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Contemporary Mathematics

A strategy to optimize the complexity of Chudnovsky-type
algorithms over the projective line

Stéphane Ballet, Alexis Bonnecaze, and Bastien Pacifico

ABSTRACT. Chudnovsky-type algorithms of multiplication in finite fields are
well known for their good bilinear complexity. Recently, two advances have
been obtained in the study of these algorithms: a strategy to optimize the
scalar complexity of the original algorithm and the development of a generic
recursive construction over the projective line. The construction of recursive
Chudnodvsky-type algorithms over the projective line makes possible an effi-
cient generic strategy to optimize their complexity (number of scalar and bilin-
ear multiplications and additions in the base field). Then, several examples are
given. In particular, considering Baum-Shokrollahi’s experiment (1992), this
constructive method provides a Chudnovsky-type algorithm of multiplication
in Fos6/F4 with the best known complexity, while being much more efficient
than existing optimization methods.

Keywords: Multiplicative complexity, Finite fields, Chudnovsky-type algo-
rithms.

1. Introduction

The search for finite field multiplication algorithms with good algebraic com-
plexity (cf. [BCS97]) is still a major issue in algorithmics and in cryptography. In
this paper, we are interested in the number of arithmetic operations in the base
field when multiplying in an extension of finite degree of a finite field. Several more
general remarkable methods are known (for example [Kar63], [F09], and [SS71])
and can be used to address this problem. Recently, Harvey and van der Hoeven
[HvdH19] have proven that such a multiplication can be computed with O(nlogn)
operations (when ¢ is fixed), assuming a widely-believed hypothesis. Similarly to
the latter, many works focus on multiplication algorithms with efficient asymp-
totic complexities, giving estimations of the total number of operations in the base
field relatively to the degree of the extension using the O notations. But these
methods may not be optimal at finite distance (i.e. not from the point of view of
asymptotic complexity), in particular for moderate-sized parameters (around a few
thousands of bits). For example, Schnhage-Strassen’s algorithm [SS71] has a bet-
ter asymptotic complexity than Karatsuba’s algorithm [Kar63], but outperforms
the latter method only when the parameters become huge (around millions of bits),
exceeding many usage sizes. As for the Frer algorithm [F09], it is competitive for
even larger numbers. Moreover, it is well known that different operations do not
have the same cost in terms of bit operations. In particular, multiplications are
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more expensive than addition and bilinear multiplication is itself more expensive
than scalar multiplication ([STV92], [BCP*21] Section 1). We therefore choose
to consider the algebraic complexity model while taking into account the different
costs of these operations. To do so, we consider the multiplication method of D.V.
and G.V. Chudnovsky [CC88] which admits the best bilinear complexity, both
in finite distance and in asymptotics. We propose a strategy for the construction
of this method in order to optimize the number of scalar multiplications and the
number of additions while keeping the same bilinear complexity. Our goal is to
be able to obtain in practice, i.e. at finite distance, a total complexity competitive
with the best algorithms. It should also be noted that determining the asymptotic
complexity of our method remains an open problem.

Let ¢ be a prime power, [ the finite field with ¢ elements and Fy» the degree n
extension of Fy. Let B = {e1, ..., e, } be a basis of Fyn over F, then for = Z?:l Ti€;
and y = Z?zl y;e;, the direct calculation of the product is given by

n n n
(1) z=xy= Zzheh = Z( Z tijhiﬂiyj>€h7
h=1

h=1 Vij=1

where e;e; = ZZ:l tijnen, tijn € Fy being some constants.

One can distinguish two types of multiplications in this product: the bilinear
ones, that are depending of the two elements being multiplied (i.e. the x;y;); and
the scalar ones that are multiplications by a constant in F,. At first glance, the
latest computation requires n? bilinear multiplications, n® scalar multiplications
and n3 — n additions.

DEFINITION 1.1. Let Uy, be an algorithm for the multiplication in Fgn over
F,.

o The number of non-trivial scalar multiplications in F, (i.e. multiplications
by a € Fy with a #0,1), used in Uy, is called its scalar complezity, and
is denoted by p1s(Ugn).

o The number of bilinear multiplications in Fq used in Uy, is called its
bilinear complexity, denoted by py(Uy.n)-

We also denote by a(Uy ) the number of additions in F, in the algorithm. Con-
sequently, the total complexity of U, ,, denoted by u(U, ) is given by p(ly ) =
poUgn) + pos(Ugn) + a(ldy,n). Note that bilinear multiplications are known to be
computationally heavier than the scalar ones. Algorithms with good bilinear com-
plexity are interpolation algorithms. Among them, the method introduced by D.V.
and G.V. Chudnovsky [CC88| makes it possible to obtain the best known bilin-
ear complexity. The original Chudnovsky-Chudnovsky Multiplication Algorithm
(CCMA) is an interpolation algorithm over rational places of a function field. This
construction has been generalized in different ways, for instance with the use of
places of arbitrary degrees or the use of derivative evaluations. A detailed review
on the topic is given in [BCPT21].

Nevertheless, the total complexity of these algorithms has not been deeply
studied yet. The first step in this direction has been made by Ballet et al. [BBD19,
BBD21], giving a strategy to optimize the scalar complexity of the original CCMA.
This strategy can be summarized as follows. The algorithm involves two matrices.
For each coefficient distinct from zero and one of a matrix, a scalar multiplication
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is performed. Therefore, in order to reduce the number of scalar multiplications,
these matrices must have a maximum number of zeros and ones.

In this paper, we focus on the optimization of the recursive Chudnovsky-type
algorithms over the projective line, proposed in [BBP21]. First, we rely on the
work of [BBD21] to extend it to the use of places of arbitrary degrees. Then, a
constructive method is developed to optimize the complexity of the algorithms on
the projective line. The paper is organized as follows. In Section 2, we introduce
Chudnovsky-type algorithms with evaluations at places of arbitrary degrees, and
then the recursive construction over the projective line. In Section 3, we deal with
the scalar complexity of Chudnovsky-type algorithms when non-rational places are
used. Then, we propose a strategy to improve the scalar complexity of recursive
Chudnovsky-type algorithms over the projective line. In Section 4, we give several
examples. In particular, we illustrate this process on the extension of degree 4 of
F4, and obtain an algorithm of same bilinear complexity and better total complex-
ity than the Baum-Shokrollahi experiment [BS91], and its optimizations given in
[BBD21].

2. Chudnovsky-type Algorithms

Let F/FF, be a function field of genus g over F,. For O a valuation ring, the
place P is defined to be P = O\ O*. We denote by Fp = Op/P the residue class
field at the place P, that is isomorphic to Fya, d being the degree of the place. A
rational place is a place of degree 1. A divisor D is a formal sum D = >, n; P,
where P; are places and n; are relative integers. The support supp D of D is the
set of the places P; for which n; # 0, and D is effective if all the n; are positive.
The degree of D is defined by degD = >, n;. The Riemann-Roch space associated
to the divisor D is denoted by L£(D). A divisor D is said to be non-special if
dim £(D) = deg(D) + 1 — g. Details about algebraic function fields can be found in
[Sti08].

2.1. CCMA with evaluation at places of arbitrary degrees. The latest
generalization of CCMA is given in [BCP*21]. Before introducing the algorithm,
let us give a definition of the generalized Hadamard product.

DEFINITION 2.1. Let q be a prime power and di,...,dN be positive integers.
The generalized Hadamard product in Fga, X -+ X Foay, denoted by ©, is given for
all (ay,...,an), (b1, .., bn) € Fgay X -+ X Fpay by

(al, N 70,]\[)@([)17 e ,bN) = (albh e 7aNbN)-

With this notation, we recall the version of the Chudnovsky-Chudnovsky algo-
rithm useful for our study, namely the one allowing evaluations at places of arbitrary
degrees (see [BCP121], Corollary 5.4).

THEOREM 2.2 (CCMA at places of arbitrary degrees). Let

n be a positive integer,

F/F, be an algebraic function field of genus g,

Q be a degree n place of F/F,,

D be a divisor of F/Fy,

P ={Pi,...,Pn} be an ordered set of places of arbitrary degrees of F/F,,

We suppose that supp DN{Q, Py, ..., Pv} =0 and that
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the evaluation map
EUQ : ﬁ(D) — FQ
o= fQ)
1§ surjective,
the evaluation map
Evp : £(2D) — queg Py X+ X ]:queg Pn
f = (f(P),.... f(Pn))

1S 1njective.

we have a multiplication algorithm L{fhp(D, Q) such that for any two ele-
ments x, y in Fyn:

2y = Eg 0 Evplimpep | (Ep o Ev;' (z)0Ep o Evél(y)) :

where Eg denotes the canonical projection from the valuation ring Oq
of the place Q in its residue class field Fg, Ep the extension of Evp on
the valuation ring Og of the place @, Evp\ImEm,_l the restriction of the
inverse map of Evp on its image, ® the generalized Hadamard product
and o the standard composition map;

the algorithm Z/l(f’f (D, Q) defined by (2) has bilinear complezity

N
Nb(ug;?(pv Q)) = Zub(uq,deg P, (F)),
i=1

where Uy deg p; (P;) is the algorithm used to multiply the evaluations at P;,
mn queg P;.

Sufficient application conditions are given in the following.

PROPOSITION 2.3 (Criteria for CCMA at places of arbitrary degrees). Let q be
a prime power and let n > 1 be an integer. If there exists an algebraic function field
F/F, of genus g with a set of places P = {Pi,...,Pn} and an effective divisor D
of degree n+ g — 1 such that

1)

there exists a place QQ of degree n (which is always the case if 2g + 1 <
n—1, 1
q 2 (q2 - 1))7

2) Supp DN (PUQ) =0, and D — Q is non-special,
3) vazl deg P, =2n+g—1 and 2D — Y P; is non-special,
then,
(i) the evaluation map
E’UQ : ,C(D) — FQ
o= Q)

is an isomorphism of vector spaces over Fg,
(ii) and the evaluation map
E’UP : ,C(QD) — quegPl X X ]quegPN
f = (f(P),....f(Pn))

is an isomorphism of vector spaces of dimension 2n + g — 1 over F.
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2.2. Recursive Chudnovsky-type algorithm over the projective line.
In this paper, we focus on the optimization of recursive Chudnovsky-type algo-
rithms over the projective line, introduced in [BBP21]. These algorithms are a
specialization of the algorithm from Theorem 2.2 to the rational function field.

DEFINITION 2.4. Let q be a prime power and n be a positive integer. A re-
cursive Chudnouvsky-type algorithm Z/{(f = (Q) over the projective line is an algorithm
Ug;f(@, Q) satisfying the assumptions of Theorem 2.2 such that:

o F/F, is the rational function field F,(z),

o Q) is a place of degree n of Fy(z),

o D = (n—1)P., where Py, is the place at infinity of F,(z),
e P, is a set of places of degrees lower than n such that

Z degP=2n—1,
PeP,
e the multiplication in Fp ~ Fa, where d = deg P, is computed by L{fj(P),
where P € P,. '

Note that if P € P, is a rational place, the algorithm U;? 1(P) consists in only a
bilinear multiplication in F,. Such an algorithm verifies the criteria of Proposition
2.3. The bilinear complexity of these algorithms is given by the following.

PROPOSITION 2.5. Let Z/l(f;;(Q) be a recursive Chudnovsky-type algorithm over
the projective line. Its bilinear complexity is given by

U (@) = D mwU]4(P)),

PeP,
where d = deg P.

Note that the evaluation at P, is defined specifically in this context, since P,
is in the support of D.

DEFINITION 2.6. Let k be a positive integer and Py, be the place at infinity of
Fy(x). Let D = kPy, and let f = Zf:o fiz® € L(D). We define the evaluation at
Py, to be for all f € L(D),

f(Poo) = fk-

ExXaMPLE 2.7. Consider the multiplication in Fya over Fy. Let Py, Py, P, P,
and Ps, be the rational places of Fy[z]. Let P? be a place of degree 2, and Q be a
place of degree 4. Then, we can construct a recursive Chudnovsky-type algorithm
over the projective line with Py = {Py, P, P, P2, Pso, P?}. This algorithm uses
the algorithm UZ?% (P?), defined with Py = {Py, P1, Px}. The diagram of its con-
struction is given in Table 1. As well as the Baum-Shokrollahi experiment [BS91],
this algorithm has an optimal bilinear complexity ub(ufj(Q)) =38.

3. Optimization of scalar complexity

3.1. Some general results. First, we discuss how to adapt the work of
[BBD21] to Chudnovsky-type algorithms using places of arbitrary degrees.

Let Uy pn = Z/{f P (D, Q) be an algorithm as defined in Theorem 2.2, and verifying
the criteria of Proposition 2.3, for the multiplication in F,». Following [BBD21],
we consider that the basis of Foacgry X -+« X Foacg py is always the canonical basis.
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4,4
%%ﬂ P
P2y — )
Ui (P?) Py
’ T —p

TABLE 1. Diagram of the construction of U ,(Q).

The basis Bg of Fg = Fgn is defined by Bg = Evg(Bp), where Bp is the basis
of L(D). We also denote by Bap the basis of the Riemann-Roch space L£(2D).
Since we take D as an effective divisor, we have that £(D) C £(2D), and we take
Bap = Bp UBS, where B, is a basis of the supplementary space of £(D) in £(2D).
Let T (resp. TQD) be the matrix of Ep : E(D) — quegpl X e X quegPN in
the basis Bp (resp. Evp : L(2D) — Faesp; X -+ X Faespy, in the basis Bap).
Let C be the matrix of the map Eg from the Riemann-Roch Space £(2D), in the
basis Bap, to the finite field Fy», in the basis Bg over F,. Using these matrices,
Algorithm (2) is written

(3) XY = CTyp (Tp(X)OTn(Y)),

where X and Y are the two elements of Fy4 in the basis Bg being multiplied, and
@ is the generalised Hadamard product. In the following, we consider the product
of C' and TQ_D1 as one matrix C’T;ﬁ.

Recall that the scalar complexity of the algorithm U, ,, is defined as its number
of multiplications by a non-trivial constant (distinct from 0 or 1) in Fy. In U ,,, the
matrices Tp and CT,, provide some scalar multiplications of the algorithm. We
therefore wish to obtain matrices with as many coefficients equal to zero or one as
possible, to have a maximum number of trivial multiplications that do not count
in the scalar complexity. Consequently, we focus on the number of zeros and ones
in these matrices. We denote by N,(Tp) (resp. N,(CT,p)) the number of zeros
in Tp (resp. CTyp)) and also denote by Ny(Tp) (resp. Ni(CTyp)) the number
of ones in the matrices Tp (resp. CT,p). Note that it is useful to distinguish
between zeros and ones, since the coefficients equal to one must be counted in the
number of additions used by the algorithm. Since the matrix Tp is used twice in
the algorithm, and CT{D1 only once, we denote the total number of zeros by N, =
2N.(Tp)+ N, (C’TQ_DI) and the total number of ones by Ny = 2N, (Tp) —|—N1(CT2_D1)
If the algorithm U, is an original CCMA, the evaluations are only at rational
places and all the scalar multiplications are given by the matrices Tp and CT;DI.
Hence, the scalar complexity is given by [BBD19, BBD21]:

(4) psUgn) =3n(n+g—1)— N, — Ny.

In our study, we allow the evaluations to be at places of arbitrary degrees.
Consequently, we have to count the scalar multiplications involved in an algorithm
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Uy.a(P) (not necessarily of type Chudnovsky), where d = deg P, for the multipli-
cation in the residue class field Fip ~ Fq, required to multiply the evaluations at
P.

PROPOSITION 3.1. Let Uy ,, be a Chudnovsky-type algorithm from Theorem 2.2,
with evaluations at places of arbitrary degrees. Then, its scalar complexity is such
that

(5) ps(Ugn) =3n(n+g—1)— N, — N1 + Z ts(Ug,a(P)),

PeP
where d = deg P and Uy q(P) is the algorithm used to multiply the evaluations at
P.

PROOF. Follows from (4), where we add the scalar complexity of the multipli-
cations in Fjaes » for all places I used by the algorithm. O

Since we have to add the scalar complexity of the algorithms Uy 4(P), for all
P € P and d = deg P, the use of non rational places looks heavier for the scalar
complexity. However, this is not necessarily the case. First, because a function
field of lower genus can be used, which implies the use of smaller matrices, and also
because the matrix Tp might contain more zeros.

PROPOSITION 3.2. Let Uy, be a Chudnovsky-type algorithm as defined in The-
orem 2.2, satisfying Proposition 2.3. Consider P' C P constructed by taking places
that are in P by growing degrees as long as the sum of their degrees remains lower
than or equal to n + g — 1. Then, the number of zeros of Tp verifies

N.(Tp) <n(n+g—1+ > (degP—1)).
PEP\P’

PRrROOF. By Proposition 2.3, the divisor D is taken effective and of degree
n+g—1. Thus, a function f in £(D) has at most deg D = n+ g —1 zeros. Consider
f € Bp, then a column of Tp is given by the evaluations of f at the places in
P. Moreover, the evaluation at a place of degree d gives d coefficients in F,, and
such an evaluation can give d — 1 zeros without vanishing. As the ratio (d —1)/d
is increasing, the column defined by the evaluations of f would have the largest
number of zeros if f has (at most) n+ g — 1 zeros at the places of smallest possible
degree, i.e. at the places in P’, and deg P — 1 coefficients equal to zero for each
other place. Then, a column of Tp is given by the evaluations of a function in
L(D) has at most n+g—1+3 pcp\p (deg P — 1) coefficients equal to zeros. The
bound is obtained by counting this maximal number of zeros for all the n columns
of TD. O

Another important result for the strategy of optimization is that for given P,
D and @, since the basis Bp of £(D) is fixed, and that the basis Bap = Bp U BS,
of £(2D) is an extension of the basis of £(D), the algorithm does not depend on
the choice of BS,. This result is established in [BBD19, Proposition 1], and is also
true when places of higher degrees are used (same proof holds).

3.2. Optimization of the complexity of a recursive Chudnovsky-type
algorithm over the projective line. Consider a recursive Chudnovsky-type al-
gorithm over the projective line Z/{g = (Q). The bilinear complexity of such an algo-
rithm is known by Proposition 2.5. In this section, we introduce our strategy to
optimize its total complexity.
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PROPOSITION 3.3. Let U (Q) be a recursive Chudnovsky-type algorithm over

q,n

the projective line. Then, the scalar complexity of Ug?;;(Q) s given by

HoUPH(Q) = 3020 —1) = N. = Ny + 3 o 74(P),
PeP,

where d = deg P.

ProoF. Follows immediately from Proposition 3.1, where the Chudnovsky-
type algorithm L{;?fi (P) over the projective line is used to multiply in Fp ~Fga. 0O

By the results obtained in [BBD19, BBD21] and the previous section, the
optimization of the scalar complexity of L{g? ~ (@) only depends on the basis of L(D),
when P,,, D and the place @ of degree n are fixed. Hence, the main focus is to find
a basis Bp of £(D) such that the matrices Tp and CT,p have the most possible
zeros and ones. The basis of Fy» will be defined in accordance with this basis.

The strategy proposed in [BBD19] and significantly completed in [BBD21] is
to construct a first basis Bp, and apply the linear group GL,(F,) to look for the
best possible bases. It is effective, but expensive. With a recursive algorithm over
the projective line, one can construct directly some bases of £(D) that improve the
total complexity of the algorithm without using the action of the linear group.

3.2.1. Optimization strategy. Now, let us introduce the heart of the strategy
of optimization of Chudnovsky-type algorithms over the projective line. We want
to sculpt Bp to obtain the minimum scalar multiplications and additions. For this
purpose, we want to get as many zeros as possible before processing the number of
ones. More precisely, we will focus on obtaining the most possible zeros and then
ones in the matrix Tp. Two reasons for that: we do not have information on how
the choice of the basis of £(D) affects the matrix CT,,, and moreover the matrix
Tp counts twice. For all these reasons, our goal is finally to sculpt Bp such that
Tp has a maximal number of zeros, and then a maximal number of ones.

Recall that D = (n—1) Py, and hence £(D) is the space of polynomials over F,
of degrees at most n— 1. Moreover, the places of Fy(z) are given by the irreducible
polynomials over F,[z] and the place at infinity. The idea is to take the vectors
of the basis Bp as products of irreducible polynomials associated to places in P,,.
Therefore, the evaluation of such a vector will vanish at the places used to define
it. This translates into zeros in the matrix Tp. We define such bases as P,,—bases

of L(D).

DEFINITION 3.4 (P,—basis of L(D)). Let ¢ be a prime power and n > 1 be
an integer. Let P, = {P1,...,Pn} be a set of distinct places of Fy(x) such that
> pep, deg P = 2n — 1. If P; is not the place at infinity, let Pj(z) be the monic
irreducible polynomial associated to the place Pj. In the case of P; = Py, let
Pj(z) = 1. We say that B={V1,...,V,} is a Po—basis of L(D) if every vector V;
of the basis B is defined as Vi(x) = [[p ey, Pj(x), where V; is a subset of Pp. The
set V; is called the support of V;.

We can notice that since £(D) is the space of polynomials of degree at most
n — 1, the vectors defining the basis shall be of degree at most n — 1. The fol-
lowing proposition gives a lower bound for the number of zeros in the matrices Tp
constructed using a P, —basis of L(D).
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PROPOSITION 3.5. Let B = {Vi,...,V,,} be a P,—basis of L(D), and let Tp be
a matriz obtained using B. Then,

N.(Tp) > ) degVi.
i=1
PRrROOF. Every column of Tp is given by the evaluation of a vector V; at the
places in P,. Every such vector is the product of some P; ;(x), where P;; €
V; C P, and V; can be written as the product Vi(z) = P, 1(z)... P; n,(z), where
Z;V:il deg P, ; = degV;. In particular, V;(P; ;) = 0, and it gives deg P; ; zeros in
the i—th column of Tp, for all j = 1,...,N;. Then, the ¢ — th column of Tp
contains at least degV; zeros. This is the case for all the V; in Bp, and then
N.(Tp) > >0 degV;. O

The preferred configuration to maximize the number of zeros is when the vectors
of the P,,—basis B are of degree n — 1, or as close to n — 1 as possible.

COROLLARY 3.6. If Py, € P, and for all i, degV; =n —1 orn — 2. Then,
N.(Tp) > n(n—1).

PROOF. If degV; = n — 1, then V; has n — 1 zeros. If degV; = n — 2, then
Vi(Ps) = 0 since this evaluation is the coefficient in 2"~ of V; (by Definition 2.6),
and n — 2 zeros at the places (distinct from P.,) defining V;. Finally, the n vectors
of the basis have at least n — 1 zeros. O

3.2.2. Generic optimization. Thus far, we have seen that using P, —bases gives
an information on the number of zeros in the matrix Tp, and then can be used to
improve the complexity of Chudnovsky-type algorithms over the projective line. It
remains to be proven that such a basis always exists. An efficient way to obtain such
a basis is to construct B = {V4,...,V,} such that for all i, deg V; = i — 1. Secondly,
we can construct the matrix Tp and maximize its number of ones by multiplying
the vectors of the basis by a constant in F,. For each column in T’p, suppose
that a € I, is the non-zero scalar that occurs the most in the column. Then, we
multiply the corresponding vector of the basis by a~'. The generic construction of
a P, —basis of L(D) is given in the following algorithm.

Algorithm 1 Construction of a generic P,—basis of £(D) and the associated
matrix Tp.

INPUT: ¢,n, P, = {P1,...,Pn} be a set of places such that ) p.p degP =
2n — 1.
OUTPUT: Bp, Tp.
(1) Fori=1,...,n, construct V;(z) = [[p, ey, Pj(2), such that degV; =i —1,
and V; is a subset of P,.
(2) Construct T'p. For each column of Tp, if a € Fy is the scalar that occurs
the most, multiply both the corresponding vector of Bp and the associated
columns of T'p by a~*.

The natural strategy to construct Chudnovsky-type algorithms over the pro-
jective line is to include in P, all places by increasing degrees, until the sum of
their degrees is equal to 2n — 1 (if the sum gets bigger than 2n — 1, remove a place
of the appropriate degree, see [BBP21] Section 4.2).
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ProrosiTION 3.7. If P, is constructed including places by increasing degrees,
then Algorithm 1 is correct.

Proor. If P, is constructed by taking places of increasing degrees, then it
contains places of every degrees until some integer k, except in the case of ¢ = 2
and the only degree 2 place of Fo(z) has been removed from P,,. We can assume
that P is always in P,. Note that the polynomial associated to P, is defined by
P (x) =1 (see Definition 3.4). Suppose that P,, contains places of every degree
until some integer k. Then, there exists P;(z) of degree j for j = 1,...,k. Set
Vi(xz) = 1. Then, for i = 2 to n — 1, we construct the polynomials V;(x) by taking
the product of all monic polynomials by increasing degrees until the degree is equal
to ¢ — 1 (if the degree gets greater than ¢ — 1, divide this product by an appropriate
monic irreducible polynomial, that is in the support of V; at this moment of the
construction). If ¢ = 2 and P, does not contain the place of degree 2, we can
divide V; by the two irreducible polynomials of degree 1. Moreover, the sum of
all P;(z) is of degree 2n — 2 > n, and then we can construct V;(x) of degree d
for all d = 0,...,n — 1. Finally, since there exists some products of the P;(x) for
any degree d, one can obtain n vectors Vi(z),...,V,(z) of degrees 0,...,n — 1
respectively, such that for all j the function V;(x) is the product of some distinct
P;(x). Then, B = {Vi(x),...,Vp(x)} is a P, —basis of L(D). O

Moreover, Algorithm 1 is ending in polynomial time.
PROPOSITION 3.8. Algorithm 1 is running in time O(n3lognloglogn).

PrOOF. Step 1. For the n vectors, we take at most n products of P;(z). We
roughly consider that we have at most n? products of polynomials whose degrees are
bounded by n. Each product can be computed with O(nlognloglogn) operations
by Schnhage-Strassen ([SS71], [vaGGO03, Theorem 8.23.]), thus this step can be
completed in time O(n3logn loglogn).

Step 2. The matrix T)p is constructible using O(n?) operations in the base field.
Indeed, the coefficients of the matrix are obtained by computing the evaluations
of the polynomials in the basis of £(D) at the places in P,. The evaluation of
such a polynomial V' (z), that is of degree at most n — 1, at a place P of degree
d < n is obtained by the modular reduction of V(z) modulo P(x). More precisely,
let v(z) = V(z) (mod P(x)) = Z?;OI viz'. The coefficients of {vg,...,v4_1} are
exactly the evaluation of V(z) at P in the basis {1,q,...,a% !}, for a a root of
P(z). Such a computation gives d coefficients of the matrix, and can be computed
using the Euclidean Algorithm for polynomials, that uses O(nd) operations by
[vzGGO03, Theorem 3.11.]. The matrix Tp having O(n?) coefficients, it means that
all of them can be computed using O(n?) operations. Then, for the n columns, we
count each occurrence of non-zero scalars in the 2n — 1 coefficients. Then, we have
to multiply the n vectors of the basis, and the n columns of Tp by a scalar. This
last part is computed in O(n?). Finally, this step uses O(n?) operations in F,. O

REMARK 3.9. In [HvdH19], it is proven that if there exists a Linnik constant
with L < 1427162 the product of two degree n polynomials over Fy can be computed
in O(nlogqlog(nlogq)), uniformly in q. Considering that q is fized, the running
time of Algorithm 1 becomes O(n3logn).

EXAMPLE 3.10. Table 2 gives an illustration of the improvement of the com-
plezity of Chudnovsky-type algorithms over the projective line for small extensions
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TABLE 2. Total complexity of Chudnovsky-type algorithms over Fy(z)

n 2 3 4 5 6 - 54
Non optimized 7 23 54 91 129 10152
Generic optimization 7 20 49 77 99 8703

of Fa, and for the extension of degree 54. The non optimized algorithm uses the
canonical basis {1,z,...,2"" 1} of L(D), while the generic optimization uses the
basis provided by Algorithm 1. Details are given in Section 4.3.

3.2.3. Non-generic optimization. Even though we obtained a first improvement
of the total complexity, this generic process does not provide the P,,—basis of £(D)
giving the best total complexity. For instance, we should take the vectors in the
basis of the highest possible degree, since it ensures more zeros in the matrix. If
the degree of the extension is low, we can check all possible P, —bases of L(D).
Nevertheless, there are less than 2#7» possible vectors for the basis, and hence less

than (2#:n) possible P,,—bases to try.

REMARK 3.11. Fwven if this complete optimization is too heavy to be used gener-
ically for large extension degree, it is still way more efficient than the optimization
of [BBD19, BBD21] involving the action of the linear group. Considering the
optimization in the extension of degree 13 of Fi¢, the linear group is of cardinal-
ity ~ 10293, while our strategy would consist in looking through < 107 possible
P,—bases.

Depending on the time and resources that can be used, we can still improve
the complexity of the algorithm. Instead of looking through all possible P, —bases,
we can focus on the bases including only vectors of degree n — 1 or n — 2. Between
these vectors, one can only look through the ones whose evaluations give a maximum
number of zeros. An example of such optimization is given in Section 4.2.

This ends our strategy to optimize a Chudnovsky-type algorithm L{,f ~(Q) over
the projective line, when the parameters P,, and @ are fixed. Finally, one can look
for the best parameters, i.e. include in P, in priority the places P such that the
multiplication in Fp with Z/{zgfé};(P) has the lowest complexity, or similarly for the
place @ of degree n. A full optimization process is given in Section 4.1.

4. Examples

In this section, we provide several examples of optimizations of Chudnovsky-
type algorithms over the projective line. All the computations were done using
Magma Computational Algebra System [BCP97].

4.1. Multiplication in Fy55 over Fy. We now illustrate the strategy intro-
duced in the previous section to the multiplication in the extension of degree 4
of F4. The construction of a recursive Chudnovsky-type algorithm over the pro-
jective line to multiply in this extension has already been given in Example 2.7.
More precisely, consider Fy = %. Hence, the elements of Fy are {0, 1,w,w?},
where w is a root of 22 + x + 1. Let F4(x), be the rational function field over
F4. This function field has 5 rational places, that we denote by Py, P1, P, P2 and
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P... These places are given by the irreducible polynomials z,z + 1,z + w, x + w?
and the place at infinity respectively. There exist 6 places of degree 2, which we
denote by P2,..., P2, and 60 places of degree 4. As in Example 2.7, we take
Py = {Py, P1, P, P2, P, P?}, where P? is one of the six places of degree 2, to
obtain an algorithm of optimal bilinear complexity. Consequently, our algorithm
requires to use the algorithm L{f 2(P?). We first focus on optimizing this algorithm,
in order to take P? such that the complexity of 24} 3(P?) is minimal.

4.1.1. Optimization ofufg (P?). As seen in Example 2.7, the Chudnovsky-type
algorithm over the projective line for the multiplication in the quadratic extension
of Fy is defined using the ordered set Py = {Py, P1, Poo}. Actually, the canonical
basis {f1, fo} = {1,2} of L(D) is already optimal. In fact, the matrix Tp is then
given by

f1(Po)  fa(Fo) 1o
Tp=| filP) faoPr) | =11 1

It has a maximal number of zero with respect to Proposition 3.2, and all its non-
zero coefficients are equal to one. Hence, this matrix is optimal in terms of scalar
complexity. Thus we do not need to search for a better basis of £(D). It remains
to find for which places of degree 2 we obtain the more competitive algorithms.
Hence, we compute C’T;D1 for all the 6 possible places of degree 2 of Fy(x). We
obtain

e N.(CTyp) =2 with P? = (22 +  + w) and P} = (2 + z + w?),

e N.(CTyp) = 1 with all other places.

Moreover, using P? or P}, we have Ny (CT;Dl) = 3. Hence, we can pick either P}
or P} as the place of degree 2 in P,. By Proposition 3.3, we obtain

ps U3 (PP)) = 1,
and the number of additions is given by
a(U3(PP)) = 4.

4.1.2. Optimization of Uj3(Q). Recall that Py = {Py, Py, Py, P2, Px, P?}.
By the previous section, one shall pick P? = P} = (22 +z+w) or P} = (22 +z+w?).
In the following, we choose P? = P{.

We want to construct a good basis Bp of £(D), with D = 3P.. Hence the
Riemann-Roch space £(D) is the space of polynomials of degrees at most 3 over Fy.
Note that this time Py, is in P4. By Definition 2.6, a function f in £(D) has a zero
at P, if and only if f is a polynomial of degree at most 2. For all other places P
in Py, let P(x) be the corresponding polynomial. Then, a function f in £(D) has
a zero at P if and only if P(x) | f. By Corollary 3.6, we shall construct the vectors
of the basis as polynomials of degrees n — 1 or n — 2, which are the product of the
polynomials defining the places in P;. Moreover, we want this vectors to vanish on
rational places. Hence, we construct possible vectors for the basis of £L(D) as

e the product of two irreducible polynomials of degree one P;(x)Pj(x), for
i,j € {0,1,w,w?}, then this vector has zeros at the places P, P; and Py,

e the product of three irreducible polynomials of degree one P;(z)P;(x) Py (z),
for 4,4,k € {0,1,w,w?} then this vector has zeros at the places P;, P; and
Py.
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Consequently, we can take the vectors of the basis Bp as the product of three
distinct elements of {1,z,2 + 1,2 + w,x + w?} until a basis is found. This gives
(i) = 10 possible vectors for the basis of £(D). Then, there are (T) = 210 possible
combinations of these vectors to build the basis. Moreover, we want the vectors
in each combination to be relatively prime in terms of polynomials, so that they
do not all vanish at the same place. By computation, There are 150 possibilities
left. We now consider that for given parameters, we only have to look through
150 possibilities to construct a Py—basis of £(D). In the strategy of [BBD19] and
[BBD21], it was required to look through | GL4(F4) |= 2961100800 possibilities.
By Corollary 3.6, there are at least 12 zeros in the matrices T» obtained using these
bases. Nevertheless there can be at most 16 zeros by Proposition 3.2. We obtained
exactly one basis of £L(D) such that N,(Tp) = 16. This basis is given by

Bp = {(z+w)(z+1),z(x+1),(z +w?)(z +w),z(x+w?)(z+w)}

The corresponding evaluation matrix Tp is then

w 0 1 0
0O 1 0 O
w 1 0 0
=10 0 1 1
0 w w2 0
w 0 0 w?
0 0 0 1

where the rows are given by the evaluations at the places in Py, with the following
order: Py, P,, P,2, P;, P? and Ps,. Notice that the evaluation at P? takes two rows,
in the basis {1,a}, where « is a root of P?(x). Following Step 2 of Algorithm 1,
one shall try to increase the number of ones in this matrix. In particular, the first
column only contains 0 and w. Hence, we modify the basis by multiplying the first
vector by w™! = w?, we obtain

Bp = {W(z 4+ w)(x+1),z(x + 1), (2 + w?)(z + w), z(z + w?)(z + w)}

and
1 0 1 0
0 1 0 0
11 0 0
T,=10 0 1 1
0 w w? 0
1 0 0 w?
0 0 O 1

The last step is now to find a place @) that gives the best scalar complexity.
Finally, we compute the matrices C’TQ_D1 using the basis of £(2D) given by Bap =
Bp U {z*, 2% 2%} for all the 60 places Q of degree 4 in Fy(x). There are 3 places
such that CTyp has a maximum number of zeros N,(CTyp) = 12. Between those
matrices, two have 4 coefficients equal to one, and the last one, that is defined using
Q = (z* + wr? + wz + w?), has 6 coefficients equal to one. The matrix is in this
latest case given by
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w2 0 w 0 1 0 1

1|1 0 0 w2 w? 1 W
=10 w2 0 0 w 0 1
0 w w 0 0 w 1

Finally, the algorithm Z/IZ 1(Q) is obtained with these parameters. The finite
field Fy4 is represented as F4[x]/(Q(x)) = F4[8], for 8 a root of Q(z). Its basis over
F, is given by Bg = Evg(Bp) and hence by

BQ _ {643 5198 ﬂlOS 6109}'
4.1.3. Comparison with other algorithms. The matrices obtained contain N, (Tp) =
16 and N, (CTyp) = 12 zeros, and Ny(Tp) = 9 and Ny (CTyp) = 6 ones. Finally,
we can compute the scalar complexity of L{f 1(@Q), including the scalar complexity
of Z/{zé (P?). By Proposition 3.3, we obtain,

s (UH(Q)) = 17,
and
a(U4(Q)) =4+2 x5+ 12 = 26.

Originally, the Baum-Shokrollahi experiment [BS91] introduced an algorithm
for the extension of degree 4 of F4 with optimal bilinear complexity. This algorithm
is an original CCMA over the function field defined by the Fermat curve u®+v3 = 1.
It also uses 51 scalar multiplications and 52 additions. In [BBD19, BBD21], the
same algorithm is optimized (BS Optimized) with a good choice of the basis of
F44 to obtain only 33 scalar multiplications and 33 additions. In this paper, the
proposed algorithm is constructed over the rational function field, and only requires
17 scalar multiplications and 26 additions, for the same bilinear complexity.

At last, we want to compare our algorithm to well-known methods of polyno-
mial interpolation. The generalized Karatsuba algorithm computes the product of
two 4-terms polynomials using 9 (bilinear) multiplications and 24 additions (see
[WPO06], Appendix). Once that this product is computed, the modulo Q(z) re-
duction still needs to be performed. For the comparison, we define F 4 as in our
construction, using Q(z) = x* + wa? + wr + w?. The reduction then uses 9 ad-
ditions and 8 scalar multiplications. The comparison between these methods is
given in Table 3. We can see that the total complexity of our algorithm is equal to
Karatsuba’s to the nearest 1.

REMARK 4.1. Other experiments have similar performances, for example for
the degree 3 extension of Fo, regardless of the polynomial used to define the extension
(see Table 6 and Table 7).

TABLE 3. Comparison of algorithms for the multiplication in F 4

Algorithm poU)  psU)  aUd) )
Baum-Shokrollahi [BS91] 51 52 111
BS Optimized [BBD21] 19 43 70

Our construction 17 26 51

8
8
8
Karatsuba [WPO06] + Reduction 9 8 33 50
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4.2. The degree 13 extension of Fi5. Let the finite field Fi5 be defined as
Fy(w), where w is a root of z*+z+1. In [Bal02], Ballet constructed a Chudnovsky-
Chudnovsky Multiplication Algorithm with quasi-optimal bilinear complexity for
the multiplication in the extension of degree n = 13 of F14. This algorithm is defined
using the hyperelliptic curve given by the plane equation 3% + y = x° of genus 2
that has 33 rational points. The algorithm uses 27 bilinear multiplications, that
is still the best known bilinear complexity for the multiplication in this extension.
The calculation of the number of operations of such an algorithm in Magma gives
833 scalar multiplications and 840 additions.

We can define a Chudnovsky-type algorithm over the projective line for the
multiplication in Fg13 over F14. The rational function field over F14 has 17 rational
places and 120 places of degree 2. We construct the set P16 with the 17 rational
places and 4 places of degree 2. Then, the sum of the degrees of the places in Pi4 is
equal to 17+2 x4 = 25 = 2n—1. As in the previous example, we start by including
in Py the places P? of degree 2 such that the algorithm UﬁfQ(PQ) has the best
complexity. There are 8 places P? of degree 2 such that (1/117%272(P2)) =1 and
a(UZZfQ(P2)) = 4. We include 4 of them in Pj¢. In the following, we consider that
the places of degree 2 in Py are given by (22 +z+w7), (2 +z+w!?), (22 +2+w'?)
and (22 4+ z + w!!). Consider the place Q = (z* + 2* + 23 + x + 1) of Fyg(x) of
degree 13, and D = 12P,,. We can now construct the algorithm L{f&% (Q). Without
any optimization, we use the canonical basis of £(D) given by {1,z,...,2'?}. The
algorithm then uses 29 bilinear multiplications, 686 scalar multiplications and 815
additions.

4.2.1. Generic optimization. With Algorithm 1, we can construct a P1g—basis
of L(D). This basis is given by

i =1,
Vé =z,
Vi =wha? + wle,
Vi =wbBd +wdr? +wz,
Vs = wBat w28 + wla? + wia,
Vo =w'?d+ w4+ wdz®+2%+ w7,
Vo = w4 wBed 4ot 4+ wdrd 4 wlia? 4+ W,
Vo =w2z” +wab +wllad® +wrt +wied + wba2? + Wiz,
Vo =wMa® 4w’ + w20 +wia® 4+ w2zt 4+ w0ad + wTx? + Wiz,
Vio = w29 + w328 4+ wa” + wd2b + wa® + w2zt + wia® + w22 + wix,
Vii = w20 4+ g + w28 + Wz’ + wba® 4+ wlla® + woat
+w?ad + wr? + W'z,
Vie =Pzl 4+ w20 + w82 + w8 + wla” + wiab + WTad
+wlzt + whad + w22 + 7,
Vis =22 + w21 4+ w8210 4 wia® 1+ w28 4+ wiBza + Wiz + w'2ed

+w4x4 + wdz? + w32 + wz.

Using this basis, the complexity of the algorithm is reduced to 614 scalar multipli-
cations and 705 additions.

4.2.2. Non-generic optimization. In Remark 3.11, we saw that there are too
many possible P1g—bases for an exhaustive search. Nevertheless, we can still im-
prove our algorithm. Using the proof of Proposition 3.2, a column of the matrix
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Tp contains at most n — 1 + 4 = 16 zeros, since Pig contains 4 places of degree
2. Moreover, this equality is possible if and only if the corresponding vector of
the basis of £(D) vanishes only on rational places. Thus, we consider the set
S={l,z,v+w,x+w? ..., 2+w'®}. By corollary 3.6, we want to construct prod-
ucts of these elements of degree 11 or 12, such that such a function vanishes on
12 rational places of Fig(x). Such a polynomial is the product of 12 elements of S.
Hence, there are (g) = 6188 possibilities. Moreover, the evaluation of each of these
vectors gives at most 16 zeros. For all these functions f, we compute Evp(f), the
vector of the evaluations of f at the places in P1g. There are 49 of them containing
16 zeros. Finally, it remains to find a basis using 13 of these vectors. There are
still ({5) = 262596783764 possibilities. This is very few compared to an exhaustive
search of a Pig—basis (F 1072 possibilities), but still too much. We finally ran-
domly search a basis using these vectors, and apply Algorithm 1, Step 2 to reduce
the number of scalar multiplications. We obtain the following.

Vi = wi!? 4+ wP210 4 w829 + wa® + w2ab + w025 + Wizt + wad + W2
+wl?z +1,
Vo =wiz!? 4 wP2l0 4 B2 + wdr® + w2ab 4+ w0 + Wt + wad
+wl?g? —l—wa,
Vs = wr'? +wirl® £ w220 + wbad + wdaz® 4+ wl0a® + wlrt 4+ wisd
+w2? 4+ w'?e,
Vi =2 4 w9210 4 w0199 4 wTeT 4+ wTab 4w 4+ ot 4 w222 + W,
Vs = w222 + w0210 1 420 1 0%8 + wab + wia® + w2zt + Wil
+wb2? —i—w?’m,
Vo =wBall 4 wlBg10 1309 1 1827 1 1346 4 (845 1 33 4 wBa? + wia,
Ve =22 429+ w028 4+ 20 + Wizt + 23 + W'V + wdz,
Ve = wla!2 4 w010 4 g 4+ w28 4+ wiab 4 wPad + wlat + w2ad + wiz?
+uwiz + 1,
Vo =w0212 4210 4509 4808 4 w820 4+ 2% + wiat + w03 + w22? + wa,
Vie = a4+ 210 4 29 4+ w1027 1 w196 4 (55 1 wiad 4 22 4 Wi,
Vii = w22l 4 w1210 1509 1 Mg T ol 4 (705 1 gt 1 wfa2 1 By,
Vie =w?zM 4 w2210 4 w1029 1 27 4 26 4 wba% + Wizt + w23 + w2a? + Wi,
Vis = wMall 4 wMat0 4929 1 M7 4 w0 1 wta® + w923 + wie? + wa.

Using this basis, the Chudnovsky-type algorithm Uﬁi%(@) now uses 423 scalar
multiplications and 487 additions.

Karatsuba algorithm is more expensive in terms of bilinear complexity, using
66 bilinear multiplications instead of 29 with our method. It also uses 277 additions
([WPO06], Appendix). As in the previous section, we compute the reduction modulo
Q(z) with 66 additions. We notice that there is no scalar multiplication. This
is due to the choice of @Q(x) which has all its coefficients in Fy. This kind of
situation is more favorable to Karatsuba’s technique than to our method for the
scalar complexity. On the other hand, we can see that our method is clearly more
efficient than the CCMA method using a curve of genus 2. The complexities of all
these algorithms are summarized in Table 4.

4.3. Generic optimization over Fy. For this last example, we fix the base
field to be Fo. We want to construct and optimize generically Chudnovsky-type
algorithms over the projective line to reach large extensions. In the following,
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TABLE 4. Comparison of algorithms for the multiplication in Fqg1s

Algorithm pwU)  psU)  ad)  plUd)
CCMA [Bal02] 27 833 840 1700

Our construction
Non optimized 29 686 815 1530
Generic optimization 29 614 705 1348
Non-generic optimization 29 423 487 939
Karatsuba [WPO06] + Reduction 66 0 338 404

each set of places P, is constructed by taking all places of growing degrees until
the sum is equal to 2n — 1. Recall that if at some point the sum is bigger than
2n — 1 we can remove from P, a place to obtain exactly 2n — 1. Note that since we
consider extensions of o, there are no scalar multiplication. Moreover, the number
of additions depends on the place of degree n used to define the extension. For this
reason, we return a list of values for the number of additions, following the order
of the places given by Magma. We give the results for the extensions of degrees
until 6 for a recursive Chudnovsky-type over the projective line first non-optimized
(Table 5), then generically optimized (Table 6), and compared to the Karatsuba
Algorithm ([WPO06], Appendix) with the polynomial reduction (Table 7).

Using all places of degrees lower than or equal to 6 of Fa(x), one can define
a Chudnovsky-type algorithm over the projective line for the multiplication in the
extension of degree 54 of Fy. The set Ps4 then contains all of these places. Con-
sidering Q(z) = 2 + 234 + 232 + 231 + 230 4 229 4 227 4 225 + 22! 4 218 4 217 4
210 4+ 2 4 213 4 27 + 2 + 22 + 2 + 1, we obtain the results of Table 8.

REMARK 4.2. In this paper, we focused on constructing the matrices that gives
the less possible operations when applied canonically. We did not focus on how
to compute the multiplication by those matrices. For instance, if a nmon trivial «
appears more than once in a column of a matriz, we can compute the multiplication
by o once and for all, thus reducing the number of scalar multiplications.

TABLE 5. Non optimized generic Chudnovsky-type algorithms
over the projective line

Extension  u(U) a(ld) min{p(U)}
degree
2 3 [4] 7
3 6 18, 17] 23
4 11 [44, 44, 43] 54
5 15 81,85, 76,78,78,79] 91
6 18 [118,125,115,112,112,126,112, 115, 111] 129

REMARK 4.3. This strategy of optimization is specialized to Chudnovsky-type
algorithms over the rational function field Fq(x), where the places are fully defined
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TABLE 6. Generically optimized Chudnovsky-type algorithms over
the projective line

Extension pu(U) a(ld) min{u(lU)}
degree
2 3 [4] 7
3 6 14, 14] 20
4 11 41,41, 38] 49
5 15 [65, 68,68, 62,63, 66] 7
6 18  [88,93,95,95,89,93, 81, 89, 85] 99

TABLE 7. Karatsuba [WPO06] + Reduction

Extension pu,(U) a(ld) min{puU)}
degree
2 3 [6] 9
3 6 19, 19] 25
4 9 32, 30, 35] 49
5 15 57,60, 58, 60, 63, 59 72
6 18 [82,78,71,67,78,79, 79,83, 75] 85

TABLE 8. Comparison of algorithms for the multiplication in Fys4

Algorithm wU) ad)  uUd)

Our Construction
Non optimized 303 9849 10152
Generic optimization 303 8400 8703

Karatsuba [WP06]+ Reduction 630 4512 5142

by polynomials over F,. Nevertheless, one can consider the generalization of this
strategy to optimize algorithms over a function field F/F, of genus g > 0, by using
local uniformizers of the places instead of monic irreducible polynomials.

REMARK 4.4. This work, together with [BBD19, BBD21], are the very first
works on the scalar optimization of Chudnovsky-type algorithms, and it reduces sig-
nificantly the number of algebraic operations used by these algorithms. Concerning
practical efficiency, this is a first step before being able to explore and realize efficient
implementations of the formulae given by the method. It would then be relevant to
realize timings of implementations of our algorithms, and possibly to compare it for
instance with the specific algorithms over Fy presented by Harvey, Lecerf and van
der Hoeven in [HvdHL16]. But this work of comparison with these algorithms
is sufficiently important to require a further work of its own. More precisely, it
requires to translate the algorithms we obtained in terms of computer instructions,
for example using multiplications, additions, but also shifts. Furthermore, it would
also be interesting to compare our results with other algorithms of evaluation and
interpolation over rational points (other than Karatsuba’s), that are closer to our
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method, like the Toom-Cook methods optimized by Bodrato [Bod07] and Bodrato
and Zanoni in [BZ0OT]. But even this comparison requires a non-trivial translation
of our method, which can only be done later.
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