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A B S T R A C T 

In this paper, I develop a non-linear theory of tightly wound (highly twisted) eccentric waves in astrophysical discs, based on 

the averaged Lagrangian method of Whitham. Viscous dissipation is included in the theory by use of a pseudo-Lagrangian. This 
work is an extension of the theory developed by Lee & Goodman to 3D discs, with the addition of viscosity. I confirm that linear 
tightly wound eccentric waves are overstable and are excited by the presence of a shear viscosity and show that this persists for 
weakly non-linear waves. I find the waves are damped by shear viscosity when the wave become sufficiently non-linear, a result 
previously found in particulate discs. Additionally, I compare the results of this model to recent simulations of eccentric waves 
propagating in the inner regions of black hole discs and show that an ingoing eccentric wave can be strongly damped near the 
marginally stable orbit, resulting in a nearly circular disc, with a strong azimuthal variation in the disc density. 

Key words: accretion, accretion discs – black hole physics – hydrodynamics – celestial mechanics. 
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 I N T RO D U C T I O N  

strophysical discs can be eccentric in general, with the dominant
otion of the fluid consisting of a sequence of confocal elliptical
eplerian orbits. In a fluid disc these elliptical orbits evolve slowly
ue to the action of external perturbations, pressure gradients,
elf-gra vity, and turb ulent stresses. When the eccentricity ev olves
lowly on the disc precession time-scale, it is expected to be
ell approximated by an eccentric mode. An eccentric mode is

n untwisted eccentric disc, which is stationary in a frame that
otates at the constant disc precession frequency; these represent
he eccentric standing waves of the disc. The eccentric modes in
on-self-gravitating discs have been extensively studied in both
he linear (Kato 1983 ; Okazaki 1991 , 1997 ; Papaloizou 2002 ;
oodchild & Ogilvie 2006 ; Papaloizou & Sa v onije 2006 ; Ogilvie
008 ; Teyssandier & Lai 2019 ) and non-linear (Barker & Ogilvie
016 ; Lynch & Ogilvie 2019 ; Ogilvie & Lynch 2019 ; Zanazzi &
gilvie 2020 ) regimes, as they are the simplest solutions to an ideal

ccentric disc theory. 
The modes considered in Lynch & Ogilvie ( 2019 ; henceforth

aper I) were untwisted. These are the superposition of inward and
utward travelling eccentric waves that reflect from the boundaries
nd carry equal and opposite angular momentum fluxes and twists.
hen these are superposed, the angular momentum flux and twists

ancel, producing the untwisted standing wave. If there is some
ifference in the amplitudes of the ingoing and outgoing waves
hen the angular momentum flux (and thus twist) does not perfectly
ancel resulting in a twisted disc. This can happen if one of the
oundaries is not perfectly reflecting, allowing one of the waves to
 E-mail: elliot.lynch@ens-lyon.fr 
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e partially or completely transmitted, as seen in the simulations
f Dewberry et al. ( 2020a , b ). Viscosity can also cause discs to
ecome twisted by damping the reflected wave so that it is of
ower amplitude than the incoming wave; this was explored by
erreira & Ogilvie ( 2009 ) in the context of the inner region of black
ole discs. In this case, the eccentric wave is typically untwisted
n the boundary as the incoming and outgoing wa ves ha ve the
ame amplitude there, but develops a significant twist far from it
Goodchild & Ogilvie 2006 ; Ferreira & Ogilvie 2009 ; Teyssandier
 Ogilvie 2016 , 2017 ). 
In most eccentric discs, the eccentricity is expected to be excited

t a resonance with an orbital companion (Lubow 1991 ) and
ropagates away to be damped elsewhere in the disc. Goodchild
 Ogilvie ( 2006 ) studied the effect of resonances and bulk viscosity

n a 2D linear theory. Ferreira & Ogilvie ( 2009 ) considered the
nfluence of bulk viscosity on an eccentric wave reflecting off a free
oundary. The interaction of discs and planets in a viscous disc was
tudied by Teyssandier & Ogilvie ( 2016 , 2017 ), which results in
 moderately twisted eccentric wave in the disc generated by the
lanets. Simulations of this effect were carried out by Rosotti et al.
 2017 ) and Ragusa et al. ( 2018 ). Dewberry et al. ( 2020a , b ) studied
ccentric waves in a pseudo-Newtonian disc that were excited at
he disc boundaries and propagate towards the marginally stable
rbit as a highly twisted eccentric wave. In general, the twisting of
ccentric waves is important whenever eccentric waves are generated
r damped within the discs, or when they are free to leave the
omain. 
The inclusion of dissipation in eccentric disc theory is complicated

y the fact that, under certain circumstances, eccentricity can be
xcited by the presence of a shear viscosity (Syer & Clarke 1992 ,
993 ; Lyubarskij, Postno v & Prokhoro v 1994 ; Ogilvie 2001 ; Latter
 Ogilvie 2006 ). Notably, a circular disc is unstable to the excitation
© 2021 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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f eccentric waves in the presence of an shear α-viscosity, commonly 
sed as a model of disc turbulence. This excitation is a form of viscous
 v erstability, originally disco v ered by Kato ( 1978 ) for axisymmetric
erturbations and previously studied in the context of planetary rings 
Goldreich & Tremaine 1978 ; Borderies, Goldreich & Tremaine 
985 , 1986 ). 
One can model dissipation of eccentric waves using a bulk 

iscosity (e.g. in Ferreira & Ogilvie ( 2009 )), as this al w ays damps
ccentricity . Alternatively , it has been suggested in Ogilvie ( 2001 )
hat the finite response time of the turbulence can suppress the 
 v erstability. Of course, one can sidestep this issue entirely by
xplicitly modelling disc turbulence, typically sourced from the 
agnetorotational instability (MRI). Ho we ver, the picture has been 

urther complicated by the recent disco v ery that a sufficiently non-
inear eccentric wave is capable of suppressing the MRI (Dewberry 
t al. 2020b ). 

In this paper, we apply the theory of Whitham ( 1965 ) and Jimenez
 Whitham ( 1976 ) to determine the dynamics of these tightly wound

ccentric waves. These waves occur when a travelling eccentric wave 
ncounters strong apsidal precession, as might occur in the inner 
egions of black hole discs. Our work is an extension of theory
f tightly wound eccentric wav es dev eloped by Lee & Goodman
 1999 ) to include viscosity and a more general treatment of pressure
orces that takes into account the dynamical vertical structure of the 
isc. Tightly wound waves are highly twisted, short-wavelength, and 
ccentric waves; untwisted short-wavelength waves were studied 
n Paper I. In principle, the untwisted short-wavelength theory 
eveloped in Paper I and the tightly wound theory developed here 
ould be obtained as limiting cases of a more general twisted-short
avelength theory, but we shall not attempt that here. 
A version of the work presented here appeared in the authors PhD

hesis Lynch ( 2021 ). The present work incorporates several novel 
ffects that are important for describing self-gravity and viscosity in 
D eccentric discs. This work also impro v es on the comparison with
ewberry et al. ( 2020a , b ). 
This paper is structured as follows. In Section 2, we discuss the

eometry of eccentric discs and introduce the Hamiltonian formalism 

erived in Ogilvie & Lynch ( 2019 ). In Section 3, we derive the
agrangian for a tightly wound eccentric wave. In Section 4, we 
onsider the conserv ati ve dynamics of tightly w ound w aves in the
bsence of dissipation. Section 5 confirms that the wave-steepening 
onditions derived in Paper I for untwisted, short w avelength, w aves
pply to tightly wound waves. Section 6 shows how viscosity can be
ncluded by use of a pseudo-Lagrangian prescription, with Section 7 
resenting the dynamics of a tightly wound eccentric wave subject to 
re-cessional forces, pressure gradients, self-gra vity, b ulk, and shear 
iscosity. In Section 8, we discuss an application of our theory to the
seudo-Newtonian discs considered by Dewberry et al. ( 2020a , b ).
onclusions are given in Section 9 and mathematical derivations are 
iven in the appendices. 

 N O N - L I N E A R  T H E O RY  O F  E C C E N T R I C  

ISCS  

.1 Eccentric orbital coordinate system 

et ( r , φ) be polar coordinates in the disc plane. The polar equation
or an elliptical Keplerian orbit of semimajor axis a , eccentricity e ,
nd longitude of periapsis � is 

 = 

a(1 − e 2 ) 

1 + e cos f 
, (1) 
here f = φ − � is the true anomaly. Equi v alently, 

 = a(1 − e cos E) , (2) 

here E is the eccentric anomaly, which satisfies 

cos f = 

cos E − e 

1 − e cos E 

, sin f = 

√ 

1 − e 2 sin E 

1 − e cos E 

. (3) 

A planar eccentric disc involves a continuous set of nested elliptical 
rbits. The shape of the disc can be described by considering e and � 

o be functions of a . The deri v ati ves of these functions are written as
 a and � a , which can be thought of as the eccentricity gradient and
he twist, respectively. The disc evolution is then described by the
lo w v ariation in time of the orbital elements e and � due to secular
orces, such as pressure gradients in the disc and secular gravitational
nteractions. 

We now introduce the ( a , E ) orbital coordinate system of Ogilvie
 Lynch ( 2019 ). In this coordinate system, a is an orbit labelling

oordinate that specifies an orbit, while E denotes where on the orbit
he point is located. The shape of the orbit is determined by e and � ,
hich are the functions of a and time. The Jacobian determinant of

his coordinate system can be written in the form J = aj (1 − e cos E ),
here 

 = 

1 − e( e + ae a ) √ 

1 − e 2 
(1 − q cos ( E − E 0 )) , (4) 

nd we have introduced the non-linearity parameter q , defined by 

 

2 = 

( ae a ) 2 + (1 − e 2 )( ae� a ) 2 

[1 − e( e + ae a )] 2 
, (5) 

e require | q | < 1 to a v oid an orbital intersection. The relative
ontribution of the eccentricity gradient and twist to q is determined
y an angle E 0 with 

ae a 

1 − e( e + ae a ) 
= q cos E 0 , 

√ 

1 − e 2 ae� a 

1 − e( e + ae a ) 
= q sin E 0 . (6) 

.2 Eccentric disc Lagrangian 

gilvie & Lynch ( 2019 ) derived the Hamiltonian density for a 3D
uid disc, where the only non-Keplerian terms are from pressure 
radients, 

 a = 

1 

2 
( γ + 1) M a 〈 ̄ε 〉 , (7) 

here M a = d m /d a is the 1D mass density with respect to a and ε̄ is
he mass-weighted vertically averaged specific internal energy. Angle 
rackets denote an orbit average. Both the 2D and 3D Hamiltonian
ensities can be written as H a = H 

◦
a F where H 

◦
a = 2 πaP 

◦ is the
amiltonian of a circular disc, with P 

◦ the radial profile of the
 ertically inte grated pressure in the limit of a circular disc, and F
 F ( e , ae a , a � a ) is a dimensionless function that depends on the

isc geometry (Ogilvie & Lynch 2019 ). 
Additional pre-cessional forces can be included by adding a term 

o the Hamiltonian that depends on a and e 2 only: H 

f 
a = H 

f 
a ( a, e 2 ),

o that the Hamiltonian density is given by H a + H 

f 
a . 

There are two sources of non-linearity present in the Hamiltonian 
ensity. One is associated with the eccentricity e ; the other is
ssociated with the gradients of the solution and typically determines 
ow oscillatory (or twisted) the wave is, with more oscillatory 
or twisted) waves being more non-linear. This non-linearity is 
haracterized by the non-linearity or orbital intersection parameter 
 given by equation (5). We can write the geometric part of the
amiltonian in terms of e , q , and E 0 so that F = F ( e , q , E 0 ). 
MNRAS 510, 3460–3478 (2022) 
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From the Hamiltonian for the disc dynamics, we can obtain the
ssociated Lagrangian via a non-canonical Legendre transform, 

 = 

∫ 
M a na 2 � t 

√ 

1 − e 2 d a − H , (8) 

hich leads to a Lagrangian of the form 

 = 

∫ (
M a na 2 � t 

√ 

1 − e 2 − H a − H 

f 
a 

)
d a, (9) 

here � t = 

∂� 

∂t 
and n = ( GM 1 / a 3 ) 1/2 is the mean motion with M 1 the

entral mass. Variation of this Lagrangian with respect to � and e
eads to the non-canonical Hamilton’s equations derived by Ogilvie &
ynch ( 2019 ). These two formalisms are equi v alent; ho we ver it will
e easier to extend the Lagrangian formalism to include dissipation.
To include disc self-gravity, we must include an additional

ontribution L̄ sg to the Lagrangian given by equation (9). An
 xplicit e xpression for L̄ sg in the tight-winding limit is derived in
ppendix A2. 

.3 Dynamical scale height in an eccentric disc 

nlike circular discs, the vertical structure of an eccentric disc cannot
e decoupled from the horizontal fluid motion. Eccentric discs cannot
aintain hydrostatic equilibrium owing to the variation of vertical

ravity and lateral compression around an elliptical orbit (Ogilvie
001 , 2008 ; Ogilvie & Barker 2014 ). The latter of these effects is
ore important in the short-wavelength limit. 
Following Ogilvie & Barker ( 2014 ), we define the disc scale height

o be 

 

2 = 

∫ 
ρz 2 d z ∫ 
ρ d z 

, (10) 

here, in this paragraph only, H is the disc scale height. Ogilvie &
ynch ( 2019 ) introduced the dimensionless scale height h = H / H 

◦,
hich is the scale height rescaled by the scale height H 

◦( a ) of a
ircular disc. In an ideal fluid disc, this evolves according to (Ogilvie
 Lynch 2019 ) 

d 2 h 

d t 2 
+ 

n 2 h 

(1 − e cos E) 3 
= 

n 2 

j γ−1 h 

γ
− ψ sg h, (11) 

here ψ sg contains terms due to the disc self-gravity. 1 An explicit
xpression for ψ sg , in the tight-winding limit, is given in Appendix A.

 T H E  TIM E-DEPENDENT  

H O RT-WAV E L E N G T H  L AG R A N G I A N  

t is convenient to rewrite the Lagrangian (9) as 

 = 

∫ 
M a na 2 ˜ � t 

√ 

1 − e 2 d a + L̄ sg 

+ 

∫ [
M a na 2 

(
ω 

√ 

1 − e 2 + 

∫ 
e ω f ( a, e ) √ 

1 − e 2 
d e 

)
− H 

◦
a F 

]
d a, 

(12) 

hich is the Lagrangian for an eccentric wave in a frame rotating
t rate ω and we have introduced the longitude of pericentre in the
otating frame ˜ � : = � − ωt . As in Paper I the pre-cessional forces
oming from H 

f 
a can be expressed in terms of the precession rate

 f ( a , e ) of a test particle. 
 Not considered in Ogilvie & Lynch ( 2019 ) 

i  

t  

d  

NRAS 510, 3460–3478 (2022) 
We now consider the situation where the pre-cessional (or test
article) forces are strong relative to the background pressure
radient as this gives rise to short-wavelength or tightly wound
ccentric waves. Similar to Paper I, we define 

 

2 = 

M a na 2 ( ω f ( a, 0) + ω sg − ω) 

H 

◦
a 

, (13) 

ith the limit of interest being N 

2 � 1. Here, we have added an
dditional pre-cessional term, 

 sg = − 1 

2 na 2 

d 

d a 

(
a 2 

d  l 

d a 

)
, (14) 

here  l is the contribution to the disc potential from material at
arge distances (i.e. distances much larger than the disc thickness).
his allows us to absorb the long-range contribution to the disc
elf-gravity into N 

2 . In the tight-winding limit, we can approximate
 l using the gravitational potential of the reference circular disc,

s the asymmetry due to the eccentric wave averages out on long
engthscales. With this definition of N 

2 , the remaining contributions
rom disc self-gravity are entirely local and can be determined from
n eccentric shearing box (See Appendix A). 

We introduce the rapidly varying phase variable ϕ = ϕ( a , t ), which
atisfies a ϕ a = N ( a ) k ( a ) with k ( a ) = O (1), a rescaled dimensionless
avenumber. We also make use of the rescaled variable ˜ e = eNk;

n the limit of interest e � 1, but ˜ e = O(1). The non-linearity
equation 5) becomes 

q 2 ≈
(

a 
d e 

d a 

)2 

+ a 2 e 2 
(

d � 

d a 

)2 

≈ ˜ e 2 ϕ ( ϕ, a) + ˜ e 2 ( ϕ, a) � 

2 
ϕ ( ϕ, a) , 

(15) 

hich is of order unity. In this limit the Jacobian determinant J ≈ aj ,
here j is given by 

 ≈ 1 − q cos ˜ E , (16) 

nd ˜ E = E − E 0 . In the tight-winding limit, equation (11) simplifies
o 

d 2 h 

d E 

2 
+ h = 

1 

j γ−1 h 

γ
− ψ sg ( a, j, h ) 

n 2 
h, (17) 

eaning h is an even function of ˜ E , with h = h ( a, q, cos ˜ E ). 
Substituting the expressions for q and ˜ e into the Lagrangian and

eeping only terms of the lowest order in N 

−1 , the Lagrangian
ecomes 

 = 

∫ [−M a na 2 

N 

2 
˜ � t 

˜ e 2 

2 k 2 
+ H 

◦
a 

(
1 

2 

˜ e 2 

k 2 
− F ( q) − 2 λsg 

Q̄ 

◦ F sg ( q) 

)]
d a,

(18)

here Q̄ 

◦ = 

H 

◦n 2 

πG� ◦ is the Toomre-Q in the reference disc, λsg is
 dimensionless constant of order unity that depends on the disc
ertical structure, and F sg ( q ) = 〈 j −1 h 〉 is the geometric part of the local
ontribution to self-gravity in a 3D disc. This differs substantially
rom that of a 2D disc (see for instance Lee & Goodman ( 1999 ))
ecause the dominant local contribution to the gravitational self
nergy is from the suspension of disc material away from the mid-
lane, an effect not present in a 2D disc. A deri v ation of the local
ontribution from self-gravity is given in Appendix A2. 

We have neglected two leading order terms; M a na 2 ω, which is a
unction only of a that has no effect on the dynamics and M a na 2 ˜ � t . It
s possible to show that the latter term only contributes when M a na 2 is
ime dependent, a situation we shall not consider in this paper. A time-
ependent M a na 2 suggests a redistribution of angular momentum in
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Figure 1. Dependence of the non-linear self-gravity control parameter on 
q for different equations of state. Solid lines are isothermal (strictly γ = 

1.000 00001 for numerical reasons) and dashed lines are γ = 2. Colours 
indicate Q̄ 

◦, with black lines having Q̄ 

◦ = 10, red lines having Q̄ 

◦ = 100, 
and blue lines having Q̄ 

◦ = 10 8 . The dotted line is the equi v alent calculation 
in a 2D disc with γ = 2, while the dash–dotted line is an isothermal 2D disc. 
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he disc, which cannot happen in the ideal theory obtained from the
agrangian (18). We shall later include viscous dissipation, which 
an redistribute angular momentum, but will neglect this term under 
he assumption that background disc e volves slo wly on the time-
cales of interest. The neglected M a na 2 ˜ � t term could be important 
or a theory that models disc accretion. 

 CON SERVATIVE  DY NA MIC S  O F  T I G H T LY  

O U N D  WAV ES  

nitially, we neglect non-conserv ati ve terms and derive the equations 
or an ideal, time-dependent, tightly wound wave. As the equations 
re fully conserv ati ve, this can be done entirely within the framework
f Lagrangian mechanics and the averaged Lagrangian theory of 
hitham ( 1965 ). The short lengthscale dynamics of a tightly wound
ave are trivial, with � linearly dependent on wave phase and 

ll other quantities constant. It is thus straightforward to average 
quation (18). Thus, the Whitham averaged Lagrangian density for 
 tightly wound eccentric wave with self-gravity and pressure is 

 a = 〈 L a 〉 = −M a na 2 

N 

2 
ϕ t 

˜ e q 

2 k 2 
+ H 

◦
a 

(
1 

2 

˜ e 2 

k 2 
−F ( q ) −2 λsg 

Q̄ 

◦ F sg ( q ) 

)
(19) 

here angle brackets denote a Whitham average over the phase of
he wave and we have made use of ˜ � t ̃  e = ϕ t ˜ � ϕ ̃  e = ϕ t q. 

The dispersion relation is obtained by varying the Lagrangian with 
espect to the wave amplitudes ˜ e , q : 

δL 

δ ˜ e 
= 0 , 

δL 

δq 
= 0 , (20) 

ombined with the compatibility relation 

∂ t k = a∂ a ϕ t . (21) 

t next order the evolution of the wave fluxes are given by 

δL 

δϕ 

= 0 . (22) 

he averaged Lagrangian has the gauge symmetry 

 → λ( a, t) k, ϕ t → λ( a, t) ϕ t , ˜ e → λ( a, t) ̃ e (23) 

here λ( a , t ) is an arbitrary function. This relates to our freedom to
edefine the wave phase owing to the fact ˜ e and q do not vary on
he short length/time-scale. We can remo v e this gauge freedom by
etting q = ˜ e . Upon adopting this gauge the Lagrangian becomes 

 a = −M a na 2 

N 

2 
ϕ t 

q 2 

2 k 2 
+ H 

◦
a 

(
1 

2 

q 2 

k 2 
− F ( q) − 2 λsg 

Q̄ 

◦ F sg ( q) 

)
, (24) 

ith the dispersion relation now just given by variation with q , 

δL 

δq 
= 0 , (25) 

hile the compatibility relation and variational equation for the wave 
ux evolution are the same. The dispersion relation is given by 

 = −M a na 2 

N 

2 
ϕ t 

q 2 

k 2 
+ H 

◦
a 

(
q 2 

k 2 
− q F 

′ ( q ) − 2 λsg 

Q̄ 

◦ q F 

′ 
sg ( q ) 

)
. (26) 

ubstituting this into the compatibility relation we obtain an equation 
n conserv ati ve form: 

∂k 

∂t 
= 

∂ 

∂y 

{(
ω f + ω sg − ω 

) [
1 − k 2 q −1 

(
F 

′ ( q) − 2 λsg 

Q̄ 

◦ F 

′ 
sg ( q) 

)]}
(2
here y = 

∫ 
N 
a 

d a. The equation for the wave flux evolution is 

 = ∂ t 

(
M a na 2 

N 

2 

q 2 

2 k 2 

)
+ ∂ a 

{
aH 

◦
a 

N 

[
q F 

′ ( q ) 
k 

+ 

2 λsg 

Q̄ 

◦
q F 

′ 
sg ( q ) 

k 

]}
, 

(28)

here we have made use of the dispersion relation to simplify the
patial component of the flux. Consider steady solutions to these 
quations. Without loss of generality, we can set ϕ t = 0 ( ϕ t must be
onstant so that ∂ t k = 0 and can be set to zero by a suitable choice
f rotating frame). Then the equations become 

 = k 2 q −1 F 

′ ( q) + 

2 λsg 

Q̄ 

◦ k 2 q −1 F 

′ 
sg ( q) (29) 

aH 

◦
a 

N 

q 

k 

[
F 

′ ( q) + 

2 λsg 

Q̄ 

◦ F 

′ 
sg 

]
= const . (30) 

ere, equation (29) is an amplitude-dependent dispersion relation, 
hile equation (30) describes the conservation of angular momentum 

ux in the disc. When combined these equations determine how k
nd q vary with a for a given disc profile. 

Rearranging the dispersion relation for k , 

 

2 = 

q 

F 

′ ( q) 

(
1 + 

2 λsg 

Q̄ 

◦ χ ( q) 

)−1 

, (31) 

here we have introduced a self-gravity non-linear control parame- 
er, 

( q ) = 

F 

′ 
sg ( q ) 

F 

′ ( q ) 
, (32) 

hich determines whether pressure or self-gravity becomes more 
mportant as the wave becomes non-linear. The relative importance 
f self-gravity to pressure forces is then set by a combination of
he Toomre-Q in the reference disc and this non-linear control 
arameter χ ( q ). Fig. 1 shows χ ( q ) for a variety of disc models and
quations of state. In 3D discs, self-gravity becomes more important 
s the wave becomes increasingly non-linear. This contrast with 2D 

iscs where χ ( q ) (calculated using the theory presented in Lee &
MNRAS 510, 3460–3478 (2022) 
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oodman ( 1999 )) decreases with increasing q , indicating that self-
ravity becomes less important as the wave becomes more non-linear.
his strengthening of the disc self-gravity, relative to pressure, can
otentially be explained by the fact that the wavelength of the non-
inear wave is longer than that predicted by linear theory as a result
f strong pressure gradients preventing an orbital intersection which
ould form if the wavelength were too short. 
Another important feature of self-gravitating discs in the tight-

inding limit is that isothermal discs exhibit a breathing-mode
xcited by the disc self-gravity. This arise from the local contribution
o ψ sg , which is proportional to j −1 , introducing a dependence
n the lateral fluid compression. This means 3D, isothermal, self-
ravitating discs in the tight-winding limit have different dynamics
o 2D discs. This contrasts with the non-self-gravitating discs where
he disc’s vertical structure does not affect the eccentric waves in
he short-wavelength limit. More generally, the modification of the
isc scale height by self-gravity leads to F ( q ) and F sg ( q ) (along with
imilar functions describing viscosity that will be introduced later)
epending on Q̄ 

◦. 
Following Lee & Goodman ( 1999 ), we can rewrite equations (27)

nd (28) in a hyperbolic form, 

∂ 

∂t 

(
k 

j t 

)
+ A 

∂ 

∂a 

(
k 

j t 

)
= 

⎛ 

⎜ ⎜ ⎜ ⎝ 

a 

N 

∂ 2 L a 

∂ j t ∂ a 

a 

N 

∂ 2 L a 

∂ j t ∂ a 
+ 

∂ 

∂a 

( a 

N 

) ∂L a 

∂j t 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, (33) 

here j t = 

M a na 2 

N 2 
q 2 

2 k 2 
and the matrix A is given by 

 = − a 

N 

⎛ 

⎜ ⎜ ⎜ ⎝ 

∂ 2 L a 

∂ j t ∂ k 

∂ 2 L a 

∂( j t ) 2 

∂ 2 L a 

∂k 2 

∂ 2 L a 

∂ j t ∂ k 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. (34) 

his matrix has eigenvalues V ±, corresponding to the characteristic
elocities, of 

V ± = 

N 

2 H 

◦
a 

M a na 2 

Nk 

aq 

[
F 

′ 
p + sg ( q) + qF 

′′ 
p + sg ( q) 

±
√ 

q F 

′′ 
p + sg ( q )( q F 

′′ 
p + sg ( q ) − F 

′ 
p + sg ( q)) 

]
, 

(35) 

here F p + sg ( q) = F ( q) + 

2 λsg 

Q̄ 

◦ F sg ( q). This system of equations are
yperbolic provided that V ± are real, which is the case if F 

′ 
p + sg ( q) is

 conv e x function of q (as e xpected for most disc models of interest).
s found in Lee & Goodman ( 1999 ), the sign of the characteristic
elocities sgn ( V ±) = sgn ( k). Thus these characteristic velocities are
e gativ e for tightly wound trailing waves (which have k < 0). 

 M O D U L AT I O N  O F  T H E  E C C E N T R I C  WAV E  

N  T H E  DISC  L E N G T H  SCALE  

n this section, we neglect self-gravity and consider how the eccen-
ricity and non-linearity vary on the long-lengthscale, so that we can
ompare tightly wound waves with the untwisted discs considered in
aper I. We shall show the conditions for wave steepening derived

n Paper I carry over to tightly wound wav es. F or comparison with
aper I, it is useful to introduce I ( q ) and J ( q ) which for the tightly
 ound w av es considered in this paper are giv en by 

 ( q ) : = 

π√ 

2 

√ 

F 

′ ( q ) 
q 

, (36) 
NRAS 510, 3460–3478 (2022) 
 ( q ) : = 

π

2 
√ 

2 
q 1 / 2 F 

′ ( q ) 3 / 2 . (37) 

hese are directly comparable to the functionals I ( q ), J ( q ) defined
n Paper I. Although we omit a proof here, one can show that if
 

′ 
( q ) is strictly conv e x on the interval 0 < q < 1 (a similar, but

ot identical, assumption to that made in Paper I) then I ( q ) and J ( q )
re increasing functions of q on this interval. For isothermal and 2D
diabatic discs 1 < γ ≤ 2, one can pro v e that F ( q ) has the desired
roperty, while for 3D adiabatic discs one can demonstrate these
roperties numerically. 

.1 Flux conser v ation and non-linear dispersion relation in a 
teady eccentric disc 

e shall now show that the wave steepening criteria derived in Paper
 also apply to steady tightly wound waves, in the absence of self-
ravity. The dispersion relation for a steady, tightly w ound, w ave in
he absence of self-gravity is 

δ〈 L 〉 
δq 

= H 

◦
a F 

′ ( q ) 
(

π2 

2 k 2 I 2 ( q ) 
− 1 

)
= 0 . (38) 

fter rearranging and rescaling, this becomes 

ϕ a = 

πN √ 

2 I ( q) 
. (39) 

he flux conservation law is 

δ〈 L 〉 
δϕ 

= − ∂ 

∂a 

( 

aH 

◦
a 

N 

∂〈 ˆ L 〉 
∂k 

) 

= − ∂ 

∂a 

( 

2 
√ 

2 aH 

◦
a 

πN 

J ( q) 

) 

= 0 , (40) 

hich can be rearranged to obtain a conserved flux, 

2 
√ 

2 aH 

◦
a 

πN 

J ( q) = const . (41) 

By writing J ( q ) in terms of I ( q ) and q , and making use of the gauge
xing condition q = ˜ e = eNk, we can obtain the alternative form of

he flux conservation equation, which matches that derived in paper
 for untwisted eccentric waves, 

aH 

◦
a N 

2 

aϕ a 

〈 e 2 〉 = const . (42) 

ombining this with the dispersion relation, we obtain an equation
or the eccentricity envelope, 

 e 2 〉 ∝ 

1 

aH 

◦
a NI ( q) 

. (43) 

In the linear limit (using F = F 

lin , from Paper I), we can e v aluate
 and J and obtain 

 ( q) = 

π

2 

√ 

2 γ − 1 

γ
, (44) 

 ( q ) = 

π

8 

(
2 γ − 1 

γ

)3 / 2 

〈 q 2 〉 . (45) 

his is identical to those for the untwisted eccentric mode, and
atches the expressions given in Paper I upon the substitution

 q 2 〉 = 

1 
2 q 

2 
+ 

. 
In Paper I, we showed that untwisted eccentric waves can be

ocused by the large-scale disc properties and we derived conditions
or q and e to become non-linear in the inner disc from an initially
inear disturbance in the outer disc. Here, we show that the conditions
erived in Paper I apply to tightly wound waves. 
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Figure 2. Comparison of I ( q ) for untwisted and tightly wound waves in an 
isothermal disc showing the initial weak dependence on q for the tightly 
w ound w aves. 
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As noted abo v e, I ( q ), J ( q ) are increasing functions of q for
hysically reasonable F ( q ). Using equation (41), we can obtain the
ondition on the amplification of q with decreasing a , 

∂q 

∂a 
< 0 if and only if 

∂ 

∂a 

(
aH 

◦
a 

N 

)
> 0 . (46) 

The condition on 〈 e 2 〉 to increase can be obtained from equa-
ion (43), from which we obtain the condition 

∂ 

∂a 

(
aH 

◦
a N〈 e 2 〉 ) < 0 if and only if 

∂q 

∂a 
> 0 . (47) 

imilarly, we have a condition on a ϕ a : 

∂ 

∂a 

(aϕ a 

N 

)
> 0 if and only if 

∂q 

∂a 
> 0 . (48) 

hese conditions are identical to those derived in Paper I. As done
n Paper I, we can use these conditions to show that 

aϕ a 

aϕ a | lin = 

I (0) 

I ( q) 
≤ 1 , (49) 

〈 e 2 〉 
〈 e 2 lin 〉 

= 

I (0) 

I ( q) 
≤ 1 , (50) 

here the subscript lin denotes the prediction from a linear theory. 
he interpretation of this result is the enhancement of the pressure

orces by the non-linearity which can more easily balance the strong
re-cessional forces, compared with a linear theory. I ( q ) for tightly
 ound w aves often has a weaker dependence on q than I ( q ) of the
ntwisted theory and for an isothermal disc 〈 e 2 〉 and a ϕ a remain
lose to their linear values until q gets close to 1 (See Fig. 2 ). 

 NON - C ONSERVATIVE  TERMS  

n order to include non-conserv ati ve terms in our theory, we need
o mo v e be yond the Lagrangian framework. To do this, we make
se of a pseudo-Lagrangian framework and the extension of the 
hitham averaging method to pseudo-Lagrangians by Jimenez & 

hitham ( 1976 ). In their formalism, non-conserv ati ve terms are
reated perturbatively, and do not influence the dynamics o v er a
ingle wav e-c ycle. These non-conserv ati ve terms instead af fect the
ong time and length-scale modulation of the wave. 

In the pseudo-Lagrangian formalism, one doubles up the phase 
pace variables and make the pseudo-Lagrangian stationary with re- 
pect to one set of phase space variables, while the ‘complementary’ 
hase space variables are held fixed. There is an unfortunate notation
lash between the notation introduced in Jimenez & Whitham ( 1976 )
or complementary phase space variables (i.e. . ′ ) and the notation for
 deri v ati ve for a function of one variable, which we have made
 xtensiv e use of to denote q deri v ati ves of the geometric part of
he Hamiltonian F . To a v oid this we shall adopt the convention
hat complementary phase space variables are denoted by a breve 
 ̆·). 

.1 The averaged pseudo-Lagrangian formalism 

s pseudo-Lagrangians and the formalism of Jimenez & Whitham 

 1976 ) are not commonly used in astrophysics, we shall use a damped
inear wave equation, with a quadratic potential, as an illustrative 
xample of how the formalism works. The damped linear wave 
quation, with quadratic potential, can be derived from the following 
seudo-Lagrangian, 

 wave = 

∫ [
1 

2 
u 

2 
t −

1 

2 
c 2 ( x) u 

2 
x −

1 

2 
m 

2 ( x) u 

2 − D( x) u ̆u t 

]
d x, (51) 

here c , D , and m are position-dependant wavespeed, damping rate,
nd mass. Making the pseudo-Lagrangian stationary with respect to 
ariations of u and setting ŭ = u , we arrive at the equation of motion
or the wave, 

δF wave 

δu 

∣∣∣∣
·̆=·

= −u t t + ∂ x 
(
c 2 ( x) u x 

)− m 

2 ( x) u − D( x) u t = 0 . (52) 

When c ( x ), D ( x ), and m ( x ) v ary slo wly o v er one wav elength of the
ave, we can make use of the averaging formalism of Jimenez &
hitham ( 1976 ). Introducing the wave phase ϕ with wav efrequenc y
 = ϕ t and wavenumber k = ϕ x , we can approximate the deri v ati ves
s ∂ t ≈ ω∂ ϕ and ∂ x ≈ k ∂ ϕ . 

F wave = 

∫ {
1 

2 

[
ω 

2 − c 2 ( x) k 2 
]
u 

2 
ϕ −

1 

2 
m 

2 ( x) u 

2 

− D( x) u ω̆ ŭ ϕ̆ 

}
d x. 

(53) 

n the short lengthscale damping can be neglected and c can be
reated as a constant. The short lengthscale dynamics are just a
inear harmonic oscillator and can be solved by u = u 0 ( t , x )cos ϕ( x ),
here u 0 ( t , x ) is a time- and position-dependant wave amplitude.
or the non-conserv ati ve terms, we can make use of the following
pproximation u ( ϕ) ≈ ŭ ( ϕ) ≈ ŭ ( ̆ϕ ) + ( ϕ − ϕ̆ ) ̆u ϕ̆ ( ̆ϕ ), as higher order
erms in this expansion will vanish when we set ŭ = u , ϕ̆ = ϕ. 

Av eraging o v er the wav e phase, we obtain an averaged pseudo-
agrangian for the system, 

 F wave 〉 = 

∫ {
1 

4 

[
ω 

2 − c 2 ( x) k 2 − m 

2 ( x) 
]
u 

2 
0 

−1 

2 
D( x )( ϕ − ϕ̆ ) ̆ω ̆u 

2 
0 

}
d x , (54) 

here angle bracket denote a phase average and we have dropped a
erm proportional to ŭ ̆u ϕ̆ , which has no influence on the dynamics.
arying 〈 F wave 〉 with respect to the amplitude, u 0 and setting equal

o zero we obtain, 

δ〈 F wave 〉 
δu 0 

∣∣∣∣
·̆=·

= 

1 

2 

[
ω 

2 − c 2 ( x) k 2 − m 

2 ( x) 
]
u 0 = 0 , (55) 

rom which we obtain the dispersion relation ω 

2 = c 2 ( x ) k 2 + m 

2 ( x ).
ombined with the compatibility relation ∂ t k = ∂ x ω, these determine
ow the wavephase is modulated on the long length/time-scale. 
MNRAS 510, 3460–3478 (2022) 
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arying with respect to ϕ, and setting equal to zero, we obtain an
volutionary equation for the wave amplitude, 

δ〈 F wave 〉 
δϕ 

∣∣∣∣
·̆=·

= − ∂ 

∂t 

(
1 

2 
ωu 

2 
0 

)
+ 

∂ 

∂x 

(
1 

2 
c 2 ( x) ku 

2 
0 

)
− 1 

2 
D( x) ωu 

2 
0 

= 0 . (56) 

his determines how the amplitude is modulated by the spacial
ependence of c , D , and m . This can be rearranged into to obtain
n equation of the form, 

 μj μ = −D( x) j t , (57) 

here μ = { 0, 1 } are space time indices and j μ are the wave flux. This
s a waveflux conservation equation with a sink due to wavedamping.

.2 Viscous stresses 

n this section, we consider the effects of shear and bulk viscous
tresses on tightly wound waves. Viscous stresses are often used
s a model for the effects of disc turbulence. The classical α-disc
odel only considers shear viscosity, as a circular Keplerian flow

s not affected by bulk viscosity. Turbulence due to the parametric
nstability feeds off the eccentric mode and has been shown to cause
ccentricity to decay ( Papaloizou 2005 ; Wienkers & Ogilvie 2018 ),
t thus behaves like an ef fecti ve bulk viscosity. The finite response
ime of the MRI can also act as an ef fecti ve bulk viscosity that is
ypically of similar magnitude to the shear viscosity (Ogilvie 2001 ;
ynch & Ogilvie 2021 ). Thus, the relative importance of shear and
ulk viscosity depends on the source of disc turb ulence, b ut one
xpects that they should be of broadly comparable magnitude. 

We assume the vertically integrated shear viscosity μ̄ and bulk
iscosity μ̄b can be written in the form μ̄ = 

αμ◦
a 

2 π m and μ̄b = 

αb μ
◦
a 

2 π m ,
here α, αb are dimensionless constants, μ◦

a depends only on a and m
s a function of j and h only. αμ

◦
a 

2 π and αb μ
◦
a 

2 π are the vertically integrated
hear and bulk viscosities of the reference circular disc, while m is
 dimensionless function of the disc geometry. As j = j ( q, cos ˜ E )
nd h = h ( q, cos ˜ E ), we can write m = m ( q, cos ˜ E ). 

In the ˜ e = q gauge, dissipative effects from viscous stresses in the
ight-winding limit can be included using a pseudo-Lagrangian of
he following form 

 = 

2 

3 
α

∫ 
aT ◦a ( ϕ − ϕ̆ )[ F shear ( ̆q ) + 3 F phase ( ̆q )] d a 

+ 

(
αb − 2 

3 
α

)∫ 
aT ◦a ( ϕ − ϕ̆ )[ F bulk ( ̆q ) − F phase , b ( ̆q )] d a, (58) 

hich is derived in Appendix B. Here, we have introduced T ◦a = n μ◦
a 

nd F bulk , F shear , F phase b , and F phase are non-linear functions of q
similar to F and F sg ) given in Appendix B. F bulk and F shear are the
ontribution from the horizontal viscous stresses while F phase and
 phase, b are contributions from the phase shift, between the vertical
nd horizontal motion, induced by the viscosity. 

Assuming that the viscosity can be written as a powerlaw in
ensity, pressure, and scale height, we have a functional form for
 , 

 = j x h 

y , (59) 

here for a standard α-viscosity x = −γ , y = −( γ − 1). In the linear
imit ( q � 1), F bulk and F shear take the following forms for a 2D disc:

 

(2 D) 
bulk ( q ) = 

q 2 

2 
+ O ( q 4 ) , (60) 

 

(2 D) 
shear ( q ) = 

9 

4 
q 2 ( 1 + x ) + O ( q 4 ) . (61) 
NRAS 510, 3460–3478 (2022) 
n the 2D disc there is no phase shift so F phase ( q) = F phase b ( q) = 0.
n a 3D disc, 

 

(3 D) 
bulk ( q ) = 

1 

2 γ
q 2 + O ( q 4 ) , (62) 

 

(3 D) 
shear ( q ) = 

9 

4 
q 2 
(

1 + x − y 
γ − 1 

γ

)
+ O ( q 4 ) , (63) 

 phase , b = 

( γ − 1) 

2 γ 2 
q 2 + O ( q 4 ) , (64) 

 phase = 

1 

2 

(
γ − 1 

γ

)2 

q 2 + O ( q 4 ) . (65) 

Neglecting the phase shift, we require F shear > F bulk in order
hat shear viscosity damps the wav e. F or an α −disc, with 1 ≤

≤ 2, both F 

(2 D) 
shear < F 

(2 D) 
bulk and F 

(3 D) 
shear < F 

(3 D) 
bulk , in the linear limit,

o shear viscosity excites tightly w ound w aves in the linear limit,
eco v ering the known viscous o v erstability (Syer & Clarke 1992 ,
993 ; Lyubarskij et al. 1994 ; Ogilvie 2001 ; Latter & Ogilvie 2006 ).
hen the wave is sufficiently nonlinear, shear viscosity instead

amps the wave (See Fig. 3 ). More generally in order that viscosity
ehav es dissipativ ely, we require 

 = 

2 

3 
α[ F shear ( q) + 3 F phase ( q) − F bulk ( q) + F phase b ( q)] 

+ αb [ F bulk ( q) − F phase b ( q)] > 0 . (66) 

n the linear limit, for a 2D disc this condition becomes 

 ≈ q 2 

6 
α
[ 
7 + 3 

αb 

α
+ 9 x 

] 
> 0 , (67) 

hile for a 3D disc, 

 ≈ α

6 
q 2 
[

15 + 9 x − 9 y 
γ − 1 

γ
− 4 

γ 2 
(3 γ − 1) + 

αb 

α

3 

γ 2 

]
> 0 . 

(68) 

or both 2D α −discs, and a 3D α −disc (if the contribution from the
hase shift is neglected), the viscous overstability is suppressed when 

αb 

α
> 

9 γ − 7 

3 
. (69) 

or a 3D α −disc, including phase shift, the viscous o v erstability is
uppressed when 

αb 

α
> 

3 γ 2 + 3 γ − 4 

3 
. (70) 

hese conditions agree with the small α, αb limit of Latter & Ogilvie
 2006 ), who similarly found that the phase shift in 3D discs made
hem more susceptible to the viscous o v erstability. 

Viscosity in the disc also drives an accretion flow. While we do
ot directly include accretion in our model, as it typically occurs on
 time-scale longer than the secular time-scale associated with the
ccentric wa ve ev olution, it is illustrative to consider the effects of
he eccentric wave on the accretion flow. From Appendix B3, the
iscous torque, responsible for driving the accretion flow, in a tightly
ound eccentric disc is 

 = −2 αa 2 T ◦a 
1 

2 π

∫ 
mj −1 

(
1 

4 
− j 

)
d E. (71) 

s an illustrative case consider an isothermal α-disc, where m = j −1 ,
ne can e v aluate the orbit average to obtain 

 iso = 

3 

2 
αa 2 T ◦a 

1 − 4 
3 q 

2 

(1 − q 2 ) 3 / 2 
. (72) 
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2 Self-Gravity can be important in the linear/WKB limit of our theory. This 
contrasts with the WKB limit of existing linear theory, where self-gravity is 
generally unimportant. This arises from considering the effect of the disc’s 
vertical self-gravity, which is not normally accounted for. 
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eglecting gradients in q , when q ≥ √ 

3 / 4 , the modification due to
he eccentric wave is sufficient to halt the accretion flow, which may
ead to the truncation of the disc on the viscous time. When q � 1
he torque simplifies to 

 iso = 

3 

2 
αa 2 T ◦a 

(
1 + 

1 

6 
q 2 
)

+ O ( q 4 ) . (73) 

hus in the linear limit, where the viscous o v erstability operates, the
resence of the eccentric wave enhances the accretion flow. A similar
nhancement of disc accretion by eccentric discs was found by Syer 
 Clarke ( 1992 , 1993 ). This enhancement arises from the density

ependence of the α-viscosity. 
Fig. 4 plots G against q for different disc models. In general,

eakly non-linear waves drive (slightly) stronger accretion, while 
trongly non-linear eccentric waves have the potential to significantly 
odify the accretion flow – including cutting it off entirely. As α is

mall by assumption, the modification of the background flow by the 
ccentric wave will be negligible on the time-scale of interest except 
or strongly non-linear eccentric waves. The presence of strongly 
on-linear eccentric waves could lead to significant evolution of 
he background surface density profile on the time-scale of interest, 
otentially resulting in disc truncation. 
The abo v e analysis ne glects gradients in q , which, when large

nough, can fundamentally change the picture described abo v e. This
s particularly important for strongly nonlinear waves, where G is a 
teep function of q . A more complete study of the effects of tightly
ound eccentric waves on the background accretion flow is beyond 

he scope of this paper, and is thus left for future work. 

 NON - C ONSERVATIVE,  T I G H T  W I N D I N G  

AV E  DY NA M IC S  

he Whitham averaged pseudo-Lagrangian density for a tightly 
 ound eccentric w a ve with self-gra vity , pressure and viscosity , in

he ˜ e = q gauge, is: 

 a = −M a na 2 

N 

2 
ϕ t 

q 2 

2 k 2 
+ H 

◦
a 

(
1 

2 

q 2 

k 2 
− F ( q) − 2 λsg 

Q̄ 

◦ F sg ( q) 

)

+ 

2 

3 
αaT ◦a ( ϕ − ϕ̆ )[ F shear ( ̆q ) + 3 F phase ( ̆q ) 

−F bulk ( ̆q ) + F phaseb ( ̆q )] 

+ αb aT ◦a ( ϕ − ϕ̆ )[ F bulk ( ̆q ) − F phase b ( ̆q )] . (74) 

he dispersion relation is obtained by varying the pseudo-Lagrangian 
ith respect to the wave amplitude q 

δF 

δq 

∣∣∣∣
·̆=·

= 0 , (75) 

ombined with the compatibility relation, 

∂ t k = a∂ a ϕ t . (76) 

t next order, the evolution of the wave fluxes are given by 

δF 

δϕ 

∣∣∣∣
·̆=·

= 0 . (77) 

he dispersion relation is given by 

 = −M a na 2 

N 

2 
ϕ t 

q 2 

k 2 
+ H 

◦
a 

[
q 2 

k 2 
− q F 

′ ( q ) 
(

1 + 

2 λsg 

Q̄ 

◦ χ ( q ) 

)]
, (78) 

here we have made use of the self-gravity non-linear control 
arameter χ ( q ). Substituting this into the compatibility relation, we 
btain an equation in conserv ati ve form, 

 t k − ∂ y 

{
( ω f + ω sg − ω) 

[
1 − k 2 

q 
F 

′ ( q) 

(
1 + 

2 λsg 

Q̄ 

◦ χ ( q) 

)]}
= 0 , 

(79)

here y = 

∫ 
N 
a 

d a. 
At the next order, the equation for the wave flux evolution is, 

 t 

(
M a na 2 

N 

2 

q 2 

2 k 2 

)
+ ∂ a 

aH 

◦
a 

N 

{
q F 

′ ( q ) 
k 

(
1 + 

2 λsg 

Q̄ 

◦ χ ( q) 

)}

= −2 

3 
αaT ◦a [ F shear ( ̆q ) + 3 F phase ( ̆q ) − F bulk ( ̆q ) + F phaseb ( ̆q )] 

−αb aT ◦a [ F bulk ( ̆q ) − F phase b ( ̆q )] , (80) 

here we have made use of the dispersion relation to simplify the
patial component of the flux. 

Equations (79) and (80) are evolutionary equations for the 
avenumber k and non-linearity q . In the absence of viscosity, these

quations are conserv ati ve and describe how the wavenumber and
ngular momentum deficit (AMD; a positive definite measure of 
isc eccentricity, being the additional angular momentum that needs 
o be added to an orbit to make it circular) are conserved in the disc.
n general this equation has the form 

 μj μ = S, (81) 

here μ = { 0, 1 } are space time indices, j t = 

M a na 2 

N 2 
q 2 

2 k 2 
is the AMD

ensity, j a is the AMD flux, and S are sources/sinks of AMD. 
Now we confirm that the linear limit of our theory matches the
KB solutions of linear eccentric disc theory. In Paper I, we showed

his was the case for the ideal short-wav elength theory. F or a 3D disc,
he linearized dispersion relation, neglecting self-gravity, 2 is 

 = −M a na 2 

N 

2 k 2 
ϕ t + H 

◦
a 

(
1 

k 2 
− 2 γ − 1 

2 γ

)
, (82) 

hile the equation for the wave flux evolution is 

 = ∂ t 

(
M a na 2 

N 

2 

q 2 

2 k 2 

)
+ ∂ a 

(
aH 

◦
a 

kN 

q 2 

2 

2 γ − 1 

γ

)

+ aT ◦a 

{
3 

2 
α

[ 
1 + x − y 

γ − 1 

γ
+ 

2 

3 

(
γ − 1 

γ

)2 
] 

+ 

(
αb − 2 

3 
α

)
1 

2 γ 2 

}
q 2 . (83) 

aking use of q = Nke , we can rearrange this to obtain 

 = M a na 2 e t + aH 

◦
a 

(
Nk 

2 γ − 1 

γ

)
e a 

+ e∂ a 

[
aH 

◦
a 

2 

(
Nk 

2 γ − 1 

γ

)]

+ aT ◦a 

{
3 

2 
α

[ 
1 + x − y 

γ − 1 

γ
+ 

2 

3 

(
γ − 1 

γ

)2 
] 

+ 

(
αb − 2 

3 
α

)
1 

2 γ 2 

}
N 

2 k 2 e. (84) 
MNRAS 510, 3460–3478 (2022) 
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Figure 4. Viscous torque for a tightly wound eccentric disc, where m = j −γ

corresponding to a 2D (3D for γ = 1) alpha disc. The torque is a strongly 
increasing function of q for q ∼ 0.8 and could halt the accretion flow if q 
increases inwards. 
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From Teyssandier & Ogilvie ( 2016 ), the dynamics of a linear
ccentric disc subject to pressure and bulk viscosity are 

r 2 �Ė − i�r 2 �ω f E = 

i 

r 

∂ 

∂r 

[
1 

2 

(
2 − 1 

γ

)
P r 3 

∂E 
∂r 

]

+ 

i 

2 

(
4 − 3 

γ

)
r 

d P 

d r 
E + 

3 

2 
i 

(
1 + 

1 

γ

)
P E 

+ 

1 

2 r 

∂ 

∂r 

(
αb P r 3 

∂E 
∂r 

)
. (85) 

n the WKB limit terms, we only keep terms involving deri v ati ves
f E , as well as the term involving the forced precession ω f so the
ele v ant equation is 

 r 2 �Ė − i� r 2 �ω f E = 

i 

r 

∂ 

∂r 

[
1 

2 

(
2 − 1 

γ

)
P r 3 

∂E 
∂r 

]

+ 

1 

2 r 

∂ 

∂r 

(
αb P r 3 

∂E 
∂r 

)
. (86) 

his scaling comes from assuming the pre-cessional terms are large,
r 2 �ω f � P . We also require the viscosity to be sufficiently small.
he appropriate scaling to match the tight-winding theory is ω f −
 ∼ � 

2 
a = O( δ−2 ), e t ∼ � a e , and αb = O ( δ). Splitting into real and

maginary parts and writing in terms of our notation equation (86)
ecomes, 

 a na 2 e t = −� a e 
∂ 

∂a 

(
2 γ − 1 

2 γ
H 

◦
a a 

2 

)

−
(

2 γ − 1 

2 γ
H 

◦
a a 

2 

)
( e a � a + e� aa ) 

− 1 

2 
αb T 

◦
a a 

3 e� 

2 
a + Higher order terms , (87) 

 

2 H 

◦
a e = 

(
2 γ − 1 

2 γ
H 

◦
a a 

2 

)
e� 

2 
a + Higher order terms . (88) 

oting that a � a = a ϕ a = kN , equations (87) and (88) match
quations (84) and (84), respectively (in the absence of self-gravity
nd shear viscosity), with the exception of a constant factor in the
iscous term. In fact, equation (87) will match equation (84) if the 2D
orm of the bulk viscosity ( F 

(2 D) 
bulk ) is used. In practice, this difference

an just be absorbed into the definition of αb . 

 T I G H T LY  WO U N D  WAV ES  IN  A N  

SOTHER M A L  PSEUDO-NEWTO NIAN  DISC  

.1 A comparison with Dewberry et al. ( 2020a , b ) 

ecent simulations of eccentric discs in a pseudo-Newtonian disc
ere carried out by Dewberry et al. ( 2020a ; hydrodynamic) and
ewberry et al. ( 2020b ; magnetohydrodynamic). In both papers, an

ccentric wave was excited at the outer boundary and propagated
nwards, forming a twisted eccentric disc. Dewberry et al. ( 2020a , b )
onsidered a globally isothermal disc with a constant surface density
nd mimicked the the effects of GR through the Paczy ́nski–Wiita
otential (P aczy ́nsk y & Wiita 1980 ), 

 PW 

= − GM 1 

r − 2 r g 
, (89) 

here r g is the gravitational radius of the black hole. 
One important finding of Dewberry et al. ( 2020b ) was that while

he eccentric wave became increasingly non-linear as it approached
he marginally stable orbit there was also a decrease in eccentricity.
NRAS 510, 3460–3478 (2022) 
his effect was present in both hydrodynamic and magnetohydrody-
amic runs and is thus unlikely to be related to turbulent dissipation of
isc eccentricity. This is in contrast to the expectations of Ferreira &
gilvie ( 2009 ) where the eccentricity only declines as it approaches

he marginally stable orbit if it is subject to sufficient damping. 
Based on the theory presented in Paper I, Dewberry et al. ( 2020b )

uggested that the decline in eccentricity was due to the non-linear
teepening of the wave as it approaches the marginally stable orbit,
pecifically the effect captured by equation (50). In this section, we
hall show that while true for untwisted disc, this mechanism does
ot work for tightly wound (i.e. purely ingoing) waves. We shall
how this effect can be explained either by a partial reflection of the
ave or catastrophic damping from the presence of shear viscosity. 
There is currently a lot of uncertainty in what boundary condition

o apply at the marginally stable orbit. Ho we ver, as the eccentric
iscs produced in Dewberry et al. ( 2020a , b ) are clearly twisted,
hey are best compared with the tightly wound theory. The discs
n these simulations are globally isothermal and are setup with a
onstant surface density exterior to the marginally stable orbit and
et to a floor value interior to it. This relaxes to a background surface
ensity, which smoothly transitions from a constant value exterior
o the marginally stable orbit to near zero interior to it (see fig. 3 of
ewberry et al. ( 2020a )). To mimic this behaviour, we adopt a mass
er unit semimajor axis of 

 a = 2 π� 

◦a T ( a ) , (90) 
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here � 

◦ is the constant surface density exterior to the marginally 
table orbit and T ( a ) is a smooth function that interpolates between
 and 0 around the marginally stable orbit. The circular Hamiltonian 
ensity is given by, 

 

◦
a = 2 πc 2 0 � 

◦a T ( a ) , (91) 

ith c 0 the constant sound speed. For numerical implementations, 
e adopt a tanh function for T ( a ), which is given by 

 ( a) = 

1 

2 

[
1 + tanh 

(
a − 2 r g − 2 w inner 

w inner 

)]
, (92) 

here we adopt w inner = 0.5 to mimic the profiles shown in Dewberry
t al. ( 2020a ) for c 0 = 0.01. 

F or a P aczy ́nski–Wiita potential, the circular angular v elocity is
P aczy ́nsk y & Wiita 1980 ) 

= 

√ 

GM 1 

r 3 

r 

r − 2 r g 
(93) 

nd the epicyclic frequency is (Okazaki, Kato & Fukue 1987 ) 

= �

√ 

r − 6 r g 
r − 2 r g 

. (94) 

otably, this is different from the exact epicyclic frequency measured 
t infinity, which was adopted by Ferreira & Ogilvie ( 2009 ). 

As we are in the tight-winding limit, we can make the approxi-
ation a ≈ r , and using equations (93) and (94), obtain the forced

recession frequency from the Paczy ́nski–Wiita potential, 

 f = 

2 na 2 r g 

( a − 2 r g ) 3 
. (95) 

ere, we have used n = 

√ 

GM 1 
a 3 

to denote the Keplerian mean motion. 

t large distances ω f behaves like ω f ∝ a −5/2 that was used to model
R precession in the power law discs. This, along with surface 
ensity and pressure profiles, gives an expression for N 

2 , 

 

2 = 

2 n 2 a 4 r g 
c 2 0 ( a − 2 r g ) 3 

, (96) 

hich is independent of the disc truncation. 
In the linear regime, q and the shape of the eccentric envelope are

iven by 

 ∝ a −3 / 4 ( a − 2 r g ) 
−3 / 4 T ( a) −1 / 2 , (97) 

 e 2 〉 ∝ a −5 / 2 ( a − 2 r g ) 
3 / 2 T ( a) −1 , (98) 

oth of which diverge as T ( a ) → 0 near the marginally stable orbit. It
s worth noting that the singular behaviour here is not directly caused
y GR precession, but is instead a consequence of the truncation 
f the disc (which is a consequence of the orbit stability in GR).
 similarly truncated disc in the absence of GR precession would 

xperience the same singular behaviour as T ( a ) → 0. 
In the non-linear theory, we obtain an expression for J ( q ) and e in

he disc, 

 ( q) ∝ a −3 / 2 ( a − 2 r g ) 
−3 / 2 T ( a) −1 . (99) 

otably in the vicinity of the marginally stable orbit T → 0 and J ( q )
iverges, meaning q → 1. Determining the behaviour of e is less
traightforward as while e lin = ( aH 

◦
a N ) −1 / 2 diverges, so too does

 ( q ) as q → 1. These two effects will compete against each other
ith the diverging e lin causing e to diverge, while the diverging I ( q )
ill cause e to tend to zero. In the untwisted theory, with more
ealistic disc profiles, the non-linearity causes the disc to circularize 
s it approaches the disc truncation at the marginally stable orbit.
o we ver non-linearity has a weaker effect in tightly wound discs,
hile the effect of the disc truncation on e lin , in the isothermal disc,

s much stronger, so this result does not hold. 
In order to determine the behaviour of e , we consider the strongly

on-linear limit ( q → 1) of our tightly wound theory, 

 

i s o ( q) = ln 2 −
√ 

2 
√ 

1 − q + O(1 − q) (100) 

he functionals I and J are given by, 

 ( q) = 

π

2 3 / 4 
(1 − q) −1 / 4 + O(1) , (101) 

 ( q) = 

π

2 9 / 4 
(1 − q) −3 / 4 + O(1) , (102) 

e thus end up with a relationship between I and J in the non-linear
imit, 

 ∝ J 1 / 3 . (103) 

e can use this to obtain an expression for q and e , as a function of
 , near the marginally stable orbit, 

 − q ∝ a 2 ( a − r s ) 
2 T ( a) 4 / 3 , (104) 

 ∝ a −1 ( a − r s ) T ( a) −1 / 3 . (105) 

o we see that as we approach the marginally stable orbit, we
pproach an orbital intersection while e diverges. This is a markedly
ifferent behaviour to that found in the simulations of Dewberry et al.
 2020a , b ). So the explanation given in Dewberry et al. ( 2020b ) for
he reduction in eccentricity due to the non-linear effects predicted in
aper I does not work, at least when applied to tightly wound waves.
o what causes the effect seen in Dewberry et al. ( 2020a , b )? First,

he tight-winding approximation assume that there is no reflection 
ff the inner disc truncation. While the waves in Dewberry et al.
 2020a , b ) are twisted, it could be that there is a partial reflection
f the disc truncation, which would likely strengthen the non-linear 
ffects. This means the explanation put forward in Dewberry et al.
 2020b ) may work for a partially reflected wave. Fig. 5 compares
he envelopes of q and e for tightly wound and untwisted waves
ighlighting the fundamentally different behaviour of e . These likely 
racket the behaviour of partially reflected waves. 

A second possibility which we shall explore in the next section is
he wave is catastrophically damped near the marginally stable orbit 
n the presence of shear viscosity. 

.2 Effect of including an α-viscosity 

n Section 8.1 we obtained solutions for steady tightly w ound w aves
n an isothermal pseudo-Newtonian disc, which were compared 
gainst the findings of Dewberry et al. ( 2020a , b ). To illustrate an
pplication for the theory developed in this paper, we now extend
his calculation to include viscous damping, and compare the very 
ifferent behaviours of shear and bulk viscosities on tightly wound 
aves. As we are considering an isothermal disc there is no phase

hift in the 3D theory. 
The pseudo-Lagrangian for a steady-tightly wound wave in an 

sothermal disc in a Paczy ́nski–Wiita potential, subject to a bulk
-viscosity is 

 a = H 

◦
a 

(
1 

2 

q 2 

k 2 
− F ( q) 

)
+ αb aT ◦a ( ϕ − ϕ̆ ) F bulk ( ̆q ) , (106) 
MNRAS 510, 3460–3478 (2022) 
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Figure 5. Non-linearity (top) and eccentricity (bottom) for short-wavelength 
waves approaching the marginally stable orbit in an inviscid isothermal disc 
with truncation. The non-linear effects in the tightly wound wave (solid 
line) are too weak to regularize the singular behaviour associated with the 
disc truncation. The non-linear effect in the untwisted disc (dashed line) is 
capable of regularizing this behaviour and results in the disc circularizing. 
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Figure 6. Non-linearity (top) and eccentricity (bottom) for a tightly wound 
wave approaching the marginally stable orbit in a truncated isothermal disc 
with bulk viscosity. As found by Ferreira & Ogilvie ( 2009 ), when αb is 
large enough, the eccentric wave is entirely damped before it reaches the 
marginally stable orbit. When αb is small enough that the wave makes it to 
the marginally stable orbit the bulk-viscosity is incapable of preventing the 
singular behaviour associated with the disc truncation. 

Figure 7. Non-linearity (top) and eccentricity (bottom) for a tightly wound 
wave approaching the marginally stable orbit in a truncated isothermal 
disc with shear viscosity. Unlike the bulk viscosity, the shear viscosity 
does not prevent the wave reaching the marginally stable orbit, as it is 
e xcites the wav e in the linear limit. The shear viscosity becomes strongly 
dissipative as q → 1 and this regularizes the singular behaviour near the disc 
truncation. 
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hile the same setup subject to a shear α-viscosity is, 

 a = H 

◦
a 

(
1 
2 

q 2 

k 2 
− F ( q) 

)
+ 

2 
3 αaT ◦a ( ϕ − ϕ̆ )( F shear ( ̆q ) − F bulk ( ̆q ) . 

(107) 

or an α-disc aT ◦a = H 

◦
a . We shall restrict our attention to discs

ith a constant surface density profile, with truncation, so that
 

◦
a = 2 πa c 2 0 � 

◦T ( a ), with c 0 , � 

◦ constant sound speed and reference
urface density , respectively . As obtained in Section 8.1, N 

2 in this
isc is 

 

2 = 

2 n 2 a 4 r g 
c 2 0 ( a − 2 r g ) 3 

. (108) 

The dispersion relation of the wave is independent of the viscosity
nd can be obtained by varying F with respect to q . For an inward
ra velling wa ve (i.e. one propagating in from the outer boundary as
n Dewberry et al. ( 2020a , b )) this is given by 

 = −
√ 

q 

F 

′ ( q) 
. (109) 

arying equations (106) and (107) with respect to ϕ and making use
f the dispersion relation, we arrive at an equation describing how
he non-linearity varies in the disc. For bulk viscosity this is 

 ∂ a 

(
a H 

◦
a 

N 

q 1 / 2 F 

′ ( q) 

)
= αb a H 

◦
a F bulk ( q) , (110) 

hile for shear viscosity it is 

 ∂ a 

(
a H 

◦
a 

N 

q 1 / 2 F 

′ ( q) 

)
= 

2 

3 
αa H 

◦
a ( F shear ( q) − F bulk ( q)) . (111) 

or an isothermal α-disc, we can e v aluate the ‘viscous integrals’, 

 bulk ( q) = 1 + 

1 √ 

1 − q 2 
, (112) 

 shear ( q) = 

3 

2 

2(1 − q 2 ) 3 / 2 − 2 + 3 q 3 

(1 − q 2 ) 3 / 2 
. (113) 
NRAS 510, 3460–3478 (2022) 
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Figure 8. Surface density (top left), radial velocity (top right), and imaginary part of the complex eccentricity (bottom) for a tightly wound wave approaching 
the marginally stable orbit in a truncated isothermal disc with shear viscosity. The eccentric wave has been normalized so that the maximum eccentricity in the 
disc matches that in fig. A3. from Dewberry et al. ( 2020b ). 
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Equations (110) and (111) can be solved using a numerical ODE 

olv er. We solv e these using Mathematica for c 0 = 0.01 and different
alues of α/ αb , with solutions shown in Figs 6 and 7 . As expected,
he inclusion of bulk viscosity acts to damp the waves, with the
on-ideal solutions having consistently lower amplitudes than their 
deal counterpart. For sufficiently large bulk viscosity, the wave is 
ompletely damped before it reaches the marginally stable orbit, 
 result also found by Ferreira & Ogilvie ( 2009 ) in linear theory.
he solutions, including shear viscosity, excite the tightly wound 
ave throughout most of the disc, with the solutions containing 
 shear viscosity attaining large amplitudes at larger semimajor 
xis than their ideal counterpart. As the eccentric wave approaches 
he marginally stable orbit, it becomes non-linear enough for shear 
iscosity to instead damp the wave, resulting in a decline in the wave
mplitude in the inner region of the disc. 

F or eccentric wav es, which make it to the marginally stable orbit,
hear and bulk viscosities have very different effects on the wave, 
espite both damping the wave as q approaches 1. As we show in
ppendix C, bulk viscosity is incapable of regularizing the singular 
ehaviour associated with the disc truncation (see also Fig. 6 ).
o we ver, the presence of a shear alpha-viscosity will regularize the

ingular behaviour associated with the truncation, even for arbitrarily 
mall values of α (see Fig. 7 and Appendix C). The fact that the
ightly wound wave is catastrophically damped by shear viscosity, 
ven when α is very small, potentially prevents any partial/total 
eflection. It is important to note that the wave remains strongly non-
inear as it approaches the disc truncation, so that the wave becomes
ncreasingly tightly wound on the boundary. 

Many of the simulations carried out by Dewberry et al. ( 2020a ,
 ) do not feature a decline in eccentricity as the wave approaches
he marginally stable orbit, despite our calculations suggesting 
hat the wave should be damped to zero near this location. For
ery weak shear viscosity, this damping is very abrupt and the 
ccentricity continues to increase inwards until very close to where 
he surface density falls to zero. Strictly, the very abrupt decline in the
ccentricity is seen when α is very small and falls outside the scope
f the short-wavelength theory as the lengthscale associated with 
iscous dissipation is comparable to the wavelength of the wave. 
he effects seen in the simulations of Dewberry et al. ( 2020a , b )
ere found even for 2D hydrodynamic simulations, where the fluid 
ow is laminar. This suggests the effect seen in these simulations
ay be dissipation of eccentricity due to the numerical viscosity 

f the grid when the waves become sufficiently non-linear. In fact,
he inviscid theory suggests that the wave will never be resolved
ear the marginally stable orbit in an inviscid simulation as the
on-linearity will al w ays increase inw ards sufficiently to ensure the
ressure gradients become limited by the grid resolution. 
Finally, Fig. 8 shows plots of the surface density and radial velocity

redicted by our theory, with α = 0.1 and c 0 = 0.01. These appear
ualitatively similar to the simulation outputs of Dewberry et al. 
 2020a , b ) and demonstrate the decline in eccentricity approaching
he marginally stable orbit found in those simulations. 

 C O N C L U S I O N S  

n this paper, I have formulated a non-linear theory for highly
wisted eccentric waves in astrophysical discs based on the averaged 
agrangian method of Whitham ( 1965 ) and its generalization to

nclude non-conserv ati ve terms in Jimenez & Whitham ( 1976 ). I
btain a dispersion relation that matches ideal theory, as the non-
onserv ati ve terms are weak and do not appear at lowest order.
nstead of the conserved fluxes found in Paper I, one instead obtain
n equation for the evolution of the AMD where viscosity acts as
 source/sink. I confirm that tightly wound waves can be amplified
y the viscous o v erstability and are excited by shear viscosity when
hey are of low enough amplitude. Shear viscosity damps sufficiently 
on-linear tightly wound waves, a result previously found in the 
lanetary ring literature. Finally, I discus the implications of this 
MNRAS 510, 3460–3478 (2022) 
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heory for the simulations of Dewberry et al. ( 2020b ) and show
hat the decline of the eccentricity near the marginally stable orbit
een in their simulations cannot be caused by non-linear steepening
or a purely ingoing wave. Ho we ver, it can be explained by either
 partially reflected wave or catastrophic damping of the wave by
hear viscosity in the strongly non-linear limit. 
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A H T- W I N D I N G  LIMIT  

A mit 

T

∇ (A1) 

W in the disc, of the form 

 (A2) 

w ertical coordinate. We assume, for the contribution to the potential from 

m R , the disc is approximately axisymmetric and we can calculate  l at z = 

0 g use of the Green’s function, this means 

  . (A3) 

F  surface ( z = 0). In order for the internal potential to satisfy Poisson’s 
e

(A4) 

w ) as independent variables. We approximate the tightly w ound w aves as 
b ltiplying by H 

2 and Fourier transforming in χ , we obtain 

(A5) 

w

 (A6) 

T ntribution to the disc potential vanishes when the density is zero. 

A  in the tight-winding limit 

T

− 2 Gλsg 

∫ 
M 

2 
a 〈 H J −1 〉 d a, 

(A7) 

w , we can approximate 1 
R 

∂ 
∂R 

(
R 

∂ l ( R) 
∂R 

) ≈ 1 
a 

∂ 
∂a 

(
a ∂ l ( a) 

∂a 

)
and expand the  l 

t

L 2 GλSG 

∫ 
M 

2 
a 〈 H J −1 〉 d a, (A8) 

w

ω (A9) 

T

L (A10) 

V

(A11) 

S we obtain the evolutionary equation for H , 

H (A12) 
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PPEN D IX  A :  DISC  SELF-GRAVITY  IN  T H E  T I G

1 Deri v ation of the self-gravity potential in the tight-winding li

he disc self-gravity is described by Poisson’s equation, 

 

2  sg = 4 πGρ. 

e propose an asymptotic solution to Poisson’s equation, valid with

 i ( R, χ, ̃  z ) =  i0 ( R, χ ) + H 

2  i2 ( R, χ, ̃  z ) + O( H 

4 ) , 

here χ is a local radial coordinate and ˜ z = z/H is the stretched v
atter a large distances,  i 0 ( R , χ ) ≈  l ( R ). On the disc lengthscale 
 based on the mass distribution in the reference circular disc. Makin

 l ( R, 0) = −G 

∫ R 

r in 

1 

2 π

∫ (
x 2 + R 

2 − 2 xR cos θ
)−1 / 2 

d θM a ( x ) d x

or what follows, we shall only need  l to be defined on the disc
quation, we require (

1 

H 

2 

∂ 2 

∂ 2 ˜ z 
+ 

∂ 2 

∂χ2 
+ 

1 

R 

∂ 

∂R 

R 

∂ 

∂R 

)
 i = 4 πGρ( χ, R) ̃  ρ( ̃ z ) , 

here we are treating the long and short radial coordinates ( R and χ
eing locally axisymmetric. Substituting in the series expansion, mu

∂ 2 ˆ  i2 

∂ ̃  z 2 
− ( kH ) 2 ˆ  i2 + 

1 

R 

∂ 

∂R 

(
R 

∂ l 

∂R 

)
= 4 πG ̂  ρ ˜ ρ, 

hich has a series solution, that, at leading order in kH , is 

 d =  e − 1 

2 R 

∂ 

∂R 

(
R 

∂ l 

∂R 

)
z 2 + 4 πGH � 

“
˜ ρ d 2 ˜ z . 

he integration constants in the last term is zero, so that the local co

2 Deri v ation of the self-gravity contribution to the Lagrangian

he contribution to the Lagrangian from self-gravity is 

L SG = −
∫ 

 d d m 

= −
∫ 

M a 

2 π
˜ ρ d d a d λ d ̃ z 

= −
∫ 

M a 〈  l ( R) 〉 d a + 

∫ 
M a 

〈
1 

2 R 

∂ 

∂R 

(
R 

∂ l 

∂R 

)
H 

2 

〉
d a 

here we define λsg = 

∫ z s 
−z s 

˜ ρ
“

˜ ρd 2 ˜ z d ̃ z . In the short wavelength limit
erm to second order in e to obtain 

 SG ≈
∫ 

1 

2 
M a na 2 ω sg e 

2 d a + 

∫ 
1 

2 
M a 

1 

a 

∂ 

∂a 

(
a 

∂ l ( a) 

∂a 

)
〈 H 

2 〉 d a −

here the forced precession due to self-gravity is 

 sg = − 1 

2 na 2 

d 

d a 

(
a 2 

d  l 

d a 

)
. 

he affine disc Lagrangian with self-gravity takes the form 

 = 

∫ 
� 0 

[
1 

2 

(
u 

2 + Ḣ 

2 
)−  ( ̄x ) − 1 

2 
�( ̄x ) H 

2 − ε̄

]
d 2 x̄ 0 + L SG . 

arying this Lagrangian with respect to H , we obtain 

δL 

δH 

= � 0 

[
−Ḧ − �( ̄x ) H + 

ˆ p 

� 

]
+ 

δL SG 

δH 

. 

etting this equal to zero, and substituting in equation (A8) for L SG , 

¨
 = −�( ̄x ) H + 

ˆ p 

� 

+ 

1 

a 

∂ 

∂a 

(
a 

∂ l 

∂a 

)
H − 4 πG�λsg . 
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M

 (A13) 

E ry equation for the dimensionless scale height h , 

(A14) 

w

ψ (A15) 

A al structure in a self-gravitating disc shows that the disc self-gravity will 
e  disc. The inertial waves excited through self-gravity will combine with 
t rreira & Ogilvie 2008 ; Dewberry, Latter & Ogilvie 2018 , 2019 ), likely 
l

 and orbit averaging, we obtain the secular Lagrangian for a tightly wound 
w

L (A16) 

w omre-Q of the reference disc Q̄ : = 

1 
� ◦
∫ 

ρ◦Q 

◦d ̃ z = 

H 

◦n 2 

πG� ◦ . We have also 
i

N (A17) 

U

L (A18) 

A G RANGI AN  F O R  V I S C O U S  STRESS  M O D E L  

B

I grangian from the viscosity in the absence of a phase shift. One could 
d n for a viscous fluid. This will, ho we ver, necessitate accounting for the 
e contributes to the evolution of the eccentricity. Instead, we opt to find a 
p nd then taking the short wavelength limit. 

by gradients in the stress tensor is given by 

l ie iφJ R 

2 T φφ − J R 

2 

λ
( e iφ + E − λE λ) T λφ

]
d φd z, (B1) 

i e short wavelength limit approximation is given by e � 1, q � 1 where 
q

J (B2) 

R (B3) 

R (B4) 

T (B5) 

w nd μ the dynamic viscosity. Define a vertically average dynamic shear 
v sing the forms of S ij given in Ogilvie ( 2001 ) and keeping only the lowest 
o ors 

T (B6) 

T (B7) 

M
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ultiplying by H and orbit averaging we obtain the virial relation, 〈
Ḣ 

2 − �( ̄x ) H 

2 + 

P 

� 

+ 

1 

a 

∂ 

∂a 

(
a 

∂ e 

∂a 

)
H 

2 − 4 πG�λsg H 

〉
= 0 .

quation (A12) can be non-dimensionalized to obtain the evolutiona

d 2 h 

d t 2 
+ 

n 2 h 

(1 − e cos E) 3 
= 

n 2 

j γ−1 h 

γ
− ψ sg h, 

here we have introduced, 

 sg = − 1 

a 

∂ 

∂a 

(
a 

∂ e 

∂a 

)
+ 

4 λsg 

Q̄ 

◦ n 2 ( jh ) −1 . 

lthough we omit it here, a more careful treatment of the disc vertic
xcite inertial waves when the disc density varies with height in the
hose expected to be present due to wave-coupling (Kato 2008 ; Fe
eading to turbulence in the disc. 

Substituting the virial relation (equation A13) into equation (A10)
ave in a fluid disc with self-gravity, 

 = L T + 

∫ 
H 

◦
a 

(
1 

2 
N 

2 e 2 − F ( q) − 2 λsg 

Q̄ 

◦ 〈 j −1 h 〉 
)

d a, 

here we have introduced a mass weighted vertically integrated To
ntroduced N , which for a disc with self-gravity, is given by 

 

2 = 

M a na 2 ( ω f ( a, 0) + ω sg ( a) − ω) 

H 

◦
a 

. 

sing the rescaled variables, the Lagrangian becomes 

 = L T + 

∫ 
H 

◦
a 

(
1 

2 

˜ e 2 

k 2 
− F ( q) − 2 λsg 

Q̄ 

◦ 〈 j −1 h 〉 
)

d a. 

PPENDIX  B:  D E R I VAT I O N  O F  T H E  PSEUDO-LA

1 Pseudo-Lagrangian from horizontal viscous stresses 

n this appendix, we shall derive the contribution to the pseudo-La
erive this pseudo-Lagrangian starting from the pseudo-Lagrangia
volution of the orbit semimajor axis due to mass accretion as this 
seudo-Lagrangian that is consistent with Ogilvie & Barker ( 2014 ) a
From Ogilvie & Barker ( 2014 ), the eccentricity evolution caused 

 M ̇E | stress = 

∫ ∫ [
2( e iφ + E) ∂ λ

(
J R 

2 T λφ
)− iλe iφ∂ λ

(
J R λT 

λλ
)−

n the ( λ, φ) orbital coordinate system. In this coordinate system, th
 

2 ≈ λ2 ϕ 

2 
λ

(
e 2 ϕ + e 2 � 

2 
ϕ 

)
. We have the following approximations: 

 = λj ≈ λ(1 − q cos ( φ − φ0 )) + O( e) , 

 ≈ λ + O( e) , 

 λ ≈ j + O( e) . 

The viscous stress tensor is 

 

ij = 2 μS ij + 

(
μb −

2 

3 
μ

)
∇ · u g ij , 

here S ij is the rate of strain tensor , g ij the in verse metric tensor, a
iscosity μ̄ : = 

∫ 
μd z (similarly for bulk viscosity μ̄b : = 

∫ 
μb d z). U

rder terms in the expansion, we have vertically averaged stress tens

¯
 

λλ = 2 ̄μ n 

j 2 
j φ

j 
+ 

(
μ̄b − 2 

3 ̄μ
)
n 
(

j φ

j 
+ w 

)
j −2 + O( e) , 

¯
 

λφ = 2 ̄μ n 
λ
j −2 
(

1 
4 − j 

)+ O( e) , 
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T (B8) 

T (B9) 

w
expansion, keeping only terms of lowest order, for shear viscosity and 

p

l φ − λ2 j ( e iφ − ˜ E ϕ ) ̄T λφ

]
d φ + O( e) . (B10) 

R  get 

l − λ2 T̄ φφ
)− λ( e iφ − ˜ E ϕ ) ̄T λφ

]
d φ (B11) 

n of pressure, surface density, scale height and semimajor axis only, then, 
i cos ( φ − φ0 )) (and the same for μb ) which we can use to simplify some of 
t

l

 

λj 

[
sin ( ̃  φ) 

(
j T̄ λλ − λ2 T̄ φφ

)+ λ( cos ( ̃  φ) − q) ̄T λφ

]
d ̃  φ, (B12) 

w troduced ˜ φ : = φ − φ0 . We now switch to the a , E variables used in the 
r 0 ≈ E 0 + � and lM ≈ M a na 2 and (after multiplying both sides by i /2) 
e ]

d E 

E − q) ̄T λφ

]
d E. 

(B13) 

T h 

(B14) 

s ith respect to E ∗ yields the right-hand side of equation (B13). Noting that 

(B15) 

w

F
˘
 a ] 
∫ 

a ̆j 

[
sin E 

(
j̆ ̆̄T λλ − a 2 ˘̄T φφ

)
+ a( cos E − q̆ ) ̆̄T λφ

]
d E, (B16) 

w e space variables. We now preform the expansion of the complimentary 
p  

) , (B17) 

 0 + ( ϕ − ϕ̆ ) ̆e ( �̆ ϕ̆ + Ĕ 0 , ̆ϕ ) cos Ĕ 0 , (B18) 

f agrangian density in the short wavelength limit, 

λ − a 2 ˘̄T φφ
)

+ a( cos E − q̆ ) ̆̄T λφ

]
d E, 

(B19) 

w  the dynamics. In the tight winding limit ĕ ϕ̆ = Ĕ 0 , ̆ϕ = 0 and E 0 = π /2, 
s Substituting the expressions for the stress tensor (equations B6-B9) the 
p

F  + na ̆q ( ϕ − ϕ̆ ) �̆ 0 , ̆ϕ 

∫ (
˘̄μb −

2 

3 
˘̄μ

)( 

j̆ E 

j̆ 
+ w̆ 

) 

sin E d E. (B20) 
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¯
 

φφ = 

(
μ̄b − 2 

3 ̄μ
)
n 
(

j φ

j 
+ w 

)
λ−2 + O( e) , 

¯
 

zz = 2 ̄μnw + 

(
μ̄b − 2 

3 ̄μ
)
n 
(

j φ

j 
+ w 

)
+ O( e) , 

here we have introduced w : = 

h φ

h 
. 

Expanding out equation (B1) in terms of the short wavelength 
reforming the vertical average we get 

M ̇E | stress ≈
∫ [

2 e iφ∂ λ
(
λ3 j T̄ λφ

)− iλe iφ∂ λ
(
λj 2 T̄ λλ

)− ie iφj λ3 T̄ φ

earranging to separate out the terms involving total deri v ati ves, we

M ̇E | stress ≈ ∂ λ

∫ 
λ2 j e iφ

[
2 λT̄ λφ − ij T̄ λλ

]
d φ + 

∫ 
λj 

[
ie iφ
(
j T̄ λλ

Assuming that the vertically average dynamic viscosity is a functio
n the short wavelength limit, it has the functional form μ̄ = μ̄( λ, q, 

he orbit averages, 

M ̇E | stress ≈ ∂ λ

∫ 
λ2 je iφ0 

[
2 cos ( ̃  φ) λT̄ λφ + sin ( ̃  φ) j T̄ λλ

]
d ̃  φ − e iφ0 

∫

here we have shifted the phase of the orbit average by φ0 and in
est of the work. At this order, λ ≈ a , ˜ φ ≈ E (strictly shifted E ), φ
quation (B10) becomes 

i 

2 
M a na 2 Ė | stress ≈ ∂ 

∂a 

i 

2 
a 2 e i( E 0 + � ) 

∫ 
j 

[
2 cos E a ̄T λφ + sin E j T̄ λλ

− i 

2 
e i( E 0 + � ) 

∫ 
aj 

[
sin E 

(
j T̄ λλ − a 2 T̄ φφ

)+ a( cos 

he left-hand side comes from a variation of the Lagrangian, L T , wit

δL T 

δE ∗ = 

i 

2 
M a na 2 Ė , 

o we are searching for a pseudo-Lagrangian F so that varying −F w

∂ 

∂E ∗a 
Re [ iaE ∗a Ĕ a ] 

q̆ 
= 

i 

2 
e i( ̆E 0 + ̆� ) , 

∂ 

∂E ∗
Re [ iaE ∗Ĕ a ] 

q̆ 
= 

i 

2 
e i( ̆E 0 + ̆� ) , 

e obtain a pseudo-Lagrangian density, 

 a ≈ a 2 
Re [ iE ∗a Ĕ a ] 

q̆ 

∫ 
j̆ 

[
2 cos E a ̆̄T λφ + sin E j̆ ̆̄T λλ

]
d E + 

Re [ iE ∗E
q̆ 

here the breves ( ̆·) denote dependence on the complimentary phas
hase variable ϕ̆ about ϕ. We make use of the following expansions:

Re [ iE ∗a Ĕ a ] 
q̆ 

= −q 

a 
sin ( ̆E 0 + �̆ − E 0 − � ) ≈ q̆ 

a 
( ϕ − ϕ̆ )( �̆ ϕ̆ + Ĕ 0 , ̆ϕ 

Re [ iE ∗Ĕ a ] 
q̆ 

= −e sin ( ̆E 0 + �̆ − � ) ≈ −e sin Ĕ 0 − ( ϕ − ϕ̆ ) ̆e ϕ̆ sin Ĕ

rom which we obtain an approximation for the (averaged) pseudo-L

F a ≈ a ̆q ( ϕ − ϕ̆ )( �̆ ϕ̆ + Ĕ 0 , ̆ϕ ) 
∫ 

j̆ 

[
2 cos E a ̆̄T λφ + sin E j̆ ̆̄T λλ

]
d E 

− ( ϕ − ϕ̆ ) 
[
ĕ ϕ̆ sin Ĕ 0 − ĕ ( �̆ ϕ̆ + Ĕ 0 , ̆ϕ ) cos Ĕ 0 

] ∫ 
a ̆j 

[
sin E 

(
j̆ ̆̄T λ

here we have dropped the O (1) term as it does not contribute to
o the terms which did not originate in the total deri v ati ve v anish. 
seudo-Lagrangian density becomes 

 a ≈ 2 na ̆q ( ϕ − ϕ̆ ) �̆ 0 , ̆ϕ 

∫ 
˘̄μj̆ −1 

[
2 cos E 

(
1 

4 
− j̆ 

)
+ sin E j̆ E 

]
d E
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) m ( q, cos E), μ̄ = 

α
2 π μ

◦
a ( a) m ( q, cos E), appropriate for a viscosity which 

i cing T ◦a = n μ◦
a then, integrating over the disc, we can write the pseudo- 

L

F ϕ̆ ) �̆ 0 , ̆ϕ F bulk , ( ̆q ) d a (B21) 

w

F (B22) 

F  

]
d E, (B23) 

w

τ (B24) 

F s of Legendre functions, similar to the 2D eccentric disc Hamiltonian of 
O  is 

F  bulk ( ̆q ) d a . (B25) 

I  eccentric wave and we have a form of viscous overstability. 

B

V  following Pseudo-Lagrangian, 

F (B26) 

S

T (B27) 

T  terms 

F (B28) 

w e convenient when dealing with viscous terms. The contribution from the 
h

F (B29) 

a n from the phase shift is obtain from 

F (B30) 

E

z (B31) 

s t 

F (B32) 

w tary phase space which has no influence on the dynamics. 
. Expanding ϕ about ϕ̆ we have 

H (B33) 

T  

F (B34) 

M

D
ow
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Proposing that the viscosity has the functional form μ̄b = 

αb 

2 π μ
◦
a ( a

s a power law of pressure, surface density, and scale height. Introdu
agrangian as 

 = 

2 

3 
α

∫ 
a T ◦a ( ϕ − ϕ̆ ) �̆ 0 , ̆ϕ F shear ( ̆q ) d a + 

(
αb − 2 

3 
α

)∫ 
a T ◦a ( ϕ −

here we have introduced 

 bulk ( q ) : = 

q 

2 π

∫ 2 π

0 
τ ( q , cos E ) sin 2 E d E , 

 shear ( q ) : = 

3 q 

2 π

∫ 2 π

0 
m ( q , cos E) j −1 

[
2 cos E 

(
1 

4 
− j 

)
+ q sin 2 E

ith 

( q, cos E) : = m ( q, cos E) 

(
q 

j 
− 1 

h 

∂h 

∂ cos E 

)
. 

or 2D or isothermal discs, these integrals can be e v aluated in term
gilvie & Lynch ( 2019 ). In the ˜ e = q gauge the pseudo-Lagrangian

 = 

2 

3 
α

∫ 
a T ◦a ( ϕ − ϕ̆ ) F shear ( ̆q ) d a + 

(
αb − 2 

3 
α

)∫ 
a T ◦a ( ϕ − ϕ̆ ) F

nterestingly when F bulk ( q ) > F shear ( q ) the shear viscosity excites the

2 Pseudo-Lagrangian for the phase shift. 

iscous terms in a fluid theory can be included by making use of the

 D 

= 

•
J̆ 3 x i ̆∇ j T̆ 

ij d 3 x 0 . 

plitting the stress tensor into a horizontal and vertical part, 

 

ij = T 
ij 

h + T zz δi 
z δ

j 
z , 

his leads to the following pseudo-Lagrangian density from viscous

 D, a = 

∫ 
J̆ 3 x i ∇ j ̆τ

ij 

h d φ + 

“
J̆ 3 z 

∂ T̆ zz 

∂ ̆z 
d φd z, 

here we are working with the ( λ, φ) coordinate system as it is mor
orizontal viscous stresses is obtained from 

 V , a : = 

∫ 
J̆ 3 x i ̆∇ j 

˘̄T ij h d φ, 

n expression for which is obtained in Appendix B1. The contributio

 P , a : = 

“
J̆ 3 z 

∂ T̆ zz 

∂ ̆z 
d φd z. 

xpanding z about ˜ z , 

 ≈ z̆ + 

H − H̆ 

H̆ 

z̆ , 

ubstituting into equation (B30) and integrating by parts we arrive a

 P , a = −
∫ 2 π

0 

H − H̆ 

H̆ 

J̆ ˘̄T zz d λ, 

here we have dropped a term that only depends on the complemen
In the short wavelength limit, we have H = H ( q , sin ( φ − � ( ϕ)))

 ≈ H̆ − ( ϕ − ϕ̆ ) �̆ ϕ̆ H̆ φ. 

hus the averaged pseudo-Lagrangian contribution, F P , a , is given by

 P , a ≈ ( ϕ − ϕ̆ ) �̆ ϕ̆ λ

∫ 2 π

0 
w ̆j ̆̆T zz d φ, 
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w n (B9). Switching back to the ( a , E ) coordinate system, we assume that 
t

 

( a) m ( q, cos ˜ E ), μ̄ = 

α
2 π μ

◦
a ( a) m ( q, cos E), and introduce T ◦a = μ◦

a n . The 
p

F (B35) 

w

F (B36) 

F + w 

)
w d E. (B37) 

I  at an expression for F Da (in a , E variables), 

F F bulk ( ̆q ) − F phase b ( ̆q ) 
]}

, (B38) 

w

B

F sc, in the ( λ, φ) coordinate system, is 

G (B39) 

M Section B1 (equations B2, B3, and B7), the viscous torque in the short- 
w

G (B40) 

A ), and switching to the ( a , E ) coordinate system we arrive at 

G (B41) 

T ion flow in the disc. 

A E  DISC  T RU N C AT I O N  

I  of the viscous, isothermal disc models considered in Section 8.2. In the 
s c, simplify to 

F (C1) 

F (C2) 

ions (100), (C1), and (C2) to rewrite the equation describing how q varies 
i

a (C3) 

w

a (C4) 

T

Y (C5) 

f

Y (C6) 

f ck to q , we obtain 

1 (C7) 
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here w = h φ / h . In short wavelength limit, T̄ zz is given by equatio
he vertically integrated viscosity has the functional form μ̄b = 

αb 

2 π μ
◦
a

hase shift term is then given by 

 P , a = ( ϕ − ϕ̆ ) �̆ ϕ̆ aT ◦a 

[
2 αF phase ( ̆q ) −

(
αb − 2 

3 
α

)
F phase b ( ̆q ) 

]
, 

here we have introduced, 

 phase ( q) = 

1 

2 π

∫ 2 π

0 
mw 

2 j d φ = 

1 

2 π

∫ 2 π

0 
mw 

2 j d E, 

 phase b ( q) = − 1 

2 π

∫ 2 π

0 
mj 

(
j φ

j 
+ w 

)
w d φ = − 1 

2 π

∫ 2 π

0 
mj 

(
j E 

j 

n the ˜ e = q gauge of the tight winding limit �̆ ϕ̆ = 1. We thus arrive

 D, a = ( ϕ − ϕ̆ ) aT ◦a 

{
2 

3 
α
[
F shear ( ̆q ) + 3 F phase ( ̆q ) 

]+ 

(
αb − 2 

3 
α

)[
here F shear and F bulk are given in Appendix B1. 

3 Effect of the eccentric wave on the accretion flow. 

rom Ogilvie & Barker ( 2014 ), the viscous torque in an eccentric di

 = −
“

J R 

2 T λφ d φ d z. 

aking use of the short-wavelength approximations introduced in 
avelength limit is 

 = −2 λ2 n 

∫ 
μ̄j −1 

(
1 

4 
− j 

)
d φ. 

ssuming the functional form for viscosity, μ̄ = 

α
2 π μ

◦
a ( a) m ( q, cos E

 = −2 αa 2 T ◦a 
1 

2 π

∫ 
mj −1 

(
1 

4 
− j 

)
d E. 

his viscous torque is responsible for driving the background accret

PPEN D IX  C :  EFFECT  O F  VISCOSITY  N E A R  T H

n this appendix, we consider the strongly non-linear ( q → 1) limit
trongly non-linear limit, the viscous integrals, for an isothermal dis

 bulk ( q) = 2 −1 / 2 (1 − q) −1 / 2 + O(1) , 

 shear ( q) = 

3 

2 
2 −3 / 2 (1 − q) −3 / 2 + O(1) . 

Introducing a new variable Y = 

aH 

◦
a 

N 
(1 − q) −1 / 2 , we can use equat

n the disc in the presence of bulk viscosity (equation 110) as 

 

∂Y 

∂a 
≈ αb NY , 

hile the equation with shear viscosity (equation 111) becomes 

 

∂Y 

∂a 
≈ 1 

2 
αN 

3 ( aH 

◦
a ) 

−2 Y 

3 , 

hese can be directly integrate to obtain 

 = Y 0 exp 

(
αb 

∫ 
N 

a 
d a 

)
, 

or a disc with bulk viscosity and 

 

−2 = C − α

∫ 
N 

3 

a 
( a H 

◦
a ) 

−2 d a , 

or a disc with shear viscosity, with Y 0 and C constants. Changing ba

 − q = 

( aH 

◦
a ) 

2 

N 

2 
Y 

−2 
0 exp 

(
−2 αb 

∫ 
N 

a 
d a 

)
, 
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f

1 (C8) 

f  as q → 1 the latter solution also applies to a disc with a mix of bulk and 
s  we ver these do so at differing rates. Substituting this into the Expression 
f in the strongly non-linear limit. For a disc with only bulk viscosity 

e (C9) 

w

e (C10) 

tial suppression of e due to the presence of bulk viscosity. This remains 
b  behaviour as aH 

◦
a → 0. For a disc with shear viscosity, as we approach 

t hes C so that e → 0. For all values of α, the α
∫ 

N 3 

a 
( aH 

◦
a ) 

−2 d a term will 
r nd wave approaching a disc truncation is always bounded and will vanish, 
e eak shear viscosity, the disc truncation can still cause the eccentricity to 
g  by the viscosity. Ho we ver, as the eccentricity remains bounded, and it’s 
a ays be rescaled so that we remain within the domain of validity of the 
s

T

M

D
ow

nloaded from
 https://academ
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or the bulk viscosity and 

 − q = 

( aH 

◦
a ) 

2 

N 

2 

[
C − α

∫ 
N 

3 

a 
( a H 

◦
a ) 

−2 d a 

]
, 

or the shear viscosity. Because F shear ( q ) diverges faster than F bulk ( q )
hear viscosity. In both cases when H a → 0, q → 1 as expected, ho
or I ( q ) in the strongly non-linear limit, we obtain expressions for e 

 ∝ ( a H 

◦
a ) 

−1 / 4 N 

−3 / 2 exp 

(
−αb 

4 

∫ 
N 

a 
d a 

)
, 

hile a disc with shear viscosity has 

 ∝ ( a H 

◦
a ) 

−1 / 4 N 

−3 / 2 

[
C − α

∫ 
N 

3 

a 
( a H 

◦
a ) 

−2 d a 

]1 / 8 

, 

For a disc with only bulk viscosity, there is an additional exponen
ounded as we approach the disc truncation so cannot regularize the

he truncation, the term proportional to α will grow until it approac
each C before aH 

◦
a reaches zero so the eccentricity of a tightly wou

ven for arbitrarily small (but non-zero) shear viscosity. For very w
row to large (but finite) values before it is catastrophically damped
bsolute value is arbitrary in the short wavelength limit, it can alw
hort-wavelength theory. 
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