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Thermodynamic uncertainty relations unveil useful connections between fluctuations in thermal
systems and entropy production. This letter extends these ideas to the disparate field of zero tem-
perature quantum mesoscopic physics where fluctuations are due to coherent effects and entropy
production is replaced by a cost function defined using a novel disorder reversal operator. A simple
expression is obtained for the average cost function, which depends on the dimensionless conductance
gc and on a geometrical factor B controlled by boundary conditions. Contrary to thermodynamic
machines aimed at minimising fluctuations to increase precision, it is desirable in mesoscopic de-
vices to increase coherent effects. The cost function indicates that increasing coherent effects can
be achieved by playing with the geometry and boundary conditions through B and not only by

decreasing the bulk conductance g..

This letter is a condensed presentation of our published work [I], which contains an introduction
to coherent effects in quantum mesoscopic physics and step by step proofs of the results.

Stationary thermal systems display fluctuating cur-
rents j, when taken far from equilibrium. A phenomeno-
logical formulation of these currents initiated by Onsager,
is based on an entropy production rate X, related to
these currents and their associated forces. Useful and
simple inequalities, F, (3¢n)7 > 2 between the entropy
production and fluctuating currents have been recently
obtained where 7, = ((j2)7 — (ju)%)/{ja)> and (- - )7
is the thermal average. These inequalities termed ther-
modynamic uncertainty relations (TUR), have triggered
significant effort [2H4] exploring their generality [GHIZ]
and the universal, i.e. independent of specific details,
lower bound. They provide quantitative criteria to eval-
uate the tradeoff between fluctuations and their cost, so
as to produce currents with a certain precision. The TUR
were successfully applied to assess energy input required
to operate a clock or bounding the number of steps in
an enzymatic cycle [2] [13], and deriving the efficiency
of molecular motors [14]. Finally, TUR inspired further
studies of entropy production bounds under certain con-
straints [I5HIO].

This work proposes a modified version of the TUR
applicable to the disparate (zero temperature) quan-
tum mesoscopic physics, a field devoted to study the
behaviour of waves (quantum or classical) propagating
in random media. There, incoherent i.e. phase aver-
aged, wave propagation is described by phenomenological
approaches where the disorder averaged wave intensity
obeys a diffusion equation. Yet, phase coherent effects
are not erased by the disorder average and they are at the
origin of spectacular measurable effects, e.g. Anderson

localization (weak and strong) [20], coherent backscatter-
ing, universal conductance fluctuations [21I] and Sharvin
& Sharvin effect [2I), 22]. These phase coherent effects
are faithfully described by adding to the (incoherent) dif-
fusion equation a noise term £(r) whose amplitude and
spatial correlation account for mesoscopic quantum co-
herent effects [23, 24]. This noise and the associated
Langevin equation allow to establish a correspondence
between quantum coherent mesoscopic physics and effec-
tive fluctuating non equilibrium systems, where phase co-
herent induced fluctuating currents here play the role of
thermal fluctuations. This correspondence makes meso-
scopic fluctuating currents eligible on their own to a non
thermal kind of uncertainty relations, henceforth coined
quantum mesoscopic uncertainty relations (QMUR).

One purpose of this letter is to define a cost function
>, analogous to the entropy production rate i}, so as
to set a lower bound and a trade-off for phase coherent
induced fluctuations (f2) for relevant mesoscopic quan-
tities f, namely,

(f2e (D) = (f)? (1)

where (f2). = (f?) — (f)? and (---) denotes an average
over disorder realizations. The remainder of this letter is
devoted to establishing the QMUR and to generalise
it under the form . Then, we establish an expression
for the average cost function (X) and apply it to show
the genuine interest of the QMUR to optimise quantum
mesoscopic features in different setups. We will conclude
by a discussion of some consequences of our findings, e.g.
a cross fertilization between nonequilibrium physics and



quantum mesoscopics, a class of systems of relatively easy
experimental access, thus enlarging the playground of un-
certainty relations.

Quantum mesoscopic physics is essentially the study of
coherent wave propagation in a random medium, namely
a study of solutions of wave equations, e.g. Helmholtz or
Schrodinger, with proper boundary conditions [25]. De-
spite its simple formulation, this problem is notoriously
rich and difficult and a wealth of equivalent phenomeno-
logical descriptions has been proposed. They all start
from microscopic quantities, e.g, the specific intensity
I,(s,r) [21], defined as the radiation intensity at point
r, propagating along a direction S, the total i.e angu-
lar averaged intensity I,(r) = I,(s,r) and the current

ju(r) = vI,(s,r)s, where v is a properly defined group
velocity [26].

Radiative transfer is a successful and easily imple-
mented coarse grained phenomenological description of
the macroscopic intensity Ip(r) and the associated cur-
rent jp, obtained by keeping the incoherent, i.e. phase
independent, contribution of the disorder averaged mi-
croscopic quantities [2I]. They are related by a Fick’s
law, jp(r) = —DVIp(r), which together with current
conservation, leads to a steady state diffusion equation,
—DAIp(r) = 0 with boundary conditions ensuring the
vanishing of the incoming diffusive flux, namely
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ID(r)+§n-VID(r)—5IO(r):0 (2)
for any r at the interface, and with f a unit vector nor-
mal to it (see supplementary material). I is the Drude
intensity [2I] — the fraction of incident light source not
multiply scattered — decaying exponentially inside the
medium. Radiative transfer is useful since, through the
diffusion coefficient D = vl/3, it depends on a small num-
ber of parameters, the elastic mean free path [ which
accounts for scattering features of the random medium,
the wave number k and an appropriate group velocity
[27]. This extensively studied approach proved accurate
to describe incoherent behaviour in the weak disorder
limit kI > 1. Its main drawback is its neglecting of
all interference effects, e.g, speckle patterns or weak and
strong localisation, which are washed out by the disorder
averaging. This state of affairs can be improved using
a semi-classical description which enables to systemat-
ically include coherent effects in the radiative transfer
model [2I]. Essentially, all this stems from the remark
that spatially long ranged coherent effects result mostly
from short range phase dependent quantum crossings oc-
curring at scales < [ (see Figb). Stated otherwise, the
large scale coarse grained hydrodynamic description of
incoherent light can be modified to include coherent ef-
fects by inserting a local, properly tailored, noise function
so as to reproduce expected long range coherent effects.
The details of this generally cumbersome but well under-
stood procedure are sketched in the SM of [24]. Building

on this remark, an elegant and systematic description has
been proposed [23], based on the Langevin equation,

i(r) = =DVI(r) + £(r) 3)

for the mesoscopic and stochastic (i.e. non disorder aver-
aged) quantities I(r) and j(r) defined at an intermediate
scale > [. This stochastic approach while phenomeno-
logical in nature, is equivalent to a perturbation theory
for microscopic quantities with respect to the small and
dimensionless parameter 1/g,, where

k21

gr = 37,6 (4)

and L is a length characteristic of the geometry of the
random medium [21I], [28]. The zero-average and time-
independent noise £(r) includes all the information rel-
ative to phase coherence induced by quantum cross-
ings. Its spatial correlations are systematically calcu-
lable as powers of 1/g,. The g,-independent behaviour
accounts for the incoherent diffusive limit. To lowest or-
der 1/g., the noise is gaussian [23] 24], ({,(r)&s(r")) =
0(Ip)dap d(r —r') with a mobility,

™ ’U2
ol1) = 0 P(r) )

similar to thermal diffusive processes as noted in [29].
The noise, relative to the mean current, scales like
1/\/9c < 1, and is therefore weak. See (see supple-
mentary material). We emphasize that the noise £(r) ac-
counts for phase dependent mesoscopic stochastic quan-
tities and not for the random distribution of scatterers.
The Langevin equation based on the two parameters
D and o, provides a complete hydrodynamic description
of the coherent light flow in the random medium and it
extends Fick’s law to the fluctuating mesoscopic quanti-
ties I(r) = Ip(r) + §I(r) and j(r) = jpo(r) + 5j(r).

Equipped with the Langevin equation and motivated
by the corresponding Einstein relation between D and
o, we define a "free energy” function F(I) such that
F"(I) = d*F/dI? = D/o [30]. We are now in a po-
sition to formulate the mean cost function (X) and to
push further the analogy with TUR in the spirit of the
Onsager description, i.e. along the lines of [2]. We re-
call that a system brought slightly out of equilibrium
by the application of forces X, creates current densities
(Ja)T linearly related to the forces, (ja)r = > 5 LapXg,
so that the products j, X, are additive terms in the
corresponding entropy creation. The Langevin descrip-
tion and the Einstein relation allow to formally iden-
tify a force X = V(—F'(Ip)) = — (D/op) VIp, where
op = o(Ip). This force induces the average current
jp = opX = —=DVIp. The average cost function, i.e.
the entropy creation, is thus given by the volume integral
of average quantities,

D
<z>:/drx-jD:—/dr—VID-jD- (6)
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Note that in this effective Onsager description, quantum
crossings are responsible for the stochastic behaviour and
thus lead to a finite cost function.

The hydrodynamic description of mesoscopic coherent
effects together with the Onsager formalism allow for a
straightforward derivation of the QMUR . Consider
the scalar stochastic mesoscopic quantity f = fv j-n,
where 0 is an arbitrary unit vector. Its disorder aver-

age, (f) = [, ip - M, can also be obtained from the in-
ner product defined by (a, b>gD = [, dra(r) -b(r)op'.
Indeed, choosing a = opX and b = opn leads to

<UDX,0Dfl>GD = fd3I‘JD (—D/O’D) VIDﬁ:ijﬁ:
14 14

(f). The Cauchy-Schwartz relation,
<O’Dfl, O’Dﬁ>0D <0DX,O'DX>UD Z <0’DX, O'Dﬁ>(27D (7)

is exactly the announced QMUR (20) noting that
implies (X) = [;,drj},/op = (0pX,0pX)s, and, by
construction, (f*). = [,drop = (oph,opn)y, (see
supplementary material).

Choosing a physical quantity f linearly related to the
mesoscopic stochastic current j may seem restrictive.
Note though, that standard physically relevant meso-
scopic quantities correspond indeed to such linear combi-
nations, e.g. the recently studied force induced by coher-
ent fluctuations [24]. A generalised expression for QMUR
will be given in .

While the straightforward Onsager-like derivation of
grasps the essential meaning, it nevertheless suffers
from a few caveats. The QMUR are not yet in their most
general form, the bound may still be tightened and more
importantly, this formulation lacks a physical meaning
of the cost function ¥ in . To address these points
and gain more physical insight, we present an alterna-
tive proof based on a path integral formalism. Starting
from , the probability to observe a spatial trajectory

{I(r),j(r)} is [31]

i 2
P{I,j}] ~ exp *Vfdrw 7 )

where V - j = 0 is implicitly assumed. A simple scaling
shows that for kIl > 1, the noise term in is small
(see supplementary material). This implies that disor-
der averaged quantities are dominated by the mean field
equations of — the average i.e. incoherent trajecto-
ries {Ip(r),jp(r)}. Note that the discretization of the
noise (Ito/Stratonovich) is immaterial here at leading or-
der due to the weak noise Langevin equation .

For thermal systems, given a space and time dependent
trajectory I' with a probability P(I"), the entropy produc-

tion variable is £y, (I') = £ log zf(g;)) where 6 is the time-

reversal operator [32] Since (Xn)7 = [dTP(I)E(T) =
1 [dr(P(T) — P(0I))Sen(T) and since the integrand is
always non-negative, the expectation (3n)r > 0. The
entropy production Xy vanishes only under time-reversal

symmetry P(T') = P(6T') VI'. Generalising these ideas to
time-independent mesoscopic systems requires an equiv-
alent for time-reversed processes. For coherent waves in
a random medium, we consider the ”disorder reversed
process”; the Langevin description suggests that, given
a process I' = {I,j} associated to one realization of dis-
order, there exists another realization of disorder corre-
sponding to the trajectory ©OI' = {I, —j}, where O is the
”disorder reversal” operator. At a microscopic level, ©
acts on the specific intensity by reversing its propaga-
tion, ©1,(8,r) = I,(—8,r). Equipped with the notion of
disorder reversal, we define the cost function,

PHLII
PHIL -}

analogous to the thermodynamic entropy production
[33]. Relatlons (®) and (9) lead immediately to (37),

)= drg( Ty namely the cost function deduced from
the Onsager approach, once noticing that for g, > 1, the
probability is dominated by its mean value.

In thermal systems, a uniform boundary condition (e.g.
equal temperature) leads to (equilibrium) time-reversal
symmetry. Here, however, for fixed boundary conditions
, quantum crossings do not allow for disorder reversal
symmetry, even for the case of a uniformly illuminated
sphere. Hence, the cost function (X) > 0 for any finite
value of g, and the disorder symmetry is always broken
by coherent effects (see Fig[l}b) [34]

The path integral formalism allows to establish the
QMUR under a generalised form. We define the
stochastic mesoscopic quantity

%= 10 (9)

f= / Pre(.I), (10)

with z an arbitrary function thus generalising the lin-
ear dependence of f considered previously. Using an ap-
proach similar to [7], the cumulant generating function
w(\) = log(e M) attains a lower bound, which leads to
the generalised QMUR (see supplementary material),

(f2)e(3) = (055)°, (11)

where (0;f) = fd?’er%z(jD,ID). Note that re-
D

duces to for the linear choice z = % j-f in ,
a result corresponding to the radiative force induced by
coherent fluctuations [24].

An integration by parts in together with the dif-
fusion equation for Ip, lead to (see supplementary mate-
rial),

<Z> =9cB, (12)
where B = f% S %&ds is determined by the bound-

ary conditions (2) and all lengths have been rescaled by
the Characteristic geometric length ¥ = r/L. Relation



FIG. 1. Broken disorder symmetry. A slab of section
S and width L is filled with a scattering medium so that
g = k2lS/37rL. It is illuminated by a monochromatic plane
wave of intensity Iy. (a) The diffusive intensity Ip with
boundary conditions , is built out of paired multiple scat-
tering amplitudes, solutions of the Helmholtz equation, with
opposite phases represented by full and doted wave shaped
lines. (b) Coherent intensity fluctuations 61 (x) are accounted
by quantum crossings described by the noise ([5). Exchange of
multiple scattering amplitudes and new pairings occur within
asmall (x 1/g,) volume. Quantum crossings are not symmet-
ric under disorder reversed trajectories with fixed boundary
conditions which thus emerge with a cost X. Intensity fluc-
tuations induced by quantum crossings have been observed,
e.g by measuring light transmitted along a direction s [35], [36]
and could be measured by means of the predicted fluctuations
of of the radiative force exerted on a suspended membrane
(yellow in the figure) [24].

constitutes an important result of this letter and it
calls for a remark. The average cost function (X) depends
non perturbatively on the parameter g, which drives the
strength of coherent effects and is large in the weak dis-
order limit gz > 1. The boundary term B is independent
of gr, and can be changed by modifying the geometry of
the random medium. Finally, we highlight that, as op-
posed to thermal systems where the purpose is to min-
imize fluctuations, it is beneficial in mesoscopic setups
to increase coherent effects. For example, for imaging in
turbid media, coherent effects are not an obstruction but
are instead used to focus light waves [37].

As stated in the introduction, an important feature
of thermal uncertainty relations is the trade-off between
fluctuations and their entropy cost. Turning to the quan-
tum mesoscopic versions and , the trade-off
becomes how to enhance relative coherent fluctuations
(f?)¢/{f)? by monitoring (). It is thus useful to deter-
mine the g,-dependence of each term in the inequalities.
(f) depends on the macroscopic average current jp, and
is therefore independent of g.. The Langevin equation
(3) and the noise imply that (f2). scales like 1/g,
times a function which depends on Ip, jp, on the volume
and on boundary conditions (see forthcoming examples).

4

The dependence of (%) is explicitly given in (12). Since
(f?)¢ scales like 1/g,, it is clear that decreasing g, will
increase the fluctuations as is well known. The novelty
of the QMUR is to show how to play with the boundary
conditions or the geometry i.e. on B in a controlled way,
to monitor the fluctuations (f?). without changing the
disorder strength.

We now illustrate these considerations in two situa-
tions. First, we present a direct check of the generalised
QMUR for the transmission coefficient T'(0) of light
in a direction 6 for the slab geometry of Figl[l] In this
well studied and easily measurable one-dimensional setup
of characteristic length £ = S/L, the diffusive intensity
and current are Ip(z) = QI—SFH%%:/% and jp = %

with w = 3L/2l, so that from 7 the average en-

u2

tropy cost is (3) = 9L 500 (see supplementary mate-

rial). The mesoscopic stochastic transmission coefficient
T(0) = sz% with s, = cosf, depends on the light
current and intensity using the radiative transfer equa-
tion [21], I(s,z) = I(z) + 58 - j(z). It thus abides
with z(1,j) = 6(z — L)s, (I(z) + 58 j(z)) /Io. In this
geometry, the fluctuations (72()).. induced by quantum
crossings and the lower bound (9;7'(9)) in (1)), take re-

spectively the form (T2%(0)). = =+ (153“)2 (2 +2/3)

3gcs \ 8mu
1552
and (0;T(0)) = ZI0FS))
gr discussed earlier. The lower bound reaches its max-
imum for # = 0, however the inequality is strict
for any value of w in the multiple scattering regime (see
supplementary material).

Secondly, we briefly discuss the recently studied radia-
tive force induced by mesoscopic coherent fluctuations of
light [24]. The radiative force exerted on a suspended
membrane, of surface dS, immersed in the medium is
given by 6f = nv=? [,;j- 0 where 0 is a unit vec-
tor normal to dS. As a result of coherent effects de-
scribed by quantum crossings, this force displays signifi-
cant and measurable fluctuations [24]. The spatially av-
eraged force, f = v—2 fvj - n, satisfies the QMUR .
Indeed using (f?). = v=* [, o(r) and the expressions for
Ip and jp in a slab geometry, given earlier, we obtain

hence following the scaling with

e
)

3
B - (13)
which is always greater than 1. The equality is not at-
tained for v > 1 ; experimentally, it is reasonable to
achieve u ~ 10, for which the ratio is ~ 4.

The purpose of this letter was to show that bounds set
by thermal uncertainty relations (TUR) are not restricted
to time-dependent thermal fluctuations. We proved the
existence of another set of uncertainty relations (QMUR)
associated to coherent mesoscopic fluctuations of waves,
either classical or quantum, in the multiple scattering
regime at weak disorder. We identified the cost func-
tion — the mesoscopic equivalent of entropy production
— and defined it both at the coarse grained level of the



Langevin equation and at the microscopic level using the
wave intensity and current density as observables. It re-
mains an open question to find a mesoscopic setup that
saturates the bound . Beyond these fundamental im-
plications, our findings have a threefold interest. First,
the uncertainty relations and provide a way to
monitor coherent light fluctuations using the cost func-
tion (¥) and its dependence upon boundary conditions
or geometry through B in and not only the dimen-
sionless conductance g,. This is of interest since coherent
fluctuations are used as probes in biology and soft mat-
ter physics [37, B8]. Secondly, importing methods from
statistical mechanics to mesoscopic physics, such as un-
certainty relations [2H4] and lower bounds for the fluc-
tuations, may prove helpful for imaging and wave con-
trol in complex media [39H41]. Finally, in thermal sys-
tems it is often hard to measure entropy production and
to determine the conditions for a tight bound of TUR.
Conversely, the significant progress made in recent years
in the ability to control the light flow in random media
[42H44], paves the way for experimental verifications of
QMUR and measurements of the mesoscopic cost func-
tion.

We also wish to stress that the present Langevin de-
scription applies beyond the case of scalar coherent light
propagation so as to include e.g polarization effects,
anisotropic scattering and electronic quantum transport.
But, extending the applicability of QMUR close to a
Anderson localisation transition (gz ~ 1) where the
Langevin approach is expected to break down appears
more challenging. Yet, noting the unexpected connec-
tion between the cost function and Fisher information
[45H47) (see supplementary material) is a possible path
to explore to study QMUR for g, ~ 1.

M. Goldstein and N. Fayard are acknowledged for fruit-
ful discussions.
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FIELD THEORY PROOF FOR THE QMUR

In what follows, we derive, in the spirit of [7], the QMUR and its generalization to the cumulant generating function.
We complement the theoretical bound with a numerical study of the cumulant generating bound for the slab geometry,
presented in the main text.

Let us start from the Langevin equation (3) and implicitly assume V -j = 0. The Martin-Siggia-Rose technique
allows to evaluate the probability of observing the realization I' = {j(x), I(x)} as in eq.(8),

P [1—\] -~ effd‘grll[r‘]
G-J)?
20
with J = —DVI. Define a tilted action due to the force Y using Ly = (j —J — Y)?/20. It is easy to verify that Ly

emanates from the tilted Langevin equation j = J + Y + £, where £ is the noise term defined in the main text. It is
straightforward to verify that

L[] =

. . Y Y .
Lj,Il=L IN+—+—-G-J-Y). 14
Let us define the cumulant generating function for a general physical observable
p(A) = log(e), (15)

where f = [d3rz(j,I), and z an arbitrary function. Using , we find

2 .

H(N) = log(eM e [ 4x 5+ 5 G7I70) g (16)
where (O)y is the averaging of O with respect to the weight Py [I'] defined with the tilted £y. Using the Jensen
inequality, and identifying (% -(3—J =Y))y =0, leads to the inequality

w0 =y - { [ y an)

In fact, using the Ito convention allows to identify j —J — Y as the noise term in the tilted Y dynamics even without
relying on the saddle [7]. This in turn implies that (¥ - (j—J —Y))y = 0. Now, let us choose Y = ajp. Since
Y = qjp is divergence free, the optimal solution for I does not change. Therefore,

)
([ @r72)05 = ) (13)
(ago = [ @r2lip(1+a). o)
From and we find the inequality
BO) 2 Mfao — 50°(5), (19)

Let us assume a < 1 to derive the generalized QMUR. In this limit the right hand side of the inequality is
maximised for o = X\(9;f)/(X) where we recall (9;f) = [ d3erﬁ%z(jD, Ip), a scalar quantity.

The small « assumption implies A < 1. Expanding p(\) to second order in A we recover eq.(11), the generalized
QMUR

(f2)e(Z) 2 (95)%. (20)
For z(j,I) = j-u(l) with an arbitrary function u, a = A(9;f)/(X) optimizes the lower bound
2 ()
M) = )+ 2 (21)

Two notes are in order. First, the lower bound to the cumulant generating function is the counterpart to the
large deviation result reported in [3]. Second, note that a leading order expansion in A of leads to the QMUR of
eq.(1).

Finally, we report a numerical confirmation of (21)) for the fluctuation induced coherent force with the slab geometry
in Fig where z = v%j - 7o which corresponds to (21))



Te+11

—(uA) = AN/IV
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FIG. 2. Numerical verification of the lower bound to the cumulant generating function of the fluctuation induced coherent
force for the slab geometry. The figure presents u(\) — A(f) (blue) and its lower bound A*{f)?/2(X) (red), both divided by the
volume. Here we consider L/lp = 5. The bound is tightest in the slab geometry when L/l; is as small as physically possible.

CUMULANTS OF THE FLUCTUATION INDUCED COHERENT FORCE

Let us consider the cummulant generating function (CGF) of f = [ d%x j(x) - #, namely

H(A) = log(e). (22)

The purpose of this section is to show that 0yu(0) = (f) = [ d¥xjp(x) - 7 and I\pu(0) = [ d¥xop(x).
To do so, we first write explicitly the path integral formulation for the cummulant generating function

1
et = /DIDijeXp (—/ddx2 (j+ DVI)®> = \j-~+pV _]) (23)
g

The introduction of the p variable — a Lagrange multiplier — ensures a divergence free current in the bulk. Integrating
the Gaussian integral in j, we find

oY) _ / DIDp el xHILp)G0). (24)

where H = —DVIVp+ %J(Vp)2 and we redefine p — p+ An with n = Az +n,y+n,2 and 0 = (R, Ny, 7,). Since we
are dealing with a weak noise theory, the CGF is dominated by a saddle point solution, given by the saddle equations

oH

%:0:>V~(DVI—JVp):O (25)
b 1
5—7; =0= DAp+ 5a’(vp)2 =0, (26)

where o'(I) = %O’(I ). The boundary conditions for I is left unchanged as in the main text and such that p = An

on the boundary. Notice that what we have done is simply moving from a Lagrangian picture to a Hamiltonian one.
The Hamiltonian picture is more straightforward in this case, where we aim to calculate the first two cumulants of
the CGF at A = 0. A general solution of is hard to obtain. However, to evaluate p(A) to second order in A, it is
sufficient to consider the perturbative solution

1) = Ip(x) + AT (%) + O(2) (27)
p(x) = Aop1(x) + O(\?).
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Solving the saddle equations to first order in A\ we find

DéL(x)=n- / 9(x,y)dyVyop(y) (28)
Vip: = n,

where A, g(x,y) = §%(x—y) defines the Green function of the Laplacian with vanishing boundary conditions. Plugging
the solutions into ([24), we find to second order in A that indeed (f) = [d?xjp(x)-n and (f?). = [d?xop(x).

BOUNDARY CONDITIONS

In this section, we discuss the boundary conditions for the diffusive intensity Ip. The exact boundary conditions
for multiply scattered light intensity are not trivial, and we refer to the section A5.2 in [21] for a detailed derivation.
Moreover, in this exact description, the light intensity satisfies a diffusion equation with a source term, unlike the
convention used in the main text, where we assumed —DAIp = 0. The purpose of this section is to obtain an
alternative set of boundary conditions , which, associated with the source free diffusion equation, give a good
approximation for the intensity Ip, simplifying the derivation of the QMUR.

The idea behind the boundary conditions for the diffusive light intensity is to formalize that, since diffusion processes
happen inside the disordered medium, there can be no incoming diffusive intensity at the interface. For a random
medium, illuminated by an external light source of intensity Iy, propagating in the direction k, the diffusive intensity
is the solution of the following problem,

Alp(r) = —F;1o(r) 29)
29

Ip(r)+ 2h-VIp(r) =0 for any r at the interface

where 0 is the normal unit vector at the point r on the surface. Iy(r) is the ballistic component of the intensity,
corresponding to the fraction of the incoming radiation which propagates without any collisions on the scatterers; it
decays exponentially with the distance to the surface, Io(r) e K/l

We wish to reformulate the boundary conditions in order to have a source-less diffusion equation for Ip — or
equivalently V - jp = 0 — which is more convenient for the derivation of the QMUR, in the main text. We begin by
noticing that AIp(r) ~ 0 for r at a distance > [ from the surface. The idea is to neglect the layer of width [ at the
boundary, and to solve for Ip, jp in the bulk, where we can assume Alp = 0, and impose as boundary conditions the
solutions of the exact problem at the distance [ from the boundary, see Fig

To avoid confusion, we note Ip,j' p the approximated solutions in the bulk, such that V- j', = 0.

We obtain the boundary conditions for I, j'p by calculating the incoming current jg = jﬁ -y, of the real problem
at the distance [ from the boundary. By definition, j}, = v(§ - fiinIp (8, r))s+ where the average is taken over the
half space § - i, > 0. On the other hand, jg is related to Ip by means of the radiative transfer equation [21],

ID(é,I‘) = ID(I‘) - léVID(I‘)

(30)
= Jjp(r) = 3Ip(r) = §hin - VIp(r)
We derive jE (r) by solving , and obtain the boundary conditions for If,,j p,
21 2
In(r) + gﬁ - VIp(r) = =j5(r) for any r at a distance [ from the interface (31)
v
where i = —fij, is the normal vector of the fictive interface, see Fig

We now derive explicitly the new boundary conditions for a slab geometry, considered in the main text.

Example: slab geometry

Consider the case of an infinite slab, of width L, illuminated by a homogeneous light beam of intensity Iy, see Fig[3]
In this geometry, the radiative transfer equation becomes

ID(g, I) = ID(I) - laTID(I)
(32)
= jh(z) = $Ip(x) — Y0.1p(x)



11

New boundary conditions

P

Iy :
———> | il
W
A1 V-jp=0
|
SR
I
E—)
—_— > I
0 AN

FIG. 3. A slab of scattering medium is illuminated by a plane wave. The diffusive current obeys a continuity equation
V- jp = vlo(r)/l ~ 0 for r at a distance > [ from the boundary. We solve for Ip,jp in the bulk, assuming the current to be
divergence free, and shifting the boundary conditions to the fictive boundary defined as the surface at a distance ! from the
boundary (blue doted lines).

In this geometry, the Drude intensity is given by Ip(r) = Ioe=*/! /4m. Solving the exact problem , we find, in the
limit L > 1,

21 51
In(l) ~ 5 0uTn(l) = 22 (33)
We therefore define the boundary conditions to be jE = % at the new boundary (the surface at a distance [ from
the boundary), which, using eq.7 can be formulated as
! 2l A !
In(r)+ 30 VIp(r) =5Iy(r), (34)

where 11 is a unit vector normal to the surface, and we recover eq.(2). Let’s now compare the exact and approximated
solutions. The approximated solution to is

Iy =5+5e b Iy 5L+ (1+e M

I == 35
T T B A A P T Sy (35)
In comparison, the exact solution, obtained from , is
I —5+e L Iy5L+2Z(5+e LY 3l
Ip(w) = L= L° hSLA50re D) 3 (36)

T 4r A/3+L C 4r 43+L 4r

hence the two solutions and differ only by exponentially decreasing terms, see Fig

DERIVATION OF (%)

Consider a scattering medium contained in a volume V', of external surface S, illuminated by a light source (external
or internal). We show here that

() =9cB (37)
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5? - Ip (ac)
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24
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FIG. 4. Exact and approximated solutions Ip and I}, respectively for a slab geometry, for /L = 0.01, as functions of the
rescaled variable z — x/L, « € [0, 1]. The solutions are normalized by Io/4.

as claimed in eq.(12) of the main text. We remind that B = —% 5 %&dg, where the tilde implies the scaling of

all length scales with respect to the characteristic length of the system L. Therefore B is a dimensionless number,
depending on the boundary conditions. We remind that the dimensionless conductance g, is given by g, = k%IL/3x.

The proof consists of writing (X) in terms of Ip alone, then using an integration by parts, and finally using the
boundary conditions eq.. The first step is achieved using Fick’s law jp = —DVIp; starting from eq.(6), we obtain

_ lip (r)|?
(X) = fv d’r UJ(?D(r))

2 VI 2
=L [, a3 Bl IDD(EQ' (38)

=2 [y d*rV (15) - Vi)

with ¢g = 2§,i’2’ An integration by parts yields

(B) =2 § ZLVIp(r) - dS — 2 [ dPr ZLATp(x) (39)

where dS = dSn(r) with n(r) the normal Vector to the infinitesimal surface dS located at the point r on the boundary.
The second term of the right hand side of eq.( vanishes since —AlIp = 0. To obtain the form eq. ., we rescale
the surface integral in the right hand term of eq. . by the characteristic length of the system L£; we note ¥ = r/L
and S = dS/L? the rescaled variables. We find

(%) = k L‘l fav ID(r VID< ) ds
(40)

5L b ,D VIn(F)- dS

to recover eq.. Note that, by virtue of the boundary conditions eq., the integral fa\'/ #(f)VID(f‘) - dS is
negative.
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UNCERTAINTY RELATION FOR THE TRANSMISSION COEFFICIENT

In this section, we apply the QMUR given in its general form in eq. to the transmission coefficient for the slab
geometry Fig.1. The fraction of light transmitted in the direction S is by definition given by [21]

7(0) =5, 11
Iy

(41)

where 6 € [—m/2,7/2] is the angle between § and the z axis. The specific intensity satisfies the radiative transfer
equation, which, in the absence of light source inside the medium, is given by

N I,
I(s,z) =I(z) + bk j(z). (42)
We can therefore write 7'(6) in the form T'(0) = § [,, dré(z — L)§w%%f“z) where 2(1,j) = 6(x — L), (I(z) + 55
j(z))/Io, and use the eq.(20) to obtain
(T%(0))e(%) > (5T(9)), (43)
where the lower bound of the QMUR is given by
OT(0)) = (5 [dro(z— L) 555-J)
v
(44)

»)

5L 4SS o
s
Using the mesoscopic Fick’s law jp = —DVIp and the solution eq. for Ip in a slab geometry, we obtain (3;7'(0)) =

~2 15(1—e" 1/ ~ ~
52 E(Sﬂ'(u+2) ) ~ 32 8W(h5+2) where u = 3L /2l and 5, = cos(0).

Saturation of the bound

In the slab geometry, the correlation function of the transmission coefficient is given by (see section 12.4 in [21])

~ 2
@O = 5 (2 ) Gt 23 (45)

u2

Reinjecting this expression, together with the lower bound eq. and ¥ = 9L 500y (derived in the main text), in
the QMUR , and rearranging the terms to separate those depending on u and s,, we find

2 (c059+2/3>2 o Ltu
—

3 cosd 2+u)?’ (46)

3

2
Since u > 0 and 6 € [—7/2,7/2], we have sup ((21;"75)2) =1/4 and inf (g (M) > = 50/27, hence the inequality

cos 6

is strict for any value of v and 6 in the multiple scattering regime.

THE CRAMER-RAO BOUND INTERPETATION

The purpose of this section is to redrive the QMUR using the Cramér-Rao bound, identifying the Cost function
(%) as the Fisher information.

The Fisher information is a way of measuring the amount of information that an observable random variable '
carries about an unknown parameter # upon which the probability of I' depends. The Cramér-Rao bound is given for
any function ©(T),

Vary [©(T)]
@My = O ")
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We can prove the Cramér-Rao bound using the Cauchy-Schwarz inequality, and will do so later on, in .

To apply the Cramér-Rao bound to the mesoscopic case, let us consider the tilted diffusion Dg = De?. Furthermore,
we define the probability Ps(T") by replacing D — Dg. This implies replacing £ — Lo = (j — €’J)%/20. We define
the Fisher information Z(0) = ((9p log Py)?)s.

One can then show that Z(0) = (X). Then, it is simple enough to show that setting © = [dxj- 7 leads to the
QMUR in eq.(1). What we have gained here is an interpretation of the Cost function (X) as the Fisher information
of changing the diffusion coefficient.

Proving the general Cramér-Rao bound

Let us define for the function ©(T), ¢ () = (O(T))g. Furthermore, we define the inner product (a,b)y =
J dTa(T)b(T")Py(T"). We notice that

(O(") = (0)), 0p log Pp)g = 9p1p(0). (48)
Then, applying the Cauchy-Schwarz inequality, we find
(O(T) — 4(6), O(T) — 1(0))0]?(00 log Py, Bp log Py)e|* > (8p1(0))*. (49)

Identifying (O(T') — ¥ (6), ©O(T) — 1(6))g = Vary [O(T')] and (9 log Py, g log Py)g = Z(6) we recover (7).

DIMENSIONLESS SCALING OF THE LANGEVIN EQUATION

The purpose of this section is to show that the strength of the noise £ in the Langevin equation (3),
j=-DVI(r)+¢ (50)

is, upon proper rescaling, proportional to the dimensionless parameter 1/g, < 1. To that purpose, we rescale the
spatial coordinates with respect to the length scale £L: T =r/L, V = Vi = LV. Furthermore, we rescale the Langevin
equation by dividing by the diffusion constant D and by Iy, a typical strength of the external illumination defining
I = I/Iy. This implies

j=-VI{F) +§, (51)
where (j,€) = 75-(j,€). Using the fact that §(L(F1 — F2)) = 6(F1 — T2)/L3, we obtain
(£a(F1)€a(F2)) = 97f2(f'1)5(f'1 —T2)00s- (52)

Recall that g, = %% > 1 due to the limits taken kIl > 1 and £ > [.
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