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ABSTRACT

In this paper, I develop a non-linear theory of tightly wound (highly twisted) eccentric waves in astrophysical discs, based on
the averaged Lagrangian method of Whitham. Viscous dissipation is included in the theory by use of a pseudo-Lagrangian. This
work is an extension of the theory developed by Lee & Goodman to 3D discs, with the addition of viscosity. I confirm that linear
tightly wound eccentric waves are overstable and are excited by the presence of a shear viscosity and show that this persists for
weakly non-linear waves. I find the waves are damped by shear viscosity when the wave become sufficiently non-linear, a result
previously found in particulate discs. Additionally, I compare the results of this model to recent simulations of eccentric waves
propagating in the inner regions of black hole discs and show that an ingoing eccentric wave can be strongly damped near the
marginally stable orbit, resulting in a nearly circular disc, with a strong azimuthal variation in the disc density.

Key words: accretion, accretion discs —black hole physics —hydrodynamics — celestial mechanics.

1 INTRODUCTION

Astrophysical discs can be eccentric in general, with the dominant
motion of the fluid consisting of a sequence of confocal elliptical
Keplerian orbits. In a fluid disc these elliptical orbits evolve slowly
due to the action of external perturbations, pressure gradients,
self-gravity, and turbulent stresses. When the eccentricity evolves
slowly on the disc precession time-scale, it is expected to be
well approximated by an eccentric mode. An eccentric mode is
an untwisted eccentric disc, which is stationary in a frame that
rotates at the constant disc precession frequency; these represent
the eccentric standing waves of the disc. The eccentric modes in
non-self-gravitating discs have been extensively studied in both
the linear (Kato 1983; Okazaki 1991, 1997; Papaloizou 2002;
Goodchild & Ogilvie 2006; Papaloizou & Savonije 2006; Ogilvie
2008; Teyssandier & Lai 2019) and non-linear (Barker & Ogilvie
2016; Lynch & Ogilvie 2019; Ogilvie & Lynch 2019; Zanazzi &
Ogilvie 2020) regimes, as they are the simplest solutions to an ideal
eccentric disc theory.

The modes considered in Lynch & Ogilvie (2019; henceforth
Paper I) were untwisted. These are the superposition of inward and
outward travelling eccentric waves that reflect from the boundaries
and carry equal and opposite angular momentum fluxes and twists.
When these are superposed, the angular momentum flux and twists
cancel, producing the untwisted standing wave. If there is some
difference in the amplitudes of the ingoing and outgoing waves
then the angular momentum flux (and thus twist) does not perfectly
cancel resulting in a twisted disc. This can happen if one of the
boundaries is not perfectly reflecting, allowing one of the waves to
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be partially or completely transmitted, as seen in the simulations
of Dewberry et al. (2020a, b). Viscosity can also cause discs to
become twisted by damping the reflected wave so that it is of
lower amplitude than the incoming wave; this was explored by
Ferreira & Ogilvie (2009) in the context of the inner region of black
hole discs. In this case, the eccentric wave is typically untwisted
on the boundary as the incoming and outgoing waves have the
same amplitude there, but develops a significant twist far from it
(Goodchild & Ogilvie 2006; Ferreira & Ogilvie 2009; Teyssandier
& Ogilvie 2016, 2017).

In most eccentric discs, the eccentricity is expected to be excited
at a resonance with an orbital companion (Lubow 1991) and
propagates away to be damped elsewhere in the disc. Goodchild
& Ogilvie (20006) studied the effect of resonances and bulk viscosity
in a 2D linear theory. Ferreira & Ogilvie (2009) considered the
influence of bulk viscosity on an eccentric wave reflecting off a free
boundary. The interaction of discs and planets in a viscous disc was
studied by Teyssandier & Ogilvie (2016, 2017), which results in
a moderately twisted eccentric wave in the disc generated by the
planets. Simulations of this effect were carried out by Rosotti et al.
(2017) and Ragusa et al. (2018). Dewberry et al. (2020a, b) studied
eccentric waves in a pseudo-Newtonian disc that were excited at
the disc boundaries and propagate towards the marginally stable
orbit as a highly twisted eccentric wave. In general, the twisting of
eccentric waves is important whenever eccentric waves are generated
or damped within the discs, or when they are free to leave the
domain.

The inclusion of dissipation in eccentric disc theory is complicated
by the fact that, under certain circumstances, eccentricity can be
excited by the presence of a shear viscosity (Syer & Clarke 1992,
1993; Lyubarskij, Postnov & Prokhorov 1994; Ogilvie 2001; Latter
& Ogilvie 2006). Notably, a circular disc is unstable to the excitation
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of eccentric waves in the presence of an shear a-viscosity, commonly
used as a model of disc turbulence. This excitation is a form of viscous
overstability, originally discovered by Kato (1978) for axisymmetric
perturbations and previously studied in the context of planetary rings
(Goldreich & Tremaine 1978; Borderies, Goldreich & Tremaine
1985, 1986).

One can model dissipation of eccentric waves using a bulk
viscosity (e.g. in Ferreira & Ogilvie (2009)), as this always damps
eccentricity. Alternatively, it has been suggested in Ogilvie (2001)
that the finite response time of the turbulence can suppress the
overstability. Of course, one can sidestep this issue entirely by
explicitly modelling disc turbulence, typically sourced from the
magnetorotational instability (MRI). However, the picture has been
further complicated by the recent discovery that a sufficiently non-
linear eccentric wave is capable of suppressing the MRI (Dewberry
et al. 2020b).

In this paper, we apply the theory of Whitham (1965) and Jimenez
& Whitham (1976) to determine the dynamics of these tightly wound
eccentric waves. These waves occur when a travelling eccentric wave
encounters strong apsidal precession, as might occur in the inner
regions of black hole discs. Our work is an extension of theory
of tightly wound eccentric waves developed by Lee & Goodman
(1999) to include viscosity and a more general treatment of pressure
forces that takes into account the dynamical vertical structure of the
disc. Tightly wound waves are highly twisted, short-wavelength, and
eccentric waves; untwisted short-wavelength waves were studied
in Paper I. In principle, the untwisted short-wavelength theory
developed in Paper I and the tightly wound theory developed here
could be obtained as limiting cases of a more general twisted-short
wavelength theory, but we shall not attempt that here.

A version of the work presented here appeared in the authors PhD
thesis Lynch (2021). The present work incorporates several novel
effects that are important for describing self-gravity and viscosity in
3D eccentric discs. This work also improves on the comparison with
Dewberry et al. (2020a, b).

This paper is structured as follows. In Section 2, we discuss the
geometry of eccentric discs and introduce the Hamiltonian formalism
derived in Ogilvie & Lynch (2019). In Section 3, we derive the
Lagrangian for a tightly wound eccentric wave. In Section 4, we
consider the conservative dynamics of tightly wound waves in the
absence of dissipation. Section 5 confirms that the wave-steepening
conditions derived in Paper I for untwisted, short wavelength, waves
apply to tightly wound waves. Section 6 shows how viscosity can be
included by use of a pseudo-Lagrangian prescription, with Section 7
presenting the dynamics of a tightly wound eccentric wave subject to
pre-cessional forces, pressure gradients, self-gravity, bulk, and shear
viscosity. In Section 8, we discuss an application of our theory to the
pseudo-Newtonian discs considered by Dewberry et al. (2020a, b).
Conclusions are given in Section 9 and mathematical derivations are
given in the appendices.

2 NON-LINEAR THEORY OF ECCENTRIC
DISCS

2.1 Eccentric orbital coordinate system

Let (r, ¢) be polar coordinates in the disc plane. The polar equation
for an elliptical Keplerian orbit of semimajor axis a, eccentricity e,
and longitude of periapsis @ is

a(l — ez)

= 7 1
" 1+ecos f’ M
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where f = ¢ — @ is the true anomaly. Equivalently,
r=a(l —ecosE), 2)
where E is the eccentric anomaly, which satisfies
E — V1 —e’sinE
cos f= D27 Gppo YT 3)
1 —ecosE 1 —ecosE

A planar eccentric disc involves a continuous set of nested elliptical
orbits. The shape of the disc can be described by considering e and @
to be functions of a. The derivatives of these functions are written as
e, and @ ,, which can be thought of as the eccentricity gradient and
the twist, respectively. The disc evolution is then described by the
slow variation in time of the orbital elements e and @ due to secular
forces, such as pressure gradients in the disc and secular gravitational
interactions.

We now introduce the (a, E) orbital coordinate system of Ogilvie
& Lynch (2019). In this coordinate system, a is an orbit labelling
coordinate that specifies an orbit, while £ denotes where on the orbit
the point is located. The shape of the orbit is determined by e and @,
which are the functions of a and time. The Jacobian determinant of
this coordinate system can be written in the form J = aj(1 — ecos E),
where

. 1 —e(e+ae,)
1= V1 —e?

and we have introduced the non-linearity parameter ¢, defined by

(1 — g cos(E — Ey)), “)

, (ae)” + (1 — ) aew,)
[1 —e(e + ae,))?
We require |g| < 1 to avoid an orbital intersection. The relative
contribution of the eccentricity gradient and twist to ¢ is determined
by an angle E; with
ae, V1 —elaew,

—— =qgcosEy, —mMmM
1 —e(e+ae,) 1 —e(e +ae,)

: (&)

= g sin Ey. (6)

2.2 Eccentric disc Lagrangian

Ogilvie & Lynch (2019) derived the Hamiltonian density for a 3D
fluid disc, where the only non-Keplerian terms are from pressure
gradients,

1
Hy = 2@y + DMa (&), @)

where M, = dm/da is the 1D mass density with respect to @ and £ is
the mass-weighted vertically averaged specific internal energy. Angle
brackets denote an orbit average. Both the 2D and 3D Hamiltonian
densities can be written as H, = H;F where H; = 2mwaP° is the
Hamiltonian of a circular disc, with P° the radial profile of the
vertically integrated pressure in the limit of a circular disc, and F'
= F(e, ae,, aw,) is a dimensionless function that depends on the
disc geometry (Ogilvie & Lynch 2019).

Additional pre-cessional forces can be included by adding a term
to the Hamiltonian that depends on a and e* only: H/ = H/(a, €?),
so that the Hamiltonian density is given by H, + H/.

There are two sources of non-linearity present in the Hamiltonian
density. One is associated with the eccentricity e; the other is
associated with the gradients of the solution and typically determines
how oscillatory (or twisted) the wave is, with more oscillatory
(or twisted) waves being more non-linear. This non-linearity is
characterized by the non-linearity or orbital intersection parameter
g given by equation (5). We can write the geometric part of the
Hamiltonian in terms of e, ¢, and Ey so that F' = F(e, g, Ey).

MNRAS 510, 3460-3478 (2022)
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From the Hamiltonian for the disc dynamics, we can obtain the
associated Lagrangian via a non-canonical Legendre transform,

= /Manazw, 1 —e*da—H, 8)
which leads to a Lagrangian of the form

L = / (Manazw,\/ 1—e2—H, — H[-f) da, 9)

where w, = "’d—";’ and n = (GM,/a*)"? is the mean motion with M the
central mass. Variation of this Lagrangian with respect to @ and e
leads to the non-canonical Hamilton’s equations derived by Ogilvie &
Lynch (2019). These two formalisms are equivalent; however it will
be easier to extend the Lagrangian formalism to include dissipation.

To include disc self-gravity, we must include an additional
contribution Ly, to the Lagrangian given by equation (9). An
explicit expression for Ly in the tight-winding limit is derived in
Appendix A2.

2.3 Dynamical scale height in an eccentric disc

Unlike circular discs, the vertical structure of an eccentric disc cannot
be decoupled from the horizontal fluid motion. Eccentric discs cannot
maintain hydrostatic equilibrium owing to the variation of vertical
gravity and lateral compression around an elliptical orbit (Ogilvie
2001, 2008; Ogilvie & Barker 2014). The latter of these effects is
more important in the short-wavelength limit.

Following Ogilvie & Barker (2014), we define the disc scale height
to be

[ pz*dz
[pdz”’
where, in this paragraph only, H is the disc scale height. Ogilvie &
Lynch (2019) introduced the dimensionless scale height & = H/H®,
which is the scale height rescaled by the scale height H°(a) of a

circular disc. In an ideal fluid disc, this evolves according to (Ogilvie
& Lynch 2019)

H? = (10)

d2h+ n’h _ n? Voh an
2 " (1—ecosE)  jr-lhy e

where 1, contains terms due to the disc self-gravity.! An explicit
expression for ¥4, in the tight-winding limit, is given in Appendix A.

3 THE TIME-DEPENDENT
SHORT-WAVELENGTH LAGRANGIAN

It is convenient to rewrite the Lagrangian (9) as

L = /Manazzfr,\/ 1 —e?da+ Ly,

it (5 )]

«/1 —e?
(12)

which is the Lagrangian for an eccentric wave in a frame rotating
at rate w and we have introduced the longitude of pericentre in the
rotating frame @ := @ — wt. As in Paper I the pre-cessional forces
coming from H/ can be expressed in terms of the precession rate
wfa, e) of a test particle.

'Not considered in Ogilvie & Lynch (2019)

MNRAS 510, 3460-3478 (2022)

We now consider the situation where the pre-cessional (or test
particle) forces are strong relative to the background pressure
gradient as this gives rise to short-wavelength or tightly wound
eccentric waves. Similar to Paper I, we define

Manaz(a)f(a, 0) + wg — )
Hg

N? =

: 13)

with the limit of interest being N> > 1. Here, we have added an
additional pre-cessional term,

1 d [ Ldy, .
D= T2 da \@ da )

where @, is the contribution to the disc potential from material at
large distances (i.e. distances much larger than the disc thickness).
This allows us to absorb the long-range contribution to the disc
self-gravity into N?. In the tight-winding limit, we can approximate
@, using the gravitational potential of the reference circular disc,
as the asymmetry due to the eccentric wave averages out on long
lengthscales. With this definition of N?, the remaining contributions
from disc self-gravity are entirely local and can be determined from
an eccentric shearing box (See Appendix A).

We introduce the rapidly varying phase variable ¢ = ¢(a, t), which
satisfies ap, = N(a)k(a) with k(a) = O(1), a rescaled dimensionless
wavenumber. We also make use of the rescaled variable ¢ = eNk;
in the limit of interest e < 1, but & = O(1). The non-linearity
(equation 5) becomes

de\? do \?
2 (,5¢ 2 0 [ 400
I <“da> e (da) (15)
~ el (p.a)+ &g, ) (9, a),
which is of order unity. In this limit the Jacobian determinant J ~ aj,
where j is given by
j~1—gcosE, (16)
and £ = E — E. In the tight-winding limit, equation (11) simplifies
to
d’h 1 VYela, j, h)

g th= P h, (17)

meaning / is an even function of E, with h = h(a, g, cos E").

Substituting the expressions for ¢ and ¢ into the Lagrangian and
keeping only terms of the lowest order in N~!, the Lagrangian
becomes

Myna* _ & 1 ¢ .
L=[|-=5 ~,ﬁ+H;<2k2 F(q) - Q"S’Fgg(q))]
(18)

where Q° = :,ng is the Toomre-Q in the reference disc, Ay is
a dimensionless constant of order unity that depends on the disc
vertical structure, and Fi,(q) = (]"lh) is the geometric part of the local
contribution to self-gravity in a 3D disc. This differs substantially
from that of a 2D disc (see for instance Lee & Goodman (1999))
because the dominant local contribution to the gravitational self
energy is from the suspension of disc material away from the mid-
plane, an effect not present in a 2D disc. A derivation of the local
contribution from self-gravity is given in Appendix A2.

We have neglected two leading order terms; M,na’w, which is a
function only of a that has no effect on the dynamics and M,na’@,;. It
is possible to show that the latter term only contributes when M,na? is
time dependent, a situation we shall not consider in this paper. A time-
dependent M,na® suggests a redistribution of angular momentum in
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the disc, which cannot happen in the ideal theory obtained from the
Lagrangian (18). We shall later include viscous dissipation, which
can redistribute angular momentum, but will neglect this term under
the assumption that background disc evolves slowly on the time-
scales of interest. The neglected M, na’, term could be important
for a theory that models disc accretion.

4 CONSERVATIVE DYNAMICS OF TIGHTLY
WOUND WAVES

Initially, we neglect non-conservative terms and derive the equations
for an ideal, time-dependent, tightly wound wave. As the equations
are fully conservative, this can be done entirely within the framework
of Lagrangian mechanics and the averaged Lagrangian theory of
Whitham (1965). The short lengthscale dynamics of a tightly wound
wave are trivial, with @ linearly dependent on wave phase and
all other quantities constant. It is thus straightforward to average
equation (18). Thus, the Whitham averaged Lagrangian density for
a tightly wound eccentric wave with self-gravity and pressure is

M na? éq R 1 &2 s
- i+ H <———F( )——ngg(q)>

Lo=tla) == 93 212 0°
(19)

where angle brackets denote a Whitham average over the phase of
the wave and we have made use of @, = ¢, @€ = ¢,q.

The dispersion relation is obtained by varying the Lagrangian with
respect to the wave amplitudes ¢é, g:

5L 8

8L o £y, (20)
&é 8q

combined with the compatibility relation

Nok = adug;. @n

At next order the evolution of the wave fluxes are given by
5L
¢

The averaged Lagrangian has the gauge symmetry

=0. (22)

k — Aa, t)k, ¢, — Aa, t)e,, ¢ — Ma,t)e (23)

where A(a, 1) is an arbitrary function. This relates to our freedom to
redefine the wave phase owing to the fact & and ¢ do not vary on
the short length/time-scale. We can remove this gauge freedom by
setting ¢ = €. Upon adopting this gauge the Lagrangian becomes

M, na? 2 1 g2
Ly= == +H°<f——F<)—

Zup @), @
Nz Yo o et )

2 k? 0
with the dispersion relation now just given by variation with g,
8L
8q

while the compatibility relation and variational equation for the wave
flux evolution are the same. The dispersion relation is given by

M a naZ q 2 o[ 4 2 2)\,
0=-"3r g +H (g —aF @ =5
Substituting this into the compatibility relation we obtain an equation
in conservative form:
ok a

R )

=0, (25)

(q)) (26)

@7
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0.0 .
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 1. Dependence of the non-linear self-gravity control parameter on
q for different equations of state. Solid lines are isothermal (strictly y =
1.000 00001 for numerical reasons) and dashed lines are y = 2. Colours
indicate Q°, with black lines having 0° = 10, red lines having 9° = 100,
and blue lines having Q0° = 10%. The dotted line is the equivalent calculation
in a 2D disc with y = 2, while the dash—dotted line is an isothermal 2D disc.

where y = f %da. The equation for the wave flux evolution is

Myna® ¢* aH?® [qF'(q) 2hg aFL(@)
0=9 (2 —1_ 4 a 7sg sg 7
’<N2 21#)+ {N{k Tk H

(28)

where we have made use of the dispersion relation to simplify the
spatial component of the flux. Consider steady solutions to these
equations. Without loss of generality, we can set ¢, = 0 (¢, must be
constant so that 9,k = 0 and can be set to zero by a suitable choice
of rotating frame). Then the equations become

I=Kq""F(q)+ Q"gk2 47 Fi(q) (29)
e q 1 pigy+ 222 7 | = const (30)
Nk 5o e = const.

Here, equation (29) is an amplitude-dependent dispersion relation,
while equation (30) describes the conservation of angular momentum
flux in the disc. When combined these equations determine how &
and ¢ vary with a for a given disc profile.

Rearranging the dispersion relation for &,

-1
K= 1 (1 ) , 31
Fa\ " Gb

where we have introduced a self-gravity non-linear control parame-
ter,

Fo,(q)
F'(g)’
which determines whether pressure or self-gravity becomes more
important as the wave becomes non-linear. The relative importance
of self-gravity to pressure forces is then set by a combination of
the Toomre-Q in the reference disc and this non-linear control
parameter x(q). Fig. 1 shows x(g) for a variety of disc models and
equations of state. In 3D discs, self-gravity becomes more important
as the wave becomes increasingly non-linear. This contrast with 2D
discs where x(g) (calculated using the theory presented in Lee &

x(q) = (32)

MNRAS 510, 3460-3478 (2022)
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Goodman (1999)) decreases with increasing ¢, indicating that self-
gravity becomes less important as the wave becomes more non-linear.
This strengthening of the disc self-gravity, relative to pressure, can
potentially be explained by the fact that the wavelength of the non-
linear wave is longer than that predicted by linear theory as a result
of strong pressure gradients preventing an orbital intersection which
would form if the wavelength were too short.

Another important feature of self-gravitating discs in the tight-
winding limit is that isothermal discs exhibit a breathing-mode
excited by the disc self-gravity. This arise from the local contribution
to ¥, which is proportional to j~', introducing a dependence
on the lateral fluid compression. This means 3D, isothermal, self-
gravitating discs in the tight-winding limit have different dynamics
to 2D discs. This contrasts with the non-self-gravitating discs where
the disc’s vertical structure does not affect the eccentric waves in
the short-wavelength limit. More generally, the modification of the
disc scale height by self-gravity leads to F(q) and Fy(g) (along with
similar functions describing viscosity that will be introduced later)
depending on 0°.

Following Lee & Goodman (1999), we can rewrite equations (27)
and (28) in a hyperbolic form,

a 9*L,

3 P) N aj,d
7<{<> +A7(’f) _ Jroa .
ot \Jr da \ Ji a 3°L, N d sayN 0L,

N 3j,da ' da (N) 3J,

where j' = M;‘v—"{‘z % and the matrix A is given by
2L, 9L,
9j'0k a(j")?
A= 2| QRG] (34)
N | 9%L, 9°L,
ok 9j'ok

This matrix has eigenvalues V., corresponding to the characteristic
velocities, of

_ N*H; Nk
" Myna? ag

+ |:F;:+%g(q) + qFé/ﬁ»sg(q)

(35)

/4 Fa @@ F @) — Fr@)

where Fj,,(q) = F(q) + 23—?Fsg(q). This system of equations are

hyperbolic provided that V.. are real, which is the case if /. (q) is
a convex function of g (as expected for most disc models of interest).
As found in Lee & Goodman (1999), the sign of the characteristic
velocities sgn(Vy) = sgn(k). Thus these characteristic velocities are
negative for tightly wound trailing waves (which have k < 0).

5 MODULATION OF THE ECCENTRIC WAVE
ON THE DISC LENGTH SCALE

In this section, we neglect self-gravity and consider how the eccen-
tricity and non-linearity vary on the long-lengthscale, so that we can
compare tightly wound waves with the untwisted discs considered in
Paper 1. We shall show the conditions for wave steepening derived
in Paper I carry over to tightly wound waves. For comparison with
Paper I, it is useful to introduce /(g) and J(g) which for the tightly
wound waves considered in this paper are given by

T [F'(q)
1 = — , 36
(q) NG p (36)

MNRAS 510, 3460-3478 (2022)
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J(g) = 25! Fig)'". (37
These are directly comparable to the functionals /(g), J(g) defined
in Paper 1. Although we omit a proof here, one can show that if
F'(g) is strictly convex on the interval 0 < ¢ < 1 (a similar, but
not identical, assumption to that made in Paper I) then /(¢) and J(q)
are increasing functions of ¢ on this interval. For isothermal and 2D
adiabatic discs 1 < y < 2, one can prove that F(g) has the desired
property, while for 3D adiabatic discs one can demonstrate these
properties numerically.

5.1 Flux conservation and non-linear dispersion relation in a
steady eccentric disc

‘We shall now show that the wave steepening criteria derived in Paper
I also apply to steady tightly wound waves, in the absence of self-
gravity. The dispersion relation for a steady, tightly wound, wave in
the absence of self-gravity is

L) _ popig) m 1) =0 (38)
g P\ ) T
After rearranging and rescaling, this becomes
TN
agy = N (39)
V2I(g)

The flux conservation law is

S(L 3 He (L 9 [22aH®
L: ((l a < >>:_8a< [a “J(q)>=0, (40)

S¢ da

N 0k nN

which can be rearranged to obtain a conserved flux,

2v2aH®
LJ(q) = const. 1)
aN

By writing J(g) in terms of /(¢) and ¢, and making use of the gauge
fixing condition ¢ = & = e Nk, we can obtain the alternative form of
the flux conservation equation, which matches that derived in paper
I for untwisted eccentric waves,
aH?N*

a%a
Combining this with the dispersion relation, we obtain an equation
for the eccentricity envelope,

1
X ——————.
aH;NI(q)

(€?) = const. 42)

(e?) 43)
In the linear limit (using F = F'", from Paper I), we can evaluate
I and J and obtain

2y — 1
1(q)=%,/y7, (44)

2y — 1\
J(q):%(yy ) (q?). 45)

This is identical to those for the untwisted eccentric mode, and

matches the expressions given in Paper I upon the substitution
1

(q%) = 343

In Paper I, we showed that untwisted eccentric waves can be
focused by the large-scale disc properties and we derived conditions
for g and e to become non-linear in the inner disc from an initially
linear disturbance in the outer disc. Here, we show that the conditions

derived in Paper I apply to tightly wound waves.
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Figure 2. Comparison of /(g) for untwisted and tightly wound waves in an
isothermal disc showing the initial weak dependence on ¢ for the tightly
wound waves.

As noted above, I(q), J(q) are increasing functions of ¢ for
physically reasonable F(g). Using equation (41), we can obtain the
condition on the amplification of ¢ with decreasing a,
dq

— <0
da

. . 0 [aH®
if and only if — <] >0. (46)
da N

The condition on (e?) to increase can be obtained from equa-
tion (43), from which we obtain the condition

d o 2 . . 36]

— (aH N(e*)) <0 ifandonlyif — >0. 47)
da da
Similarly, we have a condition on ag,:

9 3

2 (“")“) ~0 ifandonlyif -2 >0 (48)
da \ N da

These conditions are identical to those derived in Paper 1. As done
in Paper I, we can use these conditions to show that

a. 1O _ (49)
a(pallin [(q)
(@ 10)

G AT 50
@) "I (0)

where the subscript j;, denotes the prediction from a linear theory.
The interpretation of this result is the enhancement of the pressure
forces by the non-linearity which can more easily balance the strong
pre-cessional forces, compared with a linear theory. /(g) for tightly
wound waves often has a weaker dependence on ¢ than I(g) of the
untwisted theory and for an isothermal disc (¢?) and ag, remain
close to their linear values until ¢ gets close to 1 (See Fig. 2).

6 NON-CONSERVATIVE TERMS

In order to include non-conservative terms in our theory, we need
to move beyond the Lagrangian framework. To do this, we make
use of a pseudo-Lagrangian framework and the extension of the
Whitham averaging method to pseudo-Lagrangians by Jimenez &
Whitham (1976). In their formalism, non-conservative terms are
treated perturbatively, and do not influence the dynamics over a
single wave-cycle. These non-conservative terms instead affect the
long time and length-scale modulation of the wave.

In the pseudo-Lagrangian formalism, one doubles up the phase
space variables and make the pseudo-Lagrangian stationary with re-
spect to one set of phase space variables, while the ‘complementary’
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phase space variables are held fixed. There is an unfortunate notation
clash between the notation introduced in Jimenez & Whitham (1976)
for complementary phase space variables (i.e. /) and the notation for
a derivative for a function of one variable, which we have made
extensive use of to denote g derivatives of the geometric part of
the Hamiltonian F. To avoid this we shall adopt the convention
that complementary phase space variables are denoted by a breve

6.

6.1 The averaged pseudo-Lagrangian formalism

As pseudo-Lagrangians and the formalism of Jimenez & Whitham
(1976) are not commonly used in astrophysics, we shall use a damped
linear wave equation, with a quadratic potential, as an illustrative
example of how the formalism works. The damped linear wave
equation, with quadratic potential, can be derived from the following
pseudo-Lagrangian,

1 1 1
Fave = / {Euf - E&(x)uﬁ - Enﬂ(x)uz — D(x)uit, | dx, (51)

where ¢, D, and m are position-dependant wavespeed, damping rate,
and mass. Making the pseudo-Lagrangian stationary with respect to
variations of u and setting & = u, we arrive at the equation of motion
for the wave,

8 FWZlVC
Su

= —uy + 3, (F®uy) —m*u — Du, =0.  (52)

When c(x), D(x), and m(x) vary slowly over one wavelength of the
wave, we can make use of the averaging formalism of Jimenez &
Whitham (1976). Introducing the wave phase ¢ with wavefrequency
o = ¢, and wavenumber k = ¢,, we can approximate the derivatives
as 0, ~ wd, and d, ~ kd,.

Fyave = /{% [a)2 _ 52(x)k2] ui — %mz(x)MZ
(53)
— D(x)uc?)ﬁ¢} dx.

On the short lengthscale damping can be neglected and ¢ can be
treated as a constant. The short lengthscale dynamics are just a
linear harmonic oscillator and can be solved by u = u(t, x)cos ¢(x),
where uy(t, x) is a time- and position-dependant wave amplitude.
For the non-conservative terms, we can make use of the following
approximation u(¢) ~ 1i(p) ~ ii(¢) + (¢ — @)iiz(P), as higher order
terms in this expansion will vanish when we setii = u, ¢ = ¢.

Averaging over the wave phase, we obtain an averaged pseudo-
Lagrangian for the system,

(Fwave> = /{i [602 — (/'Z(JC)](2 — mz(x)} Mé

1
) D(x)(¢ — (ﬁ)d)ﬁ%} dx, (54)

where angle bracket denote a phase average and we have dropped a
term proportional to iz, which has no influence on the dynamics.
Varying (Fyave) With respect to the amplitude, uy and setting equal
to zero we obtain,

8(Fune) | 1

el 3 [a}z — )k — mz(x)} ug =0, (55)

from which we obtain the dispersion relation ®* = K + m?(x).
Combined with the compatibility relation 9,k = 9w, these determine
how the wavephase is modulated on the long length/time-scale.
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Varying with respect to ¢, and setting equal to zero, we obtain an
evolutionary equation for the wave amplitude,

5(Fwave) _ d 1 2 a 1 2 2 1 2
== (Ea)uo +3—x EC (x)kug ED()c)a)uO

Sp
=0. (56)

This determines how the amplitude is modulated by the spacial
dependence of ¢, D, and m. This can be rearranged into to obtain
an equation of the form,

Vij* =-=Dx)j", (57)

where . = {0, 1} are space time indices and j* are the wave flux. This
is a waveflux conservation equation with a sink due to wavedamping.

6.2 Viscous stresses

In this section, we consider the effects of shear and bulk viscous
stresses on tightly wound waves. Viscous stresses are often used
as a model for the effects of disc turbulence. The classical «-disc
model only considers shear viscosity, as a circular Keplerian flow
is not affected by bulk viscosity. Turbulence due to the parametric
instability feeds off the eccentric mode and has been shown to cause
eccentricity to decay ( Papaloizou 2005; Wienkers & Ogilvie 2018),
it thus behaves like an effective bulk viscosity. The finite response
time of the MRI can also act as an effective bulk viscosity that is
typically of similar magnitude to the shear viscosity (Ogilvie 2001;
Lynch & Ogilvie 2021). Thus, the relative importance of shear and
bulk viscosity depends on the source of disc turbulence, but one
expects that they should be of broadly comparable magnitude.

We assume the vertically integrated shear viscosity fi and bulk
viscosity fi, can be written in the form i = O’;‘c‘ m and {i, = ag;l" m,
where o, o), are dimensionless constants u; depends only on a and m

is a function of j and / only. % o e gnd 0”’ ”“ are the vertically integrated
shear and bulk viscosities of the reference circular disc, while m is
a dimensionless function of the disc geometry. As j = j(q, cos E)
and i = h(g, cos E), we can write m = m(q, cos E).

In the é = g gauge, dissipative effects from viscous stresses in the
tight-winding limit can be included using a pseudo-Lagrangian of
the following form

2
F = ga /aTao((p - (Z))[Fshear(‘i) + 3thase(‘i)] da

2
+ (Olh - §a> /aT;@ — PN Four(§) — Fphase,n(§)] da, (58)

which is derived in Appendix B. Here, we have introduced 7,; = np.;,
and Fyuk, Finears Fphasebs and Fphaee are non-linear functions of ¢
(similar to F and F§,) given in Appendix B. Fyyk and Fype,, are the
contribution from the horizontal viscous stresses while Fpyaee and
Fphase, v are contributions from the phase shift, between the vertical
and horizontal motion, induced by the viscosity.

Assuming that the viscosity can be written as a powerlaw in
density, pressure, and scale height, we have a functional form for
m,

m=jh, (59)

where for a standard ¢-viscosity x = —y,y = —(y — 1). In the linear
limit (¢ < 1) Fru and Fpe,, take the following forms for a 2D disc:

Fat (@) = + 0(g"), (60)
FeP(q) = %qz (1 +x)+ 0(g"). ©1)

MNRAS 510, 3460-3478 (2022)

In the 2D disc there is no phase shift 0 Fppase(q) = Fphasev(q) = 0.
In a 3D disc,

1
Fbulk)(q) =2 —q” + 0(g"), (62)
(3D) 9, y—1 4
Fshear(q) = 7(1 l+x— yT + 0(6] )» (63)
y—D
Fomse 0 = 55 q’ + 0", (64)
L/y—1 : 2 4
thase = E - q-+ 0(6] ) (65)
14

Neglecting the phase shift, we require Fghear > Fpux in order
that shear viscosity damps the wave. For an o —disc, with 1 <
y <2, both F2 < F2P and FE2) < FSP, in the linear limit,
so shear viscosity excites tightly wound waves in the linear limit,
recovering the known viscous overstability (Syer & Clarke 1992,
1993; Lyubarskij et al. 1994; Ogilvie 2001; Latter & Ogilvie 2006).
When the wave is sufficiently nonlinear, shear viscosity instead
damps the wave (See Fig. 3). More generally in order that viscosity
behaves dissipatively, we require

2
D= ga[Fshear(q) + 3thase(q) - Fbulk(q) + thaseb(q)]
+ab[Fbu1k(q) - thaseb(q)] > 0. (66)

In the linear limit, for a 2D disc this condition becomes

2

pr~Ly [7+3‘i"+9x} >0, (67)
6 o
while for a 3D disc,
—1 4 3
Dr2g 15490 —9yY—— — “ 3y —1)+—”— > 0.
6 y )/2 2
(68)

For both 2D o —discs, and a 3D o —disc (if the contribution from the

phase shift is neglected), the viscous overstability is suppressed when
a, 9y =17
— > —.
o 3

For a 3D « —disc, including phase shift, the viscous overstability is
suppressed when

(69)

a, 3y*+3y—4
e ——
o 3

These conditions agree with the small o, «j, limit of Latter & Ogilvie
(2006), who similarly found that the phase shift in 3D discs made
them more susceptible to the viscous overstability.

Viscosity in the disc also drives an accretion flow. While we do
not directly include accretion in our model, as it typically occurs on
a time-scale longer than the secular time-scale associated with the
eccentric wave evolution, it is illustrative to consider the effects of
the eccentric wave on the accretion flow. From Appendix B3, the
viscous torque, responsible for driving the accretion flow, in a tightly
wound eccentric disc is

1 1
G = —2aa2Ta°E/mj_l (Z —j) dE. (71)

As an illustrative case consider an isothermal «-disc, where m ==,

one can evaluate the orbit average to obtain

(70)

4 2
3 ZTo l_iq

Giso = Eaa a m (72)
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Neglecting gradients in ¢, when g > /3/4, the modification due to
the eccentric wave is sufficient to halt the accretion flow, which may
lead to the truncation of the disc on the viscous time. When g < 1
the torque simplifies to

3 1
giso = EaazTao (1 + 6q2> + 0(114) (73)

Thus in the linear limit, where the viscous overstability operates, the
presence of the eccentric wave enhances the accretion flow. A similar
enhancement of disc accretion by eccentric discs was found by Syer
& Clarke (1992, 1993). This enhancement arises from the density
dependence of the «-viscosity.

Fig. 4 plots G against ¢ for different disc models. In general,
weakly non-linear waves drive (slightly) stronger accretion, while
strongly non-linear eccentric waves have the potential to significantly
modify the accretion flow — including cutting it off entirely. As « is
small by assumption, the modification of the background flow by the
eccentric wave will be negligible on the time-scale of interest except
for strongly non-linear eccentric waves. The presence of strongly
non-linear eccentric waves could lead to significant evolution of
the background surface density profile on the time-scale of interest,
potentially resulting in disc truncation.

The above analysis neglects gradients in g, which, when large
enough, can fundamentally change the picture described above. This
is particularly important for strongly nonlinear waves, where G is a
steep function of g. A more complete study of the effects of tightly
wound eccentric waves on the background accretion flow is beyond
the scope of this paper, and is thus left for future work.

7 NON-CONSERVATIVE, TIGHT WINDING
WAVE DYNAMICS

The Whitham averaged pseudo-Lagrangian density for a tightly
wound eccentric wave with self-gravity, pressure and viscosity, in

the é = ¢ gauge, is:
sg(q)>

M, 2 1 g2 Ase
8 (19 -

Fu =
N2 e 2 k2 0°

2
+-aaTl (¢ — G Fonear(q) + 3 Fpnase(G)

3
— Four(§) + Fphaseb(§)]
+opaT, (¢ — G Fou(§) — Fphasev(§)]- (74)

The dispersion relation is obtained by varying the pseudo-Lagrangian

with respect to the wave amplitude g
8F
— =0, (75)
8q |._.

combined with the compatibility relation,

Nk = ad,e;. (76)
At next order, the evolution of the wave fluxes are given by

o

il 0. (77)

The dispersion relation is given by

2

M,na’ oL e ¢

Asg

x(q)>], (78)
Qo
where we have made use of the self-gravity non-linear control
parameter x(g). Substituting this into the compatibility relation, we
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obtain an equation in conservative form,

Bk—a{(a) +w —w){l—k—zF’( )<1+2A5g )]}—
t y f sg q q QO q -

(79

where y = [ %da.
At the next order, the equation for the wave flux evolution is,

M,na* ¢* aH? (qF'(q) Qg
n (M) v {1 (14 )

2
= =324, [Fnear(q) + 3Fphase(§) = Foure(§) + Fpnaen(§)]
—apal, [Fou(§) — Fphasev(§)], (80)

where we have made use of the dispersion relation to simplify the
spatial component of the flux.

Equations (79) and (80) are evolutionary equations for the
wavenumber k and non-linearity ¢. In the absence of viscosity, these
equations are conservative and describe how the wavenumber and
angular momentum deficit (AMD; a positive definite measure of
disc eccentricity, being the additional angular momentum that needs
to be added to an orbit to make it circular) are conserved in the disc.
In general this equation has the form

Vit =8, (81)

where = {0, 1} are space time indices, j’ = MI“V"Z“Z % is the AMD
density, j* is the AMD flux, and § are sources/sinks of AMD.

Now we confirm that the linear limit of our theory matches the
WKB solutions of linear eccentric disc theory. In Paper I, we showed
this was the case for the ideal short-wavelength theory. For a 3D disc,

the linearized dispersion relation, neglecting self-gravity,” is

0= M, na? HE 1 2y — 1 82)
TN T\ T Ty )

while the equation for the wave flux evolution is

Myna® ¢* aHy q2 2y — 1
0=\ "N 2e) "% w2

14
var e |14 —1,2
alyq 3¢ X y 3 -
+ 20) L1 (83)
a— - | — .
b 3 2,2 q
Making use of ¢ = Nke, we can rearrange this to obtain

2 o 2y — 1

0 = M,na“e, +aH, | Nk e,

14
aHy 2y —1
+ed, Nk—
2 2
.3
+aT, P

2 1 22
+ ah—ga 2—)/2 N-<k“e. (84)

2Self-Gravity can be important in the linear/WKB limit of our theory. This
contrasts with the WKB limit of existing linear theory, where self-gravity is
generally unimportant. This arises from considering the effect of the disc’s
vertical self-gravity, which is not normally accounted for.
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From Teyssandier & Ogilvie (2016), the dynamics of a linear
eccentric disc subject to pressure and bulk viscosity are

2rQE —iXr’Qo € = io [l <2_ l) P,&}

ror |2 y ar
i 3 dpP 3 1
—(4——|r—E&+<i(1+— ) PE
+2( V)rdr +2[(+V>
1 0 408

In the WKB limit terms, we only keep terms involving derivatives
of E, as well as the term involving the forced precession wy so the
relevant equation is

~ 9 1 1 d
£r2QE —iTrQwE = ~— {, (2_ ,) P,zﬁ}

ror |2 1% ar
19 S 0E

This scaling comes from assuming the pre-cessional terms are large,
T2 Qews > P. We also require the viscosity to be sufficiently small.
The appropriate scaling to match the tight-winding theory is w, —
w ~ w'az = 0(87?), ¢, ~ w e, and a, = O(8). Splitting into real and
imaginary parts and writing in terms of our notation equation (86)
becomes,

o 2y —1
Mna’e, = —w,e— ( 4 Hoaz)

da 2y “
2y — 1
- ( VZ)/ H;a2> (euwa + ewutl)
1 R 2 .
— E“bTa a’ew, + Higher order terms, 87)
2 g0 2y =1 ., 2 .
N Hje = 5 Hja“ | ew; + Higher order terms. (88)
14

Noting that aw, = ap, = kN, equations (87) and (88) match
equations (84) and (84), respectively (in the absence of self-gravity
and shear viscosity), with the exception of a constant factor in the
viscous term. In fact, equation (87) will match equation (84) if the 2D
form of the bulk viscosity (Féil’z)) is used. In practice, this difference
can just be absorbed into the definition of c;.

8 TIGHTLY WOUND WAVES IN AN
ISOTHERMAL PSEUDO-NEWTONIAN DISC

8.1 A comparison with Dewberry et al. (2020a, b)

Recent simulations of eccentric discs in a pseudo-Newtonian disc
were carried out by Dewberry et al. (2020a; hydrodynamic) and
Dewberry et al. (2020b; magnetohydrodynamic). In both papers, an
eccentric wave was excited at the outer boundary and propagated
inwards, forming a twisted eccentric disc. Dewberry et al. (2020a, b)
considered a globally isothermal disc with a constant surface density
and mimicked the the effects of GR through the Paczynski—Wiita
potential (Paczynisky & Wiita 1980),

GM,

_ 89
r—2r, (89)

Ppy = —
where r, is the gravitational radius of the black hole.

One important finding of Dewberry et al. (2020b) was that while
the eccentric wave became increasingly non-linear as it approached
the marginally stable orbit there was also a decrease in eccentricity.
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Figure 3. Viscous integrals for a 2D y = | and y = 2 discs. Negative
values indicate overstable behaviour. The shear viscosity initially results in
overstability, but damps the wave at a critical ¢ which depends on the disc
model. The same qualitative behaviour has long been known in planetary
rings (Borderies et al. 1985, 1986).
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Figure 4. Viscous torque for a tightly wound eccentric disc, where m = j~7
corresponding to a 2D (3D for y = 1) alpha disc. The torque is a strongly
increasing function of g for ¢ ~ 0.8 and could halt the accretion flow if q
increases inwards.

This effect was present in both hydrodynamic and magnetohydrody-
namic runs and is thus unlikely to be related to turbulent dissipation of
disc eccentricity. This is in contrast to the expectations of Ferreira &
Ogilvie (2009) where the eccentricity only declines as it approaches
the marginally stable orbit if it is subject to sufficient damping.

Based on the theory presented in Paper I, Dewberry et al. (2020b)
suggested that the decline in eccentricity was due to the non-linear
steepening of the wave as it approaches the marginally stable orbit,
specifically the effect captured by equation (50). In this section, we
shall show that while true for untwisted disc, this mechanism does
not work for tightly wound (i.e. purely ingoing) waves. We shall
show this effect can be explained either by a partial reflection of the
wave or catastrophic damping from the presence of shear viscosity.

There is currently a lot of uncertainty in what boundary condition
to apply at the marginally stable orbit. However, as the eccentric
discs produced in Dewberry et al. (2020a, b) are clearly twisted,
they are best compared with the tightly wound theory. The discs
in these simulations are globally isothermal and are setup with a
constant surface density exterior to the marginally stable orbit and
set to a floor value interior to it. This relaxes to a background surface
density, which smoothly transitions from a constant value exterior
to the marginally stable orbit to near zero interior to it (see fig. 3 of
Dewberry et al. (2020a)). To mimic this behaviour, we adopt a mass
per unit semimajor axis of

M, =2nX°aT (a), (90)
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where X° is the constant surface density exterior to the marginally
stable orbit and 7(a) is a smooth function that interpolates between
1 and 0 around the marginally stable orbit. The circular Hamiltonian
density is given by,

H° =2mwcix%aT (a), O

with ¢( the constant sound speed. For numerical implementations,
we adopt a tanh function for 7(a), which is given by

T(a) — % |:1 —|—tanh (M)} s (92)

Winner

where we adopt Wipner = 0.5 to mimic the profiles shown in Dewberry
et al. (2020a) for ¢y = 0.01.
For a Paczynski—Wiita potential, the circular angular velocity is
(Paczynsky & Wiita 1980)
GM
Q=42 93)

3 _
r3 r—2r,

and the epicyclic frequency is (Okazaki, Kato & Fukue 1987)

c=g | % (94)
r—2r,

Notably, this is different from the exact epicyclic frequency measured
at infinity, which was adopted by Ferreira & Ogilvie (2009).

As we are in the tight-winding limit, we can make the approxi-
mation a =~ r, and using equations (93) and (94), obtain the forced
precession frequency from the Paczynski—Wiita potential,

2
2na-rg

=Gz 95)

of

GM,

Here, we have usedn = 3

to denote the Keplerian mean motion.

At large distances oy behaves like wyoca™? that was used to model

GR precession in the power law discs. This, along with surface
density and pressure profiles, gives an expression for N2,
2 2 4
N2 = #, (96)
cola —2rg)3

which is independent of the disc truncation.

In the linear regime, ¢ and the shape of the eccentric envelope are
given by

g xa*a —2r) T (@), 97)

(&%) oca(a—2r)*T(a)™", (98)

both of which diverge as T(a) — 0 near the marginally stable orbit. It
is worth noting that the singular behaviour here is not directly caused
by GR precession, but is instead a consequence of the truncation
of the disc (which is a consequence of the orbit stability in GR).
A similarly truncated disc in the absence of GR precession would
experience the same singular behaviour as 7(a) — 0.

In the non-linear theory, we obtain an expression for J(g) and e in
the disc,

J(@) o a™*a —2r) T (@)™ (99)

Notably in the vicinity of the marginally stable orbit 7 — 0 and J(q)
diverges, meaning ¢ — 1. Determining the behaviour of e is less
straightforward as while ey, = (a HSN)™"/? diverges, so too does
1(q) as g — 1. These two effects will compete against each other
with the diverging ey, causing e to diverge, while the diverging /(q)
will cause e to tend to zero. In the untwisted theory, with more
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realistic disc profiles, the non-linearity causes the disc to circularize
as it approaches the disc truncation at the marginally stable orbit.
However non-linearity has a weaker effect in tightly wound discs,
while the effect of the disc truncation on ey;,, in the isothermal disc,
is much stronger, so this result does not hold.

In order to determine the behaviour of e, we consider the strongly
non-linear limit (¢ — 1) of our tightly wound theory,

F*(g) =12 = vV2y/T— g+ 0(1 — q) (100)

The functionals / and J are given by,

1@) = 55— )" + 0, (101)
_ T —3/4
@) = 31— @) + 0, (102)

we thus end up with a relationship between / and J in the non-linear
limit,

I JY3, (103)

We can use this to obtain an expression for ¢ and e, as a function of
a, near the marginally stable orbit,

1 —q x a*(a —ry)*T(a)*?, (104)

eoxal(a—r)T(a) 3. (105)

So we see that as we approach the marginally stable orbit, we
approach an orbital intersection while e diverges. This is a markedly
different behaviour to that found in the simulations of Dewberry et al.
(20204, b). So the explanation given in Dewberry et al. (2020b) for
the reduction in eccentricity due to the non-linear effects predicted in
Paper I does not work, at least when applied to tightly wound waves.
So what causes the effect seen in Dewberry et al. (2020a, b)? First,
the tight-winding approximation assume that there is no reflection
off the inner disc truncation. While the waves in Dewberry et al.
(20204, b) are twisted, it could be that there is a partial reflection
of the disc truncation, which would likely strengthen the non-linear
effects. This means the explanation put forward in Dewberry et al.
(2020b) may work for a partially reflected wave. Fig. 5 compares
the envelopes of ¢ and e for tightly wound and untwisted waves
highlighting the fundamentally different behaviour of e. These likely
bracket the behaviour of partially reflected waves.

A second possibility which we shall explore in the next section is
the wave is catastrophically damped near the marginally stable orbit
in the presence of shear viscosity.

8.2 Effect of including an «-viscosity

In Section 8.1 we obtained solutions for steady tightly wound waves
in an isothermal pseudo-Newtonian disc, which were compared
against the findings of Dewberry et al. (2020a, b). To illustrate an
application for the theory developed in this paper, we now extend
this calculation to include viscous damping, and compare the very
different behaviours of shear and bulk viscosities on tightly wound
waves. As we are considering an isothermal disc there is no phase
shift in the 3D theory.

The pseudo-Lagrangian for a steady-tightly wound wave in an
isothermal disc in a Paczynski—Wiita potential, subject to a bulk
a-viscosity is

1 2
Foa=H; (5% - F(c])) +apaT,; (¢ — @) Foun(q). (106)
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Figure 5. Non-linearity (top) and eccentricity (bottom) for short-wavelength
waves approaching the marginally stable orbit in an inviscid isothermal disc
with truncation. The non-linear effects in the tightly wound wave (solid
line) are too weak to regularize the singular behaviour associated with the
disc truncation. The non-linear effect in the untwisted disc (dashed line) is
capable of regularizing this behaviour and results in the disc circularizing.

while the same setup subject to a shear a-viscosity is,

_ o (14? 2 o o o o
Fa=H; (35 = F@) + 20T = O)Faead) — Foun@).
(107)

For an a-disc aT; = H;. We shall restrict our attention to discs
with a constant surface density profile, with truncation, so that
H? = 2mac}°T (a), with ¢y, £° constant sound speed and reference
surface density, respectively. As obtained in Section 8.1, N? in this
disc is

2 4

2 _ M. (108)

cgla —2ry)?

The dispersion relation of the wave is independent of the viscosity
and can be obtained by varying F with respect to g. For an inward
travelling wave (i.e. one propagating in from the outer boundary as
in Dewberry et al. (2020a, b)) this is given by

| 4
k=— . 109
F'(q) (1o

Varying equations (106) and (107) with respect to ¢ and making use
of the dispersion relation, we arrive at an equation describing how
the non-linearity varies in the disc. For bulk viscosity this is

aH, 1/2 _ o
ad, - ¢ F'(q) | = apaH; Fou(q), (110)

while for shear viscosity it is

al; 2 °
ad, W ¢ F(q) :gaaHg(Fshear(q)_Fbulk(q))- (111)

For an isothermal a-disc, we can evaluate the ‘viscous integrals’,

1
Foa(@) =14 ——— (112)
blkq m
32(1 — g2 =24 3¢3
Faear(q) = 21 1 (113)

2 (U-gy
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Figure 6. Non-linearity (top) and eccentricity (bottom) for a tightly wound
wave approaching the marginally stable orbit in a truncated isothermal disc
with bulk viscosity. As found by Ferreira & Ogilvie (2009), when oy, is
large enough, the eccentric wave is entirely damped before it reaches the
marginally stable orbit. When «;, is small enough that the wave makes it to
the marginally stable orbit the bulk-viscosity is incapable of preventing the
singular behaviour associated with the disc truncation.
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Figure 7. Non-linearity (top) and eccentricity (bottom) for a tightly wound
wave approaching the marginally stable orbit in a truncated isothermal
disc with shear viscosity. Unlike the bulk viscosity, the shear viscosity
does not prevent the wave reaching the marginally stable orbit, as it is
excites the wave in the linear limit. The shear viscosity becomes strongly
dissipative as ¢ — 1 and this regularizes the singular behaviour near the disc
truncation.
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Figure 8. Surface density (top left), radial velocity (top right), and imaginary part of the complex eccentricity (bottom) for a tightly wound wave approaching
the marginally stable orbit in a truncated isothermal disc with shear viscosity. The eccentric wave has been normalized so that the maximum eccentricity in the

disc matches that in fig. A3. from Dewberry et al. (2020b).

Equations (110) and (111) can be solved using a numerical ODE
solver. We solve these using Mathematica for ¢y = 0.01 and different
values of o/, with solutions shown in Figs 6 and 7. As expected,
the inclusion of bulk viscosity acts to damp the waves, with the
non-ideal solutions having consistently lower amplitudes than their
ideal counterpart. For sufficiently large bulk viscosity, the wave is
completely damped before it reaches the marginally stable orbit,
a result also found by Ferreira & Ogilvie (2009) in linear theory.
The solutions, including shear viscosity, excite the tightly wound
wave throughout most of the disc, with the solutions containing
a shear viscosity attaining large amplitudes at larger semimajor
axis than their ideal counterpart. As the eccentric wave approaches
the marginally stable orbit, it becomes non-linear enough for shear
viscosity to instead damp the wave, resulting in a decline in the wave
amplitude in the inner region of the disc.

For eccentric waves, which make it to the marginally stable orbit,
shear and bulk viscosities have very different effects on the wave,
despite both damping the wave as ¢ approaches 1. As we show in
Appendix C, bulk viscosity is incapable of regularizing the singular
behaviour associated with the disc truncation (see also Fig. 6).
However, the presence of a shear alpha-viscosity will regularize the
singular behaviour associated with the truncation, even for arbitrarily
small values of « (see Fig. 7 and Appendix C). The fact that the
tightly wound wave is catastrophically damped by shear viscosity,
even when « is very small, potentially prevents any partial/total
reflection. It is important to note that the wave remains strongly non-
linear as it approaches the disc truncation, so that the wave becomes
increasingly tightly wound on the boundary.

Many of the simulations carried out by Dewberry et al. (2020a,
b) do not feature a decline in eccentricity as the wave approaches
the marginally stable orbit, despite our calculations suggesting
that the wave should be damped to zero near this location. For
very weak shear viscosity, this damping is very abrupt and the
eccentricity continues to increase inwards until very close to where

the surface density falls to zero. Strictly, the very abrupt decline in the
eccentricity is seen when « is very small and falls outside the scope
of the short-wavelength theory as the lengthscale associated with
viscous dissipation is comparable to the wavelength of the wave.
The effects seen in the simulations of Dewberry et al. (2020a, b)
were found even for 2D hydrodynamic simulations, where the fluid
flow is laminar. This suggests the effect seen in these simulations
may be dissipation of eccentricity due to the numerical viscosity
of the grid when the waves become sufficiently non-linear. In fact,
the inviscid theory suggests that the wave will never be resolved
near the marginally stable orbit in an inviscid simulation as the
non-linearity will always increase inwards sufficiently to ensure the
pressure gradients become limited by the grid resolution.

Finally, Fig. 8 shows plots of the surface density and radial velocity
predicted by our theory, with @ = 0.1 and ¢y = 0.01. These appear
qualitatively similar to the simulation outputs of Dewberry et al.
(2020a, b) and demonstrate the decline in eccentricity approaching
the marginally stable orbit found in those simulations.

9 CONCLUSIONS

In this paper, I have formulated a non-linear theory for highly
twisted eccentric waves in astrophysical discs based on the averaged
Lagrangian method of Whitham (1965) and its generalization to
include non-conservative terms in Jimenez & Whitham (1976). 1
obtain a dispersion relation that matches ideal theory, as the non-
conservative terms are weak and do not appear at lowest order.
Instead of the conserved fluxes found in Paper I, one instead obtain
an equation for the evolution of the AMD where viscosity acts as
a source/sink. I confirm that tightly wound waves can be amplified
by the viscous overstability and are excited by shear viscosity when
they are of low enough amplitude. Shear viscosity damps sufficiently
non-linear tightly wound waves, a result previously found in the
planetary ring literature. Finally, I discus the implications of this
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theory for the simulations of Dewberry et al. (2020b) and show
that the decline of the eccentricity near the marginally stable orbit
seen in their simulations cannot be caused by non-linear steepening
for a purely ingoing wave. However, it can be explained by either
a partially reflected wave or catastrophic damping of the wave by
shear viscosity in the strongly non-linear limit.
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APPENDIX A: DISC SELF-GRAVITY IN THE TIGHT-WINDING LIMIT

A1 Derivation of the self-gravity potential in the tight-winding limit

The disc self-gravity is described by Poisson’s equation,

Vi, =47 Gp. (AD)
We propose an asymptotic solution to Poisson’s equation, valid within the disc, of the form

®i(R, x.2) = ®io(R, x) + H ®n(R, x,2) + O(H), (A2)

where y is a local radial coordinate and 7 = z/H is the stretched vertical coordinate. We assume, for the contribution to the potential from
matter a large distances, ®;o(R, x) ~ ®;(R). On the disc lengthscale R, the disc is approximately axisymmetric and we can calculate ®; at z =
0 based on the mass distribution in the reference circular disc. Making use of the Green’s function, this means

R B
q:,(R,()):—G/ 2—/(x2+R2—2chos9) Y2 49 M, (x) dx. (A3)
in T

For what follows, we shall only need &, to be defined on the disc surface (z = 0). In order for the internal potential to satisfy Poisson’s

equation, we require
L O L0 r 0 o —dxGor, RIFE), (A4)
- = 47T
H292 9y ' ROR OR pLL TP

where we are treating the long and short radial coordinates (R and x) as independent variables. We approximate the tightly wound waves as
being locally axisymmetric. Substituting in the series expansion, multiplying by H? and Fourier transforming in x, we obtain
3?dp 19 < AP,

— (kH)*®; R— | =4nGpp, A5
Py (kH) ® 2+ poR 3R) 7Gpp (AS)

which has a series solution, that, at leading order in kH, is

o=, — 0 (R2%) 24 4rGHS 5 d%3 (A6)
1=~ opar (For )& :

The integration constants in the last term is zero, so that the local contribution to the disc potential vanishes when the density is zero.

A2 Derivation of the self-gravity contribution to the Lagrangian in the tight-winding limit

The contribution to the Lagrangian from self-gravity is

Lsgz—/d>ddm

/ M sy dadidz AT
oy PSR (A7)
/M (d)(R)) d. +/M L0 (RO 1o Gy a6 /M2<HJ )da,
o VR “\2R3R \" 9R . e
where we define A, = [* 5 //pdzzdz In the short wavelength limit, we can approximate & ;& (R348 ~ 1.0 (42914 g4pd expand the @
term to second order in e to obtain
1 1 10 0P
Lsg %/—M,,nazwsoez da+/ M,~— (a @) (H?)da —ZGASG/le(HJ’I)da, (A8)
2 © 2 “ada da

where the forced precession due to self-gravity is

1 d [ ,dd,
g = ——— — — . A
Pe 2na? da (a da > (A9)

The affine disc Lagrangian with self-gravity takes the form

Lo = L |

L=[X E(u +H)—<D(x)—§\ll(x)H —&| d*%p + Lsg. (A10)
Varying this Lagrangian with respect to H, we obtain
SL .. _ p 8Lsg
— =%y |-H-V&EH+ = . All
SH 0{ (%) +E]+ SH (ALD)
Setting this equal to zero, and substituting in equation (A8) for Lsg, we obtain the evolutionary equation for H,

p 10 P,
H=—-V&H + +-——(a— | H—-4nGX. (A12)

Y  ada da
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Multiplying by H and orbit averaging we obtain the virial relation,

. P 19 P
H> - V®H + =+ -— (a— | H* —47GZAH ) = 0. (A13)
Y ada da
Equation (A12) can be non-dimensionalized to obtain the evolutionary equation for the dimensionless scale height £,
d*n n’h n?
-+ = — Vseh, (Al4)

di2 (1 —ecosE)  jr—thy

where we have introduced,

Although we omit it here, a more careful treatment of the disc vertical structure in a self-gravitating disc shows that the disc self-gravity will
excite inertial waves when the disc density varies with height in the disc. The inertial waves excited through self-gravity will combine with
those expected to be present due to wave-coupling (Kato 2008; Ferreira & Ogilvie 2008; Dewberry, Latter & Ogilvie 2018, 2019), likely
leading to turbulence in the disc.

Substituting the virial relation (equation A13) into equation (A10) and orbit averaging, we obtain the secular Lagrangian for a tightly wound
wave in a fluid disc with self-gravity,

o y2n 2hsg .y
L=Lr+ | H, ENe —F(q)—@(j h) | da, (A16)
where we have introduced a mass weighted vertically integrated Toomre-Q of the reference disc O := % [ p°0°dz = :ngu We have also
introduced N, which for a disc with self-gravity, is given by
N2 — Manaz(a)f(a, 0) + wg(a) — a)). (A17)
H

Using the rescaled variables, the Lagrangian becomes
L=L +/H° Le F(q) 2)\Sg(‘—lh) d (A18)

= ~ T4 - —= a.

T a 2 k2 q QO ]

APPENDIX B: DERIVATION OF THE PSEUDO-LAGRANGIAN FOR VISCOUS STRESS MODEL

B1 Pseudo-Lagrangian from horizontal viscous stresses

In this appendix, we shall derive the contribution to the pseudo-Lagrangian from the viscosity in the absence of a phase shift. One could
derive this pseudo-Lagrangian starting from the pseudo-Lagrangian for a viscous fluid. This will, however, necessitate accounting for the
evolution of the orbit semimajor axis due to mass accretion as this contributes to the evolution of the eccentricity. Instead, we opt to find a
pseudo-Lagrangian that is consistent with Ogilvie & Barker (2014) and then taking the short wavelength limit.

From Ogilvie & Barker (2014), the eccentricity evolution caused by gradients in the stress tensor is given by

. : : ; JR* .
IME |gress = // [2(e’¢ + )0, (JR*T™) —ire'?d, (JR,TY) —ie? JR*T?? — T(eld’ + & —2E)TH | dodz, (B1)

in the (X, ¢) orbital coordinate system. In this coordinate system, the short wavelength limit approximation is given by e < 1, ¢ >~ 1 where
g% ~ )2p? (eé + ezwﬁ). We have the following approximations:

J =2xj = A1 —qcos(¢ — o)) + O(e), (B2)
R~ 1+ 0(e), (B3)
Ry ~ j + O(e). (B4)

The viscous stress tensor is

. . 2 "
TV =2ps" + (uh - §u> V.ug¥, (B5)
where S¥ is the rate of strain tensor, g¥ the inverse metric tensor, and p the dynamic viscosity. Define a vertically average dynamic shear

viscosity fi := [ pdz (similarly for bulk viscosity fi, := | p,dz). Using the forms of S¥ given in Ogilvie (2001) and keeping only the lowest
order terms in the expansion, we have vertically averaged stress tensors

T =202 4 (1, = 3)n (2 +w) i + OC), (B6)

0 =203j72 (5 - ) + 0@, (B7)
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T% = (i, — 2i)n (J—"’ + w) 172+ O(e), (B8)
(

iy — 30)n (2 +w) + 0G), (B9)

. h
where we have introduced w := 5.
Expanding out equation (B1) in terms of the short wavelength expansion, keeping only terms of lowest order, for shear viscosity and

preforming the vertical average we get

IME |ress ~ /{24@#8A (WJTH) —ire0, (A j2TH) —ie? jA>T? — 22 j(e" — SW)T“’} d¢ + OCe). (B10)
Rearranging to separate out the terms involving total derivatives, we get

IME |ress & Bx/kzje"d’ {uf*d’ — ijf“} de + /Aj {ieiq’ (JT™ —22T%) — M — Sw)fﬂ do (B11)

Assuming that the vertically average dynamic viscosity is a function of pressure, surface density, scale height and semimajor axis only, then,
in the short wavelength limit, it has the functional form 1 = (%, ¢, cos(¢ — ¢)) (and the same for ;) which we can use to simplify some of
the orbit averages,

IME |giress & 3y, / A2 je' {2 cos(GIAT* + sin(@) jT“} dp — €' / Aj {sin(qB) (JT™ = 22T??) + Mcos(p) — )T | dg, (B12)

where we have shifted the phase of the orbit average by ¢, and introduced @ := ¢ — ¢o. We now switch to the a, E variables used in the
rest of the work. At this order, A &~ a, ¢ ~ E (strictly shifted E), ¢¢ ~ Ey + o and [M ~ M na® and (after multiplying both sides by i/2)
equation (B10) becomes

i

i , d . _ _
EMl,nazﬂslress ~ — —gleFot™) /j {2 cos EaT® + sin E jT“] dE

da 2
. (B13)
- %e“EO*“’) /aj {sinE (jT* — a®T**) + a(cos E — q)T*‘f’] dE.
The left-hand side comes from a variation of the Lagrangian, Ly, with
SL i .
; 5: = 5M,,mﬁg, (B14)

so we are searching for a pseudo-Lagrangian F so that varying —F with respect to £* yields the right-hand side of equation (B13). Noting that

9 Relia&f&,] _ iei(E«ﬁﬁ,) iRe[iag*ga] _ .

b i) BI5
& g 2 T g 2¢ ’ (B15)
we obtain a pseudo-Lagrangian density,
Re[i&*E, y - Re[iE*E . v b
F, ~ g2 ReliCatd /j {2cos Eat* 4 sin E Ji | dE + ReE & /aj [sinE (jT“ - aZT‘N’) T a(cos E — )T |dE, (B16)
q q

where the breves (*) denote dependence on the complimentary phase space variables. We now preform the expansion of the complimentary
phase variable ¢ about ¢. We make use of the following expansions:

Re[i&E,] q e g O

et =g s+ B — By = m)~ 0 = 90+ o), (B17)
Re[i£*€,] P - Gy N -

———— =—esin(Ey + & — @)~ —esin £y — (¢ — @)éz sin Ey + (¢ — ¢)é(y + Eo 3) cos Eo, (B18)

from which we obtain an approximation for the (averaged) pseudo-Lagrangian density in the short wavelength limit,

Fo~ag(p — o)y + Eo ) / J [2 cosEaT™ +sinE ﬁ“} dE
(B19)
—(p—¢@) [é(/‘, sin E() — é(lﬁ'(ﬁ + Eu‘()’(p) cos EQ] /d] [Sin E (j’f“» _ a2T¢¢) +a(cos E — 57)7’)‘¢:| dE,
where we have dropped the O(1) term as it does not contribute to the dynamics. In the tight winding limit &; = E(),(;, =0 and Ey = /2,

so the terms which did not originate in the total derivative vanish. Substituting the expressions for the stress tensor (equations B6-B9) the
pseudo-Lagrangian density becomes

oy [ . . 20N\ [1]
Fa X 2nag(p — @)og / iyt {2cosE (Z — j> + sinEjE} dE +nag(e — (ﬁ)ﬁo,(ﬁ/ (ﬂb - gﬁ) <Jf + 111) sin E dE. (B20)
J
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Proposing that the viscosity has the functional form fi,, = 52 ug(a)m(q, cos E), L = 3= g (a)m(q, cos E), appropriate for a viscosity which
is a power law of pressure, surface density, and scale height. Introducing 7,) = ny;, then, integrating over the disc, we can write the pseudo-

Lagrangian as

2 2
F=je / aT? (9 — Y2503 Faear(d) da + (ab - §a> / aT? (g — Y2503 Foa, (@) da B21)
where we have introduced
2
Foux(q) = i/ (g, cos E)sin® E dE, (B22)
27 0
3g (7 i I s
Fiear(q) ' = — m(q,cos E)j~ |2cosE | — —j ) +¢gsin” E |dE, (B23)
27 Jo 4
with
g 1 0h
, E) = , E)l—-—-— . B24
7(q, cos E) 1= m(q, cos )<j h8cosE> (B24)

For 2D or isothermal discs, these integrals can be evaluated in terms of Legendre functions, similar to the 2D eccentric disc Hamiltonian of
Ogilvie & Lynch (2019). In the é = g gauge the pseudo-Lagrangian is

2 2
F= 3¢ /aT;((ﬂ = @) Fnear(§) da + (Olh - §Ot> /aTa°(§0 — @) Fpu(q) da. (B25)

Interestingly when Fyyi(q) > Fanear(¢) the shear viscosity excites the eccentric wave and we have a form of viscous overstability.

B2 Pseudo-Lagrangian for the phase shift.

Viscous terms in a fluid theory can be included by making use of the following Pseudo-Lagrangian,

Fp= / / /ng,v T dPx,. (B26)

Splitting the stress tensor into a horizontal and vertical part,

Ti — T;:] + Tzzsésj (B27)

7

This leads to the following pseudo-Lagrangian density from viscous terms

y y L 9T=
Fpo= / Jxi V8 dg + //Jsz 57 ddz. (B28)
Z

where we are working with the (X, ¢) coordinate system as it is more convenient when dealing with viscous terms. The contribution from the
horizontal viscous stresses is obtained from

Fy.,:= / Tix; VT dg, (B29)

an expression for which is obtained in Appendix B1. The contribution from the phase shift is obtain from

2z

— dgdz. (B30)
Z

L 9T+
Fp .= //}32

d
d

Expanding z about Z,

. H-H,
N i+ ———7, (B31)
H

substituting into equation (B30) and integrating by parts we arrive at
™ H—H ...
Fp,=— — JT*dA, (B32)
0 H

where we have dropped a term that only depends on the complementary phase space which has no influence on the dynamics.
In the short wavelength limit, we have H = H(g, sin (¢ — @ (¢))). Expanding ¢ about ¢ we have

H~H—(p— @) tsH,y. (B33)
Thus the averaged pseudo-Lagrangian contribution, Fp ,, is given by

2
Fra=(p—¢) lﬁp/\/ wjT=dg, (B34)
0
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Focusing of non-linear eccentric waves — 1.~ 3477

where w = hy/h. In short wavelength limit, T% is given by equation (B9). Switching back to the (a, E) coordinate system, we assume that
the vertically integrated viscosity has the functional form fi, = ‘2"—7’; w; (a)m(q, cos E) = 5 W;(@)m(q, cos E), and introduce T, = p;n. The
phase shift term is then given by

2
]:P‘a = ((/) - (Z)) wv_(ﬁaTaO |:2anhasc(q) - (Olh - ga) thaseb(q):| s (B35)
where we have introduced,
1 27 1 21
Fohase(q) = */ mw?j d¢ = 7/ mw?j dE, (B36)
2 0 2 0
1 21 ) ]¢ 1 21 ) jE

thaseb(q): A mj{—+w wdgp = —— mj | —+w wdE. (B37)

2 Jo j 27 Jo J
In the & = ¢ gauge of the tight winding limit zr; = 1. We thus arrive at an expression for Fp, (in a, E variables),

2 2

]:D,a = ((ﬂ - </u))aTao {ga [Fshear(q) + 3thz\se(‘7)} + <ab - ga) [Fbulk(q) - thaseb(q)} } s (B38)

where Fheor and Fyyi are given in Appendix B1.

B3 Effect of the eccentric wave on the accretion flow.

From Ogilvie & Barker (2014), the viscous torque in an eccentric disc, in the (A, ¢) coordinate system, is

G = —/[JRZTW de dz. (B39)

Making use of the short-wavelength approximations introduced in Section B1 (equations B2, B3, and B7), the viscous torque in the short-
wavelength limit is

1
G = —2)L2n/|1j’1 <Z - j) de. (B40)
Assuming the functional form for viscosity, it = 5= (a)m(q, cos E), and switching to the (a, E) coordinate system we arrive at
1 1
G = —2aa2Ta°—/mj’l - —j) dE. (B41)
2 4

This viscous torque is responsible for driving the background accretion flow in the disc.

APPENDIX C: EFFECT OF VISCOSITY NEAR THE DISC TRUNCATION

In this appendix, we consider the strongly non-linear (¢ — 1) limit of the viscous, isothermal disc models considered in Section 8.2. In the
strongly non-linear limit, the viscous integrals, for an isothermal disc, simplify to

Fouk(q) =271 —¢)"'? + 0(1), (CD)
3

Faea(q) = 52721 = )72 + O(D). (€2)

Introducing a new variable Y = “5‘? (1 — g)~'/2, we can use equations (100), (C1), and (C2) to rewrite the equation describing how ¢ varies

in the disc in the presence of bulk viscosity (equation 110) as

Y

a— ~ o,NY, (C3)
da

while the equation with shear viscosity (equation 111) becomes
aY 1 o

Q- EozN%aHa) 2y3, (C4)

These can be directly integrate to obtain

N
Y =Ypexp (ab / —da) , (C5)
a

for a disc with bulk viscosity and
N3

Y?=C-a«a / —(aH?)da, (Co)
a

for a disc with shear viscosity, with ¥, and C constants. Changing back to ¢, we obtain
(@H®? N
l—g= N‘; Yy exp | —2a, / ;da ) (7))
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for the bulk viscosity and

(aH)? N,
—g= [c - a/7<aH;> da] , (C8)

N2
for the shear viscosity. Because Fge,(g) diverges faster than Fyyk(q) as ¢ — 1 the latter solution also applies to a disc with a mix of bulk and

shear viscosity. In both cases when H, — 0, ¢ — 1 as expected, however these do so at differing rates. Substituting this into the Expression
for I(g) in the strongly non-linear limit, we obtain expressions for e in the strongly non-linear limit. For a disc with only bulk viscosity

N
e o (aH)) VAN exp (—% / —da) , (C9)
a

while a disc with shear viscosity has
N3 1/8

e o (aH) VAN {c —a / —(aH;)*Zda} , (C10)
a

For a disc with only bulk viscosity, there is an additional exponential suppression of e due to the presence of bulk viscosity. This remains
bounded as we approach the disc truncation so cannot regularize the behaviour as a H; — 0. For a disc with shear viscosity, as we approach

the truncation, the term proportional to o will grow until it approaches C so that e — 0. For all values of «, the o [ If—f(a H?)~2da term will
reach C before a H; reaches zero so the eccentricity of a tightly wound wave approaching a disc truncation is always bounded and will vanish,
even for arbitrarily small (but non-zero) shear viscosity. For very weak shear viscosity, the disc truncation can still cause the eccentricity to
grow to large (but finite) values before it is catastrophically damped by the viscosity. However, as the eccentricity remains bounded, and it’s
absolute value is arbitrary in the short wavelength limit, it can always be rescaled so that we remain within the domain of validity of the

short-wavelength theory.

This paper has been typeset from a TgX/IATgX file prepared by the author.
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