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Abstract
Let M be a positive integer and g € (1, M +1]. A g-expansion of a real number

 is a sequence (¢;) = cieg - -+ with ¢; € {0,1,..., M} such that z = >, ¢;q™"

Let U denote the set of numbers having exactly j expansions. Contrary to the
unique expansions, we prove for each j > 2 that the set L{g is closed only if it is
empty. Then we generalize an important example of Sidorov by exhibiting many

non-trivial bases ¢ for which the Hausdorff dimension of ng is independent of j.

Keywords: Non-integer bases, S-expansion, greedy expansion, multiple
expansions, unique expansion, Hausdorff dimension, topological entropy
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1. Introduction

Let M € N:= {1,2,...}. Given a sequence ¢ = (¢;) € {0,1,.. .,M}N, we
define its evaluation in a base ¢ > 1 by the formula

o0

mq(c) = mq((ci)) :=

i=1

Ci
E7

and we say that ¢ is an expansion of x € R in a base ¢ if m,(c) = z. The study
of such expansions started with a seminal paper of Rényi [35] in 1957. A new
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impetus was given by the discovery of strange uniqueness phenomena by Erddés
et al. around 1990 [14, 15, 16].
Note that we have always

ro(c) € T i= {o M ]

) q _ 1

If ¢ € (1, M + 1], then a number z has an expansion if and only if € J.
Moreover, a classical theorem of Rényi [35] asserts that every a € J has a lexi-
cographically largest expansion. Such expansion is called the greedy expansion
of = in base ¢, and it is denoted by b(z, q). Here and in the sequel we follow the
notation of the papers [30, 11, 24, 13, 26|, whose results will be frequently used.

In the familiar case ¢ = M + 1 we have J = [0, 1], each a € [0,1] has one
or two expansions, and only countably many special rational numbers have two
expansions. On the other hand, if ¢ > M + 1, then no number = € J has more
than one expansion, and in fact not every « € J has an expansion. For example,
if (1(;\4—71) <z < %, then = has no expansion. Finally, if ¢ < M + 1, then almost
every x € J has a continuum of expansions [36, 9].

In this paper we are interested in the existence of multiple expansions of a
real number x € J. Fix M > 1, and let Z/{g denote the set of real numbers having
exactly j expansions. Since M is fixed, we do not indicate the dependence
of L{g and of other related quantities on M in the sequel. The superscript
1 will be omitted, so that we write U/, instead of Uql. Furthermore, since a
number having uncountably many expansions necessarily has a continuum of
expansions by [6, Theorem 4.1] and [12, Theorem 2.3.1], it suffices to consider
j € NU{R¢} U{2%}. The combinatorial, topological and fractal structure of
the sets U, is well understood today [10, 20, 21, 18, 11, 32, 31, 26, 2|. For j > 1,
many important theorems have been obtained in [15, 37, 7, 5, 6, 33, 38, 39, 25].
Much research has also been devoted to the properties of the sets of expansions
of x € J; see for example [36, 8, 6, 22] and the references therein. However, the
theory is far from complete. In order to state our results we let U denote the set
of bases ¢ > 1 in which 1 has a unique expansion. We recall from [16, 10, 30, 13]
that its topological closure I is a Cantor set of zero Lebesgue measure and
Hausdorff dimension one, and that I/ \ U is countable.

The set U, is closed for Lebesgue almost every ¢ > 1, but not for all of them:
U, is closed if and only if ¢ ¢ U [11]. We will show that the situation is much
simpler for U] if j > 1:

Theorem 1.1. Ifl/{g is closed for some ¢ > 1 and j > 1, then it is empty.

Most of the present work is motivated by an intriguing example of Sidorov
[37]. He proved that if M = 1 and T =~ 1.83929 is the Tribonacci number,
i.e., the positive root of the equation ¢ = ¢ + ¢ + 1, then the following equal
dimension property holds:

dimp U = dimy Uy for all finite . (1.1)



Here dimpy F denotes the Hausdorff dimension of the set F'. The equal dimension
property trivially holds also whenever dimg U, = 0, because

dimy L{g <dimgU, forall ¢g>1 and j <N (1.2)

by a bifurcation argument of Sidorov [37] and Baker [6]; see Lemma 5.5 and
Proposition 5.6 below. If we let gxr, € (1, M + 1) denote the Komornik—Loreti
constant, i.e., the smallest element of U/ [28, 29|, then the equality dimy U, =0
holds if and only if ¢ < gxr, [18, 32, 31]. We stress that gx depends on M.
On the other hand, the equal dimension property fails in the classical integer
base case ¢ = M + 1 because then Z/lg is countable and U, = [0, 1] \Z/lg, SO
that dimgy Z/lg =0 < 1 =dimygU,;. The equal dimension property also fails if
g > M + 1, because then every expansion is unique, and dimg U, > 0 by the
relation M + 1 > gk

In order to state the main theorem of this paper, it is convenient to use some
notations of symbolic dynamics [34]. Given a finite word or block

W=0a1...an_10m € {0,..., M},
we introduce the following notation:

wr i=ay...am_1(ay, +1) if a, <M,
w-i=ay...am_1(am—1) if ay, >0,
wi=(M-=-ay) (M —am-1)(M — ap).
In particular, in case m = 1 we define w™ = a;+1, w™ = a;—1and W := M —a,.
The word W is called the reflection of w. For example, the greedy expansion of

1in a base ¢ € U \ U is finite, i.e., it is of the form w0 [30, 13].
We recall from [26] that the Hausdorff dimension of ¢, is given by the formula

h(U})
logq’

dimy U, = q € (1,400),
where Z/{é denotes the set of unique expansions (i.e., sequences) of the numbers
x € Uy, and h(U;) denotes the topological entropy of U,. Furthermore, the
topological entropy is constant on each connected component of (1,+00) \ U,
so that the dimension function ¢ — dimpy U, has a negative derivative almost
everywhere in (qxr,+00). Finally, the dimension and entropy functions are
continuous and non-decreasing [26, 2|, and hence they have a Dewvil’s staircase
behavior.

Although the entropy is constant on the connected components of (1, +00)\
U, its maximal constancy or stability intervals are larger: they were determined
in [3]. They are (1,qxr], [M + 1,+00), and infinitely many compact intervals
[pr, pr), where pr, runs over some proper subset of I \ Y. Furthermore,

if b(1,pr) =wt0>®, then b(1,pr)=w"w™. (1.3)

Now we are ready to state our next result:



Theorem 1.2. Let pr, € U \ U be the left endpoint of some mazimal stabil-
ity interval [pr,pr], and write b(1,pr) = wt0=. Then the equal dimension
property

dim gy Z/{ﬂk =dimpy L{T}k for all finite j

holds for all bases Ty, defined by the implicit equations
T (whH(@)k0®°) =1, k=0,1,.... (1.4)
Remark 1.3.

(i) It follows from (1.3) and (1.4) that (1) is an increasing sequence with
ro =pr and i /" pR.

(ii) If M = 1, then the Tribonacci number is the left endpoint of a mazximal
stability interval [pr, pr|, so that Sidorov’s result [37] is a special case of
Theorems 1.2. Moreover, Theorem 1.2 provides infinitely many further
bases Ty, in this interval for which the equal dimension property holds.

(iii) More generally, if M = 1, then the multinacci numbers ¢ > 1, defined by
the implicit equations

=q" 4+ +1, n=3,4,...

are also left endpoints of maximal stability intervals [pr,pr|, so that each
of them determines infinitely many further bases ry € [pr,pr] for which
the equal dimension property holds.

(iv) We recall that qr 1, denotes the smallest element of U. Writing b(1, k1) =
(Ai), for each choice of positive integers n and j there exists a base ¢y ;
such that

b(1,qni) = A1+ Aan (Mg -+~ Agn )3 10,

It follows from [3, Lemma 4.5, Theorem 2] that the numbers q, ; are left
endpoints of suitable maximal stability intervals [pr,pr], so that each of
them determines infinitely many further bases vy, € [pr,pr) for which the
equal dimension property holds.

The plan of the paper is the following. For the convenience of the reader we
give in Sections 2 and 4 a short review on expansions, symbolic dynamics and
Hausdorff dimension. Theorem 1.1 is proved in Section 3, and Theorem 1.2 is
proved in Sections 5 and 6. We end the paper by raising some open problems.

2. A review of expansions in non-integer bases

In this section we recall from [4, 23, 12, 13| some notions and results that we
will need in the sequel. We fix a positive integer M, and by a sequence denoted
by (¢;) or ¢ica--- we mean an element of {0,..., M}". By a word w we mean
a finite string of digits w = ¢; -+ - ¢, with ¢; € {0,1,..., M}. Given two finite



words w = ¢y---¢, and v = dy ---dp,, we denote by wv = ¢1---cpdy - dpy,
their concatenation. Accordingly, for k € N we denote by w* or (w)* the
concatenation of w with itself & times, and by w™ = ww--- or (w)* the
concatenation ww - - - of w with itself infinitely many times.

We recall from the introduction that a sequence or expansion (¢;) is called
finite if it has a last non-zero digit; otherwise, it is called infinite. Furthermore,
a sequence or expansion (¢;) is called doubly infinite if both (¢;) and its reflection
(¢;) := (M — ¢;) are infinite. A sequence (¢;) is called periodic if there exists an
n > 1 such that (¢;) = (¢1 -+ ¢,)?. Then the smallest such n is called the period
of (¢;), and the word ¢; - - - ¢, is called the period block of (¢;). For example, 0>
and M®° are both periodic and doubly infinite.

We will use the lexicographic order between words and sequences. If ¢; -« - ¢,
and d; ---d, are two words having the same length n > 1, then we write
€1 Cp < dy---d, if there exists a & € {1,...,n} such that ¢; = d; for
i=1,....k—1,and ¢ < dy, and ¢y---¢, R dy---dy if ey ey, <dy---dy,
or ¢1-+-¢, = dy---d,. Symmetrically, we also write dy---d, = c¢1---¢c, if
c1 ey <dy-dp,and dy - -dp = c1-crc, ifcp e < dy -+ dy. Similarly, if
(¢;) and (d;) are two sequences, then we write (¢;) < (d;) if there exists a k € N
such that ¢; = d; fori =1,...,k—1and ¢; < dj, and (¢;) = (d;) if (¢;) < (d;) or
(c;) = (d;). We also write (d;) = (c;) if (¢;) < (d;), and (d;) = (¢;) if (¢;) = (dy).

By the subwords of a sequence (¢;) we mean the words of the form ¢, - - ¢,
with n > m > 1. The subword ¢; - - ¢, is called the prefiz of length n of (¢;). If
w is a prefix of (¢;), then we also say the sequence (¢;) starts with w.

For any fixed base ¢ € (1, M +1], every « € J has a lexicographically largest
expansion b(x,q) = (b;), obtained by the greedy algorithm, and a lexicograph-
ically largest infinite expansion a(z,q) = (a;); see [4, 13]. Such expansions are
called the greedy and quasi-greedy expansions of x in base ¢, respectively. If the
greedy expansion of a number of x is infinite, then they coincide. Otherwise,
b(x,q) has a last nonzero digit by, and then a(x,q) = by ---b,_1b,, a(1,q); see
[11] and [4, Proposition 3.4]. If ¢ € (1, M + 1), then all quasi-greedy expansions
are doubly infinite [24]. The case x = 1 being particularly important, we intro-
duce the shorter notations (q) := b(1, q¢) and «a(q) := a(1,q). If 5(q) = (5;) has
a last nonzero digit 5, then a(q) = (81 - - Bn—105,, ).

The following lexicographic characterization of greedy and quasi-greedy ex-
pansions was given in [4].

Proposition 2.1. Fiz q € (1, M + 1]. Then:

(i) The map x — b(x,q) is a strictly increasing bijection between the interval
J and the sequences (b;) satisfying the lexicographic inequalities

(bp+i) < a(q) whenever by ---b, # M".

(ii) The map x — a(x,q) is a strictly increasing bijection between the interval
J and the infinite sequences (a;) satisfying the lexicographic inequalities

(ansi) 2 alq) whenever ay---a, # M".



There is an elementary relation between the expansions and their reflections:

Lemma 2.2. For any fived x € J, the map (¢;) — (M — ¢;) is a strictly de-
creasing bijection between the expansions of x and q% — .

PrOOF. The decreasing property is obvious. Furthermore, the identity

M — ¢ M > ¢ M
7Tq((M*cz-)):Z — =———) —=——"—
o ¢ ¢—1 Zd¢ e-1

shows that (¢;) is an expansion of z if and only if (M — ¢;) is an expansion of

M
ﬁ—$.

An expansion of x is unique if and only if it is at the same time the lex-
icographically largest and smallest (called lazy) expansion of x. Therefore we
deduce from Lemma 2.2 and Proposition 2.1 the following result:

Corollary 2.3. An expansion (¢;) of a number x in a base q is unique if and
only if the following two conditions are satisfied:

(cnyi) < a(q) whenever cy---cp # M".
and

(cnti) < alq) whenever c¢1---cy, # 0™

There is a similar characterization of the sequences §(¢q) and «a(q) in [4].
Setting (1) = 10 and «(1l) = 0% for commodity, we have the following
statement:

Proposition 2.4.

(i) The map q — B(q) is an increasing bijection between the interval [1, M +1)
and the set of sequences (B;) satisfying the lexicographic inequalities

(Bn+i) < (Bi) forall n>1.

(i1) The map q — «(q) is an increasing bijection between the interval [1, M +1]
and the set of infinite sequences («;) satisfying the lexicographic inequali-
ties

(nti) X (y) forall n>0.

Following [30, 24, 13], let V denote the set of bases ¢ > 1 in which 1 has a
unique doubly infinite expansion. Then V is a closed set, and

UCUCYC[0,M+1].

Furthermore, both V\ U and U \ U are countably infinite sets, and therefore the
three sets U, I and V have the same Lebesgue measure and Hausdorff dimension;
see [13] for proofs. Finally we recall that 1 has a finite greedy expansion £(q)
in each base ¢ € V\ U [30, 11, 12].

The sets U, U and V were characterized in [16, 30, 13] by using the sequences
a(q) and B(q). Proposition 2.4 is used in the proof of the following proposition:



Proposition 2.5. Let g € (1, M + 1], and write a(q) = (o), B(q) = (8;). We
have

(Bi) forall n > 0;
for all n>0;
(o;)  forall m>0.

Le)
m
N
°
3
s
LA A
B

We will need from [13] the following properties of «(q):
Proposition 2.6. Let g € V\ U, and write a(q) = cyag - - .
(i) The sequence a(q) is periodic, say ayag -+ = (a1 - an)™, and ay < M.

(ii) If a(q) = (aq -~ an)™ with the period N, then ¢* := min{p €V :p > ¢}
s well defined, and

2
(S
\j_
I
—
o
z+
2
Q
Z+
~—
3

[N

Hence ¢ € V\U.
(iil) If M is even and ¢ = minV, then &y = ;. Otherwise, we have &y < ;.
(iv) If g € V\U, ¢ > minV and
)<

a(g) = (a1 ---ayar---ay

)

then
Qjp1 "N R Q1" QN_; fO’f’ 1=0,...,N —1.

By analogy with V, we introduce for each g > 1 the set V; of real numbers
having at most one doubly infinite expansion in base g. For example, U, = U, =

Vo=Jgifq>M+1, and Uy, G U; =V = Jg = [0,1] if ¢ = M + 1. The next
statement was proved in [11, 24]:
Lemma 2.7.

(1) Uy CVy, Vy is closed, and V, \ U, is countable.

(ii)) Ifge (1, M +1) and x € J, then

€ Vy < has a unique doubly infinite expansion.
In Corollary 2.3 we gave a lexicographic characterization of the set
Uy = {a(z,q) : €Uy}

In the following Lemma 2.8 we recall from [11] a similar lexicographic charac-
terization of the set

Vii={alz,q) : v €V},



Lemma 2.8. Let g € (1, M +1]. A sequence (c;) belongs to V, if and only if
(cnyi) 2 alq) whenever c¢p---cp # M",
and

(Cnyi) = a(q)  whenever c¢p---cp # 0"

3. Proof of Theorem 1.1

First we establish two elementary properties of the sets Ug. The symmetry
of U, was stated and proved in [11].

Lemma 3.1. Fiz j arbitrarily.

(i) The set U] is symmetric:

) M p
xeug<:>—1—a:eu;.

(i) If x € U] N (0,1), then x/q € U] N (0,1).

PrOOF. (i) For any fixed « € J, by Lemma 2.2 the map (¢;) — (M —¢;) is a

bijection between the expansions of z and 2L — z. Therefore 2 and 2L — z

. q—1 q—1
have the same number of expansions.

(ii) Since x/q € (0,1), it suffices to show that the map (¢;) — 0(¢;) is a
bijection between the expansions of x and z/q. It is clear that if (¢;) is an
expansion of z, then 0(c;) is an expansion of z/q. Conversely, if (d;) is an
expansion of x/q, then it starts with 0 because x/q < 1/q. Therefore (¢;) :=
(d14;) is an expansion of z, and (d;) = 0(¢;).

Next we recall a theorem of Baker [5] (he gave a different but equivalent
formula for odd values of M):

Lemma 3.2. The smallest element qar of the set V is given by the formula
(m +vm?2 +4m)/2 with B(qgr) = mm0> if M =2m — 1,
dok = {m +1 with Blaer) = (m+ 1)0% if M = 2m
for m € N*.
Concerning the bases qgr we need a third property:

Lemma 3.3. If M = 2m, then (m +1)7F ¢ Z/l:f,j_l for all nonnegative integers
k.



PROOF. First we show that 1 € Z/[f:l‘;l on the alphabet {0, ...,2m}. By a simple
computation we have infinitely many expansions of 1 in base m + 1:

> ﬁ ~1, (3.1)

k
m—+1
=1, k=0,1,... 3.2
;m+1 (m + 1)k+1 ’ Ty (3:2)
k
=1, k=0,1,.... 3.3
;erl m+1k+1+ X;Qmﬂ : 1 (3.3)

By the usual convention Z _, a; = 0 for empty sums, for £ = 0 the relations
(3.2) and (3.3) reduce to

(o9}

m+1 m —
— =1 d
m-+1 an +; m—|—1 1,

respectively. The relation 1 € ure r1 Will follow if we show that 1 has no other
expansions in base m + 1. To show this, let (¢;) be an arbitrary expansion of
1 in base m + 1. If (¢;) # m®°, then there is an integer k& > 0 such that (¢;)
starts with exactly k consecutive digits m. If cxy1 > m, then we infer from
(3.2) that cxy1 = m+ 1, and ¢; = 0 for all i > k + 1; for otherwise we would
have m,41((¢;)) > 1. Similarly, if ¢x41 < m, then we infer from (3.3) that
ck+1 = m — 1, and ¢; = 2m for all ¢ > k + 1. We have thus shown that every
expansion of 1 appears in (3.1)—(3.3).

It remains to show that (m -+ 1)~* has exactly Ny expansions for each fixed
integer & > 1. If (¢;) is an expansion of 1, then 0%(c;) is an expansion of
(m+1)7%, so that (m + 1)~* has at least R, expansions. On the other hand, if
(d;) is an expansion of (m + 1)~%, then either dy = 1 and d; = 0 for all i # Fk,
ordy = -+ =di =0, and then (¢;) := (dg4i) is an expansion of 1. Hence
(m +1)7F has at most 1 + Ry = R expansions.

Now we are ready to prove Theorem 1.1.

PRrROOF (PROOF OF THEOREM 1.1). Since j > 1, and 0 has a unique expan-

sion, 0 ¢ Z/{g. We will show that if Z/Ig # &, then 0 € Ug, and hence Z/{g is not
closed. We distinguish several cases:

(i) If ¢ < qgr, then every x € (O, pry
[16, 5]. Since j > 1, the assumption Z/{g # @ implies that j = 2%0. Then
Ug = (O, %) and therefore 0 € Ug as required.

) has a continuum of expansions by

(ii) If ¢ > qgr, then q% < 2. Indeed, if M is odd, say M = 2m — 1, then

M Mo dm — 2 4m — 2 )

< = < =2, 34
q—1 qr—1 m+vVm2+4dm—-2 m+(m+1)—2 (34)



while in case M = 2m we have

M M 2m

< = =2
g—1 qer—1 (m+1)-1

Since qTMl < 2, we have

Since Z/{g is non-empty, and symmetric by Lemma 3.1 (i), there exists a point
x € UJN(0,1), and then ¢~ %z € UJ N (0,1) for all k € N by Lemma 3.1 (ii).

k

Since ¢~ "z — 0, we conclude again that 0 € LTg\Ug.

(iii) It remains to consider the case ¢ = qgr. If M is odd, then we may repeat
the reasoning of the preceding step, because we still have q]\—41 < 2: the second
one of the two inequalities in (3.4) remains strict. If M = 2m is even, then we

M

have Y7 = 2, so there exists again a point x € Uy n(0,1]. Ifz e U) N (0,1),

then we conclude as before. If z =1 € Z/lg, then j = Ny because 1 € Ui‘ﬂrl by
Lemma 3.3. Again by Lemma 3.3 we have (m 4+ 1)~%F € ¢ | for all k& > 1,

m—+1
implying that 0 € Up° ; \ UNY, .

4. A review of topological entropy and Hausdorff dimension

In this section we recall from [17, 34, 31, 3| some definitions and results on
Hausdorfl dimension and on symbolic dynamics that will be used in the rest of
the paper.

Given a set F' C R and a nonnegative real number s, the s-dimensional
Hausdorff measure is defined by the formula

HE(F) = lim (inf{z Ii|5}> ,

where the infimum is taken for all countable covers of F' by intervals of length less
than 0. It may be shown [17] that there exists a critical value dimy F € [0,1],
called the Hausdorff dimension of F, such that

HY(F)=0 if s>dimgF, and H'(F)=o0 if s<dimpyF.
The following results are elementary and well-known:

Lemma 4.1. The Hausdorff dimension has the following properties:
(i) dimpg F = 0 for every finite set.

(i) dimp(a+rF) =dimyg F for every a € R and r > 0.

10



(i) If F C G, then dimpyg F < dimpy G.
(iv) dimpy U; F; = sup, dimg F; for every finite or countable family of sets F;.
(v) Two sets differing by a countable set have the same Hausdor(f dimension.

A set 8 C{0,1,..., M} is called a subshift if there exists a set of words
W such that

S = {(ci) €{0,1,...,M} : (¢;) does not contain any word from W} .

The elements of W are called forbidden words. If VW can be chosen to be a finite
set then &’ is called a subshift of finite type.

Given a subshift S’ and a positive integer n, we denote by B, (S’) the set of
different prefixes of length n appearing in the sequences of §’. Since prefixes of
sequences and subwords of sequences of a subshift are in a one-to-one correspon-
dence, B, (S’) is also the set of different subwords of length n appearing in the
sequences of §’. Furthermore, we denote by B..(S’) the set of finite subwords (of
arbitrary length) of sequences in &’ together the empty word e. A subshift &’
is called topologically transitive (or simply transitive) if for every w,v € B.(S')
there exists a § € B,(S’) such that wév € B.(S’).

We will need the following stronger property.

Lemma 4.2. Let 8’ be a transitive subshift of finite type. Then for every w €
B.(S') and (¢;) € S’ there exists a § € B.(S") such that wi(c;) € S'.

Although this property is known for the specialists, for the reader’s conve-
nience we give a short proof:

PROOF. We recall from [34, Theorem 2.3.2| that S’ is generated by a suitable
strongly connected labeled graph I'. Here the strong connectedness of the la-
beled graph T' [34, Definition 2.2.13] means that for any two vertices I,.J of T’
there exists a path from I to J. Now consider a path P; generating w and a path
P, generating (¢;). By the strong connectedness there exists a path Ps from the
last vertex of P; to the first vertex of P. If we denote by § the word generated
by Ps, then the combined path P; P3P, generates the sequence wd(c;).

Given a set 7' C {0,1,..., M}N and a base ¢ > 1, we introduce the notation
Fo = 1g(F) = {mg((ci)) + (e:) € F'}.
We will be interested in the Hausdorff dimension of sets of the form F.

Lemma 4.3. Let &' C {0,17...,M}N be a transitive subshift of finite type,
w € B.(S") a given word, and set

Fi={(¢;) €8 : (c;) starts with w}.

Then
dimH ]:q = dimH Sq

for all g > 1.
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PRrROOF. Setting
SV :={(c;) €S : wu(e;) € F'}

for each finite word v, we have

q =

1
g (wv0™) + q—nS” C Fy

where n is the length of the word wwv, and therefore dim g S;’ < dimpg Fq. Since
&S’ is a transitive subshift of finite type, we have

Sq = UueB*(S’)Sg
by Lemma 4.2. Since B, (S’) is a countable set, it follows that

dimyg S = sup dimyg S; < dimpy Fy.
vEBL(S)

The inverse inequality dimy F; < dimy S, is clear because F;, C S,.

In many important cases, the Hausdorff dimension of S; may be expressed
using the topological entropy of ', denoted by h(S’). We recall from [34, Defi-
nition 4.1.1] the definition

log | B, (S’
h(S') := lim 70g| n(S )|,
n—oo n
where |B,,(S’)| denotes the number of elements of B, (S’). By [34, Proposition
4.1.8] this limit always exists, and it is equal to

!/
n>1 n
Let us introduce the following sets:
V= {(cl) i alq) 2 (epyi) 2 alg) forall n> 0}, (4.1)

Vo= {m(e)) (@) eV} (42)

By Lemma 2.8 we have

VicV, VyCV, and V,= {a(a:,q) NS f/q}.
Remark 4.4. If a sequence (c;) satisfies the seemingly weaker conditions

(cnti) 2 alq) for n=0, and whenever c, <M (4.3)
and

(cnyi) 2alq) for m=0, and whenever ¢, >0, (4.4)
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then in fact (¢;) € f){’( Indeed, since (¢;) = alq) by (4.3), for any index k with
c, = M, there exists a nonnegative integer n < k such that

(cnti) 2alq), and c;=M forall n<j<k. (4.5)
Then the definition of the lexicographic inequality and (4.5) imply that
(ckti) 2 (enri) = alq).

The first inequality is even strict unless (c;) = M. We obtain similarly that
(ck+i) 2 alq) for all k >0, so that (¢;) € V, by (4.1).

Lemma 4.5. Let g € (1, M + 1]\ U.
(1) V; is a subshift of finite type.
(ii

) V! is a subshift of finite type.
(iii) The topological entropies h(V,) and h(V;) exist, and are equal.
)

q

q

(iv) If &' C f/é is a subshift of finite type, then
. ~ h(S)
dimg (Sp) = logp

forallp > q.

The assertions of Lemma 4.5 were proved in [11] and [31]; in [31] the case 8" = f/é
was only considered, but the proof remains valid for &’ C f)(;

Lemma 4.6. The sets Uy, Z/Tq, V, and f)q have the same Hausdorff dimension
for every g € (1, M +1).

Lemma 4.6 follows from Lemma 2.7 (i) and the remark in [26, p. 171].

Now we consider the entropy function g — h(V;). We recall from [26] that
the topological entropy of Vé is well defined for all ¢ € (1,00), and that it is
constant on each connected component of (1,400) \ &. The maximal stability
intervals of this function, i.e., the maximal intervals on which A is constant,
were determined by Alcaraz Barrera et al. [3].

We will need two theorems from [3]. Theorem 4.7 is a simplified form of [3,
Theorem 2 and Lemmas 4.8 and 4.9], while Theorem 4.8 follows from the proof
of [3, Lemma 5.1]; see Remark 4.9 below.

Theorem 4.7. Consider the entropy function q — h(V;) on (1,00).

(i) The maximal stability intervals of h are formed by (1,qk1], [M + 1,00),
and an infinite family of disjoint closed intervals [pr,pr] C (qxr, M +1),
where pr, Tuns over some proper subset of U\ U, and pr runs over some
proper subset of U. Furthermore,

if Blpr) =wt0>®, then B(pr) =ww™. (4.6)
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(i) Let qr, € V\U, and write B(qr) = wT0>°. Then there exists a base qr € U
such that B(qr) = wrw™>, and [qr,qr| is contained by some mazimal
stability interval of h.

We refer to [3] for the precise technical characterization of the words w appearing
in (4.6).

Theorem 4.8. Let [pr,pr] C (qxr, M+1) be a mazimal stability interval of the
entropy function, and q € [pr,pr). Then V(’] contains a unique transitive subshift
S'(q) of finite type such that h(S'(q)) = h(f){]) Furthermore, 8'(q) C f}z/m and
a(pr) € S'(q).

Remark 4.9. For the reader’s convenience we briefly explain how Theorem 4.8
follows from the results of [3]. First assume that if ¢ = pr, and [pr,pr] is a *-
irreducible interval. Then by [3, Lemma 5.9] there exists a unique transitive
subshift of finite type X, C ]}I’JL such that h(X,, ) = h(f/}’jL). Furthermore,
a(pr) € X, -

If g € (pL,pR), then the proof of [3, Proposition 5.10] shows that X, is still
the unique transitive subshift of finite type in 1}1’)L such that h(X},, ) = h(f}]’m).

Next assume that [pr, pr) is an irreducible interval. Then INJZ’,L is a transitive
subshift of finite type by [3, Theorem 1], and a(pr) € DZ’)L, Since fﬂ{,L C 1}(’1 for
every q > pr., it remains to show that in case q € [pr,,pr) every other transitive
subshift of finite type S’ C f){] has a strictly smaller topological entropy than f/z’,L.

The proof of [3, Lemma 5.1] shows that a transitive subshift of finite type S’ C f/é
cannot intersect both V. and)/; \~VI’7L. If 8" ¢V, , then h(S") < h(V,,) by
[34, Corollary 4.4.9]. If S" C V,\'V,,, then

h(S") < R(VI\V),) < h(V,),

where the last inequality also follows from the proof of [3, Lemma 5.1]; see also
[1, Corollary 8.10] for an explicit statement.

5. Preparation for the proof of Theorem 1.2

In this section we consider only bases ¢ belonging to V \ Y. Since q € V,
by Proposition 2.5, the quasi-greedy expansion «(q) = ajas--- of 1 in base ¢
satisfies the lexicographic inequalities

Qp10p42- - 2 alg) and Gppi0ngz - = alq) (5.1)

for all k > 0. Moreover, since ¢ € V \ U, the sequence «a(q) is periodic, the last
digit of its period block a; - - - ay is smaller than M, and the greedy expansion
of 1 in base ¢ is given by the formula 8(q) = a1 - - - ay_1a50%.

Let F’ be a family of sequences (not necessarily a subshift), and set

Fqi={mg((ci)) : (ci) € F'}.
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The following lemma is crucial for the proof of Theorem 1.2. Its statement
uses the assumption that 8(g) is a finite expansion, and at the end of the proof
we will use the relation ¢ € V. These two conditions are equivalent to our
assumption ¢ € V \ U.

Lemma 5.1. Let ¢ € V\ U, and write B(q) = a1 -+~ an_1a 0. Assume that
each (¢;) € F' satisfies the following lexicographic conditions:

(enti) 2 alq) for m=0, and whenever c, < M; (5.2)
(enti) 2 alg) for m=0, and whenever c, > 0;
Qg1 a}clcg o= alq) whenever 1<k<N and ar<M. (54)

Then ‘
dimy Uy > dimg Fy  for all  j < N. (5.5)

PRrROOF. It suffices to prove the inequalities (5.5) under the following stronger
conditions:

(cnyi) < a(q) for m=0, and whenever ¢, < M; (5.6)
(cnyi) <= a(q) for m=0, and whenever ¢, > 0;

Qg1 - --a;clcz -+ <a(q) whenever 1<k<N and ar<M. (5.8)

Indeed, by weakening the conditions (5.6)—(5.8) to (5.2)—(5.4) the family 7' may
be increased only by countably many new sequences, so that dimg F, remains
the same.

It suffices to show for each (¢;) € F' the relations

zj = mg(10U9 " Weyey -y e, j=1,2,....

Indeed, then

1 1 -
ie., L{g contains a set similar to F,.

The case j = 1 follows by observing that lcics - -+ is a unique expansion by
(5.6) and (5.7). Henceforth we assume that j > 2, and we write w := a1 ---an
for brevity.

Since 0U=DN¢jey--- is greedy by (5.6) and 0U=DN¢jey - < wt0>, by
Proposition 2.1 (i) we have

T (0™ DN ) < g (wF0%) = 1.

This implies that z; = 7,(100=DN¢ ey ) has no expansion starting with a
digit greater than 1. Furthermore, since 0U=DN¢iey--- is a unique expansion
by (5.6) and (5.7), 100N ¢ ¢y - -+ is the only expansion of x; that starts with
1.
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Next we show that x; has exactly j —1 expansions starting with 0. Applying
repeatedly the equality 7,(w™0°°) = 1, we may construct from 100-DN¢ ¢y - -
(7 — 1) further expansions of x;, starting with 0:

zj = my(0wPwt0U=2"MNeeo ) k=0,1,...,5 2. (5.9)
It remains to show that (5.9) contains every expansion of z; that starts with 0.

First we show that (d;) := 0w/~ 2wtcjca -+ is the lazy expansion of x;. By

Proposition 2.1 (i) it suffices to show that

(dnyi) < a(q) whenever d,, < M.

For n > (j—1)N +1 this condition is satisfied by (5.7). For 1 <n < (j—1)N+1
the condition follows from (5.1) and the equality a(q) = w™, because w < w™,
and therefore

(dnti) < (om4i) = ().
Now let (e;) be an arbitrary expansion of z; that starts with 0. Then

e1r =0 and ejep--- = 0w 2wleien- -,

whence there exists a k € {0,...,7 — 2} and a word v = w™ of length N, such
that (e;) starts with Ow*v. We have

T (Owrve ey vy2e sy nss ) = 15 = mg(Owrw 00U 2"FNeyey o),
and hence

Wq(ve(k+1)N+2€(k+1)N+3 e ) = Wq(w Ci1Cg - - )
Since v = wt, and the sequence wt0U—2=%)N¢ ¢, ... is greedy by (5.6) and
(5.8), we conclude that v = w™, and therefore

7Tq(€(Ic+1)N+2e(chrl)N+3 )= 7rq(O(j_Q_k)Nsz ).

Since 0U=27F)N¢ ¢y - -+ is a unique expansion by (5.6) and (5.7), we conclude
that
— QU—2-F)N

€(k+1)N42€(k+1)N+3 """ CiC2 -+,

and therefore ‘
(i) = 0wFwr0U=2"FN¢ ey |

i.e., (e;) is one of the expansion listed in (5.9). This completes the proof of the
lemma.

As we explain in the following statement, in some cases the condition (5.4)
of Lemma 5.1 may be replaced by a simpler one:
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Lemma 5.2. Let ¢ € V\U with ¢ > qcr and B(q) = a1 ---an—_1a{0%. If a
sequence (¢;) € {0, ... ,M}N satisfies the inequalities

c1-cp 2O ag (5.10)

and
Ch1Ckt2 - = alq) (5.11)

whenever 1 <k < N and oy, < M, then (¢;) also satisfies the inequalities (5.4)
of Lemma 5.1:

Qt1 "OCJ-"\_/'ClCQ - =<a(q) whenever 1<k<N and ar <M.
PROOF. Since a(q) = (ag ---an)®, it suffices to show that if 1 < k < N and

ap < M, then
ak_‘rl...axcl...ckjal...aN_

Indeed, using (5.11) we will then obtain that
syt aferca - =< (a1 an)alq) = alq).

In view of (5.10) it suffices to prove that

Qi1 oo o 2 ap - ay,
or equivalently that

ak+1-~-a;\r,m< al---afv. (5.12)

Applying Proposition 2.4 (i) to B(q) = a; - - a0 we see that
ak+1---ozj\} <1 ON_E- (5.13)

If the inequality (5.13) is strict, then (5.12) follows. Otherwise, we have to show
that a7 < oﬁ]\', if k=1, and

Ozl'-~Oék-<OzN,k+1'-~OéE if 1<k<N.
or equivalently, by taking reflections, that & <apif k=1, and
aN,k+1-~-a]J(,<a1--~ak if 1<k<N.

This follows by applying Proposition 2.6 (iv) for ¢* := min{p €V : p> ¢}
because

by Proposition 2.6 (ii).
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In the rest of this section we adopt a notation from [3]|, but we do not
assume any irreducibility or *-irreducibility condition on the interval [qr, qR]
defined below. We refer to [3] for the definitions of irreducible and *-irreducible
sequences. The maximal stability intervals [pr,, pr] of Theorems 4.7 and 4.8 are
special cases of these intervals [qr., gr|. As we will see, some results of [3] remain
valid without such assumptions.

For the following two lemmas we fix an arbitrary base qr, € V \ U and we
write

B(qr) =wt0>® with w=ai---am,

so that a(qr) = w™. Furthermore, we define the bases rg,r1,... and gg by the
implicit equations

T, (wH(@)70°) =1 for j=0,1,...,
and

Tan (W (W)*) = 1.
Part (i) of the following lemma was proved in [1, 3] when ¢, = py, is the left
endpoint of a maximal stability interval.

Lemma 5.3. We have

(i) gqr €U and B(qr) = w (w)>.

(i) 1 € V\U, rj €eU\U for all j > 2, and B(r;) = w ()70 for all j > 1.
(i) gp =ro <r1 < - - < ggr-
PRrROOF. First we establish the following equalities:

a1 Qm—i =X Qi1 Oy < ai+1~-~a$ <ai - Qpm_; forall 0<i<m.
(5.14)
Since B(qr) = a1 - - - a,},0>, applying Proposition 2.4 (i) we have

@iyl =< Qi1 @) 2 ap- - ay_; foral 0<i<m,

proving the second and the third inequalities in (5.14). Since q;, € V and
a(qr) = (ay---am,)*, the first inequality in (5.14) is obtained by applying
Proposition 2.5.

(i) Setting (;) := wt(w)> for brevity, in view of Propositions 2.4 and 2.5
it suffices to prove that

(Bnti) < (Bi) and  (Bnyi) < (Bi)

for all n > 0. By periodicity, it suffices to consider 0 < n < 2m. Using (5.14)
and the reflected inequalities, we will prove the following stronger relations:

Brnt1- Brgm = B1--+Bm i 0<n<2m,

Bnt1 Bm = P11 Pm—n I 0<n<m,
Brt1- Pom = B+ Bom—pn if m<n<2m.
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If 0 < n < m, then
B - — cveata Ao <ar--a o an
n+1 n+m n+1 mWl n > W] m—nWl n
+
'<a/1"'am—nam—n+1"'afm—61"'6771

and -
ﬂn+1"'ﬂm:an—&-l"'a%<a1"'am—n:ﬂl"’5m—n-

If n = m, then

Bn—&—l"'ﬁn—i—mzal"'am<a1"'am<ﬁl"'ﬂm

and
Bri Pam =a1 G <ay---ab, =1 B

Finally, if m <n =m + £ < 2m, then

IBn+1.../8n+m:a,e_"_l...amal...aéjal...am_eal...ae
{al...amizam7£+1...a:’;l:/81.../3m

and
ﬂn+1"'62m:a6+1"'am'<al"'am—ézﬁl"'ﬁm—f-

(ii) First we note that r; ¢ U for all j > 1 because the unique expansion of
1 is infinite in every base, and r; is defined by a finite expansion of 1. Now fix
7 > 1, and set

(e o= (w7 0) ™ = - (@) )

It follows from the definition of r; that (c;) is an infinite expansion of 1 in base
rj. We will prove the following inequalities:

(¢;) < cpri1Cnyo--- 3 (¢;) forall n>0 if j>2 (5.15)
(¢i) R ept1nga--- 2 (¢) forall n>0 if j=1. (5.16)

The second inequalities in (5.15) and (5.16) will imply that (¢;) = «(r;) for
all j > 1, and hence S(r;) = w(w)70> for all j > 1 by the general relation
between «(q) and S(q) for any base ¢ € (1, M + 1]. Since a(r;) = (¢;), it will
follow from (5.16) that r; € V, and it will follow from (5.15) that r, € U for

— —\ &© [
all j > 2. Finally, r1 ¢ U because a(ry) = (w*w*) , so that (¢4i) = (¢)

instead of (cp4q) < (¢;)-

It remains to establish (5.15) and (5.16). By the periodicity of (¢;) it suffices
to prove them for 0 < n < (j 4+ 1)m. First we prove the right inequalities in
(5.15) and (5.16). More explicitly, we prove for all j > 1 and 0 <n < (j + 1)m
the inequalities

e

+ o0
+ (@ an) a1-~-am> _

Cn+1cn+2...j (al...a
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We distinguish five cases. If n = 0, then we have an equality. The case 0 < n <
m follows from the relations

+ — +
Upg1 " Gy 2 Q1 Ay a0d A1 Gy < Apent1 " Gy,

in (5.14). The case n = km for k € {1,...,5} follows from the inequality
a1 < ay: see Proposition 2.6 (iii). The case km < n = km + £ < (k+ 1)m for
ke{l,...,j— 1} follows from the relations

A1 G 2 a1 Qg and 07 0 < Qg1+ Qs

both coming from (5.14) by reflection. Finally, the case jm < n = jm+{ <
(j + 1)m follows from the relation

Qg1 i < a1 Qg

in (5.14).

Now we turn to the proof of the left inequalities in (5.15) and (5.16). More
explicitly, we establish the inequalities

(al ceah (ag - am) tay - a;;) =< Cnt1Cnao " (5.17)

forall j >1and 0 <n < (j+ 1)m, except if j =1 and n = m. We distinguish
again five cases. The case n = 0 follows from the inequality a7 < a;. The case
0 < n < m follows from the relation @y Gm—_pn < an+1---a), in (5.14) by
reflection. The case n = km for k € {1,...,j — 1} is clear because a; - - - a;, <
a1 Gm. The case km < n =km+{ < (k+ 1)m for k € {1,...,5 -1}
follows from the relation asy1---am < a1---apm—¢ in (5.14). The case jm <
n=jm+{ < (j+ 1)m follows from the relations

A1 G = Qi1 G and Qg1 Gy < Q10 Gy,

coming from (5.14) by reflection.
If 5 > 2, then (5.17) holds for n = jm, too, because

+

al...a%al...am {al...a%al...am.

This completes the proof of (5.15). L
On the other hand, if j = 1 and n = jm = m, then we have (¢;) =
Cn+1Cn+2 + -+ - This completes the proof of (5.16).

(ili) Since B(qr) = B(ro) < B(r1) < --- < B(gr), the relations ¢, = ro <
r1 < -+ < qg follow by applying Proposition 2.4 (i).

Lemma 5.4. Assume that qr, € V \U with q;, > qor. Let us denote by F' the
set of sequences (¢;) starting with W and satisfying the following conditions:

(qr) for n=0, and whenever c, < M; (5.18)

Cn+1Cn+2 " " j «
CntiCntz - = alqr) for n=0, and whenever ¢, > 0. (5.19)
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Fiz j > 0 arbitrarily, and write oy - - - ofy = w ()7, so that B(r;) = aq - 0.
Then we have

Qg1 aﬁclcg - = alqy) whenever 1<k<N and ar <M. (5.20)

PROOF. Since 8(qr) = wT0%, we have

alqr) = w™, r)=w" wW®, and B(rj) = af0>. (5.21)

a(q
The assumptions (5.18) and (5.19) imply by Remark 4.4 the stronger relations
alqr) = enpicnyz--- <a(qy) forall n>0. (5.22)
Now we prove that

(m)é Cn41Cn42 " j Cn41Cn42 " (523)

for all integers £,n > 0. If £ = 0 or if ¢cpp1¢py2--- = (W)™, then we have
equality. Otherwise, we have £ > 1, and ¢, y1¢p42- -+ > a(qr) = (W) by (5.21)
and (5.22). Therefore there exist a nonnegative integer k and a word u > @
of length m such that ¢, 1c,12- - starts with (w)¥u. Then (W)c,t1cni2 -
starts with (w)**1 < (w)*u, and this implies (5.23).

Now we are ready to prove (5.20). We recall the notation w = ay - - ap,. If
j =0, then rg = g1, and (5.20) follows by applying Lemma 5.2 with ¢ = g, N =
m and ap -+ @y = aj - Gy,. The assumption (5.10) of Lemma 5.2 is satisfied
because ¢;---cy—1 = a7---an_1, and the assumption (5.11) is satisfied by
(5.22).

If j > 1, then al---a?\} =ay--a}(@ an) and N = (j + 1)m. Let
1 <k < N be such that o, < M.

If 1 <k < m, then using (5.23) we get

ak‘-‘rl"'a?\_[ClCQ"':ak—‘rl"'a;‘z(m)JClCQ“' jak—‘rl"'a;«;ClCQ"' ja(qL).

The last inequality follows from the already settled case j = 0.
Ifim+1 <k < (i+1)m for some i = 1,...,7, then writing ¢ := k — im and
using the equality ¢ - - - ¢, = W and the relation (5.23), we get

+ e (7)1
ak+1.'.aNclc2'.._a/€+1.'.a/m (w)j Clc2...
— i+l

= Ty (@)

X A1 Gm Cnt1Cmt2

= cpqpicoq2 - 2 alqr);

Cm+1Cm+2

the last inequality holds by (5.22).

The following lemma is an application of Sidorov’s bifurcation argument [37];
see also [6].

Lemma 5.5. Let ¢ > 1, and = € Z/{g for some j < Wg. Then there exists
an expansion (¢;) of © and a positive integer k such that (cki;) is a unique
expansion.
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ProOF. If j < Ny, then there exists a positive integer k such that all expansions
of z have different prefixes of length k, and hence (ci4;) is a unique expansion
for each expansion (¢;) of z.

Henceforth let j = N, and assume on the contrary that for every expansion
(¢;) of z and for every positive integer n, there exists another expansion (d;) such

that ¢; -+ ¢y, = dy - - - d,,. We will construct for each sequence v = (;) € {0, 1}N

a unique expansion (c;) of = such that if v, 6 € {0, 1}N are different sequences,

then (¢]) # (). This will contradict our assumption € U)°. First we

construct an expansion (c¥

w) of x for every non-empty word w € {0,1}", and
an increasing sequence (i,,) of positive integers, satisfying for every n > 1 the

following conditions:

if w,ze{0,1}" and w<z then ¢ - ¢ <cf---cf; (5.24)

if we{0,1}", then ¢}’ --¢ isaprefixof (¢°) and (cf'"). (5.25)

7 (3 (3

We proceed by induction on n. For n = 1 we choose two different expansions
(¢9) and (c}) of x such that (c?) < (c}), and then we choose a positive integer iy
such that ¢ --- ¢ < ¢f---¢f . Then (5.24) is satisfied for n = 1. Now let n > 1,
and assume that (5.24) is satisfied. For each w € {0,1}", by our assumption
there exists an expansion (d;) of x such that (c¢{’) # (d;) and ¢’ - - - ¢}’ is a prefix

of (d;). Define
(i) == min{(c}), (di)} and (¢i"") == max {(c}"), (d)},

then (5.25) is satisfied. Furthermore, since there are only finitely many words
w € {0,1}", we may choose a positive integer 7,41 > i, such that

wl

w0 | w0 v
Tn+1

wl
Cq1 ~'Cin+1<61 e C

for every w € {0,1}". Combining this with (5.24), the condition (5.24) for n+1
follows:
if w,ze{0,1}""" and w<z then V- i, < cfee

Using the expansions (¢}’

) may obtain a continuum of expansions of = as

follows. For each sequence v = (y;) € {0, 1}N, by (5.25) there exists a unique
sequence (c]) such that ¢ .. ¢/ is a prefix of (¢]) for every n. They are

% in
also expansions of z by continuity, because (¢;'"7) — (¢]) component-wise.

Finally, if 7,0 € {0,1}" are different sequences, then (¢]) # (¢) because by
(5.24) there exists an integer n > 1 such that ¢} ---¢] #cf---cf .

We end this section by proving the inequalities (1.2) of the introduction:
Proposition 5.6. The inequalities
dimp U] < dimp U,

hold for every base ¢ > 1 and for every j < Ng.
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ProOOF. Fix j < Ny arbitrarily. If = € Z/{g, then by Lemma 5.5 there exists
an expansion (¢;) of z and a positive integer n, such that (¢,4,) is a unique
expansion. Therefore

n
C; 1
T € ; E + qfnZ/{q,
and then

) > 1
u; C (w0 + —U, | .
10 U (s i)

n=1we{0,...,M}"

Since Ug is covered by countably many sets, each of which is similar to i, using
Lemma 4.1 (iv) we conclude that dimg Z/Ig < dimg U,.

6. Proof of Theorem 1.2

As in Lemmas 5.3 and 5.4 of Section 5, we fix an arbitrary base q;, € V \ U,
and we write

B(qr) =wt0® and a(qr) =w™ with w=a;---apn.
First we prove the following result:

Proposition 6.1. Let q;, € U \U, and write B(qr) = wT0>®. Assume that Vi,
has a transitive subshift S’ of finite type, containing the word W, and having the
same topological entropy as thu' Then the equal dimension property

dimg Z/{ﬂk =dimpyg L{le for all finite j
holds for all bases Ty, defined by the implicit equations
T (W (@)F0®°) =1, k=0,1,.... (6.1)

PrOOF. We write w = a; - - - a,,, as usual, so that m denotes the length of the
word w. First we show that @ < v < w for every word v € B,,(S’). Since &' is
transitive and w,v € B,,,(S’), there exist a sequence (¢;) € &' and two integers
k > 0 and n such that

Chtl" " Cham =W, k+m<n, and cpp1- Cppm = .

Since w is different from 0™ and M™, ¢; - - - ¢, is different from 0™ and M™, and
therefore

(@)% = (ensi) 2 (W)™

by the last part of Lemma 2.8. In particular, W =< cp41-* Cpam =< w, ie.,
w=<v=Xw.
Since W <X v = w for every word v € B,,,(S’), we have

(@)> =2 (ehti) =2 (w)™
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for every sequence (c;) € S” and for all k > 0, so that " CV; by the definition
of Vg, .

Now let F’ be the set of sequences (¢;) € &’ C f/éL starting with w, and fix
an arbitrary integer k > 0. By Lemma 5.3 (ii), we have B3(ry) = w* (w)*0>.
Writing B(ry) = aj -+ - a0, and applying Lemma 5.4, we obtain that

st -~a}clcg -~ <a(qr) whenever 1<{< N and ay< M. (6.2)

Since F' C &' C f}éu the conditions (5.18) and (5.19) of Lemma 5.4 are satisfied.

Since a(qr) < «a(rg) and therefore 7/ C &' C ]),’IL - ]};w the conditions (5.2)
and (5.3) of Lemma 5.1 are satisfied. By (6.2) the condition (5.4) of Lemma 5.1
is satisfied, too. Applying Lemma 5.1 we obtain that

dimp U, > dimy F,, . (6.3)
Furthermore, we have the following equalities:

. . WSy  h(V,
dlmH f'}-k = dlmH 57-,C = lo(g 7"}1 = légjfk). (6.4)

Indeed, the first and second equalities in (6.4) follow from Lemmas 4.3 and 4.5
(iv), respectively. The third equality in (6.4) follows from the assumptions of
the theorem.
On the other hand, we have
/ !/
dimH Z/{,J.-k S dimH Z/{Tk = dimH f}rk = h(VTk) = h(VqL) . (6.5)
log 7 log

Indeed, in (6.5) the first inequality follows from Proposition 5.6, and the next two
equalities follow from Lemmas 4.6 and 4.5 (iv), respectively. To prove the final
equality in (6.5), we observe that r and ¢r, belong to the same maximal stability
interval of the entropy function. Indeed, we have 7 € [qr,qr] by Lemma 5.3,
and by Theorem 4.7 there exists a maximal stability interval [py,, pr| such that
[¢.,9r) C [pr,pr]. Now the equal dimension property for the base rj follows
from (6.3)—(6.5).

In Proposition 6.2 we describe the quasi-greedy expansion «(q) for every
qg € VN (qr,qr). The result follows from the proof of [1, Proposition 3.9|
under the further assumption that ¢, is the left endpoint of a maximal stability
interval. Since the proposition has an independent interest, here we give a direct
proof.

Proposition 6.2. If ¢ € VN (qr,qr), then there exists a sequence (k;) of non-
negative integers such that

alg) =w"’ (wk1w+) (whw™) (W) (whiwt) .-

and k; < ky for all j > 2.
Moreover, if g € WV \U) N (gL, qr), then the sequence (k;) is periodic.
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PROOF. Since f(qr) = wT0>® and ¢ < q < qgr, a(q) starts with w™, and
a(q) < a(qr) = wr(w)>. Therefore there exists a maximal integer k; > 0 and

a word u < W of length m such that a(q) starts with wtwkiu.
Applying (5.1) it follows that u »= w*. Therefore we have u = wt, and a(q)

starts with w™ (wkl wt).
Now there exists an integer k4 > 0 and a word u of length m such that
a(q) starts with w™ (wklw"‘) wk2u. Applying (5.1) we see that u < w' and

7 .
whwk2u = wrwkrwt. Hence k) < ki, and

w itk = k),
u =
whorw if ky > k).

There exists therefore an integer ks satisfying 0 < ko < k1, and such that a(q)
starts with w™ (wkl w+) (wk2w).
Continuing by induction, assume for some positive integer j that a(q) starts
with
wh (wk1w+) (whwt) - (w’%'*lw‘*‘) (whwt).

Then there exists an integer k3; ; > 0 and a word u of length m such that a(q)
starts with

wT (W) (wk2w+) (m) (wkzjw"’) (M) Uu.
Applying (5.1) we obtain the lexicographic inequalities
w=wt and wT (M)ujuﬁ (W)UJT
Hence ky; ¢ < k1, and

wt if kb y = ki,
u = [
wtorw if k. < ko

There exists therefore an integer kqjy1 satisfying 0 < ko411 < ki and such that
a(q) starts with

w+ (wklw+> (wk2w+) e (wk2j—1w+) (wk2jw+) (wk2j+lw+) .

Next, there exists an integer k’zj 12 > 0 and a word u of length m such that
a(q) starts with

w+ (wklw“r) (wk2w+) e (wk2]’—1w+> (wk2jw+) (wk2j+1w+> (wkéj+2) u.
Applying (5.1) we obtain the lexicographic inequalities

_ , _
u=<w" and wt (wk21‘+2u) = wt (wkler) .
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Hence ky; 5 < k1, and

= w+ ifklzj_,’_Q:k‘l,
4 !/
whorw if ko < ka.

There exists therefore an integer kyjyo satisfying 0 < ko419 < ki and such that
a(q) starts with

w+ (wklw"r) (wk2w+> e (wijflw“F) (kaij’_) (wk2j+1w+) (wk2j+2w+) )

This completes the proof of the proposition for ¢ € V N (g, qr).
If g € W\U)N(qr,qr), then a(q) is periodic, and therefore the sequence
(k;) is also periodic.

Theorem 1.2 follows from the following theorem:

Theorem 6.3. A base q;, € U \ U satisfies the assumptions of Proposition 6.1
if and only if qr, = pr, where [pr, pr] is a mazimal stability interval.

PRrROOF (PROOF OF THEOREM 6.3.). First let [qr,qr] C (gxr,M + 1) be a
maximal stability interval of the entropy function. Applying Theorem 4.8 we
see that f/('u has a unique transitive subshift S’ of finite type, having the same
topological entropy as V(’J ,» and containing a(qr). Therefore the conditions of
Proposition 6.1 are satisfied.

Now assume that [qr., qr] C (¢xr, M +1) is not a maximal stability interval.
Then applying Theorem 4.7 (ii) we see that there exists a maximal stability
interval [pr, pr| such that g1, € (pr,pr). Let &' C f}(’n be a transitive subshift
of finite type, having the same topological entropy as f/(;L. Then 8§’ C f/Z’JL by
Theorem 4.8.

Writing B(pr) = v70% and B(qr) = w0, we complete the proof of the
theorem by showing that S’ cannot contain the word w. Assume on the contrary
that S’ contains w. Then it follows from Proposition 6.2 that

(@) = oF (vF1u+) (W) (ks 0) (W) o
so that W contains v+. This, however, contradicts the relation S’ C ])Z’,L, because
]};L ={(¢;) : ) = (enyi) 20> forall n>0}
by (4.1).
We end this paper by formulating two open problems:

(i) Does the equal dimension property hold for all ¢ € V \ U?

(ii) Does the equal dimension property hold for any ¢ € U, different from gxr,?
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