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ABSTRACT

The combination and cross-correlation of the upcoming Euclid data with cosmic microwave background (CMB) measurements is a source of great
expectation since it will provide the largest lever arm of epochs, ranging from recombination to structure formation across the entire past light
cone. In this work, we present forecasts for the joint analysis of Euclid and CMB data on the cosmological parameters of the standard cosmological
model and some of its extensions. This work expands and complements the recently published forecasts based on Euclid-specific probes, namely
galaxy clustering, weak lensing, and their cross-correlation. With some assumptions on the specifications of current and future CMB experiments,
the predicted constraints are obtained from both a standard Fisher formalism and a posterior-fitting approach based on actual CMB data. Compared
to a Euclid-only analysis, the addition of CMB data leads to a substantial impact on constraints for all cosmological parameters of the standard
Λ-cold-dark-matter model, with improvements reaching up to a factor of ten. For the parameters of extended models, which include a redshift-
dependent dark energy equation of state, non-zero curvature, and a phenomenological modification of gravity, improvements can be of the order of
two to three, reaching higher than ten in some cases. The results highlight the crucial importance for cosmological constraints of the combination
and cross-correlation of Euclid probes with CMB data.

Key words. large-scale structure of Universe – cosmic background radiation – surveys – methods: statistical
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1. Introduction

The apparent accelerated expansion of the Universe at recent
cosmological epochs, revealed through the luminosity-distance
relation of type Ia supernovae (SN, see Abbott et al. 2019
and references therein), and confirmed independently by the
other main cosmological probes (see Planck Collaboration VI
2020; Alam et al. 2021, and references therein), is one of the
greatest puzzles of modern cosmology. The ensemble of pos-
sible phenomena responsible for this acceleration constitutes
the classes of dark energy (DE) and modified gravity (MG)
models (see e.g. Weinberg & White in Particle Data Group
2020), often captured under the same umbrella term of ‘dark
energy’. Probing and unveiling the physical nature of the DE
requires us to measure its effects on both the cosmological
expansion and its dynamics. Both effects leave imprints at low
redshift and can thus be observed through several probes, includ-
ing SN, baryon acoustic oscillations (Percival 2017), the full
power spectrum of galaxy clustering (GC, Wang et al. 2019) and
weak lensing (WL, Munshi et al. 2020), galaxy cluster number
counts (Lacasa & Rosenfeld 2016), and their cross-correlations
with the cosmic microwave background (CMB, Ballardini et al.
2019a). The importance of understanding the nature of DE
has triggered the development of large ground-based, photo-
metric and/or spectroscopic galaxy surveys, such as the Kilo-
Degree Survey1 (Prole et al. 2019), the Dark Energy Survey2

(Abbott et al. 2018a), the (extended) Baryon Oscillation Spec-
troscopic Survey3 (Alam et al. 2017; Icaza-Lizaola et al. 2020),
the Dark Energy Spectroscopic Instrument4 (Dey et al. 2019),
the Javalambre PAU Survey5 (Bonoli et al. 2021), the Vera C.
Rubin Observatory6 (VRO, formerly the Large Synoptic Survey
Telescope, Kahn 2018), and the Roman Space Telescope7 (for-
merly the Wide Field InfraRed Survey Telescope, Akeson et al.
2019).

Joint analyses combining several or all of these low-redshift
probes can lead to substantial improvement in constraining the
cosmological model. Although present data are already capable
of constraining the values of the parameters characterising DE
to an unprecedented level (see e.g., Abbott et al. 2018b), there
are still some degeneracies between these parameters and: (i)
other cosmological quantities, such as the dark matter density,
neutrino masses, curvature, etc.; (ii) astrophysical – or so-called
nuisance – parameters involved in the models, such as (tracer)
biases, mass calibration, etc.; and (iii) systematic effects, espe-
cially in extensions to the standard model. Such degeneracies
can be broken by not only combining but also cross-correlating
galaxy surveys with complementary cosmological probes.

Among these other data, the CMB provides us with a pow-
erful and unique window on the early history of the Uni-
verse, as well as its geometry, dynamics, and content. The
Atacama Cosmology Telescope8 (Datta et al. 2019), the South
Pole Telescope9 (Bianchini et al. 2020), the PolarBear/Simons
Array (Polarbear Collaboration 2020), and the Planck satel-
lite10 (Planck Collaboration VI 2020) already provide maps

1 kids.strw.leidenuniv.nl
2 darkenergysurvey.org
3 sdss.org/surveys/eboss
4 desi.lbl.gov
5 http://www.j-pas.org/
6 vro.org
7 roman.gsfc.nasa.gov
8 act.princeton.edu
9 pole.uchicago.edu
10 esa.int/planck

of the CMB temperature anisotropies with high signal-to-
noise ratio overlapping with several ground-based galaxy sur-
veys, thus allowing for joint analyses. Among potential stud-
ies, the cross-correlation of WL or GC with CMB lensing,
which is (among other things) sensitive to the angular-diameter
distance to the last-scattering surface, has been extensively
explored (Holder et al. 2013; Hand et al. 2015; Kirk et al. 2016;
Baxter et al. 2019). Another example can be found in cross-
correlations with the thermal Sunyaev-Zeldovich (tSZ) signal,
a secondary effect imprinted on top of the primordial CMB
anisotropies, which has been measured with increasing precision
as well (Ma et al. 2015; Hojjati et al. 2017; Osato et al. 2020;
Yan et al. 2021). Additionally, several future CMB experiments,
such as the Simons Observatory11 (SO, Ade et al. 2019) and
the so-called CMB-Stage 4 project12 (CMB-S4, Abazajian et al.
2016), are planned for the next decade and will yield highly
improved high-resolution measurements of the CMB intensity
and polarisation. The expected improvement on the measure-
ment of the lensing signal from the CMB photons will increase
the constraining power of this probe and of its correlation with
galaxy-survey-based tracers.

Within the next few years, the Euclid satellite13 will be sur-
veying the sky, mapping the large-scale structure (LSS) of the
Universe with unprecedented precision, depth, and coverage.
Over a volume corresponding to about 15 000 deg2 on the sky
and up to redshifts of z ∼ 2, the Euclid Near Infrared Spec-
trometer and Photometer (Euclid-NISP) will be able to measure
up to 30 million spectroscopic redshifts (Pozzetti et al. 2016),
which can be used for GC measurements, while the Euclid Vis-
ible Instrument (Euclid-VIS) will measure 2 billion photometric
galaxy images enabling WL observations (for more details, see
Amendola et al. 2013; Laureijs et al. 2011). The unprecedented
quality of the Euclid data will offer a new insight into the late
Universe, more specifically on the growth and evolution of large-
scale cosmic structures and on the expansion history of the Uni-
verse. Hence, Euclid data will enable us to make a leap forward
in our understanding of the evolution of the late Universe and of
the nature of the elusive DE.

Motivated by the need to assess the future performance
of Euclid and its dependence on the design of the instru-
ments, the Euclid Consortium has dedicated considerable efforts
over the years towards providing reliable and realistic fore-
casts for the expected accuracy of cosmological measurements.
First produced in the Assessment Phase Report (Refregier et al.
2010, colloquially known as the Yellow Book), and later
refined in the Definition Study Report (Laureijs et al. 2011,
Red Book), the Euclid forecasts have been recently updated by
Euclid Collaboration (2020, EC20 in the following), including
a comprehensive comparison of different and independent fore-
casting codes. EC20 updated the specifications of the satellite
with a much higher degree of precision, specified in detail the
assumptions used in calculations, and explored relevant cosmo-
logical models, thus providing a complete picture of the Euclid
capabilities with respect to the late Universe observables, namely
GC, WL, and their cross-correlations. Furthermore, EC20 pro-
vided a robust set of Fisher-matrix predictions, greatly improv-
ing upon previous work in terms of precision and sophistication.

In the future, not only will we jointly use WL and GC for the
cosmological analysis of Euclid data, but we will naturally make
use of the CMB information available at that time. As shown

11 simonsobservatory.org
12 cmb-s4.org
13 euclid-ec.org
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in studies performed with CMB and ground-based survey data,
the combination of the two datasets provides a great lever arm
in time to constrain cosmological models. Moreover, the cross-
correlations between the late-time LSS and CMB observables,
arising mostly from the secondary anisotropies of CMB pho-
tons (see Aghanim et al. 2008 for a review), provide additional
cosmological information at later times. Exploiting the cross-
correlation between Euclid and the CMB data will additionally
help to reduce the impact of potential systematic effects in the
datasets. The exploration and preparation for this joint analy-
sis is the raison d’être of the ‘CMB cross-correlations’ Science
Working Group of the Euclid Consortium, responsible for the
inception and the realisation of the present work.

Here, we extend the work done by EC20 and forecast the
expected precision on cosmological parameters achievable from
the complete combination and cross-correlation between Euclid
and CMB data. Concerning the main Euclid probes, we adopt
the relevant recipes and assumptions for Euclid GC (both spec-
troscopic and photometric, thereafter dubbed GCs and GCp,
respectively), WL and their cross-correlations. We extend those
to include CMB fields, namely total intensity, polarisation and
lensing, as well as all possible Euclid×CMB observables, based
on the same updated specifications for the Euclid survey.

This work is organised as follows. In Sect. 2, we describe
the cosmological models considered in our forecasts and the
parameters that characterise them. In Sect. 3, we introduce the
Fisher matrix formalism (as well as an alternative posterior-
fitting method) in order to estimate expected uncertainties on
cosmological parameters, and we describe our methodology
for the computation of all observables relevant to the full
Euclid×CMB combination. In Sect. 4, we present the forecast-
ing codes included in our analysis and describe in detail the
code comparison procedure that we performed, following the
same guidelines as in EC20. In Sect. 5, we present the final cos-
mological parameter forecasts for the Euclid and CMB probes,
considering first the cross-correlation with the lensing signal
from the CMB separately, since it is a natural counterpart to
the Euclid probes of the LSS, and then the full joint analysis of
Euclid and CMB probes. Finally, we present our conclusions in
Sect. 6.

2. Cosmological context

This section aims to describe the different cosmological models
explored in these forecasts, and their associated free parameters.
The present work represents an extension and completion of the
Euclid-only study described in EC20, hence for consistency we
follow the same conventions for parameters and instrument spec-
ifications and we investigate the same cosmological models. To
avoid unnecessary repetitions with EC20, we only report here
some essential points for convenience, and refer the interested
reader to Sect. 2 of EC20 for additional details.

The spatially flat ΛCDM model is the baseline case con-
sidered in this work; it can be described by a minimal set of
six parameters. For consistency with EC20, our choice of free
parameters includes: (i) the dimensionless Hubble parameter h,
defined as H0/(100 km s1Mpc1) where H0 is the Hubble rate at
the present time; (ii) the total matter density parameter at present
time, Ωm,0, defined as the current total matter density divided
by the critical density ρc = 3H2

0/(8πG); (iii) the same den-
sity parameter as above but for baryons, Ωb,0; (iv) the spectral
index of the primordial power spectrum of scalar perturbations,
denoted by ns; (v) the amplitude of matter density fluctuations

at the present time through the σ8 parameter14; (vi) the optical
depth of reionisation τ, to which Euclid probes are insensitive
(and thus was not considered in EC20), but which is crucial for
CMB studies.

We include in this baseline model a so-called ‘minimal
massive neutrino’ scenario (used as a baseline notably in
Planck Collaboration XIII 2016), with a single massive neutrino
with 0.06 eV mass and two massless neutrinos. In our analy-
sis, this neutrino mass is never considered as a free parameter15.
In addition to the aforementioned baseline parameters, we con-
sider the following three extensions to the flat-ΛCDM model,
each accompanied with its new parameter(s). First, we relax the
assumption of spatial flatness by allowing the curvature of the
Universe to be non-zero. This is equivalent to varying ΩDE,0,
the DE density parameter, while both Ωm,0 and h are kept con-
stant (see EC20 for details). Therefore, we use ΩDE,0 as a new
parameter in the relevant sections of our analysis. Second, we
consider the possibility of DE being dynamical in time, with
a redshift-dependent equation of state wDE(z) following the so-
called CPL parametrisation (Chevallier & Polarski 2001; Linder
2003), which is wDE(z) = w0 +waz/(1 + z). Two new free param-
eters are thus introduced, with w0 being the present (z = 0)
value of the equation of state, and wa a measure of its time vari-
ation. Finally, we allow a deviation from the standard growth of
structure via a departure of the so-called growth-index parame-
ter γ (Lahav et al. 1991; Linder 2005) from its standard value of
γ = 6/11. We use this parametrisation to ease the comparison
with the Euclid forecasts in the Red Book and for compatibil-
ity with EC20. However, although widely used, the γ parametri-
sation provides an incomplete and simplified description of the
evolution of perturbations (which in general requires at least two
degrees of freedom as a function of time and space), as also
pointed out in EC20. It is valid only on sub-horizon scales and
therefore not optimal for the CMB, whose observational window
extends to super-horizon scales. In practice, we implemented it
inside the Boltzmann codes used in our analysis, following the
approach of Hojjati et al. (2011).

We summarise in Table 1 the fiducial values of all aforemen-
tioned parameters that we use throughout the present work.

3. Forecasting formalism

In this section, we give an overview of our forecasting formal-
ism and define specific quantities that are used throughout this
work. We also present the detailed recipes we adopted during
our implementation of the Fisher matrix formalism, and for the
computation of forecasts of the different cosmological probes
considered in the joint Euclid×CMB analysis.

3.1. General Fisher formalism

We are interested in quantifying the ability of Euclid and CMB
data to constrain the parameters of our minimal ΛCDM cos-
mological model and several of its extensions (see Sect. 2). In
order to do so, we use a standard Fisher matrix approach (Bunn
1995; Vogeley & Szalay 1996; Tegmark et al. 1997) where the
elements of the Fisher matrix F are defined as (minus) the expec-
tation value of the second derivative of the natural logarithm of

14 We note that this parameter is often dropped in favour of As when
considering CMB observables.
15 EC20 verified that another choice for the neutrino mass (within a
reasonable range permitted by current data) leads to nearly no change
in cosmological forecasts.
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Table 1. Fiducial values of the cosmological parameters considered.

Baseline Extensions
Ωb,0 Ωm,0 h ns σ8 τ

∑
mν [eV] ΩDE,0 w0 wa γ

(ωb,0) (ωm,0) (fixed)

0.05 0.32 0.67 0.96 0.816 0.058 0.06 0.68 −1 0 6/11
(0.022445) (0.143648)

Notes. We show here the parameter values of our fiducial cosmological model, both in the baseline-ΛCDM case and in the extensions that we
consider. Values are chosen to be identical to the ones in EC20. As mentioned in the text, it should be noted that for non-flat cosmological models,
ΩDE,0 is also varied in conjunction with ΩK,0 (so as to keep all other parameters constant).

the likelihood L with respect to the model parameters of interest
(denoted θi here), evaluated at their fiducial values θi,fid:

Fαβ = −

〈
∂2 lnL
∂θα∂θβ

〉∣∣∣∣∣∣
θi=θi,fid

. (1)

The inverse of the resulting Fisher matrix is then a good approx-
imation of the covariance of the posterior distribution of model
parameters (that one would have obtained via for example stan-
dard Markov chain Monte Carlo techniques, hereafter MCMC),
ensemble-averaged over many realisations of the data. If the
probability distribution of the observables used to build the like-
lihood is Gaussian, then the Fisher matrix can be computed ana-
lytically:

Fαβ =
1
2

Tr
[
C−1 ∂C

∂θα
C−1 ∂C

∂θβ

]
+
∂µT

∂θα
C−1 ∂µ

∂θβ
, (2)

where Tr stands for the trace operator for a (square) matrix, µ
is the vector of expectation values for the observables consid-
ered, C is their theoretical covariance, and all derivatives are
evaluated at the fiducial point θi,fid. In the present study, our
observables are the estimates – denoted by ĈXY

`
– of all pos-

sible angular auto- and cross-power spectra with observables X
and Y drawn from the following list: CMB temperature; CMB
polarisation (E modes only); CMB lensing; GCp16; and WL.
Consequently, the µ vector is a concatenation of the theoretical
expectations CXY

`
≡ 〈ĈXY

`
〉 of these estimated angular spectra,

and the C matrix corresponds to their covariance (cf. Eq. (16)),
which includes the expected sources of error in the context of
the various experiments we considered (see the next section for
more details about the computation of those quantities). We note
that, in practice, we keep only the second term of Eq. (2) when
computing our Fisher matrices. This is due to the fact that our
observables, ĈXY

`
, do not follow a Gaussian distribution but a

Wishart one; properly deriving the Fisher formula for such a
distribution (starting from Eq. (1)) leads to a formula identical
to Eq. (2) but without the leftmost term (see e.g. Carron 2013;
Bellomo et al. 2020).

Once the Fisher matrix is computed, an estimate of the
covariance matrix M of our model parameters17 is given by

Mαβ = (F−1)αβ , (3)

and the square root of its diagonal elements yields the 1σ
marginalised uncertainties on each parameter:

σα =
√

Mαα . (4)
16 GCs is considered as an independent probe, and its Fisher matrix
is directly added to our final computation using the publicly available
results of EC20. See also the last paragraph of Sect. 3.2.
17 More specifically, by virtue of the Cramér-Rao inequality, we obtain
a lower bound on the covariance of our parameters.

We note that in order to combine the Euclid Fisher matri-
ces with current CMB constraints (mainly Planck in our case),
the computation of theoretical CMB power spectra is required.
These spectra can be made to reproduce as much as possible
the characteristics (noise level, beams, etc.) of the actual exist-
ing CMB data, and should be computed using the same fiducial
model as the one used for the Euclid Fisher matrices. However,
one may argue that this method may not accurately reproduce
all the nuances of the actual CMB data. As a matter of fact, best-
fit values of cosmological parameters for the Planck data have
already been determined, and slightly differ (depending on the
exact dataset used) from the ones chosen by EC20 to build the
Euclid Fisher matrices. Moreover, the actual full Planck likeli-
hood is available and has been thoroughly sampled via MCMC
methods. We discuss in Sect. 3.6 an alternative to traditional
Fisher forecasting, making use of real CMB data. We stress,
however, that this method is not be applicable when consider-
ing forecasts involving future CMB surveys.

3.2. Recipe for the Euclid observables

As mentioned in Sect. 3.1, building our Fisher matrix implies
the computation of the theoretical expectation values of the set
of observables (for our fiducial models) as well as their expected
covariances and derivatives with respect to the considered model
parameters. Regarding the main Euclid cosmological probes –
namely photometric and spectroscopic galaxy clustering (GCp
and GCs), WL, and the cross-correlation between GCp and WL
– recipes for their computation are explained in great detail in
Sect. 3 of EC20. We summarise here the main points, and focus
on the specific aspects relevant to our endeavour.

Thanks to the unprecedented precision and depth of the
future Euclid survey, the WL and GC signals are expected to
be measured well over a series of redshift bins; in our analy-
sis, we consider five and ten photometric bins, respectively, for
the pessimistic and optimistic Euclid scenarios. The theoretical
modelling of the WL, GCp and cross-correlation power spectra
in each of those redshift bins consists of computing integrals of
the following form, assuming the flat-sky and Limber approxi-
mations:

CXY` = c
∫

dz
H(z)r2(z)

WX(z)WY(z) Pδδ

(
` + 1/2

r(z)
, z

)
+NXY` . (5)

In the above expression, the letters X and Y can stand either
for WLi or GCpi (the subscript i referring to the ith redshift bin
considered) andWX represents the so-called ‘kernel’ associated
with observable X. For WL, this kernel includes contributions
from both the cosmic shear signal (γ) and the intrinsic alignment
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Table 2. Specifications for the Euclid photometric survey.

Parameter Euclid

Survey area in the sky Asurvey 15 000 deg2

Sky fraction fsky 0.36
Galaxy number density ng 30 arcmin−2

Total intrinsic ellipticity dispersion σε 0.30
Minimum (measured) redshift zmin 0.001
Maximum (measured) redshift zmax 0.9 (pessimistic), 2.5 (optimistic)
Number of redshift bins Nz 5 (pessimistic), 10 (optimistic)
Minimum multipole (WL and GC) `min 10
Maximum multipole for WL `max 1500 (pessimistic), 5000 (optimistic)
Maximum multipole for GC `max 750 (pessimistic), 3000 (optimistic)

(IA) systematic effect, and can be written as

WWLi (z) =Wγi (z) −
PIAΩm,0

D(z)
WIAi (z) , (6)

with

Wγi (z) =
3
2

H2
0

c2 Ωm,0 (1 + z) r(z)
∫ ∞

z
dz′

ni(z′)
n̄i

[
1 −

r(z)
r(z′)

]
, (7)

WIAi (z) =
ni(z)

n̄i

H(z)
c

. (8)

The kernel corresponding to the GCp is

WGCpi (z) = bi(z)
ni(z)

n̄i

H(z)
c

. (9)

In these expressions, ni(z) stands for the observed number
density of galaxies in the ith redshift bin. It is given by the con-
volution of the true galaxy distribution n(z) with the photometric
redshift error, the latter being characterised by the probability
pph(zp|z) of a galaxy at a (true) redshift z to be measured via
photometry at a redshift zp. Furthermore, n̄i is the galaxy surface
density normalising ni(z) and D(z) is the linear growth factor.
PIA encapsulates a specific intrinsic alignment model described
in EC20, and introduces three nuisance parameters named AIA,
ηIA and βIA in the Fisher analyses. The specific forms of all
the aforementioned functions are given in EC20, and we note
that all parameters of the redshift distribution and photomet-
ric error models are fixed to their fiducial value in our analy-
sis. The galaxy bias bi(z) is assumed to be scale-independent
and constant in any given redshift bin, with fiducial values
bi =

√
1 + zc,i, where zc,i is the central redshift of the ith bin.

The resulting 10 bias parameters bi are part of the present Fisher
analysis, where they are considered as nuisance parameters. The
function H(z) is the usual Hubble rate as a function of red-
shift z. The total matter power spectrum Pδδ is evaluated at
k = (`+1/2)/r(z) in accordance with the Limber approximation,
where r(z) is the comoving distance as a function of redshift:

r(z) = c
∫ z

0

dz′

H(z)
. (10)

Measurements by Euclid will extend down to small scales
where clustering enters the non-linear regime. As a consequence,
the non-linear corrections of Halofit (Takahashi et al. 2012),
as well as the neutrino corrections of Bird et al. (2012), are
included in Pδδ. Finally, NXY

`
contains the shot-noise term:

NXY` =
σ2

n̄i
, (11)

where σ = σε (the total intrinsic ellipticity dispersion) when
X = Y = WLi, σ = 1 when X = Y = GCpi, and 0 otherwise.
The shot-noise amplitude is fixed throughout the analysis (and
thus is not part of the nuisance parameters).

We should note that, in practice, some of the numerical codes
used in the present analysis do not directly use the expression
shown in Eq. (5) – as detailed in Sect. 4. Indeed, since CMB
observables are also required in our analysis, and provided that
the Limber approximation cannot be applied to the computation
of such observables, the following expression was used instead:

CXY` = 4π
∫ ∞

0
dr1W

X(r1)
∫ ∞

0
dr2W

Y(r2)

×

∫ ∞

0

dk
k
PR(k) TX(k, r1) j`(kr1) TY(k, r2) j`(kr2) . (12)

This formula involves the use of more general scale- and time-
dependent ‘transfer functions’ T (k, r): they characterise the time
evolution (at any given scale k) of a perturbation of the cosmo-
logical quantity sourcing the considered observable, for example
in the case of GCp the perturbation of the matter density field.
Those functions are then multiplied by the primordial curvature
power spectrum (PR) instead of the total matter power spectrum
Pδδ. These transfer functions usually do not have a closed-form
expression and require the use of Boltzmann codes to be com-
puted. The presence of additional integrals involving spherical
Bessel functions ( j`) renders this expression much more compu-
tationally expensive. However, it holds for both Euclid and CMB
observables, as well as their inter- and intra-cross-correlations.

We report in Table 2 the specifications used to construct
the aforementioned WL and GCp angular power spectra. In
the present analysis, we consider two scenarios for the Euclid
probes: an optimistic case, where ten equally populated redshift
bins (ranging from z = 0 to 2.5) are exploited and the multipole
range extends from `min = 10 to 3000 and 5000 (for GCp and
WL, respectively); a more pessimistic case, where only five red-
shift bins (up to z = 0.9) are considered and the highest multipole
is reduced to ` = 750 and 1500 respectively. A visual representa-
tion of the aforementioned redshift bins is shown in Fig. 1, while
the exact binning scheme can be found in EC20.

As a final note, in accordance with the approach of EC20,
we consider GCs as an independent probe (thus uncorrelated
to all other probes considered) throughout our whole analysis.
The contribution of GCs to our final Fisher matrices is therefore
accounted for via the simple addition of the corresponding Fisher
matrix published by the Euclid Collaboration. The full recipe for
the GCs observables is detailed in EC20 and consists of the full,
anisotropic, and redshift-dependent galaxy power spectrum to
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Fig. 1. Redshift distribution (normalised to unit area) assumed for the
galaxies of the Euclid photometric sample in dashed blue; the grey
bands indicate the ten (observed) redshift bins used in the analysis, and
the solid blue curves show the ten corresponding true underlying red-
shift distributions. The solid orange curve shows the equivalent redshift
distribution (also normalised to unit area) derived from the CMB lens-
ing kernel of Eq. (15) for our fiducial cosmological model.

be derived from the Euclid spectroscopic galaxy sample. A pes-
simistic and optimistic version of GCs is also considered.

3.3. Recipe for CMB observables

We consider the information available in CMB data by using
power spectra from temperature and E mode polarisation
anisotropies and CMB lensing. We do not include the B mode
polarisation since it does not add information for scalar per-
turbations. Our choice of observables are the various angular
auto- and cross-spectra computed from those signals: CTT

` , CTE
` ,

CEE
` , Cφφ

`
, CTφ

`
, CEφ

`
(where T , E and φ respectively stand for

the CMB temperature, E mode polarisation and lensing signals).
The computation of those power spectra is taken care of by ded-
icated Boltzmann codes in our analysis, namely the popular and
well-tested CLASS and CAMB public codes (see Sect. 4 for more
details).

Similarly to Euclid observables, we contemplated a variety
of scenarios for the characteristics of the CMB observables con-
sidered: a Planck-like (nearly) full-sky survey and two types
of ground-based observatories based on actual future experi-
ments, namely the SO and CMB-S4. In the latter two cases,
the fraction of the sky expected to be covered will be of order
40%, translating into a lower bound of ` ' 40 for the available
range of multipoles for temperature and polarisation. In order to
avoid neglecting the precious amount of information contained
in the CMB at large scales (and their exquisite measurement
by Planck), our hypothetical two ground-based scenarios also
assume that constraints from the Planck large-scale temperature
and polarisation signals are included, via the addition of the cor-
responding C`s from Planck in the Fisher analysis for multipoles
` < 40. We stress, however, that measurement of the CMB lens-
ing on such large scales is not prevented (though it is noisier) by
the restricted sky fraction, thanks to the process through which
the signal is recovered – namely via high-order T and E corre-
lations on small angles, to which all scales of the lensing sig-
nal contribute and can thus be inferred. As a consequence, for

ground-based experiments we consider the full range of multi-
poles (starting from ` = 2) coming solely from the chosen exper-
iments for CMB lensing.

Regarding the specifications of CMB measurements in all
three scenarios, we adopt for the CTT

` and CEE
` spectra an

isotropic noise deconvolved with the instrument beam (Knox
1995):

NXX` = w−1
XX b−2

` , b` = exp
−1

2
` (` + 1)

θ2
FWHM

8 ln 2

 , (13)

where θFWHM is the full-width-at-half-maximum (FWHM) of the
beam given in radians and wTT, wEE are the inverse square of
the detector noise levels (∆T and ∆E) in µK arcmin, for tem-
perature and polarisation, respectively. The total noise for multi-
ple frequency channels is given by their inverse noise-weighted
sum. To estimate the CMB lensing noise, we reconstruct the
minimum-variance estimator for Nφφ

`
(Okamoto & Hu 2003) by

using the publicly available code quicklens18 and the noise
estimates NTT

` and NEE
` .

3.3.1. Planck

For simulating our Planck-like experiment, we aim to repro-
duce the Planck 2018 results for the ΛCDM model. Our tar-
get is the corresponding baseline data combination consisting
of temperature, polarisation (Planck Collaboration V 2020), and
lensing likelihoods (Planck Collaboration VIII 2020) released
by the Planck Collaboration. Due to the complexity of the actual
Planck data and likelihood, we have tailored the noise model and
parameters in order to reproduce the real data likelihood-based
uncertainties (Planck Collaboration V 2020) with the Fisher for-
malism. In summary, we use the sensitivity specifications of the
143-GHz channel of the HFI instrument (Planck Collaboration I
2016) with a sky fraction fsky = 0.7 and a maximum mul-
tipole `max = 1500 for TT, TE, EE. In order to reproduce
the (systematic-dominated) optical depth uncertainty, we inflate
NEE
` by a factor of eight for ` < 30 (Bermejo-Climent et al.

2020). The Planck-like effective noise for the CMB lens-
ing power spectrum is obtained through the specifications of
the 143 GHz and 217 GHz channels in Planck Collaboration I
(2016). The CMB lensing power spectrum Cφφ

`
uses a conser-

vative range, namely 8 ≤ ` ≤ 400 (Planck Collaboration VIII
2020).

3.3.2. Simons Observatory

The SO was initiated in 2016 with the goal of mapping the
CMB with three 50-cm-class refracting imagers and one 6-m
telescope at an altitude of 5200 m in the Chilean Andes. This 6-
m telescope will produce data appropriate for combination and
cross-correlation with Euclid. First-light is expected in 2022,
with science operations beginning in 2023. It will ultimately
cover a usable fraction of the sky of 40% (cf. Fig. 2) with
beam FWHM between 0.9 and 7.4 arcmin over the frequency
range from 27 through 280 GHz. Over the six bands spanning
this frequency range, the temperature noise expectations are
71 to 54 µK arcmin, while the goals are a factor of

√
2 better

(Ade et al. 2019). Figure 2 compares the sky coverage of Euclid
and SO. We use in our Fisher analysis the noise curves pro-
vided by the SO Collaboration in Ade et al. (2019)19. In practice,
18 github.com/dhanson/quicklens
19 We use the version 3.1.0 available at github.com/simonsobs/so_
noise_models.
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Fig. 2. Comparison of Euclid and SO sky coverage in Galactic coordi-
nates. The blue, semi-transparent regions covering most of the north-
ern and southern Galactic hemispheres away from the Galactic plane is
the currently planned Euclid sky coverage (Scaramella et al., in prep.).
In addition to a Galactic cut, Euclid also avoids regions within about
15◦ of the ecliptic plane, seen here as the band running from the lower,
left-hand part of the graphic to the upper, right-hand part. The region
covering most of the right of the plot (with a light red hue) indicates the
sky available to SO, assuming a minimum observation elevation of 40◦.
Roughly 70% of the celestial sphere is accessible to SO, though this
is reduced to around 40% when one makes reasonable Galactic cuts.
The underlying, grey-scale map shows the Planck 545-GHz map, which
gives one an indication of what regions are most contaminated by ther-
mal emission from Galactic dust.

we take the noise curves obtained with the ILC component-
separation method, assuming the baseline analysis for a sky frac-
tion of 0.4 (see Fig. 2). We differ here from the formula used for
Planck, since the SO noise is modelled using the component-
separation method for all channels. For our forecasts with SO,
we use data over 40 ≤ ` ≤ 3000 for TT and TE, 40 ≤ ` ≤ 5000
for EE, and 2 ≤ ` ≤ 3000 for φφ and Tφ. As mentioned at the
beginning of Sect. 3.3, this scenario also considers the addition
of large-scale data from the Planck survey; in practice, we add
this information via the first multipoles of all T- and E-related
spectra considered, up to ` = 40, with the same specifications as
described earlier for the Planck-like survey.

3.3.3. CMB-Stage 4

The CMB-S4 experiment, which will follow the SO (in com-
bination with the successors to the South Pole Telescope and
the current BICEP/Keck collaboration in Antarctica) is sched-
uled to begin taking data in 2027. We assume that it will have
an additional dedicated large-aperture telescope similar to that
of SO described above (Abazajian et al. 2016) and, given more
stringent foreground requirements, will also cover 40% of the
sky, although with improved depth. We use ∆T = 1 µK arcmin,
∆E =

√
2 µK arcmin and θFWHM = 1 µK arcmin. CMB-S4 is

expected to use data over 40 ≤ ` ≤ 3000 in temperature
and 40 ≤ ` ≤ 5000 in polarisation. The lensing power spec-
trum will use data from 2 ≤ ` ≤ 3000, and its noise curve
is taken as the so-called N0 bias (see e.g., Carron & Lewis
2017), which is computed using the quicklens code. Simi-
larly to the SO case, Planck-like large-scale information is also
added in this scenario. We note that one can expect to improve
upon the noise level since it is estimated by the Okamoto & Hu
(2003) method, notably by using iterative delensing (see e.g.,
Schmittfull & Seljak 2018). Therefore, the results shown in the
present work should be thought as being conservative and a
lower bound on the constraints obtainable from CMB lensing.

All specifications for our three considered CMB experiments
are summarised in Table 3, and the noise curves for all CMB
auto-spectra are shown in Fig. 3.

3.4. Recipe for Euclid×CMB observables

The computation of the Euclid×CMB observables (namely, all
possible combinations of the GCp or WL measurements with
the T , E, or φ signals) can be performed in principle by
using either of the two angular spectra equations described in
Sect. 3.2, namely Eq. (5) and Eq. (12). In practice, due to the
non-trivial nature of their transfer functions, any combination
involving T or E cannot be performed via the simplified, Limber-
approximated Eq. (5) and thus requires the use of Eq. (12) –
together with a Boltzmann code. We note, however, that due to
the mostly late-time nature of the CMB lensing signal, combi-
nations involving φ can use the simplified formula for cross-
spectra, using the following scale-independent CMB lensing
kernel:

Wφ(z) =
3
2

H2
0

c2 Ωm,0 (1 + z) r(z)
[
1 −

r(z)
r(z∗)

]
, (14)

where r(z∗) is the comoving distance to the surface of last scat-
tering at redshift z∗ (see e.g., Lewis & Challinor 2006). For com-
parison purposes, one can derive from the CMB lensing kernel
an equivalent of the redshift distribution present in the GC kernel
in Eq. (10):

Wφ(z) ≡
nφ(z)

n̄φ

H(z)
c
⇒

nφ(z)
n̄φ
≡ Wφ(z)

c
H(z)

. (15)

We show the resulting nφ in Fig. 1 for comparison with the GC
redshift distributions used in our analysis.

In total, we thus consider six cross-correlation signals
between Euclid and CMB probes, namely GCp×T , GCp×E,
GCp×φ, WL×T , WL× E, and WL× φ. We stress that for all
cross-signals involving WL, we properly account for the fact
that the WL kernel is composed of a shear (γ) part and an IA
part (cf. Sect. 3.2) and that each correlates differently to CMB
observables.

3.5. Fisher-matrix implementation

A key component required for the computation of Fisher matri-
ces is the covariance matrix of the considered observables. We
restrict ourselves to a Gaussian formulation of the covariance
between estimated angular power spectra, which is given by

Cov
[
ĈXY` , ĈX

′Y′

`′

]
=

δK
``′

(2` + 1) fsky

×
{[
CXX

′

` +NXX
′

`

] [
CYY

′

`′ +NYY
′

`′

]
+

[
CXY

′

` +NXY
′

`

] [
CYX

′

`′ +NYX
′

`′

]}
, (16)

where δK is the Kronecker delta, meaning that we assume no
correlations between different multipoles. The indices X, Y, X′
and Y′ can be any of the observables considered, namely T , E,
φ, WLi or GCpi. The noise terms for auto-spectra are described
in Sects. 3.2 and 3.3, while all cross-spectra are assumed to have
zero noise; this assumption holds as long as no given systematic
effect contributes to the corresponding combination of observ-
ables. We make a conservative choice for the value of the sky
fraction fsky in Eq. (16) by setting it each time to the smallest
fraction among the four X, Y, X′ and Y′ observables.
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Table 3. Specifications for CMB experiments.

Parameter Planck Simons observatory CMB+Stage 4
+ Planck low-` + Planck low-`

Sky fraction fsky 0.7 0.4 0.4
Beam FWHM θFWHM 7 arcmin 2 arcmin 1 arcmin
Temperature noise ∆T ≡ (wTT)−1/2 23 µK arcmin 3 µK arcmin 1 µK arcmin
Polarisation noise ∆E ≡ (wEE)−1/2 42 µK arcmin 3

√
2 µK arcmin

√
2 µK arcmin

TT multipole range [`TT,min, `TT,max] [2, 1500] [2, 3000] [2, 3000]
TE multipole range [`TE,min, `TE,max] [2, 1500] [2, 3000] [2, 3000]
EE multipole range [`EE,min, `EE,max] [2, 1500] [2, 5000] [2, 5000]
φφ multipole range [`φφ,min, `φφ,max] [8, 400] [2, 3000] [2, 3000]
Tφ multipole range [`Tφ,min, `Tφ,max] [8, 400] [2, 3000] [2, 3000]

Given those assumptions, we can rewrite the Fisher matrix
expression in Eq. (2) as a sum of independent Fisher matrices,
one per multipole:

Fαβ =
∑
`

Fαβ,` , (17)

where for a given multipole `, the ‘partial’ Fisher matrix Fαβ,` is
given by (see details in Sect. 3.1)

Fαβ,` =
∂µT

∂θα
C−1 ∂µ

∂θβ
. (18)

In this expression, the vector µ contains all possible auto- and
cross-power spectra CXY

`
derivable from the considered probes

for that particular multipole `, while C is the covariance matrix
of the estimated ĈXY

`
computed via Eq. (16).

3.6. Fitted-Fisher approach

As a complement to (and a form of validation of) the traditional
Fisher-matrix methodology, we also adopted an alternative tech-
nique, referred to as the ‘fitted-Fisher approach’. It is designed
to combine a theoretical Fisher matrix, such as the one computed
for Euclid, with likelihood constraints from actual data – in our
case, CMB data from the Planck satellite. A detailed description
of the method, as well as the associated results and discussion,
can be found in Appendix A. Overall we find a good agreement
between the use of the actual Planck data and the standard Fisher
forecast described in Sects. 3.1–3.5.

4. Numerical tools

This section presents the description and validation of the Fisher
matrix codes used in this work, each of which provides an imple-
mentation of the formalism described in Sect. 3, assuming the
various cosmological models given in Sect. 2. The codes are
capable of computing two of the Euclid main probes (GCp and
WL) as well as CMB observables (temperature, polarisation, and
lensing), and have been specifically optimised for computing the
cross-correlations between the two. They follow the Euclid and
CMB survey specifications outlined earlier.

4.1. Code descriptions

As a starting point, we provide in the following a brief
description of each code, highlighting their main features.

Several programming languages and approaches have been
adopted, thus providing a way to test the robustness of results
against implementation choices. The codes are interfaced with
different Boltzmann solvers widely used by the cosmologi-
cal community, namely either CAMB sources20 or CLASS21

(Blas et al. 2011), which adds another layer of validation to our
results. CosmicFish22 (Raveri et al. 2016a,b) and CosmoSIS23

(Zuntz et al. 2015) are two of the codes that were employed in
EC20, validated against a number of additional codes in the con-
text of computing forecasts for the main Euclid probes. As a con-
sequence, those codes have not been designed to compute CMB
and Euclid×CMB observables. Nonetheless, they were used in
the present work as references for the computation of Euclid
observables. Full details of the two codes can be found in EC20.
BolFish24 is a Fisher matrix code for CMB and LSS now

written in Python 3 (Bermejo-Climent et al. 2021) and used in
its previous implementations in Ballardini et al. (2016, 2019b).
In its basic settings, it interfaces with a modified version of CAMB
sources, which allows for the introduction of survey specifica-
tions (such as the number density of galaxies or the galaxy bias
function), nuisance parameters and tomography. The BolFish
code is also able to work with angular power spectra for CMB
anisotropy fields, galaxy counts and their cross-correlation, or
with the matter power spectrum P(k) provided as external inputs.
BolFish allows the exploration of several extensions to the stan-
dard ΛCDM model, such as the CPL DE parametrisation or mas-
sive neutrinos. By default, numerical derivatives are computed
with a three-point stencil method, where the step size for each
parameter is user-defined. This Fisher code allows the use of
different settings (e.g. ` range) for the different angular power
spectra considered, which is useful when performing a joint 2D
analysis of CMB and LSS probes.
SFX-CLASS25 comprises a customised version of the CLASS

Boltzmann code, optimised for the purpose of computing LSS
and LSS×CMB observables. It is broadly compatible with any
LSS survey specifications and adds the computation of system-
atic effects such as intrinsic alignments for WL calculations.
It supports all cosmological models implemented in the stan-
dard version of CLASS, and is theoretically expandable to all
extensions of CLASS that have been developed in the litera-
ture. It is also interfaced with a user-friendly Fisher-matrix code

20 camb.info/sources
21 class-code.net
22 cosmicfish.github.io
23 bitbucket.org/joezuntz/cosmosis
24 Contact: J. R. Bermejo-Climent.
25 Contact: S. Ilić.
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Fig. 3. Noise power spectra used to reproduce the CMB experiments
considered. We show the noise curves for Planck (dashed blue lines),
SO (dash-dotted orange lines), and CMB-S4 (dotted green lines), as
well as our fiducial C` for reference in black. Top, middle, and bottom
panels: correspond, respectively, to the temperature, polarisation (we
note the inflated noise at ` < 30 for the Planck-like case, cf. Sect. 3.3.1)
and CMB lensing signals. Only auto-power spectra are shown, since we
neglect the noise for the cross-correlation between CMB signals.

(written in Python), dedicated to performing the repeated calls to
the aforementioned modified CLASS code, which are required to
obtain the derivatives of the observables under consideration. It
computes these derivatives via either a standard three-point sten-
cil method or a polynomial fit of arbitrary order over an arbitrary
number of points (respectively fixed to 2 and 21 in the present
work) around the chosen fiducial point.
PyCross25 is a standalone Python code, interfaced with a

standard version of the CLASS code. It takes care of the com-

putation of the angular power spectra for LSS and LSS×CMB
observables itself, combining intermediate outputs from CLASS
(such as the matter power spectrum) and LSS survey specifica-
tions, without using the Limber approximation. Its main feature
is the use of the so-called FFTLog26 algorithm to compute the
complex integrals required (see Eq. (12)), a very efficient alter-
native to the brute force approach when the integrals involved
contain Bessel functions. However, since the algorithm relies on
the time-space separability of the considered kernels, PyCross
cannot compute CMB angular power spectra and instead uses
directly outputs from CLASS. The code has no Fisher compu-
tation capabilities; it was mainly used in the present work as a
means to assess to what extent the calculation of angular power
spectra may be impacted by the chosen method of integration,
given the large-scale nature of the LSS×CMB cross-correlation
(and thus its sensitivity to approximations such as the Limber
one).
TomoCelle27 is a code written in IDL with an interface to

CAMB for the 3D power spectrum estimation, and with a FFTLog
Fortran routine for the auto and CMB-cross angular power spec-
tra computation. The code supports any arbitrary selection func-
tion for the survey with any generic b(k, z) galaxy bias depen-
dence. However, it lacks a Fisher-matrix module, and its use
was restricted to the comparison and validation of angular power
spectra.

4.2. Code comparison and validation

A crucial step in any Fisher forecast analysis is to verify the
accuracy of the numerical codes involved at every step of the
computation of the final constraints. The use of multiple distinct
codes (at least two) computing the same quantities is essential
in order to validate them. In this context, we aimed our com-
parison efforts towards three main computed quantities: (i) theo-
retical observables, namely the angular power spectra associated
with the Euclid, CMB, and Euclid×CMB probes, which involve
the various Boltzmann codes used here in their computation;
(ii) their derivatives with respect to our parameters of interest
(both cosmological and nuisance types), which notably relies on
some arbitrary choices in the numerical differentiation method
adopted; and (iii) the computation of the final Fisher matrices
themselves, mostly involving matrix algebra.

We assumed that CMB observables did not require too much
scrutiny from our side. Indeed, in all the codes involved in the
present work, the computation of these observables is taken
care of by very well-tested Boltzmann codes (namely CAMB
and CLASS), which have been the subject of dedicated val-
idation studies in the literature (see e.g., Lesgourgues 2011;
Howlett et al. 2012). The codes were used mostly ‘out of the
box’, with precision settings high enough to not require further
validation.

Regarding Euclid observables, the outputs of the two afore-
mentioned IST-validated codes CosmicFish and CosmoSIS
acted as benchmarks for validating the Euclid observables com-
puted by the four other codes introduced in the previous section.
Agreement was reached at the 0.1–1% level over the whole range
of relevant multipoles and probes considered here. The com-
parison of Euclid×CMB observables was carried out between
the four codes specifically developed for the present work and
reached a similar level of validation, despite their non-negligible
conceptual and practical differences.

26 jila.colorado.edu/~ajsh/FFTLog
27 Contact: C. Hernández-Monteagudo.
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Table 4. Predicted constraints on cosmological parameters from Euclid.

Model Ωb,0 Ωm,0 ns h σ8 ΩDE,0 w0 wa γ

Euclid pessimistic
Flat ΛCDM 0.025 0.0065 0.0052 0.0036 0.0031 . . . . . . . . . . . .
Non-flat ΛCDM 0.026 0.0065 0.0054 0.0042 0.0032 0.0099 . . . . . . . . .
Flat w0waCDM 0.031 0.011 0.0056 0.0046 0.0045 . . . 0.038 0.14 . . .
Non-flat w0waCDM 0.031 0.011 0.0056 0.0047 0.0047 0.025 0.039 0.22 . . .
Flat w0waγCDM 0.038 0.015 0.0059 0.0047 0.0050 . . . 0.039 0.14 0.015
Non-flat w0waγCDM 0.038 0.015 0.0059 0.0047 0.0055 0.025 0.039 0.23 0.016

Euclid optimistic
Flat ΛCDM 0.011 0.0025 0.0015 0.0011 0.0012 . . . . . . . . . . . .
Non-flat ΛCDM 0.011 0.0031 0.0018 0.0014 0.0012 0.0064 . . . . . . . . .
Flat w0waCDM 0.013 0.0053 0.0019 0.0014 0.0019 . . . 0.021 0.073 . . .
Non-flat w0waCDM 0.013 0.0053 0.0019 0.0015 0.0020 0.011 0.021 0.086 . . .
Flat w0waγCDM 0.017 0.0083 0.0022 0.0016 0.0024 . . . 0.021 0.073 0.0077
Non-flat w0waγCDM 0.018 0.0085 0.0022 0.0016 0.0027 0.011 0.021 0.092 0.0086

Notes. We report here the predicted constraints on cosmological parameters from the joint analysis of all Euclid probes
(GCs+WL+GCp+GCp×WL), expressed as the ratio of marginalised 1σ uncertainties over their corresponding fiducial values (cf. Table 1). We
note that for wa, whose fiducial value is 0, we directly quote the 1σ uncertainties. Because Euclid observables alone cannot constrain τ, it is absent
from this table. Values shown here are not exactly identical to (but within an acceptable range of) the same quantities reported in EC20, due to
small numerical differences between the codes used.

Considering the very large number of angular power spectra
considered as observables (namely 276) and multipole range (up
to ` = 5000), multiplied by the numerous parameters involved in
our analyses (10 cosmological and 13 nuisance) a direct compar-
ison of the derivatives among different codes proved impractica-
ble and mostly unnecessary. We thus decided to validate those
derivatives directly at the level of the Fisher matrices. Such an
approach can be further justified by the observation that a poten-
tially large relative difference between codes in the derivative of
a given spectrum may not have any influence at all on the final
Fisher forecasts, especially if the covariance of the correspond-
ing spectrum is much larger that its derivative. We were able to
reach agreement on the final marginalised constraints on param-
eters, all within 10% of each other (a criterion adopted by EC20)
when compared to the Euclid-only results of EC20, and when
comparing the various internal codes used in our analysis.

5. Results

In this section, we present and discuss the results of the vali-
dated Fisher matrix codes for the cosmological parameters under
study, namely{
Ωb,0, Ωm,0, h, ns, σ8, τ, ΩDE, 0, w0, wa, γ

}
, (19)

whose fiducial values are reported in Table 1, as well as the nui-
sance parameters (the 10 galaxy bias and three IA parameters).
More precisely, we explore the six cosmological ‘cases’ consid-
ered by EC20, namely: (i) a flat universe with cosmological con-
stant (ΛCDM); (ii) non-flat ΛCDM; (iii) flat with time-varying
DE equation of state (w0waCDM); (iv) non-flat w0waCDM; (v)
flat with time-varying DE and phenomenological modification of
gravity (w0waγCDM); and (vi) non-flat w0waγCDM. The main
objective of the present work is to quantify the benefits of the
combination of Euclid probes with CMB data. We thus first show
as a reference in Table 4 the precision reached on all the afore-
mentioned parameters when Euclid-only probes are considered,
namely GCs, GCp, WL, and GCp×WL. We recall that all com-
putations required to obtain those results were carried out using
a dedicated suite of codes, stemming from the recipes of EC20

– with the exception of GCs, which was added directly at the
Fisher matrix level as an independent probe, using the official
public Euclid Collaboration matrices.

We present first in Fig. 4 the improvements resulting from
the combination of Euclid probes with a subset of the CMB
observables, namely the CMB lensing signal only. This sub-
set is indeed a natural choice for combination with large-scale
galaxy surveys, since it represents a counterpart in the CMB to
late-Universe tracers of the matter distribution. Moreover, it is
often considered a somewhat cleaner probe of matter, and it is
hoped that it will alleviate some of the tracer-related systematics
that plague galaxy surveys. We then present in Fig. 5 the out-
come of a complete joint Euclid×CMB analysis (with all CMB
probes added), showcasing the constraining power of the full
combination.

In the aforementioned figures, for each cosmological and
nuisance parameter the colour coding reflects the percentage
improvement defined as(
σbefore

σafter
− 1

)
× 100 , (20)

where σbefore and σafter are, respectively, the 1σ uncertainties
before and after adding CMB-related constraints, while the num-
ber in each square corresponds to the factor of improvement,
namely

σbefore

σafter
. (21)

5.1. Euclid and CMB lensing combination

As can be seen in Fig. 4, the combination and cross-correlation
of Euclid probes with CMB lensing noticeably improves the
constraints on the nuisance parameters, in particular the ones
related to intrinsic alignments in the pessimistic Euclid scenario.
There, the improvement on the parameters AIA, ηIA, and βIA
ranges, respectively, from 2.7%, 1.9%, and 5.1% to 9.5%, 7.7%,
and 15.6% across all considered cosmological models. Those
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Fig. 4. Predicted improvements on parameter constraints after adding CMB lensing data to Euclid, including all cross-correlations, for all sce-
narios (cosmological models and survey specifications) considered in the present study. Colours indicate the percentage (cropped below 1%) of
improvement in constraints, while numbers show the factors in the uncertainties reduction (see Sect. 5.1 for details).

improvements stem from the kernel overlap between CMB lens-
ing and galaxy WL; since the CMB lensing measurement is not
affected by IA, its combination and cross-correlation with WL
probes allows us to break degeneracies introduced by the IA
nuisance parameters, incidentally improving the constraints on
those parameters. A similar effect can be observed for the con-
straints on galaxy bias parameters, with improvements reach-
ing up to 83%. The improvements are especially seen on the
high-redshift bias parameters in the Euclid optimistic case; the
cross-correlation of galaxy density and CMB lensing is probing
the peak of the CMB lensing kernel (z ∼ 2) hence maximising
its impact in the analysis at those redshifts. Unsurprisingly, the
combination of Euclid with Planck observables is the least con-
straining. This comes from the fact that the CMB lensing infor-
mation, dominant at small angular scales, cannot be optimally
retrieved from Planck’s low-resolution data. On the other hand,

the lensing data obtained by the more advanced CMB facilities
will provide more information to counteract the degeneracies
introduced by intrinsic alignment.

For cosmological parameters, the joint analysis with lens-
ing from SO – and even more so from a CMB-S4-like survey
– improves the constraints the most as expected, especially in
comparison to the Euclid pessimistic-only results. Parameters of
the extended models particularly benefit from the combination,
with the uncertainties on curvature being reduced by a factor of
3.7 at most, while the constraints on the MG parameter γ can be
improved by 50%. DE parameters (w0, wa) are overall affected
to a somewhat lesser extent, but still reach improvements of up
to 80%, cf. wa in the non-flat case compared to the pessimistic
Euclid-only case. The standard set of cosmological parame-
ters shows an improvement mainly when a CMB-S4-like sur-
vey is considered, with an average of 11% (maximum 44 %) for
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Fig. 5. Predicted improvements on parameter constraints after adding all CMB probes to Euclid, including all cross-correlations, for all scenarios
(cosmological models and survey specifications) considered in the present study. Conventions are identical to those of Fig. 4. We note that, for the
optical depth τ, since Euclid alone is not able to constrain this parameter, we show instead the predicted improvement after adding Euclid to CMB
data.

pessimistic Euclid and 9% (maximum 25%) for the optimistic
case, while other CMB scenarios show a below 5% average
improvement.

5.2. Full Euclid×CMB joint analysis

In this second part of our analysis, we take into account all CMB
probes (temperature, polarisation and lensing) and all their cross-
correlations with Euclid in the data vector of the Fisher analysis.
Figure 5 summarises our forecasts for the full Euclid×CMB joint
analysis by showing the improvements in constraints compared
to the case where only Euclid probes are considered.

The addition of CMB probes significantly improves the con-
straints on cosmological parameters in all the cosmological cases
considered. We observe that in most scenarios, Ωb,0 and ΩDE,0

are the parameters that are best improved as a result of the
joint analysis. In the case of Ωb,0, the factor of improvement
across the different cosmological models ranges from 1.7 when
Planck is added to optimistic Euclid results, and up to 9.8 when
CMB-S4-like data are combined with a more pessimistic sce-
nario for Euclid (with an overall average factor of 5.3). This
improvement is likely due to the fact that the shape of the CMB
power spectrum and relative amplitudes of the acoustic peaks
are highly sensitive to baryon density. For ΩDE,0, the improve-
ment factor across cosmological models ranges between 3.3 and
13.4 (average 6.2, roughly twice as constraining as the addition
of CMB lensing alone), echoing the constraining power of the
CMB on curvature. On the contrary, the Hubble parameter h is
among the ones showing the least improvement, with an aver-
age factor of improvement of 1.7 (maximum 3.4). This indicates
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Fig. 6. Ratio of predicted 1σ uncertainties (see end of Sect. 5.2) show-
ing how constraints are tightened after adding CMB lensing (blue) or
all CMB probes (orange) when compared to the Euclid-only constraints
(black outer rim), assuming a pessimistic Euclid scenario and SO-like
CMB data, for four selected cosmological models (from top to bottom,
left to right: flat ΛCDM; flat w0 waCDM; non-flat ΛCDM; and flat w0
wa γCDM).

that the Euclid main probes, GC and WL, are already powerful
at constraining the background evolution of the Universe, and
so CMB data do not add much more information. Moreover,
CMB observables depend on h mostly through the location of
the acoustic peaks, namely the angular size of the sound hori-
zon at recombination, which is an integrated quantity and only
directly related to h in the simplest models. Thus, the introduc-
tion of additional cosmological parameters – also entering the
computation of the angular size – induces degeneracies that fur-
ther reduce the constraining power of the CMB on h. Constraints
on the other parameters of extensions to the baseline cosmolog-
ical model, namely w0, wa and γ, show a (relatively) moderate
improvement with respect to the Euclid-alone constraints, with
an average factor of 1.6 (maximum 2.5). The full joint analysis
with CMB provides on average an additional improvement factor
of 1.4 (maximum 1.9) on these parameter constraints compared
to the gains from adding CMB lensing alone.

Lastly, we underline the special status of one of the param-
eters considered in Fig. 5, namely the optical depth of reioni-
sation. Indeed, since the late-Universe probes of Euclid are not
sensitive to τ (and thus cannot constrain it) we show instead in
the corresponding column the converse, namely the predicted
improvement from the joint Euclid×CMB analysis compared to
CMB-only constraints on τ. The resulting gains range from a
very modest 1.09 to an impressive 3.9 factor (average 2.1). The
trends in those improvements are easily understood: the opti-
mistic Euclid scenario has a larger effect than the pessimistic
one, and the worse the CMB specs are, the greater the ampli-
tude of the improvement. These results originate mostly from the
degeneracy between τ and the amplitude of perturbations As in
CMB studies, which is broken when adding the tight constraints
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Fig. 7. Predicted 1D and 2D marginalised distributions for the w0–wa
and/or γ parameters, for four cosmological model: flat w0 waCDM (top
left); non-flat w0 waCDM (top right); flat w0 wa γCDM (middle and bot-
tom left); and non-flat w0 wa γCDM (middle and bottom right). This is
for the same scenario as Fig. 6, using the same colour coding (where
Euclid-only constraints are here in dashed black). Each plot is accom-
panied by the corresponding FoM or 1σ uncertainties.

on σ8 from large-scale surveys. The case of τ illustrates the two-
way nature of the gains expected from the Euclid×CMB joint
analysis, and means that we expect to break other CMB-related
degeneracies in the future (e.g., the ones involving the tensor-to-
scalar ratio), as well as probe-specific systematic effects.

Overall, we find that the standard cosmological model and
its extensions benefit greatly from the joint analysis of Euclid
and the CMB, in terms of precision on the measured parame-
ters. It also appears quite clear that, as was to be expected, the
addition of CMB constraints is more helpful for the pessimistic
Euclid scenario than for the optimistic one. Finally, we note that
a CMB-S4-like experiment is obviously the source of the high-
est improvements when combined with Euclid results, given its
superior resolution and sensitivity.

For further illustration purposes, Fig. 6 highlights a particu-
lar scenario from Figs. 4 and 5, namely an SO-like CMB survey
combined with a pessimistic Euclid survey, for four of our six
cosmological models. The results are presented in the form of
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Table 5. Predicted constraints on cosmological parameters from the joint Euclid×CMB analysis.

Model Ωb,0 Ωm,0 ns h σ8 ΩDE,0 w0 wa γ

After combination with CMB lensing
Flat ΛCDM 0.025 0.0062 0.0052 0.0036 0.0029 . . . . . . . . . . . .
Non-flat ΛCDM 0.026 0.0062 0.0054 0.0042 0.0032 0.0085 . . . . . . . . .
Flat w0 waCDM 0.029 0.010 0.0055 0.0041 0.0042 . . . 0.036 0.13 . . .
Non-flat w0 waCDM 0.030 0.011 0.0056 0.0044 0.0046 0.0096 0.037 0.13 . . .
Flat w0 wa γCDM 0.038 0.015 0.0057 0.0045 0.0049 . . . 0.038 0.14 0.013
Non-flat w0 wa γCDM 0.037 0.014 0.0058 0.0046 0.0050 0.012 0.038 0.14 0.013

Full Euclid×CMB joint analysis
Flat ΛCDM 0.0032 0.0040 0.0020 0.0012 0.0019 . . . . . . . . . . . .
Non-flat ΛCDM 0.0043 0.0038 0.0024 0.0018 0.0018 0.0022 . . . . . . . . .
Flat w0 waCDM 0.0054 0.0053 0.0021 0.0024 0.0022 . . . 0.027 0.099 . . .
Non-flat w0 waCDM 0.0050 0.0049 0.0024 0.0023 0.0019 0.0029 0.026 0.096 . . .
Flat w0 wa γCDM 0.0055 0.0056 0.0021 0.0025 0.0022 . . . 0.028 0.10 0.0088
Non-flat w0 wa γCDM 0.0051 0.0052 0.0024 0.0023 0.0020 0.0031 0.027 0.10 0.0088

Notes. We report here the predicted constraints on cosmological parameters from the joint analysis of a pessimistic Euclid survey and SO-like CMB
probes (CMB lensing only and full Euclid×CMB combination), expressed as the ratio of marginalised 1σ uncertainties over their corresponding
fiducial values (same conventions as Table 4).

‘radar’ plots, which show this time the ratio of uncertainties

σafter

σbefore
, (22)

namely the inverse of the ratios shown in Figs. 4 and 5. The
distance from the centres of these plots is a visual represen-
tation of the 1σ uncertainty on all parameters of our analysis,
where a length of one corresponds to the Euclid-only constraints.
We observe here once again how adding CMB lensing infor-
mation (blue lines) affects mostly the nuisance parameters and
extended models parameters, whereas the addition of all CMB
probes has a more dramatic overall effect on all parameters for
all models. Some additional visualisation of our results is pre-
sented in Fig. 7: for the same aforementioned scenario (pes-
simistic Euclid + SO), we plot the 2D marginalised constraints
in the w0–wa plane, and the 1D marginalised distribution for the
MG parameter γ. Each plot contains in its legend either the cor-
responding ‘figures of merit’ (FoM, proportional to the inverse
of the area of the ellipse of constraints, see EC20 for an exact
definition) in the case of w0–wa constraints, or the 1σ uncer-
tainties for γ. The FoM figures are particularly relevant because
they represent one of the main expected results of Euclid, namely
constraints on the equation of state of the elusive DE. Our plots
illustrate in particular how, even though CMB data by them-
selves do not provide much constraints on the DE equation of
state, the improvements on the determination of other parame-
ters can still yield a significant shrinkage of the 2D contours,
thanks to correlations between parameters. The effect is particu-
larly visible for the non-flat models, where the substantial CMB
constraints on curvature play a large role in the improvements,
even when only adding CMB lensing data. The full numerical
results for this particular scenario are shown in Table 5.

6. Conclusions

Euclid will revolutionise our vision of the Universe by mapping
its matter distribution and providing us with exquisite measure-
ments of its main probes, namely WL and GC, hence probing the
nature of the accelerated expansion. At the same time, a wealth
of data will be available from large surveys ranging from optical

(e.g., Vera Rubin Observatory) to radio (e.g., the Square Kilome-
tre Array) and the millimetre (SO).

In this context, the combination and cross-correlation of the
upcoming Euclid and CMB survey data will be of prime impor-
tance for cosmological analyses. In preparation for this syner-
getic data exploitation, we have conducted a forecast analysis
on the precision achievable on the most important cosmologi-
cal parameters, including the ones describing DE and MG. To
do so, we have used a standard Fisher formalism, as well as
a posterior-fitting approach based on actual CMB data, assum-
ing nominal specifications of the current and future surveys. For
Euclid, we have set up our forecasting pipeline in a consistent
and complementary manner with respect to recently published
forecasts on Euclid-specific probes (EC20) namely GC, WL, and
their cross-correlation. In terms of CMB specifications, we have
considered the cases of a Planck-like survey, the SO, and the
CMB-S4 experiment.

In our analysis, we derived constraints for a baseline model,
the ΛCDM cosmological model with (minimal) massive neu-
trinos, described by six cosmological parameters. We also
explored: a possible non-zero curvature; a redshift-dependent
DE equation of state; and a phenomenological description of
MG. In addition, we considered 13 nuisance parameters, consis-
tent with the forecasts previously presented by the Euclid Con-
sortium (EC20). We have evaluated the expected impact of the
combination and cross-correlation of Euclid with CMB data in
terms of improvement factors with respect to the pure Euclid
constraining capabilities.

We found that the addition of CMB data (and their cross-
correlations with Euclid observables) helps substantially in
reducing the impact of nuisance parameters on cosmological
constraints, leading for example to an improvement of up to 15%
on intrinsic alignment parameters and 2.6 times smaller uncer-
tainties on galaxy bias. The joint Euclid and CMB analysis also
leads to a substantial improvement on all cosmological parame-
ters of the standard ΛCDM model, but with varying amplitude,
noting for example the higher gains for Ωb,0, but the lower gains
for the reduced Hubble parameter h. Depending on the cosmo-
logical model considered (e.g., when a time-varying DE equa-
tion of state, a non-zero curvature, or a phenomenological MG
are added), the improvement in the constraints ranges from tens
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of percent to factors of a few. In particular, the overall improve-
ment in the w0–wa constraints for all three CMB experiments
considered here implies an increase in the corresponding figure-
of-merit by a factor two and up to almost seven in certain cases
(cf. Fig. 7).

Finally, we stress that these results were obtained in configu-
rations where the full complexity and the completeness of CMB
and Euclid observables was not modelled. Indeed, among the
numerous ‘ingredients’ that were not included, one can mention:

– Uncertainties on the galaxy redshift distribution, as well as
on the parameters of the photometric error modelling (all
fixed to their fiducial values here);

– Scale dependence of the galaxy bias, especially on non-linear
scales;

– Correlations between GCs and all other probes considered;
– BAO reconstruction as an additional probe extracted from

the spectroscopic data;
– Magnification bias and redshift-space distortions in the GCp

analysis;
– Additional non-Gaussian terms in the covariances (thus

reducing the constraining power of the considered probes),
for example due to non-linear effects or the super-sample
covariance.

The inclusion of some of those points in the analysis could sig-
nificantly improve the Euclid-only constraints, while some could
also severely degrade them. For these latter cases the combina-
tion with CMB data could significantly (and positively) affect the
final results. Despite this, our results shown here in a more ideal
setting not only confirm and highlight the benefits of combining
and cross-correlating Euclid with the CMB, but also show how
powerful cross-correlations are for actual data analysis. On the
basis of these results, future work will consider a more exhaus-
tive set of non-standard cosmological models, and the validation
of these forecasts by means of an end-to-end pipeline involving
more realistic instrumental effects.
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Appendix A: Fitted-Fisher approach

A.1. Method

We describe in this subsection a method – thereafter referred
to as the ‘fitted-Fisher approach’ – designed to combine a the-
oretical Euclid Fisher matrix with constraints from the actual
CMB data and likelihood, more specifically in the context of
Planck.

For models that are well constrained by Planck data – such
as the minimal ΛCDM – the posterior distribution of cosmo-
logical parameters follows a multivariate Gaussian quite closely.
One can thus summarise the constraints from the Planck data by
extracting the mean and the covariance matrix of cosmological
parameters directly from the samples of a previously computed
Monte Carlo Markov chain. The inverse of such a matrix can
then be interpreted as a ‘fitted-Fisher matrix’, which can then be
added to other ‘actual’ Fisher matrices in order to emulate the
addition of CMB constraints.

For models that are less constrained (e.g. wCDM,
w0waCDM), one can fit the posterior distribution of the MCMC
approximately with a multi-dimensional Gaussian and thus
obtain the covariance matrix. This fit is performed in the vicinity
of the Euclid fiducial values of the extra parameters (e.g. w0 =
−1, wa = 0, etc). This ensures that the resulting mean, covariance
and fitted-Fisher matrix most accurately reflect what the actual
Euclid + Planck combination would yield if we assume that the
true underlying model is the fiducial one chosen for the Euclid
Fisher matrix.

A technical point in this approach is that one cannot in prac-
tice directly combine the Euclid Fisher matrix and the Planck
fitted-Fisher matrix described above, since they are not ‘eval-
uated’ at the same point in the parameter space – the Euclid
Fisher matrix is evaluated around an arbitrarily chosen fiducial
point, whereas by construction the CMB fitted-Fisher matrix is
evaluated around the point corresponding to the maximum of the

Planck likelihood. As a consequence, some care has to be taken
when combining the two matrices, and the resulting combination
has a third, different effective fiducial point. In practice, since the
separation between the two fiducial points is small, we decided
here to simply shift the Planck fitted-Fisher matrix to the Euclid
fiducial point, thus simplifying the addition of the two sets of
constraints.

We note that, by construction, this fitted-Fisher approach is
incapable of incorporating the impact of any cross-correlation
between CMB and Euclid observables, since they are being con-
sidered as purely independent from each other. This approach
and its results are thus presented here as a study case in the
broader context of the full Euclid×CMB combination, which tra-
ditional Fisher forecasts can assess.

A.2. Results and discussion

The results from the Euclid and real Planck data combination
via the fitted-Fisher approach are summarised in Fig. A.1. We
see a remarkable agreement when compared to the traditional
Fisher formalism (cf. Fig. 5); the two methods show similar
trends and orders of magnitude for factors of improvements,
across all data combinations and cosmological models consid-
ered. We note that, since we fitted the available posteriors of pub-
licly available Planck chains,28 the analysis is restricted to only
three of our six models (namely flat ΛCDM, non-flat ΛCDM
and flat w0waCDM). We acknowledge several causes that could
explain the observed (relatively) small differences between the
two methods, including the fact that the fitted-Fisher approach
does not account for the covariance between Planck and Euclid
(thus potentially overestimating some constraints) and the fact
that our effective approach in defining the specifications of the
Planck-like survey in the traditional Fisher approach may result
in non-trivial deviations from the true Planck survey character-
istics.
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Fig. A.1. Predicted improvements on parameter constraints after adding Planck CMB data to Euclid via the fitted-Fisher approach. Conventions
are identical to Fig. 4 and with the same remark for τ as in Fig. 5.
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