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Abstract. This paper is the logical follow-up to a work [1] whose results were presented at the 

28th French Thermal Congress which was to be held in Belfort in 2020. The model developed 

at that time is completed in this proposal to consider the specificity of the geothermal heat pump. 

This is a machine operating upon a mechanical vapor compression cycle, the limit of which is 

an inverse Carnot cycle. Its specificity consists of a cold loop at the source with the geothermal 

exchanger and the evaporator, then a hot loop at the sink with the condenser and a floor heat 

exchanger in the application considered here. We are particularly concerned with the optimal 

sizing of these heat exchangers through their effectiveness. The parametric sensitivity of this 

distribution to various boundary conditions is studied, especially by focusing on different 

conditions at the source: (1) imposed soil temperature, corresponding to a Dirichlet condition, 

(2) imposed heat flux (including adiabatic case), corresponding to a Neumann condition, (3) 

imposed mechanical power consumed by the heat pump, and (4) imposed coefficient of 

performance COP, to all cases being associated a finite thermal capacity in thermal contact with 

the geothermal exchanger operating in steady-state conditions.  

1.  Introduction 

1.1.  First models of reverse cycle machines 

The first models of reverse cycle machines were developed based on equilibrium thermodynamics and 

they describe machines with two thermal reservoirs. These reservoirs are in fact thermostats, namely 

source and sink of infinite thermal capacity and therefore, temperatures TCS = const will be associated 

to the source and respectively THS, to the sink [2].  

The simultaneous use of energy and entropy balances for a reverse Carnot cycle (refrigerating 

machine-RM, or heat pump-HP) leads to a limiting value of the First Law efficiency for the machine in 
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the reversible case (according to figure 1: cycle 1-2is-3is-4). The energy balance on a machine cycle is 

written as: 

 𝑊 = 𝑄𝐻𝑆 − 𝑄𝐶𝑆 (1) 

where 𝑄𝐻𝑆, thermal energy output from the hot loop, 

           𝑄𝐶𝑆, thermal energy input in the cold loop, 

           𝑊, mechanical energy expense. 

The entropy balances on the cycle expressed by using the entropy method is: 

 
𝑄𝐻𝑆

𝑇𝐻𝑆
=

𝑄𝐶𝑆

𝑇𝐶𝑆
+ 𝛥𝑆𝐼 (2) 

with SI, entropy production due to internal irreversibilities of the cycle. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Reverse Carnot cycle: endo-reversible (1-2is-3is-4) or 

endo-irreversible (1-2-3-4). 

 

As the study focuses on heat pumps, we recall here the coefficient of performance expression for a 

heat pump 

• at imposed mechanical power 𝑊0
̇ : 

 𝐶𝑂𝑃𝑃𝐴𝐶 = 𝐶𝑂𝑃𝑃𝐴𝐶𝑟𝑒𝑣
(1 −

𝑇𝐶𝑆 𝑆𝐼̇

𝑊0̇
) (3) 

• at imposed calorific power 𝑄̇𝐻0
: 

 𝐶𝑂𝑃𝑃𝐴𝐶 = 𝐶𝑂𝑃𝑃𝐴𝐶𝑟𝑒𝑣
(1 −

𝑇𝐶𝑆 𝑆𝐼̇

𝑄̇𝐻0

) (4) 

1.2. The model of the geothermal heat pump 

The model of the geothermal heat pump is an advanced version of the previous scheme, comprising a 

cold loop and a hot loop, as illustrated in figure 2. It is assumed that these two loops operate adiabatically 

(without thermal losses) so that in steady-state regime one gets: 

 𝑄̇𝑔 = 𝑄̇𝑒𝑣𝑎𝑝  ;   𝑄̇𝑐𝑜𝑛𝑑 = 𝑄̇𝑝 (5) 

with 𝑄̇𝑔, thermal power of the geothermal heat exchanger, 

      𝑄̇𝑒𝑣𝑎𝑝, thermal power of the evaporator, 

     𝑄̇𝑐𝑜𝑛𝑑, thermal power of the condenser and 

𝑆 

𝑇 

1 

2 2𝑖𝑠 3 3𝑖𝑠 

4 

𝑇𝐻𝑆 

𝑇𝐶𝑆 

𝑄𝐻𝑆 

𝑄𝐶𝑆 
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     𝑄̇𝑝, thermal power of the heating floor at the hot end. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Theoretical scheme of a heat pump model in simple configuration. 

 

The temperatures relative to this configuration and their variation ranges are shown in figure 2, 

together with the mass flow rates and thermal capacity rates of cold loop fluid 𝑚̇𝑔, 𝑐̇𝑔 = 𝑚̇𝑔𝑐𝑝𝑔
, then of 

hot loop fluid 𝑚̇𝑝, 𝑐̇𝑝 = 𝑚̇𝑝𝑐𝑝𝑝
. We notice a formal symmetry between the hot end and the cold end 

loops. 

1.3. The influence of finite physical dimensions on the behavior of the heat pump  

If we assume the geothermal source of infinite extension [3] the cylindrical geometry of the geothermal 

sink admits an isothermal type limiting condition: 

𝑙𝑖𝑚
𝑅→∞

𝑇𝑠(𝑅) = 𝑇𝑠 

where TS is the soil temperature. 

If we observe the practical realization (example of Zurich airport), the presence of a set of sources 

under the building leads rather on a square mesh to a limiting condition of adiabatic type 

(−𝜆𝑠
𝜕𝑇𝑠

𝜕𝑥
= 0). We assume that this condition is well approximated by keeping the cylindrical 

geometry of the source. The heat pump itself can introduce finiteness conditions if we assume for 

example the imposed mechanical power 𝑊0
̇ . We can also consider an imposed heat extraction flow 𝑄̇0 

= 𝑄̇𝑒𝑣𝑎𝑝, which leads to impose a constant heat flow from the geothermal source.  

Floor 

Thottling 

valve 

Condenser 

Evaporator 

Compressor 

Geothermal sink 

𝑇𝑝𝑠 

𝑇𝑝𝑒 > 𝑇𝑝𝑠 > 15°𝐶 
𝑇𝑐𝑜𝑚𝑓𝑜𝑟𝑡  (local) 

𝑇𝑝𝑒 

(𝑇𝑐𝑜𝑛𝑑) 

𝑚̇𝑃 

𝑊̇𝑃𝑝 (water) 

[15°C, airport hall] 

𝑊̇𝑐𝑜𝑚𝑝 = 𝑊̇ 

1 

23

 

4 
(𝑇𝑒𝑣𝑎𝑝) 𝑚̇ 

𝑊̇𝑃𝑔 
𝑚𝑔̇  

𝑇𝑆(𝑡) 

𝑇𝑔𝑒 < 𝑇𝑔𝑠 < 𝑇𝑠  

𝑇𝑔𝑒(𝑡) 𝑇𝑔𝑠(𝑡) 
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One of the objectives of this study is to quantify the influence of boundary conditions on the behavior 

of the heat pump (sizing and transient behavior over a heating season). Whatever the geothermal 

exchanger used (single tube, U tubes, bayonet exchanger), four cases will be considered: TS = ct; 𝑄̇0 

imposed; 𝑊0
̇  imposed, and COP0 imposed, with the consequences on a possible optimal dimensioning 

of the heat pump, through a study of parametric sensitivity. 

2.  Simplification of the study to the Chambadal model 

2.1.  The geothermal heat pump of Chambadal 

Figure 3 illustrates the simplified scheme of the Chambadal geothermal heat pump.  

 

 

Figure 3. Diagram of the Chambadal geothermal heat pump. 

 

It can be seen in this figure that the high temperature loop is assumed to be perfect, and therefore the 

set point temperature Tconf is identical to the temperature of the condenser. 

2.1.1.  Cases where TS is assumed constant [2] 

At imposed flow rate and geometry, one gets: 

 𝑄̇𝑔 = 𝜀𝑔𝑐̇𝑔(𝑇𝑠 − 𝑇𝑔𝑒) (6) 

where Tge, temperature of the geothermal source fluid at the inlet of the heat exchanger,  

           g, effectiveness of the geothermal source exchanger.  

The temperature Tge appears from (6) as a control variable. Then, one can show that the average 

evaporator temperature is: 

 𝑇̃𝑒𝑣𝑎𝑝 = 𝑇𝑔𝑒 − (𝑇𝑠 − 𝑇𝑔𝑒)𝜀𝑔 (
1

𝜀𝑒𝑣𝑎𝑝
− 1) (7) 

The energy balance and the entropic balance of the endo-reversible cycle provide: 

 𝑄̇𝑐𝑜𝑛𝑑 = 𝑄̇𝑔 + 𝑊̇ (8) 

 
𝑄̇𝑔

𝑇̃𝑒𝑣𝑎𝑝
=

𝑄̇𝑐𝑜𝑛𝑑

𝑇𝑐𝑜𝑛𝑓
 (9) 

Then, the mechanical power expense results in: 

 𝑊̇ = 𝜀𝑔𝑐̇𝑔(𝑇𝑠 − 𝑇𝑔𝑒) [
𝑇𝑐𝑜𝑛𝑓

𝑇𝑔𝑒−(𝑇𝑠−𝑇𝑔𝑒)𝜀𝑔(
1

𝜀𝑒𝑣𝑎𝑝
−1)

− 1] (10) 
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with evap, effectiveness of the evaporator. 

The expression of 𝑊̇ appears as an increasing function of (TS – Tge), decreasing of Tge, increasing of 

εg, εevap, and with the finite physical dimension constraint of εg, + εevap = εg ≤ 2, an optimal distribution 

should result. 

2.1.2.  Cases where 𝑄̇𝑔 is assumed constant (𝑄̇0) 

Unlike the isothermal condition (or Dirichlet condition) imposed in the previous subsection, this second 

condition corresponds to an extensive or Neumann condition. Hence it comes: 

 𝑇𝑔𝑒 = 𝑇𝑠 −
𝑄̇𝑜

𝜀𝑔𝑐𝑔̇
 (11) 

 𝑇̃𝑒𝑣𝑎𝑝 = 𝑇𝑠 −
𝑄̇𝑜

𝑐𝑔̇
(

1

𝜀𝑔
+

1

𝜀𝑒𝑣𝑎𝑝
− 1) (12) 

The combination of the energy and entropy balances with the two preceding expressions leads to: 

 𝑊̇ = 𝑄̇𝑜 [
𝑇𝑐𝑜𝑛𝑓

𝑇𝑠−
𝑄̇𝑜
𝑐̇𝑔

(
1

𝜀𝑔
+

1

𝜀é𝑣𝑎𝑝
−1)

− 1] (13) 

This function is increasing by 𝑄̇𝑜and decreasing by TS. But for TS and 𝑄̇𝑜 parameters, it appears that 

the effectiveness finiteness constraint leads, under endo-reversible conditions, to the distribution of εg, 

εevap related by: 

 𝜀𝑔̇
∗ = 𝜀é̇𝑣𝑎𝑝

∗ =
𝜀𝑇

2
 (14) 

The minimum mechanical power expense under endo-reversible conditions becomes: 

  𝑚𝑖𝑛 (𝑊)̇ = 𝑄̇𝑜 [
𝑇𝑐𝑜𝑛𝑓

𝑇𝑠−
𝑄̇𝑜
𝑐̇𝑔

(
4

𝜀𝑇
−1)

− 1] (15) 

2.1.3.  Cases where 𝑊̇ is assumed constant (𝑊̇0) 

The combination of the energy and entropy balances with the imposed mechanical power Ẇ0 constraint 

provides: 

 𝑄̇𝑔 = 𝑊0
̇ 𝑇̃𝑒𝑣𝑎𝑝

𝑇𝑐𝑜𝑛𝑓−𝑇̃𝑒𝑣𝑎𝑝
 (16) 

where the average temperature over the evaporator has the expression given in section 2.1.2: 

 𝑇̃𝑒𝑣𝑎𝑝 = 𝑇𝑔𝑒 −
𝑄̇𝑔

𝑐𝑔̇
(

1

𝜀𝑒𝑣𝑎𝑝
− 1) (17) 

Equation (17) depending on 𝑄̇𝑔 has to be solved if Tge is a control variable. Otherwise, if TS is imposed 

by the source, the corresponding equation to solve will be: 

 𝑇̃𝑒𝑣𝑎𝑝 = 𝑇𝑠 −
𝑄̇𝑔

𝑐𝑔̇
(

1

𝜀𝑔
+

1

𝜀𝑒𝑣𝑎𝑝
− 1) (18) 

Then, equation (16) becomes a new second order equation expressed by: 

 𝑄̇𝑔 =
(𝑇𝑐𝑜𝑛𝑓−𝑇𝑆)+

𝑊0̇

𝑐𝑔̇
(

1

𝜖𝑔
+

1

𝜖𝑒𝑣𝑎𝑝
−1)+√Δ

2

𝑐𝑔̇
(

1

𝜖𝑔
+

1

𝜖𝑒𝑣𝑎𝑝
−1)

 (19) 

with 
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Δ = [(𝑇𝑐𝑜𝑛𝑓 − 𝑇𝑆) +
𝑊̇0

𝑐𝑔̇
(

1

𝜖𝑔
+

1

𝜖𝑒𝑣𝑎𝑝
− 1)]

2

+
4𝑊̇0

𝑐𝑔̇
𝑇𝑆 (

1

𝜖𝑔
+

1

𝜖𝑒𝑣𝑎𝑝
− 1) 

A possible approximation is provided by the following expression: 

 𝑄𝑔̇ ≈  𝑊̇0
𝑇𝑆

(𝑇𝑐𝑜𝑛𝑓−𝑇𝑆)+
𝑊̇0
𝑐𝑔̇

(
1

𝜖𝑔
+

1

𝜖𝑒𝑣𝑎𝑝
−1)

 (20) 

Note that under the endo-reversibility and approximation conditions, the maximum of 𝑄̇𝑔 is obtained 

at the effectiveness equipartition: 

 𝑀𝑎𝑥(𝑄̇𝑔) ≈  𝑊̇0
𝑇𝑆

(𝑇𝑐𝑜𝑛𝑓−𝑇𝑆)+
𝑊̇0
𝑐𝑔̇

(
4

𝜖𝑇
−1)

 (21) 

2.1.4.  Case where COP is imposed (COP0) 

One easily finds that COP0 of the heat pump that is given by: 

 𝐶𝑂𝑃0 =
𝑇𝑐𝑜𝑛𝑓

𝑇𝑐𝑜𝑛𝑓−𝑇𝑒𝑣𝑎𝑝
 (22) 

with 

 𝑇𝑒𝑣𝑎𝑝 = 𝑇𝑆 −
𝑄̇𝑔

𝑐𝑔̇
(

1

𝜖𝑔
+

1

𝜖𝑒𝑣𝑎𝑝
− 1) (23) 

By combining equations (22) and (23) and setting 𝑧0 =
𝐶𝑂𝑃0−1

𝐶𝑂𝑃0
, the resulting expression of the 

objectif function 𝑄̇𝑔 is: 

 𝑄̇𝑔 = 𝑐̇𝑔
𝑇𝑆−𝑧0𝑇𝑐𝑜𝑛𝑓
1

𝜖𝑔
+

1

𝜖𝑒𝑣𝑎𝑝
−1

 (24) 

Like the result of the previous case, under endo-reversibility conditions, the maximum useful effect 

corresponds to the maximum of 𝑄̇𝑔 at the equipartition of the effectiveness: 

 𝑀𝑎𝑥(𝑄̇𝑔) =
𝑐𝑔̇

4

𝜖𝑇
−1

(𝑇𝑆 − 𝑧0𝑇𝑐𝑜𝑛𝑓) (25) 

Equation (25) also implies an inequality condition on TS expressed by 𝑇𝑆 ≥ 𝑧0 𝑇𝑐𝑜𝑛𝑓. 

3.  Discussions of the Chambadal geothermal heat pump model results 

A parametric sensitivity study and the comparison of the 4 previous operating case results when the 

effectiveness finiteness condition of the geothermal source is considered, will be presented in this 

section.  

3.1.  Characteristic of the geothermal heat pump 

In addition to the existence of two loops (hot and cold), the geothermal heat pump has a transient source 

on a seasonal scale (heating or cooling) and moreover, it is finite so that: 

 𝑄̇𝑔(𝑡) = −𝑀𝑠𝐶𝑝𝑠
𝑑𝑇𝑠̅(𝑡)

𝑑𝑡
= 𝜀𝑔𝑐̇𝑔(𝑇̅𝑠 − 𝑇𝑔𝑒) (26) 

with 𝑐𝑠 = 𝑀𝑠𝐶𝑝𝑠, thermal capacity of the finite source in [J/K], 

        𝑇̅𝑠, average value of the soil temperature. 

If the temperature Tge is a parameter (constant control variable), by integrating equation (26) one 

gets: 
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𝑇̅𝑠 − 𝑇𝑔𝑒

𝑇̅𝑠(0) − 𝑇𝑔𝑒

= 𝑒
−𝑡
𝜏𝑠  

where 𝜏𝑠 =
𝑐𝑠

𝜀𝑔𝑐𝑔̇
 (or 

𝑐𝑠

𝑘𝑔𝐴𝑔
), thermal soil time constant. 

The thermal soil time constant must be longer than the contact time at each exchanger (on the order 

of a minute) or the heat pump, so that the heat pump is always considered in steady state operation, 

while the source is imposing slow transient conditions: 

 𝑄̇𝑔(𝑡) = 𝜀𝑔𝑐̇𝑔(𝑇̅𝑠 − 𝑇𝑔𝑒)𝑒
−𝑡

𝜏𝑠  (27) 

It is therefore possible, using equation (27), to simulate the operation of the heat pump over a heating 

season for the various conditions discussed in section 2, and to analyze the sensitivity of this operation 

with respect to the parameters, in order to get an optimal sizing and a better control of the heat pump 

operation over time (operation with TS or Tge, 𝑐̇𝑔, 𝑇𝑐𝑜𝑛𝑓 , 𝜀𝑇 as parameters, 𝜀é𝑣𝑎𝑝, 𝜀𝑔  as variables, and 

boundary conditions with 𝑄̇0, 𝑊̇0, 𝑜𝑟 𝐶𝑂𝑃0 imposed). 

3.2.  Some results of the Chambadal model of the geothermal heat pump 

An illustration of some results corresponding to the analytical expressions derived in section 2 for the 

cases of the Chambadal model relative to the geothermal heat pump are presented in figures 4-6 (the 

ordinate axe is given in arbitrary units). 

For the case where the COP is imposed (section 2.1.4), figure 4 shows the evolution of the maximum 

of the 𝑄̇𝑔,𝑎𝑟𝑏 (dimensionless thermal power input from the geothermal source), as a function of the 

effectiveness of the geothermal source exchanger, for different values of the overall effectiveness εT. A 

strong influence of εT on 𝑄̇𝑔,𝑎𝑟𝑏 variation is found, as well as effectiveness equipartition (εg = εevap = 0.5) 

for εT = 1, corresponding to 𝑀𝑎𝑥(𝑄̇𝑔,𝑎𝑟𝑏). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In the case of an imposed 𝑄̇𝑔 at the cold source (section 2.1.2), figure 5 shows the existence of a 

minimum of the consumed mechanical power 𝑊̇ as a function of εT. Despite of the fact that it is a very 

flat one, it proves that the sizing optimization through εg can be achieved. Also, the curves in figure 5 

show that it decreases and moves to higher values of the effectiveness εg when the total effectiveness εT 

increases. 

 

Figure 4. Variation of 𝑄̇𝑔,𝑎𝑟𝑏 as a function of 𝜀𝑔 for the case with imposed 

COP0. 
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The influence of εT on the min(𝑊̇) is small and it is confirmed through figure 6 where min(𝑊̇) 

increases significantly with 𝑄̇0, while the total effectiveness εT makes the curves distinct only for high 

value of 𝑄̇0. 

 

 

Figure 5. Variation of 𝑊̇𝑎𝑟𝑏 as a function of 𝜀𝑔 for the case with imposed 𝑄̇0. 

 

 

Figure 6. Variation of 𝑚𝑖𝑛 𝑊̇𝑎𝑟𝑏 as a function of 𝑄̇0. 

 

In the case of 𝑊0
̇  imposed and for low values compared with the other heat flows, the following non-

dimensional expression is obtained for the thermal power of the geothermal source: 

 𝑞̇𝑔 ≈ 
𝑤̇0 𝑡𝑠

1−𝑡𝑠
[1 −

𝑤̇0

1−𝑡𝑠
(

4

𝜀𝑇
− 1)] (28) 

with 𝑤̇0 =
𝑊̇0

𝑐𝑔̇𝑇𝑐𝑜𝑛𝑓
 ; 𝑡𝑠 =

𝑇𝑆

𝑇𝑐𝑜𝑛𝑓
. 
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The equation (28) becomes zero when 𝑤̇0  = 0 or 𝑤̇0  =
1−𝑡𝑠
4

𝜀𝑇
−1

= 𝑤̇𝑙𝑖𝑚.  

It results that the maximum of 𝑞̇𝑔 will be obtained for 𝑤̇0  =
𝑤̇𝑙𝑖𝑚

2
, and will be given by: 

 𝑀𝑎𝑥(𝑞̇𝑔) =
𝑡𝑠

2
(

1
4

𝜀𝑇
−1

) (29) 

 

The maximum value of 𝑄̇𝑔 from equation (29) is an increasing function of (TS, εT) from the point of 

view of operation, and then of ( 𝑐̇𝑔, 𝑇𝑐𝑜𝑛𝑓 ) from the point of view of heat exchangers dimensioning. 

4.  Conclusions and Perspectives 

The paper explores the influence of the boundary conditions on the optimum operation and heat 

exchangers sizing of a geothermal heat pump. The reported elements complete those previously obtained 

in [1,4].  

The modeling of the geothermal heat pump uses a Chambadal-type model well suited for the study 

and sensitivity analysis of the geothermal source boundaries conditions.  

Original results are proposed and discussed. Thus, the existence of a minimum of mechanical power 

consumed is emphasized for imposed COP of the heat pump, respectively a maximum useful effect 𝑄̇𝑔 

that is obtained for equipartition of the heat exchangers effectiveness. 

In perspective, the extension of this approach to the Curzon-Ahlborn configuration of the heat pump 

is considered, as well as its validation by comparison with the existing results in the literature. 

The extension of the model to the Curzon-Ahlborn configuration of the heat pump is currently 

developed, and then, its validation by comparison with existing results in the literature will be 

considered. 
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