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A B S T R A C T 

The morphology of haloes inform about both cosmological and galaxy formation models. We use the Minkowski Functionals 
(MFs) to characterize the actual morphology of haloes, only partially captured by smooth density profile, going beyond the 
spherical or ellipsoidal symmetry. We employ semi-analytical haloes with NFW and αβγ -profile and spherical or ellipsoidal 
shape to obtain a clear interpretation of MFs as function of inner and outer slope, concentration and sphericity parameters. We 
use the same models to mimic the density profile of N -body haloes, showing that their MFs clearly differ as sensitive to internal 
substructures. This highlights the benefit of MFs at the halo scales as promising statistics to impro v e the spatial modelling of 
dark matter, crucial for future lensing, Sun yaev–Zel’do vich, and X-ray mass maps as well as dark matter detection based on 

high-accuracy data. 
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 I N T RO D U C T I O N  

n the cold dark matter paradigm, initial density perturbations are a 
aussian random field with red, almost scale-free power spectrum 

n scales smaller than ∼100 Mpc growing with time, hence driving 
ottom-up hierarchical clustering. When the local density attains 
5.5 times the mean matter density of the Universe (the exact 

alue depends on cosmology), individual spherical haloes collapse 
ntil virialization takes place, then maintaining a universal density 
rofile commonly fitted by NFW (Navarro, Frenk & White 1996 ) 
r Einasto (Einasto 1965 ; Wang et al. 2020 ) models. This process
s possibly driven by tidal forces between neighbouring density 
uctuations, which induce non-radial motions leading to deviations 
rom sphericity (e.g. Engineer, Kanekar & Padmanabhan 2000 ; 
haw & Mota 2008 ). On more general ground, asphericity already 
haracterizes the initial seeds (Eisenstein & Loeb 1995 ; Sheth, Mo
 Tormen 2001 ) and might arise during the pre-virialization phase 

ecause of tidal interactions, altering the timing of virialization (e.g. 
hite 1984 ; Del Popolo, Ercan & Xia 2001 ). The o v erall process

roduces ellipsoidal or triaxial haloes (e.g. Angrick & Bartelmann 
010 ), more frequently prolate with tendency to spherical shape as
he mass decreases, as confirmed by numerical simulations (Jing & 

uto 2002 ; Allgood et al. 2006 ; Hayashi, Navarro & Springel 2007 ;
era-Ciro et al. 2011 ; Zemp et al. 2011 ; Despali, Giocoli & Tormen
014 ; Bonamigo et al. 2015 ; Vega-Ferrero, Yepes & Gottl ̈ober 2017 )
nd observations of gravitational lensing (Limousin et al. 2013 ), 
un yaev–Zel’do vich (SZ) and X-ray galaxy clusters (Sereno et al. 
018 ). 
At higher level of detail, the morphology of dark matter haloes is
ore challenging. The process of relaxation is much more complex 

han described by spherical or ellipsoidal collapse models, especially 
n the inner halo where the mass assembly history determines the 
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ass and concentration of haloes (Lacey & Cole 1993 ). On cluster
nd galactic scales, the distribution of mass is finally affected by ac-
retion and stripping of small sub-haloes (e.g. Ghigna et al. 1998 ) and
y hydrodynamical processes such as gas cooling (e.g. Kazantzidis 
t al. 2004 ), supernova feedback (e.g. Pontzen & Go v ernato 2014 ),
nd AGN feedback (e.g. Teyssier et al. 2011 ). The average value
f the so-called concentration parameter, which accounts for the 
istribution of matter in the core of haloes and mainly depends on
he halo mass (e.g. Bullock et al. 2001 ; Mandelbaum, Seljak &
irata 2008 ; Merten et al. 2015 ; Ishiyama et al. 2021 ), is controlled
y the halo formation epoch (Neto et al. 2007 ; Giocoli, Tormen &
heth 2012a ) and cosmology (Macci ̀o, Dutton & van den Bosch
008 ; Kwan et al. 2013 ). Its scatter depends on the assembly history,
nvironment, and relaxation state of haloes (e.g. Sereno & Covone 
013 ; Ludlow et al. 2014 ; Correa et al. 2015 ; Biviano et al. 2017 ).
s shown by Giocoli et al. ( 2012b ), the mass–concentration relation

s finally mainly biased by halo triaxiality, then by the substructures
iving within the host halo virial radius. 

The resulting mass–observable relations underlying X-ray, SZ, 
nd lensing studies of galaxy clusters, which mainly depend on 
he mass of haloes (Pratt et al. 2019 ), are therefore also largely
ffected by the internal distribution of matter. Moreo v er, since a large
raction of massive galaxy clusters are actually identified when they 
re not fully virialised (Ludlow et al. 2012 ), accurate cosmological
tudies will require an accurate characterization of their morphology. 
pecial attention is therefore needed in the analysis of highly spatially 
esolved data from powerful instruments such as ROSAT (Kirkpatrick 
t al. 2021 ), XMM –Newton (Pierre et al. 2017 ; Adami et al. 2018 ;
oulouridis et al. 2021 ), eROSITA (Merloni, Nandra & Predehl 
020 ), or Euclid (Laureijs et al. 2011 ). 
From galaxy clusters to dwarf galaxies, the (sub)halo matter 

istribution also determines the intensity of dark matter induced γ - 
ays or neutrino fluxes. Indeed some dark matter candidate particles 
ight give rise to such high-energy emissions through annihilation or 

ecay processes (Bullock et al. 2001 ; S ́anchez-Conde & Prada 2014 ;

http://orcid.org/0000-0003-0183-9142
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1 Note that the boundary assumed here is the virial radius of Bryan & Norman 
( 1998 ). The halo border is not precisely defined and several definitions exist 
(see e.g. Knebe et al. 2011 ; Diemer & Kravtsov 2014 ; Shandarin 2021 ). 
Ho we ver, the MFs shape remains the same regardless of the definition. 
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askins 2016 ). Its accurate characterization is needed to maximize
he return of observing programs by Fermi-LAT (Acero et al. 2015 ),
TA (Cherenkov Telescope Array Consortium et al. 2019 ), HESS

H. E. S. S. Collaboration 2018 ), IceCube (Aartsen et al. 2018 ), and
M3NeT (Adri ́an-Mart ́ınez et al. 2016 ). 
This paper aims at investigating the morphology of dark matter

aloes of ∼10 13 –10 15 M � beyond the limit of triaxial symmetry by
eans of Minkowski functionals (MFs). Introduced in cosmology

y Mecke, Buchert & Wagner ( 1994 ) and e xtensiv ely used to probe
he non-Gaussian morphology of the cosmic microwave background
e.g. Schmalzing & Gorski 1998 ; Hikage et al. 2008 ; Planck
ollaboration XVII 2016 ; Buchert, France & Steiner 2017 ) and

arge-scale structure as traced by galaxy clusters (Kerscher et al.
997 ), galaxies (Kerscher et al. 1998 , 2001 ; Schmalzing & Diaferio
000 ; Hikage et al. 2003 ; Kerscher & Tikhonov 2010 ; Wiegand,
uchert & Ostermann 2014 ; Wiegand & Eisenstein 2017 ), and
eutral hydrogen (Gleser et al. 2006 ; Yoshiura et al. 2017 ; Spina,
orciani & Schimd 2021 ), MFs have been more rarely applied to

nvestigate the morphology of isolated structures such as galaxies
Rahman & Shandarin 2003 , 2004 ), galaxy clusters (Beisbart, Val-
arnini & Buchert 2001b ; Schimd & Sereno 2021 ) or superclusters
Einasto et al. 2007 , 2008 ). Contrary to parameters such as sphericity,
rolateness, elongation, and triaxiality (Springel, White & Hernquist
004 ), which are well-suited for regular (relaxed) clusters, and other
tatistics used to investigate disturbed (dynamically active) clusters
uch as halo concentration, centroid shift, power ratio, axial ratio,
nd position angle (Donahue et al. 2016 ; Lovisari et al. 2017 ), MFs
o not rely on any specific symmetry and are mathematically well-
rounded, with a clear geometrical and topological interpretation.
oreo v er, the y potentially capture the morphology of substructures

idden by average statistics like the radial density profile. 
The rest of the paper is organized as follows. Section 2 introduces

he theory and interpretation of MFs computed with the germ-grain
odel (Sections 2.1 and 2.2 ), and describes the modelling of haloes

y semi-analytical and N -body simulations (Sections 2.3 and 2.4 ).
he analysis of the MFs is discussed in Section 3 , which focuses
n structure-less semi-analytical haloes distinguished by spherical
r ellipsoidal profile. The Section 4 is dedicated to more realistic
aloes from N -body, showing how much MFs are able to capture the
ore complex morphology determined by the sub-halo population.
ection 5 summarizes the results and illustrate the future applications
f this study. Computational and numerical aspects of MFs including
he issue of sampling and discussions about the region probed by MFs
re addressed in four Appendices. 

 M E T H O D S  

.1 Minkowski Functionals: germ-grain model for haloes 

he MFs are spatial statistics introduced into cosmology by Mecke
t al. ( 1994 ) which have been also applied to other fields such as
tatistical physics (e.g. Mecke 2000 ). The MFs are set functionals
hich generalize the notion of curvature and in dimension d there

xist d + 1 of these functionals. For d = 3, the MFs are the volume
 , the surface area A , the integrated mean curvature H , and the

ntegrated Gaussian curvature G of continuous bodies. Thanks to
he Gauss–Bonnet theorem, the latter is linearly related and usually
eplaced by the Euler characteristic χ , which is a topological invariant
ccounting for the number of isolated components, tunnels, and
avities according to the formula 

= # isolated components − # tunnels + # cavities . (1) 
NRAS 513, 4929–4944 (2022) 
he usefulness of MFs originates from a Hadwiger theorem (Had-
iger 1957 ), which ensures that the MFs are the only additive
easures that capture all the morphological content of bounded

odies (or regions) while being invariant under translations and
otations of the body, and allowing for progressive approximations
f the body. 
More formally (Klain 1995 ; Schneider 2013 ), the MFs are defined

n the conv e x ring R = { K = 

⋃ N 

i= 1 K i , K i conv e x set } , i.e. on every
ody or bounded region K that can be decomposed into conv e x
ets K i ⊂ R 

d . The Hadwiger theorem states that any real-valued
unctional F : R → R which verifies the following properties: 

(i) motion invariance : F ( gK ) = F ( K ) for all set K ∈ R and g ∈ G
Galilean group); 

(ii) additivity : F ( K 1 ∪ K 2 ) = F ( K 1 ) + F ( K 2 ) − F ( K 1 ∩ K 2 ) for all
 1 , K 2 ∈ R ; 
(iii) continuity : lim n → ∞ 

F ( K n ) = F ( K ) if lim n → ∞ 

K n = K (con-
ergence under Hausdorff measure in R 

d ); 

an be written as a linear combination of d + 1 MFs, F ( K) =
 d 

μ= 0 c μV μ( K), with V μ( K ) the MFs and c μ real-v alued coef ficients
ndependent of the body K . For d = 3 every real-valued functional
atisfying the abo v e properties is then completely characterized by
he four MFs. 

In cosmological applications, usually concerned by the average
orphologies of random fields, MFs per unit volume or MFs densi-

ies v μ( K ) are used instead of the MFs. They allow for comparisons
etween real processes and analytical models that account for the
oisson, Gaussian, or mildly non-Gaussian processes, as expected at

arge scales (e.g. Ryden 1988 ; Matsubara 2003 ). Since our interest
ies in the morphology of single haloes, focusing on the scale
f galaxy clusters that are highly inhomogeneous spatial objects,
e use with raw MFs instead of MF densities, i.e. V μ( K ) = { V ,
 , H , χ} . Note that several alternative normalizations exist (see
chmalzing, Kerscher & Buchert 1996 ; Kerscher et al. 1997 ). As
 -body simulations deal with haloes as sets of particles, the germ-
rain model (Mecke et al. 1994 ) is conveniently used to compute the
orresponding MFs. It consists in co v ering the particles (the germs)
ith balls of equal radius r ball (the grains). The union of these balls

orms the continuous body K , for which the MFs are well-defined
unctions of the ball radius r ball . In this model, the MFs capture all
nformation contained in the particle distribution (see e.g. Kerscher
t al. 1998 ). 

Here, the MFs are computed using the code described in Kerscher
t al. ( 1997 ). The volume V is computed with a Monte Carlo
lgorithm. The three other MFs are computed exactly by summing
he local contribution of each individual ball (the so-called partial

Fs, see Appendix A1 ) using the method described in Mecke et al.
 1994 ) (see also Wiegand et al. 2014 , and references therein). 

.2 MFs of haloes 

n the germ-grain model, the MFs exhibit the three following features.
irst, they depend on the number of particles (see e.g. equation 1 );
s a consequence of additivity, a larger number of particles typically
eads to higher amplitudes of MFs (see Appendix A2 ). Secondly,
he MFs of bounded structures like haloes have similar shape 1 (see
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Figure 1. Germ-grain model in two dimensions: particles (red points) are co v ered by discs (in blue) with three characteristic radii r disc . Which region of halo is 
probed by MFs? Left: the first intersection of two discs occurs for r disc = min ( d 1n, r = 0.5 )/2. Centre: The more isolated disc touches its first neighbour when r disc = 

max ( d 1n, r = 0.5 )/2. Right: For r disc ≥ max ( d 1n, r = 0.5 ), the halo inner region is filled and cannot change the MFs shape, as most of its particles are co v ered by their 
neighbours. In 2D/3D, the MFs can probe the morphology of a circle/sphere of radius r in the disc/ball radius range typically given by [min ( d 1n, r )/2, max ( d 1n, r )]. 
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ppendix A1 ); we characterize the location and amplitude of local 
inima and maxima using idealized haloes generated by semi- 

nalytical models (Section 3 ). Thirdly, the radius r ball corresponding 
o extrema decreases with the number of particles, N , and is related
o the mean interparticle distance � , which also decreases with N .
ndeed, the MFs capture the morphological information contained 
n a region of size ∼� . For r ball � � balls do not o v erlap, the

Fs are therefore simply proportional to the number of particles; 
ithin the virial radius R vir containing N vir = N ( ≤ R vir ) particles,
ne has V μ = N vir V μ,1 with V μ, 1 = (4 πr 3 ball / 3 , 4 πr 2 ball , 4 πr ball , 1)
he MFs of a single ball. For r ball  � , only the particles at the
alo boundary contribute to the MFs, which depend on the o v erall
monolythic’ shape of the body. In particular, for a spherical halo the

Fs will be that of a single ball of radius r ball + R vir , while more
omplex morphologies rarely admit analytical expressions unless 
onsidering very specific, ideal shapes (Schimd & Sereno 2021 ). 
ee Appendix A1 for more details in terms of local MFs. 
In order to assess which part of a halo contribute to the MFs,

e consider spherical regions around the centre. When particles 
f a halo region are entirely covered by neighbouring balls, this
egion is filled and stops contributing to the total MFs, except for the
olume V ; indeed, A , H , and χ take into account only the surface
rea of unco v ered balls (see Appendix A1 ). Since any realistic halo
s typically denser at the centre, germ-grain balls with small r ball 

an fill the inner region while the outer region is still unco v ered. To
uantify this dependence, we select a spherical selection of radius r
R vir centred on the halo and containing N r = N ( < r ) particles, and

ompute the distances d 1n, < r of the nearest neighbours for each of
hese N r particles. The halo region corresponding to this selection is
onsidered as filled by balls with radius r ball at the radius r fill given by 

 ball = max ( d 1n ,<r ) , with r = r fill . (2) 

his equation provides a relation between the MFs and the 
nterparticle distances. 

The value of r fill computed by equation ( 2 ) delimits the boundary
etween the contributing and non-contributing regions of the halo to 
he MFs. This boudary can be actually closer to the centre, i.e. having
adius smaller than r fill , none the less this estimation is reasonably
lose to the exact value as shown in Appendix A3 . 
A 2D illustration of contributing and non-contributing regions 
s shown in Fig. 1 . Particles (red points) randomly sampling a
nit circle with 1/ r density profile are decorated with discs with
ncreasing radius r disc (left to right), the 2D analogue of r ball . For
n y circular re gion with fix ed radius r (thick green circle), if r disc <

in ( d 1n, r )/2 then the discs are isolated (left-hand panel), while if r disc 

 max ( d 1n, r )/2 then the most isolated particle of the bounded area
ouches another disc, so that the union of discs in the circle form a
onnected structure (middle panel). The area of the region bounded 
y the circle is filled as soon as the discs co v er each other; this occurs
hen equation ( 2 ) is satisfied (right-hand panel). 
The filled halo radius r fill also informs on a resolution for the MFs.

 or fix ed halo resolution r res , the MFs are resolv ed for all the values
f r ball such that 

 fill ≥ r res (3) 

remark that r fill is function of r ball ). That is, the MFs are not sensitive
o morphology of spherical regions of radius smaller than r res . 

.3 Semi-analytical haloes 

o understand the typical shape of MFs of haloes as function
f r ball , we use particle distributions with analytical profile. This
ection details the method to generate semi-analytical haloes from 

xact smooth dark matter distribution and compute the MFs. The 
alo sampling technique is inspired from Zemp et al. ( 2011 ). As the
Fs are not sensitive to the mass of each individual particle but only

o their spatial distribution, we consider the number density profiles 
 ( r ). When comparing to a halo with massive particles of equal mass
 part (e.g. from a N -body simulation), the semi-analytical halo is
enerated with the same total number of particles N vir . 
Two analytical number density profiles are considered. First, a 

cale-free profile defined by 

 ( r ) = 

n 0 

r δ
(4) 

ith constant δ. Note that δ = 2 yields a singular isothermal sphere
rofile, while δ = 0 defines a uniform Poisson process, which is
outinely used as reference for MF analyses (e.g. Mecke et al. 1994 ).
MNRAS 513, 4929–4944 (2022) 

art/stac1222_f1.eps
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M

Figure 2. Top panels: number density n ( r ) of spherical haloes with scale-free (equation ( 4 ), first column) and αβγ profile (equation ( 5 ), columns 2–4; all but 
one parameters allowed to vary, benchmark model with β = 3, γ = 1, i.e. NFW and c = 10), with N sample = 1000 particles. The scale radius r s and the resolution 
r 10 are represented by filled and empty arro ws, respecti vely. Middle panels: number of particles which contribute to the MFs, N ( > r fill ). Bottom panels: averaged 
nearest neighbour distances of the contributing particles, d fill . The MFs amplitude is related to N ( > r fill ) because of additivity and the positions of MFs extrema 
are related to d fill . 
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The second distribution is the αβγ -profile (Hernquist 1990 ; Zhao
996 ) defined as 

 ( r) = n s 

(
r 

r s 

)−γ [
1 + 

(
r 

r s 

)α]( γ−β) /α

, (5) 

here r s and n s are the halo scale radius and density, and γ and
the (inverse) logarithmic slopes of the inner and outer regions.

he parameter α characterizes the transition between inner and outer
egions. Note that an NFW density profile (Navarro et al. 1996 )
orresponds to ( α, β, γ ) = (1, 3, 1) and the scale-free profile is
etrieved if β = γ . Despite the degeneracy between its five parameters
Klypin et al. 2001 ), this model allows large flexibility to explore the
esponse of MFs curves. To reduce the dimensionality of the problem,
e set α = 1. For the αβγ -profile, only the more realistic cases with
> 2 and 0 ≤ γ < 2 are considered. One can further introduce the

oncentration parameter c , which relates the virial radius to the scale
adius and the radius where the logarithmic slope is equal to −2, i.e. 

 = 

R vir 

r −2 
and r −2 = r s 

(
2 − γ

β − 2 

)1 /α

. (6) 
NRAS 513, 4929–4944 (2022) 
Ellipsoidal haloes are generated by setting the radius in equa-
ion ( 5 ) to the ellipsoidal form defined as 

 el = 

√ 

x 2 + 

y 2 

Q 

2 
+ 

z 2 

S 2 
with S = 

a 3 

a 1 
, Q = 

a 2 

a 1 
, (7) 

here x , y , and z are the Cartesian coordinates along the ellipsoid
emi-axis of length a 1 ≥ a 2 ≥ a 3 , S is the sphericity, and Q the
longation. In order to compare ellipsoidal and spherical haloes, we
et a 1 = R vir . 

To probe the impact of the parameters δ, γ , β, c , S , and Q on
he MFs shape, we generate 30 populations by drawing N vir =
0 5 particles following the distribution given by equation ( 4 ) or ( 5 )
ith a fixed choice of parameters, in logarithmically equally spaced

hells. Because the computation of MFs for crowded systems like
aloes is time-consuming, we randomly subsample these realizations
btaining 30 samples with N sample = 1000 particles each, allowing
s to calculate the mean and standard deviations of MFs. 
Fig. 2 shows number density profiles (top panels) of spherical

aloes with N sample = 1000 particles with different values of δ, c ,

art/stac1222_f2.eps
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and γ (see legend). The MFs of the corresponding samples are 
iscussed in Section 3 . 
The NFW density profile gives acceptable fits of the mass 

istribution of relaxed haloes in cosmological N -body simulations 
t all observable mass range (Wang et al. 2020 ) and with typical
ass–concentration relations (Bullock et al. 2001 ; Macci ̀o et al. 

007 ; S ́anchez-Conde & Prada 2014 ). We consider the NFW profile
ith c = 10 as benchmark model for a halo of any mass (green curves

n the last three columns). 
Several conclusions can be drawn : 

(i) The random selection process might create a sample with a 
orse final resolution compared to the initial resolution. We therefore 
se the radius r 10 of the 10th innermost particle of the sample as an
f fecti ve resolution (Casertano & Hut 1985 , see also Appendix A4 ), 

 res = r 10 . (8) 

(ii) According to equation ( 2 ), for a fixed radius r ball of the germ-
rains the MFs are only sensitive to particles outside the sphere with
adius r fill , hence the number of particles which contributes to the

Fs is 

( > r fill ) = N sample − N ( < r fill ) . (9) 

ig. 2 (central panels) shows N ( > r fill ) corresponding to n ( r ). Since
, β, and c (columns 1–3) influence N ( > r fill ), they impact the MFs
f those samples. The MFs corresponding to larger values of δ, β,
nd c , which reduce N ( > r fill ), are therefore expected to have lower
mplitude because of additivity. Note that for all our samples the 
ajority of particles are in the outer region, outside the sphere of

adius r s , and do mostly contribute to the morphology of the halo as
escribed by the MFs. 
(iii) According to the discussion in Section 2.2 , the extrema of the
Fs depend on the subset of distances d 1n, > r with r = r fill , which

s obtained by removing all the distances corresponding to particles 
hat stop to contribute to the MFs, i.e. at distance r < r fill . The
veraged nearest neighbour distance of the contributing particles is 
hen defined as 

 fill = 〈 d 1n ,>r 〉 , with r = r fill . (10) 

ig. 2 (bottom line) shows d fill corresponding to the panels abo v e.
amples with smaller values of d fill correspond to MFs shifted to 
maller r ball . A detailed description of these features is provided in
ection 3 . 

.4 N -body haloes: Dark Energy Universe Simulation (DEUS) 

urning to complex dark matter haloes we consider the N -body
aloes from the cosmological simulation DEUS (for details see 
asera et al. 2010 ; Alimi et al. 2012 ). The initial conditions are

et with a version of the MPGRAPHIC code (Prunet et al. 2008 ).
he N -body solver is the Adaptive Mesh Refinement RAMSES code 

Teyssier 2002 ). The dark matter-only simulation is a cubic box 
f comoving length L box = 648 h −1 Mpc, with a comoving spatial
esolution 
 x = 5 h −1 kpc. It contains 2048 3 particles of mass m p 

 2 × 10 9 h −1 M �. This study is focused on the � CDM simulation,
ith cosmological parameters matching the analysis of the Wilkinson 
icrow ave Anisotrop y Probe Seven-Year data (WMAP7; Spergel 

t al. 2007 ) and Union compilation of type Ia supernovae (Kowalski
t al. 2008 ). This is the reference for the two dynamical dark energy
odels examined by the DEUS-FUR suite (Ratra & Peebles 1988 ), 
hich will be investigated in a forthcoming paper. 
The haloes in DEUS are extraced with a Friend-of-Friend algo- 
ithm based on Roy, Bouillot & Rasera ( 2014 ). The halo centre is
etermined as the minimum gravitational potential point r cg by using 
he code gyrfalcON (Dehnen 2000 ). The haloes particles in the full
imulation are then selected in a sphere of radius R vir according to
he Bryan & Norman ( 1998 ) prescription. The halo resolution is
et to r res = 3 
 x = 15 h −1 kpc. Similarly to the procedure adopted
ith semi-analytical haloes, the mean and standard deviation of MFs 

re computed on 30 random selections of 1000 particles each. Note
hat we considered only relaxed haloes defined following Neto et al.
 2007 ), i.e. having virial ratio q = 2 K / | V | < 1.35 and centre-of-
ass displacement s = | r cg − r cm 

| /R vir < 0 . 07, where K and V are,
espectively, the kinetic and potential energy of the halo and r cm 

its
entre of mass. 

 MFS  O F  SEMI -ANA LY TI CAL  H A L O E S  

.1 Spherical haloes: impact of δ, c , β, γ

ig. 3 shows the MFs of the semi-analytical haloes consid- 
red in Fig. 2 , normalized to the MFs for a ball of radius
 vir , i.e. ( V vir , A vir , H vir , χvir ) = (4 πR 

3 
vir / 3 , 4 πR 

2 
vir , 4 πR vir , 1) (when

eeded, an offset is added in order to allow the use of a logarithmic
cale). 

The concentration parameter c and the slopes δ and β have 
 similar effect on the MFs. Larger values of these parameters
ower the volume V , decrease the local maxima of A and H , and
ncrease the local minima of H and χ . To smaller extent, the local

aximum of χ also decreases. These trends result from additivity: 
ore concentrated samples, with less particles in the outskirts i.e. 

maller N ( > r fill ) (see the middle panels in Fig. 2 ) yield MFs with
maller amplitude, with lower positive maxima and higher ne gativ e
inima. The local minimum of the area is an exception; it slightly

ncreases with δ and c , while larger values of these parameters imply
ewer contributing particles (see Appendix A1 ). 

The parameters δ, c , and β also influence the position of the MFs
xtrema r ball , albeit in more subtle way. As discussed in Section 2.2
nd shown in Fig. 2 , for higher values of δ, c and β the distance d fill is
maller (larger) at small (large) r ball . The MFs are shifted accordingly.
 or e xample, the position of the maximum of H increases with
oncentration c (panel in bottom line and second column of Fig. 3 )
onsistently with the maximum of d fill for the same value of r ball 

Fig. 2 , second column). 
The response of MFs to the inner slope γ follows a weaker and

pposite trend to the change relative to δ, c , and β, as expected from
 ( > r fill ); see panels of second line in Fig. 2 . When r fill � r s , the inner

egion becomes filled and the inner slope no longer impacts the MFs.
ince the MFs reach their extrema for r ball such that r fill � r s , the
ifferent behaviours observed for these points do not depend on the
nner slope. Ho we ver, higher v alues of γ correspond to lo wer v alues
f r s [with α, β and r −2 kept constant, see equation ( 6 )] and thus to
ower outer slope at a given halo radius r . The indirect impact of γ
s therefore the opposite of β. Although the MFs do not depend on
he halo inner region, by varying the radial extension of the sample
election it is possible to probe this inner region and thus the direct
mpact of γ (see Appendix B ). 

.2 Ellipsoidal NFW haloes: impact of S and Q 

he two methods are considered for generating ellipsoidal haloes: 
MNRAS 513, 4929–4944 (2022) 
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Figure 3. MFs V μ( K ) = { V , A , H , χ} of the spherical haloes with density profiles shown in Fig. 2 , for dif ferent v alues of δ, c , β, and γ (all but one parameter 
kept fixed). Error bands represent the standard deviation among 30 realizations of N sample = 1000 particles each. Values are in units of MFs computed for a ball 
of radius R vir ; an offset is added allowing the use of logarithmic scale for H and χ . Analytical limits for small and large r ball are shown for reference (dashed 
lines). Grey shaded area defines the resolution limit r fill ≤ r 10 ; see equation ( 3 ). Note that in the first column r 10 refers to δ = 2, as not appropriate for profiles 
with δ = 0 or 1. The amplitude of MFs are determined by their contributing number of particles N ( > r fill ) and the r ball of the MF extrema are determined by d fill 

(see Fig. 2 ). 
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(i) Complete Ellipsoid Method: particles are generated in ellip-

oidal shells until r el ≤ R vir . This way, the sphere of radius R vir does
ontain empty spaces and all the ellipsoidal shells are complete. Note
hat no spherical selection is performed here. This method mimics
he result of an iso-density (or iso-potential) selection applied on a
alo with an ellipsoidal shape obtained from a N -body simulation,
hus conserving the natural shape of the halo. 

(ii) Truncated Ellipsoid Method: particles are generated in ellip-
oidal shells until r el ≤ R vir / S . Then the particles are selected inside
 sphere of radius R vir . This way, the spherical selection does not
ontain empty spaces and the outermost shells are truncated. This
NRAS 513, 4929–4944 (2022) 

t  
ethod mimics the results of a spherical selection applied on a halo
ith ellipsoidal shape generated by a N -body simulation (the most

requently used in the literature). 

For both methods and many pairs ( S , Q ), the MFs are computed
s explained in Section 2.3 . Fig. 4 shows resulting curves for NFW
llipsoidal haloes with c = 10. The MFs of oblate ( Q = 1 ≥ S ) and
rolate (1 ≥ Q = S ) haloes have larger amplitude and are shifted
owards larger r ball for larger S and Q , regardless the use of the
omplete Ellipsoidal Method (columns 1 and 2) or the Truncated
llipsoidal Method (columns 3 and 4). This is a consequence of

he halo size, ellipsoidal haloes being smaller than spherical ones.

art/stac1222_f3.eps
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Figure 4. MFs of NFW ellipsoidal haloes. Same conventions as in Fig. 3 . Columns 1 and 2 (3 and 4) refer to oblate and prolate haloes, generated using the 
Complete (Truncated) Ellipsoidal Method. Less spherical haloes have smaller size thus their MFs amplitudes are both smaller and shifted to smaller r ball . 
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he Complete Ellipsoidal Method produces haloes where this effect 
s stronger, as they are not the result of a spherical selection,
specially for prolate haloes which are smaller than oblate haloes 
ith same sphericity S . This only holds at small r ball for the Truncated
llipsoidal Method, as long as the MFs are dominated by particles 

ocated inside the complete ellipsoid i.e. with r el ≤ R vir . For germ-
rain balls with larger radius, the halo inner region is filled and the
hape formed by the contributing particles is not anymore an ellipsoid 
f parameters S and Q , but rather a truncated sphere that better
pproximates a sphere for prolate than oblate haloes. Note that the 
nterpretations in term of N ( > r fill ) and d fill considered in Section 3.1
pplies also here. For the sake of comparison, MFs of ellipsoidal 
aloes generated with NFW profiles for different concentrations are 
hown in Appendix C . 
T  
 C O M PA R I S O N  WI TH  N - B O DY  H A L O E S  

.1 Deviation from smooth triaxiality: a case study 

his section demonstrates how much MFs are able to characterize the
ark matter distribution in haloes beyond the spherical or ellipsoidal 
veraged density and thus account for anisotropies beyond triaxial 
hape and substructures. Substructures account for both subhaloes 
nd tidal streams, i.e. disrupted subhaloes with still distinctive 
ignatures in phase-space compared to particles in the main halo 
Johnston, Hernquist & Bolte 1996 ; Helmi, White & Springel 2003 ).

In order to compare the MFs of N -body and semi-analytical haloes,
e proceed as follows. First, the number density profiles of N -body
aloes are estimated by counting the number of particles in shells.
hen, for each N -body halo we generate spherical or ellipsoidal semi-
MNRAS 513, 4929–4944 (2022) 
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Figure 5. Density profile n ( r ) and local density n loc ( r ) of a N -body halo 
(thick green solid line and symbols). For comparison, n ( r ) for a semi- 
analytical halo generated with the parametric method using a spherical NFW 

profile (‘NFW sph’; thin blue dashed line) and n loc ( r ) of an ellipsoidal halo 
generated with the non-parametric method (‘NPM el’; orange symbols). The 
grey shaded area defines the resolution limit, r rec = 15 h −1 kpc. 
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nalytical haloes from smooth realistic density profiles following two
ethods: 

(i) parametric method: particles are drawn in shells following the
istribution given by equation ( 5 ), with parameters c , β, and γ fixed
y fitting the density profile of the N -body halo; 
(ii) non-parametric method (NPM): particles are drawn in shells

ollowing the distribution induced by the number density profile of
he N -body halo. 

ote that for ellipsoidal haloes one first computes the parameters S
nd Q of the N -body halo and then replace the spherical radius by the
llipsoidal radius r el defined in equation ( 7 ). Moreo v er, if haloes are
enerated with the non-parametric method, we ensure that both their
pherical and ellipsoidal density profiles n ( r ) and n ( r el ) are identical
o those of the N -body haloes. The non-parametric ellipsoidal density
rofiles are the most realistic ones. The MFs are finally computed on
ubsamples of particles randomly selected from the parent haloes, as
iscussed in Section 2.3 . 
For illustration, Fig. 5 shows the spherical number density profile

 ( r ) of a relaxed halo from DEUS (solid green line) with mass M vir 

10 14.6 h −1 M �, similar to the Coma cluster (Gavazzi et al. 2009 ),
nd selected as detailed in Section 2.4 . The density profile of a
emi-analytical halo generated with an NFW profile (blue dashed
hin line) only slightly differs from that of the N -body halo, as
xpected for a relaxed halo (Neto et al. 2007 ). These differences are
ven smaller for a halo generated with αβγ -profiles and disappear
or haloes generated with the non-parametric method (not shown).
o we ver, the local density n loc of semi-analytical haloes and the
 -body halo, estimated around each individual particle using the
yrfalcON code (Dehnen 2000 ), still differ. The local density of the
 -body halo (green stars) shows localized excess or spikes caused by

ubstructures, especially at large radii ( r > 0.1 R vir ). Spikes are instead
NRAS 513, 4929–4944 (2022) 
bsent in the ellipsoidal halo generated with the non-parametric
ethod (orange triangles) and in spherical haloes generated with

arametric method and NFW or αβγ -profiles, which are smooth by
onstruction. Therefore, smooth density profiles do not probe all the
orphological features of N -body haloes. 
To quantify how much MFs are able to capture and highlight

uch information, we estimate the statistical difference between the
verage MFs of N -body haloes ( ̄V μ, N - body ) and semi-analytical haloes
 ̄V μ, SA ) generated with smooth density profiles by 

2 
μ = 

1 

N b 

∑ 

r ball 


V 

2 
μ

σ 2 
μ

, (11) 

ith 

V μ = V̄ μ, SA ( r ball ) − V̄ μ, N −body ( r ball ) (12) 

2 
μ = σ 2 

μ, SA ( r ball ) + σ 2 
μ, N −body ( r ball ) (13) 

nd where the sum is calculated o v er N b values of r ball . For each halo,
he mean and the standard deviation of the MFs are computed on 30
amples as described in Section 2.3 . Fig. 6 shows the MFs of both the
 -body halo and the two semi-analytical haloes considered in Fig. 5

same colour code), as well as the MFs of spherical and ellipsoidal
emi-analytical haloes generated with the parametric method based
n NFW and αβγ -profiles (other thin lines). The MFs shapes of all
hese haloes are qualitatively very similar. They exhibit extrema in
 , H , and χ , with amplitude and position depending on the number
f balls as shown in Appendix A2 . These extrema result from the
ncrease of both the ball size and the fraction of particles in the
lled region (see Fig. 1 ), as this filled region does not contribute

o A , H , and χ (see details in Appendix A1 ). Note that for H
nd χ , they also result from additional contributions due to the
ntersection of balls [see equation (29) in Mecke et al. 1994 ]. As
xpected, haloes generated with more realistic density profiles, i.e.
βγ -profiles (magenta/dot–dashed and red/dashed lines) instead of
FW (blue/dot–dashed and c yan/dashed), hav e MFs closer to the
Fs of the N -body halo. Moreo v er, for fix ed parametrization of the

ensity profile, the MFs of haloes generated with the more realistic
llipsoidal shapes (dot–dashed lines) are closer to the MFs of the
 -body halo than the MFs of haloes with spherical shape (dashed

ines). Besides, note that the MFs of a spherical halo generated with
n αβγ -profile (red line) differ from the MFs of the N -body halo
ore than the MFs of an ellipsoidal halo generated with a NFW

rofile (cyan line). This aspect is expected for relaxed haloes in the
ass range we consider, which are typically very triaxial (see e.g.
llgood et al. 2006 ). Indeed, their profile parameters differ mildly
hen fitted with NFW or αβγ -profiles. 
To summarize, the MFs of all the semi-analytical haloes signifi-

antly differ from the MFs of the N -body halo ( χ2 
μ > 1 for at least

ne of the four MFs), proving that the MFs are definitely sensitive
o morphological information beyond what is captured by smooth
riaxial density profiles. 

.2 Mass and relaxation state: statistical analysis 

he comparison between ellipsoidal semi-analytical haloes gener-
ted with the non-parametric method and N -body haloes is eventually
epeated on all the 241 relaxed haloes of the DEUS simulation
onsidered, in the mass range 10 14.5 < M vir h /M � < 10 14.7 . More
han 80 percent of these haloes gives χ2 

μ > 1 for at least one of

art/stac1222_f5.eps
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Figure 6. MFs of haloes considered in Fig. 5 (same colour code) and MFs of haloes generated with the parametric method (other thin lines). The standard 
deviations are not shown for the MFs of haloes generated with the parametric method (all the thin lines) for a better visibility, but they are similar for all 
the curves. Same conventions as in Fig. 3 . The grey shaded area corresponds to the maximum of all the uncertain r ball obtained with equations ( 3 , 8 ) and r rec 

= 15 h −1 kpc. Haloes generated with αβγ -profile and/or with ellipsoidal shape have MFs closer to the N -body halo than those generated with NFW and/or 
spherical shape, but even for the non-parametric smooth ellipsoidal halo (orange) the MFs are significantly different from the N -body halo (green). Thus the 
MFs are sensitive to more complex morphological features than contained in smooth profiles and are a promising probe for substructures. 
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he four MFs. 2 The differences are typically higher for the MFs
ith higher order (lower μ), on average χ2 

0 ∼ 2 χ2 
1 ∼ 3 χ2 

2 ∼ 7 χ2 
3 . 

n order to e v aluate the ball radius at which significant statistical
ifferences occur, we compute 
 V μ/ σμ( r ball ) for these haloes as
hown in Fig. 7 . The differences are typically positive around the

Fs maxima and ne gativ e around the MFs minima meaning that the
Fs of semi-analytical haloes have higher amplitude than those of N -

ody ones, a trend that is very likely due to substructures. A halo with
ubstructures has indeed typically less contributing particles in the 
utskirts, namely lower N ( > r fill ), than a smooth halo with the same
ensity profile. Some of its particles are inside these substructures 
nd are thus reco v ered by the balls of their neighbours. As shown
n Section 3.1 , haloes with lower N ( > r fill ) typically have MFs with
 The substructure mass fraction criterion for the relaxed haloes selection is 
ot taken into account in this study, our goal being to highlight the sensitivity 
f MFs to substructures. According to Neto et al. ( 2007 ), the fraction of 
elaxed haloes should be higher than 50 percent when this criterion is taken 
nto account, which leads to at least 78 percent of relaxed haloes with χ2 

μ > 1 
n this mass range. 

w
h
o  

m
r
s
2

ower amplitudes, the existence of substructures therefore results in 
Fs with lower amplitudes, as observed in Fig. 7 . We have checked

hat similar trends appear when including haloes with subhaloes in a
imple semi-analytical test (see Appendix D ). 

We checked the ability of MFs to probe the morphology of relaxed
nd unrelaxed haloes with different masses, 10 12.5 < M vir h /M � <

0 12.7 , 10 13.5 < M vir h /M � < 10 13.7 and 10 14.5 < M vir h /M � < 10 14.7 .
ignificant differences ( χ2 

μ > 1) are found for about 95 percent of
nrelaxed haloes in all three considered mass bins. As expected, 
he differences between the MFs of unrelaxed N -body haloes and
he MFs of semi-analytical haloes are even more important than 
or the relaxed haloes. Indeed, the unrelaxed N -body haloes have
ypically experienced more recent major merger and are thus not 
ell-modelled by smooth profiles. Besides, the fraction of relaxed 
aloes with significant differences between their MFs and the MFs 
f semi-analytical haloes decreases to 50 percent in the two lower
ass ranges. This is expected as related to numerical limitations 

egarding resolution and disruption of substructures in N -body 
imulations (e.g. van den Bosch & Ogiya 2018 ; van den Bosch et al. 
018 ). 
MNRAS 513, 4929–4944 (2022) 
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Figure 7. Deviation from smooth triaxiality detected by MFs. Statistical 
difference 
V μ/σV μ (equation 12 ) between N -body haloes and the corre- 
sponding ellipsoidal haloes generated with the non-parametric method. Thin 
grey lines correspond to 241 relaxed haloes with mass 10 14.5 < M vir h /M �
< 10 14.7 ; black lines mark median and quartiles. The grey shaded area 
corresponds to the value of resolution as in Fig. 6 . The substructures are 
expected to cause the observed differences, which are significant ( χ2 

μ > 1) 
for more than 80 percent of the haloes. 

Figure 8. Effect of sampling on MFs differences. Statistical difference 

V μ/σV μ ( r ball ) between the MFs V μ of the N -body halo of Fig. 6 and the 
MFs of the semi-analytical halo generated with the non-parametric method 
for dif ferent v alues of N sample . Arro ws indicate the resolution computed with 
equation ( 3 ). 
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.3 Impact of systematics 

t is worth to e v aluate ho w much the MFs are sensitive to the sample
article number. Fig. 8 shows 
 V μ/ σμ( r ball ) of the N -body halo with
Fs shown in Fig. 6 and there computed for a sub-sample with
 sample = 1000 particles, now resampled with N sample = 100, 300,
000, 3000, and 10 000. The differences between the MFs of the N -
NRAS 513, 4929–4944 (2022) 
ody and the semi-analytical halo are significant for N sample � 1000.
s expected, these differences increase with increasing N sample as the
nderlying particle distribution in the N -body halo is better retrieved
hile the intrinsic scatter of MFs due to the sampling decreases. The

mpact of N sample on the MFs V μ is discussed in Appendix A2 . 
Finally, we consider the impact of the sphericity and the elongation

f the more massive N -body haloes when computed as function of
he halo radius, S ( r ) and Q ( r ), on the MFs of the semi-analytical
aloes. Significant differences remain when compared with the N -
ody haloes, independent on the few percent bias expected for
 ( r ) and Q ( r ) (Zemp et al. 2011 ) as MFs do not depend on any
ymmetry assumption and parametrization, further strengthening
heir interest. Ho we ver, a possible de viation from the ellipsoidal
hape of the N -body haloes is not included in the semi-analytical
aloes generation method and could be partially responsible for the
bserved differences. 

 DI SCUSSI ON  A N D  C O N C L U S I O N  

 dark matter halo is usually considered as a spherical distribution
f matter following a smooth density profile. This is an o v ersimpli-
cation for several reasons: first, haloes are closer to an ellipsoidal

han spherical shapes; second, smooth density profile such as NFW
re usually only appropriate for relaxed haloes; finally, as smooth
ensity profiles tend to average out the matter distribution, they
rase the information contained in substructures. The morphology
f dark matter haloes is usually described by statistics that are either
ell-suited for relaxed, ellipsoidal haloes, or empirical expressions

hat capture specific features of asymmetries but mathematically
ot well-grounded. In this study, we use the Minkowski Functionals
omputed using the germ-grain model to capture this complexity. We
enerate semi-analytical haloes using parametric density profiles,
uch as NFW and αβγ -profile as well as non-parametric density
rofiles following the N -body haloes particle distribution, and we
xamine the MFs of these haloes. We use these results as benchmark
o interpret the MFs of N -body haloes, which share the same average
ensity profile of semi-analytical haloes. Our main conclusions are
ummarized as follows. 

(i) Semi-analytical haloes with parametric profiles allows us to
elate the shape of MFs curves to the density profile of haloes,
otably to the concentration parameter c , logarithmic slopes of inner
nd outer regions γ and β, sphericity S , and elongation Q . Higher
alues of β and bu c and lower values of S and Q increase the number
f particles in the halo inner region and decrease the number of
articles in the halo outer region. The inner region has negligible
ontributions on the MFs of haloes since they are very dense and thus
ll the particles (the germs) are co v ered by the balls (the grains) of the
eighbouring particles. Consequently, γ has only small contributions
o the MFs. Ho we ver, the well-kno wn tensions between observ ations
nd simulations of the dark matter distribution in the innermost region
f haloes (e.g. de Blok 2010 ; Salucci 2019 ) can be probed by MFs
onsidering specifically central sub-selections of particles; see Ap-
endix B . Moreo v er, because of additivity the amplitude of MFs in-
reases with the number of contributing particles, i.e. for lower values
f c and β and higher S and Q . These results are shown in Figs 3 and 4 .
(ii) MFs of semi-analytical haloes generated with smooth profiles

re significantly different from those of N -body haloes, even though
he latter are relaxed according to the Neto et al. ( 2007 ) criteria
ased on virial ratio and centre-of-mass displacement. Although
hese differences decrease for haloes generated with more realistic
rofiles, such as ellipsoidal instead of spherical, they do not disappear
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s caused by deviations from smooth triaxiality, i.e. anisotropies 
eyond triaxial shape, subhaloes, and tidal streams. That is, the MFs
an probe more complex morphological features beyond the smooth 
rofiles. This is shown in Fig. 6 , which is the main result of this study.

We show that the MFs are a powerful probe to get deep insight
nto the detailed morphology of haloes, such as subhaloes as shown 
n Fig. D2 . Those subhaloes are subject to tidal forces coming from
heir host halo including also possible spurious numerical effects. As 
hown in van den Bosch & Ogiya ( 2018 ), artificial mass-loss may oc-
ur for subhaloes when their half-mass radius is too small compared 
o the force softening or when they host a too low number of particles.
hese criteria are fulfilled for haloes in the most massive bin we
ave considered, which typically contain � 1000 particles and have 
alf-mass radius larger than 20 
 x , but not in the intermediate and
ow-mass bins 10 12.5 < M vir h / M � < 10 12.7 and 10 13.5 < M vir h / M � <

0 13.7 . This is consistent with the deviations between the MFs of the
ost massive N -body haloes and the MFs of their semi-analytical 

ounterpart (see Fig. 7 ), which are larger than the deviations for
aloes in the intermediate and low-mass bin (not shown). 
A future study aims at investigating the MFs of more realistic semi-

nalytical haloes containing substructures to weight the contribution 
f subhaloes, streams or anisotropies beyond triaxial shape. Using 
ubhalo mass functions, the contribution of the clumps with different 
asses and their impact on the MFs can be addressed. These semi-

nalytical haloes with subhaloes will be compared with haloes from 

 -body and hydro-dynamical simulations such as The Three Hun- 
red Project (Cui et al. 2018 ), Illustris-TNG (Weinberger et al. 2017 ),
r Horizon-AGN (Dubois et al. 2014 ). Such simulations will also 
nable the study of the connection between the MFs of observable 
atter (stars, galaxies, or any biased tracer of the underlying matter 
eld) and the MFs of dark matter. A direct application to observa-

ional data will require an analogous study in two dimensions possi-
ly including the baryonic component, to finally exploit the accurate 
rojected maps provided by instruments such as eROSITA (Merloni 
t al. 2020 ) or Athena (Nandra et al. 2013 ) for X-ray imaging, Vera
ubin Observatory (Ivezi ́c et al. 2019 ) or Euclid (Laureijs et al. 2011 )

or gravitational lensing, and Simons Observatory (Hensley et al. 
022 ) for Sun yaev-Zel’do vich maps. F or such studies, the excursion
et formalism probing the morphology of the continuous density field 
Schmalzing & Buchert 1997 ; Beisbart, Buchert & Wagner 2001a ) is
ore suitable than the germ-grain model. It will be then interesting 

o investigate possible relations between the MFs of density maps in 
wo and three dimensions and use MFs to constrain the quality of

ass map reconstruction of galaxy clusters. 
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Springer, Berlin, Heidelberg 
ayashi E., Navarro J. F., Springel V., 2007, MNRAS , 377, 50 
elmi A., White S. D. M., Springel V., 2003, MNRAS , 339, 834 
ensley B. S. et al., 2022, AJ, 929, 2, 166 
ernquist L., 1990, ApJ , 356, 359 
ikage C. et al., 2003, PASJ , 55, 911 
ikage C., Matsubara T., Coles P., Liguori M., Hansen F. K., Matarrese S.,

2008, MNRAS , 389, 1439 
shiyama T. et al., 2021, MNRAS , 506, 4210 
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PPENDI X  A :  C O M P U TAT I O NA L  A N D  

U M E R I C A L  ASPECTS  O F  MFS  

1 Uni v ersality of MFs and characteristic points 

he MFs of haloes have similar shape, which we refer to as univer-
ality, and can be understood in terms of partial MFs (Schmalzing &
iaferio 2000 ). We illustrate this specificity focusing on the area A
orking on a sample of 1000 particles used in Fig. A2 ; see Fig. A1 .
articles and corresponding intersecting balls contributing to the
rea are sorted by their distance from the halo centre. The nearest
eighbour distances of all these particles, denoted by d 1n (histogram
n top-left panel), indicates the interesting range for r ball . The partial
rea A i = 4 πr 2 ball a i (bottom left panel, thin coloured curves), and its
imensionless counterpart a i (top-right panel, thin coloured curves),
epresent respectively the contribution from the particle i to the
otal area A (bottom-right panel, black curve) and the unco v ered
ormalized solid angle of the ball around the particle i . For graphical
urposes, we show the contributions for particles i = 1, 50, 500, 950,
nd 1000 as sorted by the centre of the halo. 

The dimensionless partial MFs a i is a monotonically decreasing
unction of the ball radius. It decreases from 1 to 0 as r ball increases,
xcept if the i -th particle is close to the halo boundary; in this
ase, it monotonically decreases without reaching 0 at large ball
adius. Correspondingly, for all but the particles at the halo boundary
he partial area A i increases from 0, reaches a maximum and then
symptotically decreases to 0 at large ball radius. For the particle
lose to the halo boundary, A i continues to increase at a smaller rate at
arge ball radius, affecting the global trend of A . Most of the particles
re not at the halo boundary, thus increasing r ball , the total area A
ncreases from 0, reaches a local maximum and then decreases. At
ufficiently large ball radius, the few particles at the halo boundary
ecome the main contribution of the MFs, because the innermost
articles are typically co v ered, carrying vanishing contribution. After
he local minimum, A increases again approaching the behaviour of
 unique ball, A = 4 πr 2 ball . The area A thus has two extrema. Note
lso that for large ball radius, the particles at the halo edge (e.g. grey

http://dx.doi.org/10.1086/423992
http://dx.doi.org/10.1051/0004-6361/200912353
http://dx.doi.org/10.1093/mnras/284.1.73
http://dx.doi.org/10.1051/0004-6361:20011063
http://dx.doi.org/10.1093/mnras/stab127
http://dx.doi.org/https://doi.org/10.1112/S0025579300014625
http://dx.doi.org/10.1086/321400
http://dx.doi.org/10.1111/j.1365-2966.2011.18858.x
http://dx.doi.org/10.1051/0004-6361/202140566
http://dx.doi.org/10.1086/589937
http://dx.doi.org/10.1088/0004-637X/768/2/123
http://dx.doi.org/10.1093/mnras/262.3.627
http://arxiv.org/abs/1110.3193
http://dx.doi.org/10.1007/s11214-013-9980-y
http://dx.doi.org/10.3847/1538-4357/aa855f
http://dx.doi.org/10.1111/j.1365-2966.2012.21892.x
http://dx.doi.org/10.1093/mnras/stu483
http://dx.doi.org/10.1111/j.1365-2966.2007.11720.x
http://dx.doi.org/10.1111/j.1365-2966.2008.14029.x
http://dx.doi.org/10.1088/1475-7516/2008/08/006
http://dx.doi.org/10.1086/345521
http://dx.doi.org/10.1038/s41550-020-1133-0
http://dx.doi.org/10.1088/0004-637X/806/1/4
http://arxiv.org/abs/1306.2307
http://dx.doi.org/10.1086/177173
http://dx.doi.org/10.1111/j.1365-2966.2007.12381.x
http://dx.doi.org/10.1002/asna.201713352
http://dx.doi.org/10.1051/0004-6361/201525836
http://dx.doi.org/10.1038/nature12953
http://dx.doi.org/10.1007/s11214-019-0591-0
http://dx.doi.org/10.1086/590370
http://dx.doi.org/10.1046/j.1365-8711.2003.06735.x
http://dx.doi.org/10.1111/j.1365-2966.2004.08182.x
http://dx.doi.org/10.1103/PhysRevD.37.3406
http://dx.doi.org/10.1051/0004-6361/201322555
http://dx.doi.org/10.1086/185284
http://dx.doi.org/10.1007/s00159-018-0113-1
http://dx.doi.org/10.1093/mnras/stu1014
http://dx.doi.org/10.1093/mnras/stab274
http://dx.doi.org/10.1086/310680
http://dx.doi.org/10.1046/j.1365-8711.2000.03154.x
http://dx.doi.org/10.1046/j.1365-8711.1998.01467.x
http://dx.doi.org/10.1093/mnras/stt1086
http://dx.doi.org/10.3847/2041-8213/aac6d9
http://dx.doi.org/10.1088/1475-7516/2021/01/044
http://dx.doi.org/10.1086/522339
http://dx.doi.org/10.1046/j.1365-8711.2001.04006.x
http://dx.doi.org/10.1086/513700
http://dx.doi.org/10.1093/mnras/stab1555
http://dx.doi.org/10.1051/0004-6361:20011817
http://dx.doi.org/10.1111/j.1365-2966.2011.18399.x
http://dx.doi.org/10.1093/mnras/sty084
http://dx.doi.org/10.1093/mnras/stx2956
http://dx.doi.org/10.1093/mnras/stx282
http://dx.doi.org/10.1111/j.1365-2966.2011.19134.x
http://dx.doi.org/10.1038/s41586-020-2642-9
http://dx.doi.org/10.1093/mnras/stw2944
http://dx.doi.org/10.1086/162573
http://dx.doi.org/10.1093/mnras/stx292
http://dx.doi.org/10.1093/mnras/stu1118
http://dx.doi.org/10.1093/mnras/stw2701
http://dx.doi.org/10.1088/0067-0049/197/2/30
http://dx.doi.org/10.1093/mnras/278.2.488


Morphology of dark matter haloes 4941 

F
T
d
a
a
t
r
s
s
i

F
c
s
o
b
h
N

igure A1. Partial MFs explain the ‘universal’ shape: illustration for the area. 
op-left: Histogram of nearest neighbour distances within one virial radius, 
 1n . Bottom-left and top-right: partial area A i and dimensionless partial area 
 i for the i th particle from the centre (thin coloured lines; i = 1, 50, 500, 950, 
nd 1000). Bottom-right: total area. Black and grey thick curves account for 
he sum of all particles and the sum of the 100 particles with the largest radii, 
espectively. Dashed lines accounts for the limit case of isolated balls and 
ingle ball. Filled (empty) arrows mark the value of r ball where the particle 
tarts to intersect with the first (second) neighbours. Resolution limits are 
ndicated by shaded area. 

igure A2. Effect of sampling and internal structures of haloes on MFs, 
omputed for the same haloes shown in Fig. 8 . The o v erall amplitude and 
hape of MFs mainly depend on the number of particles N sample . For all values 
f N sample , the internal structures of haloes have a smaller effect, as shown 
y semi-analytical smooth haloes (long dashed lines) compared to N -body 
aloes (solid lines). The smallness of standard de viations, sho wn only for the 
 -body halo for clarity, pro v es the robustness of MFs. 

Figure A3. Comparison between r fill according the exact equation ( A2 ) (or- 
ange line) and the approximation equation ( 2 ) [also referred as equation ( A1 ), 
blue line], computed for illustration for the N -body halo referring to Fig. A2 
with N sample = 1000. Error bands are standard deviations computed from 30 
samples. 
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hick curves) contribute to a large fraction of the total MFs (black
hick curve in the bottom right panel). 

Using similar arguments, one can explain the local minima and 
axima of the two other MFs, H , and χ . 

2 Number of particles 

 critical numerical aspect of MFs concerns the dependence on 
he sample size. Fig. A2 shows the MFs of the N -body and semi-
nalytical haloes considered in Fig. 8 , sampled with different number
f particles N sample ranging from 10 2 to 10 5 . The effect of the internal
tructures of haloes on the MFs shape is limited. Because of additivity
f MFs, their amplitude necessarily increases with N sample . Moreo v er,
 higher N sample shifts the MFs to wards lo wer v alue of r ball . This is
xpected because the nearest neighbour distances d 1n, < r and d 1n, > r 

ecrease with N sample . Note also that the local extrema of A , H , and
appear for all the samples. The only exception is the area A , which

ends to be monotonic for small N sample . It is important to stress that
he level of details of the morphology described by MFs depends on
 sample ; ho we ver, what matters is the robustness of MFs once a fixed
umber of particles N sample is considered. This is pro v ed by the small
tandard deviations of MFs (light bands in the figure). 

3 Halo filled radius 

he filled radius r fill delimits the contributing and non-contributing 
egions of the halo to the MFs for a gi ven v alue of r ball . In this paper,
t is approximated using equation ( 2 ), here recalled for clarity: 

 ball = max ( d 1n ,<r ) , with r = r fill . (A1) 

ne can check the accuracy of this equation by computing the exact
alue of r fill . For fixed r ball , the filled radius r fill defines the largest
phere of radius r that contains only particles with radius r i and
MNRAS 513, 4929–4944 (2022) 
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M

Figure A4. Impact of the sampling on the resolution. Comparison of local 
density between a first population of 10 5 particles (green), the sampling of 
this population with 10 3 particles (orange), and a second population with 
10 3 particles (blue). All the three haloes share the same αβγ -profile. The 
unresolv ed re gion of the first population is indicated with black shaded area. 
The radius of the 10th innermost particle of the sampling r 10 (vertical dashed 
line) defines the resolution for the MFs. 
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anishing dimensionless partial MFs a i , i.e. 

 fill = r ball + max { r : max { a i : r i < r} = 0 } . (A2) 

ig. A3 shows r fill both computed with equations ( A2 ) and ( A1 )
or the halo already considered in Section A2 , sampled with 1000
articles. The two curves of r fill show similar trends within the
tandard deviation, the estimation obtained from the nearest neigh-
our distances d 1n (blue curve) being slightly higher than the exact
efinition based on partial MFs (orange curve). In the current study,
e therefore adopt the convenient definition based on equation ( A1 ).

4 Resolution limit of MFs from sampling 

e investigate here the impact of finite sampling of haloes on
esolution, which limits the minimum reliable value of ball radius
or the germ-grain model. For this purpose, we shall consider three
aloes. A first halo (or population) of 10 5 particles is generated with
βγ -profile; its resolution is given by the size of the first shell,
hich contains about 100 particles. A second halo (or sample) with
0 3 particles is randomly extracted from the first population; then the
ize of the first shell containing 100 particles in this sample is larger
han for the population. Finally, a third halo is generated with same
rofile and parameters, but containing only 10 3 particles. The size of
he first shell is the same as the first population, but this shell is not
esolved as it contains only ∼1 particle. As shown in Fig. A4 , the
ocal density n loc ( r ) of the three processes, i.e. the first population, its
ub-sample, and the second population, agrees for r � 0.02 R vir radius,
nd the process with more particles (green points) is more resolved.
NRAS 513, 4929–4944 (2022) 
he sub-sample (orange points) is slightly more resolved than the
econd population (blue points) though sharing the same number
f particles, maybe partially inheriting the resolution of its initial
opulation. The sub-sample is resolved above the radius of 10th
nnermost particle, which is therefore used to define a conserv ati ve
esolution limit r res = r 10 for the MFs with equation ( 3 ). 

PPENDI X  B:  C O R E – C U S P  H A L O  

O R P H O L O G Y  

n this section, we provide some additional details about the impact
f the inner slope γ on the MFs. As discussed in Section 3.1 , because
f additivity MFs are less sensitive to the inner part of haloes, where
ultiple co v ering of balls occurs because of the high density. Still,

ome morphological information for this region can be obtained
y an appropriate selection of points. For this purpose, we generate
aloes with the same procedure as in Section 2.3 , but with a spherical
election R cut = 0.1 R vir before the sampling. The MFs of the resulting
rocesses are shown in Fig. B1 . Higher values of γ yield smaller
mplitudes of the MFs, contrary to the results shown in the fourth
olumns of Fig. 3 . In the limit R cut → 0, the processes become
qui v alent to the scale-free processes, equation ( 4 ), with γ = δ. It
lso emphasizes the potential of the MFs as statistics for the local
orphology, as different halo regions can be probed by appropriate

election. 

igure B1. Details of MFs for the halo inner region limited by R cut = 0.1 R vir 

or different values of inner slope γ . Arrows indicate the resolution computed
ith equations ( 3 ) and ( 8 ). To be compared with the fourth column of Fig. 3 .
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Figure C1. MFs of NFW ellipsoidal haloes generated with the truncated ellipsoidal method with different concentration. Same notations as in Fig. 3 . The mean 
of the MFs of the NFW spherical haloes of the second column of Fig. 3 are reproduced with dashed lines. The MFs of less spherical and more concentrated 
haloes have smaller amplitudes. 
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PPENDIX  C :  TRIAXIALITY  A N D  

O N C E N T R AT I O N  I M PAC T  O N  NFW  H A L O E S  

ig. C1 shows the impact of both the shape and the concentration
f haloes generated with NFW profiles, as a complementary result 
f Figs 3 −4 . The amplitude of MFs decreases for less spherical and
ore concentrated haloes. 

PPENDIX  D :  MFS  O F  SEMI-ANA LY TICAL  

A L O E S  WITH  S U B H A L O E S  

e have tested the impact of subhaloes, that potentially affect Figs 6 ,
 , and 8 , by a toy model based on a simulated semi-analytical halo
ontaining subhaloes. For this purpose, we have generated three 
pherical semi-analytical haloes: a halo with parametric smooth 
FW profile; a second parametric halo with the same smooth 
omponent with 10 subhaloes of mass ∼M main /100 added on top,
ostly concentrated in the outer region as expected by tidal forces;

nd a third halo with smooth non-parametric profile sharing the same
ensity profile as the second one. The resulting profiles are shown in
ig. D1 and the corresponding MFs are shown in Fig. D2 . 
The green and orange lines in Fig. D2 suggest that the MFs

re sensitive to subhaloes. Starting from a smooth NFW profile 
Fig. D1 , blue-dashed line), adding subhaloes has less impact on

Fs compared to adding the same mass in an o v erdense shell in
he corresponding outer region (compare green and blue lines in 
ig. D2 ). Moreo v er, a smooth halo with less particles in the outer
egion yields to MFs with lower amplitude (Fig. D2 , blue versus
range lines), similarly to what is observed in Fig. 3 as an effect
f changing β. Finally, part of the differences observed in Figs 6 –8
MNRAS 513, 4929–4944 (2022) 
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Figure D1. Comparison between three semi-analytical haloes following the 
notation of Fig. 5 . Density profile n ( r ) and local density n loc ( r ) of a halo 
with subhaloes based on the parametric method using an NFW profile (green 
solid line and symbols). For comparison, n ( r ) of a halo with the same smooth 
component (thin blue dashed line) and n loc ( r ) of a smooth halo generated 
with the non-parametric method (‘NPM smooth’; orange symbols). 
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igure D2. MFs of the three haloes in Fig. D1 . Although the density profiles
f the halo with subhaloes (green) and the smooth non-parametric halo
orange) are the same, their MFs are different similarly as in Fig. 6 (orange
ersus green). In this idealized semi-analytical case, the MFs differences are
ue to subhaloes. 

ight still be due to streams and deviation from triaxial shape. A
ore detailed analysis goes beyond the scope of this paper and will

e addressed in a future work. 
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