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——— Abstract

In this paper, we mainly study error bounds for a single convex inequality and semi-infinite convex constraint systems,
and give characterizations of stability of error bounds via directional derivatives. For a single convex inequality, it is
proved that the stability of local error bounds under small perturbations is essentially equivalent to the non-zero
minimun of the directional derivative at a reference point over the sphere, and the stability of global error bounds is
proved to be equivalent to the strictly positive infimum of the directional derivatives, at all points in the boundary of the
solution set, over the sphere as well as some mild constraint qualification. When these results are applied to semi-infinite
convex constraint systems, characterizations of stability of local and global error bounds under small perturbations are
also provided. In particular such stability of error bounds is proved to only require that all component functions in
semi-infinite convex constraint systems have the same linear perturbation. Our work demonstrates that verifying the
stability of error bounds for convex inequality constraint systems is, to some degree, equivalent to solving convex
minimization problems (defined by directional derivatives) over the sphere.

Keywords Local and global error bounds, Stability, Convex inequality, Semi-infinite convex constraint systems,
Directional derivative.
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1 Introduction

Our main goal in this paper is to study error bounds of a single convex inequality and semi-infinite convex con-
straint systems and to provide characterizations of stability of local and global error bounds under perturbations.
Theory of error bounds can be traced back to the pioneering work by Hoffman [22] for systems of affine functions
in which it has been proved that for a given matrix A and a vector b, the distance from x to the polyhedral set
{u : Au < b} is bounded above by some scalar constant (depending on A only) times the norm of the residual
error ||(Axz — b)4 ||, where for any vector z, () denotes the positive part of z.

Hoffman’s result was extensively and intensively studied by Robinson [48], Mangasarian [40], Auslender and
Crouzeix [2], Pang [44], Lewis and Pang [36], Klatte and Li [30], Jourani [29], and there have been important
developments of various aspects of error bounds for convex and nonconvex functions in recent years. We refer
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the readers to bibliographies [3, 4, 6, 9, 14, 15, 17, 18, 19, 23, 26, 34, 37, 41, 43, 45, 52] and references therein
for the summary of the theory of error bounds and their various applications for more details.

Error bounds have been applied to the sensitivity analysis of linear programs (cf. [47, 49]) and to the
convergence analysis of descent methods for linearly constrained minimization (cf. [20, 21, 28, 38, 51]). In
addition, it is proved that error bounds play an important role in the feasibility problem of finding a point in the
intersection of a finite collection of closed convex sets (cf. [7, 8, 9]) and have an application in the domain of image
reconstruction (cf. [13]). Also, error bounds are extensively discussed in connection with weak sharp minima of
functions and metric regularity /subregularity as well as Aubin property/calmness of set-valued mappings (cf.
[1, 6, 10, 11, 12, 19, 24, 25, 31, 32, 48, 55, 56] and references therein).

Since real-world problems typically have inaccurate data, it is of practical and theoretical interest to know
the behavior of error bounds under data perturbations. For systems of linear inequalities, this question has
been studied by Luo and Tseng [39] and Azé and Corvellec [5]. Subsequently Deng [16] studied systems of a
finite number of convex inequalities. In 2005, Zheng and Ng [54] considered the stability of error bounds for
systems of conic linear inequalities in a general Banach space. In 2010, Ngai, Kruger and Théra [42] studied
the stability of error bounds for semi-infinite convex constraint systems in a Euclidean space and established
subdifferential characterizations of the stability under small perturbations. The infinite dimensional extensions
were considered by Kruger, Ngai and Théra in [33]. In 2012, by relaxing the convexity assumption, Zheng and
Wei [57] discussed the stability of error bounds for quasi-subsmooth (not necessarily convex) inequalities in a
general Banach space and provided Clarke subdifferential characterizations of the stability of error bounds. In
2018, Kruger, Lépez and Théra [35] extended the development in [33, 42] and characterized the stability of
error bounds for convex inequalities in the Banach space setting. From the viewpoint of infinite dimensional
Banach spaces, results on the stability of error bounds in [33, 35, 42, 57] are dual conditions, and it is a pretty
natural idea to study this issue not involving the dual space since information on the dual space may be missing.
Inspired by this observation, we study characterizations of stability of local and global error bounds of a single
convex inequality and semi-infinite convex constraint systems via directional derivatives. For a single convex
inequality, we prove that the stability of local error bounds under small perturbations holds if and only if the
minimum of the directional derivative at a reference point over the sphere is non-zero, and the stability of global
error bounds is proved to be equivalent to the strictly positive infimum of the directional derivatives, at all
points in the boundary of the solution set, over the sphere as well as some mild constraint qualification. When
these results are applied to semi-infinite convex constraint systems, characterizations of the stability of local and
global error bounds under small perturbations are also provided. Particularly such stability of error bounds is
proved to only require that all component functions in semi-infinite convex constraint systems have the same
linear perturbation. Our work demonstrates that verifying the stability of error bounds for convex inequality
constraint systems is, to some degree, equivalent to solving optimization/minimization problems (defined by
directional derivatives) over the sphere.

The paper is organized as follows. In Section 2, we give some definitions and preliminary results. Section
3 is devoted to the study on stability of error bounds for a single convex inequality. In terms of directional
derivatives, we provide characterizations of local and global error bounds for a single convex inequality under
small perturbations(see Theorem 5 and Theorem 10). When these results are applied to the semi-infinite convex
constraint systems in Section 4, the stability of local and global error bounds can be obtained (see Theorem 13
and Theorem 15). Conclusions of this paper are given in Section 5.

2| Preliminaries

In what follows we consider the Euclidean space R™ equipped with the norm || - || := 1/(-,-). We denote by
B™ the closed unit ball of R™ and following the standard notation by T'g(R™) the set of extended-real-valued
lower semicontinuous convex functions f : R™ — R U {400} which are supposed to be proper, that is such that
dom(f) :={z € R™: f(x) < 400} is nonempty.

For a subset D of R™, we denote by d(z, D) the distance from z to D which is defined by

d(z,D) := inf{||z —y|| : y € D},

where we use the convention inf ) = +00. We denote by bdry(D) and int(D) the boundary and the interior of
D, respectively.
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Let f € To(R™) and z € dom(f). For any h € R™, we recall that the directional derivative f'(Z, h) of f at T
along the direction h is defined as

[@+th) — (z)

"(z,h) == 1i 1
fi(@,h) = lim ” (1)
It is known from [46, 50] that the function
| T~ f(@)
t
is nonincreasing as ¢t — 0% and thus
_ o f(@+th) — f(2)
! _
fi(z,h) = inf . ~ (2)
We denote by df(z) the subdifferential of f at & which is defined by
of (z) :={a" e R™: (", 2 — Z) < f(x) — f(Z) for all z € R™}.
It is known from [46, 50] that if O f(z) is nonempty, one has
of (@) ={z* e R™: (z*, h) < f'(z,h) for all h € R} (3)
and
£/ h) = sup{ (e by - o € DF(@)}, (1)
where we use the convention sup ) = —oo.
We conclude this section with the following lemma which is used in our analysis.
Lemma 1. Let f € To(R™) and & € dom(f) be such that infy, — f'(Z,h) <0. Then
— it (3 h) = d(0,04(2). (5)

lIAll=1

Proof. If inf), = f'(Z,h) = —oco, then one has df(z) = () by (4) and thus (5) holds.
Next, we consider the case inf|, =1 f'(Z,h) > —oo. Note that infy, =1 f'(Z,h) < 0 and thus 0 ¢ 0f(Z). Let
r:=d(0,0f(Z)). By the separation theorem, there exists hg € R™ with ||hg|| = 1 such that

sup (", ho) +r=0
z*€df(x)

and thus by (4), one has

||}iLﬂ£1 f/(jvh) < f,(jvho) =T (6)

For any € > 0, we can select u} € (r +¢)B™ N 9f(Z). Then for any h € R™ with ||h|| = 1, one has
f1(@,h) = (uZ,h) = =(r +¢)
and consequently

|\fiLI\|1£1f,(j’h) > —(r+e).

By letting ¢ — 07, it follows from (6) that (5) holds. The proof is complete. <

3 Stability of Error Bounds for A Single Convex Inequality

In this section, we mainly study local and global error bounds for a single convex inequality, and provide
characterizations of stability (in terms of directional derivatives) of error bounds. We first recall the definition of
error bounds for a single convex inequality.
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For a given f € To(R™), we consider the set of solutions of a single convex inequality:
Sy ={z eR™: f(z) <0} (7)

Recall that convex inequality (7) is said to have a global error bound if there exists a constant 7 € (0, 4+00) such
that

d(x, Sp) < 7[f(2)]+ Ve eR™, (8)

where [f(x)]+ := max{f(z),0}. We denote by Tmin(f) := inf{7 > 0: (8) holds} the global error bound modulus
of Sf.

For € bdry(Sy), convex inequality (7) is said to have a local error bound at Z if there exist constants
7,6 € (0,+00) such that

d(x, Sy) < 7f(2)ly Vo e B(z,0). 9)

We denote by Tmin(f,Z) :=inf{7 > 0: there exists 6 > 0 such that (9) holds} the local error bound modulus of
S rat .

The following theorem gives characterizations of global and local error bounds. We refer the readers to [5] for
more details. This result is needed in the sequel.

Theorem 2. Let f € To(R™). Then
(i) Sy has a global error bound if and only if

n(f) := inf{d(0,0f(x)) : x € R™, f(x) > 0} > 0.

More precisely, Tmin(f) = [n(f)]7*.
(ii) Sy has a local error bound at & € bdry(Sy) if and only if

n(f,z):= liminf d(0,0f(z)) > 0.
z—Z,f(z)>0
(iii) The following equality holds:
Tmin(f) = SUp  Tmin(f, T)
ZebdryS;
For a mapping ¢ : X — Y between two normed linear spaces X,Y, we denote by Lip(¢) the Lipschitz
constant which is defined by

. u) — ¢(v

L) e s 1o =00

u,v€ X, u#v HU7’UH

3.1 Stability of Local Error bounds

In this subsection, we mainly study local error bounds for a single convex inequality and aim to provide equivalent
criterion for the stability of local error bounds for convex inequality (7). We first give a sufficient condition for
the local error bound of convex inequality (7).

Proposition 3. Let f € I'o(R™) and & € Sy such that infy, =1 f'(Z,h) # 0. Then convex inequality (7) has a
local error bound at x and moreover

1
Tmin(f, 2) < ——. (10)
inf f/(z,h
[IRll=1 @ h)
Proof. Let B(f,z) := inf)p =1 f'(z,h). Suppose that 3(f,z) > 0. Then for any x # z, by (2), one can verify
that

f@) - 1@ = (@l sl i) - @
S L

V

= B(f, )|z — x| = B(f, ¥)d(x, Sy).
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This means that mmin(f,Z) < [B(f,2)] 7
Suppose that S(f,z) < 0. Then Lemma 1 implies that d(0,9f(z)) = —B(f,Z) and by virtue of Theorem 2,

one has )
T(f,%) < ———

75(]07 i') .
Hence (10) holds. The proof is complete. <

» Remark 4. Close analysis of the proof of Proposition 3 shows that the solution set Sy will reduce to the
singleton {Z} if inf), =1 f'(Z,h) > 0 and f(Z) = 0, which means that Z is the sharp (or strong) minimizer of
f. Further, it should be noted that the condition infj, =1 f'(Z,h) # 0 is only sufficient for the existence of
a local error bound of (7). Indeed, let f(z) = 0 for all z € R. Then Sy = R has a global error bound, while
inf) =1 f'(z,h) = 0 for all z € R. O

The following theorem shows that the condition inf), =1 f'(Z, h) # 0 can be used to give characterizations
of stability of the local error bound for the convex inequality (7). For the sake of completeness, we provide a
self-contained proof of this theorem.

Theorem 5. Let f € To(R™) and & € R™ be such that f(z) = 0. Then the following statements are equivalent:

(i) infypy=1 f'(Z, h) #0;
(ii) There exist constants c,e > 0 such that for all g € T'o(R™) satisfying & € Sy and

(£(z) — (=) = (F(@) — 9(@))| _

lim sup —
P |z — ||

£, (11)

one has Tmin(g, ) < ¢;
(i) There exist constants c,e > 0 such that for all u* € R™ with ||u*|| < 1, one has Tmin(gur ¢, ) < ¢, where
gur(x) = f(z) + e(u*,z — T) for all x € R™.

Proof. Let ﬂ(f, .’E) = ianhH:l fl(i'7 h)
(i) = (ii): Take any € > 0 such that e < |3(f, )| and let ¢ := (|3(f,z)| —)~!. For any g € T'o(R™) such that
z € Sy and (11) holds. If B(f,z) > 0, then for any h € R™, one has

gz, h) > f'(z,h) —e,

and thus
inf ¢'(z,h) > inf f'(Z,h) —e> ,T) — €.
it @) it (@R -2 6(.5)
This and Proposition 3 imply that mmin(g,7) < [B(f,Z) —¢] ! =c.
If B(f,z) < 0, then for any h € R™, one has

gz, h) < f'(z,h) +e,

and thus
inf ¢(z,h) < inf f'(Z,h)+ec<B(f,Z)+e.
lIRlI=1 (&h) lIRlI=1 (& h) (.2)
By using Proposition 3 again, one yields that Tmin(g,7) < [-B(f,Z) — €] ™! = c. Hence (ii) holds.
Note that the implication (ii) = (iii) is clear and it remains to prove (iii) = (i).
Let € > 0. Suppose on the contrary that there exists a sequence {hy} in R™ with ||h|| = 1 such that

Qy = f/(,i‘7hk) — 0.

Without loss of generality, we can assume that |ax| < e for all k (considering sufficiently large k if necessary)
and consider the function g.(x) := f(z) 4+ e(hg,z — ) for all z € R™. From S(f,z) = 0, one can verify that
f(x) > f(z) for any x # . By the definition of directional derivative, there exists a sequence {dx} decreasing to
0 such that

F(Z 4 8khe) < f(Z) + (e + ag)dk = :cierﬁiifm f(z) + (e + ag)d. (12)
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By virtue of the Ekeland variational principle, we can select z; € R™ such that ||zx — (Z + dphi)|| < %’“, flz) <
f (& + orhy) and

f(x) +2(e + ap)|lx — 2kl > f(zx), Vo # 2. (13)
This implies that zp — Z, g-(Z) = f(Z) = 0 and

ge(zk) = flzx) +elhn, 2z — @)
f(@) + e(hy, 25 — &)
= €<hk,zk *£*5khk>+55k

Y

\%

1 1
el — §€5k = 555/@ > 0.
We claim that

inf g (21, h) < 0. 14
nf | e (2. 1) (14)
(Otherwise, inf; =1 g2(zx, h) > 0 and then one has g.(zx) = inferm g-(2), which contradicts g.(z) = 0).
For any h € R™ with ||h|| =1 and any ¢ > 0, by (13), one has
ge(zk +th) — ge(z) _ f(zk +th) — f(zk)

" = : +e(hg, h) > =2(e + ag)||h]| —e = —Be

and consequently

0> inf ¢ h) > —be.
—Hiﬂzlga(z’“’ ) > —5e

Thanks to Lemma 1 and Proposition 3, one can obtain that Tumin(ge, Z) > é,

arbitrary. The proof is complete. <

which contradicts (iii) as € is

» Remark 6. (a) From [35, 42], the condition (11) means that g is an e-perturbation of f near z, and the
condition inf|, =1 f'(Z,h) # 0 is proved to be equivalent to the stability of this e-perturbation of local error
bounds. Further, it has been shown in Theorem 5 that the stability of such e-perturbation is essentially equivalent
to that of e-linear perturbation.

(b) Theorem 5 can be regarded as the equivalent version of [42, Theorem 2] since one can prove that

Inf f(Z,h) # 0 <=0 ¢ bdry(9f(7)).

Indeed, suppose that 0 ¢ bdry(9f(Z)). For the case that 0 € int(9f(z)), there is > 0 such that rB™ C 9f(z).
This and (4) imply that
inf f'(z,h) >r > 0.
nf (@ k) =

For the case that 0 € Jf(Z), by the separation theorem, there exists hg € R™ with ||hg|| = 1 such that
0> sup{{z", ho) : 2 € Df(2)} = (7, ho)
and consequently

R () < f'(Fho) < 0.

On the other hand, if 0 € bdry(df(z)), then infy, =, f'(Z,h) > 0 and for any ¢ > 0, we can select
uf € eB™\0f(Z) and z. # T such that

(uf,ze — ) > f(z:) — ().
By (2), for any ¢ € (0, 1), one has

f@+t@. — 7)) - f(2)
t

f’(@, u) < <u u> <e.
|z — 2| lze — 2|

This means that infy, = f'(z,h) < e — 0T and so infj, =1 f'(z,h) = 0. O

< f(we) = f(T) < (ul, 2. — )

and thus
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3.2 Stability of Global Error Bounds

This subsection is devoted to the study of stability of global error bounds for a single convex inequality, and the
aim is to give sufficient and/or necessary conditions for the stability via directional derivatives. The following
theorem gives a criterion for the stability of global error bounds.

Theorem 7. Let f € Io(R™) be such that bdry(Sy) C f=1(0). Consider the following statements:
(i) There exists T € (0,+00) such that

inf{‘ FNACOIEEE bdry(Sf)} > (15)

(ii) There exist constants c,e € (0,400) such that for all g € To(R™) satisfying
Sy C Sy and Lip(f—g) <e, (16)

one has Tmin(g) < c.
(iii) There exist constants c,e € (0,+00) such that for all g € To(R™) satisfying

bdry(S;)Ng ' (0) #0 and Lip(f —g) <e, (17)
one has Tmin(g) < c.
Then (iii) = (i)= (ii).
Proof. (i) = (ii): If there is some & € bdry(Sy) such that infy, -, f'(Z, k) > 0, then the implication follows by
Remark 4 and the proof of Theorem 5.
We next consider the case inf), = f'(Z,h) <0 for all * € bdry(Sy). By virtue of (15) and Theorem 2, one
can verify that Sy has a global error bound with the constant %; that is,

d(x, Sy) < =[f(2)ly, Vo eR™. (18)

=

Take any ¢ € (0, 7). Suppose that g € I'o(R™) satisfies (16). Let € R™ be such that g(x) > 0. Then f(z) >0
as Sy € S,;. We claim that

||;Lﬂ£1 f(x,h) < —1. (19)

Granting this, by Lip(f — ¢) < € in (16), one can prove that

inf ¢'(z,h) < inf f'(z,h)+e<—(1—¢).

lIAll=1 llRl]=1
This and Theorem 2 imply that 7in(g) < (7 — €)%
We next prove the claim (19). Take z € bdry(Sy) such that ||z — z|| = d(z, Sy) and (18) implies that
f(@) = 7d(x, S5) = 7llw — 2.
Then for any ¢ € (0, 1), one has
fl@+it(z—2) <tf(z) + (1 -t)f(2)

and thus
flz+t(z —x)) = flz)
t

< —f(2) < ~rlla - 2.

This means that

. = ’ Z—x
inf f(x,h)ﬁf (x,m) < -7

llAll=1

Hence (19) holds.
(iii) = (i): Suppose that there exists a sequence {x;} C bdry(Sf) such that

Qg = |\fiLI\|1f1f,(xk’h) — 07 (as k — o0).



CBaracterizations of Stability of Error Bounds for Convex Inequality Constraint Systems

Let € > 0 be arbitrary and k be sufficiently large such that

3 €
— — . 2
20¢k+2>0 (20)

Note that for any x # xj, one has

SO (GO kil =) REC N L P

EEE I [ — | [ — |
and thus

f(@) = awllw — x| = fak), VoeR™ (21)
Choose hy, € R™ with ||hg]| = 1 such that

F(@eshe) < on+ 5. (22)
Then we can take rp, — 07 (as k — 00) such that

ok +rhg) < f(zg) + (o + €)r. (23)
This and (21) imply that

flzk + rehyg) — agllze + rehe — xkl] < mleIﬁaf(f(x) — agllz — zk|) + er.

Applying Ekeland variational principle, we can select y, € R™ such that

lyk = (@r + rehe)|| < %k’f(yk) — akllyr — x| < flor +rehe) — axr, (24)
and
f(@) — apllz — zill + 2ell@ — yill > flyr) — crllye — zll, Vo # g (25)
This implies that
lye — 2kl > 75 — %k = %k and ||yx — x|l < ri + %’“ = grk,

and thus yi # xi. Let us consider a function g. € T'o(R™) defined by
9e(x) := f(x) + e(hg,x — xy) for all x € R™.
By virtue of (20), (21), (22) and (25), one has

J(yr) +elbr, yp — (Tp + rrhe)) +emp

arllye — zrll = ellye — (r + rrhi) || +ery

9 (yx) = f(yr) + e(hi, yx — o)

Y

3 €
> Ozk~§7"k+§7”k>0.

If inf =1 92 (yx, h) > 0, then for any = # yi, one has

T — Yk .
— > g — — > f g h — > 0.
9 (%) — g (yk) > 92 (i, iz _ka)Hx vl 2 ik g2y, h)lle =yl =
is and g:(yr) > 0 imply that = ), and thus Tyin(g:) = +00, which contradicts (iii).
This and 0 imply that S, = (), and th hich di
Next, we consider the case inf|j,=1 gL (yx, h) < 0. For any h € R™ with ||| = 1 and ¢ > 0, by (25), one has

9e(yr +th) —ge(yn)  _ fluk +th) — fyr) + el )
t t ’
1
> g(akHyk + th — .TkH — akl|yk — :L‘k” - 2<€||yk + th — ka) +E<hk,h>
> aqp—2—¢

and consequently

0> HfiLIHlf gt (yk, h) > o — 26 —e > —4e.
=1

Thanks to Lemma 1 and Theorem 2, we obtain 7ipin(g:) > ﬁ7 which contradicts (iii) as ¢ is arbitrary. The proof

is complete. <
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» Remark 8. (a) Compared with [42, Theorem 7] in which a subdifferential characterization of stability of global
error bounds was established with the aid of the so-called asymptotic qualification condition, Theorem 7 studies
the stability of global error bounds via directional derivatives without additional hypothesis. It is known from
Theorem 7 that the condition (15) is sufficient for the stability of global error bounds as said in (ii) of Theorem 7,
and is necessary for the stability as in (iii) of Theorem 7.

(b) It should be noted that the condition (15) is not sufficient for the stability of global error bounds as in
(iii) of Theorem 7, and the assumption Sy C S, for the stability as said in (ii) of Theorem 7 is crucial. To see
this, let us consider the following example:

Example 9.

Let f(z) :=e” — 1 for all x € R. Then Sy = (—o00,0], bdry(Sy) = {0} and |inf};, =, f(0,R)| = 1 > 0. However,
for any ¢ € (0,+00), let us consider the function g.(z) := f(x) — ez for all € R. Then one can verify that g.
has two different zero points which are denoted by z; := Z < 0 and z5 := 0 and Sy_ = [z,0]. Thus Sy € S,_ and

for any < z, one has
d(z,S,.) T—x 1
= — — as & — —00.
g: () et —1l—ex ¢

This implies that

in Z PR
Tmin (9e) %

and consequently the global stability (for f) as said in (iii) of Theorem 7 does not hold as ¢ > 0 is arbitrary.

Further, a natural question arises from the above example:
Does there exist some type of stability of global error bounds that can be characterized by condition (15)%

We do not have an answer to this question. However, if the answer is affirmative, we conjecture that such global
stability should be strictly stronger than that of (ii) and weaker than that of (iii) in Theorem 7.

The following theorem gives characterizations of the stability of global error bounds for a convex inequality
as said in (iii) of Theorem 7.

Theorem 10. Let f € T'o(R™) be such that bdry(Sy) C f~1(0). Then the following statements are equivalent:

(i) There exists T € (0,+00) such that (15) holds and the following qualification condition is satisfied:
C) For any sequence {z} C S¢\bdry(S;), one has
Q y seq \bdry(Sy

. . . 7
thI_l:)I‘}f Hflzrulilf (zx, h)| > T (26)

if there is a sequence {x} C bdry(Sy) satisfying limy_, % =0.

(ii) There exist constants c,e € (0,4+00) such that for all g € To(R™) satisfying (17), one has Tmin(g) < ¢;
(iii) There exist constants c,e > 0 such that for any & € bdry(Sy) and u € R™ with ||u| < 1, one has Tmin(gu.c) < ¢,
where gy «(z) = f(x) +e(u,x — ) for all z € R™.

Proof. (i)=-(ii): Based on Remark 4 and the proof of Theorem 7, we only need to consider the case H}iLl"llf f(z,h) <
=1

0 for all z € bdry(Sy). We first prove the following claim:

Claim: There exists €9 > 0 such that for all xy € bdry(Sy), one has
inf{‘ Hfibﬂlﬁlfl(zoah)‘ 20 € R™, f(20) = —&ollz0 — 330||} > T (27)

Suppose on the contrary that there exist e, — 07, 2, € bdry(Sy) and z; € R™ such that

f(zk) > —ekllzr — xk]| and ‘ H}iLIH1£1 f’(zk,h)‘ < 71 for all k. (28)
Then f(z) < 0 for all & (otherwise, similar to the proof of (19), one can prove that
‘ianhH:l 'z, h)’ > 7, a contradiction). By (15), one has z, € S¢\bdry(Sy) and it follows from (28) that

0> fQak) = flow)  f(ar)

T oz — el s — el T

—Ek.
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This and the qualification condition in (i) imply that

liminf | inf f’ h
im in ||iﬂ:1f (zk,h)| > T,
which contradicts (28). Hence the claim is proved. <
Let € > 0 be such that e < min{eg, 7}. Suppose that g € I'o(R™) satisfies (17). Take any Z € bdry(Sf)Ng~—*(0).
Then for any x € R™ with g(z) > 0, one has

fx) = g(x) + (f(2) — 9(2)) —ellz — 2| > —¢]|z — |

Using (27), one obtains
inf f'(z,h) < -7
th\zlf (1)
and thus
inf ¢'(x,h) < inf f'(z,h)+e< —(7—¢).
”huzlg( ) ”hH:lf( ) (r—¢)
1

By virtue of Lemma 1 and Theorem 2 we derive the inequality 7min(g) <
Note that (ii) = (iii) follows immediately and it remains to prove (iii) = (i).

Suppose on the contrary that (i) does not hold. Based on (iii) = (i) in Theorem 7, we only consider the case
that there exist z, € S¢\bdry(Sy) and zj, € bdry(Sy) such that

s f(zk) - f(xk) s ’ —
lim ———————~ = = inf . 2
Jim T 0 and ay H}lLl"llilf (zx,h) = 0 (29)

Let £ > 0 be arbitrary. Without loss of generality, we can assume that ﬁ — hgo (considering subsequence if

necessary). Then ||hg|| = 1. Suppose that k is sufficiently large such that
f(zk) = f(zp)

ap+¢e>0 and
[

Z — Tk
ho, X~ TE N S g,
+e(ho, H%_mk”> >0 (30)

Let us consider a function g, . € I'o(R™) defined by
Gho,e(x) == f(z) + e(ho,x — x) for all z € R™.
Then gn,.(21) = f(zx) + e(ho, 25 — ) > 0 by (30) and thus

0> inf ¢ h) > inf f'(z1,h) —c=ap—¢e > —2e.
>H’ILI”1:19}1,0,5(ZI¢7 )_Hirl‘l:lf(zk,) e=oap—¢ 5

This together with Lemma 1 and Theorem 2 implies that Tyin(ghg.e) > 2%, which contradicts (iii) as € is arbitrary.
The proof is complete. <
» Remark 11. Note that condition (QC) in (26) is necessary for the stability of global error bounds. Consider
Example 9 given in Remark 8 again. Let f(x) :=e® — 1 for all 2 € R. Then the stability of global error bounds

for f as said in (iii) of Theorem 7 does not hold. Further, for any z, — —oo, one can verify that

“i?fl f'(zk,h)| = e — 0 as k — oo,

which means that (QC) (for f) in (26) fails.

4 Stability of error bounds for Semi-infinite Convex Constraint Systems

In this section, we study local and global error bounds for semi-infinite convex constraint systems, and mainly
provide characterizations of stability of error bounds by directional derivatives. We first recall the definition of
error bounds for semi-infinite convex constraint systems.

For semi-infinite convex constraint systems in R™, we mean the problem of finding x € R™ satisfying:

fi(z) <0 foralliel, (31)
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where [ is a compact, possibly infinite, Hausdorff space, f; : R™ — R, € I, are given convex functions such that
i — fi(x) is continuous on I for each € R™. It is known from [50, Theorem 7.10] that in this case, (¢, z) — fi(z)
is continuous on I x R™.

Let F € C(I x R™ R) be defined by F(i,z) := f;(z) for all (i,2) € I x R™. We denote the solution set of
system (31) by

Sp:={zeR™: fi(r) <0foralliecl}. (32)
For any = € R™, we set

f(x) :=max{fi(xz): i €I} and If(z):={i€l: fi(zx)= f(zx)}. (33)
Recall that system (31) is said to have a global error bound if there exists a constant 7 € (0, +00) such that

Az, Sp) < lf(@)]s Vo ER™. (34)

We denote by Tin(F) := inf{7 > 0: (34) holds} the global error bound modulus of Sg.
For z € bdry(Sr), system (31) is said to have a local error bound at z if there exist constants 7,d € (0, +00)
such that

d(z, Sr) < 7lf(2)]s Va € B(z,9). (35)

We denote by Tyin (F, ) := inf{7r > 0: there exists § > 0 such that (35) holds} the local error bound modulus
of Sp at T.

We first study stability of local error bounds for semi-infinite convex constraint system (31) and aim to
provide characterizations of the stability of local error bounds for system (31). To this aim, we need the following
proposition which is of independent interest.

Proposition 12. Let x € R™. Then for any h € R™, one has
f'(@,h) = max fi(x,h). (36)

iGIf(m)
Proof. Let h € R™. Take any i € Ir(x). Then for any ¢t > 0, one has
filw+th) — fi(x) _ fla+th) - f()
t - t
and thus f/(z,h) < f’(z,h). This implies that

f'(z,h) > max fi(z,h). (37)
i€ly(x)

By virtue of (4), one has

! 7h = *7h7
f'(z,h) xg;;@)@ )

and thus there is z* € df(x) such that
fi(@ h) = (", h). (38)

Note that the subdifferential of the function f at a point € R™ is given by (see Ioffe & Tikhomirov [27])

of@)=co( |J 0fil))

iEIf(:E)

where “co" denotes the convex hull of a set. Then by (38), there exist A1, - , Ay >0, 41,--- ,iny € Iy(z) and
zp € 0fi (x),k=1,---, N such that

N N
Z)\k =1 and 2* = Z)\kzz.
k=1 k=1

This and (38) imply that

=

N
Fl@h) = (2% h) =Y Az h) <> Mefi, (@,h) < max f/(x,h).

el
k=1 k=1 i€ls(@)

Hence (36) follows from (37) and the above inequality. The proof is complete. <
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The following theorem gives characterizations (by directional derivatives) of stability of local error bounds
for system (31).

Theorem 13. Let & € R™ be such that f(z) = 0. Then the following statements are equivalent:
(i) infyp=1 f'(z,h) # 0.
(ii) There exist constants c,e > 0 such that if
G e C(I xR™R),gi(z) = G(i,x),g; is conver;
9(x) := maxier gi(x), I(x) := {i € I : gi(x) = g(x)};
9(7) = 0;
Iy(z) C Iy(Z) whenever infy, -1 f'(z,h) < 0;
Iy(Z) C I,(Z) whenever infj, =1 f'(Z,h) > 0;
lim sup |fi(@)=gi(@) = (fi(@)—g:(@)] < e, Vi€ Ip(&) N I,(z),

sy o=l

then one has Tmin (G, Z) < c.
(iii) There exist constants c,e > 0 such that for all u* € R™ with ||u*|| < 1, one has Tmin(G,Z) < ¢, where
G e C(I x R™ R) is defined by

G(i,z) == fi(x) +e(u*,x —x) for all (i,z) € I x R™. (39)
Proof. We set
B(f,x):= inf f'(z,h).

lAll=1

(i) = (ii): Suppose that 3(f,Z) > 0. Then one can verify that Sr = {Z} by Remark 4. Choose any ¢ € (0, 5(f, Z)).
Suppose that G, g; and g satisfy all conditions said in (ii). Then for any i € Ir(Z) C I,(Z), one has

g;(.f‘,h) > fi(z,h) —¢

and it follows from Theorem 12 that

i 9@ = nf | max gi@h) 2 Inf | max 6i(@h)
= (|\fif\|1£1ig}?(§)fl{(j’h)> — €
=t f@h) e
= B(f,z)—e>0
(thanks to If(Z) C I4(Z)). Applying Proposition 3, we derive the inequality
1
Tmin (G5 &) = Tmin (g, Z) < m

Suppose that B(f,z) < 0. Choose any € > 0 such that 3(f,z) 4+ ¢ < 0. Then for any i € I,(Z) C I;(Z), one has
9i(z,h) < fi(z,h) +¢
and it follows from Theorem 12 that

inf ¢'(z,h) = inf max g¢.(Z,h) < inf max (f/(Z,h)+e¢
HhH:lg (& h) llAll=1 iefg(f)g (h) llp]=1 iEIg(i)(f (@h) )

inf “(z,h)) +
(ol s, 10) +-

inf f'(z,h)+e¢
I\h\lzlf( )

= B(f,z)+e<0

IN

(thanks to I,(z) C I;(Z)). Applying Proposition 3 again, we obtain the inequality
v
_B(fv :f) —&

Tmin(Gy j) = Tmin(gva_j) S
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(ii) = (iii): The implication follows immediately as I;(z) = I,(Z).
(iii) = (i): Let w* € R™ with |[u*|] <1 and G € C(I x R™,R) be defined as (39). Note that

gi(z) = G(i,z) = fi(x) + e(u”,z — T)

and thus
g(z) = max gi(z) = max(fi(z) + efu’,z — 7)) = f(2) +efu’,z — 7).
This means that the implication follows from (iii) = (i) as in Theorem 5. The proof is complete. <

» Remark 14. (a) Theorem 13, given in terms of directional derivatives, can be regarded as an equivalent version
and a supplement of [42, Theorem 4] in which a subdifferential characterization of stability of local error bounds
for system (31) was established. Further, in contrast with [42, Theorem 4], the stability of local error bounds for
system (31) only requires that all component functions in system (31) have the same e-linear perturbation.

(b) It should be observed that the condition I;(Z) C I,(Z) or I,(Z) C I;(Z) in Theorem 13 is crucial. To see

this, we consider the following two examples:
A Let f; : R?2 = R be defined by fi(z) := |z;|,i = 1,2 for all x = (z1,22) € R?, 7 = (0,0), F := (f1, f2) and

AN

f:=max{f1, fo}. Then

If(z) ={1,2} and \|i%,1|\1£1 (@, h) = g > 0.

However, for each € > 0, we define functions g1 and g2 by
g1.c(7) = 21| + €|22l, g2 (%) := |22| — €, for all x = (x1,29) € R2.

We set Ge = (g1,e, 92,c) and g := max{gi ¢, g2, }. Then one can verify that I,(z) = {1} and thus I;(z)
I,(z). Note that

Sg. ={z} and Lip(fi —g1.) <e.

For any 6 € (0,e71), we set 25 :== (0,0) € R%. Then d(z25,Sc.) = 0 and g-(z5) = €8, which implies that
Tmin(Ge, T) > 1.

Let f1, fo : R?2 — R be defined by f1(x) := 21 and f1(x) := —x1 + |22| — 1 for all x = (21, 22) € R?, 7 = (0,0),
F :=(f1, f2) and f := max{f1, fo}. Then

Ij@) = {1} and inf [(20)= inf iR =1 <0

However, for each € > 0, we define functions g1 and g2 as
g1.e(x) =21 +€lwa|, 92,c(x) = —x1 +€|za|, forall z = (z1,22) € R2.
We set Ge := (g1,6,92,) and g. := max{gi,g2c}. Then one can verify that I,(Z) = {1,2} and thus

I,(z) € I;(Z). Note that
Sa. ={z} and Lip(fi —g1.) <e.

For any 6 € (0,e71), set 25 := (0,0) € R%. Then d(z5,5c.) = § and g-(25) = €6. This means that
Tmin(Gai') > gL,

We now turn our attention to the stability of global error bounds for semi-infinite constraint system (31)

and mainly give equivalent criterion for such stability. Based on Theorem 10, the following theorem establishes
equivalent conditions for the stability of global error bounds for the system (31).

Theorem 15. The following statements are equivalent:

(i)

There exists T € (0,+00) such that

inf{‘ leﬂl& f(z,h)|:z€ bdry(Sf)} > T, (40)

and (QC) as in Theorem 10 is satisfied.
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(if) There exist constants c,e > 0 such that if

G,gi(z),9(x) and I;(x) as said in (it) of Theorem 18;
{z € bdry(Sy) : fi(2) = gi(2) for all i € I} # (;
sup;e; Lip(fi — gi) < &;
Iy(x) € Iy(x) whenever infj, =1 f'(z,h) < 0;
Iy(x) C Iy(x) whenever infy, = f'(z,h) >0,

then one has Tmin(G) < c.
(iii) There exist constants c,e > 0 such that for all € bdry(Sy) and u* € R™ with ||u*|| < 1, one has Tmin (G) < ¢,
where G € C(I x R™,R) is defined by

G(i,z) == fi(x) +e(u*,x — ) for all (i,z) € I x R™. (41)

Proof. (i) = (ii): Thanks to Remark 4 and the proof of Theorem 13, we only need to consider the case
inf) =1 f'(2,h) < 0 for all € bdry(Sy). By virtue of the claim given in the proof of Theorem 10, there
exists g9 > 0 such that for all 2 € bdry(Sy), one has

inf{\ e )]s € R 7(@) 2 el - 330||} > (12)

Take any € > 0 such that ¢ < min{eg, 7}. Suppose that G, g; and g satisfy all conditions said in (ii). Let z € R™
be such that g(z) > 0. We claim that

nL, S @ h) < = (43)

Granting this, one has

nf ( max f{(x,h)-i—e)

i, @ h) = nt (Z-?}jﬁi) dia) < itz i
= Hfﬂﬁil (,-ér}?@i) fi h)) e
= H}ilrnlil '(z,h)+e
< —(r-¢)
(thanks to sulp,;e 7 Lip(fi—g;) < eand I;(x) C Iy(z)). Applying Lemma 1 and Theorem 2, we derive the inequality
Tmin(G) < 7.

It remains to prove relation (43). For the case that f(z) > 0, similar to the proof of (19), one can verify that
(43) holds. Thus we only need to consider the case that f(z) <O0.
From the second condition in (ii), there is zy € bdry(Sy) such that f;(zo) = gi(20) for all i € I. Then for any
i € Iy(x) C If(x), one has
fi(x) = gi(z) = (fi(20) = gi(20)) — ellz — 20l| = g(2) — ellz — 20[| > —&]|z — 20|

and thus f(x) > —ep||z — 2o||. This and (42) imply that (43) holds.
(if) = (iii): The implication follows immediately since I;(z) = I,(x) for all x € R™.
(iii) = (i): Let € bdry(Sy), u* € R™ with ||u*|| <1 and G € C(I x R™,R) be defined as (41). Note that

gi(z) = G(i,z) = fi(x) + e(u”,z — T)
and consequently
9(x) = max gi(x) = max( (@) + =(u’, 0 = ) = f(@) + (w0 7).

Thus, the implication follows from (iii) = (i) as in Theorem 10. The proof is complete <
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5

Conclusions

This paper is devoted to the study of stability of local and global error bounds for convex inequality constraint
systems including a single convex inequality and semi-infinite convex constraint systems. The main results
provide characterizations (in terms of directional derivatives) of stability of local and global error bounds for a
single convex inequality (see Theorem 5 and Theorem 10). When these results are applied to error bounds for
semi-infinite convex constraint systems, characterizations of the stability of local and global error bounds are
also established in terms of directional derivatives (see Theorem 13 and Theorem 15). These results show that
the stability of error bounds for convex inequality constraint systems can be equivalent to solving the convex
optimization/minimization problems defined by directional derivatives over the sphere.
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