) <0 (14)

(Otherwise, inf| =1 gZ(zx, h) > 0 and then one has g.(zx) = inferm g-(2), which contradicts g.(z) = 0).
For any h € R™ with ||h|| =1 and any ¢ > 0, by (13), one has
9e (26 +th) — ge(zk) _ flze +th) — f(zr)

. = . + e(hi, h) > =2(e + au)||h]| — e = —be

and consequently

0> inf ¢ h) > —be.
_Wlllﬂl:lga(Zk, ) > —b5e

1
5e?

arbitrary. The proof is complete. <

Thanks to Lemma 1 and Proposition 3, one can obtain that 7imin(ge, T) > which contradicts (iii) as € is

» Remark 7. (a) From [35, 43], the condition (11) means that g is an e-perturbation of f near Z, and the
condition inf|, =1 f'(Z,h) # 0 is proved to be equivalent to the stability of this e-perturbation of local error
bounds. Further, it has been shown in Theorem 6 that the stability of such e-perturbation is essentially equivalent
to that of e-linear perturbation.

(b) Theorem 6 can be regarded as the equivalent version of [43, Theorem 2] since one can prove that

BE (@) 704 0 ¢ bary (0 ().
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Indeed, suppose that 0 & bdry(9f(Z)). For the case that 0 € int(df(z)), there is r > 0 such that ¥B™ C 9f(x).
This and (4) imply that

inf f'(z,h) >r>0.
th:lf( )

For the case that 0 € Jf(Z), by the separation theorem, there exists hy € R™ with ||hg|| = 1 such that
0 > sup{(z*, ho) : 2* € 0f(Z)} = f'(Z, ho)
and consequently

[t (@) < f(@ o) <0

On the other hand, if 0 € bdry(df(z)), then infy, =, f'(Z,h) > 0 and for any ¢ > 0, we can select
uf € eB™\0f(Z) and z. # T such that

<UZ,$5 - j> > f(xs) - f(‘/f)
By (2), for any t € (0, 1), one has
f@ 4+t — 7)) - f(@)

< flxe) = f(7) < (ug, 2. —7)

t
and thus B B
Pl Y <, B Y 2
lze — 2| °lze — 2
This means that infy, = f'(Z,h) < e — 0T and so inf), =1 f'(Z,h) = 0. O

3.2 Stability of Global Error Bounds

This subsection is devoted to the study of stability of global error bounds for a single convex inequality, and the
aim is to give sufficient and/or necessary conditions for the stability via directional derivatives. The following
theorem gives a criterion for the stability of global error bounds.

Theorem 8. Let f € I'o(R™) be such that bdry(Sy) C f~1(0). Consider the following statements:

(i) There exists T € (0,+00) such that

inf{‘ Hliﬂlil f(z,h)| 7€ bdry(S’f)} > T. (15)

(ii) There exist constants c,e € (0,400) such that for all g € To(R™) satisfying
SpC Sy and Lip(f—g) <e, (16)

one has Tmin(g) < c.
(iii) There exist constants ¢,e € (0,400) such that for all g € To(R™) satisfying

bdry(S;) Ng™(0) #0 and Lip(f —g) <&, (17)

one has Tmin(g) < c.
Then (iii) = (i)= (ii).
Proof. (i) =-(ii): If there is some & € bdry(Sy) such that infy, -, f'(Z, ) > 0, then the implication follows by
Remark 4 and the proof of Theorem 6.

We next consider the case inf), =1 f'(z,h) <0 for all & € bdry(Sy). By virtue of (15) and Theorem 3, one
can verify that S; has a global error bound with the constant %; that is,

1

d(z, Sp) < —[f(@)]y, VoeR™ (18)

Take any ¢ € (0, 7). Suppose that g € I'o(R™) satisfies (16). Let € R™ be such that g(x) > 0. Then f(z) >0
as Sy € S,y. We claim that

nf P@h) < -, (19)
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Granting this, by Lip(f — ¢) < € in (16), one can prove that

inf ¢'(z,h) < inf f(z,h)+e< —(1—¢).
”huzlg( ) Hh\lzlf( ) ( )

This and Theorem 3 imply that 7,in(g) < (7 — )7L
We next prove the claim (19). Take z € bdry(Sy) such that ||z — z|| = d(z, Sy) and (18) implies that

f(x) = rd(z, Sp) = 7llw — ||
Then for any ¢ € (0,1), one has
flatt(z—a) <tf(z) + (1 —t)f(2)
and thus

flz+t(z —2)) - f(x)
t

< —f(2) < ~7lla - 2.

This means that
inf f'(z,h) < f’(x,ﬂ) <7

l[hll=1 |z — 2|

Hence (19) holds.
(iii) = (i): Suppose that there exists a sequence {x;} C bdry(Sf) such that

ap = H}ilﬂlfl f(xr,h) = 07 (as k — o).

Let € > 0 be arbitrary and k be sufficiently large such that

§04+E>0
gtk T 7

Note that for any x # xj, one has

f(@) — fax) _f(xk+||$_xk||'ﬁ)_f(xk) >f/(CL‘k T — Ty )>ak

o —axll [ — 2
and thus
f(@) — ol —ax = flax), VoeR™
Choose hy, € R™ with ||hg|| =1 such that
I (zg, hi) < ag + %
Then we can take r, — 07 (as k — 00) such that
[k +rrhi) < flzr) + (ak +€)ry.
This and (21) imply that
Flar +rihi) = aller +rohe —axll < inf (f(z) - arlle —2xl)) +ere.
Applying the Ekeland variational principle, we can select y, € R™ such that
Iy = (e + ki)l < 5 F () = awllye = all < Flan +rihe) = axr,
and
f(@) = ollw — will + 2el|lz — yrll > f(ye) — arllye — zell, Vo # g

This implies that
Tk Tk

e — x4l >1p = 5 = and lyr — wxll < 7r +

Tk_?)
2 2

(24)

(25)
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and thus yx # xp. Let us consider a function g. € To(R™) defined by
9e(x) := f(x) + e(hg, @ — xg) for all x € R™.
By virtue of (20), (21), (22) and (25), one has
9e(y) = fyr) + el yr — xk) = f(yk) + &by — (@k + rhr)) + €7
> ollye — mll — ellye — (@r + rrhe) | +eri

3 €
> ()ék‘ng+§T‘k>O.

If inf =1 92 (yx, h) > 0, then for any x # yx, one has

T — Yk . ’
9:(®) = 9e(yr) = 92 (yw, — ) lz =yl = inf gl(yx, h)llz — yx[ > 0.
6( ) 8( k) s( k ||-r_yk||)H kH HhH:l s( k )” k”
This and g.(yx) > 0 imply that S, = 0, and thus Ty,in(ge) = +00, which contradicts (iii).
Next, we consider the case inf|,=1 gL (yx, h) < 0. For any h € R™ with |||l = 1 and ¢ > 0, by (25), one has

9e(yr +th) —ge(yn)  _ flux +th) — fyr) + el )
t t ’
1
> g(akIka + th — x| — o llyr — zill = 2ellye + th — yill) + e (hi, h)
> aqp—2—¢

and consequently

0> H’ilﬂflg;(yk,h) > ap — 2 —e > —de.

Thanks to Lemma 1 and Theorem 3, we obtain Tyin(ge) > ﬁ,

is complete. <

which contradicts (iii) as € is arbitrary. The proof

» Remark 9. (a) Compared with [43, Theorem 7] in which a subdifferential characterization of stability of global
error bounds was established with the aid of the so-called asymptotic qualification condition, Theorem 8 studies
the stability of global error bounds via directional derivatives without additional hypothesis. It is known from
Theorem 8 that the condition (15) is sufficient for the stability of global error bounds as said in (ii) of Theorem 8,
and is necessary for the stability as in (iii) of Theorem 8.

(b) It should be noted that the condition (15) is not sufficient for the stability of global error bounds as in
(iii) of Theorem 8, and the assumption Sy C S, for the stability as said in (ii) of Theorem 8 is crucial. To see
this, let us consider the following example:

Example 10.

Let f(z) :=e” — 1 for all x € R. Then Sy = (—o00,0], bdry(Sy) = {0} and [inf};,|=; f'(0, )| = 1 > 0. However,
for any e € (0,+00), let us consider the function g.(z) := f(z) — ex for all z € R. Then one can verify that g.
has two different zero points which are denoted by 1 :=z < 0 and z2 := 0 and S, = [Z,0]. Thus Sy Z S, and

for any x < Z, one has
d(l‘, Sgg) T—
= — — as xr — —00.
g: () e? —1l—ex ¢

This implies that
(9:) = ~
Tmin el )
Je o

and consequently the global stability (for f) as said in (iii) of Theorem 8 does not hold as & > 0 is arbitrary.

Further, a natural question arises from the above example:
Does there exist some type of stability of global error bounds that can be characterized by condition (15)7

We do not have an answer to this question. However, if the answer is affirmative, we conjecture that such global
stability should be strictly stronger than that of (ii) and weaker than that of (iii) in Theorem 8.

The following theorem gives characterizations of the stability of global error bounds for a convex inequality
as said in (iii) of Theorem 8.

Theorem 11. Let f € T'o(R™) be such that bdry(Sy) C f~1(0). Then the following statements are equivalent:
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(i) There exists T € (0,+00) such that (15) holds and the following qualification condition is satisfied:
(QC) For any sequence {zx} C Sp\bdry(Ss), one has

. . . /
l1kn_1>£f Hfllr\llilf (zk,h)| > 7 (26)

if there is a sequence {x} C bdry(Sy) satisfying limy_, % =0.
(ii) There exist constants ¢,e € (0,4+00) such that for all g € To(R™) satisfying (17), one has tmin(g) < ¢;
(iii) There exist constants c,e > 0 such that for any T € bdry(Sy) and u € R™ with ||u|| < 1, one has Tmin(gu.e) < ¢,
where gy« (z) = f(z) +e(u,x — ) for all x € R™.
Proof. (i) = (ii): Based on Remark 4 and the proof of Theorem 8, we only need to consider the case H}iLl"llf f(z,h) <
=1
0 for all z € bdry(Sy). We first prove the following claim:

Claim: There exists g > 0 such that for all xy € bdry(Sy), one has

inf{‘ ”}ill‘llflf/(zo,h)‘ 20 € R™, f(z0) = —€ol|20 — il?0||} > T (27)

Suppose on the contrary that there exist e, — 07, 2, € bdry(Sy) and z, € R™ such that

Flz) = —exllze — x| and ‘ ”}ilﬂflf’(zk,h)‘ <7 forall k. (28)
Then f(z,) <0 for all & (otherwise, similar to the proof of (19), one can prove that
| infyp)=1 f'(2k, h)| > 7, a contradiction). By (15), one has z; € Sf\bdry(Sy) and it follows from (28) that

flzk) = flze)  flzr) > ey

0> = >
2k — ol 2k — k|

This and the qualification condition in (i) imply that

liminf | inf f'(zx,h)| > T,
IR, S e ] > T
which contradicts (28). Hence the claim is proved. <
Let € > 0 be such that e < min{eg, 7}. Suppose that g € I'o(R™) satisfies (17). Take any Z € bdry(S;)Ng—*(0).
Then for any x € R™ with g(z) > 0, one has

f(@) = g(z) + (f(2) — 9(7)) — elle — z[| > —eljz — .

Using (27), one obtains

inf f'(xz,h) < —7
HhH:lf( )

and thus

inf ¢'(x,h) < inf f'(z,h)+e< —(7—¢).
HhH:lg( ) HhH:lf( ) (r—¢)

By virtue of Lemma 1 and Theorem 3 we derive the inequality Tmin(g) < =%

— 7—¢"
Note that (ii) = (iii) follows immediately and it remains to prove (iii) = (i).

Suppose on the contrary that (i) does not hold. Based on (iii) = (i) in Theorem 8, we only consider the case
that there exist z, € S¢\bdry(Sy) and zj, € bdry(Sy) such that

lim Fle) = Fw) 0 and ay:= inf f'(zx,h) = 0. (29)
koo ||z — mi| =1

Zk— Tk
[

necessary). Then ||hg|| = 1. Suppose that k is sufficiently large such that

Let £ > 0 be arbitrary. Without loss of generality, we can assume that — ho (considering subsequence if

ap+e>0 and M+a<ho,ﬂ>>0. (30)
2k — 2l |2k — @]
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Let us consider a function g, . € I'o(R™) defined by
Gho,e(x) == f(z) + e(ho, v — x) for all z € R™.
Then gn, . (21) = f(zx) + e(ho, 25 — ) > 0 by (30) and thus

0> inf g h) > inf f'(zk,h) —c=ap—¢e > —2e.
Hélulzlgho,s(zk, )_H;Lﬂ:lf(zk,) e=ap—¢€ 5

This together with Lemma 1 and Theorem 3 implies that Tmin(ghg.e) > 2%, which contradicts (iii) as € is arbitrary.

The proof is complete. <

» Remark 12. Note that condition (QC) in (26) is necessary for the stability of global error bounds. Consider
Example 9 given in Remark 8 again. Let f(z) := e® — 1 for all z € R. Then the stability of global error bounds
for f as said in (iii) of Theorem 8 does not hold. Further, for any z — —o0, one can verify that

\iizr\lffl f'(zk,h)| = e* — 0 as k — oo,

which means that (QC) (for f) in (26) fails.

4 Stability of error bounds for Semi-infinite Convex Constraint Systems

In this section, we study local and global error bounds for semi-infinite convex constraint systems, and mainly
provide characterizations of stability of error bounds by directional derivatives. We first recall the definition of
error bounds for semi-infinite convex constraint systems.

For semi-infinite convex constraint systems in R™, we mean the problem of finding z € R™ satisfying:

fi(z) <0 foralliel, (31)

where [ is a compact, possibly infinite, Hausdorff space, f; : R™ — R, € I, are given convex functions such that
i — fi(x) is continuous on I for each € R™. It is known from [50, Theorem 7.10] that in this case, (¢, z) — fi(z)
is continuous on I x R™.

Let F € C(I x R™ R) be defined by F(i,z) := f;(z) for all (i,2) € I x R™. We denote the solution set of
system (31) by

Sp={zxeR™: fi(x) <O0foralliel} (32)
For any = € R™, we set

f(z) :=max{fi(x): i €I} and If(z):={iel: fi(zx)= f(z)}. (33)
Recall that system (31) is said to have a global error bound if there exists a constant 7 € (0, +00) such that

d(z,Sp) < 7[f(z)]+ Yz € R™. (34)

We denote by Tmin(F) := inf{7 > 0: (34) holds} the global error bound modulus of Sg.
For Z € bdry(SF), system (31) is said to have a local error bound at Z if there exist constants 7,8 € (0, +00)
such that

d(x,Sp) < 7lf(2)]y Vo € B(Z,9). (35)

We denote by Tiin (F, ) := inf{7 > 0: there exists § > 0 such that (35) holds} the local error bound modulus
of Sp at T.

We first study stability of local error bounds for semi-infinite convex constraint system (31) and aim to
provide characterizations of the stability of local error bounds for system (31). To this aim, we need the following
proposition which is of independent interest.

Proposition 13. Let x € R™. Then for any h € R™, one has

f(x,h) = iér}?();) fi(z, h). (36)
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Proof. Let h € R™. Take any i € Iy(x). Then for any ¢t > 0, one has

Jile +th) = [i(w) _ f(z+th) — [(@)
t - t

and thus f/(z,h) < f/'(z,h). This implies that

f'(x,h) > max fl(x,h). (37)
i€ly(x)

By virtue of (4), one has
"(z,h) = max (z*,h),
f ( ) zeaf(m)< >

and thus there is z* € df(x) such that
f(z,h) = (2", h). (38)
Note that the subdifferential of the function f at a point € R™ is given by (see Ioffe & Tikhomirov [27])
of@)=co( |J 9fiw))
i€l (x)

where “co" denotes the convex hull of a set. Then by (38), there exist Ai,--- ,An >0, @1, -+ ,in € Iy(x) and
zf € 0fi (x),k=1,---, N such that

N N

Z)\k =1 and 2" = Zx\kzz

k=1 k=1

This and (38) imply that

2

N
Fl@h) = (2% h) =) Alzi h) <O Mfl, (x,h) < max _f/(z,h).
k=1

1 i€l (x)

Hence (36) follows from (37) and the above inequality. The proof is complete. <

The following theorem gives characterizations (by directional derivatives) of stability of local error bounds
for system (31).
Theorem 14. Let & € R™ be such that f(Z) = 0. Then the following statements are equivalent:
(i) infypy=1 f'(z, h) # 0.
(ii) There exist constants c,e > 0 such that if
G e C(I xR™ R),g;(z) :=G(i,x),g; is conver;
9(x) = maxier gi(), Iy(x) :={i € I : gi(z) = g(x)};
9(z) = 0;
Iy(z) C Iy(Z) whenever infy, -1 f'(z,h) < 0;
I;(2) C 1,(Z) whenever infj, =1 f'(Z,h) > 0;
lim sup [fi(z)—gi(x)=(fi(Z)—g:(Z))] <e, VielIpz)NI,(3),

b le—al]

then one has tmin(G, Z) < c.
(iii) There exist constants c,e > 0 such that for all u* € R™ with ||u*|| < 1, one has Tmin(G,Z) < ¢, where
G € C(I x R™ R) is defined by

G(i,z) == fi(x) +e(u*,x — ) for all (i,z) € I x R™. (39)
Proof. We set
B(f,2) = inf f'(z,h)

llAll=1
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(i) = (ii): Suppose that S(f,Z) > 0. Then one can verify that Sp = {Z} by Remark 4. Choose any ¢ € (0, 5(f, Z)).
Suppose that G, g; and g satisfy all conditions said in (ii). Then for any i € I;(Z) C I,(Z), one has

g;('jvh> > fl(fvh) — €

and it follows from Theorem 13 that

i 9@ = Inf | max gi@h) 2 Inf | max 6i(@h)
2 (Hfifulilz‘g}?();)f{(j’h)) — €
= L S @R —e
= B(f,z)—e>0
(thanks to If(z) C I4(Z)). Applying Proposition 3, we derive the inequality
_ _ 1
Tmin (G ) = Tmin (9, Z) < o=

Suppose that B(f,z) < 0. Choose any € > 0 such that 5(f,z) 4+ ¢ < 0. Then for any i € I,(z) C I;(Z), one has
gi(@,h) < fi(Z,h) + e
and it follows from Theorem 13 that
inf ¢ (z,h) = inf max ¢i(z,h) < inf max (f/(z,h)+¢
\|h|\=1g (& h) lIhll=1 Z'Elg(ﬂﬁ)g (@h) lhl[=1iely(Z) fi(@h) )

< inf (z,h)) +
< (. o)+
inf f'(z,h)+e¢
HhH:lf( )

= B(f,z)+e<0

(thanks to I,(z) C If(Z)). Applying Proposition 3 again, we obtain the inequality
1
o _ﬂ(,ﬂ .’1_3) —€ ‘

(ii) = (iii): The implication follows immediately as I¢(Z) = I,(z).
(iii) = (i): Let u* € R™ with |ju*|] <1 and G € C(I x R™,R) be defined as (39). Note that

Tmin(Ga "E) = Tmin(ga i')

gi(x) = G(i,z) = fi(x) + e(u*,z — T)

and thus
g(z) = max gi(z) = max(fi(z) + e(u”, x — 7)) = f(2) + (u”, 2 — 7).
This means that the implication follows from (iii) = (i) as in Theorem 6. The proof is complete. <

» Remark 15. (a) Theorem 14, given in terms of directional derivatives, can be regarded as an equivalent version
and a supplement of [43, Theorem 4] in which a subdifferential characterization of stability of local error bounds
for system (31) was established. Further, in contrast with [43, Theorem 4], the stability of local error bounds for
system (31) only requires that all component functions in system (31) have the same e-linear perturbation.

(b) It should be observed that the condition If(Z) C I,(Z) or I,(Z) C If(Z) in Theorem 14 is crucial. To see
this, we consider the following two examples:
A Let f; : R? = R be defined by fi(z) := |x;],i = 1,2 for all x = (w1,22) € R%, Z = (0,0), F := (f1, f2) and

fi=max{f1, fa}. Then

I+(z) ={1,2} and Hfilﬂ£1 f'(z,h) = g > 0.

However, for each € > 0, we define functions g1 ¢ and g2 by

G1.:(%) = 21| + €|2al, g2 (%) := |22| — &, for all x = (21,22) € RZ.
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We set Ge = (g1,e, 92,c) and g := max{g1¢, g2, }. Then one can verify that I,(z) = {1} and thus I;(z)
I,(Z). Note that
Sa. ={z} and Lip(fi —g1.) <e.
For any 6 € (0,e71), we set 25 :== (0,0) € R%. Then d(z25,Sc.) = 0 and g-(z5) = €8, which implies that
Tmin(Gsw'f) Z é
AN Let f1, foa : R?2 — R be defined by f1(x) := x1 and fi(z) = —x1 + |22 — 1 for all x = (z1,22) € R%, T = (0,0),
F :=(f1, f2) and f := max{f1, fo}. Then

Ij@) = {1} and inf [(20)= inf iR =1 <0,

However, for each € > 0, we define functions g1 . and g2 as
G1.:(7) i= 21 +e|zal, gac () := —21 + elza|, for all x = (z1,29) € R?.

We set G: := (g1,6,92,) and g := max{gi, g2} Then one can verify that I,(Z) = {1,2} and thus
I,(z) € If(x). Note that
Sa. ={z} and Lip(fi —g1.) <e.

For any 6 € (0,e71), set 25 := (0,0) € R%. Then d(z5,5c.) = § and g-(25) = €0. This means that

Tmin(G‘mi') Z 5_1-

We now turn our attention to the stability of global error bounds for semi-infinite constraint system (31)
and mainly give equivalent criterion for such stability. Based on Theorem 11, the following theorem establishes
equivalent conditions for the stability of global error bounds for the system (31).

Theorem 16. The following statements are equivalent:
(i) There exists T € (0,+00) such that

inf{‘ inf f'(z,h)|: 7 e bdry(Sf)} > 7, (40)

lIAll=1

and (QC) as in Theorem 11 is satisfied.
(ii) There exist constants c,e > 0 such that if

G, gi(z),9(x) and I,(x) as said in (it) of Theorem 18;
{z € bdry(Sy) : fi(z) = gi(2) for all i € I} # 0;
sup;er Lip(fi — g:i) <&

I¢(x) whenever infp =y f'(x,h) < 0;

I4(z) whenever infy, =1 f'(z,h) >0,

Ig(x) -
Iy(z) C

then one has Tmin(G) < c.
(iii) There exist constants c,e > 0 such that for all T € bdry(Sy) and u* € R™ with ||u*|| < 1, one has Tmin(G) < ¢,

where G € C(I x R™ R) is defined by
G(i,z) == fi(x) +e(u*,x — ) for all (i,z) € I x R™. (41)

Proof. (i)=-(ii): Thanks to Remark 4 and the proof of Theorem 13, we only need to consider the case
inf) =1 f'(2,h) < 0 for all # € bdry(Sy). By virtue of the claim given in the proof of Theorem 11, there
exists g9 > 0 such that for all zy € bdry(Sy), one has

inf{‘ WiLIHlil f(x,h)|:x e R™, f(x) > —egllx — xo||} > T (42)

Take any € > 0 such that ¢ < min{eg, 7}. Suppose that G, ¢g; and g satisfy all conditions said in (ii). Let z € R™
be such that g(z) > 0. We claim that

nf P@h) < -, (43)
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Granting this, one has

inf ¢'(z,h) = inf (‘max gé(a:,h)) < inf (max f{(x,h)—l—a)

Ihl=1 Ihl=1 \ €I, () Iall=1 \ i€l ()
< inf (x,h
- \|flf|\1:1<v:gfl?<)§c)f”(x ))+E
= inf f'(z,h)+¢
thzlf( )
< —(r—¢)

(thanks to sup;c; Lip(fi—g¢;) < € and I,(z) C I¢(x)). Applying Lemma 1 and Theorem 3, we derive the inequality
Tmin(G> < L

— T7—¢’

It remains to prove relation (43). For the case that f(z) > 0, similar to the proof of (19), one can verify that
(43) holds. Thus we only need to consider the case that f(x) < 0.

From the second condition in (ii), there is zy € bdry(Sy) such that f;(z9) = gi(20) for all ¢ € I. Then for any
i € I (x) C If(z), one has

fi(x) = gi(z) = (fi(20) = gi(20)) — ellz = 20| = g(2) — ellz = zol| > —¢|z — 20|

and thus f(x) > —eg||z — 20||. This and (42) imply that (43) holds.
(ii) = (iii): The implication follows immediately since I¢(x) = I4(x) for all x € R™.
(iii) = (i): Let € bdry(Sy), u* € R™ with [Ju*|| <1 and G € C(I x R™,R) be defined as (41). Note that

gi(x) =G(i,z) = fi(x) + eu*,z — T)
and consequently
9(z) = max gi(z) = max(fi(z) + e(u”, z — 7)) = f(z) + (v, 2 — 7).

Thus, the implication follows from (iii) = (i) as in Theorem 11. The proof is complete <

5 Conclusions

This paper is devoted to the study of the stability of local and global error bounds for convex inequality constraint
systems including a single convex inequality and semi-infinite convex constraint systems. The main results
provide characterizations (in terms of directional derivatives) of the stability of local and global error bounds for
a single convex inequality (see Theorem 6 and Theorem 11). When these results are applied to error bounds
for semi-infinite convex constraint systems, characterizations of the stability of local and global error bounds
are also established in terms of directional derivatives (see Theorem 14 and Theorem 16). These results show
that the stability of error bounds for convex inequality constraint systems can be equivalent to solving convex
optimization/minimization problems defined by directional derivatives on the unit sphere.
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