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Abstract

The building history of a cultural heritage building and the after-e�ects induced by extreme loads
such as earthquakes have a durable impact on its modal parameters. This article aims to discuss the
peculiarities of some modal parameters extracted from ambient vibration measurements in light of the
complex history of Sant'Agata del Mugello. The Romanesque church located in the Mugello basin
(Tuscany, Italy) su�ered from many earthquakes, at least from 1542. In this context, we carried out
two dense ambient vibration campaigns in March and June 2019. We extracted each mode's natural
frequency, mode shape, and damping using the Enhanced Frequency Domain Decomposition. We iden-
ti�ed ten modes. Some modes highlight structural singularities related to the building history of the
church: rocking of the base of the bell tower; phase opposition between the bell tower and the nave;
bending of the walls of the nave. Since the instrumentation bene�ted from a vast number of recording
positions (83), we tested the impact of the sensor placement strategy on the resolution of the identi�ed
modal parameters in the speci�c case of Sant'Agata del Mugello. The resolution of the higher-order
modes decreases strongly in case of degraded sensor placement strategy impacting the dynamic analysis
of the church.

Keywords� Operational Modal Analysis, Enhanced Frequency Domain Decomposition, natural frequency,
mode shape, damping ratio, medieval church, masonry, sensor placement.

Highlights

• We performed two in situ campaigns to estimate the modal parameters of the Sant'Agata del Mugello church.

• We highlight the impact of the building history and after-e�ects of historical earthquakes on modal parameters.

• We highlight the impact of the sensor placement strategy on modal parameters.
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1 Introduction

Over the last decades, ambient vibration tests have been successfully used to extract modal parameters of buildings
in a non-invasive way. These parameters are generally used in the context of preservation of the building through
Structural Health Monitoring (SHM) or the establishment of representative models for simulating the expected
response.

Ambient vibration measurements performed before and after a seismic event showed that the related damage
had an impact on the modal parameters: drop in frequency, increase in modal damping, modi�cation of mode shape
(e.g. [1]). The modal parameters may also be impacted by the peculiarities of the structure acquired during its
history: asynchronous construction, reconstruction operation, repairs (e.g. [2]).

Understanding how asynchronous constructions in�uence the modal parameters is crucial when dealing with the
numerical model of ancient buildings, especially when located in seismic areas. For this reason, in this paper, we
investigate the sensitivity of empirical methods characterizing the modal parameters to construction heterogeneities
and the impact of the sensor setups geometry and density.

The church of Sant'Agata del Mugello was chosen as a case study since its building history has been exhaustively
documented in a previous paper [3]. Indeed, a cross-disciplinary approach combining a stratigraphic analysis of the
church's walls with information extracted from historical documents revealed the asynchronous construction of the
church and numerous repairs associated with historical earthquakes. Thirteen building phases and 80 repair units
were identi�ed. The questions arising are what are the modal parameters of this Cultural Heritage building and
what are the links with the building phases?

Non-invasive experimental techniques must be used. Among them, Operational Modal Analysis (OMA) guaran-
tees conservation and integrity of the building [4] since no excitation equipment is needed and the tests only consist
in measuring the response of the building to environmental excitations [5].

OMA is indeed widely used to study conventional buildings (e.g. [6, 7]). Its application to cultural heritage
buildings increased in the last twenty years. A non-exhaustive, though quite complete, list of historic buildings well-
instrumented in the last decades is summarized Table 1. Most of these studies are focused on a speci�c component
of a building (dome, vault, arch) or on slender structures like towers, chimneys, and minarets (almost 65% of the
instrumented buildings). Only a few numbers of entire historical buildings have been investigated (church, cathedral,
basilica, pagoda). There are two main reasons for this: the complexity of the behavior of the ancient masonry and
the complexity related to the building history. The low-response level of masonry to ambient excitation highlights
its complex behavior. Many factors increase this complexity: the building geometry inducing a mixture between
�exural and torsional modes [8], the presence of many local modes interspersed among the global modes, the non-
linear behavior of the masonry even for low stress levels [9]. Asynchronous construction, repairs and retro�tting
interventions change the sti�ness properties of the building and then the modal parameters [10, 11].

Among OMA techniques, frequency and time domain methods are widely used to extract modal parameters.
For highly uncertain problems, the two approaches are used to generate consistent results (e.g. [12, 13]). For fairly
regular and simple buildings, the frequency domain method alone is enough to identify the structure's mechanical
properties [14, 15, 16]. In the case of Sant'Agata del Mugello, the Enhanced Frequency Domain Decomposition
(EFDD) is used to extract modal parameters (the natural frequency, the damping ratio, and the mode shape). This
method has the advantage of quickly identifying natural frequencies.

Frequency and spatial resolution play a signi�cant role in overcoming the di�culties above. The frequency
resolution is controlled by the sampling rate and the measurement duration. It is generally admitted that the
measurement duration should be at least 2000 times the natural period of interest [17]. The spatial resolution
mostly depends on the sensor placement and their number. Only a reduced number of points are generally recorded
after identifying the optimal sensor placement. By contrast, identifying local behaviors would require an accurate
spatial resolution for a building with a rich and complex history. In the speci�c case of Sant'Agata del Mugello, the
placement of the sensors is a compromise between the use of a minimum of degrees of freedom and a sensor network
dense enough to identify peculiarities of modal parameters induced by the building's history.

To deal with this challenge, two ambient vibration measurement campaigns were conducted at the scale of the
entire building of the Sant'Agata del Mugello church in March and June 2019. Sant'Agata del Mugello was densely
instrumented, allowing the measurement of 249 degrees of freedom (Table 1). Given the relative small size of the
church, this large number of measurements is one of the speci�city of this study. In this paper, the resolution of
the identi�ed modal parameters in relation to the instrumentation strategy and the building's history is discussed
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in the speci�c case of Sant'Agata del Mugello taking advantage of such dense sensor distribution. Because it is not
always possible to install such a dense sensor network inside a building and because it is an opportunity to quantify
the impact of our technical choices, analyses are performed using fewer measurement points in order to observe the
impact on the identi�cation of the mode shapes.

Slender structures Complex structures

Building name DoFs Type Building name DoFs Type

Mogadouro Clock tower [18] 54 tower St.'Agata del Mugello [19], this
study

249 church

Hagia Sophia's bell tower [5] 48 tower Cathedral of Santiago [20] 234 cathedral
St. Silvestro Belfry [21] 40 tower Notre Dame de la Gorge [10] 93 church
Vistula Mounting Fortress'tower [22] 36 tower St. Maria Di Collemaggio basilica [23] 78 basilica
Palazzo Margherita's tower [24] 30 tower St. Mary's basilica [8] 57 basilica
Annunziata church [25] 26 tower San Francesco church [26] 47 church
Tokoname's chimney [27] 26 chimney Jagannath Temple [28] 44 pagoda
Announziata's bell tower [29], [30] 24 tower St. Torcato church [16] 35 church
Monza Cathedral's bell tower [31] 20 tower St. Maria Assunta Cathedral [32] 31 cathedral
Porto's chimney [33] 20 chimney church of Monastery of Jerónimos [18] 30 church
Torre delle Ore [34] 18 tower Palazzo Margherita [35] 30 palace
Ancient water towers [36] 18 tower Yechheswor temple [37] 28 pagoda
The Bell tower of S. Giovenale's cathe-
dral [38]

18 tower Salan Ganesh temple [37] 26 pagoda

The bell tower of S. lucias's church [39] 16 tower Santa Maria Maddalen [40] 23 church
Manjaq Al-Yusu� minaret [41] 15 minaret Visitazione church [42] 22 church
St. Giorgio church [43] 13 tower San Giuliano [42] 22 church
San Frediano bell tower [44] 12 tower Nyatopol temple [37] 22 pagoda
St. Maria Del Carmine's bell tower [45] 12 tower San Pedro Apostol church [46] 20 church
Vilnius Arch-Cathedral Belfry [47] 12 tower San Juan Bautista church [46] 20 church
The Trajan column [48] 11 Column Palazzo Pica Al�eri [49] 18 palace
St. Maria del Carrobiolo [14] 10 tower St. Maria delle Grazie [38] 18 church
The minaret of Hagia Sophia (1,2 and
3), Yeni Cami, Akb�y�k, Mihrimah,
Rüstem Pas�a, Süleym (2) and �ehzade,
[50]

9 minaret Madonnina della Neve [38] 18 church

Crisanti-Diodoro's chimney [51] 9 chimney Chiesa Collegiata's bell tower [15] 15 church
Capua's Dome bell tower [52] 8 tower Armenian church [53] 14 church
Matildea tower, Pomposa Abbey
and San Giorgio Cathedral and San
Benedetto church Belfry [54]

8 tower Regina Montis Regalis basilica [55] 12 basilica

St. Justa and Ru�na's bell tower [56] 8 tower Mexico City Cathedral [57] 8 cathedral
The minaret of Prince Shaykhou [58] 8 minaret Radha Krishna [59] 6 pagoda
The tower of Soncino [60], [61] 7 tower St. Maria in Aracoeli church [62] 4 church
Torre Grossa [63] 7 tower
Duomo di Milano's main spire. [64] 6 tower
Nuestra Señora Candelaria de la Viña
[65]

6 tower

The St. Andrea bell tower [66] 6 tower
Howa's and Iwata's chimney [67] 6 chimney
Aversa's Dome bell tower [52] 4 tower
Chiesa della Maddalena's bell tower [68] 4 tower
The Febonio tower [69] 3 tower
The San Maggiore cathedral [70] 2 tower
Nuestra Sra. de la Misericordia's bell
tower [71]

2 tower

Table 1: Catalog of well instrumented cultural heritage building. The studies on slender structures are summarized on the left
whereas those on more complex whole structures are summarized in the right column. DoFs indicate the number of degree of
freedom measured.
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The paper is structured as follows. The building and seismic history of the church are �rst summarized. The
main concepts of EFDD and the code used are then brie�y exposed. The two instrumentation campaigns are
presented, focusing on technical challenges encountered in-situ. The results of the two high-resolution Operational
Modal Analyses are detailed and discussed in light of the building history of the church. In the last part, placement
strategies are tested to discuss their impact on the extraction of modal parameters in the speci�c case of Sant'Agata
del Mugello.

2 The church of Sant'Agata del Mugello

Figure 1: External view of Sant'Agata del Mugello (Di
Mongolo1984 - Opera propria, CC BY-SA 4.0.

Figure 2: Internal view of Sant'Agata del Mugello (Pho-
tos credits: Maria Lancieri).

Sant'Agata del Mugello is a Romanesque church (Fig. ??env=Figs.]�g:minipage1, Fig. 3) located in the Mugello
basin 30 km North of the city of Florence (Tuscany, Italy). As part of the Northern Apennines, the Mugello sector
is characterized by a rather moderate seismicity [72]. Mugello is an intramontane basin bordered by two large
antithetic normal fault systems where earthquakes have been reported at least since the middle of the 16th century.
The largest historical earthquakes occurred in 1542 (estimated macroseismic moment magnitude Mmw = 6.0) and
in 1919 (estimated Mmw = 6.4), located about 5 and 30 km from the church, respectively [73]. The 1542 seismic
event deeply a�ected the building history of the church, as described below. Seismic crises characterized by shallow
earthquakes were recorded in 2008 and 2009 [74] and more recently in 2019, which justi�es the analysis of the seismic
vulnerability of the church.

At present, the building is composed of several parts: the nave, the central apse, two lateral chapels, and the
bell tower (Fig. 3). A cloister was built near the southern facade of the church. Since the two buildings are in
contact only in the northeast corner of the nave, this study does not consider the cloister.

The rectangular nave (15.7 m × 29.3 m, Fig. 3) draws its singularity by its unique wooden frame (Fig. 2);
its walls are about 0.80 m thick. The central apse (15.7 m × 29.3 m, Fig. 3) and the two squared lateral chapels
(4.4 m × 4.4 m and 4.5 m × 4.5 m for the North and South chapel, respectively) are overhung by a vault system;
their wall thicknesses range from 0.40 m to 0.70 m. The bell tower (Fig. 1) is 21 m high. Its plan is almost square
(6.3 m × 6.0 m) and the masonry walls are 1.10 m thick.
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Figure 3: Plan of the Sant'Agata del Mugello church (adapted from [3]).

An in-depth study of the church combining data found in archives, stratigraphic analysis and an engineering
diagnosis highlight an asynchronous architectural evolution in terms of geometry and material used (13 building
phases have been identi�ed) [75, 3].

The �rst signs of a church date from before the 10th century. In the 15th century, the building was only composed
of the nave and the central apse. During this century, the two side chapels were successively added, followed by
the bell tower in a �nal stage. The earthquake of June 6, 1542 (estimated macroseismic Mmw = 6.0, [73]) induced
plenty of damage: the upper part of the bell tower collapsed and cracks opened in the west and east wall of the bell
tower. Only the south wall of the bell tower was rebuilt to its original height, changing the bell tower to a vertical
L-shape tower. The outer side of the facade, the north wall, and the south wall of the nave are still tilting. The two
lateral chapels collapsed and have been rebuilt using a di�erent building technique. The earthquake of September 8,
1611 (estimated macroseismic Mmw = 5.1) induced cracks in the L-shape bell tower and weakened the upper part
leading the bell tower to its current shape after an in-depth reconstruction. The 1919 earthquake (Mmw 6.4) did
not induce any damage. The arising questions are if and how this rich complex building history a�ects the building
modal parameter to be used for numerical simulation. For this reason, we applied the EFDD technique introduced
below.
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3 Methods

3.1 Theoretical background of Enhanced Frequency Domain Decomposition

The Enhanced Frequency Domain Decomposition (EFDD) technique [76] is used to extract natural frequencies,
mode shapes, and damping ratios. The input motion x(t) is considered as unknown, and only the output velocity
y(t) is measured (Output-Only method). The relationship between the input x(t) and the output y(t) can be written
in the following form [77, 78, 79]:

[Gyy(ω)] = [H(ω)]∗[Gxx(ω)][H(ω)]H (1)

where:

• ∗ and H denote complex conjugate and the complex conjugate transpose;

• [Gyy(ω)] is the r× r output power spectral density (PSD) matrix, r is the number of outputs (the number of
recording channels);

• [Gxx(ω)] is the m×m input power spectral density (PSD) matrix, m is the number of inputs;

• [H(ω)] is the r ×m Frequency Response Function (FRF) matrix;

The Power Spectral Density matrices [Gyy(ω)], i.e. the Fourier Transform of the correlation matrices are �rst
estimated using the Welch method [80], i.e. Fourier Transforms of overlapping regular windows of the crosscorrelation
are averaged. The singular value decomposition of these matrices is then performed at discrete known frequencies
ωi as follows:

[Gyy(jωi)] = [Φi]
∗[Si][Φi]

H (2)

where [Si] is a diagonal matrix holding the scalar singular values and [Φi] is a unitary matrix whose �rst column
corresponds to the associated singular vector. The �rst singular value exhibits a peak (Fig. 4-a) that de�nes
the natural frequency of the mode [79] while the associated singular vector de�nes its shape. At this step, the
simultaneity of the recordings is particularly important to identify the mode shape since it allows to keep the
information on the relative phase between sensors.

Enhanced Frequency Domain Decomposition [79] provides a better mode decomposition than the classical FDD
technique. By comparing the aforementioned selected mode shape with those associated to the surrounding fre-
quency values even in the second singular value, SV2 (Fig. 4-a), the Single Degree Of Freedom (SDOF) density
function can be selected in the singular values using the Modal Assurance Criterion (MAC), computed as follows:

MAC =
|{φ1}H{φ2}|2

|{φ1}H{φ1}||{φ2}H{φ2}|
(3)

where two mode shapes {φ1} and {φ2} are compared. Singular values belonging to the same SDOF density function
are selected for a MAC value above a certain threshold (here de�ned as 80%).

The identi�ed SDOF density function that �ts data represents the Transfer Function of the SDOF system (Fig.
4-b), characterized by its frequency peak. Its Inverse Fourier Transform (IFT) provides the Impulse Response
Function (IRF) of the mode [76] and the damping value is then computed using the random decrement method
(Fig. 4-c) [81].
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Figure 4: (a) Evolution of the �rst and second singular values (SV1 and SV2) in the case of the bell tower of Sant'Agata del
Mugello. Red and green dots correspond to singular values for which the MAC value between the mode shape associated with
the frequency peak (2.61 Hz and 2.92 Hz) and the mode shapes of the surrounding frequencies is over 80%. (b) SDOF density
functions of the �rst bending mode were extracted using the MAC. (c) IFT of the identi�ed SDOF density function provides
the Impulse Response Function of the mode.

The Mode Complexity Factor (MCF) [82] can be used to control the complexity of each identi�ed mode shape.
It is de�ned as:

MCF = 1−
(Sxx − Syy)2 + 4S2

xy

(Sxx + Syy)2
eleq :: mcf (4)

Where Sxx = Re({φ}TRe({φ}), Syy = Im({φ})T Im({φ}), Sxy = Re({φ})T Im({φ}) and {φ} the mode shape
associated with the frequency peak. This value evolves between 0 (Real Mode) and 1 (Imaginary Mode).

The MACity Matlab code proposed by Michel [6] implementing the approach mentioned above was used. The
code allows computing the PSD matrices of simultaneous recordings using Welch's method with a Hanning win-
dowing and a 50% overlapping. Windows with a number of points in the power of 2 were used to optimize the
computation of Fast Fourier Transforms. 8192 points corresponding to 40.96 s at 200 Hz were used, leading to
a frequency resolution of about 0.024 Hz. Data were bandpass �ltered between 1 and 30 Hz using a 4th order
Butterworth �lter. The spatial resolution of our measurements did not allow us to identify modes above 30 Hz.
Singular values that belong to the SDOF density function for a MAC threshold greater than 80% were selected. We
implement the MCF in the MACity code.
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4 Experimental campaigns

Two experimental campaigns were completed in March and June 2019. They consisted of measuring the church's
response to ambient vibrations at selected points. To identify sensor placement, we chose accessible points �rst.
A preliminary model was then used to select those whose mode shapes of searched modes reached the largest
amplitudes. Because of the complex building history of the church induced by the asynchronous construction of the
bell tower and the repairs after the 1542 and 1611 historical earthquakes, a dense network was designed. We used
two types of tri-axial velocimeters to record the background noise velocity containing vibrations of the church: 6
CMG40-T-1 (with a �at response between 0.2 Hz to 50 Hz) and 6 LE-3Dlite MkIII (with a �at response between
1 Hz to 50 Hz). Data sets were recorded with a 200 Hz frequency rate. One Cityshark II (18 synchronized channels)
24-bit acquisition system was used to synchronize 6 CMG40-T-1 in March 2019 during the instrumentation of the
bell tower. Two Cityshark II were used during the instrumentation of the nave in June 2019: one to synchronize 6
CMG40-T-1 and another to synchronize 6 LE-3Dlite MkIII. Because of the limited number of sensors, several setups
were de�ned to recover the entire building. A setup consists of an array of instruments where the building response
is simultaneously recorded. The two campaigns allowed the measurements of 83 nodes in the church. The recordings
at each node were synchronized thanks to the sensor clock adjusted using UTC obtained from GPS devices. The
structure response is recorded for at least 1 h; this is consistent with an empirical rule given by Rodriguez [17] where
the measurement duration is recommended to be at least 2000 times the natural period of interest, e.g. if the �rst
modes of the church is expected around 2 Hz, the measurement duration should be at least 17 min.

4.1 The March 2019 campaign

The March campaign was focused on the bell tower, the most accessible part of the church. It is composed of
5 �oors, and we measured 4 vertical setups (Fig. 5). The reference sensor was located on top of the bell tower
(Fig. 6-a, sensor ID 1 in Fig. 5). This provided a reference point to normalize and combine all the mode shape
components. Several nodes were also added at level 0 of the church to detect potential bending at the basement.

Figure 5: Location of the tri-axial sensors during the 2019 March survey in the bell tower. The reference sensor is shown in
red. Numbers correspond to the ID of sensors used. The coordinate system for recordings is oriented along the North building
reference shown in Fig. 3.
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Figure 6: The tri-axial sensors (CMG40-T-1) in the bell tower during the March 2019 campaign. (a) Reference sensor installed
at the top of the bell tower (node 1 in Fig. 5). (b) Sensor installed at level 1 of the bell tower (node 631 in Fig. 5). The
location of the two sensors is depicted on a plan on the right of the �gure. (Photos credits: Arnaud Montabert)

4.2 The June 2019 campaign

The June 2019 campaign was focused on the nave. Ambient vibrations were recorded at several levels (Fig. 7):
the lower part of the building at ground level (level 0), the middle part of the building (level 1), and the top part
(level 2), which is the most likely to record the largest amplitudes. As level 1 o�ers few possibilities to install
seismometers, only 11 points were measured. This sensor strategy was validated by computing the �rst modes of
the church by using a preliminary FE model. It was a real technical challenge to instrument level 2 since there was
no direct access (no vaults system). We had to use a �spider� aerial platform (Fig. 8-a) with two operators (one
operator at the top to control the platform and one operator at the bottom to ensure a second visual control). The
sensors were thus installed on wooden beams as the only �at surfaces at level 2. Although wood may a�ect the
signal, it was also impossible to stick any miniature accelerometers to the wall at his height. The sensors were thus
installed as close as possible to the walls of the nave using straps (Fig. 8-b), preventing the fall of sensors. There
were also strapped at the top of the columns of the central nave at a height of about 10 m. The reference sensor
was installed on the North�West beam (location ID 1 shown in Fig. 7). Sensors (CMG40-T-1) were deployed on
the ground (level 0) at the foot of level 2 sensors (LE-3Dlite). Some sensors were installed in the middle part of the
nave at the level of the openings in the walls, or on the tabernacles when the coupling between the latter and the
walls was proven (CMG40-T-1 and LE-3Dlite at level 1). Ambient vibrations were also recorded in the bell tower
since the interface between the bell tower and the nave is a sensitive area. Pounding e�ects are indeed expected
since the bell tower was built after the nave without any obvious mechanical link. We measured only one vertical
line to compare modal parameters with those obtained in March 2019.
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Figure 7: Location of the sensors during the June 2019 survey in the church at three levels. Level 0 : the ground �oor, level
1: openings and tabernacles, level 2: wood frame of the church. 5 seismometers were also installed in the bell tower. The
reference sensor is shown in red.

All parts of the church have been instrumented: the nave, the bell tower, the central apse, and the two lateral
chapels. 11 setups have been designed, and the survey lasted almost 4 days.
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Figure 8: Location of the sensors during the June 2019 survey. (a) Use of a �spider� aerial platform to install sensors on the
beams of the wooden frame with two operators. (b) LE-3Dlite MkIII strapped on a beam at level 3. (c) Installation of a
sensor on one of the three windows of the church. (d) Installation of a sensor on a tabernacle in the south side chapel. (e)
Installation of a sensor (CMG40-T-1) on the ground �oor. We specify the location of the �ve seismometers in the plan of the
church on the right in the Figure. Photo credits: Hélène Lyon-Caen (a, c) and Arnaud Montabert (b, d, e).

4.3 Signal processing

After time oversampling, recordings from the 2 Citysharks were synchronized. Records were then corrected from
the instrumental response. In order to avoid ampli�cation of the frequency content of the instrumental noise during
the deconvolution process, a bandpass pre-�ltering between 0.5 Hz and 50 Hz was then applied.

5 Results of the operational modal analysis of March and June

2019

The EFDD technique described in Fig. 4 is used to evaluate the modal parameters of the church summarized in
Table 2. Fig. 9 shows the �rst six average singular values of the PSD matrices for the 4 setups recorded during the
March 2019 campaign described in Fig. 5. Fig. 10 shows the �rst six average singular values of the PSD matrices
for the 7 setups recorded during the June 2019 campaign described in Fig. 7. 10 peaks are identi�ed in the �rst
campaign (Fig. 9). 12 peaks are identi�ed in the second one (Fig. 10). Modes 1 and 6 are observed on both surveys.
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They are noted 1-1 (respectively 6-1) and 1-2 (respectively 6-2). The associated mode shapes of the selected peaks
and their SDOF density function are shown by increasing frequency in Fig. ??, respectively.
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instrumentation is focused on the nave. Blue values highlight frequencies of non-structural modes, as explained in the text.
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Figure 11: Mode shapes are associated with the selected peaks of the singular values extracted from the singular vector
matrices. Dashed gray lines highlight the setup strategy. Black lines are related to the extracted mode shape. The black
arrow indicates the North building reference.
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Figure 12: MAC evaluation close to the picked peak associated with the identi�ed mode. The red dots correspond to the
frequencies of the �rst singular value belonging to the same SDOF density function. The green dots correspond to the
frequencies of the second singular value belonging to the same SDOF density function.
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Mode Mode description
Frequency (Hz) Damping (%) MCF
fB fN ζB ζN MCFB MCFN

1 Bending of the bell tower and
nave (North-South) in phase op-
position

2.61 2.65 1.97 2.48 0.10 0.13

2 Bending of the bell tower and
nave (West-East)

2.92 2.95 1.00 2.52 0.15 -

3 Bending of the nave (North-
South)

- 3.94 - 2.69 - 0.03

4 Bending of the facade - 4.96 - 0.76 - 0.37
5 Opening of the nave - 5.25 - 1.19 - 0.21
6 Torsional mode of the bell tower 5.82 5.82 1.15 1.11 0.17 0.03
7 Second bending mode of the bell

tower (North-South)
6.84 - 0.24 - 0.32 -

8 Second bending mode of the bell
tower along (West-East)

8.55 - 0.90 - 0.08 -

9 Third bending mode of the bell
tower (North-South)

13.95 - 0.61 - 0.19 -

10 Third bending mode of the bell
tower (West-East)

18.76 - 0.19 - 0.41 -

Table 2: Modal parameters of the Sant'Agata del Mugello church extracted from the March and June 2019 ambient vibration
measurement campaign by using the EFDD technique. fB , ζB and MCFB (fN , ζN and MCFN ) correspond to the natural
frequency, the damping ratio and the Mode Complex Factor extracted from the March 2019 campaign (the June 2019 campaign,
respectively) in the bell tower (in the nave, respectively).

Several low-frequency peaks are identi�ed in the spectrum associated with the June 2019 campaign (peaks in
blue below 2 Hz in Fig. 10). They are not detected during the March 2019 campaign as illustrated in Fig. 9. The
three peaks identi�ed at 1.25 Hz, 1.42 Hz, and 1.90 Hz are present on the 6 eigenvalues of the PSD matrix in Fig. 10.
They reach an MCF of 0.83, 0.99, and 0.85, respectively. The peak extracted at 1.34 Hz is identi�ed only by setups
2, 4, and 6 and reaches an MCF of 0.84. Two additional peaks are identi�ed at 1.51 Hz and 2.03 Hz for all setups
and reach an MCF of 0.79 and 0.84. All these MCF values close to 1 argue for classifying these peaks as associated
with non-structural vibration modes. Moreover, the MAC computed between the mode shapes associated with the
peak frequency and those associated with the surrounding frequencies are below 80%.

All the peaks discussed below have a MCF value close to 0 identifying them as real modes (Table2). The
spectrum in Fig. 9 highlights a peak at fB1 = 2.61 Hz. The mode shape associated with this peak is a North�South
�rst order bending mode (mode 1-1 in Fig. 11-a). Even the sensors at the base of the bell tower depict a tilt (sensors
610, 620, 630, 640 shown in Fig. 5). Fig. 12-a shows the wide SDOF density function associated to mode 1-1.

A peak is identi�ed at fN1 = 2.65 Hz (Fig. 10) nearby the previous frequency. Its associated mode shape (mode
1-2) is shown in Fig. 11-b. It shows a bending mode of the entire church. The setup installed in the bell tower in
June 2019 (sensors 610, 611, 612, 613, and 614 shown in Fig. 7) con�rms the bending mode in the North-South
direction as shown with mode 1-1. However, the part of the church composed of the nave, the central apse, and the
two lateral chapels are bending in phase opposition (mode 1-2) with the mode of the bell tower (mode 1-1).

The second bending mode (mode 2 in Fig. 11-c) in the West�East direction is identi�ed at fB2 = 2.92 Hz (Fig. 9)
and fN2 = 2.95 Hz. The SDOF distribution (Fig. 12-c) is largely distributed in the neighborhood of this frequency.
A tilting of the base of the bell tower is again detected.

The frequency peak at fN3 = 3.94 Hz (Fig. 10) is related to mode 3 (Fig. 11-d). The MAC test (Fig. 12-d)
con�rms the mode in a wide neighborhood around the peak. This mode corresponds to a bending of the north and
south walls of the nave (Fig. 11). The building columns also record this bending but the sensors installed in the bell
tower do not highlight any motion. The spectrum in Fig. 9 shows a peak at fB3 = 3.81 Hz close to fN3 = 3.94 Hz.
The MAC value computed at fB3 is however below 80%.
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Two closely spaced modes are observed between 4.96 Hz and 5.25 Hz (Fig. 10) related to mode 4 (Fig. 11-e)
and mode 5 (Fig. 11-f). The MAC is used to discriminate the SDOF distribution of these two modes (Fig. 12-e
and -f). A �rst peak is identi�ed in Fig. 10 at fN4 = 4.96 Hz. Mode 4 shows a tilting of the church facade (Fig.
11-e). This natural frequency highlighting a mode of the nave is identi�ed in the SV1 spectrum shown in Fig. 9 at
fB4 = 4.83 Hz. The MAC value is obviously too small to identify a mode shape associated to the bell tower. The
second peak is observed at fN5 = 5.25 Hz (Fig. 10). The associated mode shape highlights an opening mode of the
church (Fig. 11-f).

Mode 6 is a torsional mode a�ecting the bell tower (mode 6-1 in Fig. 11-g) and the nave (mode 6-2 in Fig. Fig.
11-h) identi�ed at fB6 = 5.82 Hz on the spectrum shown in Fig. 9 and fN6 = 5.82 on the spectrum illustrated in
Fig. 10.

Mode 7 identi�ed at fB7 = 6.84 Hz corresponds to a second-order bending mode of the bell tower towards the
North�South direction (Fig. 11-i). As for the �rst bending mode of the bell tower in the North�South direction
(mode 1-1 in Fig. 11-a), a tilting of the base of the bell tower is also observed. The second order bending mode
(mode 8) of the bell tower in the West�East direction (Fig. 11-j) is identi�ed at fB7 = 8.55 Hz in Fig. 9. The tilting
of the base of the bell tower is again observed.

Third order bending modes of the bell tower were also observed (Fig. 9). Mode 9 is identi�ed at fB9 = 13.95 Hz
and mode 10 at fB10 = 18.76 Hz. The two modes are con�rmed with the wide SDOF distribution (Fig. 12-k, l).

6 Discussion about the modal parameters

The modes of the church are now discussed, paying attention to the modes peculiarities in relation with the building
history.

The low-frequency peaks below 2 Hz (Fig. 10) are undoubtedly related to transient sources, not re�ecting a
normal mode behavior of the structure. First, they reach MCF values close to 1, identifying them as imaginary
modes. Second, they do not appear among the singular values of the PSD matrices of the March 2019 campaign.
Each peak presents peculiarities, moreover. Peaks at 1.25 Hz, 1.42 Hz, and 1.90 Hz are present on all PSD matrix
eigenvalues, proving that they do not have a structural but an anthropogenic origin. The 1.34 Hz peak appears
only on setups 2, 4, and 6, which were recorded during a water pump located 500 m from the church. Finally, the
SDOF density functions associated with the peaks identi�ed at 1.51 Hz and 2.03 Hz are not conclusive (only one
frequency point corresponds to the same selected mode).

fB1 and fN1 correspond to the same natural frequency of mode 1-1. The slight di�erence in frequency (δf =
0.04 Hz) is likely related to the di�erent weather conditions between the two surveys. Carried out at the end of
winter, temperatures around 10 ◦C and signi�cant wind gusts characterized the March 2019 survey. On the contrary,
the June 2019 survey was conducted under temperatures around 35 ◦C with no wind.

If modal parameters provide information about the overall behavior of the church, they also give more localized
information. As an example, mode 1-1, mode 2, mode 7, and mode 8 show a rocking behavior of the bell tower,
which may induce Soil�Structure Interaction. Moreover, it is crucial to constrain better the boundary conditions
between the ground and the church in the case of an optimization process of a numerical model.

The phase opposition between mode 1-1 and mode 1-2 highlights the weak mechanical coupling between the
bell tower and the nave. This observation is supported by a stratigraphic analysis provided in a previous study [3]
demonstrating the late construction of the bell tower at least three centuries after the nave. Only a mortar joint
between the bell tower and the northern wall of the nave was identi�ed [3] which could induce the observed mode.
Mode 1-2 highlights thus the profound impact of the building's history on its dynamic behavior. It also emphasizes
the importance of setting up synchronous measurements common to the nave and the bell tower based on previous
stratigraphic analysis.

The weak coupling between the bell tower and the nave can also be seen with mode 3 (fN3 = 3.94 Hz). The
sensors present in the bell tower do not register any movement even if the peak is also detected at 3.81 Hz (Fig. 9).

Mode 4 and mode 5 are compatible with the titling of the main facade and the southern and northern wall of
the nave induced by the 1542 earthquake as observed thanks to the stratigraphic analysis [3]. These two modes
can potentially activate the tilting of the three walls making the nave a vulnerable place in case of an earthquake.
The upper part of the mode shape of mode 5 is not homogeneously distributed. As an example, sensors 1213 and
1215 (sensor at level 2 in the northern wall shown in Fig. 7) show a relative displacement that is small compared to
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what would be expected for an opening mode. The recording environment may be the cause of this phenomenon.
The sensors in the upper part had to be installed on the beams of the wooden frame in the absence of another
possibility. This increases the uncertainty of the mode identi�cation and is a limitation of the study.

The two third-order bending modes identi�ed (modes 9 and 10) reach the spatial resolution limit allowed by the
sensor setups.

The damping values between 0.19% and 2.69% are consistent with the literature. We notice that the damping
values are lower for the higher-order modes than for the lower ones. It can be explained by the di�culty in identifying
a damping value to �t the IRF. This value varies mainly depending on the time window selected to �t the curve. We
also observe a shift in the damping values between the nave and the bell tower for the same modes. This shift can
be explained by the di�erences in construction techniques used in these two parts of the building [3]. The weather
conditions could also have in�uenced the results. This is a topic for further study.

Beyond the identi�cation of the modal parameters of the church of Sant'Agata, the results show the impact of the
construction history of the church on its behavior. Indeed, 3 modes out of the 10 identi�ed ones are directly related
to the church's past (modes 1, 4 and 5). It raises questions about the instrumentation strategy's e�ectiveness in
identifying such fundamental singularities. We propose below a brief re�ection on the impact of the instrumentation
strategy on the identi�cation of these singularities.

7 The impact of the setup design

Although the optimal sensor placement for vibration measurements is not the objective of the work, we take
advantage of the high number of sensors used in the two instrumental campaigns as a feedback to discuss the
impact of the sensor placement imposed by the measurement conditions on the modal parameters identi�cation and
more speci�cally on the mode shape.

Two criteria are used: the autoModal Assurance Criterion (autoMAC, [83]) and the Coordinate Modal Assurance
Criterion (CoMAC, [84]). The autoMAC consists in computing the MAC criterion (Eq. 12) of the same modal base,
here the experimental one. In particular, it allows checking the ability of the sensor system to precisely separate
the modes. If two eigenmodes are correctly identi�ed through EFDD, the MAC should be close to zero since they
are orthogonal. If the number of sensors is insu�cient or poorly positioned, the orthogonality of two eigenmodes
will not be detected correctly. In this way, autoMAC is an e�cient criterion for evaluating the relevance of a sensor
placement strategy at �rst order.

A more detailed approach can be made using the CoMAC. The CoMAC is a local measurement of the similarity
between the two modal bases for each degree of freedom. We use this criterion to compare modal bases obtained
from di�erent sensor placement strategies. Its expression is the following for the degree of freedom q, with r the
mode number, and Nm the number of mode pairs forming the two modal bases {Φ} and {Ψ} :

CoMAC(q) =

∑Nm
r=1 |Ψr

qΦ
r
q|N∑Nm

r=1(Ψ
r
q)

2
∑Nm

r=1(Φ
r
q)

2
(5)
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7.1 The March 2019 campaign

Figure 13: a � Strategy SB0: setup design used in March 2019. b � Strategy SB1: alternative setup design for the survey
in March 2019.

Figure 14: a � AutoMAC related to strategy SB0. b � AutoMAC related to strategy SB1.

The sensor placement strategy (SB0) using 21 tri-axial sensors (63 DoFs) applied during the March 2019 campaign
is shown in Fig. 13-a. Fig. 14-a illustrated the autoMAC matrix for the SB0 strategy. The correlation between
the modes of the same modal base is less than 40%. The highest correlations are only for pairs of modes: mode
1-1/mode 7 (35.0%) and mode 2/mode 8 (37.3 %). By contrast, an alternative strategy SB1 (Fig. 13-b) using only
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Figure 15: CoMAC between the nodes common to strategy 0 (SB0) and strategy 1 (SB1). Each column corresponds to the
degree of freedom of the considered sensor (x, y, z). The sensor number is indicated on the x-axis. The Nm = 7 modes are
used to compute the CoMAC.

5 tri-axial sensors (15 DoFs) is tested. This sensor placement strategy is often used as a minimal con�guration to
identify the �rst modes [15, 64]. The autoMAC matrix of the SB1 strategy (Fig. 14-b) shows again MAC values
below 40% between the pairs of modes of the experimental base. However, the MAC value is higher for some mode
pairs for the SB1 strategy than for the SB0 strategy. As an example, MAC({φ1−1}, {φ6−1}) = 16.0% in SB1 strategy
whereas MAC({φ1−1}, {φ6−1}) = 0.02% in SB0 strategy.

The CoMAC is now computed to analyze the impact of the design setup on the mode shape identi�cation at the
scale of the degrees of freedom common to both strategies SB0 and SB1 (Fig. 15). It was calculated according to
Eq. 5 considering an increasing number of modes Nm ranging from 1 to 7 modes among mode 1-1, mode 2, mode 6-1,
mode 7, mode 8, mode 9, and mode 10 corresponding to the modes of the bell tower (�rst and second-order bending
modes in the two orthogonal directions and the torsional mode) identi�ed during the March 2019 campaign. In
general, we observe a high correlation when the �rst mode alone is considered (Nm ∈ [1, 2]). For each sensor position,
the CoMAC decreases when the number of compared modes (Nm) decreases. Those results are characteristic of
the drop in spatial resolution of the sensor placement strategy for higher-order modes. For the x degree of freedom
(North direction), the correlation remains above 85%. For the y degree of freedom (West�East direction), the mode
shape correlation obtained at nodes 1 (level 4 of the bell tower) and 622 (level 2 of the bell tower) are lower than
85% as soon as three modes are considered in the CoMAC calculation (Nm = 3). The minimum correlation is 67%
at node 622 when Nm = 4 modes are used in the calculation.

The CoMAC value of the degree of freedom z (vertical) undergoes the lowest correlation. It shows the lowest
values: 45% correlation at node 622 considering Nm = 6 modes.

7.2 The June 2019 campaign

Strategies of instrumentation of the nave SN0 and SN1 are compared (Fig. 16). SN1 is an alternative strategy with
less sensors (Fig. 16-b). In the SN1 strategy, level 2 is not instrumented. In other words, this strategy corresponds
to the position that the sensors would have had if the �spider� aerial platform had not been used. We observe that
MAC({φ1−2}, {φ3}) = 48.4% (Fig. 17-a). For the other pairs of modes, the MAC is less than 1.6%. The autoMAC
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of SN1 shows that only 4 modes (mode 1-2, mode 3, mode 4 and mode 6-2) composed the modal base (Fig. 17-b).
The alternative SN1 strategy does not allow to identify mode 5. The pair of mode mode1-2/mode 3 presents the
most important MAC value (34.7%). The other MAC values are lower than 1.6%.

Figure 16: a � Strategy SN0: sensor system used in June 2019. b � Strategy SN1: alternative sensor system used to perform
OMA from the survey in June 2019 by removing the majority of sensors of level 2 that are inaccessible without the �spider�
aerial platform.

Figure 17: a � AutoMAC related to strategy SN0. b � AutoMAC related to strategy SN1.

Fig. 18 shows the value of the CoMAC calculated from the two experimental bases of the two strategies, SN0
and SN1. This value only takes into account Nm = 4 modes since mode 5 was not detected by the SN1 strategy.

20



Considering only mode 1-2 (bending mode of the nave) identi�ed by both strategies, the CoMAC shows a strong
correlation for all degrees of freedom. When mode 1-2 and mode 3 (�exural mode of the nave in the North�South
direction) are used (mode 1-2, mode 3), the CoMAC value drops for the y and z directions. In the y direction, the
minimum correlation level (60.5%) is reached for sensor 4120 (sensor installed at level 1 in the south corner of the
facade of the nave). However, it remains above 80% in the z-direction. When Nm = 3 modes are used (mode 1-2,
mode 3 and mode 4), the CoMAC keeps a high value above 79% whatever the degree of freedom considered. When
all modes are used (Nm = 4 with mode 1-2, mode 3, mode 4 and mode 6-2), a large variation of the CoMAC value
is observed. 28 degrees of freedom have a CoMAC value lower than 80% (17% of the degrees of freedom of the SN0
strategy).

8 Discussion about the setup design

The autoMAC matrix of the SB0 strategy con�rms the ability of the sensor placement strategy used during the
March 2019 campaign to separate the 7 modes. For the SB1 strategy, even if the separation of modes succeeded,
we note that the density of sensors strongly in�uences the separation capacity. The SB1 sensor placement strategy
provides a correlation of 16% between a bending mode (mode 1-1) and a torsion mode (mode 6-1), while the SB0
strategy identi�es the orthogonality between the two modes.

Moreover, the value of the CoMAC drops when integrating the higher-order modes (from mode 6-1). This
demonstrates that the identi�cation of mode shapes of the higher-order modes are di�erent from a sensor placement
strategy to another. It highlights the importance of a high enough sensor density to identify mode shapes correctly.
This di�erence can have a signi�cant impact. In the context of Structural Health Monitoring, an incorrect evaluation
of the mode shapes can have consequences on the interpretation of the dynamic behavior of the building and the
interpretation of potential damage.

Modal parameters are often used in vibration-based model updating to update numerical models. The material
properties of the model are then optimized by minimizing the di�erence between the experimental and the numerical
modal parameters extracted from the model. A lower sensor density decreases the spatial discretization of the mode
shapes. These mode shapes obtained with a poorer resolution will induce a bias in the numerical optimization of
the model parameters (boundary conditions, . . . ).

Beyond the evaluation of modal parameters, the reference SB0 strategy performed during the 2019 March
campaign identi�ed a rocking of the bell tower base. This information can lead us in future works to model the
interface between the bell tower and the ground and update its rigidity as a boundary condition. This tilting is not
detected by the alternative SB1 strategy, which again, induces a loss of information either on the behavior of the
structure or to calibrate the boundary conditions.

The autoMAC shown in Fig. ,17-a demonstrates the ability of the strategy used during the June 2019 campaign
(SN0 strategy) to separate the modes correctly. Although mode 1-2 is identi�ed in SN1, the lack of a sensor at
the top of the nave does not allow a su�cient resolution to observe the mode shape of the nave. In particular, the
application of SN1 would have led to the impossibility of identifying the opposition phase between the nave and the
bell tower. This has a crucial impact on the church's vulnerability assessment. Since the information is missing,
this can lead to a major error in the modeling process, inducing a bias in the simulation of the seismic response
of the church. The second limitation of the SN1 strategy is its inability to detect mode 5. It induces a truncated
knowledge of the dynamic behavior of the church. Mode 5 is particularly important since it can potentially activate
a pre-existing tilting of the north and south walls of the nave induced by the 1542 earthquake [3].

The use of the only other modes detected by the alternative strategy SN1 (mode 1-2, mode 3, mode 4 and mode
5 shown in Fig. 11) shows a decrease of the CoMAC value when higher frequency modes are taken. The absence
of sensors in the upper part of the nave (level 2) strongly impacts the quality of the mode shape. This leads to the
same consequences as for the previous strategy.

Alternative strategies have been tested by removing sensors in the lower levels (supplementary material). A
slight di�erence in correlation is noted between these alternative strategies and the SN0 strategy, highlighting the
importance of densifying records in the highest part of the building again.

21



Figure 18: CoMAC between the nodes common to stategy 0 (SN0) and strategy 1 (SN1) of the 2019 June campaign. Nm = 4
modes are used to compute the CoMAC. 22



9 Conclusions

This paper focuses on the structural identi�cation of the medieval church of Sant'Agata del Mugello. This Cultural
Heritage building has a rich and complex constructive history. The bell tower was built at least 3 centuries after
the nave. The earthquake of 1542 caused a tilting of the walls of the nave. Many repair operations followed over
the centuries [3].

Two dense ambient vibration campaigns were performed in March and June 2019. The modal parameters
associated with 10 modes were extracted using the Enhanced Frequency Domain Decomposition technique. The
March 2019 campaign allowed a dense characterization of the bell tower. 7 modes have been extracted. The June
2019 campaign aimed to instrument the whole church. The major technical challenge of this campaign was the
instrumentation of the upper part of the nave. A �spider� aerial platform was used to instrument the wooden frame
of the church as close as possible to the walls of the nave. This operation allowed us to identify 3 additional modes
(mode 3, mode 4, and mode 5) and to detail 2 modes identi�ed during the March 2019 campaign: the bending
mode 1-2 associated with the bending mode of the bell tower mode 1 and the torsional mode 6-2 associated to the
torsional mode of the bell tower mode 6-1.

We show that the peculiarities of some modes (mode 1, mode 4, and mode 5) can be explained by the constructive
history of Sant'Agata del Mugello. The pounding e�ect induced by mode 1 is related to the late construction of
the bell tower. The bending of the three external walls of the nave (modes 4 and 5) agrees with the �exural and
torsional modes of the church.

Slight tilting of the bell tower base was identi�ed with the �rst bending modes of the bell tower (mode 1 and
mode 2). This information will be essential to consider for modeling the soil�structure interaction and updating the
boundary condition of a future digital model.

This study provides the opportunity to retrospectively test the impact of several basic sensor placement strategies
on the resolution of the identi�ed modal parameters.

In the speci�c case of Sant'Agata del Mugello, we have observed that a minimally designed sensor placement
strategy fails to detect speci�c modes (no detection of mode 5 using the SN1 strategy or induce a drop in resolution in
the identi�cation of some modes. The phase opposition of mode 1�2 is detected thanks to the dense instrumentation
of the interface between the nave and the bell tower. The instrumentation, although di�cult, was therefore of decisive
importance.

This case study con�rms that the level of knowledge of the constructive history is an essential factor to have
a better understanding of the dynamic properties of the building consistent with ICOMOS guidelines [4]. We
recommend then densifying the number of measurements near the architectural discontinuities of the building. In
the case of Sant'Agata, this concerns the areas that have been rebuilt (upper parts of the nave) at the interface
with the bell tower.

In future work, the experimental modal parameters and the knowledge of the constructive history of Sant'Agata
del Mugello will be used to update uncertain structural parameters like the material properties of the main building
phases [3] and the boundary conditions (interface between the bell tower and the nave or between the bell tower
and the ground). This model will be used for a �rst evaluation of the vulnerability of the church for low seismic
loads.

The studies of sensor placement presented in the speci�c case of Sant'Agata del Mugello could be improved by
using a dedicated Optimal Sensor Placement strategy [85] including features given by the constructive history of
the building.
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11 Supplementary material

This appendix details two additional alternative strategies tested called SN2 and SN3. The strategy SN2 intended
to instrument one wood beam out of two (sensors 1212, 1214, 1216, 1222, 1224 and 1226 were removed from level
2, Fig. 7). Mode 5 was successfully identi�ed but also led to a decrease in the correlation between modes compared
to the SN0 strategy at the scale of degree of freedom (Fig. A. 1). CoMAC decay involves fewer sensors than the
SN1 strategy. The sensors concerned are mainly in the two lateral chapels (5011, 5021, and 3011). The value of
the CoMAC between the two modal bases for all degrees of freedom positioned on the beams of the wood frame
remains greater than 80%. It means that the SN1 sensor placement strategy had a small impact on the quality of
the mode shapes. The strategy SN2 is thus accurate enough to identify modal parameters.

The sensor placement strategy SN3 excluded sensors from level 1 (sensors 1116, 1121, 1123, 1125, and 1126 are
removed from level 1). Only a very slight drop of the CoMAC has been noted (Fig. B. 1, the value of the CoMAC
is higher than 95% whatever the degree of freedom considered). This strategy had a small impact on the quality of
the mode shapes again.
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Figure A. 1: CoMAC between the nodes common to stategy 0 (SN0) and strategy 2 (SN2) of the 2019 June campaign. Nm = 5
modes are used to compute the CoMAC.
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Figure B. 1: CoMAC between the nodes common to stategy 0 (SN0) and strategy 3 (SN3) of the 2019 June campaign. Nm = 5
modes are used to compute the CoMAC.
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