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Time-Asymptotic Study of a Viscous

Axisymmetric Fluid without Swirl

Quentin VILA*

the 20t" May 2022

Abstract.

We study the long-time behaviour of axisymmetric solutions without swirl for the three-
dimensional Navier-Stokes equations in the whole space. Assuming that the initial vorticity is
sufficiently localised, we compute explicitly the leading terms in the asymptotic expansion of the
solution, both for the vorticity and the velocity field. In particular, we identify optimal temporal
decay rates depending on the spatial localisation of the initial data. Our approach relies on accu-
rate LP-LY estimates for the linearised evolution equation and its Taylor expansion in self-similar
variables.

Keywords: fluid mechanics, incompressible Navier-Stokes equations, vorticity equation, long-
time behaviour, asymptotic expansion, axisymmetry, axisymmetry without swirl.

1 Introduction

In absence of nonconservative forces, the Navier-Stokes equations for homogeneous and incom-
pressible fluids can be expressed in dimensionless variables as the system

{ Ou+ (u.V)u=-VP+ Au 1)

divu =0

whose unknown is the pair (u, P), where u is the (dimensionless) velocity field and P the (dimen-
sionless) pressure field of the fluid. The present paper supposes the studied fluid to be azisymmetric,
meaning that the fluid is evolving in the three-dimensional real space in such a way that its motion
is invariant by rotation around the vertical axis. Considering the cylindrical coordinates system
(r,0,z) and its associated basis

cos 6 —sinf 0
e, = | sinf |, eg = | cosb |, e.=10],
0 0 1

it means that the cylindrical components of the velocity u, = u-e., ug = u-eg and u, = u - e,
are independant of 0: w,.(t,z) = u.(t,r,0,2) = u.(t,r,z) for all x = (rcos@,rsinf,z) € R? and
likewise for ug and w,. The tangential component of the velocity field ug is named the swirl. In
this paper we also make the hypothesis that the swirl is identically equal to zero, so

u(t’ Ir’ 0’ Z) = u’r’(tV TV 2)67‘ + uz (t7 r? Z)eZ‘

To a certain extent, the axisymmetric fluid without swirl is comparable to a two-dimensional fluid
admitting an axial symmetry.
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The first mathematical results in axisymmetric fluid mechanics date back to 1968, when La-
dyzhenskaya [17] and Ukhovskii and Yudovich [25] tackle the uniqueness problem of the three-
dimensional Navier-Stokes equations by adding this hypothesis. Comes later the study of Leonardi,
Malek, Necas and Pokorny [18], who show the global existence of a zero-swirl axisymmetric solu-
tion to (1.1) from any such initial data in H?(R?®), then the one of Abidi [1] who improved the
result for an initial data in Hz(R?). Follows finally the recent paper of Gallay and Sverdk [10],
suggesting to work in some two-dimensional-like LP spaces equipped with scale-invariant norms.

The present article examines in detail what can be said about the long-time behaviour of the
axisymmetric fluid when the initial vorticity is well localised. Using tools specific to axisymmetry
without swirl, we determine the asymptotic expansions of the fluid’s vorticity and velocity under
essentially optimal hypotheses. The interest for the long-time behaviour of the Navier-Stokes flow
in the litterature is substantial, and intensified in the end of the last century. Starting in the
1980’s with the papers of Kato [15], Schonbek [23, 24] and Wiegner [26], a series of important
works have addressed the time-decay problem for fluids in R3, or R", among which can be cited
[6, 7, 20, 8, 12, 3, 4, 21, 5]. For an extensive overview on the subject, we invite the reader to look
at the introduction of the most recent ones [21, 5] and the references therein, or to refer to the
chapter by Brandolese and Schonbeck in [13].

The hypothesis of axisymmetry without swirl encourages the consideration of the vorticity w,
which is the curl of the velocity w = rot(u), as the core of the problem. Indeed, in this context, the
vorticity boils down to a real-valued function wy by writing that w = wyeg where wy = d,u, — Oru,.
Given the Navier-Stokes equations (1.1) and the zero-swirl axisymmetry hypothesis, wy can be
found as the solution of the equation

Owwo + u.Vwg — %wg = Awg — % on |0, +oo[x
wy(t,0,2) =0 V(t,0,2) € [0, +oo[xO (1.2)
wp(0,7,2) = wo(r, 2) Y(r,z) € Q

where Q is the open half plane 2 = |0, +0co[xR and where wy = 0 at » = 0 due to the regularity
of u. Here, in cylindrical coordinates, u -V = u,.0, + u,0, and A = 5% + %& + 0%, One notable
advantage of working with the vorticity is that the pressure P is not present any more in the
equation, yet no generality is lost thanks to the Biot-Savart law. Deeper discussions about the
relevance to work in vorticity can also be found in [11, 12].

Following [10], our study will be carried out using the scale-invariant norms

1
||w||m<g>:</ﬂ w(r,Z)l”drdZ> 1€p<o0 o [ullieo = esssuplul,

according to the two-dimensional Lebesgue measure drdz on the half plane ) instead of the three-
dimensional Lebesgue measure on R3. Up to a multiplicative factor, w1 (q) is the norm of
(r,z) — r_%w(r, z) in the usual LP(R3,rdrdfdz) space. Within this framework, it is known
thanks to [10] that the zero-swirl axisymmetric problem (1.2) is well-posed for any initial data
wo in L) = LY(Q,drdz) and that moreover, unless wy is trivial, the L!-norm of the solution
lwo ()l L1y = [, lwa(t, r, 2)|drdz is a decreasing function of time and tends to zero as t tends to
infinity. We here go even further, naming

I(t):/r2w9(t,r,z)drdz and J(t)Z/TQZUJg(t,T,Z) drdz (1.3)
Q Q

then stating the following theorem.

Theorem 1.1. Consider wy the solution of (1.2) with initial data wy € L'(Q, drdz).
If |r2wo || L2 () < oo then I(t) is constantly equal to Iy = I(0) and the relation
’I’IO r’4+2?

R (t%‘z) 1.4
167 % (14)

we(t,r,z) =




holds in LP(§2,drdz) for every p € [1,+0o0].
If moreover ||(r® + 12|z| + 7|z|)wo | L1 (@) < 0o, then J(t) has a finite limit Jy ast — +oo and

" 7'.[0 _7’22"22 tir/2 T'ZJOO _TQIZQ t77/2 tl_é 1 5
= t ° t P2 .
wolt,T,2) = 75 =€ METN +H‘ioo( ) (15)

holds in LP (2, drdz) for every p € [1,+0c0].

Remarks.

1. Theorem 1.1 is the concatenation of the two central results of this paper, propositions 3.5
and 3.9, and of remark 3.10.

2. Expansion (1.4) already appears in [10], but with the additional hypothesis that wy is nonneg-
ative. Let us note especially that (1.4) gives for p = 1 the general estimate [lwg(t)| 11(0) < Cupt™,
where C,,, is a positive constant that depends only on the initial data wp.

3. Expansion (1.5) is a new result for zero-swirl axisymmetry. Its terms could have been obtained
from the general three-dimensional study developed in [12], but (1.5) is here deduced from much
weaker assumptions thanks to the specific context of zero-swirl axisymmetry. We discuss this point
more precisely in appendix A.

4. The technical lemmas that lead to theorem 1.1 give more information than just showing the
terms of the asymptotic expansion: they provide estimates on the LP-norms of the vorticity for all
the intermediate hypotheses on its initial moments. Indeed,

— proposition 3.4 treats the cases where wy € L'(Q) is such that [|r®wyl|r1(0) < co with 0 <
a <2,

— proposition 3.6 the cases where moreover ||r*(r? + r|z| 4 |z|)wo | L1(0) < 00, 0 < a < 1,
— proposition 3.11 the cases where ||r®(r3 + rz? + z2)w0||L1(Q) <oo,0<a<l,
— and proposition 4.1 treats the case where ||(r* + 7222 + r2%)wo || 1 () < co.

These increasingly precise hypotheses on the finite moments of wy are the right amount of lo-
calisation to ask in order to refine our observation of the vorticity’s behaviour. This echoes the
well-known fact that there exists a link between the spatial and the temporal decays at infinity,
for both the velocity (c¢f [24, 7, 20, 8, 3, 4, 21]) and the vorticity (¢f [11, 12]).

Theorem 1.1 has a translation in terms of velocity. When wy is solution of (1.2), w is the
solution of the system

Ou+ (u-V)u=—-VP+ Au on |0, +oo[xR?

Oruy + %u,, +0,u, =0 on |0, +-00[xR3

ur(0,7,0,2) = up(r, ) - er Y(r, z) € Q,V0 € [0,2n] (1.6)
ug(0,7,0,2) =0 Y(r,z) € Q,V0 € [0,2n]

uy(0,7,0,2) = uo(r,z) - e, Y(r, z) € Q,V0 € [0,2n]

subject to ug - €9 = 0, which ensures that u remains axisymmetric with zero swirl at all times, as
explained in [19]. Let us introduce the vector fields

1 1
u=—=0.,0e,+-Orpe.  and  u?? =-g.u" (1.7)
T T

where ¢ is the Stokes stream function of Gy : (r, z) — TV exp(frzzzz ),

e 4do (1.8)

r 1 Vr242z2 o2
QO(T7 Z) = - a7‘ / 9
vw "\ Va2 o



and let us adapt notations (1.3) for the velocity: Iy = 5= [os rrot(ug(r, 2)) rdrdfdz and Ju is the
finite limit of J(t) = 5= [gs rzrot(u(t,r, 2)) rdrdfdz when t — +o0. The study carried out through
this paper leads then to the following theorem, giving information on the velocity’s decay rate in
LP(R?)3 for 1 < p < o0.

Theorem 1.2. Consider u the solution of (1.6) with initial data ug such that (r, z) — rot(uo(r, z))
is in LY(R3). If ||lr rot(uo) | 1 (rey < oo then

W B TV (%J)
wltr137) = fou (\/i’\/i)t T\ (1.9)

holds in LP(R3)3 for every p € |1, +o].
If moreover ||(r? + r|z| + |z|) rot(uo) | L1 (r3) < 00, then

u(t,r, z) = I ut L, Z) 732 4 Jou®? <, ) ™24+ o (t%_2> 1.10
() = 1o (5. 2 o A (1.10)
holds in LP(R3)3 for every p € ]1, +o0].

This theorem gives for example another insight into the paper of Miyakawa and Schonbek [20]
in the case of axisymmetry without swirl, namely the fact that, taking p = 2, the solutions to the

5/4

Navier-Stokes system decreasing faster than ¢ — ¢7°/% are exactly those such that Iy = J,, = 0.

Naming
1
6 = { Frot(ua) € L) | 16% + rlz) + Jely ot sy < o0, Fo = T =0

the set of all such zero-swirl axisymmetric solutions (to be exact, the set of all initial vorticity
data corresponding to such solutions), one can show by following the developments in [12] that the
space & is a smooth invariant submanifold of codimension 2 of the weighted space {w € L*(R?) |
N+ 2 o rle] + 2wl o gas) < oo}

This paper is written as follows. The second section analyses the semigroup associated with
the linearised vorticity equation and its behaviour at large times. We give step by step the first
two terms of its expansion, together with new LP — LY estimates on the successive remainders.
Considering the integral version of (1.2), these technical estimates will be fundamental to deal
with both the linear and the non-linear components of the vorticity. The third section initiates
the asymptotic study of the vorticity until its second order, following quite the same steps as for
the semigroup. Adding increasingly strong hypotheses on the localisation of the initial data wg, we
refine the bound on the decay rate of wy. The final section discusses the consequences of this study
on different levels. After speaking briefly about the emergence of the first resonant term, we state
some corollary on the velocity’s decay rate and prove theorem 1.2. We then write the first two
asymptotics when the swirl is nonzero. In the appendices, we develop some argument proving the
local existence of the moments of wy then we establish a specific Gronwall lemma, both of them
will be used several times throughout section 3.

Notations

B will be reserved in this article to denote the Euler Beta function. Remember that, in particular,
B(1/2,1/2) = . For more details upon the properties of the B function, see for example [22].

C will denote any generic positive constant. Constants named C, or C,, will be constants
depending in their contexts on an a parameter or on the initial data wy of the vorticity equation
(1.2).

LP(Q) will denote the Lebesgue space LP (£, drdz) with respect to the two dimensional Lebesgue
measure on {) = R x R.

LP(R3), on the contrary, will refer to the usual LP(R3, rdrdfdz) space with the three-dimensional
Lebesgue measure.



div, will be the pseudo-divergence operator acting on a function w = w,.e, +w.e, (in cylindrical
coordinates) as div,w = 0w, + 0, w,.

2 The Semigroup associated with the linearised equation

Before anything, some crucial results are useful to have in mind. Focus on (1.2) and remark that
the equation can also be expressed as

Opwg + div, (uwg) = Awp — w—g on |0, +oo[x

T
wy(t,0,2) =0 V(t,0,2) € [0, +o0[x 0 (2.1)
wp (0,7, 2) = wo(r, ) Y(r, z) € Q

by writing div,(vwy) = O (urwy) + 9. (u,wy) and using that divu = dru, + %ur + 9,u, = 0. The
differential operator A — %2 is the generator of a semigroup (S(t)):>0 of bounded linear operators
on LP(Q,drdz) which is strongly continuous when 1 < p < oo (the calculation can be found in
[10]), defined by S(0) = id and

T r _r=p)?+ (=0
SOkl (r2) — a7z [ K (2 e Rl O dpc (2.2)
for any t > 0, where
1 T &in2(¢
K(r)= . 47r/ ¢TSI (3) cos(¢)dg. (2.3)

The properties of the function K will be discussed in the next subsection. The Duhamel formula
says then that (2.1) is equivalent to the integral equation

we(t) = S(t)wo — /0 S(t — s) [div.(u(s) we(s))] ds t>0, (2.4)

to be still considered on the open half-plane Q@ = {(r,z) € R? | » > 0} and with the Dirichlet
boundary condition wy = 0 at 7 = 0. Theorem 1.1 from [10] tells that for an initial data wg in L' (€2),
this equation admits one unique global solution wy € €°([0, +oo[, L1(Q)) N €°(]0, +oo[, L°°())
which is infinitely differentiable on ]0,+00[x€. Because the solution of (2.4) is unique, it also
satisfies for every tg > 0 the relation

t
we(t) = S(t —to)we(to) — [ S(t—s)divi(u(s)we(s))ds vt > to. (2.5)
to
Indeed, following for a duration ¢ — ¢y the solution stemming from we(to), which exists, one neces-
sarily gets back to the solution wy at time ¢.
Equation (2.4) consists of two very different terms to deal with, one linear and the other
nonlinear, both of which involving the semigroup (S(¢)):>0. Having a good idea as to how the
semigroup behaves at infinity is a key point to the asymptotic study of wy.

2.1 The Semigroup kernel

The function K defined by (2.3) has the following properties.

Proposition 2.1. K is infinitely differentiable on [0, +o00[ and the functions T — (14+7)3/2T K@) (1)
are all in L°([0, +o0[) fori € {0,1,2,3}.

This point will be crucial for propositions 2.3, 2.4 and 2.7, which give different kinds of estimates
on the semigroup (S(t))i>o0-

Proof. Let us rewrite K as

K(r) = @ eI, (%) (2.6)



where .
IL,(1) = 1 / 7% cos(ne)de (2.7)
0

™

denotes the modified Bessel function of order n, n € N. The desired properties of K stem from the
properties of I, for n € {1,2,3,4}.

To begin with, writing the exponential in (2.7) as a series and exchanging the series with the
2k+1 3 2k+1

where aj, = £ x 2 x ... x 2

integral shows that I; can be expressed as I1(7) = >, T 1 ohta

Hence K is infinitely differentiable on [0, +o00].
Let us then look at the behaviour of K, K’, K’ and K" at infinity. The asymptotic expansions
of the modified Bessel functions are given by

1 (4n? —1)  (4n? —1)(4n® - 9) _3
I,(1) = (11— 0) , 2.8
)= o ( e 12872 TO() ) asTordoo, (28
see for example the book of Franck Olver [22, chapter 7], and in particular I(7) = \/217767(1 +

O(t71)) so K(1) ~ 773/2 at infinity. Moreover, one gets by differentiating (2.7) that I’ (1) =
Iy y1(7) + 21,(7) so successively
I(1) = Ia(7) + £1i(7),
(1) = I3(7) + 21x(7),
and 17" (1) = Is(7) + SI3(7) + 5 1z(7).

Calculating the derivatives of K from (2.6) involves these three last formulae, which combined
with (2.8) lead finally to K@ (1) = O(r=3/27%) as 7 — 400 for i € {1,2,3}. O
2.2 Estimates on the semigroup

Let us write some LP(§2) — L9(Q2) estimates on the moments of the semigroup (S(¢))¢>0. Some of
them already exist in [10], and can be stated the following way.

Proposition 2.2. Choose 1 < p<g< oo and -1 <a<<f<2.

(i) There exists a positive constant C such that for all time t > 0

—B
a2 +

3 =
—~
[\
e
~

1
q

I7*S()wollLa(e) < CllrPwoll Loy x t

provided that (r,z) + r8wq(r, z) belongs to LP(L).

(i) If =1 < a < B < 1, then there exists a positive constant C such that for all time t > 0
1 S(8)divaw| o) < CllrPw]| oy x t 3755 +475 (2.10)

provided that (r,z) + rPw(r, z) belongs to (LP(Q))2.

The constants in (2.9) and (2.10) are actually independent of p, ¢, «, 5 and wp. The constraints
—1<a<f<2and -1 < a < 8 < 1 suggested respectively for (2.9) and (2.10) are optimal as
long as one wishes to get time-homogeneous bounds. Proposition 2.2 is sufficient to deal with the
existence, uniqueness and regularity to (2.1). Proposition 2.2 is sufficient as well to give the decay
rates of the vorticity when the initial data wy is such that rwp is in L'(£2), using inequality (2.10)
up to its limit 8 = 1 (this will be the object of lemma 3.2). However, in order to go further into
the asymptotic expansion of wy, we shall need estimates on the r-moments of S(¢) higher than 2
as well as some of its r-and-z-moments that proposition 2.2 does not handle.

In practice, the following inequalities will be required in the next section; some concerning the



semigroup strictly speaking, like in (2.9),

1_1
7%z S(t)wol| pacy < ClIr®(r + |2]) woll Loy X 777, (2.11)
P2+ S (t)woll Lacy < ClIr2(tE + 1) wol Loy X 777, (2.12)
o 7_l
7228 (t)wol| Laey < ClI(r*t2 +r*2%) woll o) x t37 7, (2.13)

and the others concerning the semigroup acting upon the div, operator, like in (2.10),

|25 (t)divew]| Loy < Cllr(VE + r)w|| oy x 2577, (2.14)
792 S(t)divawl| o) < C||(rt% +7%2]) wl| Loy X ¢ TS, (2.15)
P2+ (#)divawl| oy < Cl(rt =" + 1) wl| gy x t72 7075, (2.16)
r® 225 (£)divaw|| o) < Cll(rt 2" +1922) w|poiqy x t 2577 (2.17)

where « lies in [0,1]. These inequalities can be proven simultaneously as consequences of the
following statement.

Proposition 2.3. Choose 1 < p < ¢ < o0 and o',y > 0. Define fort € 10,+o0] and (r,z) €

N(t,r,2) = ((%)ﬁ + (\%)@ 7) (1 + (\2)&> . (2.18)

(1) If =1 < oo < B, 5 < 2, there exists a positive constant Cys ~ such that for all time t > 0

z

Vi

ata’ty 11
+q

P+ 27 S(#)woll oy < Cary N (B)woll oy X (2.19)

provided that (r,z) — (rf 4+ 7P 4 1B |27 4¢84 2w (r, 2) € LP().
(1t) If =1 < o < B, < 1, there exists a positive constant Cys ~ such that for all time t > 0

ata’ty 411

4 . _l,aoto +y 1
[t 1S () divawl| gy < Car [Nl gy x 57475 (2.20)

provided that (r,z) — (r? + P 4 0B 2|7 4 B+ |2 Mw(r, 2) € (LP(Q))2.

If one wishes to know explicitly how the constant in (2.19) and (2.20) depends on o' and 7,
they may write the optimal majorations

V>0,V >0  (1+2)° <max(1,2°7Y) (14 2°) (2.21)
and
25\ 1>
V6 >0,Ver >0 a2°< () e1® (2.22)
(&

and conclude while reading the proof coming below that C,- - can be taken as

, 20 a'/2 2 /2
Cor = Cp x max(1,2* ~1)max(1,27!) max (1, (a) > max (1, (7) ,
e e

where Cj is determined by the bounds on K and its derivatives (¢f proposition 2.1), by the value
of [|exp(—g(r* + 2%))|| 11 (q) = 47, and by the maximum value of (%)6/2 for ¢ between 0 and 5.

Proof. Let us write from (2.2) that for all time ¢ > 0

’ 1 ’ _ rp
a+ta _ « X a+l 2
r 27S()wo(r, 2) = Py /Qr Ve r*T i pt K (—t ) wo(p, ¢) dpd¢

where we note X = X (¢,7 —p,z—() = £ ((r— p)? + (z — )?) for the clarity of the demonstration.



Using an integration by part, write as well that, for all time ¢ > 0,

/ 1 /
ro TS () [diview](r, 2) = — / r e X (A, + Aw,) dpdC
4ﬂf3 0
where w = (w,, w,) and the terms A, and A, have the following expressions:
2

AAt,r,z,p,C)z%(r—p)K(%) ;\p[K'( >+2rp\[K( )

and
2

TP TP
A (t,r,z,p,() = —=(2 — K(—)
( WA
In both cases, cut the factor r® z7e~X into four parts according to (2.21) then (2.22):
o’ o’ o’ o o’ J X
r 2T < Cr = pl* +p% )12 =7 +[C]7) S CE= +p )2 +[¢[)e .

Afterwards, thanks to proposition 2.1 and (2.22), let us show that the factor 71 p? K(2) is less
. X  oa+3 t
than or equal to the quantity C'(%)ﬁefﬁT as follows.

olf (a+B—-120and0<r<2p)or(a+p—-1<0and0<p<2r) then

K (2) < c(ji)ﬁem“

since 0 < 3+ a — 8 < 3 (¢f proposition 2.1) and applying (2.21) with § = 0.

at+B—1 B—a+l 34a—pg
potl 2 (TP T 2 P 2 (TP
1 t[:f—a—3 X t
2

olfa+pf—-12>0and0<2p <7 then

rotB—1,8 2— B
ractl QK(”’) =< () BK(TP><C(/)> T
5 t t Vi
since0<2—B<3andr<[r—pl+p<|r—pl+5sor<2r—p <4VEX.

o If finally « + 8 —1 < 0 and 0 < 2r < p then

By (at+p=1) +1 s s
i () = P () () < () e
G : Vi
since0<a+1l<3andp<|p—r[+r<|p—r[+5s0op<2p—r|<4VEX.

Taking ' instead of 8 gives that r*™!p? K(™£) < C’(\%)ﬁ eTt*s for -1 < a < B <2 as well.
Let us treat the factors r*|A4,| and r*|A,| in the same way when —1 < a < 8 < 1, noticing
. . 1—i—iq .
that they are sums of terms of the form ro1+ip+7 Xk/2¢7== K()(2) where i, j, k are in {0, 1}.

olf(a+B8+i—j>0and0<r<2p)or (a+B+i—7<0and0<p<2r) then

at+1+i 147 atBti=j Boa—itj M
xR0 () T e (1) KO (12)
to t 775 t t

B
P X  at3
< C( et 2
Vit

since0<2+a+i+j— B <3+ 2.
olfa+pf+i—7>20and 0<2p<r then

t t

iti—1 26+i—;j-3
t— 2 t 2



since 0 <1+ j—B<HE2 andr<|r—p|l+p<|r—pl+5sor<2r—p <4VtX.
o If finally a+ 8 +i— 75 <0and 0 < 2r < pthen

P g (1) P (104 o (1)
t

itj—1 —2a—i+j—3
tor 3 t— =z 3

B
p X a+3
c(L) X
(ﬁ) ‘

since 0 < a+i+1<HEZ andp<|p—r|+r<|p—r|+Ls0p<2p—71| <4VEX,

N

Let us take 8’ instead of 8 and get that r*|A4,| 4+ r*|A4,| < C(%)ﬁ'e§t%ﬁ as well.

‘We have now shown that on the one hand

[ret e 278 (Hwo (r, )| < 0277;_7/ e X2 N(t, p, ¢) lwo(p, O)| dpd( x jobeltn
Q

and on the other hand

, C. atal
[t 215 ()diva(r, 2)] < ?’”/Qe’x/ 2 N(t,p,€) lwlp, )| dpd¢ x 735751,
which concludes the proof thanks to Young’s inequality for convolution. O

Let us remark eventually that all of the estimates (2.11) to (2.17) are indeed obtained from
proposition 2.3 with well choosen values of a, o', 8, 8 and ~. Incidentally, let us see that
proposition 2.2 is also contained in proposition 2.3, corresponding to the cases when 8’ = 8 and
o =v=0.

2.3 Approximation of the semigroup at first order

The goal is now to specify the behaviour of the semigroup (S(t)):>0 at large times. We know
from (2.9) that ||S(t)wollr1) < CllrPwollzi)t™#/? as long as B € [0,2]. In particular, when
(r,2) = r2wo(r, 2) is in L1(Q), it appears that the equivalent

for_ 2 sy (2.23)
t—++o00 16\/%6 ’

holds whenever Iy = fQ r2wo(r, z) drdz # 0. This will be the object of lemma 2.5. Hence, as long

S(t)wo

as I is nonzero, t — S(t)wp decreases in L(Q) exactly as ¢ — ¢t~ up to a multiplicative constant.
One thing to notice here is the preponderant role of the radial coordinate in axisymmetry, for until
now all the hypotheses made relate to the r-moments of wy and no additional spatial decay has
been asked so far along the vertical axis.

Let us introduce the Gaussian-like function

_ r2+22

Gi(r,z) =

TN (2.24)

on ) and the notation
i s (19) = S(0ealr2) - ([ Pt dpac) 61 (L )2 2am)

when (1 4 7%)wol|L1(0) < 0o and ¢ > 0. Despite its denomination, chosen because Sy gives the
first order approximation of S at large times, the family of operators (S1(t))¢>o is not a semigroup
and is not strongly continuous at ¢ = 0. We now state some estimates on (S (t))¢~o comparable
to those from proposition 2.3.

Proposition 2.4. Choose 1 < p < g < oo such thatp <2 and -1 <a<f<2.



(i) If 3 — % < B < 2 then there exists a positive constant C' such that for all time t > 0

v
+ 22

a—f
17 (r + |2]) woll Loy x £ 25T Ta7w (2.26)

[r*S1(t)wol|La(e) <

D =

provided that (r,z) — 172wy (r, z) € LY(Q) and (r,z) — 7% (r + |2|)wo(r, 2) € LP(Q).

(ii) If 2 — % < B < 1 then there exists a positive constant C such that for all time t > 0

|7 S1(t)divew|| La(a) <

c _qye=B,1_1
T 5 P Dl x T 22n)
2

AL

provided that (r,z) — r2div,w(r,z) € LY(Q) and (r, 2) = rP(r + |2])w(r, 2) € (LP(Q))2.

The constants in (2.26) and (2.27) can be shown to be independent of p, ¢, a, 5 and wy. The
proof follows the same procedure than the one of proposition 2.3, with the difference that we shall
conduct this one in the self-similar space-and-time coordinates (rv/%, z2v/%).

Proof. Let us write for all t > 0 and (r,2),(p,) € Q the first order asymptotic expansion with
integral remainder

+o0 1
t

where we shall use the notation X (t) = +((r— %)2 +(z— %)2) and where A denotes the quantity

o ()66 5 s D)r() e

From that expansion and the expression of the semigroup (2.2) in the self-similar coordinates
(rv/t,z/t), one gets that on the one hand

1

7Sy (t)wo(r t,zx/f) =5

+oo 1 B
/Q/ SST Ta+1p2A0 e X(s) wO(pa C) ds dpdc (230)
t

for all time ¢ > 0, and on the other hand after integrating by parts

+oo
7S (1) [divaw] (rVt, 2 t):—# /Q / SiQra(Arwr+Azwz)e*X<S>dsdpdg (2.31)
t

where w = (w,, w,) and

b= (2 () s o) 5

. (2.32)
A, = (;gg (z - %) Ao + (?C(rpQAo)) V5.

The rest of the demonstration uses the arguments already encountered in the proof of proposition
2.3. The calculation gives that rp?Ay, A, and A, are sums of terms of the form

14 145 K’ K"
reT (P) ik <<) IR0 (m)
s'T Vs Vs Vs

with j, k € {0,1} and i, k', k" € {0,1,2}. Tt is important to note here that the terms with j = 0

appear only in A, and A,, when 8 < 1. Then see that according to (2.22)
k// k/

k//
X (s)
< (p+1¢h)

‘ < Clp+ (e

7
for every k € {0,1} and &', k" € {0,1, 2}.

p
r—

NG

k/
[ 2 —=

NG

10



Afterwards, thanks to proposition 2.1 and to (2.22), let us show that the factors of the form
. . —j . — X
e X rlﬂplﬂslTJK(’)(r—\/%) are less than or equal to the quantity Cp®s 3 e 5

ie{0,1
p<1,

as follows. For
,2} and j € {0,1} corresponding to the factors of interest, meaning that j = 0 only when

g

oif (a+B+i—j=20and0<r<2L)or(a+pf+i—j< Oand0<%<2r)then

. P atBti—j B—a—its 2ta+titji—pB
rp o (e e (e T e (12
s Vs P Vs Vs

since0<2+a+i+j— <3+ 2,

o ifa+6+ifj>0and0<2% r then

@ 7 1 «@ i—7 1+j5—
r ) (’"P) et (Tﬂ) P (m>
s'5 Vs s77 Vs Vs

since 0 < 1+j—B< 3 and r <|r— 42|+ L= < |r— & |+ S sor <2pr— 5| <4/X(s),

o andifa+6+ifj§0and0<2r<ﬁthen

N ; ) _ o 11
r +1—f- p1+g K(i) ™o _ pﬁ 3 (a+p+i—3) y rp a+i+ K(i) rp

2-8  X(s)

<Cplsz et

since 0 < a+i+1 < 32 and -

S|G—rl+r <|E—rl+35z 0 & <2L&—r <4y X(s).

It is only left to write, using first a Fubini inversion between the time and space integrals and
then Young’s inequality for convolution, that on the one hand

+oo
e} X(s)
I a0 V) < \tg / / 2 75+ 1) ol )l ddpl
La(Q)
ﬁ+1 _X(9)
<SG s / e P+ 1C) lwo(o, Ol dpdc]|  ds
Q La(Q)
C B+l 41
< 2 s~ 5 ds Hr (r + |z|)wo(r, 2 HLP(Q
and on the other hand
+oo
. X (s)
7 S1(div.ao(rVE, VD) ey < ]tQ / / 0P o+ 16D Tl )l ds dpd¢
La(Q)
/ e P o+ [¢]) lw(p, )l dpd( ds
t2 ’
Q L1(Q)
C [T a2, 1
< 2 t s Tt s ||rf3(r—|— |2))w(r z)HLp(Q)7

and proof is made with a last change of variables on the left hand sides of these two last inequalities.
O

We can now prove the statement made in (2.23), which is true in every LP(2) for 1

<p < o0,
The demonstration will be performed again in the self-similar coordinates (zv/, 2v/t).

11



Lemma 2.5. Take wy € L*(Q) such that (r,2) = rm2wo(r, z) € LY(Q). Remember that (S(t))i>o is
the semigoup defined by (2.2) and Iy = [, r?wo(r, z) drdz. Then

S(t)wo(r,z) =

lor  —r8= sy, (tl_2> (2.33)
164/ t—+00 '

in LP(Q) for every p € [1, +o0].

Proof. Let us recall that Gy : @ — R : (r,2) — 16% exp(—TQZZQ) and S1 : wo — S(t)wo —
IOGl(ﬁ)t’Q. The goal is to show that |[t25) (t)wo(-v/?)||£r () tends to zero as ¢ goes to infinity for
p in [1, +o0].

Let us consider for any a > 1 the indicator function x, of the truncated subset [1, a] x [~a, ] of
Q, and the quantity 1§ = fla/a [2, pPwolp, ¢) dpdC = [, p*Xa(p; Qwo(p, ¢) dpd¢ which tends towards

Iy as a goes to infinity. Thanks to estimate (2.26) with & = 0 and 8 = 2, we see that

[£251(6) xawol (VO | 11 ) = 1275 |181.(t) [xawol | Lo ()

< 20|r2 " xt"3 —— 0.
50 l7%(r + 12]) Xawoll L1 (@) S

We see as well that t27%||5(t)[(1 — Xa)wol [ zr (@) < Cl|r*wo(1 — Xa)|l£1(0) using (2.9) with a =0
and § = 2, then writing

281 (t)wo (rVt, 2v/t) = t25(t) [wo — Xawo] (1VE, 2V/t) + 1251 (1) [xawo] (1VE, 2V/t) 4+ (I¢ — 1) G4 (r, 2)
we finally have
limsup [[¢*Sy (t)wo (V1) || r(o) < lin sup 125 (B[ = Xa)wol (V)| Lr(e)
—+o0

t——+o0

+ limsup [[t251 (t)[Xawo| (V) || Lo (0)

t——+oo

+ limsup [|(Ig — Io)G1|zr (o)

t——+oo

(2<Q) C[|r?wo(1 = Xa)ll 21 (@) + 0+ [[(I§ — 10)G1 |l 1o ()

which tends to zero as a — +oo. O

2.4 Approximation of the semigroup at second order

Let us suppose briefly that Iy = [, 7%wo(r, z)drdz vanishes. In this case Si(t) = S(t) for every
t > 0, and estimate (2.26) taken with & = 0 and ¢ = p = 1 implies that the semigroup decreases
in L'(Q) at least like t — t=#/2 when (r, 2) — (1 + 7% + 2r~Dw(r, 2) is in L'(Q), if B < 3. The
case 3 = 3 corresponds to the second term in the asymptotic approximation of S:

2 2
+
Jorz -t i 1=7/2

t ~ 2.34
Shwo v 3a77° (2:34)
if Iy = 0 but Jo = [, r*zwo(r, z) drdz # 0. This is the object of lemma 2.8 below.
Let us introduce on 2 the Gaussian-like function
rz  _ri+z?
G =—-0.Gi(r,2) = o= 4, 2.35
2(r, 2) 1(r, 2) N (2.35)

and the notation

Salt)en s (r.2) = S(0hn(r.2) = ( [ Pentp. dpac) 61 (22, 2 ) 72

- ( /Q P*Cawn(p, Q) dpdc) Go (\2\2) /2 (2.36)

12



defined when |[|(1 + 7% + r?[z])wol|2(q) < o0 and ¢ > 0. Like Sy, the family of operators (S2(t)):>0
is not a semigroup nor is it strongly continuous at ¢t = 0 on any LP(Q).

Remark 2.6. G; and G5 defined by (2.24) and (2.35) are such that the first term (2.23) and the
second term (2.34) in the asymptotic expansion of the semigroup are both self-similar solutions to
the linearised vorticity equation

WG

Orwy = Awy — (2.37)

meaning that the equalities

ol

S(t — s) [

S

e

ol doles) o

hold for all positive times ¢t > s > 0. Other notable properties are the values of their r? and

r2 z-moments:

and

/ r2Gy(r,z) drdz =1 and / r?2G1(r,z) drdz = 0 (2.40)
Q Q
while
/ r2Gy(r, 2) drdz =0 and / 22 Gy(r, 2) drdz = 1. (2.41)
Q Q
Let us now see the estimates that hold for (S2(t));>0, similar to the ones of proposition 2.4 upon
S1. Once again, the constants in proposition 2.7 can be shown independent of p, ¢, «, 8 and wy.
Proposition 2.7. Choose 1 < p < g < oo such thatp <2 and -1 <a<pf<2.

(i) If 3 — % < B < 2 then there exists a positive constant C' such that for all time t > 0

a C _qpaezB41_ 1
HT Sz(t)W()HLq(Q) < m ||7’6(7”2 +22)WO||Lp(Q) X t 45 +q P (242)
5 —

S =

provided that (r,2) w r2(1 + |2|)wo(r, 2) € LY () and (r,2) = 7P (r? + 22)wo(r, 2) € LP().
(i) If 2 — % < B < 1 then there exists a positive constant C' such that for all time t > 0

C _3,a—p8
W||7”5(7“2+Z2)w||m(9) xt 2t ot
p T2 2

7 So (£)divaw]| Laey < v (2.43)

provided that (r,z) = 72(1 + |z|)diviw(r,z) € LY(Q) and (r,2) = 8% + 22)w(r,2) €
(LP ().

Proof. The proof is strictly identical to the one of proposition 2.4 once taken into account the
following modification and its consequences. The asymptotic expansion with integral remainder
(2.28) has to be considered here at order two

+oo
rp —X(t):ﬁ—lr+z ZC\f 1(r2422) / /1 X(s)
() = e LR [ i (G 75 e
(2.44)

Ap being now the quantity

o ()< 2 () < (- $) ()
b+ 5)) 1) ()

instead of (2.29). Equalities (2.30) and (2.31) change accordingly, meaning that their left hand
side members involve here S5(t) instead of S;(t) and that the integrands have to be multiplied by

13



the factor (\}Z - ﬁ), which is less than % Last consequence to take into account, A, and A,

such as defined in (2.32) and rp?Ag are now sums of terms of the form

14 145 K’ K"
r (T _ P) 2k (z _ C) %0 (rﬂ>
s’z Vs Vs Vs

with j € {0,1}, k € {0,1,2}, 4, k", k" € {0,1, 2,3}, and must be bounded by s PP (p*+(%e
X (s
2

instead of C's“ 2" p?(p+ |C|)ei). Using this bound inside of (2.44), together with a Fubini integral
permutation and Young’s inequality for convolution, leads to the desired conclusion. O

X(s)
2

We can now come back to (2.34), which is true in every LP(2), 1 < p < cc.

Lemma 2.8. Take wy € L'(Q) such that (r,z) — (r® + r2|z))wo(r, 2) € L*(Q). Remember that
(S(t)e0 is the semigoup defined by (2.2), Iy = [, r?wo(r, z) drdz and Jo = [, r?zwo(r, z) drdz.
Then

Iyr _r+2? _5/2 Jorz _ri+z’ —7/2 ( 1,§>
= 4 — 4t tr~ 2 2.45
167" 32" o\ (245)

in LP(Q) for every p € [1,400].

S(L‘)WQ

Proof. The goal is to prove that |[t>/2Ss(t)wo(-v/t)||1r() tends to zero when ¢ goes to infinity for
every p in [1,400]. Let us recall the definitions of Gy, S1, G2 and Ss, respectively in (2.24), (2.25),
(2.35) and (2.36).

Let us consider for any a > 1 the indicator function y, of the truncated subset [%,a] x [~a, a]
of Q, and the quantity J§ = fla/a J2 . p*Cwolp, ) dpdC = [, p*¢ Xawodpd( which tends towards J
as a goes to infinity. Let us use (2.26) with a = 0 and § = 2 to show that

16281 (8)[(1 = xa)wol (VD) [ o) = 277 [1S1()[(1 = xa)wo] | o) < 2C[r2(r + [2))(1 = Xa)woll 22 (@)

for any positive time ¢, and use (2.42) with « = 0 and 8 = 2 to see that

5 5_1
[[£2 S2(t) [Xawo] (- VE) | Lo (o) = 1277 [|S2(t) [Xawo] | Lr ()
< 2 2(0.2 2 u -1 )
A Cllr*(r* + 2%)xawol L1 () X t72 mo

Let us write eventually for every a > 1

£3 Sy (t)wo (rvE, 2v/1) = 13 S1()[(1 = Xa)wo] (rVE, 2V/E) +13 Sa(t) [Xawo (rVE, 2V/E) + (J&¢ — Jo)Ga(r, 2)

SO
limsup [¢2 S5 (#)wo (V)| Loy < limsup [[£3S1(£)[(1 — xa)wo] (V)| Lr ()
t——+oo t—+o00
+ Limsup [[¢2 S5 (t) [Xatwo] (-vVO) | o)
t—+oo
+ limsup [[(Jg — Jo)G2| e (o)
t——+o0
(526) Clr?(r+ 12)wo(1 = xa)llLr (@) + 0+ 1(J§ = Jo)GallLr (e
which tends to zero as a — +00, concluding the proof. O

3 Time-asymptotic expansion of the vorticity

In [10], Gallay and Sversk show important results about the axisymmetric vorticity when the swirl
is zero: for any nontrivial initial data wy € L'(£2), the L'-norm of the vorticity ¢ — [lws ()| 11 ()
decreases to zero and for every p in |1, +00]

. -1 . —1
lim tl P ||LU9(t)||Lp(Q) = ‘ lim tl P ||(A}9(t)||Lp(Q) =0. (31)

t—0 ——+o0
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As we said in the introduction, they also show that when the initial data wg is nonnegative and
has a finite impulse Iy = [, r*wo(r, z)drdz < oo, the vorticity has the same first-order asymptotic
expansion as the linear semigroup S.

The goal of this section is to refine these results by reinforcing gradually the hypotheses on
the localisation of the initial data, proving in particular that the nonnegativity of wg is never
required. Let us start by introducing the Biot-Savart law for axisymmetric fluids, which gives
crucial estimates between u and wy.

3.1 The Axisymmetric Biot-Savart law

As stated in the introductory section, working with the vorticity or directly with the velocity is
equivalent given that to any solution w of the vorticity equation (1.2) corresponds only one solution
u to the Navier-Stokes equations (1.1) whose curl is w. In the context of axisymmetry without
swirl, the Biot-Savart law can be written as

ur = —10,9 )

1 T rp cos 6 wy
ug =0 where T,Zzi// dodpdc, (3.2
uz =194 v Am JoJo  \/(z = )2+ 12+ p? —2rpcost pdG,  (3.2)

see for example [9]. The reader will then find the following proposition in [10].

Proposition 3.1. Consider u defined from wy by the azisymmetric Biot-Savart law (3.2) and
choose 1 < p < q < .

(i) If 1 < p < q < oo such that % = % + 1 and wy € LP(Q) then there exists a positive constant
C' such that for all time t > 0

[ L) < Cllws(®)llzr ) (3.3)

More generally, if 1 < p < q<ooand 0 < a < p <2 suchthat 0 < f—a <1 and

% = % + w and if (r,2) — rPwy(r,z) € LP(Q) then there exists a positive constant C

such that for all time t > 0
[r®u()]| o) < Clir’wo(t)ll o (a)- (3.4)
(i) If 1 <p<2<q< oo andwy € LP(Q) N LI(Q) then there exists a positive constant C' such
that for all time t > 0

o o pq—2
u(t) || o) < C”W@(t)HLP(Q)||W‘9(t)||1Lq(Q) where o = 20— €10, 1. (3.5)

Remark. The combination of (3.1) and (3.5) ensures the existence of two positive constants C
and C, such that

1 1
)l < Cllwn®llfaqy (Con t71)F ¥ >0, (3.6)

and the fact that ¢ — [|we(t)||11 (o) is nonincreasing gives the existence of a positive constant C,
such that
_1
u(®)]|p=@) < Cupt™2  VE>0. (3.7)

This bound will be useful in what comes next, and already tells something about how u vanishes

at infinity.

3.2 Decay rates for the vorticity

Let us show first that a finite initial impulse ||r?wol|f1(q) < oo implies that the second radial

moment ||r?wy(t)||11(q) is bounded and that [we(t)||1r (o) decreases like t — t%_Q; this is lemma
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3.3 below. This result requires the intermediate study of the vorticity’s decay rates when only its
first radial moment |[rwol|z1(q) is initially supposed finite.

Lemma 3.2. Take wy the solution of (2.1) with initial condition wy € L*(£2).
If (r,z) v rwo(r,z) is in LY(Q) then there exists a positive constant C,, such that for every
q € [1,+00] and all time t > 0

lw (£)l| o() < Cuug (1+18) 50! (3.8)

[rwo ()| L) < Cuy it (3.9)

Proof. Suppose that ||rwo||z1 ) < co. We show first the local existence of |rwg(t)||z1(q), then the
fact that it does not blow up in finite time and eventually that it is bounded on [0, +o0o[. We shall
come afterwards to inequalities (3.8) and (3.9).

First of all, a fixed point argument shows that there exists a time 7' > 0 such that wy is
continuous from [0, 7] into the space

L%(Q) ={w:Q—=R] HwHLl(Q) + ||7"w||L1(Q) < oo}

This standard argument will be used several times in the next lemmas, we thus provide some
details in appendix B for the reader’s convenience.

We then expose why [|rwe(t)| 11 (o) does not blow up in finite time, using a Gronwall argument.
Let us write for t > 0 and ¢t > 0

l|lrwe(to + )| L1 ()

to+t
(f) 7S (t)we (to)ll 1 (@) + / [rS(to +t — s)div.(u(s)ws(s))llL1 (o) ds
5 to

to+t
< CHTWG(tO)HLl(Q)"'C/ (to +t — )% [u(s)]| (@ lrwa(s) | 10y ds (3.10)
(2.9)(2.10) to

t
(57) Cllrwe(to)ll L1 (@) + C/ (t— 5)7%(750 + 5)7% [rwe (to + s)ll L1 (o) ds
3 0

and conclude using some Grénwall-type lemma that |[rwe(t)||z1(q) is finite and well defined for
every time ¢ in [0, +o0o[. For example, lemma 7.1.1 from [14] gives exactly the desired conclusion if

we observe that (fo 4 s)~2 is bounded by the constant ¢, 2
Let us now come back to line (3.10) and give a bound to ||u(s)|| (o) by using inequality (3.6)

instead of (3.7), then [Ju(s)| L= ) < Cng(s)H%l(Q)s_% and inequality (3.10) becomes

to+t .
[lrwa(to + t)ll L1 () < Cllrws(to)llzr @) + 02/ (to +1t = )% [|wo(s)l| 7105 2 [Irwo(s) | 11 ) ds

to

for any ¢ > 0, C; being some positive constant depending on ||wo||z1 (). Let us remember here that
t — |lwo(t)|| 11 () decreases to zero and consider ¢y large enough so that ||w9(t0)||L1(Q) (2C27r) ;
the presence of 7 being due to the particular value of the Euler Beta function B(1 (3, 2 fo (1-—
$)” isTids=1 appearing right below. Indeed, for every ¢ > 0 we can now write

[rwe (to + )|l (@)

. to+t
< Cllrwe(to)ll i) + Co Hwe(to)Hil(Q)/ (to+t—s)"2s ds ( sup ||W0||L1(Q)>
0

[to,to+t]

1
< Cllrwe(to)ll (o) + 5 . sup llrwoll L1 ()
[to.to+t]

and so supy, 444 [rwoll 1 0) < C+i SUP[4 1o-+4] "Wl L1 (). This proves that there exists a positive
constant C,,, such that [|rwy(t)[|z1(q) < Cu, for any ¢ in [0, +ool.
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We can now prove inequalities (3.8) and (3.9), which are consequences of this uniform bound on
[rwa(t)]| L1 () as shown below. To establish (3.8), let us recall first that ||we(t)||Le) < Cu, tat
as a consequence of (3.1). Referring then to (2.9) and (2.10) with o = 0 and 8 = £, let us write
fort >0

t
llwa ()] L1 (2 S 15 ()eoll L1 (e +/O 15t = s)diva (u(s)ws(s)) ]| () ds

t
< Cllrrwollpioyt T + C/ (t = 8) " |u(s)|| oo () |72 o () | 21 () ds
(2.9)(2.10) 0

t 3 1 1
< Ct-%+c/ (t—s) s 2ds = C(1+B(1/4,1/2))t 5.
0

(3.7)

Use straightaway the decay rate obtained this way on |lwg(t)||L1(0) in the same calculation (referring
this time to (2.9) with & =0, 8 =1 and to (2.10) with « =0, 8 = 3),

t
o ®lle < IS@eollzr + |15 = v s o)) o s

t
< Cllrwollpiyt™* +C / (t = 8) 7% |[u(s) || noe ) | Twn (5) || L1 ) s
(2.9)(2.10) 0

t 1
(g) Ct 7 + c/ (t = 8) " Flw(5)| 21052 I wo(s)]l e (o) ds
3.6 0

1

t
<Ct—%+c/ (t—s) 5s 55 2ds = C(1+B(1/8,3/8))t 2,
0

to get the case ¢ = 1 of (3.8). Finally, another iterative argument gives all of the remaining cases
in three steps. Let us proceed to the following calculations three times, successively for ¢ € [1, 2],
p=1, then g € [%,4[, p= % and at last ¢ € [3,+00], p = 3:

[lwo ()| Lae) S 15(t/2)we(t/2)]| Loy + /t/2 15t = s)div.(u(s)ws(s)) || La(o) ds

t
1_3 1_1_ 1
< COllrwe(t/2)| Lyt 2+0/ (t—s)a 7 2[Ju(s) || Lo () llwa (s) | Lr (o) ds
(2.9)(2.10) /2

S Cti 540 (t—s)1 7 %5 3 ||wy(s)| Loy ds
(3.7) t/2

and
t
llrwe ()| Laa) (f) 7S (t/2)wa (t/2)| La(ey + // [7S(t — s)div.(u(s)we(s))||La(a) ds
5 t/2
t

1_ 11 1
< Cllrwat/2)lpts ™ +C [ (t—s)a v 2 Ju(s)|| Lo () lITwa (s) | Lo (o) ds
(2.9)(2.10) t/2

0070 [ i i (9l

17



t/2
! 1_1_1 1_3 14
<C 1+/ (1—s)a " » 25" 2ds | ta
1/2
for ¢ > 0. Note that the constants in the computations only depend on the initial data wy. O]

Remark. Under the hypothesis of |[rwo| r1(0) < 0o, (3.8) is an refinement of (3.1). It allows us
to replace (3.7) by the following estimate

[u(t) ||y < CA+8) Y272 vt >0, (3.11)

obtained directly thanks to (3.8) combined with (3.5). This bound will be used exclusively to prove
the next lemma, before being superseded by a better one.

Lemma 3.3. Take wy the solution of (2.1) with initial condition wy € L*(£2).
If (r,2) — r%wo(r, 2) is in LY(Q) then there ewists a positive constant C,,, such that for every
q € [1,400] and all time t >0

lws ()| La(y < Cup (1+8) 72t~ (3.12)
lrwe (t)]| Lacay < Cug (1 + )2t (3.13)
Ir2ws (8)]| o() < Cug te " (3.14)

Proof. Suppose that [|r2wyl|L1(0) < co. As for lemma 3.2, we shall show first the local existence of
the quantity [|r2wg(t)||11(q), then the fact that it does not blow up in finite time and eventually
that it is bounded on [0, +oo[. We shall afterwards concentrate on inequalities (3.12) to (3.14).
Note that, in particular, ||rwol/z1(q) < oo so the conclusions of lemma 3.2 hold.

First of all, a fixed point argument shows that there exists a time 7' > 0 such that wy is
continuous from [0, 7] into

{w: Q=R | [Jwllpi) + [IFPwllpr @) < oo},
read for example the development in appendix B but adapted with the norm

lwollxr = sup (8/4]wo(t) | ars(e) + /4l 2wo (Bl Loss )
0<t<T

on X7 and using (2.14) together with an interpolation inequality when adapting equations (B.1)
and (B.2).

Let us now show that [|r?wy(t)||11(0) does not blow up in finite time. Let us write for ¢ > 0
that

t
Irao@lzsr S IrS(E/2eat/2) s + / IrSte = s)divs(u(s)en (sl e d
.5 t/2

t
< Cllrwet/2)ll @t +C / (t = )72 [[u(s)l| L= oy I rwa (5) |1 () ds
(2.9)(2.10) t/2

t
< Clrfwot/2)llni @yt +C | (t=5)2(1+s5) 25 2 ds
(3.11)(3.9) t/2

1
C <||T2we(t/2)|u(g) +/ (1- S)_%S_l ds) tz
1/2

(3.15)
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which leads for ¢ > 0 and tg > 0 to
[[r2we (to + )

to+t
(f) 125 () (to) L1 (@) + / 1125 (to +t — s)dive(u(s)we(s))l| L1 (o) ds
5 to

to+t
< ClrPwolto)l i + C / (5) | e gy lrw (8) ] 1 sy s
(2.9)(2.14) to

to+t
+ C/ (to +t = 8) 2 [|ru(s)l| aoy Irwo (s)l| osa ) ds

to
2 tott 1 1 2 1
o Ol +C [ W) s (el e + D5 ds
(3.15)(3.4)(3.9) to
tott 1 1
+C (to+t—s) 25 2ds
to
where in the last line (3.4) is used with a = =1and p =4, ¢ = %. Translating the integration
variable s by g, using that (to +s)~/2 < min(1,%9)~/?(1 4 s)~/? and in the first integrand that
[72we (5/2)|| L1 () < SUP[o 4] II72well L1 (@) 4 SUD(, 5 [7wol| L1 (), One gets for every ¢ > to > 0 that

¢
sup [l 11(@) < Cuty + Ciy | (145 sup 130y s
[to,t] 0 [to,s
Gronwall’s inequality applied to the map ¢ — supscp, 4 [[r?we(s)||L1(q) therefore ensures that
t > ||r2we (t)|| L1 (o) is well-defined and bounded on [0, +oo[. This sets estimate (3.14) when ¢ = 1.
We can now thanks to this uniform bound prove inequalities (3.12) to (3.14). To establish (3.12)
and (3.13), one has to recall first that ||w(t)[|La(q) < Cu, ta~! due to (3.1) and [jrwg(t)| La(n) <
Cup ta~! due to (3.9). Then, let us write for ¢t > 0

t
llwa ()] L1 (2 S 15(t/2)we(t/2)l| L1 ) + //2 15(t = s)diva (u(s)ws(s)) |1 () ds
5 t

t
< CllrPwe(t/2) |yt + C/ (t = )72 |u(s)]| oo () o (8) | 2 () ds
(2.9)(2.10) t/2

t
< ottt +c/ (t—s) 2(1+5)"2s 2 (1+s) 2ds
(3.11)(3.8) t/2

1
<O<1+/ (1—3)—és—3ds> ¢!
1/2

to get the case ¢ = 1 of (3.12), and let us remember calculation (3.15) which gives the case ¢ =1
of (3.13) once we know that ||[r2wyl|1: () is bounded on [0, +oo[. Finally, a three-steps iterative
argument leads to all of the remaining cases. Let us proceed to the following computations three
times, successively for ¢ € [1,2[, p=1 then ¢ € [3,4[, p= 3 and at last ¢ € [3,+0c], p = 3:
t
llwo (D)l a2 (55) 15(t/2)we (t/2)]|La() +/t/2 1S(t — s)div. (u(s)wo(s)) || La(e) ds

t
1_ 111
oS )Cllrzwe(t/Q)llLl(mf" 2+C// (t —s)a™ 772 [luls) (o lwo(s) ]| Lo () ds
. t/2

t
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and

t

o ®llny < IrS(/Destt/Dlsno + [

/ IS (t = 5)divs (u(s)wo(s))l La() ds
t/2

t
1_3 1_1_ 1
< OlrPwe(t/2)| oyt 2+C/ (t—s)a= 2 2[|u(s)]| Lo () lTwa (s)] Lo (o) ds
(2.9)(2.10) t/2

and

t
[[r*we ()] a(e) (f) 1725 (t/2)we (t/2)]| La(e) + // 1725t — s)div, (u(s)ws(s))|| Laq) ds
5 t/2

t
< CllrPwe(t/2)|pryts ™t + C/ (t—8)a 7[lu(s)| o) llrwe(s) || Lr () ds
(2.9)(2.14) /2

t
1_1_1
+C [ (t=s)i7 72 Juls)| e (@ llr?wo ()] Lo (o) ds

where the constants only depend on the initial data wy. O

Remark. In particular, we deduce from the Biot-Savart law that if ||r2wo(r, 2)||11(0) < oo then
there is some positive constant C' such that for all time ¢ > 0

[u(t)| oo (@) < C(L+ )12 (3.16)

This estimate is given by inequalities (3.5) and (3.12) put together, and it is the best one can get
concerning the supremum of u as long as the impulse [ is not zero.

Lemmas 3.2 and 3.3 are the most direct way to reach the case where (r,2) — (1 + r2)wq(r, 2) is
in L'(Q2), but one could consider all of the intermediate cases:

Proposition 3.4. Take wy the solution of (2.1) with initial condition wy € L*(Q).
Take o in [0,2]. If (r,2) = 1% (7, 2) is in L1 (Q) then there exists a positive constant C, o such
that for every q € [1,4o00] and all time t > 0

llwo (8| a0y < Cupia (1+8)~Fta71 (3.17)
w6 (£)]| L) < Cuupa 1 (3.18)

Proof. The arguments presented in the proofs of lemmas 3.2 and 3.3 are applicable in the same
order, following the proof of lemma 3.2 when a € [0,1] and the proof of lemma 3.3 when « €
11, 2]. O
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3.3 First-Order asymptotics

In this subsection, we show first (1.4) then we study how close wy(t) and its first asymptotic term
are the one to the other.

Due to the symmetry of the problem, when both wy and (r,z) — r2wq(r, z) are in L(Q) the
vorticity has a constant impulse:

I(t) = / r2wy(t,r,z) drdz = / r2wo(r, z) drdz = Iy Yt > 0. (3.19)
Q Q

Indeed, remembering that A = 92 + 19, + 92 in (2.1) implies that

I(t) = /Qr28tw(9(t) = /Qrz <8§ + 92+ %ﬁr - 7}2) wp(t) — /Qrzdiv*(u(t)wg(t))

where after several integrations by parts, the first integral vanishes and the second is equal to
Jo 2r up (t)we(t). Writing therefore I(t) = Jo 2r up (t)we(t), then substituting u, with its expression
by the Biot-Savart law (3.2) shows that I(t) is zero, because the integrand under the double integral
obtained that way is odd with respect to permuting the variables (r,z) and (p,¢) in Q x Q.

Remark. The existence of I(t) = 2£I(t) is ensured by the fact that wy € €*(]0, +oo[, L3(9)),

where L(Q2) = L1(Q, (1+72)drdz). The reader can refer to the end of appendix B for more details.

Proposition 3.5. Take wy the solution of (2.1) with initial data wy € L*(9).
If (r, 2) = r2wo(r, 2) is in LY(Q) then

I _T2+22 1
we(t,r,2) = o W 7924 o (t5_2) (3.20)

16\/Ee t—+o00
in LP(Q) for every p € [1,400].

Proof. Let Hr2w0||L1(Q) be finite, wy € L' (). The goal is to show that, in the self-similar coordi-
nates (rv/t, zv/t), the quantity t2wg(t, v/, -v/t) — IoG1 tends to zero in any LP(2) when ¢ tends to
infinity (remembering that G is given by (2.24)).

Let us fix ¢ > 0, then for any p in [1, +00] and any ¢t > 2ty we can write

12w (t, -VE,-VE) — IoGillLr (o) (f t2S(t — to) [wa (o)) (-Vt) — <t> TG4 ( ﬂ)

5 t—to Vit —1o Lr()
—92 _%
+ 1o (1—20) G1 ( (1—20) > —I()Gl
Lr(Q)

+ /t/2 t2 HS(t — 8)divi(u(s) wy(s)) (\/E)‘ ds

to Lr(Q)

t Vi

+ 2 ||S(t — s)div, (u(s) wa(s)) -Vt ds

| s =t (Vi)

where three of those four terms tend to zero as t tends to infinity and one will have to be dominated
by a decreasing function of ;.

The convergence of the second term is trivial. The first one can be written with a change
of variables as (t%)z*%H(t — t0)2S(t — to)[wa(to)](-v/T —to) — IoG1l|Lr (), which tends to zero

to
according to lemma 2.5 and the fact that I(tg) = Iy (recall (3.19)). The fourth one satisfies

ds
Lr(Q)

/t :2 20— s)aiva (ugs) wo(s)) (V)|

t
< C/ 75 (t = 8)7 2 |u(s) | 1o o llwo (5)| o o) ds
(2.10) t/2
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t
< C tzfi(t—s)_%s_%s%ﬁds
(3.16)(3.12)  Ji2

1
<C </ (1- s)_%s;;ds> t!
1/2

so converges to zero as well, and the third term can be bounded as

ds
L ()

/t " |56~ s)aiv. (uts) wo(s)) (-v2))|

t/2 L )
< C / 275 (¢ = )7 |uls) | o Irwa (s) 1 o) ds
(2.10) to

t/2
< C 227%(1+8)_18_%(1+8)_%d8
(3.16)(3.13)  Ji,

+oo 1
<C (/ (1+s)2ds> ty 2
0

where the constants do not depend on ty. Finally,

_1
limsup ||t2we(t, V1, V1) — IoGhllzr() <0+04+Cty> 40

t—+o0
for any to > 0, which ends the proof. O

Let us now specify the o(t%ﬂ) in proposition 3.5 by reinforcing the hypotheses on wy. For this,
let us remark that another consequence of

I(t) = — /Q r2div, (u(t, r, 2)wy(t, 7, 2)) drdz = 0 (3.21)
is that for every t > s > 0
S1(t — s)div. (u(s)we(s)) = S(t — s)div.(u(s)wa(s)), (3.22)

where S; is defined by (2.25). This means that the difference wy(t) — IoGl(ﬁ)t_Q between the
vorticity and its first asymptotic term satisfies

Vit

Proposition 3.6. Take wy the solution of (2.1) with initial condition wy € L*(£2).
Take o in ]0,1]. If (r,2) + r(r? + r|z| + |2])wo(r, 2) is in LY(Q) then there exists a positive
constant Cy, o such that for every q € [1,400] and all t > 0

we(t) — InGy ( > 2 47022) S1(t)wo — /0 S1(t — s)divi(u(s)wg(s)) ds. (3.23)

Ior  _r’+2?
4t

167"

Before showing proposition 3.6, we need a lemma certifying that some of the finite moments

5
t— 2

< Copati 278, (3.24)
La(Q)

Hwe(t,r, z) —

asked to wy stay finite through the evolution of wy.

Lemma 3.7. Take wy the solution of (2.1) with initial condition wy € L*(£2).
Take o in [0,1]. If (r, 2) = r(r + |2])wo(r, 2) is in L'(Q) then t — [|r®(r 4 |z|) we(t, , 2)|| L1 () is
bounded on [0, +00].

Proof. Let [[r®(r + |z|) wo| L1 () be finite, where 0 < a < 1. The strategy of this proof will be

similar to those of lemmas 3.2 and 3.3. |[|rite

wollz1 (o) being supposed finite, we already have
access to the conclusions of proposition 3.4, especially the fact that by combining (3.5) and (3.17)

we know that [|u(t)||pe ) < C(1+ t)*HTat*l/2 for all time ¢ > 0.
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First of all, a fixed point argument shows that there exists a time 7' > 0 such that wy is
continuous from [0, 7] into

fw: QR [lwl ooy + lrwlla@ + 2wl 20 < oo},
read for example the development in appendix B adapted with the norm

lwellxr = OSUET (t1/4Hw9(t)||L4/3(Q) + t1/4||TOJ9(t)HL4/3(Q) + t1/4||ro‘zo.)9(t)HL4/3(Q))
<

X

on Xr and using (2.15) together with interpolations inequalities when adapting equations (B.1)
and (B.2).

Let us then show that ||r®zwg(t)|[11(q) is well-defined and bounded on [0, +o0l, by referring to
lemma C.1 in appendix and using the estimate ||u(s)||po) < C(1 +s)~ 5

every t > 0 and ty > 0,

s71/2 as follows. For

to+t
(|7 zwo (to + 1)1 () (5) l|l7*2S (t)wa(to)|lL1 (o) + / [r*2S(to +t — s)div. (u(s)we(s)) | L1 (o) ds
2.5 to

S Ol (r+ [z)) wolto) L1 (o)
(2.11)(2.15)

to+t w1
e / (to +t — )7 Juu(8)l| e e 700 () 21 s ds

to
to+t N
+C (to+t —5) " 2||u(s)| Lo (o) l|7" 2w (5) || L1 (02) ds
to
tott a—1 1+a 1
< C+C (to+t—s)z (148)" 72 s 2ds
(3.9) to

tot
—|—C’/ (to—|—t—8)7%(1+5)7%57%||7“0‘zw‘9(s)\\p(g) ds
to

where fgﬁt(to +t—s)"T (14s)" 2" 572 ds < 10 and where, after the change of variable s — £+ s
_1

in the last integral, we can write (1+to-+s)~ 2 < (14s)"2 and (fp+s)~2 < min(1,%o) "% (1+s) 2.
Hence

t
[r*2we (to + )|l L1 (@) < C + C/ (t—8)"5(1+ 8) " |r*zwo(to + s)|lz1(q) ds,
0

and we can apply lemma C.1. Let us note that the constants only depend on wy and the choice of
to, but not on a. O

Proof of proposition 3.6. Let us recall the definitions of G and Sp, given by (2.24) and (2.25).
Using lemma 3.7 and knowing (3.22), let us carry out the following calculation, starting from
(3.23):

wo(t) — I,Gy (\/g> 2

La(Q)

t/2
5, IS Onliacay + [ 181 - v, utshn(o) e s

+ / 800 = )i a5 i ds

44+

2C, ., o
< — |7 (r* + rlz]) woll prayts T 7
(2.26)(2.27)(2.10) @&

t2 90 1_4+a «
A — (= s)s = uls)l| oo @l (r + |2]) wo (s)l L1 (@) ds

t

_1

+ //2 Ot — ) lu(s)l] =t 00 () | o ds
t
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t FE oo
< Cti 2" +C’<> / (1+s) " 's 7 ds
0

(3.16)(3.12) 2
t
+C (t—s)_%s_lséfg% ds
t/2
<o

for any ¢ > 0. Let us note that the last constant depends on the initial data wg and on the quantity
L O
[e3

Considering the limit case o = 1 in proposition 3.6, in particular ||r?zwo(r, 2)|| 1 (o) and ||r(r+
|2]) wo(r, 2)|| L1 () are finite so the moment J(t) = [, 7?2z wy(t, r, z) drdz of the vorticity is bounded.

Corollary 3.8. Take wy the solution of (2.1) with initial condition wg € L*(Q).
If (r, 2) = (r2|z| + 12 +7|2|)wo(r, 2) is in L1 (Q), then J is bounded on [0, +o0o[. To be more precise,
J is differentiable and tends to the finite limit

+oo
Joo = Jo —|—/ /(27’2 up(t,r, 2) + r2u(t,r, 2)) we(t, r, 2) drdzdt (3.25)
0 Q

when time tends to infinity.

Proof. Tt has to be said first that wy is differentiable in time into L(€, (1 + r? + r2?|z|)drdz), for
reasons given in remark B.1. Then J is differentiable and, referring to the vorticity equation (2.1)
and using that div,(uws) = Oy (urwy) + 0. (u.wp), a direct calculation gives its evolution for all
time t > 0:

J(t) = /Qrzzatwg(t) = —/QT‘QZ div, (u(t)we(t)) = /(27’zur + r2u,) wy. (3.26)

Q

Hence |J(t)] < 3llu(t)]| o) Ir(r+[2z]) wa(t) | L1 (), and from lemma 3.7 and estimate (3.16) follows
directly the existence of a positive constant C,, such that

J(#)] < Cup (1 +1) 172, (3.27)
so J is bounded on [0, +o0o[ and the expression of J (3.25) holds. O

3.4 Second-Order asymptotics

At that point, we want to express the next term in the asymptotic expansion of wy. The object of
the next propositions is to write for all (¢,r, z) in ]0, +o00[* x

Iyr _Tzztzz 4572 J(t)rz _7"2;22

167" 32./7 ¢

we(t,r, z) = t772 £ Gy(t, T, 2) (3.28)

where the remainder wy(t,r, 2) is a o(tifg) in every LP(§2) when ¢ goes to infinity (this is proposi-
tion 3.9) and even a O(ln(t)tiig) if enough spatial localisation is asked on the initial data (this is
proposition 4.1). Before moving towards the demonstration of these results, there are a few things
to say about wy.

Given that wy defined by (3.28) is a difference between €’ maps, it is itself in €°°(]0, +o0[x€2).
Moreover, given that wy satisfies the vorticity equation (2.1) and that (¢,7,2) — Gl(%, %)t_2

and (t,r,z) — GQ(%, %)t*% are solutions to the linearised equation (2.37), then for every ¢t > 0

@ Jt) o (-
atWH = AWO — 7"72 — le* (UWQ) — WG2 <\/£) (329)
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which is equivalent to the integral formulation

we (t) = Sa(t)wp — /0 S(t—s) [div* (u(s)wp(s)) + js(—Z)Gg (\/§>1 ds (3.30)

where S5 is the family of operators defined as (2.36) and G; and G are the Gaussian-like functions
(2.24) and (2.35).

Let us pay special attention to the various possible ways to write the integrand in equation
(3.30), because this will be helpful in further calculation. First, let us remember that (¢,7,z) —

Gg(%, %)t*g can be taken out of the semigroup, as noted in (2.39), and especially that fttol S(t—
s)[J(s)Gg(ﬁ)s_%] ds = (J(t1) — J(to))Ga(Z5)t™ %, whatever 0 < to < t1 < ¢ are. Let us notice
that it can also be put inside the div, by writing

J(s Tz . J(s ZE\ L2y 2
35(/2)G2 (\/57\5) - v (32\/(7?)52 (é) a7 )> . (3.31)

Finally, in view of the fact that [, r2div.(u(s)ws(s)) = 0, that [;, r2zdiv, (u(s)we(s)) = —J(s) and
that [, 722G2 =1 (see respectively (3.21), (3.26) and (2.41)), the relation

S(t—s) [div*(u(s)wg(s)) + 15(72) Go (\/g)] = So(t — s) [div* (u(s)wg(s)) + jé;? Go (\/§>]

(3.32)
holds on 2 for any t > s > 0. Obviously, (3.32) remains true by substituting S for Ss.
This being said, let us start the study of wy under the hypotheses of proposition (3.6) when
a=1.

Proposition 3.9. Take wy the solution of (2.1) with initial data wo € L*(£2).
If (r, 2) = (r® + 2| z| + r|2))wo(r, 2) is in L1 (Q) then

rly _ritz . rzJ(t) itz 1_s
1 /2 2P a7/ (tp 2) .
16\ 327 ¢ t e (3.33)

in LP(Q) for every p € [1,400].

wg(t,’l’, Z) =

Proof. In view of (3.28), the goal is to show that ¢3 Wg(t, -v/Z, -v/t) tends to zero in LP(Q) as t goes
to infinity. Let us recall for this the definitions of Gy, S, G2 and Sy from (2.24), (2.25), (2.35),
and (2.36).

Let us fix any ¢y > 0 and see that, given property (2.39) of G3, (3.30) can as well be written as

Galt) = S(t — to)wn(to) — I G (ﬂ> 2~ J(to) G (ﬁ> .
— | S(t—s) [div*(u(s)wg(s)) + %@ <¢§)] ds

to

for every time ¢ > to. Therefore, for any p in [1,400] and ¢ > 2t, ||t2a(t, -V, V)| Lr (o) is less
than or equal to the sum of the six terms

Ti(t,to,p) = [[¢2 S2(t — to)[wo (t0))(-v/2) | Lo (e,

IoVt (1 — t;) - G, ( (1 — tto>_é> — IVt Gy
J(to) (1 _ t;) G ( (1 _ tf)) — J(to) G .

S1(t — s)div, (u(s) we(s) + 32{;;97)52 (Vz) 6_4*15(7“2 + z2)> (\/i)

TQ(t7t07p) =

b

LP(Q)

T3(t7 tOvp) =

t/2 .
T4(t7t07p) = / iz
to
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Ts(t,p) = /t 13|50 s)aivaus) wo() (VE)|| s,

t/2 Lr(Q)

t
Ty(t.p) = // 17(5)] % [|Gall oy ds
t/2

among which five tend to zero when t goes to infinity and one will have to be dominated by a
decreasing function of ty. Let us remember what has been discussed right above between equation
(3.30) and relation (3.32) to understand why the integrands of Ty and T can be written as they
are.

The convergence of To and T3 to zero is obvious when p = +o0o, and is a straightforward
application of the Lebesgue dominated convergence theorem when p < oco. The first term T}
equals (= n )g_EH(t — 10)2 Sy (t — to)[wa(to)](- VTt —1to)|lLr(o) with a change of variables, and so
converges to zero according to lemma 2.8. The fifth one satisfies

t

5_ 1 _1
Ty < Cf 377 (t—s) "% |u(s)]| oo lwo () Lo () ds
(2.10) t/2

t
< of dhe-s ittt
(3.16)(3.12)  Jt/2

and Ty < Ct™2 given (3.27), so both tend to zero. Finally, thanks to lemma 3.7 the fourth term
can be bounded as

t/2 5 1 1 5
T, < 2C / 375 (¢ — )5 [[u(s) | e @ I (r + |2 (5) ] 22 0 ds
(2.27) to

t/2 s s 7 =z r2422
+2C/ tf_%(tfs)%_§|<](‘;)| r(r + |2|) (Vf) e 4s ds
to 5 Vs L1(Q)
1.5
5.1 P2 1 1
g 4C t27 (14 s)""s™2ds
(3.16)(
<C</ (1+s)” s4ds>t5‘11
0
where the constants do not depend on ty. Thus
limsup [[3@(t, Ve VD 1oy <O+ 0+0+Cty* +0+0
t——+oo
for any to > 0, which ends the proof. O

Remark 3.10. Within the scope of this article, each time the quantity J(¢) appears in the
expansion of wy it can be replaced by its limit J.,. This is because, in view of (3.27), for all t > 0

+oo +oo
|J(t) — Joo| < / 1J(s)|ds < c/ s”2ds =20t77
t t

so the difference between J(t)Gg(ﬁ)t’g and J GQ( =)t s a O(tp %) in every LP(Q); and

it appears that in propositions 3.9, 3.11 and 4.1 the precmon of the expansions never exceeds a
1

O(ﬁ*g). This remark, together with the previous proposition, conclude the proof of theorem 1.1.

The same way we did in proposition 3.6 concerning the difference wy — [hG1 (ﬁ)t”7 the remain-

der wy can be shown less than a o(t%_g) by assuming more localisation on the initial vorticity
wo-
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Proposition 3.11. Take wy the solution of (2.1) with initial condition wy € L'(12).
Take o in )0, 1[. If (r, 2) — r(r3+1224+2%)wo(r, 2) is in L' (Q) then there exists a positive constant
Clg,a sSuch that for every q € [1,400] and allt >0

1G5 () | o) < Cuprati 272 (3.34)

where wy is given by (3.28).

Lemma 3.12. Take wy the solution of (2.1) with initial condition wy € L' ().
Take o in [0,1]. If (r,2) = r(r? + 22)wo(r, 2) is in L*(Q) then there exists a positive constant
Cy, such that for allt >0

I (% + 2%) wa(t) £ (@) < Clup (1 +1)/2. (3.35)

Proof. Let ||r®(r? + 2%) wol| 1 (o) be finite, where 0 < a < 1. Let us show first that the quantity
[7(r? +2%) wa(t)|| 1 () exists locally, then that t — (1+1)~%/2(|r*(r? 4+ 22) wy(t)|| 1 () is bounded
on [0, 400 and thus does not blow up in finite time. Given that ||r2wp|| 11 () < 0o, we have access
to the conclusions of lemma 3.3.

First of all, a fixed point argument shows that there exists a time T > 0 such that wy is
continuous from [0, 7] into

24«

{w: Q=R |wlpo + Ir*T | L) + 72w 11 ) < oo}

read for example the development in appendix B adapted with the norm

a1 =:Oi?izj(t1/4Hu@(t)HL4/a@])4—t1/4Hr2+“um(t)HL4/a@))4—t1/4Hr“22a@(t)HL%m(Q))

on X7 and using (2.16) and (2.17) together with an interpolation inequality when adapting equa-
tions (B.1) and (B.2).
Let us now show (3.35) with the use of lemma C.1. Let us write for every ¢t > 0 and ¢y > 0

[r(r? + 2*) wa(to + )| 11 (0)
< | (r? + 22) S (two(to) | 1 (o)

(2.5)
to+t
+ / 7 (r? 4+ 22)S(to +t — s)div, (u(s)we(s))] L1 () ds
to
< Clr2we(to)| L2t + Cllr*(r? + 2%) wo(to)| 1 (o
(2.12)(2.13)(2.16)(2.17)
to+t N
+ [ o+t = 9 u)le oyl i ds
t
Oto-‘rt .
+C (to +t — )77 lu(s) || L@ Ir® (r* + 2*) wa(s) | L1 () ds
to
o to+t N ) N
< Cl+t2)+C (to+t—5)2(1+s)ts72(14+5) 2ds

(3.16)(3.13) to

to+t
+ C'/ (to +1t— s)*%(l + 5)715’% |7 (2 + z2)w9(s)||L1(Q) ds
to

where t~2 x fg(t —5)%(1+5) 25 2 ds < 4 and where, after the change of variable s — to + s in
the last integral, (1 +to +s)™* < (1+s)"! and (to +s)~2 < min(1,%0)"2(1 + s)"2. Thus

(.2 2 o
P ) e+ 1) gc(t55+1)+4c
(t() + t) 2 Ll(Q)
t . a2 2
+c/a—@%u+g% P ) oo+ 9) ds
0 (to +s)2 )
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which is a case covered by lemma C.1. Let us note that the constants only depend on wy and on
the choice of tg. O

Proof of proposition 3.11. Be sure to have in mind the definitions of G, G5 and S given by (2.24),
(2.35) and (2.36) respectively. Starting from (3.30) while remembering (3.32) and (3.31), let us
write for all t > 0

lwe(t)llLay < [[S2(t)wollza(e)
(3.30)

t/2
/

+/t 1S5(t = s)div.(u(s)we(s))ll La(o) ds

/2
Lo fo ()

so using respectively (2.42), (2.43), (2.10) and (3.27) in the four terms

ds
La()

) e_ﬁ(r2 + 22>>

SQ(t — S)diV* <U(S)UJ9(S) + 35{;;352 <

sl

ds
L1()

1_ 5+a

. 20, .
[wo ()| La(0) < ?HT (r® +r2®)wollpr(oy ti 2
t/2 2C 1_5to
[ O o) o 0 + ) w(5) 1o
0

t/2 L sia 7
+/ 20t — )= )
0

2 1 (2 2
r(r? + 2%) <ﬁ> e~ (" +27) ds

L1(9)

T

VA

s2

t
+ / C(t — 5)* uls) | e e oo () | o ds
t

/2
¢ - .
+/ (1+s) s 2ds||Ge (>
t/2 Vit
Using again estimate (3.27) and then finally (3.16), (3.12), lemma 3.7 and lemma 3.12, one can
state that

t3,

La(Q)

1_5+ta t %75+Ta t/2 . )
|555(t)||Lq(Q)<th‘2+c<2> [Faearicta
0
1_ 5+« t/2 Y

+c(t>‘* / (o) o7d e

2 0 s

t
+C (t—s)"2s B ei 2 ds

t/2

for any positive time ¢, where the last constant depends on the initial data wy and on the quantity
1
1 O

(03

4 Additional Results and concluding remarks

4.1 The First Resonant term

In the previous section we have shown that the first terms in the vorticity’s asymptotic expansion
decrease in LP as negative powers of ¢. This had already been highlighted in [6, 12], or in the case
of the velocity by the works of Wiegner [26], Carpio [7], Miyakawa and Schonbek [23, 24, 8, 20]
and more recently Brandolese [3, 4] for instance. However, when addressing the higher order
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asymptotics, Gallay and Wayne observe in [11, 12] what they call resonances: interactions between
the eigenvalues of the linear operator A = A + %az -V 41, which is the one that appears when they

consider the vorticity equation (2.1) in the self-similar variables (In(1 + t), In particular,

i)
in the two-dimensional case, they show explicitly the presence of a In(¢) factor in the third-order
asymptotic term. This is also something we observe. When (r, z) — (7% + 1222 4+ r22)wg(r, 2) is in
L'(Q) appears the first tangible manifestation of the nonlinearity, namely a bound that does not
decreases merely as a negative power of ¢. This is the reason why, in general, proposition 3.11 does

not hold for &« = 1 and has to be replaced by the following result.

Proposition 4.1. Take wy the solution of (2.1) with initial condition wy € L*(Q).
If (1,2) = (r* + 7222 4 r22)wo(r, 2) is in L1(Q) then there exists a positive constant C,,, such that
for every q € [1,400] and allt > 0

@6 (£) ]| Lae) < Cuup (14 In(1 4 1)) 773 (4.1)

where wy is given by (3.28).

Proof. The proof is identical to the one of proposition 3.11, with the only difference that having
a = 1 in the last calculation leads to consider the integrals fgﬂ(l +s)"2s 2ds and fg/2(1 +5) " tds
which grow towards infinity like In(1 + ¢). O

This article ends before the study of the third-order asymptotic term, which is the first resonant
term in the long-time expansion of the three-dimensional fluid.

4.2 Decay rates for the velocity

To deduce theorem 1.2 from what has been seen in the previous section, as well as some decay rates
for the velocity, one has to invoke estimate (3.4) and the fact that the velocity fields corresponding
to the vorticities (¢,7,z) — IOGl(%, %)t‘Q and (t,7,2) — J(t)Gg(%, %)15_5/2 are respectively
(t,r,2) — IouGl(%, %)t"%/2 and (t,r,z) — J(t)uGQ(%, %)t’z, where %! and u%? are defined
in (1.7). Propositions 3.4, 3.6, 3.11 and 4.1 then lead to the following result, where Iy and J(t)
denote respectively [, r?rot(uo(r, 2))drdz and [, r?zrot(u(t, r, z))drdz.

Corollary 4.2. Take u the solution of (1.6) with initial data ug such that rot(ug)-ep = wo € L(2).
Take > 0.

(i) If B € 13.2] and (r,z) — rPwo(r,z) is in L*(Q) then for every q € [2,+00| there exists a
positive constant C' such that for all time t > 0

3 _1_8
u(t)] sy < C 36272, (4.2)

(ii) If B €12,3] and (r, 2) = (rP+rP7L|2|+7P72|2|) wo(r, 2) is in LY(Q) then for every q € [2, +o0]
there exists a positive constant C' such that for all time t > 0

u(t) — Ipu® (\/%> t=3

<Ot 73, (4.3)
La(R3)

(iii) If B €13,4] and (r, z) = (rP4+rP=2224r87322) wy(r, 2) is in L1 () then for every q € [2, +o0]
there exists a positive constant C' such that for all time t > 0

u(t) — Igu® <\/i) 73 — J(t)uC> (\/Z> 2

(iv) If (r,z) = (r* + 1222 + r22) wo(r, 2) is in LY () then for every q € [2,+400] there exists a
positive constant C' such that for all time t > 0

u(t) — Iou® (ﬁ) 7% — J(t)u? (ﬁ) =2

29

La(R3)

< Cln(l4t)t2 3, (4.5)
La(R3)




Proof. When ¢ = 400, one only has to apply inequality (3.5) together with the propositions named
right above, the L®-norms being rigorously the same for u(t) on (R3,rdrdfdz) and (2, drdz).

When 2 < ¢ < o0, a straightforward generahsatlon of those propositions is reqmred Let us
consider « € [0, 1] such that o < 8 and <a<-= + 1. Estimate (3.4) with 1 5=
that

LF @) oqes) = 2m)7 77 £(#)]|Laga) < Clirrotf ()] ooy (4.6)

where f(t) is u(t), u(t) — Iyu 1(%)t’3/2 or u(t) — IouGl(ﬁ)t%/2 — J(t)u%(ﬁ)t’2 depending
on the case. Estimate (3.4) requires that p is not chosen equal to 1, which is possible by taking
a > % — 1 given that g > 2 — 1 and that % +1> % — 1. Finally, the proof is achieved by using that

o [|r*we(t) |l Lr() < Ct7 7172 when £ < 2 (by interpolation from proposition 3.4),
a . -2 1_jyaeb

o [Ir*(we(t) — ToG1(Z)t ) ey < Ct? 2 when2< <3

o [[r*@s()l| Loy < C 7 F°F when 3 < < 4,

o and ||r®wWy(t)||Lr(o) < Cln(1+1t) 735 when ||(1+ 1% + 7222 + r2%)wo | L1 () < 00;

the demonstrations of the last three inequalities being the same calculations as for propositions
3.6 and 3.11 as long as a € [0,1]. O

Eventually, let us prove theorem 1.2.

Proof of theorem 1.2. Let us keep the same notations as in the previous proof, considering here
only the cases when f = 2 and f(t) = u(t) — Iouc’vl(%)t_?’/2 or B = 3 and f(t) = u(t) —
Ioucl(ﬁ)t*?’/2 - JmuGQ(ﬁ)t’z. Propositions 3.5 and 3.9 are still true with a radial weight r®
when 0 < « < 2, meaning that

2758 ||p (we t,r,z) — InGq () t_2) 4.7
(t,7,2) ) ), = (47)
for all p € [1,+o0] if (14 7?)wp is in L1(Q) and
137575 |0 (welt,r, 2) — Gy | —= ) 72 — J(1)G () t—3> — 0 4.8
( o ) o (ﬁ) (0)C2 Vit Lr(Q) T (4.8)

for all p € [1, +o0o] if (1+73+72|z| +7|z|)wo is in L' (). The demonstrations of (4.7) and (4.8) are
similar to the original ones (respectively (3.20) and (3.33)). Inequality (4.6) can thus be applied
with 3 —1 < a<2,s0qcan be taken in all ]1,4+o00[. This concludes the proof, remembering that
the cabe q = o0 is directly included in propositions 3.5 and 3.9 and remembering remark 3.10
about the presence of J in (1.10). O

4.3 Axisymmetry with swirl

When the swirl is nonzero, the information of the Navier-Stokes equations is contained in the pair
(ug,wyp) through the vorticity-stream formulation

1 Up
Osug + u,Orug + u,0,ug = Aug — —Up — —Up
r

1
Duwo + urOrwg + uz0:wg = Awy — wp + —wo + —0(up)
1 2
(1a-20)e -
T r

where v is the stream function, u = —%32@11 er + ugey + %&w e, and w = —0,uge, + wyey +
%ar(rue)ez, see for example. The tangential vorticity wy is thus linked to the velocity in the axial
plane (u,,u,), and the swirl ug is linked to the vorticity (w,,w,) in the axial plane.
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The first and second order asymptotic terms can still be calculated, for example from the
general three-dimensional formulae given by Gallay and Wayne in [12], but the vorticity has to be
assumed continuous in time into the weighted space L?(R?, (1+ |z|)™dz)? for some m > . Let us
suppose this is the case. The vorticity’s expansion in [12] then shows that the first two asymptotics
of the tangential vorticity wy are the same as when the swirl is zero:

2, .2 2, .2
TIO 6_7“ Lz t75/2 4 ’I"ZJ(t) 6_7“ Itz t*7/2 " o (t*7/4)

164/7 32/ t—4o00

in L*(R?), where Iy = [, 7%wy(0,7, z)drdz and J(t) = [, r®zwy(t,r, z)drdz. The radial and vertical
vorticities, however, present now nontrivial terms which contribute to the second-order asymptotics

w@(tvra Z) =

as
_rz(Ko+Lo) vt ., _7/4
o) = EE ST T g (1)
(4t —r°) (Ko + Lo) 422 o) —7/4
= 4
oltins) = S R T e g ()

in L*(R3), where Ko = [, 72w, (0,7,2)drdz and Lo = [, (2 — 2%) w.(0, r, z)drdz.

A natural arising question is whether it would be easy to follow a similar approach to what
has been done in the present paper when the swirl is not supposed zero, in order to weaken the
hypotheses taken on w by [12].
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A Appendix: On The Hypotheses of theorem 1.1

We come back in this appendix to the comparison between the hypotheses we made for the second
point of our theorem (1.5) and those needed for the second-order asymptotic development from
[12]. Applying theorem 4.2 of [12] in the zero-swirl axisymmetric case requires that the initial
vorticity w(0) = woeg satisfies ||(r2 + ™tz 472 |2[™)wo | £2(0) < oo for some m > I. This implies
in particular that [|(rz + ™2 + 17 |2|™)we(t)| 2(a) < 00 and [[(1 + 7™ + |2[™)we(t)|| Lo () < 0
for all positive time ¢ > 0 (see [12, prop 2.5]); we can therefore consider any instant ¢; > 0 as the
initial time and see that our assumption (considered at ¢y > 0) is a consequence of that.

What we assume in theorem 1.1 is that [(1 + 7 4 72|z| + r|z|)we(to)|| 1 () is finite. Using
Holder’s inequality to write

1
r3dr 22 dz 2 4 3,
/Q"”Z"‘W(to”’z)'d’“d“ </Q (1+7r)5m <1+|z|>$m> 7% (L 7) 77 (14 [2) 7w (fo) |2 -

then Young’s inequality to write (14)7™(1+|z]) 7™ |we (to)| < 2(14r)™we (o) |+ 2 (14|2]) ™ |wa (to)|
and using finally (2.21) with 6 = m, one concludes that |r?zwg(to)||r1(0) < Cl(rz + rmtz +
r2 |z]™)wa (o) || 12(q) Where the constant C' only depends on m > I. Similar computations hold for
[r3we (to)|| L2 () and |rzwe(to)||L (), however [|wp(to)||r1 (o) has to be cut in two parts. Indeed,
one has to write using Holder’s inequality that

1
r~Ldrdz 2 1 1 1

|wa(to, . 2)| drdz < / e | T E (L [2]) 2w (o) [ 22 (e

/[1,+oo[><]R [, 4oo[xr T (1 + [2[)™ 1@
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and

drdz
wy(to,r, 2)|drdz < / [ 14 |2])™we(to -
/]0,1]><]R| ( )‘ ( 10,1] xR (1 + |Z)m> ||( | D ( )”L ()

to get that wy(to) belongs to L1 ().

Our assumption is thus weaker than the one from [12] for any positive time. Let us notice
finally that due to the symmetry of our study we do not need every moment of order three of wy
to be finite, while ||(rz + 7™tz + 72 |2|"™)wo || L2 (q) involves all the moments of order m of wp.

B Appendix: A Fixed Point argument

The goal of this appendix is to show that under the hypothesis of (r, z) — (14r)wo(r, z) belonging to
LY(Q), there exists a time 7' > 0 such that the solution t — wy(t) to the integral vorticity equation
(2.4) is continuous from [0, 7] into the space Li(2) = {w : Q@ = R | |w| 110y + [[rw| 1) < oo}

The strategy developed is similar to the two-dimensional case, see for example [2, 16]. We
rewrite here, up to the appropriate adaptations, the fixed-point argument that can be found in
[10, prop. 4.1]. Let wy belong to Li(£2). Define for any T' > 0 the function space

Xy = {ws € 6°(10, 7], L)) | Jwoll s < o0}
equipped with the norm

lwollxe = sup_ (/4wo(t)llarscey + 4 Irwo(®) arscey ) -
0<t<T

Let us see that, given (2.9), there exists some positive constant C' > 0 independent of T' such
that ||S(-)wollx, < Cl[(1+ 7)wollr1 (). In particular, ¢ — S(t)wy belongs to X7 whatever T is.
Moreover, it also follows from (2.9) that ||S(-)wol|x, — 0 as T tends to 0 for the following reasons.
By density, for any € > 0 there exists w§ such that [|(1 + 7)w§|| pa/s(q) < oo and [[(1 + 7)(wo —
wi) L1 () < e. Hence, using (2.9) twice with 8 = a = 0 and twice with = a =1,

lim [|S()wollx, < lim  sup (t1/4||5(t)[wo — Wil araqey + /4IPS (1) wo — willlpars (o)
T—0 T—0 0<t<T

HAS ()l sy + 4IPSO oo )
< Jim sup C (o — willzr@) + Ir(wo — wf) o)
T—=0 0<t<T

4wl sy + t1/4||rw8HL4/3(Q))
< 2e

and so limp_,g ||S(-)wo||x, = 0. This will be useful latter.

4
'3
axisymmetric Biot-Savart law (3.2), define the map

Given wp in Xr and p € [1,%], and taking uw the velocity field obtained from wy via the

Awg 1 t —> /0 S(t — s)div.(u(s)we(s)) ds

which is continuous from ]0,77] into the space {w : @ — R | [|w| zr(q) + [[rw]|Lrq) < 0o} . Using
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(2.10) with 8 = a = 0, Holder’s inequality and then (3.3), see that

t
_1 _1 1_3
' | Awg (t) | ooy <t'TP ; C(t—s)r 2 lu(s)wa(s)|lL1 (o) ds
t

_3
2

10

[u($)l| s lwo (8)ll /2 () ds

gck%/ (t—s)
0

_3
2

=

¢
<Ct1_%/ (t—s)
0

||W9(3)Hi4/3(9) ds

5577 |lwpl|%, ds

3 =

¢

SCtl_%/ (t—s)
0

< Cllwol%,

for ¢ in ]0,7]. The same computation gives that t17%||7‘Aw9(t)HLp(Q) < COllwo|%,., using (2.10)
with 8 = o = 1. This entails, by choosing p = %, that Awp belongs to X and that ||Awg| x, <
Cillwe||%,. for some positive constant Cy. More generally, the Lipschitz estimate

[ Awp — Awpllx < Crlllwollxr + llwpllxr)llws — whllxr (B.2)

holds for every wg,wy in X7, stemming again from computations similar to (B.1).

Consider now the operator A Xp — Xr:wp— S(-)wp — Awp. Fix R > 0 such that 2C 1R < 1
and denote by Bpg the closed ball of radius R centered at the origin in X7. One can now chose T > 0
small enough for ||S(-)wo | x, < 3R to hold, so that A maps By, into By and is a strict contraction
there and thus has a unique fixed point in B thanks to the Banach fixed point theorem. By
construction, this unique fixed point wy is the unique solution of (2.4), which we already know.

To achieve the proof, it only remains to show that ¢ — Awy(t) is continuous at 0 for the norm
[wllz1@) = l[wllzi@) + lrwllLi(). Indeed, (S(t)):>o is a strongly continuous semigroup on Li(Q)
and we already said that Aws is continuous from |0, T] into L1(Q). Let us note that ||wg||x, — 0
as T goes to zero, since one can take T' > 0 as small as desired and, from the moment that 7' is little
enough, the Banach fixed point theorem applies in the ball B of radius R = 2||S(-)wo|| x, which
tends to zero as seen above. Consequently, remembering that t'~ 7 | (1+7)Awa (t)[| Lo ) < Cllwell%,
for all t € |0, and taking p = 1 implies that ||Awg(t)||11 () — O when ¢ goes to zero. Therefore
wy = S(-)wo — Awp is continuous from [0, 7] into L} ().

Remark B.1. These arguments can be extended to show that wy is also differentiable from 0, T']
into L{(£2). This results from the analyticity of the semigroup (S(t));>0 and the fact that A defined
above is a locally Lipschitz operator (see (B.2)), as developed for example in [14, §3.3]. The same
way, when saying in the proof of lemma 3.3 that wy € €°([0, +oo[, L3(2)) from an initial data
wo € L3(Q) = LY, (1 + r?)drdz), we can show that wy € €*(]0, +oc[, L3(2)). The same is true
as well on LY(€, (1 + 2 + 72|2|)drdz).

C Appendix: A Gronwall lemma

This appendix tackles the boundedness of a nonnegative function f satisfying
t
weo,T[  fH)<C+ c/ (t— $)P=1(1 4+ 8)~7 f(s) ds (1)
0

where 0 < 8 < vy and 0 < T < 4o00. In particular, satisfying this inequality for all ¢t € [0,T = +o0]
ensures that f belongs to L*([0, 4o0], [0, +00]).

The hypothesis made here (C.1) differs from the usual sufficient condition asked for Grénwall’s
inequality by the presence of the factor (t — s)?~! in the integrand. This hypothesis is partially
covered in the Dan Henry’s book [14], but lemmas 7.1.1 and 7.1.2 from [14] do not not rigorously
include the cases we need here.
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Lemma C.1. Consider f in Ly ([0,T7, [0, +o0]) where 0 < T < 4oo. If there are a > 0, b > 0
and v > B > 0 such that

Vit e [0,T] ft) <a+ b/ot(t —5)P Y1 4 8) 7V f(s) ds (C.2)

with 3 < 1, then there exists a positive constant Cy ., such that || f|| o7y < aCh g~ -

Proof. Let us first exhibit one dominating function for f that does not depend on f itself. This is
lemma 7.1.1 of [14], if we use that trivially (1 + s)~7 < 1. Denoting by A the linear operator

Ag:tr— b/ot(t — )P 1+ 5)g(s) ds

on L® ([0,T), and remembering that B denotes the Euler Beta function, a recurrence gives that
on [0,T]
VneN  f(t)<a) ot + AMTE()
k=0
where co = 1, ¢py1 = ¢, bB(8,n3 + 1) and

VneN*  A"f bd/ $)"PLf(s) ds

where d; = 1,d,41 = d,bB(B,n/3). Given that B(3,n3 + 1) and B(3,nf) are both O(n~") when
n tends to infinity, A" f(¢) tends to zero for every ¢ in [0, 7] and _ cxt* has an infinite radius of
convergence. Thus f(t) < a) ;- cxt® for all t in [0, 7.

Let us now give a uniform bound to f on [0, 7] which does not depend on T. Set ty =
(2bB(B,1 — 6))# if <1, and ty = ( 2 )v Ads if 8 = 1. Let us see that in the first case

t t
/ (t—s)P71(1 + ) Vds < / (t—s)P1s Pl ds < B(B,1— )57,

t(J t()
and that
tﬂ Y

t t
1
/ (t—5)P"1(1+5)ds < / (t—s)P s Pl ds <
to to ﬁ

if B3 = 1. Therefore, in both cases, either T' < ty and obviously ||fHLoo([07TD < aZ,@O cktgﬁ, or
T >ty and

to t
[ Fllzoe 0,7 < @+ b/o (t =) (L+5)""f(s)ds + b/t (t— )" (L +5)77f(s)ds

to 1
<atd [t =" Il qoay s+ 5 1l oy

SO

£ 1| o (0. 2a+2bﬁt0 £ ]| o ((0.10)) < 2a + 2ab = Ly S et
k>0

and || fllzee 0.7 < 1f Lo (o.t0)) + 1 £l Lo (110,70 < aCh gy - O

The crucial point of this lemma is that the constant Cj g, can be chosen independently of 7.
The restriction 8 < 1 can be easily removed, but the proof would be longer.
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