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Abstract

We consider the compactification of a Yang-Mills theory on a three-dimensional
nilmanifold. The compactification generates a Yang-Mills theory in four space-
time dimensions, coupled to a specific scalar sector. The compactification geom-
etry gives rise to masses for the zero-modes, proportional to the twist parameter
of the nilmanifold. We study the simple example of an SU(3) model broken by a
non-trivial vacuum of the scalar potential which generates three mass scales, two
being at tree level, and the third one at loop level. We point out the relevance of
general twisted geometries for model building and in particular for gauge-Higgs
type models, as the twist generates tree-level mass hierarchies useful for grand
unification and for the Higgs sector in electroweak symmetry breaking.

One of the challenges in model building, when the Higgs potential is radia-
tively generated, as for example in gauge-Higgs models, is that scalar masses
are typically too small, making it difficult to build realistic models for the Higgs
sector, both at the unification and the electroweak scales [1, 2, 3, 4, 5, 6, 7]. We
discuss a new mechanism for generating massive scalar sectors from a partially
compactified Yang-Mills theory by deforming the traditional torus-type com-
pact dimension scenario by twisting, which results in the presence of massive
scalar fields and a scalar potential at tree level which are completely determined
by the gauge structure and by geometry. As an example we use a nilmanifold,
a compact differentiable manifold whose tangent vectors form a nilpotent Lie
algebra, see e.g. [8]. Here, we will work with the simplest, three-dimensional
nilmanifold, whose tangent vectors V1,2,3 obey the Heisenberg algebra,

[V1, V2] = −fV3, [V1, V3] = [V2, V3] = 0 , (1)

where f ∈ R is the only non-vanishing structure constant. This manifold can be
thought of as a twisted fibration of a circle over a two-dimensional torus. The
twist of the fibration is given by,

N =
r1r2
r3

f , N ∈ Z , (2)
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where r1,2 are the two radii of the torus base, and r3 is the radius of the fiber.
Our starting point is a pure Yang-Mills theory with fields valued in the

algebra of a Lie group G,

S =

∫
M7

d7xTr(tatb)
1
2F

a
MNFbMN , (3)

where F is the field strength,

FaMN = 2∂[MAaN ] + g7f
a
bcAbMAcN , (4)

and the ta’s are a basis of the Lie algebra with structure constants fabc. The
total space isM7 = M4 ×N3, the direct product of Minkowski space and a three-
dimensional nilmanifold N3; M,N label the coordinates of M7. The effective
four-dimensional action, after truncation of the heavy modes, is [9, 10],∫

d4xTr
(
− 1

2FµνF
µν +

3∑
I=1

DµΦID
µΦI −M2(Φ3)2 − U

)
, (5)

where the potential U reads,

U = Tr
(
− 2igM [Φ1,Φ2]Φ3 + 1

2g
2

3∑
I,J=1

[ΦI ,ΦJ ][ΦI ,ΦJ ]
)
. (6)

The parameters g, M are related to the geometry of N3,

g =
g7√
V
, M = |f| , (7)

where V = r1r2r3 is the volume of the nilmanifold. The vacuum condition takes
the form,

Φ3,0 = 0 ; [Φ1,0,Φ2,0] = 0 . (8)

This class of vacua can accommodate different types of gauge-symmetry break-
ing patterns. In the following, we take the gauge group to be SU(3), sponta-
neously broken to SU(2)×U(1). Explicitly, the parametrization of the vacuum
is given by,

Φ1,0 =
b̃1√

3

λ8
2
, Φ2,0 =

b̃2√
3

λ8
2

and Φ3,0 = 0 , (9)

with λ8 the usual SU(3) matrix in Gell-Mann notation.
We expand the scalar fields around their vacuum expectation values (VEV):

ΦI = ΦI,0 + δΦI . In order to obtain the mass eigenstates, we define the diago-
nalization matrix P such that,

δΦ = P (θ, ν)δΦ̃ , (10)
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where δΦ̃ are the scalar fields with definite mass around the vacuum, written as
a 24-component vector. The parameter θ ∈ [0, π/4) corresponds to the mixing
between Φ1, Φ2 and Φ3, while ν corresponds to the ratio of Φ1,0 to Φ2,0. The
case of Φ1,0 = Φ2,0 is recovered for ν = π/4. Explicitly, the relation between θ
and the vacuum parameters is

cos(θ) =

√√√√√1 +
b21+b

2
2

4 +

√
1 +

b21+b
2
2

2

1 +
b21+b

2
2

4 +

√
1 +

b21+b
2
2

2

, (11)

while the relation for ν is

cos(ν) =
1√∣∣∣ b1b2 ∣∣∣ 2 + 1

. (12)

The Lagrangian in terms of the eigenmass states reads,

Ldyn = −1

2
Tr(FµνF

µν)−DµX
†
ν ·DµXν +M2

XX
2

+DµH
†
i ·D

µHi − (Mi)
2H†i .Hi +DµH

†
0 ·DµH0

+ Tr(DµφiD
µφi) + Tr(DµρD

µρ)−M2
ρTr(ρ

2) , (13)

where i = 1, 2; Fµν is the field strength tensor for the SU(2)×U(1) gauge; Xµ is
the broken boson (gauge-fixed so the dynamical term is no longer antisymmetric
in µ, ν); the Hi’s, the φi’s and ρ are scalars. The masses take the following form,

M1 = Mf−(x) M2 = Mf+(x) (14)

Mρ = M MX = Mx , (15)

where,

x =

√
b21 + b22

2
, (16)

and we define the function f±(x) as,

f±(x) =

√
(1 + x2 ±

√
1 + 2x2) . (17)

In this convention the b’s are dimensionless, so that bi = g
M b̃i, and b̃i has mass

dimension one. All fields of this model transform in either of two SU(2)×U(1)
representations: the adjoint (φi, ρ) and the fundamental (Hi, H0, Xµ). The

adjoint representation is to be understood as the span of (
√
3
2 I, σ1

2 ,
σ2

2 ,
σ3

2 ). The
coupling constants are,

gSU(2) =
g

2
and gU(1) =

√
3

2
g . (18)

3



The boson Xµ becomes massive by acquiring the scalar H0 as longitudinal com-
ponent. The cubic terms of the scalar potential around the selected vacuum are
given by,

−2gMiTr([φ1,φ2]φ3) = −2gM
(
− 2 cos(2θ) cos(ν)Im(H†1 · φ2 ·H2)

− 2 cos(2θ) sin(ν)Im(H†1 · φ1 ·H2)

+ sin(2θ) cos(ν)H†1 · φ2 ·H1

+ sin(2θ) sin(ν)H†1 · φ1 ·H1

− sin(2θ) cos(ν)H†2 · φ2 ·H2

− sin(2θ) sin(ν)H†2 · φ1 ·H2 + 2iT r(φ2 · [ρ, φ1])
)
, (19)

as well as the cubic terms coupling the broken boson Xµ to the scalars,

− 2g sin(θ)Re
(
∂µH

†
1 · ρ ·Xµ −H†1 · ∂µρ ·Xµ

)
+ 2g cos(θ)Im

(
Xµ† · ρ · ∂µH2 −Xµ† · ∂µρ ·H2

)
+ 2g cos(θ) cos(ν)Im

(
Xµ† · φ1 · ∂µH1 −Xµ† · ∂µφ1 ·H1

)
− 2g sin(θ) cos(ν)Re

(
∂µH

†
2 · φ1 ·Xµ −H†2 · ∂µφ1 ·Xµ

)
+ 2g cos(θ) sin(ν)Im

(
Xµ† · φ2 · ∂µH1 −Xµ† · ∂µφ1 ·H1

)
− 2g sin(θ) sin(ν)Re

(
∂µH

†
2 · φ2 ·Xµ −H†2 · ∂µφ1 ·Xµ

)
. (20)

In addition there is a large number of quartic terms. All the terms are generated
by the starting gauge group of the pure Yang-Mills theory in the 7-dimensional
theory, once the compatification geometry is specified and the effective, trun-
cated, 4-dimensional theory is explicitly derived.

In the following we are interested in particular in the terms contributing
to the mass at one-loop order. Moreover the loops with heavy particles give
dominant contributions, since the diagrams are of order g2m2/16π2 for a particle
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of mass m circulating in the loop. We thus obtain the following terms,

g2Tr([φ1, ρ]2) + g2Tr([φ2, ρ]2) + g2(1− sin2(θ) cos2(ν))H†2 · φ21 ·H2

+ g2(1− sin(θ)2 sin2(ν))H†2 · φ22 ·H2

+ g2(1− cos2(θ) cos2(ν))H†1 · φ21 ·H1

+ g2(1− cos2(θ) sin2(ν))H†1 · φ22 ·H1

+ g2 cos2(θ)H†1 · ρ2 ·H1

+ g2 sin2(θ)H†2 · ρ2 ·H2

+ g2X†µ · ρ2 ·Xµ + g2
(

(H†2 ·H2)(X†µ ·Xµ)− (H†2 · σ3 ·H2)(X†µ · σ3 ·Xµ)
)

+ g2
(

(H†1 ·H1)(X†µ ·Xµ)− (H†1 · σ3 ·H1)(X†µ · σ3 ·Xµ)
)

+ g2
(

(H†1 ·H1)(H†2 ·H2)− (H†1 · σ3 ·H1)(H†2 · σ3 ·H2)
)
. (21)

The case we discussed for SU(3) can be easily extended to other gauge groups.
One important point for the applications to the electroweak interactions is to
obtain a Weinberg angle compatible with data. Since the breaking happens
within the adjoint representation, the Weinberg angle of the model is determined
by the root diagram of the algebra. Here for example, the embedding of SU(2)×
U(1) in SU(3) is unique and gives a Weinberg angle π/3. Using the classification
of root diagrams, in the case of a rank-2 algebra, a sensible choice could be G2,
since it can accommodate a Weinberg angle π/6, close to the measured value.
Of course this group theory value is the one valid at high scale: to obtain the
measured value at the electroweak scale the renormalization group evolution
should be taken into account. This is beyond the scope of the present study as
a realistic evolution would also require the presence of fermionic matter. Higher-
rank algebras allow for more complex breaking patterns but will tend to leave
more massless degrees of freedom. These would have to be lifted in mass, or
eliminated by other means.

Limiting ourselves to the case b1 = b2 = b for simplicity, and taking b
to be small, we can compute the renormalization of the masses at one loop.
Of particular interest are the renormalized masses of the light fields: H1, φ1
and φ2. The heavy fields will remain at the “geometrical” mass scale M . Let
δM denote the one-loop mass corrections. We recall that when b → 0 then
θ → 0. The adjoint fields split into an SU(2) and a U(1) part. This separation
becomes important upon renormalization since their couplings, and therefore
their renormalized masses, are different. We denote the fields as,

φi = φ
SU(2)
i + φ

U(1)
i , (22)

with φ
SU(2)
i ∈ Span{σa

2 } and φ
U(1)
i ∈ Span{

√
3
2 I}.

We thus find that the massless scalars aquire a mass of the same order as the
Higgs-like field for low vacuum parameter. This mass hierarchy can be modified

5



Figure 1: Mass spectrum of the theory as a function of the dimensionless vacuum parameter b.
The masses are in units of M , the geometrical mass. The value of g sets the renormalization
scale. This plot was computed for a coupling constant g = 10−1, a UV cutoff µ = M and the
angle ν = π/4. The impact of the angle ν is simply to separate the masses of the states φ1
and φ2. The massless scalars are of the same order of magnitude as the Higgs-like field, but
couplings to fermions could change the mass hierarchy.

by the introduction of specific fermion couplings in the model. These results
are summarized in Fig. 1.

We have argued that gauge-Higgs unification models based on more general
geometries can overcome the shortcomings of gauge-Higgs unification models
based on simple torus compactifications. We have used the simplest nilmanifold
as a concrete example, in order to exhibit the generation of mass hierarchies
already at tree level. Radiative corrections generate an additional mass scale,
while the number of scalar species is a function of both the initial grand-unified
gauge group and the number of compactified dimensions. Even richer mass hi-
erarchies can be generated at tree level, e.g. by compactifying on more general
group manifolds. Indeed the latter are characterized by an underlying Lie alge-
bra with several structure constants, in contrast to the Heisenberg nilmanifold
which only has one. As we saw, the non-trivial structure constant of the nil-
manifold becomes a mass scale from the point of view of the four-dimensional
theory. Therefore compactifications on more general group manifolds would
lead to several tree-level mass scales.

The model does not contain any massless scalars when quantum corrections
are taken into account. Our simple model can be thought of as a template for
grand-unified models, with the VEV’s of the adjoint scalars providing the mech-
anism for breaking the initial symmetry to the electroweak gauge group. The
electroweak symmetry breaking mechanism for the Higgs sector is not described
in this simple model, but can be included using standard techniques. Without
any extra ingredient the model we proposed can spontaneously break the gauge
group down to the maximal torus of the gauge group, but the remaining U(1)
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symmetries cannot be broken without extra ingredients. A well known possi-
bility is the use of orbifolding methods which are known to provide a further
symmetry-breaking mechanism [11, 12]. A preliminary investigation of orbifold-
ing of the Heisenberg nilmanifold was initiated in [13]. Besides the gauge and
Higgs fields considered here, a complete model must of course also include the
fermionic sector, which could consist of both higher-dimensional fermions and
four-dimensional ones (as in the case of brane models). Moreover, the fermionic
sector will affect the radiative corrections to the masses, and should be stud-
ied in conjunction with the electroweak symmetry breaking mechanism. These
issues will be the subject of future work.
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