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Time-Asymptotic Study of a Viscous

Axisymmetric Fluid without Swirl

Quentin VILA*

the 20" January 2022

Abstract.

We study the long-time behaviour of axisymmetric solutions without swirl for the three-
dimensional Navier-Stokes equations in the whole space. Assuming that the initial vorticity is
sufficiently localised, we compute explicitly the leading terms in the asymptotic expansion of the
solution, both for the vorticity and the velocity field. In particular, we identify optimal temporal
decay rates depending on the spatial localisation of the initial data. Our approach relies on accu-
rate LP-L9 estimates for the linearised evolution equation and its Taylor expansion in self-similar
variables.

Keywords: fluid mechanics, incompressible Navier-Stokes equations, vorticity equation, long-
time behaviour, asymptotic expansion, axisymmetry, axisymmetry without swirl.

1 Introduction

In absence of nonconservative forces, the Navier-Stokes equations for homogeneous and incom-
pressible fluids can be expressed in dimensionless variables as the system

ou+ (u.V)u = —VP + Au
{ + (u.V) + Q)

divu =0

whose unknown is the pair (u, P), where u is the (dimensionless) velocity field and P the (dimen-
sionless) pressure field of the fluid. The present paper supposes the studied fluid to be azisymmetric,
meaning that the fluid is evolving in the three-dimensional real space in such a way that its motion
is invariant by rotation around the vertical axis. In the cylindrical coordinate system (r, 0, z), the
velocity field is thus written u(t,r, 2) = w,.(t,r, 2)e, +ug(t,r, 2)eqg + u.(t,r, z)e,, and its tangential
component ug is named the swirl. The zero-swirl hypothesis tells that ug is identically equal to
Z€ero, So
u(t,ryz) = up(t, 7, 2)e, +u (t,r, 2)e,.

To a certain extent, the axisymmetric fluid without swirl comparable to a two-dimensional fluid
admitting an axial symmetry.

The first mathematical results in axisymmetric fluid mechanics date back to 1968, when La-
dyzhenskaya [18] and Ukhovskii and Yudovich [25] tackle the uniqueness problem of the three-
dimensional Navier-Stokes equations by adding this hypothesis. Comes later the study of Leonardi,
Malek, Necas and Pokorny [19], who show the global existence of a zero-swirl axisymmetric solution
to (1) from any such initial data in H?(R?), then the one of Abidi [1] who improved the result for
an initial data in H2 (R3). Follows finally the recent paper of Gallay and Sverdk [11], suggesting
to work in some two-dimensional-like LP spaces equipped with scale-invariant norms.

The present article examines in detail what can be said about the long-time behaviour of the
axisymmetric fluid when the initial vorticity is well localised. Using tools specific to axisymmetry
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without swirl, we determine the asymptotic expansions of the fluid’s vorticity and velocity under
essentially optimal hypotheses. The interest for the long-time behaviour of Navier-Stokes in the
litterature is substantial, and intensified in the end of the last century. Starting in the 1980’s with
the papers of Kato [16], Schonbek [23, 24] and Wiegner [26], a series of important works have
addressed the time-decay problem for fluids in R?, or R”, among which can be cited [7, 8, 21,
9, 13, 4, 5, 22, 6]. For an extensive overview on the subject, we invite the reader to look at the
introduction of the most recent ones [22, 6] and the references therein, or to refer to the chapter
by Brandolese and Schonbeck in [14].

Both the hypothesis of axisymmetry without swirl and the study of the long-time behaviour
raise a legitimate interest in vorticity as the core of the problem. Comparing theorems 1.1 and 1.2
bellow is a good illustration of it. The vorticity w, which is the curl of the velocity w = rot(u), boils
down in this context to a real-valued function wy by writing that w = wgeg where wg = 0, u, — Opu.
Given the Navier-Stokes equations (1) and the zero-swirl axisymmetry hypothesis, wg can be found
as the solution of the equation

Orwy + 1.Vwy — &wg = Awy — w—g on R, x

T T
we(t,0,2) =0 V(¢,0,2) € Ry x 99 (2)
wp(0,7,2) = wo(r, z) Y(r,z) € Q

where () is the open half plane = R} x R and wy = 0 at r = 0 due to the regularity of u. One
notable advantage of working with the vorticity is that the pressure P is not present any more in
the equation, yet no generality is lost: due to incompressibility, the velocity field u can be entirely
retrieved from its vorticity wy thanks to the Biot-Savart law, as quickly developed in section 3.1.
Deeper discussions about the relevance to work in vorticity can also be found in [12, 13].

Following [11], the study of the axisymmetric-without-swirl vorticity equation (2) will be carried
out using the scale-invariant norms

5
lwl| e = (/ |w(r, z)|P drdz) if1<p<+oo ; |wlpe() = essgup |w]
Q

according to the two-dimensional Lebesgue measure drdz on the half plane Q) instead of the three-
dimensional Lebesgue measure on R®. Up to a multiplicative factor, ||w||zs(q) is the norm of
(r,z) — r_%w(r, 2) in the usual LP(R3 rdrdfdz) space. These LP-norms provide an accurate
framework to the zero-swirl axisymmetric problem, especially because from any initial data wq in
LY(Q) = LY(Q,drdz) there exists a unique global solution wg to the vorticity equation (2) [11].
Moreover, unless wy is trivial, it is also known that the L'-norm of that solution ||wg(t)||r1(q) =
Jo lwe(t, r, 2)|drdz decreases to zero as t tends to infinity [11]. We here go even further, naming

I(t)Z/TQ(,d@(ﬁ,T,Z)deZ and J(t)Z/TQZUJ.g(t,T,Z) drdz (3)
Q Q

then stating the following theorem.

Theorem 1.1. Consider wy the solution of (2) with initial data wo € L*(Q,drdz).
If [|r2wol| L1 () < 400 then I(t) is constantly equal to Iy = I(0) and the relation

r2+z2

_ ol — ~5/2 1o
wolt,r2) = g me ¥t +H‘ioo(t ) )

holds in LP(8),drdz) for every p € [1,+00].
If moreover ||(r® + 12|z] 4 r|z|)wo | L1 (q) < 400, then J(t) has a finite limit Jo ast — +oo0 and
rly _ 42’ % _r24l?

o 75/ a7/ (t%_%> 5
16/7° TN % 5)

we(t,r,z) =

holds in LP(),drdz) for every p € [1,+00].



Remarks.

1. Theorem 1.1 is the concatenation of the two central results of this paper, propositions 3.5
and 3.9, and of remark 3.10.

2. Expansion (4) already appears in [11], but with the additional hypothesis that wy is nonneg-
ative. Let us note especially that (4) gives for p = 1 the general estimate [|wg(t)[|11(0) < Cupt™,
where C,,, is a positive constant that depends only on the initial data wyq.

3. Expansion (5) is a new result for zero-swirl axisymmetry. Its terms could have been obtained
from the general three-dimensional study developed in [13], but (5) is here deduced from much
weaker assumptions than in [13] due to the specific context of zero-swirl axisymmetry.

4. The technical lemmas that lead to theorem 1.1 give more information than just showing the
terms of the asymptotic expansion: they provide estimates on the LP-norms of the vorticity for all
the intermediate hypotheses on its initial moments. Indeed,

— proposition 3.4 treats the cases where wy € L*(Q) is such that |[r®wol[z:o) < 4oco with
0<a<?2,

— proposition 3.6 the cases where moreover ||r*(r? + r|z| + |z|)wo || 1 (@) < +00, 0 < a < 1,
— proposition 3.11 the cases where [[r*(r® + 2% + 2%)wo || 1) < 00, 0 < a < 1,
— and proposition 4.1 treats the case where ||(r* + 7222 + 72%)wo || 1) < +o0.

These increasingly precise hypotheses on the finite moments of wy are the right amount of lo-
calisation to ask in order to refine our observation of the vorticity’s behaviour. This echoes the
well-known fact that there exists in Navier-Stokes a link between the spatial and the temporal
decays at infinity, for the velocity field [24, 8, 21, 9, 4, 5, 22] as well as for the vorticity [12, 13].

Theorem 1.1 has a translation in terms of velocity. When wy is solution of (2), w is the solution
of the system
Ou+ (u.V)u=—-VP+ Au on Ry xR3

Our + Lup 4+ 0.u. =0 on R, x R3 (6)
w(0,7,0,2) = up(r, 2) Y(r,z) € Q,V0 € [0, 2n]

subject to ug - g = 0, which ensures that the swirl is zero and u never depends on 6 [20]. Let us
introduce the vector fields

1 1
ur =200 e +-0,0 €. and u®? = —9,u“" (7)
r r

where ¢ is the Stokes stream function of G (33),

e 4do

(8)

V12422 2
T 1 g
QO(’I"7 Z) = - a7’ / ’
4T Vr2 422 Jo
and let us adapt notations (3) for the velocity: Iy = 5= [ps rrot(uo(r, 2)) rdrdfdz and Ju is the
finite limit of J(t) = 5= [gs rzrot(u(t, r, z)) rdrdfdz when t — +oc. The study carried out through

this paper leads then to the following theorem, giving information on the velocity’s decay rate in
LP(R3)3 for 1 < p < +o0.

Theorem 1.2. Consider u the solution of (6) with initial data uo such that (r,z) — Lrot(ug(r, 2))
is in LY(R3). If ||r rot(uo) | 1 (rsy < +o0 then

_7a,G (2 )82 23
Ul(taTaz) ITou <\/£’\/i>t +t*>3»oo (th 2) (9)

holds in LP(R3)3 for every p € ]1, +o<].

w



If moreover ||(r? + r|z| + |2|) rot(uo) || L1 (r2) < +00, then

w(t,r,z) = I uC L, Z> =32 4 JoouG2 (T, Z) 724+ o t%_Q 10
(tr,2) = lo (\/g Vi Vi Vi t—+00 ( ) (10)
holds in LP(R3)3 for every p € |1, +00].

This theorem gives for example another insight into the paper of Miyakawa and Schonbek [21]
in the case of axisymmetry without swirl, namely the fact that, taking p = 2, the solutions to

Navier-Stokes decreasing faster than ¢ — t—5/4

are exactly those such that Iy = J,, = 0.

This paper is written as follows. The second section analyses the semigroup associated with
the linearised vorticity equation and its behaviour at large times. We give step by step the first
two terms of its expansion, together with new LP — LY estimates on the successive remainders.
Considering the integral version of (2), these technical estimates will be fundamental to deal with
both the linear and the non-linear components of the vorticity. The third section initiates the
asymptotic study of the vorticity until its second order, following quite the same steps as for the
semigroup. Adding increasingly strong hypotheses on the localisation of the initial data wg, we
refine the bound on the decay rate of wy. The final section discusses the consequences of this study
on different levels. After speaking briefly about the emergence of the first resonant term, we state
some corollary on the velocity’s decay rate and prove theorem 1.2. We then write the first two
asymptotics when the swirl is nonzero. In the appendices, we develop first some argument proving
the local existence of the moments of wy then we establish a specific Gronwall lemma, both of them
will be used several times throughout section 3.

Notations

B will be reserved in this article to denote the Euler Beta function. Remember that, in particular,
B(1/2,1/2) = . For more details upon the properties of the B function, see for example [2].

C will denote any generic positive constant. Constants named C, or C,, will be constants
depending in their contexts on an « parameter or on the initial data wy of the vorticity equation
(2).

L?(Q2) will denote the Lebesgue space LP (), drdz) with respect to the two dimensional Lebesgue
measure on {) = R* x R.

LP(R3), on the contrary, will refer to the usual LP(R?, rdrdfdz) space with the three-dimensional
Lebesgue measure.

div, will be the pseudo-divergence operator acting on a function w = wye,+w.e, (in cylindrical
coordinates) as div,w = 0w, + d,w,.

2 The Semigroup associated with the linearised equation

Before anything, some crucial results are useful to have in mind. Focus on (2) and remark that
the equation can also be expressed as

Opwy + divi (uwy) = Awp — w—g on Ry x

r
we(t,0,2) =0 Y(¢,0,2) € Ry x 00 (11)
(,LJ@(O,’/‘,Z) ZWO(Ta Z) V(Tv Z) €

by writing div.(uwy) = O (u,wg) + 0. (u,we) and using that divu = d.u, + %ur 4+ 0,u, = 0. This
formulation will be chosen over (2) for its concision, and the integral version of this last equation
is the one that will be widely used throughout the present paper.

The differential operator A — J; is the generator of a semigroup (S(t)):>o of bounded linear

operators on LP(Q, drdz) which is strongly continuous when 1 < p < 400 [11], defined by S(0) = id



and

r rpy _=p)?+(=Q%
S(t)[wo] = (1,2) — W/QK (?) e 4t p~wo(p, ¢) dpdC (12)
for any t > 0, where | 7r »
K== ¢~ TSI(2) cog(g)do. (13)

The properties of the function K will be discussed in the next subsection. The Duhamel formula
says then that (11) is equivalent to the integral equation

welt) = S(t)wo — /0 S(t — s) [divs (u(s)we(s))]ds >0, (14)

to be still considered on the open half-plane Q = {(r,2) | » € R}, z € R} and with the Dirichlet
boundary condition wsp = 0 at » = 0. For an initial data wy in L(£), this equation admits one
unique global solution wy € ¢°(Ry, L*(Q)) N €°(R%, L>(£2)) which is infinitely differentiable on
R% x Q [11]. Because the solution of (14) is unique, it also satisfies for every to > 0 the relation

t
we(t) = S(t —to)we(to) — | S(t—s)divi(u(s)we(s))ds vt > to. (15)
to
Indeed, following for a duration ¢ — ¢y the solution stemming from we(to), which exists, one neces-
sarily gets back to the solution wy at time ¢.
Equation (14) consists of two very different terms to deal with, one linear and the other non-
linear, both of which involving the semigroup (S(t)):>0 (12). Having a good idea as to how the
semigroup behaves at infinity is a key point to the asymptotic study of wy.

2.1 The Semigroup kernel
The function K defined by (13) has the following properties.

Proposition 2.1. K is infinitely differentiable on Ry and the functions T +— (1 + 7)3/2H K@) (1)
are all in L= (Ry) fori € {0,1,2,3}.

This point will be crucial for propositions 2.3, 2.4 and 2.7, which give different kinds of estimates
on the semigroup (S(t))¢>o0-

Proof. Let us write in (13) the exponential in the integrand exp(—7 sinz(g)) as a series, and get

by exchanging this series with the integral that another expression for K is the power series

k+1
k(k + 1)f 2 -1\ 4
K:m— 16
which has an infinite radius of convergence. Hence K is well defined and infinitely differentiable
on R,.

To see how K grows at infinity, one can notice that

K(r) = @ e T/2L (g) vr e R, (17)

where [; is the modified Bessel function. One can find in the handbook of Abramowitz and Stegun

[2, §9.7.1] that I1(1) = —5=e"(1+ O(r~")) when 7 tends to infinity, therefore K (1) ~ T73/2,

Furthermore, the relation I{(7) = I(7) + 1I1() and the expansion I»(7) = \/21?@7(1 +0(t71))
presented in [2, §9.6.26 and §9.7.1] give that

iy TN (1) VT (1) VT fﬁ2/(f)
Kir)=—5-¢""hig)t 57" hiz)+57¢ " hiy

1 .1 1 1/ iy 200
= 300 - g x 406+ o (= o) + 2o



so K'(t) = O(77%/2) when 7 — +o00. In view of the recurrence relations I{(r) = I3(7) + 2I5(7)

and I{"(1) = I4(7) + &1I3(7) + 2 Ix(7) from [2, §9.6.26] and of the expansions I,(7) = \/2171_—7_67(1 -

(Un?—1) | UnP-Dn*=9) | ) (;=3)) § 1,2,3,4 2, §9.7.1], calculating the follow
- 1587 779)) for n € {1, .,3, T = 4o [ , §9.7.1], calculating the following
two derivatives of K from (17) shows that K (7) = O(7=3/27%) as well for i = 2, 3. O

2.2 Estimates on the semigroup

The key to the asymptotic expansion of the vorticity from its integral equation (14) lies in the
following estimates. They are L?(£2) — LP(£2) estimates on the moments ||r*27S(t)wol|La(q) of the
semigroup (S(t))s;>0 and the moments ||r®27S(t)[div.w]||La(q) of the pseudo-divergence operator
div, under the semigroup, considering o and v > 0. The simple cases, when v = 0 and « is
no greater than 2 (or 1 with the div,), are those which can be found in [11] and are stated the
following way.

Proposition 2.2. Choose 1 <p<g<tooand -1 <a<<pf<2.
(i) There exists a positive constant C such that for all time t > 0
a—f 1 1
Ir*S(twnllza@y < Cllrwollry x 5+ (18)

provided that (r,z) + r8wq(r, z) belongs to LP(L).

(i) If =1 < a < B < 1, then there exists a positive constant C such that for all time t > 0

. _ 1
7S (t)diviw]| Loy < C||7"Bw||Lp(Q) X v (19)

provided that (r,z) + rPw(r, z) belongs to (LP(Q))2.

The constants in (18) and (19) are actually independent of p, ¢, o, 5 and wy. The constraints
—I1<a<f<2and -1 < a < B < 1 suggested respectively for (18) and (19) are optimal as
long as one wishes to get time-homogeneous bounds. Proposition 2.2 is sufficient to deal with the
existence, uniqueness and regularity of the solution wy to (11) in the general case where the initial
data wyp is only supposed to be in L'(Q) [11]. It also induces that, under the sole hypothesis that
wo is in L'(Q), the L'-norm of the vorticity ¢ — [|wg(t)||11(q) decreases in time and tends to zero
at infinity [11]. Proposition 2.2 is sufficient as well to treat the decay rates of the vorticity when
the initial data wp is such that 7wy is in L1(Q), using inequality (19) up to its limit 3 = 1 (this is
lemma 3.2). However, in order to go further into the asymptotic expansion of wy, we shall need
estimates on the r-moments of S(¢) higher than 2 as well as some of its r-and-z-moments that
proposition 2.2 does not handle.

In practice, the following inequalities will be required in the next section; some concerning the
semigroup strictly speaking, like in (18),

1_ 1
[r*z S(t)wollLaay < Cllr*(r + [2]) wollLe() x te ™7, (20)
HTQJFQS(t)WOHL‘J(Q) < O|r?(t2 + r*)wol ey X ta 7, (21)
1228 (Bwoll zaay < CI(r2F +1%22) woll ogey x £ 77, (22)

and the others concerning the semigroup acting upon the div, operator, like in (19),

128 () diviw| ooy < Cllr(VE+ rwl| oy x 25777, (23)
|72 S(t)diviw| fa(o) < Cll(rts + r|z)) wl Le () % t*%*%fﬁ (24)
72+ 8 (t)divaw oy < CIPES + 72+ wllpoy x 47307, (25)
I 228 () diviw]| o) < CJl(rt 2" + 122 wl ooy x t 2177 (26)

where « lies in [0,1]. These inequalities can be proven simultaneously as consequences of the
following statement.



Proposition 2.3. Choose 1 < p < q < 400 and o',y > 0. Define for 8,5 > —1 and (t,r,z2) €
z

R} x Q , , g
v () () ) (@) e

(1) If -1 < o < B, 5 <2, there exists a positive constant Cys ~ such that for all time t > 0

ata’ +'v+77;

[70F 278 (t)wo | Lag) < Car iy [N(B)woll ooy X g (28)
provided that (r,z) = (1 + P 408 |27 4¢84 2w (r, 2) € LP(Q).
(1t) If =1 < o < B, B < 1, there exists a positive constant Cys ~ such that for all time t > 0

ata’+y 11
Tt

’ . —1 1
[reF 27 S (#)divewl| Laga) < Cory INEw oy x t727 g (29)

provided that (r,z) = (1 + 1P 408 |27 4¢84 |z w(r, 2) € (LP())2.

The reason why the presence of o in (28) is required when « reaches 2, or 1 in the case with
the div, (29), is because the function K in the semigroup kernel (12) may absorb powers of r but
only up to a certain level (as a consequence of proposition 2.1). In the case where o = 2 in (28) or
a =11n (29), K is overfull and can handle no higher power of r. By the same mechanism, there is
thanks to K a way to include powers of z in the estimate, up to a certain value, while conserving
a time-homogeneous quantity on the right hand side. See indeed that by setting o’ to zero and

taking 8’ = 8 — v when possible, namely when o+~ < 2 in (28) or a + v < 1 in (29), then one
gets that N is time-homogeneous.

Remark. If one wishes to know explicitly how the constant in (28) and (29) depends on o’ and
v, they may write the optimal majorations

V6= 0,V >0  (1+2)° <2711 +2°) (30)

and

20\%% |
V6>0,Vz >0 %< <) e (31)
e

and conclude while reading the proof coming below that C , can be taken as Cs 4 = 20 +7=2 Oy x
max (17 (27?/)“//2> max (1, (2%)7/2), where Cy can itself be made explicit by going back carefully
over the demonstration: Cj is function of the bounds on K and its derivatives (¢f proposition 2.1),
( 26 ) /2

of the value of || exp(—%(r2 +22))|| L1 () = 4, and of the maximum value of for § between

0 and 5.

Proof. Let us write from (12) that for all time ¢ > 0

’ 1 ’ _ rp
a+ta _ « X _a+l 2
r 27S(H)wo(r, 2) = Pz /Qr Ve r*T i pt K (—t ) wo(p, ¢) dpd¢

where we note X = X (t,7 —p,z—() = £ ((r— p)? + (z — )?) for the clarity of the demonstration.

Using an integration by part, write as well that, for all time ¢ > 0,

/ ]_ /
ro T S(t)[diview](r, 2) = —ﬁ/ r 2e™ X r¥(Aw, + Ayw,) dpd¢
T Ja

where w = (w,, w,) and the terms A, and A, have the following expressions:
2

Ar(t,r,z,p,C):%(r—p)K(i’O) Z\I}K’( )—|—2rp\[K( )




and
2

2\f

In both cases, cut the factor 7 27e~ into four parts according to (30) then (31):

Aultyryz0.0) = 222 (2= OK (2F)).

t

L2 <22 T (= pl* 4+ 92 )2 (2 = (P [C) S CEF 4 p)(EF +[¢)e T

Afterwards, thanks to proposition 2.1 and (31), let us show that the factor r**1p?K(*2) is less
. P \B X ,a+3
than or equal to the quantity C(W) eat 2z as follows.

olf (a+B8—-120and0<r<2p)or(a+p—-1<0and0<p<2r) then

atB—1 B-atl 34+a—8 B
rotl 2K<Tp> rozop 2 X(Q) 2 K(Q)<C P e
t =3 t t/) = Vi
since 0 < 34+ a — 8 < 3 (¢f proposition 2.1).
olfa+pf—-12>20and0<2p <7 then

a+,8—1 B 2 B
e () = T () (D) s () de

since0<2—B<3andr <|r—pl+p<|r—p/+5sor<2r—p <4VEX.
o If finally a+ 8 —1 < 0and 0 < 2r < p then

B ,—(a+B-1) a+1 B

ek () = P () () < () e
t =252 t t NG

since0<a+1l<3andp<|p—r[+r<|p—r[+Lsop<2p—r|<4VEX.

Taking ' instead of 8 gives that r*™1p? K(™£) < C(%)ﬁ eTt*T for —1 < a < B < 2 as well.
Let us treat the factors r*|A,| and r%|A.| in the same way when —1 < a < 8 < 1, noticing
that they are sums of terms of the form ro+1+ipl+i xk/24 =5~ K@ (2) where i, j, k are in {0,1}.

olf (a+B8+i—7>20and 0<r<2p)or (a+pF+i—j<0and 0<p<2r)then

[
Q
s
w

a+tl+i 145 a+/5+z j B-—a—itj 2+a+it+ji—pB

xR () s e ——xEx () T kO ()
EEE ¢ =T ¢ ¢

B—

B

1Y X  a+3

SC|—=| et
<\/¥>

since 0 <2+a+i+j— <3+ 26
olfa+pf+i—7j>0and 0<2p<r then

P g (70) P (12 (72
t

ti+32'—1 ¢ t2B+127j73 ¢
B
14 X at3
<C| = ed1t 2
<< (%)
since 0<1+j— <2 andr<|r—p|+p<|r—pl+5sor<2r—p <4vtX.
o If finally a + 8 +i—j <0 and 0 < 2r < p then

P g (72) - P oy (12
t

iti—1 “2a-itj-3
t— 2 t 3 t t

<C(P>B éta;r?»
< - e 2
Vit

since 0 <a+i+1<HEZ andp<|p—r|+r<|p—r[+Ls0op<2p—r|<4VEX.



Let us take 8’ instead of 8 and get that r*|A4,| 4+ r*|A4,| < C(%)B,e%t%g as well.
‘We have now shown that on the one hand

Ca/,»y ata’ty 4

[Pt S (wo(r, 2)] < ?/ e~ X2 N(t, p, ¢) lwolp, ¢)| dpd¢ x t= =
Q

and on the other hand

et S () divaw(r, 2)] €S2 / e=X/2 N(t,p, ) [w(p, ¢) | dpdC x ¢~ 3+=E552-1,
Q

47
which concludes the proof thanks to Young’s inequality for convolution. O

Let us remark eventually that all of the estimates (20) to (26) are indeed obtained from propo-
sition 2.3 with well choosen values of «, o', 3, ' and v. Finding out which choice of indices leads
to each one of them is a good training to understand how the semigroup S balances the powers
between the dominated quantity and its bound. Incidentally, let us see that proposition 2.2 is also
contained in proposition 2.3, corresponding to the cases when ' = 8 and o/ =~y = 0.

2.3 Approximation of the semigroup at first order

The goal is now to specify the behaviour of the semigroup (S(¢));>0 at large times. We know
from (18) that |[S(t)wollri(q) < CllrPwolzi@)t™"/% as long as B € [0,2]. In particular, when
(r,2) = r2wp is in LY(Q), t = S(t)wo decreases in L!(2) at least like ¢ — ¢~! up to a multiplicative
constant. This case corresponds to a first step in the study of (S(¢))¢>0, for it appears that if
(r,2) = (1 +1r%)wo(r,2) € L1 () then the equivalent

I()T’ _T24+tz2 t*5/2 (32)
t—+oo 16\/%e

S(t)wo

holds in L*(Q2) whenever Iy = [, r®wo(r, z) drdz # 0. This will be the object of lemma 2.5. Hence,
as long as Iy is nonzero, t — S(t)wo decreases in L'(Q) exactly as t + ¢t~ up to a multiplicative
constant. One thing to notice here is the preponderant role of the radial coordinate in axisymmetry,
for until now all the hypotheses made relate to the -moments of wy and no additional spatial decay
has been asked so far along the vertical axis.

Let us introduce on {2 the Gaussian-like function

r _ r2422
4

Gl (T, Z) == W@

and the notation

S0 s (r.2) 1 S(On(r2) = ( [ Penp.Q dpac) 61 (25, 2 ) 2 (34)

r
V'Vt
when [|(1 + 72)wo|| £1(q) < +00 and ¢ > 0. Despite its denomination, chosen because Sy gives the
first order approximation of S at large times, the family of operators (S1(t))¢>o is not a semigroup
and definitively not strongly continuous at ¢t = 0. This being said, some estimates on (S1(t))¢>0
similar to those from proposition 2.3 will be necessary.

Proposition 2.4. Choose 1 < p < q < 400 such that p <2 and —1 < a < [ < 2.

(i) If 3 — % < B < 2 then there exists a positive constant C' such that for all time t > 0

c

[r*S1(t)wollLage) < e
2

_lyoe=B,1_1
T 2“r5(T+|Z|)WO||LP(Q) xt 2t T taTy (35)
p

provided that (r,z) = 12w (r, z) € LY(Q) and (r,z) — 7% (r + |z|)wo(r, 2) € LP(Q).



(i) If 2 — % < B < 1 then there exists a positive constant C' such that for all time t > 0

¢ 14yl 1
2

7 $1 (O0div.awl o) < T I+ 2wl x £ (36)
2

=

provided that (r,z) — r2div,w(r,z) € LY(Q) and (r,2) = rP(r + |2])w(r, 2) € (LP(Q))2.

The constants in (35) and (36) can be shown to be independent of p, ¢, o, 8 and wy. The
proof follows the same procedure than the one of proposition 2.3, with the difference that we shall
conduct this one in the self-similar space-and-time coordinates (rv/t, zv/t). These coordinates seem
to be the most natural when it comes to manipulate the semigroup’s approximations at large times.

Proof. Let us write for all ¢ > 0 and (r, z), (p, () € Q the first order Taylor expansion with integral

o\ VT iy [T 1 _X(s
K <\/E> e X(t) Te 4 + +/t QST/QA()e X( )dS (37)
q

where we shall use the notation X (t) = +((r— W)z +(z— W)2) and where A denotes the quantity

v ()6 B

From that expansion and the expression of the semigroup (12) in the self-similar coordinates
(rv/t, z\/t), one gets that on the one hand

remainder

o0 1
roSy(two(rvt, z2vt) = . t2// = 12 Ag e X wy(p, ¢) ds dpd( (39)

for all time ¢ > 0, and on the other hand after integrating by parts

S (Oldivaw) V2V = — / / L e+ Acw)e XOdsdpde (40)

where w = (w,, w,) and

= (2 () Ao ) 5

(41)
A, (M( S)Ao+0<(rp2A0))\/§.

The rest of the demonstration uses the arguments already encountered in the proof of proposition
2.3. The calculation gives that rp?Ag, A, and A, are sums of terms of the form

14i 145 K k"
T (T_P> ik <Z_<) KO (m)
= NE NE NE

with j, k € {0,1} and 4, k', k" € {0,1,2}. Tt is important to note here that the terms with j = 0
appear only in A, and A,, when 8 < 1. In all of these cases, recall that according to (31)

k! k' k!

<
NG
for k € {0,1} and k', k" € {0, 1, 2}.

Afterwards, thanks to pr0p051t10n 2.1 and to (31), let us show that the factors of the form
re x rlﬂplﬂs 2 K )(%) are less than or equal to the quantity Cpﬁs 2™ as follows. For
i €{0,1,2} and j € {0, 1} corresponding to the factors of interest, meaning that j = 0 only when

p<1,

<
N

p
r—

N

ok <(p+1¢)) = Clp+|¢)e™

2l i

10



oif (a+f+i—j=>0and0<r<2)or (a+8+i—j< Oand0<%<2r)then

v
a i—3 —a—i+j 2datitj—F
a+1+1p1+J K(Z) rp B T#p¥ y rp A K(l) rp
s'T V) o g Vs Vs
< Cp53¥e¥
since0<2+a+i+j— B <3+ 2,
o ifoz—i—ﬁ—i—i—j}()andog?%grthen
) . o 1+5—
) (TP) T (W) gt (Tﬂ)
j—1 B—2
sz 8 572 Vs Vs

since 0 < 1+j— B < 22 and r < |r %|+%<|r7%\+gsor§2|rfp|§4 X(s),
oandifa+8+i—7j<0and0<2r <-4 then

<
a+1+4+i 1475
e < >

s=

since 0 < a+i+1 < 32 and - |f rl+r <

|f r|+2\f f 2|f r] <4/ X(s).
It is only left to write, using first a Fubini inversion between the time and space integrals and
then Young’s inequality for convolution, that on the one hand

15 SO0V, 2V ) < \tz / / T ok D) e, O d dpdd o
<[ s /Q P Dl Ol s
\g +°OS Eflv1-1 4. Hr (r + |2 wo(r, 2 HLP(Q
and on the other hand
171 ()i (v, VD) ]t2 / / T P ) ot Ol
<G /Q T P Dl dpic| s

c [t
Sz s 0 ds | (r + [2)w(r, 2)

oy -
and proof is made with a last change of variables on the left hand sides of these two last inequalities.

O

We now show the statement made in (32), which is actually true in every LP(2) for 1 < p < +o0.
The demonstration will be performed again in the self-similar coordinates (zv/%, 2v/%).

Lemma 2.5. Take wy € L*(Q) such that (r,2) = r2wo(r, z) € LY(Q). Remember that (S(t))i>o is
the semigoup defined by (12) and Iy = [, 7wy (r, z) drdz. Then

Ior  _ 2422

S(t)wo(r,z) = 16\/7—_(_6 4t t75/2+ 0 (t%—2> (42)

t——+oo

in LP(Q) for every p € [1, +0o0].

11



Proof. Let us recall that G; : @ — R : (r,2) — #exp(—#) and S7 : wo — S(t)wy —
IoGl(%)t_Q. The goal is to show that [[t251(t)wo(-v/?)||» () tends to zero as t goes to infinity for
pin [1,+o0].

Let us consider for any a > 1 the indicator function x, of the truncated subset [%,a] x [—a, ]
of Q, and the quantity I§ = fla/a [° . pPwolp, Q) dpd¢ = [, p*Xa(p: Owo(p, ¢) dpd( which tends
obviously towards Iy as a goes to infinity. Thanks to estimate (35) with a = 0 and § = 2, we see
that )

||t251 (t)[XaWO](’\/E) ||Lp(Q) =t ”Sl (t)[XaWO] HLP(Q)

< 20172 (r + |2 xatol| L1 (@) X 7% 0.

We see as well that t2_%||S(t)[(1 — Xa)wol||Lr(0) < Cllr2wo(1 — Xa)|L1 () using (18) with a = 0

and [ = 2, then writing
281 (t)wo (rv/t, 2v/t) = t2S () [wo — Xawo] (rVt, 2v/t) + 1251 (1) [xawo] (rVt, 2V/t) 4+ (I — I)G1(r, 2)
we finally have

limsup [[£251 (£)wo (V)| Lo (0 < limfuP [£2S()[(1 = Xa)wol (VD) | Lo ()
— 400

t——+oo

+ limsup Ht2S1 (t)[XaUJO]('\/i)”LP(Q)

t—+o0

+ limsup ||(I§ — IO)G1||Lp(Q)

t——+oo

é) Cl|r?wo(1 = Xa)ll 220y + 0+ [[(I§ — I0)G1ll e 0

which tends to zero as a — +o00. This concludes the proof. O

2.4 Approximation of the semigroup at second order

Let us suppose briefly that Ip = [, 7?wo(r, z)drdz vanishes. In this case Si(t) = S(t) for every
t > 0, and estimate (35) taken with « = 0 and ¢ = p = 1 implies that the semigroup decreases in
LY(Q) at least like t — t=7/2 when (r,2) — (1 + 7% + 2rf~)w(r, 2) is in L1(Q) for 2 < § < 3.
The case 8 = 3, which is the maximum one can ask from estimate (35), corresponds to a second
step in the asymptotic approximation of S: if (r,2) + (1473 + r22)wy(r, 2) is in L*(Q) such that
Iy =0but Jo = [, r*zwo(r, z) drdz # 0, the equivalence

Jorz _ri+2?
1

trtoo 327

S(t)wo t7/? (43)

holds in L(£2). This is the object of lemma 2.8. This last approximation means that if I, vanishes
but not Jo, t — ||S(t)wol|r1(q) decreases exactly as t — t~3/2 when t goes to infinity. According
to the following proposition, this reasoning could go on supposing that Jy = Iy = 0 and that
(r,2) = (1+ 77 +787222)wg belongs to L!(Q2) for B > 3 until the next term in the approximation
of (S(£))eo0-

Let us introduce on {2 the Gaussian-like function

rz _ri+z’
1

GQ(T7 Z) = 76zG1(7’,Z) = We

and the notation

Saltwo : (r,2) > S(two(r,2) — ( | o) dpdc) G, (\/E ﬁ) 2

- ( /Q p*Cwo(p,€) dpdc) Ga (&Nzi) 52 (45)

12



when |[(1 + 72 + 72|z|)wo || 1) < +00 and ¢ > 0. Just like Sy, the family of operators (S2())¢so
is not a semigroup nor is it strongly continuous at ¢ = 0 on any LP(Q).

Remark 2.6. G; (33) and G5 (44) are such that the first term (32) and the second term (43) in
the asymptotic expansion of the semigroup are both self-similar solutions to the linearised vorticity
equation

we
Orwy = Awg — PR (46)

meaning that the equalities

ool ()] 40 (33

wolfhe(Derdolzn) o

hold for all positive times ¢ > s > 0. Other notable properties are the values of their % and

r2z-moments:

and

/ r2Gy(r,z) drdz = 1 and / r?2G1(r,2)drdz = 0 (49)
Q Q

while

/ r2Go(r,2) drdz = 0 and / 722 Go(r,z) drdz = 1. (50)
Q Q

Let us now see the estimates that hold for (S3(t)):~0. They are comparable to the ones given in
proposition 2.3 for S and especially similar to the ones from proposition 2.4 upon S;. Once again,
the constants in proposition 2.7 can be shown independent of p, ¢, o, # and wy.

Proposition 2.7. Choose 1 < p<q< +0o such thatp <2 and -1 <a<p<2.

(i) If 3 — % < B < 2 then there exists a positive constant C' such that for all time t > 0

C

1 B+1
p T2 2

qye=B1_1
|7 Sa(t)wollLa(a) < 7P (r? + 2®) woll Loy x 177 Taw (51)

provided that (r,z) — 72(1 + |2))wo(r, 2) € LY (Q) and (r,2) — 7P (r? + 2%)wo(r, 2) € LP(Q).

(i) If 2 — % < B < 1 then there exists a positive constant C' such that for all time t > 0

. C _3 -8 1_1
HTO‘SQ(IJ;)le*wHLq(Q) < 2||T‘ﬂ(7‘2+22)w||LP(Q) X t AR S (52)

2
-
provided that (r,z) = 72(1 + |2z|)diviw(r,2) € LY(Q) and (r,2) — 7P(r? + 22)w(r,2) €
(LP(9))2.

Proof. The proof is strictly identical to the one of proposition 2.4 once taken into account the
following modification and its consequences. The Taylor expansion with integral remainder (37)
has to be considered here at order two

+
K <Tp> e X = ﬁe_%“z“z) + Lﬁe_%(’“zﬂz) +/ = (1 - 1) Age X ds,
vt 4 8vt e 2882 \VE s

Ap being now the quantity
s ()2 (o ) < (- )
(0 (r= ) +o (o)) K (%) -5 0y we()

instead of (38). Equalities (39) and (40) change accordingly, meaning that their left hand size
members involve here Ss(t) instead of S;(¢) and that the integrands have to be multiplied by the

13



factor (% — %), which is less than % Last consequence to take into account, A, and A, such

as defined in (41) and rp?Ag are now sums of terms of the form

14 14j K’ K"
r (T _ P) 2k (z _ C) %0 (rﬂ>
s’z Vs Vs Vs

with j € {0,1}, k € {0,1,2}, i, k', k" € {0,1, 2,3}, and must be bounded by ngpﬂ(pQ—i—Cz)e
— X (s
instead of C's*z" PP (p+¢))e el Using this bound inside of the Taylor expansion above, together

X(s)
2

with a Fubini integral permutation and Young’s inequality for convolution, leads to the desired
conclusion. O

Let us now come back to statement (43), which is again true in every LP(Q), 1 < p < +oc.

Lemma 2.8. Take wy € L'(Q) such that (r,z) = (r® + 72|2|)wo(r, 2) € L*(Q). Remember that
(S5(t))i=0 is the semigoup defined by (12), Iy = [, mwo(r,2) drdz and Jo = [, r*zwo(r,z) drdz.

Then - .
Tor _ritz” Jorz _ritz
0 4 —5/2 0 1

T 16
in LP(Q) for every p € [1, +00].

S(t)wo 724 (t%’%) (53)

32\/7?6 t—4o00

Proof. The goal is to prove that |[t>/2S5(t)wo(-v/t)||1r (o) tends to zero when ¢ goes to infinity for
every p in [1,+00]. Let us recall the definitions of G (33), G2 (44), S1 (34) and Sa (45).

Let us consider for any a > 1 the indicator function y, of the truncated subset [1,a] x [~a, a]
of Q, and the quantity J§ = fla/a J2 . p*Cwolp, ) dpd¢ = [, p*C Xawodpd( which obviously tends
towards Jy as a goes to infinity. Let us use (35) with o =0 and § = 2 to show that

162 81 (8)[(1 = xa)wol (VD) [ o) = #2771 S1()[(1 = xa)wo] | o) < 2C[r2(r + [2))(1 = Xa)woll 2t (0

for any positive time ¢, and use (51) with = 0 and 8 = 2 to see that

5_1
||tgSz(t)[xawO]('\/i)HLP(Q) = 1277 S2(t) [Xawo] [ Lr(0)
5% 72 + 2% xawoll 1) X 72 0.

Let us write eventually for every a > 1

£3 Sy (t)wo (rvE, 2v/1) = 13 S1()[(1 = Xa)wo] (rVE, 2V/E) +13 Sa(t) [Xawo] (rVE, 2V/E) + (J& — Jo)Ga(r, 2)

SO
lim sup ||t%SQ(t)wO('\/£)”LP(Q) < lim sup ||thl(t)[(1 — Xa)wo](-\/i)HLp(Q)
t—+oo t—+oo
+ limsup ||tgSQ@)[XU,OJO]('\/%)HLP(Q)
t—+4oo
+ limsup [|(J§ — Jo)Gz|lLr(a)
t—+4o00
(3%) ClIr*(r + [zDwo(1 = xa)llL1(0) + 0+ [|(J§ — Jo)G2llLe (o)
which tends to zero as a — +00, concluding the proof. O

3 Time-asymptotic expansion of the vorticity

In [11], Gallay and Sversk show important results about the axisymmetric vorticity when the swirl
is zero: for any nontrivial initial data wy € L'(£2), the L'-norm of the vorticity ¢ — [lws ()| 11 ()
decreases to zero and for every p in |1, +00]

. -1 . _1
lim 17 lwo (D)o () = Jim 77 [|wo (8)| L) = 0. (54)

t—0 ——+o0
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They also show that when the initial data wg is nonnegative and has a finite impulse Iy =
Jo 72w (r, z)drdz < 400, the vorticity has the same behaviour at first order than the linear semi-
group S

2 2
_ or sy, (t%_Q) (55)

164/7 t—+o0
in every LP(Q).

The goal of this section is to refine these results by reinforcing gradually the hypotheses on
the localisation of the initial data, proving in particular that the nonnegativity of wg is never
required. Let us start by introducing the Biot-Savart law for axisymmetric fluids, which gives
crucial estimates between u and wy.

3.1 The Axisymmetric Biot-Savart law

The Biot-Savart law is the relation that links the velocity u with its vorticity w. As stated in the
introductory section, working with the vorticity or directly with the velocity is equivalent given
that to any solution w of the vorticity equation (2) corresponds only one solution u to the Navier-
Stokes equations (1) whose curl is w. In the context of axisymmetry without swirl, it is about

rot u = wgey
Oruy + %ur +0,u, =0

on Q = {(r,z) | r € RY, z € R} with the boundary conditions u, = 0 and d,u, = 0 on 0,
supposing that u is the unknown and w is a given divergence-free data. The Biot-Savart law then

solving the linear system

reads
u, =—10, )
1 T 0
ug =0 where  ¥(r,z) = E/ / 7 2rpczos w; 5 9d9dpdc, (56)
v — 10 Q z2—=C)2 4124 p2 —2rpcos

see for example [10]. The reader would also find this expression of the axisymmetric Biot-Savart
law in [11], together with the following proposition [11, prop. 2.3 and prop. 2.4].

Proposition 3.1. Consider u defined from wy by the azisymmetric Biot-Savart law (56) and
choose 1 < p < ¢ < 4o0.

(i) If 1 < p < q < +oo such that % = %+% and wy € LP(QY) then there exists a positive constant
C' such that for all time t > 0

[u()l|ze(@) < Cllws(t)l e ()- (57)

More genemlly, fl<p<qg< 4o and0 < a<f<2suchthat) < pf—a<1 and
% == Jr 1+a Lra=bB und if (r,2) — rPuwe(r, z) € LP(Q) then there exists a positive constant C
such that for all timet >0

[r*u(t) || o) < CllrPwe(t)]|Le(o)- (58)

(i) If 1 <p<2<q< oo and wyg € LP(Q) N LI(Q) then there exists a positive constant C such
that for all time t > 0
<C 7 here o =292 ¢ 0,1 59
[u(®)l[Lo (@) < Cllwa(O)ITs (o) llwa(t )||Lq ) where o =5 €10,1[. (59)
Remark. The combination of (54) and (59) ensures the existence of two positive constants C
and C,,, such that

1
2

lu@®)llz=(@) < Cllwa®llE o) (Cunt™)F ¥ >0, (60)
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and the fact that ¢ — [Jwg(¢)||11(q) is nonincreasing [11] gives the existence of a positive constant
Cy, such that
_1
Hu(t)||L°°(Q) <Oyt vt > 0. (61)

This bound will be useful in what comes next, and already tells something about how u vanishes
at infinity.

3.2 Decay rates for the vorticity

Let us show first that a finite initial impulse ||r2wo|| ri(e) < +oo implies that the second radial
moment [|72wg(t)||11 () is uniformly bounded and that [|wp ()| s () decreases like t%_g; this is
lemma 3.3 below. This result requires the intermediate study of the vorticity’s decay rates when
only its first radial moment ||rwol|z1(q) is initially supposed finite.

Lemma 3.2. Take wy the solution of (11) with initial condition wy € L*(2).
If (r,2) = rwo(r,z) is in LY(2) then there exists a positive constant C,, such that for every
q € [1,40c0] and all time t > 0

o (£) ]| Loy < Cuup (1 +8) "33 (62)
< C

7 (8)]| o) < Cla 17 (63)
Proof. Suppose that ||rwol|[r1(q) < +0o. We show first the local existence of 1wy (t)||11(q), then
the fact that it does not blow up in finite time and eventually that it is uniformly bounded on R .
We shall come afterwards to inequalities (62) and (63).

First of all, a fixed point argument shows that there exists a time T > 0 such that wy is
continuous from [0, 7] into the space

{w Q=R ‘ ||w||L1(Q) + ||7"LU||L1(Q) < +OO}

This standard argument will be used several times in the next lemmas, we thus provide some
details in appendix A for the reader’s convenience.

We then expose why ||7wg(t)||£1(o) does not blow up in finite time, using a Gronwall argument.
Let us write for t > 0 and tg > 0

[rwa(to + 1)1 ()

to+t
(ﬁ) S (t)we (to)ll L1 () +/ 7S (to +t — s)div (u(s)wa(s))l L1 (o) ds
5 to

to+t
S Clrtta)lusiny +C [ o 2= ) H o) (o) e ds - (61)
C to

t
S, Clrwnlto)llosoy + € | =9 H o+ 5 Hirwalto + 5)lr oy ds
) 0

and conclude using some Grénwall-type lemma that |[rwg(t)||z1(q) is finite and well defined for
every time ¢t in R;. For example, lemma 7.1.1 from [15] gives exactly the desired conclusion if we
1

observe that (to +s)~2 is bounded by the constant t, 2.
Let us now come back to line (64) and bound ||u(s)||z(q) using inequality (60) instead of (61),

1
then [lu(s)|| L~ ) < C||wg(s)||zl(9)s’% and inequality (64) becomes

to+t ) 1 )
Irwalta + )10 < Cllrwaltollsoy + Ca [ (to+t =5 Hun(o)] s~ o) scoy ds
to

for any ¢t > 0, Cy being some positive constant depending on [jwo||z1(0). Let us remember here
that ¢ +— [lwg(t)[|1(q) decreases to zero [11], and consider subsequently Zo large enough so that
|wa (to)l| L1 () < (2C27m)~2%; the presence of m being due to the particular value of the Euler Beta
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function B(1, 3) fo (1 — s)"2s~2ds = 7 appearing right below. Indeed, for every t > 0 we can

now write

[rwe (to + )|l (@)

1 to+t 1 1
< Clirwe(to)ll (o) + C2 llwa (to) I E1 (o /O (to+t—s)"2s 2ds ({t Sup t]||7’w0||L1(Q)>
0sto+

1
< COllrwe(to)ll o) + 5 5  SuP llrwell 21 ()
[to,to+t]

and 80 Supp, 44 [ITwWollL1(0) < C+3 SUD[y,t0+1] ITwo || L1 (0)- This proves that there exists a positive

constant Cy,, such that |[rwe(t)|r1) < Cu, for any ¢ in R
We can now prove inequalities (62) and (63), which are consequences of this uniform bound on

[rwa (t)]| L1 () as shown below. To establish (62), let us recall first that |lwe(t)||za(0) < Cu, ta~
as a consequence of (54). Referring then to (18) and (19) with a =0 and 8 = 1, let us write for

t>0

l[owa (2 )”Ll(Q) IIS( Jwoll L1 (e +/ 15t = s)diva (u(s)ws(s))l| L1 (o) ds

< Clrtwolpott +0 / (t = ) 4 ()| e (e I F e ()] 21 ey s
(18)(19) 0

t
< Ct*ﬂc/ (t—s)"is72ds = C(1+ B(1/4,1/2))t 5.
(61) 0

Use straightaway the decay rate obtained this way on |lwg(t)||£1(q) in the same calculation (referring
this time to (18) with @ =0, 8 =1 and to (19) with a =0, 8 = 3),

t
Jen(®)lzxy < ISl + / 1S(t — s)div. (u(s)w(5)) | 21 ds

t
< Clrwlsat ™ +€ [ (6= ) Fuls) ooyl den(s)] 2oy ds
(18)(19) 0

t 1
S Ct 2 +C / (t = 5) " Flwa(5)| 21052 I wo(s)]l 11 () ds
0
_1

t
gCt*%+c/ (t—s) s 8s72ds = C(1+B(1/8,3/8))t 2
0

m

to get the case ¢ = 1 of (62). Finally, another iterative argument gives all of the remaining cases
in three steps. Let us proceed to the following calculations three times, successively for ¢ € [1,2],

p=1, then ¢ € [3,4[, p= 3 and at last ¢ € [3,+00], p = 3:

[l (t )||Lq(Q) ||S(t/2)w9(t/2)\|m Q) +/ ||S(t — s)div, (u(s)we(s)) | Leo) ds

< Clrws(t/DlptiF +C / (t— 8)3 ™3 E u(5) | o 1w () | oy s
(18)(19)

S Ct3 4 O [ (b= 8)87 53 wp(s) (e ds
(61) t/2

SCtis4C | (t—s)i v 25 357 2 ds
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and

t
[[rwe (D) La(e) S IS (t/2)wo (t/2)| Lat) + // l75(t = s)div.(u(s)wo(s))l| Le(e) ds
5 t/2

t
1_ 1_1_1
< COlrwe(t/2)| L@t 1+C/ (t—s)a 72 |lu(s)ll o= ) llrwe (s) | Lo () ds
(18)(19) t/2

((5<1) cti~lyC t/z(t — 8)57%758_%HTWG(S)HLP(Q) ds

t
SCt%71+C’ (t—s)%7%7537%5%71 ds

t/2
! 111 1.3 14
<C 1+/ (1—s)a"» 289 2ds | ta
1/2
for ¢ > 0. Note that the constants in the computations only depend on the initial data wy. O

Remark. Under the hypothesis of ||rwo||z1(q) < 400, (62) is an refinement of (54). It allows us
to replace (61) by the following estimate

[u(®)]| Loy < CA+)272 V>0, (65)
obtained directly thanks to (62) combined with (59). This bound will be used exclusively to prove
the next lemma, before being superseded by a better one.

Lemma 3.3. Take wy the solution of (11) with initial condition wy € L*(Q).
If (r,2) = r%wq(r,2) is in LY(Q) then there exists a positive constant C,, such that for every
q € [1,400] and all time t >0

lwo ()| gy < Cluy (1+8) 1577 (66)
Irw(t)|| Lagay < Cup (1+ ) 3t7 1 (67)
Ir2wo ()| ooy < Cun 7" (68)

Proof. Suppose that [|r?wo||11(q) < +00. As for lemma 3.2, we shall show first the local existence
of the quantity [r%wg(t)| 1 (). then the fact that it does not blow up in finite time and eventually
that it is uniformly bounded on R. We shall afterwards concentrate on inequalities (66) to (68).
Note that, in particular, ||rwol|1() < 400 so the conclusions of lemma 3.2 hold.

First of all, a fixed point argument shows that there exists a time T > 0 such that wy is
continuous from [0, 7] into

{w: Q=R |wlq) + Hr2w||L1(Q) < 400},
read for example the development in appendix A but adapted with the norm

lwallxr = sup_ (/4 wp(®)lzass(@) + 14120 (1)l ooy
0<t<T

on Xp and using (23) together with an interpolation inequality when adapting equations (98) and
(99).
Let us now show that [|r2wy(t)||11(0) does not blow up in finite time. Let us write for ¢ > 0
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that

t

Irn(®llse) < IrS(t/2)ein(t/2) ooy + /

7St — s)divi(u(s)we(s))l| L1 (q) ds
(15) t/2

t
< Clrfwt/2) ot +C // (t = ) u(s) | (@) lrwa () | 2 ) ds
t/2

(18)(19)
. t ) L (69)
< C||T2w9(t/2)||Ll(Q)t7§ + C/ (t—s)"2(1+s) 25 2ds
(65)(63) t/2

1
<C (HTQW@(t/Q)HLl(Q) +/ (1- 5)7%571 ds) t 3,
1/2
which leads for ¢ > 0 and tg > 0 to

[7%we (to + )l L1 (o)

to+t
(i) 1725 (t)ws (to) | L1 (@) + / 1728 (to + t — s)diva (u(s)wo(s)) || 1 (o) ds
: to

to+t
< ClrPwlto) oy +C / (8) | e I (5)] 22 s s
(18)(23) to

to+t
e / (fo 4+t — )% ru(s) | agey o ()| sy ds

to

to+t
< Olrfwe(to)llpig) +C / (1+s) 2572 (||r2we(s/2) || 1oy + 1)s % ds
(69)(58)(63) to
tot+t 1 1
+C (to+t—s) 25 2ds
to

where in the last line (58) is used with o = f=1and p =4, ¢ = %. Translating the integration
variable s by t(, using that (to +s)~'/2 < min(1,%9)~/2(1 4 s)~/? and in the first integrand that
[72we (5/2) || L1 () < SuP[o 4] II72wel| L1 (@) 4 SUDp, 5 [I7woll L1 (), one gets for every ¢ > to > 0 that

t
_3
Sup||T2w9HL1(Q) < Cup.to + Cty / (1+s) Zsup Hr2w9||L1(Q) ds.
[to,t] 0 [to.s]

Gronwall’s inequality applied to the map ¢ — sup,cp, 4 [r?we(s)||L1(q) therefore ensures that
t = |[r?wg(t)|| L1 () is well-defined and uniformly bounded on R.. This sets estimate (68) when
q=1.

We can now thanks to this uniform bound prove inequalities (66) to (68). To establish (66) and
(67), one has to recall first that [|wy(t)[| La(q) < Cuw, t7~! due to (54) and [jrwe(t) | £e() < Cup a1
due to (63). Then, let us write for ¢t > 0

t
[[wo (D) 21 (0) (f) 1S5(t/2)we(t/2)|| L1 () + //2 [S(t — s)divi(u(s)we(s))|l L1 (o) ds
5 t

t

< Olrwot/Dl @t +C / (t — ) F ()l e (o 1w (3) 1 ds

(18)(19) t)2
t

< Ct'4+C | (t—s)2(1+s) 25 3(145) 2ds
(65)(62) t/2

1
<C (1 —|—/ (1—s)"25 3 ds) tt
1/2

to get the case ¢ = 1 of (66), and let us remember calculation (69) which gives the case ¢ = 1 of
(67) once we know that [[r%wg| 11 (o) is bounded on Ry. Finally, a three-steps iterative argument
leads to all of the remaining cases. Let us proceed to the following computations three times,
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successively for g € [1,2[, p=1 then ¢ € [%,4[, p= % and at last ¢ € [3,400], p = 3:

t

leo®lzncay S 1S(E/2)0t/2naier + [

s [S(t = s)diva (u(s)ws(5)) ]| La(e) ds

1_ 1_1_1
< Clrtws(t/2)|its > +C | (t—5)17 7 2 ||uls)]| o (@ llwa(5)l| o (o) ds
(18)(19) t/2

t
< oo [ (-9 s (o) osgoy ds
(61) t/2

t

and

t
||7‘0J9(t)HLq(Q) (ﬁ) HTS(t/2)OJ9(t/2)||Lq(Q) + // ||7”S(t - S)diV»< (u(S)WQ(S))HLq(Q) ds
5 t/2
t
(18§1 ) Cllr2wo(t/2)llyti 2 +C [ (t—5)175 % |[u(s)]| Lo lIrwo ()] ooy ds
€ t

5 Cti—% 4 C /2(t — )53 574 rwp (5)| Loey ds
t

3 1_1_1

< Ctu~

and

t

Ir?wa (6)l La(e S IS (t/2)we (t/2) o) + // 1725 (t — s)divi (u(s)wp(s)) || Lacoy ds
5 t/2

t
1_ 1_1
< Cllrwe(t/2)] Lyt 1+C/ (t —5)a7 7 |lu(s)llL=(@llrws ()l Lr (o) ds
(18)(23) t/2
t
1_1_1
+C | (t=s)7 72 uls)] () 1w (s)l Lo (o) ds

573 ||lrwe(s) | Loy ds

N
Q
Py
L
+
Q
T~
~
\
&
=] ‘IH
.

t/2
14 ¢ 1_1 _1 1_3 ¢ 1_1_1 _1 1_4
<Cta " +C (t—s)a ps 257 2ds+C (t—s)a P 25 257 " ds,
t/2 t/2
where the constants only depend on the initial data wy. O

Remark. In particular, we deduce from the Biot-Savart law that if |[r?wo(r, z)|| L1 (o) < 400 then
there is some positive constant C' such that for all time ¢ > 0

[u(t)| ey < C(L+ )12 (70)

This estimate is given by inequalities (59) and (66) put together, and it is the best one can get
concerning the supremum of u as long as the impulse Iy is not zero. It will be particularly helpful
in the next subsections, because it will allow us to give sharp bounds on the decay rates of the

nonlinear term in (14).
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Lemmas 3.2 and 3.3 are the most direct way to reach the case where (r, z) — (1 +1r%)wo(r, 2) is
in L'(Q), but one could consider all of the intermediate cases:

Proposition 3.4. Take wy the solution of (11) with initial condition wy € L'(Q).
Take o in [0,2]. If (r,z) — r%wo(r, 2) is in L*(Q) then there exists a positive constant Cy,y o such
that for every q € [1,400] and all time t > 0

a 1 _
lwo ()| La(e) < Cugsa (1+1)" 2ta (71)

1_
I we ()| a(2) < Cupat (72)

Proof. The arguments presented in the proofs of lemmas 3.2 and 3.3 are applicable in the same
order, following the proof of lemma 3.2 when « € [0,1] and the proof of lemma 3.3 when a €
11,2]. O

3.3 First-Order asymptotics

In this subsection, we show first (55) then we study how close wyg(t) and its first asymptotic term
are the one to the other.

Due to the symmetry of the problem, when both wy and r2wq(r, 2) are in L'(Q) the vorticity
has a constant impulse:

I(t) = / r2wy(t,r,z) drdz = / r2wo(r, 2) drdz = Iy vt > 0. (73)
Q Q

Indeed, writing the Laplacian in (11) in cylindrical coordinates implies that

I(t) = /QrQatwe(t) = /91“2 <a§ + 92+ %ar - 7}2) wa(t) — /Qrzdiv*(u(t)wg(t))

where after several integrations by parts, the first integral vanishes and the second is equal to
Jo 2r up (t)we(t). Writing therefore I(t) = Jo 2r up (t)wp(t), then substituting u, with its expression
by the Biot-Savart law (56) shows that I(t) is zero, because the integrand under the double integral
obtained that way is odd with respect to permuting the variables (r,z) and (p,{) in 2 x Q. A
direct consequence of (73) is that, when the initial data wo is nonnegative, ||r2wq(t)|| L1 (o) = I(t)
remains obviously finite for all times and lemma 3.3 can be bypassed to show (55) [11].

Proposition 3.5. Take wy the solution of (11) with initial data wy € L*(£2).
If (r, 2) = r2wo(r, 2) is in LY(Q) then
I()T‘ _M

i 45/2 <t%—2) 4
167" R (74)

we(tvrvz) =

in LP(Q) for every p € [1,400].

Proof. Let [|r2wol|L1(q) be finite, wy € L*(2). The goal is to show that, in the self-similar coordi-
nates (rv/t, zv/t), the quantity t2wg(t, v/, v/t) — IoG1 tends to zero in any LP(2) when ¢ tends to
infinity (remembering that G is given by (33)).

Let us fix ¢ > 0, then for any p in [1, +o00] and any ¢t > 2ty we can write

2510~ tolenlto (VD) - (7 )QfoGl(' =)

t—to

to) to\ ?
10<1—t°) G1<-<1—;’> )—IoGl

[t2wa(t, VE, V) — IoG1| Lo (o) (ﬁ)

_|_

Lr(Q)
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+ " st - v (o) wa(o) (V5) 20
+ /t/: t* HS(t — s)div..(u(s) wo(s)) (\/g) ’ oy

where three of those four terms tend to zero at infinity and one will have to be dominated by a
decreasing function of .
The convergence of the second term is trivial. The first one can be written with a change
1
of variables as (ﬁ)zfﬂ\(t — t0)2S(t — to)[wa(to)](-v/T — to) — IoG1l|Lr (), which tends to zero
according to lemma 2.5 and the fact that I(tg) = Iy (73). The fourth one satisfies

/t :2 2 [0 — s)aiva uts) wos)) (V)|

Lr(Q)

t
_1 _1
< C/ 275 (t — )72 |[u(s)]| oo () o () 2o o ds
(19) t/2
t «
< C t27%(t—s)_%s_%s%72ds
(10)(66)  Ji/2

1
C </ (1- s)_%s;;ds> t1
1/2

so converges to zero as well, and the third term can be bounded as

N

ds
Lr(Q)

/tt/2 2 HS(t — 8)diva(u(s) wy(s)) (\/{) ‘

t/2 N )
< O [ 2= P o) o) o ds
(19) to
t/2 1 1 1
< C 22w (1+s) ts72(1+s) 2ds
o)) Ji

+o0 1
< 0(/ (1+s)3ds> (ot
0

where the constants do not depend on ty. Finally,
1
limsup [[t2we(t, Vt, Vt) — IoGi || o) KO+ 0+ Cty? +0
t—+oo

for any tg > 0, which ends the proof. O

Let us now specify the o(t%d) in proposition 3.5. Reinforcing the hypotheses on wy will allow us
to give better estimates of the difference between the vorticity and the first term of its asymptotic
expansion. For this, let us remark that another consequence of

I(t)=— /Q r2div, (u(t,r, 2)we(t,r, 2)) drdz = 0 (75)
is that for every t > s > 0
S1(t — s)dive(u(s)wy(s)) = S(t — s)divi(u(s)we(s)), (76)

where Sp is defined by (34). This means that the difference wg(t) — IOGl(ﬁ)t’2 between the
vorticity and its first asymptotic term satisfies

wolt) — TG (ﬂ) = St /O Su(t — s)diva (u(s)wo(s)) ds. (77)
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Proposition 3.6. Take wy the solution of (11) with initial condition wy € L'(Q).
Take o in 10,1]. If (r,2) = 7%(r? + 7|z| + |2])wo(r, 2) is in LY(Q) then there exists a positive
constant Cy, o such that for every q € [1,4+o00] and all t > 0

r2+z2

< Cupati™> 1, (78)
La(Q)

5
t— 2

ng(t,r, z) —

I()’I“
e
164/7
Before showing proposition 3.6, we shall need a lemma certifying that some of the finite moments
asked to wy stay finite through the evolution of wy.

Lemma 3.7. Take wy the solution of (11) with initial condition wy € L*(Q).
Take o in [0,1]. If (r, 2) = r(r + |2])wo(r, 2) is in L'(Q) then t — [|r®(r 4 |z|) we(t, , 2)| L1 () is
bounded on R .

Proof. Let [[r®(r + |z|) wo| L1 () be finite, where 0 < a < 1. The strategy of this proof will be
similar to those of lemmas 3.2 and 3.3. ||r1T%w]| £1(0) being supposed finite, we already have access
to the conclusions of proposition 3.4, especially the fact that, using (59) and (71), ||u(t)||z~ (o) <
C(1+1)~"5*¢~1/2 for all time ¢ > 0.

First of all, a fixed point argument shows that there exists a time T > 0 such that wy is
continuous from [0, 7] into

{w: Q=R |wlpi) + [[rwl| L) + [[r*2w|| L) < 400},
read for example the development in appendix A adapted with the norm

lwollxy = sup (t1/4uw9(t)||L4/s(Q) + 4 [rwo (8) | pass oy + t1/4||r°‘zw9(t)HL4/3(Q))

on X and using (24) together with interpolations inequalities when adapting equations (98) and
(99).

Let us then show that ||r®zwy(t)|/11(q) is well-defined and bounded on Ry, by referring to
lemma B.1 in appendix and using the estimate [|u(s)|| ) < C(1 + 5) Rt gmL/2

every t > 0 and tg > 0,

as follows. For

to+t
[ 2w (to + t)”Ll(Q) ||7“ 2S(t)wo (to)l 1 () + / (|28 (to + t — s)div (u(s)wa(s))l L1 (@) ds

to
< COfr*(r + [2]) wo(to)llr (o
(20)(24)
to+t w1
+C (to+t—35) 7 [[u(s)| e (ollrwe(s)lLr () ds
to

to+t
+0/ (o + 1 — ) F u(s) e s P 208 (5) | 1y s
to

to+t lta .
< C+C/ (to+t—15)" (1—|—5)77575d5

(63) to
tot+t 1 1+a 1
+C (to+t—s)"2(1+s)" 2 s 2|[r%2wy(s)|11(q) ds
to
where f0°+t (to+t—s)"7 (1+s) %573 ds < 10 and Where after the change of variable s — tg+s

in the last integral, we can write (14+to+s)~ 2 < (14s)"2 and (fo+s) "2 < min(1,to) "2 (1+s) 2.
Hence

[|7% 2we (to + 1) 1 (0 C+C’/ t—s) %1+s)_1||r°“zo.)9(t0—|—8)||L1(Q)ds

and we can apply lemma B.1. Let us note that the constants only depend on wy and the choice of
tp, but not on a. O
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Proof of proposition 3.6. Let us recall the definitions of G (33) and S; (34). Using lemma 3.7 and
knowing (76), let us carry out the following calculation, starting from (77):

we(t) — InGy (\/i) 2

La()

t/2
(§7) [S1(t)woll La(e) +/ [51(t = s)divs(u(s)wo(s)) | Le(e) ds
0

n /t/2 1S(t — s)div..(u(s)ws(s)) || La() ds

20 1_4+a

(35)(36) (19) I iz woll i@t

t/2 90 1_4ta o
+/0 — = 8) 7 lu(s)l| e @l (r + |2]) wo (s)l L2 (@) ds

t
+ /m Ot — ) H[u(s) oo s o0 () ey ds

o A e
< Ctim T 4C <2> / (1+s)"'s 7 ds
0

(70)(66)
¢
+C (t—s)_%s_lséfs%a ds
t/2
<Ctai 2%

for any ¢ > 0. Let us note that the last constant depends on the initial data wg and on the quantity
1
1 O

[e3

Considering the limit case a = 1 in proposition 3.6, in particular ||r?zwq(r, z)|| 1 () and |r(r+
|2]) wo(r, 2) || L1 () are finite and the moment J(t) = [, r?zwy(t, 7, z) drdz of the vorticity can be
given a natural bound.

Corollary 3.8. Take wy the solution of (11) with initial condition wo € L*(£2).
If (r, 2) = (r?|z| + 72 + 7|2 )wo(r, 2) is in LY(Q), then J is bounded on R,. To be more precise, J
1s differentiable and tends to the finite limit

+oo
Joo = Jo —|—/ /(27’7; wp(t, 7, 2) + r2u(t, 7, 2)) we(t, r, 2) drdzdt (79)
0 Q

when time tends to infinity.

Proof. Referring to the vorticity equation (11) and using that div.(uwg) = 0y (urwp) + 0;(u.wp), a
direct calculation gives the dynamics of J for all time ¢ > 0:

J(t) = /97“22’ Oywe(t) = — /Q 7?2z div, (u(t)we(t)) = /(27‘2’ Uy + 120, wp. (80)

Q

Hence |7 ()] < 3|[u(t)| = (q) |7(r + |2]) wo ()| 11 (), and from lemma 3.7 and estimate (70) follows
directly the existence of a positive constant C,, such that

[J()] < Cug (L 1) 71712, (81)

so J is bounded on Ry and the expression of Jo, (79) holds. O
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3.4 Second-Order asymptotics

At that point, we want to express the next term in the asymptotic expansion of wy. The object of
the next propositions is to write for all (¢, 7, z) in R% x Q

2422 2,2
wg(t, T, z) = ie_% t75/2 Lz J(t)'rz _%

712 L Gt 2
67 NG +wy(t,r, 2) (82)

where the remainder wy (¢, r, 2) is a o(t%_g) in every LP(§2) when ¢ goes to infinity (this is proposi-
tion 3.9) and even a O(ln(t)t%_?’) if enough spatial localisation is asked on the initial data (this is
proposition 4.1). Before moving towards the demonstration of these results, there is a few things
to say about wg.

Given that wy defined by (82) is a difference between ¢’ maps then it is itself in >° (R x €2, R).
Moreover, given that wy satisfies the vorticity equation (11) and that (¢,7, 2) — G1(7 7)t‘ and

(t,r,z) — Gg(\/ \/)t % are solution to the linearised equation (46), then for every ¢ > 0

. W J(t
Orwg = Ay — r—,f — div, (uwp) — t5(/2) Gy (\/Z) (83)

which is equivalent to the integral formulation

Go(t) = S(t)wo — /O S(t— s) [div*(u(s)we(s)) Jff/?)c:z( \/gﬂds (84)

where S5 is the family of operators defined as (45) and G; and Go are the Gaussian-like functions
(33) and (44).

Let us pay special attention to the various possible ways to write the integrand in equation
(84), because this will be helpful in further calculation. First, let us remember that (¢,r,z) —
GQ(L\‘[ \Z/)t*g can be taken out of the semigroup, as noted in (48) and especially that fttol S(t—

$)[J(s )Gg( =)s~ 3ds = (J(t)— J(t ))Gg( =)t 2, whatever 0 < to < t; < t are. On the contrary,
it can be put inside the div, by writing

J(s ro oz . J(s Ve 1(p2 4,
85(/2)G2(\/§,\/§>=d1v* (32\(”382 (é)e 2 (r* + )) (85)

Finally, given that [, r2div. (u(s)we(s)) = 0 (75), that [, r2zdiv. (u(s)wy(s)) = —J(s) (80) and
that [, 722G2 =1 (50), the relation

S(t — s) | div, (u(s)we(s)) + ‘25(2 Go <\/§)

= So(t—s) [div*(u(s)wg(s)) + ‘25(;92) Gy (\/g)] (86)

holds on 2 for any t > s > 0. Obviously, (86) remains true by substituting S; for So.
This being said, let us start the study of wy under the hypotheses of proposition (3.6) when
a=1.

Proposition 3.9. Take wy the solution of (11) with initial data wy € L*(£2).
If (r, 2) = (r® + r%|z| + r|2|)wo(r, 2) is in L1 (Q) then

rly _r’t+z . TZJ() _rlte? 1_s
t - it ¢79/2 it /2 (tp z)
wolt,m:2) = {5 7= TV % (87)

in LP(Q) for every p € [1,400].

Proof. In view of (82), the goal is to show that ¢3 Wg(t, -v/Z, -v/f) tends to zero in LP(Q) as t goes
to infinity. Let us recall for this the definitions of Gy (33), S1 (34), G2(44) and Sy (45).
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Let us fix any to > 0 and see that, given property (48) of Ga, (84) can as well be written as

w(t) = S(t = to)ws(to) — Io G (\/%> 72— J(to) Go (\/%> =3

t

s [diw<u<s>we<s>> + A (ﬁ)] ”

to

for every time ¢ > to. Therefore, for any p in [1, +o00] and t > 2to, ||[t3@g(¢, V1, V)| Lo (o) is less
than or equal to the sum of the six terms

Ty (t, to, p) = |[t3 Sa(t — to)we (t0) (V)| Lo ()

_ S o ((iom) )
To(t, to,p) = || oVt (1 t) Gl( (1 t) ) IoVt Gy e
to -3 to ~3
T3(t,to,p) = ||[J(to) [ 1 — — G2<~ 1——= >J(t)G2
o (-2) e (-4) ) -]
v, . J(s) () —1(r2+22)>
Ta(t, to,p) = t2 |1S1(t — s)divi {u(s)wa(s) + o= | Vo |e % V't ds

[N

Tu(t,p) = /t :275 56— s)aiv. Cuts) wo()) (VE) | s

t
Ty(t,p) = // 1F(3)] % [|Gall oy s,
t/2

among which five tend to zero when ¢ goes to infinity and one will have to be dominated by a
decreasing function of ty. Let us remember what has been discussed right above between equation
(84) and relation (86) to understand why the integrands of Ty and T can be written as they are.

The convergence of Ty and T3 to zero is obvious when p = 400, and is a straightforward
application of the Lebesgue dominated convergence theorem when p < 4oc0. The first term T3
equals (tft0)37%\|(t — 10) 2 Sa(t — to)[ws(t0)](-v/T — to )|l Lr() With a change of variables, and so
converges to zero according to lemma 2.8. The fifth one satisfies

t
5_1 _ 1
T, < C / £33 (6 — 5) % u(s)] = ey s () o ey s
(19) t/2
t
< C tgfi(t—s)_%s_%s%ﬂds
(70)(66) t/2

1
<C / (1—3)_555_%&9 73,
1/2

and Ty < Ct™2 given (81), so both tend to zero. Finally, thanks to lemma 3.7 the fourth term can
be bounded as

t/2 5_1 1_5
T, < 2C t2 P(t—S)P 2||u(S)HLoc(Q)||T‘(T‘+|Z|)W9(8)||L1(Q)d8

(36) to
—z _7'2+22
r(r+1zl) <_f> e 4

t2 oy t v3 1
< 4C t27p <> (1+s)"ts"2ds
(70)(81) to

+oo 1
<C</ (1+s)_1s_411ds> to
0

ds
LY(Q)

+2C [ t3TE(t—s)r3
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where the constants do not depend on ty. Thus

5 _1
limsup |[t2@g(t, VE, V) || o) KO+ 0+0+Cty T +0+0

t——+oo

for any tg > 0, which ends the proof. O

Remark 3.10. In the scope of this article, each time the quantity J(¢) appears in the expansion
of wy it can be replaced by its limit Jo (79). This is because, in view of (81), for all t > 0

+oo | +o0 3 N
() — Juo| < / 1J(s)|ds < c/ s~dds = 2013
t t

so the difference between J(t)Gg(ﬁ)t_g and JmGg(ﬁ)t_% is a O(t%ﬁo’) in every LP(Q); and

it appears that in propositions 3.9, 3.11 and 4.1 the precision of the expansions never exceeds a
1

O(t»~?). In particular, this remark concludes the proof of theorem 1.1.

The same way we did in proposition 3.6 concerning the difference wg — IoGl(ﬁ)t_Q, the re-
mainder wg can be shown less than a o(téfg) by adding some localisation on the initial vorticity

wo-

Proposition 3.11. Take wy the solution of (11) with initial condition wy € L*(£2).
Take o in )0, 1[. If (1, 2) = r(r3+rz2+22)wo(r, 2) is in L*(Q) then there exists a positive constant
Clp,o Such that for every q € [1,400] and all t >0

— 1_5_«a
[@o ()| La() S Cugats 272 (88)

where wy is given by (82).

Lemma 3.12. Take wy the solution of (11) with initial condition wy € L'(€).
Take o in [0,1]. If (r,2) = r%(r? 4+ 2%)wo(r, 2) is in L'(Q) then there exists a positive constant
Cy, such that for allt >0

I (r# + 2%) wa (B) £ () < Clup (1 +1)/2. (89)

Proof. Let ||r®(r? + 2%) wol| 1 (o) be finite, where 0 < a < 1. Let us show first that the quantity
[r(r2+2%) wa(t)| 11 (q) exists locally, then that t — (14+¢)~%/2||r*(r2+2%) wg(t)| 11 (q) is uniformly
bounded on Ry and thus does not blow up in finite time. Given that ||r?wo| 11 () < +00, we have
access to the conclusions of lemma 3.3.

First of all, a fixed point argument shows that there exists a time 7' > 0 such that wy is
continuous from [0, T into

{w: Q=R [wllpio) + [IF*F*wl L) + |7 2w L1 @) < +00}.
read for example the development in appendix A adapted with the norm

lwollxr = OSU.ET (t1/4HUJ9(t)||L4/3(Q) + t1/4||T2+(XWQ(7§)||L4/3(Q) + t1/4||7“a22w9(t>||L4/3(Q))
<

<

on Xt and using (25) and (26) together with an interpolation inequality when adapting equations
(98) and (99).
Let us now show (89) with the use of lemma B.1. Let us write for every ¢t > 0 and ¢y > 0

||7“a(r2 + 22) we(fo + t)”Ll(Q) (1\<—) HTO‘(TQ + zQ)S(t)we(to)HLl(Q)

to+t
+ / 7 (r?* + 2%)S(to + t — s)div. (u(s)we(s))l L1 () ds

to
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SO

I (2 + 2%) wo (to + )| 210

< Cllr?wy(to)llLr @t + Cllr* (r* + 2%) wo (to) | L1 (o)
(21)(22)(25)(26)
to+t .
+C (to +t —5)2 [[u(s)| L= (@) llrws (s)l| L1 (o) ds
to

to+t
e / (b0 + 1 — ) F u(s)] o (2 + 22) o (3)]] 2 ey ds
to

to+t
< C(1+t%)+c/ (to+t—8)2(1+s) s 2(1+s) 2ds
(70)(67) to
t0+t 1 1
+C (to+t—3)_5(1+s)_1s_5||ra(r2+22)w9(s)||L1(Q)ds
to

where t~% x fot(t —8)%(1+s) 252 ds < 4 and where, after the change of variable s — to + s in
the last integral, (1+to+s)~* < (1+s)"! and (to +s)"2 < min(1,%,)"2(1 +s)"2. Thus

,,,a (7,2 + 22)

2 wylto +t <C(tg%+1) +4C
(to+1)2 olto )LI(Q) <0 )
t @2 2
+C’/ (t—s)"2(1+5)"3 ng(to—ks) ds
0 (t0+$)2 LY(Q)

which is a case covered by lemma B.1. Let us note that the constants only depend on wgy and the

O

choice of tj.

Proof of proposition 3.11. Be sure to have in mind the definitions of G (33), G2 (44) and Sy (45).
Starting from (84) while remembering (86) and (85), let us write for all ¢ > 0

lwo(t)l|Lacy < [[S2(t)wollLa(a)
(84)
t/2 J(S) =z —L(’I‘Q n Z2)
+/ Sa(t — s)divs | u(s)wa(s) + o5—=— ff e 4s
t
+ [ 18 = s)div. (ulhwas)) oo ds
t

/2
Lo o (7))

so using respectively (51), (52), (19) and (81) in the four terms

ds
L1(Q)

(NE

ds
La(Q)

— 20 « 1_5ta
||wg(t)||Lq(Q) < ?H’I’ (7'3 + ’I’Zz)(JJO”Ll(Q) ta 2

t2 900 1_5+a o 2 5
+ ; — = s)r 7 u(s) =@ llr®(r" + 2%) wo(s)ll 1 (o) ds

t/2 Y. B} L .
+/ 2C(t — s)a_% @ 7'0‘(7”2 Jrzz) <\/§> 6—4—8(71 +2?) s
0

L)

T
s 7

t
+ | Clt=s) 2 [luls)| (o lwo(s) ]| La() ds

t/2
o ()

t
+/ (1+5)"'s2ds t72.
t
Using again estimate (81) and then finally (70), (66), lemma 3.7 and lemma 3.12, one can state

La()

/2
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that

TR 2
— 1_54a t\« a1 _1
e <ot vo(5) 7 [Taraitsta
0
1 5+a
t\a =z [t/2 (1+s) 1 Jite
Cls d
o) [ e
t
+C (t—s)"2s 2ds
t)2
t
+O/ ds tat™ 2
/2
<Cti~5%

for any positive time t, where the last constant depends on the initial data wy and the quantity
1
1 O

[e3%

4 Additional Results and concluding remarks

4.1 The First Resonant term

In section 3 we have shown that the first terms in the vorticity’s asymptotic expansion decrease in
L? as negative powers of t. This had already been highlighted in [7, 13], or in the case of the velocity
by the works of Wiegner [26], Carpio [8], Miyakawa and Schonbek [23, 24, 9, 21] and more recently
Brandolese [4, 5] for instance. However, when addressing the higher order asymptotics, Gallay
and Wayne observe what they call resonances [12, 13]: interactions between the eigenvalues of the
linear operator A = A + %x -V 41, which is the one that appears when they consider the vorticity
equation (11) in the self-similar variables (In(1 + ¢), \/ﬁ) In particular, in the two-dimensional
case [12], they show explicitly the presence of a In(¢) factor in the third-order asymptotic term.
This is also something we observe. When (r, z) + (r* 4+ 1222 +r2?)wo(r, 2) is in L(Q) appears the
first tangible manifestation of the nonlinearity, namely a bound that does not decreases merely as
a negative power of t. This is the reason why, in general, proposition 3.11 does not hold for o = 1

and has to be replaced by the following result.

Proposition 4.1. Take wy the solution of (11) with initial condition wy € L'(Q).
If (1,2) = (r* + 1222 4 r22)wo(r, 2) is in L1(Q) then there exists a positive constant C.,, such that
for every q € [1,4+00] and allt > 0

@6 (£) ]| Lae) < Cuup (1 +In(1 4 2)) 773 (90)

where wy is given by (82).

Proof. The proof is identical to the one of proposition 3.11, with the only difference that having
o = 1 in the last calculation leads to consider the integrals fg/Q(l —l—s)_%s_%ds and ft/z 1+s)~tds
which grow towards infinity like In(1 4+ ¢). O

This article ends before the study of the third-order asymptotic term, which is the first resonant
term in the long-time expansion of the three-dimensional fluid.

4.2 Decay rates for the velocity

To deduce theorem 1.2 from what has been seen in the previous section, as well as some decay
rates for the velocity, one has to invoke estimate (58) (as a consequence of the Biot-Savart law)
and the fact that the velocity fields corresponding to the vorticities (¢,7,z) IOG1(7 7)15 2
and (t,r,z) — J(t )GQ(\/ \[)t_f’/? are respectively (t,7,2) — Iou® (\[ \[)t_3/2 and (t,7,2) —

J(t)u GQ(T 7)t‘ , where u“! and u“? are defined in (7). Propositions 3.4, 3.6, 3.11 and 4.1
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then lead to the following result, where Iy and J(t) denote respectively [, r?rot(uo(r, z))drdz and
Jor?zrot(u(t,r, 2))drdz.

Corollary 4.2. Take u the solution of (6) with initial data ug such that rot(ug) € L*(). Take
B=0.

(i) If B € 1%,2] and (r,z) — rProt(uo(r, z)) is in L*(Q) then for every q € [2,+00] there exists
a positive constant C such that for all time t > 0

_1_8
|u@ ors) < C 1207272, (91)

(i) If B € 12,3] and (r,2) — (% + 871z + rP72|z|) rot(uo(r, 2)) is in L*(Q) then for every
q € [2,+00] there exists a positive constant C' such that for all time t > 0

u(t) — Tou® (ﬁ> t2

<Ctia 3773, (92)
La(R?)

(iii) If B € 13,4[ and (r,z) v (rP 4+ 187222 4 87322 rot(ug(r, 2)) is in L' () then for every
q € [2,+00] there exists a positive constant C' such that for all time t > 0

u(t) — Igu© <\/i) 73 — J(t)uC? <\/Z> 2

(iv) If (r,2) = (r* + 1222 + rz2) rot(uo(r, 2)) is in L*(Q) then for every q € [2,4o0] there exists
a positive constant C such that for all time t > 0

u(t) — Iou® <ﬁ> 72 — J(t)uC (ﬁ) 2

Proof. When g = 400, one only has to apply inequality (59) together with the propositions named
right above, the L®-norms being rigorously the same for (R?,27rdrdz) and (2, drdz).

<Ctra7, (93)
La(R3)

<Cln(l+t)tz—3.  (94)
La(R3)

When 2 < g < 400, a straightforward generahsatlon of those propositions is requlred Let us

l
consider « € [0, 1] such that oo < 8 and <a<: + 1. Estimate (58) w1th +  gives
that

£ ()l parsy = (2m)7 15 F(£) Laey < Cllrrot f(t)l| ooy (95)

where f(t) is u(t), u(t) — Iyu 1(%)15_3/2 or u(t) — Ipu 1(%)1&‘3/2 - J(z&)uc’b(ﬁ)t_2 depending
on the case. Estimate (58) requires that p is not chosen equal to 1, which is possible by taking
a > % — 1 given that 5 > % — 1 and % +1> % — 1. Finally, the proof is achieved by using that

o [|r*we(t)|lLe(a) < C 73" when B < 2 (by interpolation from proposition 3.4),
o [lr*(wo(t) — ToG1(7)t™?)llLr(e) < Ct5 3 when 2 < f <3
o [[r*Ga(t)]l ooy < C 717" when 3 < 8 < 4,

o and ||r®wWy(t)||Lr(o) < Cln(1+1t) 7 3% when ||(1+ 1% + 7222 + rz%)rot(ug)|| L1 (q) < +00;

the demonstrations of the last three inequalities being the same calculations as for propositions
3.6 and 3.11 as long as p € [1,4+0o0], t > 0 and in particular « € [0, 1]. O

Proof of theorem 1.2. Let us keep the same notations as in the previous proof, considering here
only the cases when § = 2 and f(t) = u(t) — Iougl(ﬁ)t_?’/2 or f = 3 and f(t) = u(t) —
IouGl(ﬁ)t"D’/2 - quGQ(ﬁ)t’Z. Propositions 3.5 and 3.9 are still true with a radial weight r®
when 0 < a < 2, meaning that

re (wg(t,r, z) — LGy <\/i> t_2>
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(96)
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for all p € [1, +o0] if (1 + 7?)rot(up) is in L*(Q) and

e (wg(t, r,z) — IoGy (ﬁ) 72— J(t)Gs (\/i) t_g>

for all p € [1, +o0] if (1473 +72|2| + r|z|)rot(ug) is in L1 (Q), at least for o in [0,2]. The proofs are
similar to the original ones from section 3. Inequality (95) can thus be applied with g —-1<a<?2,

——0  (97)
t——+o0

LP(Q)

so ¢ can be taken in all ]1,+oo[. This concludes the proof, remembering that the case ¢ = 400 is
directly included in propositions 3.5 and 3.9 and remembering remark 3.10 about the presence of
Jso in (10). O

4.3 Axisymmetry with swirl

When the swirl is nonzero, the information of the Navier-Stokes equations is contained in the pair
(wp, ug) through the vorticity-stream formulation

1 Up
Orug + urOrug + u,0,ug = Aug — —Up — —Up
r r

1 Up 1
Orwy + UrOpwy + U 0,wp = Awy — T—ng + 70.)9 + ;82(’11,3)

(o= 2)e -

where 1 is the stream function, u = —%@w e, + ugeg + %&w e, and w = —0,uge, + wyeg +
19, (rug)e. [20]. The tangential vorticity wp is thus linked to the velocity (u,,u.) in the axial
plane (e, e.), and the swirl ug is linked to the vorticity (w,,w,) in the axial plane.

The first and second order asymptotic terms can still be calculated, for example from the
general three-dimensional formulae given by Gallay and Wayne [13], but the vorticity has to be
continuous into L?(R?)? in such a way that x — |z|™w(t,z) is also in L?*(R3)? for all ¢t > 0 for
some m > % Let us suppose this is the case. The vorticity’s expansion in [13] then shows that the
first two asymptotics of the tangential vorticity wg are the same as when the swirl is zero:

e 4t t_7/2+ 0

7"2;;22 $=5/2 4 rzJ(t) _r’te’ (t_7/4>
32y =00

(t ) 7"[0 _
wy(t,r 2) = ——=e
o 16/

in L*(R3), where Iy = [, 7%wy (0,7, 2)drdz and J(t) = [, 7?2z wy(t,r, z)drdz. The radial and vertical
vorticities, however, present now nontrivial terms which enter the second-order asymptotics as

TZ(KO + Lo) _r’42?

e ———— 4 _7/2 (—7/4)
w’r‘(t7r?z) 32\/7? € t t +t—>(-)‘,- t
(4t —r?)(Ko + Lo) 422 ., ~7/4
= 4
U.}Z<t,’l“,2) 32ﬁ € t +t—>2— (t )

in L?(R3), where Ko = [, 72w, (0,7,2)drdz and Lo = [, (2 — 2%) w.(0, r, z)drdz.

A natural arising question is whether it would be easy to follow a similar approach to what
has been done in the present paper when the swirl is not supposed zero, in order to weaken the
hypotheses taken on w by [13].
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A Appendix: A Fixed Point argument

The goal of this appendix is to show that under the hypothesis of (r, z) — (14r)wo(r, 2) belonging to
L1(Q), there exists a time 7' > 0 such that the solution ¢ — wg(t) to the integral vorticity equation
(14) is continuous from [0, T] into the space L}(2) = {w : Q — R | |w||11(q) + [rw||L1(0) < +00}.

The strategy developed is similar to the two-dimensional case, see for example [3, 17]. We
rewrite here, up to the appropriate adaptations, the fixed-point argument that can be found in
[11, prop. 4.1]. Let wp belong to Li(f2). Define for any T > 0 the function space

X ={wo € °(10,7), LY%(@)) | wollx, < +o0}
equipped with the norm

lwsllxy = sup (84 wo(®)lzosscay + 1/ Irwo ()l zosscey ) -
0<t<T

Let us see that, given (18), there exists some positive constant C' > 0 independent of T such
that [|S(-)wollx, < Cl[(1 + r)wollz1(o). In particular, ¢t — S(t)wo belongs to Xr whatever T'
is. Moreover, it also follows from (18) that ||S(-)wol/x, — 0 as T tends to 0 for the following
reasons. By density, for any ¢ > 0 there exists w§ such that [|(1 + r)wjlla/sq) < +oo and
(14 7)(wo — w§)ll L1 (@) < €. Hence, using (18) twice with 8 = o = 0 and twice with § = a =1,

lim, 1S Jeooll ey < Jim sup (£/48(8)fwo — ]l araay + /1S () o — willlLa/agey
T—0 T—0 0<t<T
+t1/4||s(t)w(5)”L4/3(Q) + t1/4||7“5(t)w8HL4/3(9))
g 1' ( _ (>4 _ (>
im sup C (Jlen ~ il + lr(en — o) ooy
4w | sy + £l osscon )

< 2e

and so limy_o ||S(-)wo||x,; = 0. This will be useful latter.
Given wp in X7 and p € [1, %]7 and taking u the velocity field obtained from wy via the
axisymmetric Biot-Savart law (56), define the map

Awg 1t —> /0 S(t — s)divi(u(s)we(s)) ds

which is continuous from |0, T'] into the space {w : Q — R | [|[w||zr () + [[rw| 1r ) < +00} . Using
(19) with 8 = a = 0, Hélder’s inequality and then (57), see that

t
| Awe ()| vy <7 [ Clt— )7 F{[uls)wa(s)]| L1 () ds
0

t
_1 1_3
<0t [0 = 9 E o)l (920
<Ot “r_ )it 2 d
<0t [ 0= 9 (o) e 0

t

<ctd [ uli, ds
0

< Ol

for ¢ in ]0,T]. The same computation gives that 'y | Awg ()] Lr () < Cllwoll%,., using (19) with
8 = a = 1. This entails, by choosing p = %, that Awp belongs to Xt and that ||Awg| x, <
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Cillwe||%,. for some positive constant Cy. More generally, the Lipschitz estimate
[ Aws — Awpllxr < Crllwallxs + lwpllxr)llws — whllxy (99)

holds for every wg,wy in Xr, stemming again from computations similar to (98).

Consider now the operator A Xr — Xr:wp— S(-)wo — Awp. Fix R > 0 such that 2C 1R < 1
and denote by Bpg the closed ball of radius R centered at the origin in X7. One can now chose T > 0
small enough for ||S(-)wo | x, < 3R to hold, so that A maps By, into By and is a strict contraction
there and thus has a unique fixed point in Bgr thanks to the Banach fixed point theorem. By
construction, this unique fixed point wy is the unique solution of (14), which we already know.

To achieve the proof, it only remains to show that ¢ — Awy(t) is continuous at 0 for the norm
[wllz1@) = l[wllLi@) + lrwllLi(). Indeed, (S(t)):>o is a strongly continuous semigroup on Li(Q)
and we already said that Aws is continuous from ]0, 7] into L1(Q). Let us note that ||wg||x, — 0
as T goes to zero, since one can take T' > 0 as small as desired and, from the moment that 7' is little
enough, the Banach fixed point theorem applies in the ball B of radius R = 2||S(-)wo|| x, which
tends to zero as seen above. Consequently, remembering that ¢!~ [(147) Awg ()] Lr (o) < Cllwsll,
for all t € |0, and taking p = 1 implies that ||Awg(t)||11() — O when ¢ goes to zero. Therefore
wy = S(-)wo — Awp is continuous from [0, 7] into L} ().

B Appendix: A Gronwall lemma

This appendix tackles the boundedness of a nonnegative function f satisfying
t
vte[0,T[ f(t)<C+ C/ (t—s)P" (1 +5)7f(s)ds (100)
0

where 0 < f < yand 0 < T < +oco. In particular, satisfying this inequality for T" = +oc ensures
that f belongs to L>°(Ry,Ry). This implication is the object of lemma B.1, and is used several
times throughout the paper.

The hypothesis made here (100) differs from the usual sufficient condition asked for Grénwall’s
inequality by the presence of the factor (t — s)®~! in the integrand. This hypothesis is partially
covered in the Dan Henry’s book [15], but lemmas 7.1.1 and 7.1.2 from [15] do not not rigorously
include the cases we need here.

Lemma B.1. Consider f in L{S ([0,T[,R}) where 0 < T < +oo. If there are a > 0, b > 0 and
v > >0 such that

vVt e [0,T] fi) <a+ b/ot(t —8)P7 Y1+ 5) 7V f(s) ds (101)

with B < 1, then there exists a positive constant Cy g, such that || f|| e o,rp) < aCh g -

Proof. Let us first exhibit one dominating function for f that does not depend on f itself. This is
lemma 7.1.1 of [15], if we use that trivially (14 s)~7 < 1. Denoting by A the linear operator

Ag:t— b/o (t— )11 +5)"7g(s) ds

on L ([0,T]), and remembering that B denotes the Euler Beta function, a recurrence gives that

on [0, T

VneN  f(t)<a) et + AT ()
k=0
where ¢g =1, ¢p11 = ¢, 0B(B8,n8 + 1) and

vn e N*  A"f(t) < bd, /t(t —5)"1f(s)ds
0
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where d; = 1,d,, 11 = d,bB(B,nf). Given that B(8,n8 + 1) and B(8,n3) are both O(n~?) when
n tends to infinity, A" f(¢) tends to zero for every ¢t in [0, 7] and _ cxt* has an infinite radius of
convergence. Thus f(t) <a) -, cxt®? for all t in [0, T7.

Let us now give a uniform bound to f on [0,7[ which does not depend on T. Set ty =

(2bB(B,1 — 5))v%ﬂ if <1, and tg = (v%ﬂ)v%ﬁds if 5 =1. Let us see that in the first case

t t
/ (t—s)P" 11 +s)""ds < / (t—s)P"1s Pt ds < B(B,1— ) th 7,

to to
and that

t t

_ 1 _

/(t—s)’g_l(l—i—s)_'ydsé/(t—s)ﬁ_ls_ﬁtg Tds < ——th 7
to to A/_ﬁ

if 8 = 1. Therefore, in both cases, either T' < to and obviously [|f||L=(o,7)) < @50 cxth? or
T >ty and

Hf||L°°([to,T[) < a+b/00(t_s)/3—1(1+s)—7f(s) ds+b/t (t—s)5—1(1+s)—vf(s) ds

to 1
<a+ b/o (to — )7 | fll o= (0,00]) d5 + B Il o (1o, 7D)

SO

1 1
11| oo (110,71 < 20+ 2b Btg 11z (ool < 20+ 2ab <ty > cxty”
k>0
and || fllzeo.rp < I1f iz (o,e0) + 1l 2o (10,7 < aCh gy - 0

The crucial point of this lemma is that the constant Cp g can be chosen independently of T'.
The restriction 8 < 1 can be easily removed, but the proof would be longer.
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