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Abstract

Complex large models of multi-scale microstructures of porous media do not exist in a manner ad-

equately efficient to render their comprehensive analysis of textural and structural properties pos-

sible. The simulation of experimental processes, such as gas adsorption, raises two issues. First, the

modeling of these complex materials must be sufficiently realistic. This implies that the numerical

twin of the porousmaterial must consider three essential aspects: a spatial structure defining differ-

ent scales of porosity, comparable textural and structural properties of the real material and irreg-

ular pore morphology. Secondly, efficient algorithms must be developed to mimic the quasi-static

phase transition behavior of fluids in a realistic manner. The proposed simulation approach allows

to handle the physico-chemical phenomena inside complex materials by means of well-established

mathematical operators. Morphological operators are used to efficiently mimic processes such as

surface adsorption and pore filling. Fluid percolation that provokes phase transition is simulated

by labeled connected components. This method relies entirely on morphological and structural

operators, which has the advantage of substantially reducing the calculation time compared to that

of density functional theory and molecular simulations-based approaches. In contrast to over-

simplified models characterized by ideal pore shape and unconnected pores, our approach enables

us to calculate the adsorption isotherm of realistic random models where pore morphology and

porous network topology are unknown beforehand. We demonstrate that our model succeed in

reproducing the adsorption isotherm of two well-known model materials (SBA-15 and KIT-5) and
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mesoporous alumina, represented by Cox Boolean models.

Keywords: Gas adsorption, SBA-15, KIT-5, mesoporous alumina, Cox Boolean models

1. Introduction

Pore network structure as well as pore morphology and topology are of paramount importance

for several fields, including heterogeneous catalysis and separation by adsorption or membrane

processes [13]. In order to reach a thorough comprehension of the interplay between pore network

structure and related physico-chemical phenomena, it is mandatory to gain a deep understanding

of the obtained results through the characterization techniques of porous materials. This is be-

cause the physico-chemical phenomena that occur inside the porous bodies (such as mass transfer,

catalytic reactions, capillary effects) are highly impacted by the geometric properties of the pore

networks, including pore size distribution, porosity, and connectivity. Over the years, different

characterization techniques have been developed to acquire textural properties of pore networks.

The most common ones are mercury porosimetry and nitrogen sorption, which consist in measur-

ing the quantity of probe molecules that accumulate in the solid at different fluid phase pressures.

The advantage of these techniques is their sensitivity to nearly all the properties cited above. The

drawback is that the classical models used to process the experimental data yield approximated or

even erroneous results. For example, it is well-known that the Barret-Joyner-Halenda (BJH) model

yields two different pore size distributions from the adsorption and desorption branch of the ni-

trogen isotherm. The first reason for these discrepancies is the complexity of the physico-chemical

phenomena occurring inside the pore network. The second reason is the intrinsic complexity of

the pore networks of most catalysts and adsorbents. Apart from very particular solids, such as

zeolites or meso-structured materials, their pores size and geometry are generally unknown and

dispersed. Also, different levels of porosity can be present in the pore structure, yielding hierar-

chically organized materials. The experimental part of the characterization techniques has been

extensively advanced in the last decades [40], yet the interpretation and analysis of the obtained
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results can still be considered as a major challenge [40]. This paper is devoted to the characteriza-

tion of textural properties of nanoporous materials from a numerical point of view with a focus on

gas adsorption. This phenomenon has the advantage of covering the entire nano/mesopore scale

[39]. The foundations of our knowledge concerning gas adsorption is based on theoretical models

from the early 20th century [19, 5], advances in experimental techniques [10] and numerical mod-

els [48, 45, 38] allowing the understanding of underlying phenomena at the pore scale. The most

popular gas adsorption porosity analysis models can be grouped within the following families:

• Statistical micromodels, allowing the description of physico-chemical phenomena using sta-

tistical mechanics, such as density functional theory based approaches and molecular sim-

ulation methods. The advantage of these models is that they consider the fluid/fluid and

fluid/solid interactions at the molecular level, and can thus simulate in detail the impact of

pore shape or adsorption strength [28]. However, they are very time-consuming and there-

fore limited in terms of computation volume.

• Macroscopic models based on classical thermodynamics, such as the Langmuir or Brunauer,

Emmett and Teller (BET) model for adsorption and the Kelvin or Cohan model for capil-

lary condensation. These models can be applied to different pore network geometries, from

unconnected pores, as in the well-known BJH model [40, 43], to more complex pore net-

works, based on interconnected cylinders or spheres [29, 22, 49]. These models are less time-

consuming than molecular simulations but cannot represent adequately the disordered pore

network geometry of most catalysts.

With the newmodeling strategy described in this paper, also based on classical thermodynamics, it

is possible to simulate the adsorption behavior of any complex pore networks (i.e. no assumption

on pore shape or connectivity) in a reasonable amount of time. Our approach is mainly based on

correlations, derived from classical pore size analysis methods, between morphological parameters

and physical quantities characterizing the system. Following this path, it is possible to transform the

description of quasi-static states of physico-chemical systems, such as phase changes at equilibrium,

to a purely geometrical andmorphological description of the same phenomena. Mathematicalmor-
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phology as a theory and technique for the analysis and processing of geometrical structures [41],

has been interested since its birth in the characterization of the textural properties of images and

volumes of microstructures. For example, G. Matheron in 1967 [31] has shown the possibility of

studying the statistical size distribution of a collection of objects by the morphological opening op-

erator. The behavior of several morphological operators, taken individually or in combination, can

mimic several physico-chemical phenomena. As our focus is the simulation of gas adsorption, the

promise of this work is to deliver tools allowing accurate modeling of gas adsorption and related

phenomenon such as multilayer gas adsorption, capillary condensation, thermodynamic hystere-

sis and gas phase percolation through the simulation of finite size systems instead of infinite ones.

In this work, we extend our simulation approach to three digital microstructures of distinct pore

network architectures. Pore ordered mesoporous silica SBA-15 [16] and cage-like structure of in-

terconnected pore channels mesoporous silica KIT-5 [51] were reconstructed numerically by uni-

form lattices of spheres and cylinders. These materials which have been extensively studied from

an experimental point of view, are essential for the validation of our model. The fact that their

microstructure and its morphological characteristics are known in advance, allows a direct verifi-

cation of the validity of the model. The versatility of our approach and its independence from any

geometrical or morphological constraints, is tested on a multi-scale Boolean model of mesoporous

alumina, characterized by random pore morphology and complex pore network. The creation of

digital twins of catalytic materials from random microstructure models [46], and their adjustment

by numerical models mimicking experimental procedures such as gas adsorption, will eventually

contribute to the journey of designing tailor-made solid catalytic materials with specific transport

properties.

2. Methods

Previous works relying on morphological and geometrical criteria to simulate gas sorption, or

similar phenomena, have shown prominent results in reproducing experimental isotherms, which

initially encouraged the core of this research. In contrast to the classical modeling of porous sam-

ples by means of simplified pore networks, made of interconnected cylinders representing pores
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and pore necks, themodelingmethodology endorsed bymorphologicalmodeling based approaches

allows to digitally represent porous media of any pore morphology. Almost all proposed sorption

simulation algorithms follow somehow the same pattern, whether it is an interface tracking scheme

to fill and empty pores at adsorption and desorption, as in [52], or, by means of morphological

operators such as the closing operator by a spherical structuring element [47], the steps involved

are similar. Initially, capillary condensation happens in narrow regions which are the corners of

pores. Afterwards, when the critical radius given by the Kelvin equation is reached, a sudden filling

of the pore occurs. Similarly, desorption follows the inverse path for emptying pores. However,

the former methods have their limitations as well. Besides the underlying assumptions regarding

the smoothness and energy homogeneity of solid interfaces, the filling and emptying algorithm fol-

lows classical schemes, such as the Kelvin equation’s based approaches, which are less accurate than

density functional theory (DFT) methods. As a consequence of that, phenomena as mono and mul-

tilayer adsorption are either not taken account as in [52] or initially imposed [47]. Another major

drawback of some of these methods is the non-realistic modeling of these processes, in particular,

pore blocking effect which is a major contributor to adsorption hysteresis in hierarchical porous

materials. For instance, filling holes primarily to morphological closing without any percolation

analysis, presented in [47] is a non realistic description of desorption yielding an inaccurate des-

orption branch. This work is built on the same macro steps while mimicking in a realistic way the

physico-chemical processes to ensure coherent correspondence vis-à-vis both physical processes

and experimental results.

2.1. Simulation framework

In what follows, E refers to a construction space describing spatial phenomena, for instance, a

binary microstructure. ϕ(E) is the set of interacting objects of the microstructure such as solid, liq-

uid or void phase. A physical process can be seen as a phenomenon that is revealing a certain spatial

structure. It can be examined from a mathematical morphology point of view as a family of subsets

ϕ(E) existing in the space of definition denoted E, which is hosting physical transformations. ϕ(E)

is a boolean algebra [42]. A description of the phenomenon boils down to the determination of

existing relationships between the subsets of ϕ(E). Given two subsets X and B belonging to ϕ(E), B
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can help to describe unrecognized patterns of X by the application of morphological transforma-

tions [42]. This approach also allows to mimic quasi-static phenomena since B constantly alters the

structure ofX based on somemorphological criteria. That is,B is serving as a structuring element to

X. Let the euclidean space E = R3 be the space of definition. X ⊂ R3 is defined as a set of elements

belonging to the binary microstructure. X translated by u ∈ E is written: Xu = {u + x, x ∈ X}.

The transposed of B, its symmetrical set with respect to the origin, is the set B̂ = {−b, b ∈ B}.

Throughout this paper, the structuring element B denotes a sphere. Therefore, we have: B = B̂.

Morphological transformations are referred to by the symbol ψ:

ψ : E→ E

X → ψ(X)

Having briefly introduced the mathematical framework, morphological operators are presented

hereinafter.

2.1.1. Dilation, erosion and morphological closing

Gas adsorption involves interactions between fluidmolecules and solid phase or a solid surface.

In particular, gas adsorption is built upon two processes. First, a multilayer adsorption step takes

place on the pore walls. This process can be mimicked by a sliding sphere along the solid surface

which causes the creation of adsorbed layers. The increase of layer size is equal to the sphere radius.

This operation can be modeled by the morphological dilation [41]:

δu(X) = {u : B̂u ∩ X , ∅} (1)

δu(X) is the set of all points u such that structuring element B̆u hits X. The opposite operation,

causing the solid object to shrink, is given by the morphological erosion:

ϵu(X) = {u : Bu ⊂ X} (2)
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ϵu(X) is the set of all the points u such that Bu is included in X. Second, the condensation of gas

due to capillary forces requires a rather more sophisticated operator, capable of modeling sudden

filling of pores. The combination of the dilation and erosion operator allows to produce such an

operator, called the morphological closing:

ϕu(X) = ϵu ◦ δu(X) (3)

where the erosion of a dilated object leads to filling pores and narrow spaces. Figure (1) illustrates

the three morphological operators on a simple shaped 2D object using a disk structuring element.
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Figure 1: Illustration of the morphological dilation δ, erosion ϵ and closing operation ϕ applied to an arbitrary shape X, in
dark blue color. δ(X) results in the light blue area. In erosion ϵ(X), the dark blue area is reduced resulting in the light blue
area. During morphological closing ϕ(X), the disk fills narrow areas.

2.1.2. Connected components labeling

A pore network is constructed by interconnected open and closed-end pores of different sizes.

The shape, size and connectivity to the exterior and to neighbor objects of each pore are important

variables affecting undergoing transformations. Percolation of fluid phase through the pore net-

work requires a connected components labeling step. As a matter of fact, this technique holds for

the concept of percolation simulation in general [21]. In this configuration, connected pores may
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behave simultaneously in the same way if they share common properties. In the euclidean space

R3, a connected set X is defined as follows:

∀x ∈ X ∀y ∈ X ∃ ζ(x, y) (4)

where ζ(x, y) is a path included in the set X linking x and y. Size criterion may be added before

simulating the percolation phenomenon. As connected component labeling is a widely used op-

eration in pattern recognition, there exists many algorithms addressing this issue quite efficiently

[20]. The goal is to map a binary image from its initial form to a set of separate labeled connected

components. A connected component is denoted by CC. It can be defined as follows:

CC = {qn1,n⋆ , qn2,n⋆ , qn3,n⋆ , ....., qnm,n⋆ } (5)

By construction, q in Eq.(5) is broadly defined. It can refer to a pore or a pixel/voxel. It should

be considered as the basic unbreakable element in the space of definition. nk∈{1...m} are the labels

initially attributed to each element of the CC. After labeling connected components, each element

in CC is labeled by the same label n⋆. That is, it is possible to go from an element q to any other

element q′ by a path which contains only elements of the CC. An example of the connected com-

1
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56
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7

10
9

11

(a) Original image

A C

B

(b) Labeled image

Figure 2: Labeling of connected components in a 2D grid considering a pixel 4-adjacency. (a) original image contains pores
in black. (b) labeled image contains classified connected pores A, B and C in different colors.
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ponents labeling operation is illustrated in figure (2). Original image, figure (2a), shows 11 pores

with unique labels 1 → 11. The labeling of connected components for this example consists in

identifying connected pores which allows to classify three different components; A = 1 → 5, B

= 6 → 8 and C = 9 → 11. Subsequently, each component will be uniquely labeled as shown in

figure (2b).

2.1.3. Hole filling

Regions of isolated pores, where gas molecules have no path in gas phase to the boundaries,

can be extracted by the hole filling morphological operator. The latter is defined as a combination

of two operators. A complementary operator considering the microstructure is first applied to ex-

tract porous space. Second, connected components in contact with the boundaries of the domain

are identified and suppressed. This operation is called border kill. A subsequent step consists in

performing union set operation between the output image and initial image. The complementary

operator is defined by: ψβ(X) = X̄. The border kill operator requires the use of topological bound-

ary concepts and the notion of connected components. The boundary of a subset of a topological

space, e.g. in this case, a subset X of the digitized space Z3, is defined as the closure X̄ minus the

interior Xo:

∂X := X̄ \ Xo (6)

The border kill operator is defined as follows:

ψα(X) = ∪kCCk | ∂X ∩ CCk = ∅ ∀k ∈ {1, ..., n} (7)

where CC = {CC1,CC2, ....,CCn} is the set of the n connected components belonging to X. The

hole filling operator writes:

ψγ(X) =
(
ψα ◦ ψβ(X)

)
∪ X (8)

This procedure is illustrated in figure (3). Hereafter, the binary microstructure is considered to

form a space denoted I. Let X ⊂ ϕ(I) be the porosity phase subset. Its complementary Xc is the

subset featuring solid phase.
9



(a) Original image (b) Complementary

(c) Border kill (d) Final image

Figure 3: Steps of the hole filling operation. Image (a) contains in its center the hole to fill. (b) Complementary of the initial
image. (c) Removing connected components touching the boundaries of the image. (d) Union of (a) and (c).

2.2. Gas adsorption

Porosity within porous materials is created during synthesis processes [11]. It is defined as the

void fraction of empty space within a porous material.

ϵ =
Vv

Vt
(9)

where Vv is the void space and Vt is the total volume of the sample. Depending on the complex-

ity of the material, pore size can be uniform or distributed and the pores of different sizes can be

randomly distributed in space or hierarchically organized. Gas adsorption [43] is a powerful and

popular technique for the characterisation of porous materials. It allows the evaluation of textu-

ral properties such as specific surface area and pore size distribution [7]. For gas adsorption, the

minimum analysable pore size depends inherently on the size of the used gas molecule. Most of its
10



analysis procedures consist on methods underpinning correlations between physical and morpho-

logical parameters. Kelvin’s equation [17] allows a mapping from the physical space, relative gas

pressure, to the morphological space, fluid curvature radius. The following equation expresses this

type of relation:

V = C f (r) (10)

where C is a constant including several physical or geometrical properties of the system, r is the

curvature radius of the fluid and V denotes the corresponding fluid volume. For a fixed gas tem-

perature, an adsorption branch is obtained by gradually increasing the relative pressure to the sat-

uration pressure, and a desorption branch by decreasing the relative pressure from the saturation

pressure to zero. Usually the adsorption and desorption branch follow different paths, which gives

rise to hysteresis. In what follows, the modeling of this phenomenon is discussed in details.

2.3. Simulation Model

The objective of our model is to mimick the behavior of fluid during gas adsorption. A typical

example of adsorption isotherm is illustrated in figure (4). The set of tools developed in this section

will allow to calculate the adsorption isotherm for a wide range of microstructures for which no

simplifying assumptions on the pore geometry and pore network are imposed.

2.3.1. Notations

The binarymicrostructure I is constructed as the space of binary abstract pore and solid objects.

This representation allows an abstract and generalizable formulation for the phenomena discussed

in this paper. However, the practical representation is that of the digitized space Z3. The porosity

phase X is evolving with respect to pore radius r. It is defined as X = ∪rXr . Pores are identified by

their inter-connectivity. In particular, they are located through the connected components operator

defined in (Eq.5). The set of connected components belonging to Xr is denotedCCr . The modeling

of gas adsorption is based on two parameters. The first is pore radius r, whereas the second, denoted

λ, defines pores connected to the outside. For an arbitrary set Y ⊂ X, we denote Yr≥ and Yr≤

as the set of elements having radius value exceeding (or equal) and limited (or equal) by reference
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Figure 4: A schematic representation of the various steps involved in the process of gas adsorption. (1)monolayer adsorption.
(2) multilayer adsorption. (3) capillary condensation. (4) capillary evaporation.

value r, respectively. The subset of Y respecting some radius criterion r⋆ and assembling connected

elements to the exterior is referred to by Yλ
r⋆ .

2.3.2. Nitrogen adsorption

When a porous medium is placed in a vapour atmosphere with gradual increase of gas pressure,

a spontaneous process, consisting in the adsorption of gas molecules on the pore walls, is triggered.

A monolayer of one gas molecule thick is first formed as a consequence of the coverage of adsorbed

molecules. Subsquently, the begining ofmultilayer stacking of themolecules is caused by increasing

pressure. According to the calculation scheme of the BJH method [39], which is based on a discrete

analysis of the adsorption and desorption branch, relative pressure intervals, or curvature radius

values in this case, are considered. On each relative pressure interval / value of curvature radius,

the quantity of adsorbed gas comes from two phenomena. First, the increase of the thickness of

adsorbed layer for a certain pore size or relative pressure range. Second, from the capillary con-

densation of gas, i.e. the phenomenon by which a gas in a capillary pore condenses to a liquid-like

phase at gas pressure p below the saturation pressure p0 [43]. This process can be formulated as
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follows:

∆Vads = ∆t · A + Vrp (11)

where ∆Vads denotes the total condensed volume of gas at radius value rp. Multilayer pore filling is

expressed by the product of the film thickness and accessible surface area∆t·A, whereasVrp denotes

the volume condensed throughout capillary condensation. The Harkins–Jura equation [18] for N2

can be used to calculate the film statistical thickness t:

t = 0.1[
13.99

0.034 − 0.4343 log(p/p0)
]0.5 (12)

While our model relies on a morphological approach based on the radius of curvature, (Eq.12) de-

scribes the dependence of the film thickness to gas relative pressure. The Kelvin’s equation is a

key tool for pore size analysis, in particular for mesopore analysis [44]. It has provided a relation-

ship between the capillary radius and saturated vapor pressure of adsorbate on spherical meniscus

at capillary condensation. However, the original model fails to take into account the adsorbed film

thickness formed on pore walls. The Cohan’s model [50] came up with a modified Kelvin’s equation

describing capillary condensation with consideration of adsorbed film for an open-ended cylindri-

cal pore. According to this model, the meniscus between the adsorbed film and vapor is cylindrical

at capillary condensation for an infinite cylindrical pore:

ln(p/p0) =
−γVm

RT (r − t)
(13)

According to the samemodel, desorption is describedwith the formation of a hemispherical menis-

cus between the condensed fluid and vapor:

ln(p/p0) =
−2γVm

RT (r − t)
(14)

where p is the vapor pressure, p0 saturated vapor pressure, γ vapor-liquid surface tension, Vm mo-

lar liquid volume, R gas constant and T gas temperature (77K forN2). These parameters are usually

considered to be constant under some assumptions. r denotes the curvature radius of the vapor-
13



liquid surface and in our approximation is considered as pore radius. t is the adsorbed multilayer

filmwhich can be obtained from (Eq.12). While keeping inmind the underlying assumptions behind

the Cohan’s model, (Eq.13) and (Eq.14) are used in our simulation framework to generate adsorp-

tion isotherms in terms of relative vapor pressure p/p0 instead of pore radius r. Two types of gas

behavior are therefore considered. The first one refers to a progressive gas-liquid phase transition

that occurs over the area of pores in a layered form. This process can be simulated using the dilation

operator described in (Eq.1). One dilation operation over the original microstructure with struc-

turing element Bt as a sphere of radius t, corresponds to monolayer adsorption. Assuming that the

sphere radius t is equal to the film thickness, multiple use of the dilation operator with increasing

t, given in (Eq.12), allows simulating multilayer adsorption:

δtn ◦ δtn−1

(
X
)

n ∈ {1, ...,N} (15)

where δtn is the dilation operation by a sphere with radius tn and δt0 (X) = X. The number of

adsorption layers is reflected by the range of n and tn−1 is the film thickness for n− 1. Note that for

the first dilation operation δt1 , the sphere radius t1 is equal to the radius of oneN2 molecule (roughly

0.15 nm). Capillary condensation exhibits a different kind of gas behavior that is characterized by

sudden gas condensation. This process is achieved by using the morphological closing operator.

The capillary condensation operator writes:

ϕrn ◦ δtn (X) (16)

where ϕrn is the closing operator (Eq.3) provided with structuring element of increasing size rn =

r + tn, such that r is calculated from (Eq.13) and n ∈ {1, ...,N}. The latter fills narrow regions and

pore space in proportion to rn until all pore space is filled. Figure (4) may be broken down to path

(1) → (2) → (3) → (4), corresponding to adsorption and its inverse, desorption. The values

of condensed vapor volume are plotted against their related increasing relative pressures p/p0.

Another representation of the adsorption isotherm in the context of morphological simulation is

given by considering the number of voxels |.| resulting from morphological dilation and closing as
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condensed volume. The function allowing to compute the number of elements contained in the

transformed porosity phase, i.e. condensed volume, is given by:

Gn(X) =



∣∣∣δtn (X) − δtn−1 (X)
∣∣∣∣∣∣ϕrn ◦ δtn (X) − ϕrn−1 ◦ δtn−1 (X)

∣∣∣
1 ≤ n ≤ N

(17)

Traditionally, the measurement of granulometric functions, allowing the computation of size dis-

tribution of grains or pores in binary images, is done by the opening morphological operator, as

introduced in [32]. However, it is not the case here, since both the closing and the dilation operators

violate the anti-extensivity axiom (i.e, ∀ X ⊆ I, ψ(X) ⊆ X). Gn(X) is dependent on pore radius r

and film thickness t. That is, the initial porosity set X will be continuously transformed bymorpho-

logical operators which yields to subsets {Xrn | 1 ≤ n ≤ N}. The adsorption curve is cumulative:



A0(X) = 0

An+1(X) = An(X) +Gn+1(X)

n ∈ {0, ..,N − 1}

(18)

A(X) is to be considered as a sequence of elements in the ascending order. These elements refer to

the amount of the condensed vapor. Following this approach, a new isotherm curve parameterized

by the pair (number of voxels, pore radius) is obtained from which the pore size distribution can be

deduced straightforwardly. Figure (5) illustrates the different steps of capillary condensation for a

system of pores having radius in range [1, 4] voxels. It is shown that the only criterion for a pore

to be filled is pore radius.

2.3.3. Desorption

Adsorption systems often reveal associated hysteresis to the capillary condensation process [43].

This phenomenon carries valuable information regarding the internal structure of porosity and

topology of pores. Correlations between textural information and some of the most common hys-

teresis loops are given by the IUPAC report [44]. Hysteresis occurs at different scales of porosity.

That is, hysteresis may occur at the level of one pore or at the level of pore network. A modeling
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procedure taking into account multi-scale hysteresis causes bymeans of morphological parameters

is required. At the pore level, hysteresis is principally triggered by delayed vapor-liquid transition,

mainly due to adsorption metastability and to obstructed nucleation of liquid bridges [43]. At the

pore network level, hysteresis is due to the pore blocking effect as well [43]. The latter describes

the obstruction of big pores by smaller ones, their evaporation is no longer pressure dependent

but delayed until the smaller pores are evaporated. This phenomenon alters the order of desorp-

tion process, leading to hysteresis. The onset of desorption is the endpoint of adsorption. In spite

of their divergence caused by hysteresis, their boundary conditions are maintained identical. Our

modeling strategy for desorption and hysteresis is the following. For cylindrical pores, Cohan’s

model is used to take into account the hemispherical meniscus between the adsorbed film and va-

por during desorption, which allows tomimic delayed evaporation. Themodeling of pore blocking

effect in complex pore networks is done through a sequence of steps. First, connected components

to the boundaries of the microstructure domain are identified and labeled, then grouped by classes

according to their radius so that future actions can be applied on a set of separated pores of the

same class. Second, a percolation operator is applied on these elements contained in each Xrn . The

operation is applied step-by-step on the basis of radius values until the end of the process. For pore

blocking modeling:

CCλ
rn≥
=

{
∀ CCa ⊂ CCrn≥︸              ︷︷              ︸

radius criterion

∣∣∣∣∣ CCa ∩ ∂I f , ∅︸            ︷︷            ︸
condition λ

}
(19)

CCλ
rn≥

is the set of the connected components verifying radius criterion rn ≥ and having contact

with the exterior according to condition λ. ∂I f denotes the boundaries of the binary microstruc-

ture domain. The pore percolation operator, when applied to X, is responsible for extracting the

elements of (Eq.19):

Pn(X) = CCλ
rn≥

(20)

Figure (5) summarizes this process. Three CC can be identified. Starting from maximum radius

value, it is shown that large pores in contact with the boundaries of the domain evaporate first. It is

noticed as well that although pore (R = 4) forms one single CC with smaller pores, it is the only one

to be evaporated. At the next step, the evaporation is not occurring since pore (R = 3) is obstructed
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Figure 5: Illustration of adsorption (on top) and desorption (on bottom) for a system of pores with radius in range [1,4].
Monolayer and multilayer adsorption are not illustrated. Void phase is represented by black color and condensed liquid
phase is represented by blue color. Hysteresis starts at R = 3 because of the obstruction of pores with radius (R = 3) by
smaller pores during desorption.

by smaller pores that are in contact with the vapor phase. Afterwards, pore (R = 2) evaporates when

the radius criterion is reached. The λ condition is verified as well. The same computation scheme

is maintained for the rest of pores until total evaporation occurs at R = 1. The desorption operator

writes:

Wrn (X) =
∣∣∣GN(X) − Pn(X)

∣∣∣ n ∈ {N, .., 1} (21)

where GN = Wr1 and G1 = WrN .
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2.4. Boolean and Cox Boolean models

2.4.1. Boolean models

Aporousmaterial can be regarded as a set A, union of uniformly distributed particles embedded

in a matrix Ac. The simulation of such two-phase material can be done through a random closed

set modeling [41, 31, 23, 34]. For a random closed set A, the latter provides a full characterization

from a probabilistic point of view by its Choquet Capacity T (K):

T (K) = P(K ∩ A , ∅) = 1 − P(K ⊂ Ac) (22)

The Choquet capacity is the probability for the deterministic compact set K to hit the random set

A. (Eq.22) can be used for the identification of a model by determining its intrinsic properties such

as the volume fraction (considering K a point) and covariance (considering K a bi-point).

The first intuition behind Boolean models is a space implantation of grains, which are indepen-

dent of each other, whereas having the same stochastic properties, namely a common spatial law.

Subsequently, the Boolean model is constructed by the union of the grains [31]. The process of

constructing a Boolean model is the following: consider a spatial distribution of random grains A’

with their centers xk located according to a Poisson point process with intensity θ (average number

of points per unit volume):

A = ∪A′xk
(23)

The volume fraction Vv occupied by the grains of the material depends on the average volume V of

the primary grains and on the intensity θ:

1 − Vv = 1 − exp(−θV(A′)) (24)

Boolean models allow the generation of one-scale models of microstructures. They were exten-

sively used in the past for many applications. Among others, early work [3] conducted analytical

estimations of the percolation threshold for materials on the basis of Boolean models. Regarding

the same topic, it was shown that the percolation threshold can be as well estimated by means of
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simulations of the Boolean model generated microstructure [26].

∪ 

∪ =

=

Boolean model of grains 
(spheres)

1 Boolean model of aggregates 
(inclusion areas) 2 Microstructure generated 

(Aggregates only) 3

Model of grains  outside the 
aggregates only4

Cox model of a two-scales 
microstructure

5

Figure 6: The several steps involved in theCoxBooleanmodels. Complexmicrostructures (step 5) are obtained by combining
different Boolean models (steps 1,2), and (steps 3,4). The models of generated microstructures are binary and contain two
phases (solid in black and void in white).

2.4.2. Cox Boolean models

The spatial representation of a two scale porousmaterial is a superposition of two distinct scales

of void. One reason is the existence of very dense areas, populated by grainswhere the void between

them represents the first scale of porosity. On the other hand, provided that the grains form the

aggregates, larger void, located between the aggregates represents the second scale of porosity. Cox

Booleanmodels [26, 34, 25, 24] are defined by using an intensity θ(x)not anymore constant in space.

If θ(x) is a realization of a positive random function, the point process becomes a doubly stochastic

point process called a Cox process [8]. For instance, aggregates may be generated by means of a

Boolean model of spheres A2 with large diameters d2 > d1. A second Boolean model of spheres

A1 with diameter d1 and centers generated by a Poisson point process located inside A2 produces

a two-scale Cox Boolean model of spheres. Following this approach, the porosity of a multi-scale
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model can be controlled by means of basic set operations on Boolean models. Moreover, in Cox

Boolean models, the morphology of grains is preserved. Figure (6) summarizes the Cox Boolean

modeling process.

3. Results and discussion

In our approach, lattices as uniform tilings by cylinders and spheres were used to represent

modelmaterials SBA-15 andKIT-5, as shown in figure (7). Details about the preparation and charac-

terization of the real materials is given in the supplementary information file. Cox Boolean models

were used to model mesoporous alumina as shown in figure (7). A subtle but necessary distinction

between the actual adsorption algorithm and the projection of its result on the physical space must

be recalled. In our approach, the morphological operators are the unique tools allowing the sim-

ulation of adsorption on the basis of pore radius in a manner that the use of the Kelvin’s equation

does not interfere with the actual process of adsorption, but rather serves as a mapping between

the morphological/geometrical space and the parameters of the physical system. In other words,

these methods in this case are post-processing steps that play the role of converting pore radius to

p/p0, which allow a valid comparison with experimental adsorption isotherm. The adsorbed fluid

field incorporate two fields. The first one can be assimilated by the dilation operation of a sphere

of radius tn given by (Eq.1), mimicking the statistical growing thickness t representing monolayer

and multilayer adsorption. The second field is given by a closing operation of a sphere of radius r

rendering the capillary condensation. At iteration n, all voxels encompassed in spheres of radius tn

and rn = r + tn, that belong to porosity phase will be considered as adsorbed fluid. Iteratively, this

process continues for all accessible pore sites until all the voxels of the pore network have been vis-

ited. All simulations were performed using a personal computer (CPU: intel core i7 2.6 GHz, RAM:

16 GB). On average, our N2 sorption simulation algorithm requires about 40 min for volumes of

250 nm3. With regard to the experimental isotherms of model materials SBA-15 and KIT-5, sim-

ulated isotherms were generated on the basis of numerical model materials shown in figure (7). A

comparison between simulated and experimental isotherms is given in figure (8). Hereinafter, we

give a point by point analysis of the obtained results.
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Figure 7: (Top row) 3D models of model materials considered in this work and mesoporous alumina. SBA-15 and KIT-5
are highly ordered microstructures in the range of mesopore, made of cylinders and spheres shaped pores. Mesoporous
alumina is modeled by a Cox Boolean model of platelets. (Bottom row) 2D corresponding slices of the 3D models in top
row.

SBA-15

SBA-15 is characterized by excellent structural order and a narrow distribution of mesopores

[15] as exhibited by a steep capillary condensation step at high relative pressures in the experimen-

tal isotherm, figure (8). Another essential feature of the SBA-15 material is a pronounced sorption

hysteresis. This brings us to the global question of hysteresis in microstructures with simple topol-

ogy, consisting of straight, disconnected pores. For this type of microstructures, the interpretation

of hysteresis is yet to be entirely resolved [6]. One of the possibilities that explains the occurrence

of hysteresis is the existence of narrow sections inside the pores, which was first introduced in

[12]. The latter can be conceptualized as the roughness of the material, i.e., surface imperfections

on the pore walls. The modeling of this phenomenon requires distorting the internal diameter of

the pore. In this case, the evaporation of the pore will be delayed by the largest percolating section

of the pore. With reference to this possibility, several works have proposed a model of cylindrical

pore with constrictions [6, 4] that have been observed experimentally [14]. A second interpreta-
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Figure 8: Experimental and simulated N2 sorption isotherms for the three materials (SBA-15, KIT-5 and mesoporous alu-
mina). For each material, adsorption and desorption steps are illustrated by images from our simulations.

tion, particularly relevant in the case of smooth pore walls, is the dependence of hysteresis upon

pore length. For instance, references [15, 36] report that pore length plays an important role in

determining the shape of sorption hysteresis loop in the case of finite length cylindrical pores. In

particular, Grand Canonical Monte Carlo (GCMC) based simulation of argon adsorption at 87.3 K

in cylindrical pores [15] has shown that reversible isotherm is observed for extremely short (L = 4
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nm) pores, whereas for longer pores, large hysteresis occurs. Its shift to the left of the desorption

curve is proportional to the increase in pore length. Similar work modeling large systems by using

the three-dimensional Lenz-Ising model has studied the impact of the pore length on the hysteresis

loop. Analogous conclusions were reported in [2] confirming that the maximum hysteresis loop

width is found in the case of infinite pores, wherein finite pores exhibit narrower hysteresis. The

Cohan’s model allows to obtain a hysteresis loop due to different meniscus shape during adsorption

and desorption. However, this approach, which is widely used to model equilibrium phase transi-

tions, is based on the assumption that cylindrical pores are infinitely long [35, 37]. The adsorption

branch is located at a higher pressure than that of the desorption branch with a fixed gap given by

the ratio of pore radius during adsorption and desorption rads/rdes = 2. By comparing the result

of this approach with experimental isotherms of SBA-15, the found numerical isotherm exhibits

larger hysteresis. A direct inference from the latter observation, coupled with the arguments from

the above, raise concerns about the use of the Cohan’s model to describe hysteresis for finite cylin-

drical pores that are more likely to be an accurate representation of real SBA-15 like materials. We

propose a correction factor calculated from experimental reference data and which allows to find

the right gap between the two branches. Assuming that hysteresis depends on the pore length, the

correction factor can be calculated through an empirical model [15, 36]:

Kc =
1

0.5 + e−L/m

2

(25)

where L is the length of the pore and m is a constant factor allowing to find the correct Kc by

comparing simulated isotherm against experimental isotherm. Figure (9) shows the hysteresis loop

calculated for four cylindrical pores of radius r = 4 nm while having different pore length (L =

5, 25, 50 nm and infinity). Feeding the correct length of pores into the model and adjusting m in

accordance with experimental isotherm allows to find the right gap between the adsorption and

desorption branch. Our modeling is based on the reference [30], indicating reliably the length, the

diameter and the technique used (N2 adsorption). In accordance with experimental observation,

we find Kc = rads/rdes = 1.41. The simulated isotherm in figure (8), shows good agreement with
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its experimental equivalent in the hysteresis region. The fact that the length of SBA-15 pores from

our TEM images (in supplementary information file) is found to be of the same order of magnitude

as the length of the SBA-15, on which the model was calibrated, confirms our findings. It is shown

that the trend of the multilayer adsorption is respected. However, there may be some inconsisten-

cies compared to the experimental isotherm. The latter are related to the experimental model of

Harkins-Jura (Eq.12) on which the calculation is based. The calculated curve is scaled with respect

to the experimental curve. Real SBA-15 contains large mesopores outside the cylinders pores, giv-

ing rise to a gradual filling of these regions at large pressures. This part is not taken into account

in our modeling, hence the stop of the simulated curve at volume ≃ 0.9. Best agreement with ref-

erence to the experimental isotherm was found for a narrow pore size distribution (≃ 14 % relative

standard deviation). The pore network is made of cylinders of radius in range [2.8, 3.4] nm, which

is coherent with the BJH adsorption average pore radius (= 2.85 nm) given in the supplementary

information file. This result identifies type IV(a) isotherm as well as an H1 hysteresis loop, which is

correspondent to the expected features of the SBA-15 material.

Figure 9: Simulation of N2 adsorption at 77 K in cylinders pores of 4 nm radius having different lengths. The isotherms of
the 25, 50 nm and infinity are shifted up by 0.8, 1.6 and 2.4, respectively.
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KIT-5

KIT-5 has a face-centered-cubic Fm3m symmetry structure with interconnected pore channels

[27, 9]. The cage-like structure is modeled by a spatial repeatability of a basic mesh. The latter is

characterized by its size W , the radius of spherical pores rs and the spacing between pores S p (> 0

if there is no overlapping and ≤ 0 otherwise) . Tuning these parameters allows to obtain different

accessible pore volume and surface area values. The interconnectivity of pores, controlled by S p

in our model, plays a major role in defining the shape of the adsorption-desorption isotherm. In

contrast to the SBA-15 material, which has no network impact on the hysteresis loop, KIT-5 ma-

terial can have several neck sizes according to the ink-bottle pore model, which directly controls

the shape and width of the hysteresis loop. The reference experimental isotherm, shown in figure

(8) is of type IV with a broad H2 hysteresis loop. At high relative pressure (p/p0 ≃ 0.7), a sharp

increase in the adsorption curve is indicative of large uniform cage-type pores. Similar to SBA-15

numerical isotherm, the calculated curve has been scaled with respect to the experimental isotherm

(accessible volume stops at approximately 0.9). In our approach, hysteresis is due to two distinct

phenomena. On the one hand, Cohan’s model is applied, as the pores are assumed to be cylindrical.

On the other hand, pore blocking effect is pronounced as a consequence of the interconnectivity of

pores. It was found that the combination of these two factors along with the parameters (rs = 3.1

nm, S p = −1.4 nm) yield numerical isotherm which is in good qualitative agreement with the ex-

perimental reference. Note that rs is close to the BJH adsorption average pore radius (≃ 2.55 nm),

given in the supplementary information file.

Mesoporous alumina

Mesoporous alumina is represented by aCoxBooleanmodel in a 3D voxel array. The aggregates

and platelets are randomly packed followingCox’s law according to the process explained in section

on Boolean and Cox Boolean models. Each voxel is either classified as a pore space (voxel value =

255) ormaterial space (voxel value = 0). Edge effects areminimized by employing periodic boundary

conditions, such that if a part of a platelet is extended outside the cell edge, it gets wrapped around
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the other side. The parameters of a Cox model are related to the total porosity ϵ by the relation:

Pb(1 − Ps) + PaPs ≃ 1 − ϵ (26)

where Ps is the volume fraction of the aggregates inside the matrix and Pa, Pb are the volume

fractions of the grains inside and outside the aggregates, respectively. Grains and aggregates are

modeled by platelets and spheres, respectively. The parameters used for mesoporous alumina were

directly taken from reference [46]. The shape of grains is assumed to be parallelepipedic. The

dimensions of platelets were identified using an inverse problem approach with L2-normalization

of the correlation function on the basis of TEM image of sliced sample [47]. The parameters used

for platelets are: L (length) = 14.3 nm, H (height) = 4.4 nm and T (thickness) = 3.3 nm. The sharp

increase in the adsorption branch at high relative pressures shown in figure (8) is featuring narrow

pore size distribution. The proportion of small pores is relatively small compared to larger pores

which suggests a dominance of inter-aggregates void. Therefore, the quantity of grains inside the

aggregates Pa must be larger than the quantity of grains outside the aggregates Pb (reference [46]

reports a low volume fraction of aggregates Ps = 0.2). This observation is very much reversed

when the aggregates are present in a more important proportion. For mesoporous alumina, there

are two possible factors causing the appearance of hysteresis. First, pore blocking which is present

but to a lesser extent compared to KIT-5 material. In contrast to the latter, the majority of large

pores are already percolating with the outside and only a few are blocked by smaller pores. If only

the pore-blocking effect is taken into account, we numerically obtain a narrower hysteresis than

the experimental reference. The second possibility relies in introducing the pore-length correction

factor (Eq. 25) to adjust the gap between the adsorption and desorption branch. As seen before, the

value of Kc is related to the pore length (i.e. Kc = 1 for closed cylinders and Kc = 2 for infinitely

long open cylinders). However, for an isolated pore of given geometry, Kc (or rather rads/rdes) can

be related to the pore shape as well [33]. In our case, Kc is optimized in a way that it represents

the average Kc for all pore shapes encountered in the Cox Boolean Model. Best agreement with

reference to the experimental isotherm curve is found for Pa = 0.95, Pb = 0.12 and Kc = 1.22.
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4. Conclusion

A modeling approach based on morphological operators has been developed to efficiently cal-

culate gas adsorption isotherm. Mathematical morphology operators have allowed to mimic the

quasi-static phase transition behavior of fluid during gas adsorption. A percolation algorithm was

deployed to handle pore blocking during desorption. All operators were written under a generic

mathematical formalism, specifically developed for this study with the potential to build on it for

other modeling applications. Our model has been successfully applied to network-scale simula-

tions of nitrogen adsorption at 77 K in 3D lattices of uniform tilings and Cox Boolean models, to

simulate SBA-15, KIT-5 materials and mesoporous alumina, respectively. A case-by-case analysis

was provided with a focus on the hysteresis region of the simulated isotherm. Comparisons against

experimental isotherms allowed to identify a novel parameter to be added to our model. SBA-15

experimental isotherm has shown inconsistency with respect to the Cohan’s model. This result has

led to the adding of a new parameter considering the length of pores. The results of model ma-

terials have revealed both type IV(a) isotherm and H1, H2 hysteresis loops for SBA-15 and KIT-5,

respectively. These results are in good qualitative agreement with experimental data. Mesoporous

alumina experimental isotherm was successfully reproduced by our method. Our result of simu-

lation has largely exceeded in precision the result previously found in reference [46]. Moreover,

the computation time for large pore networks was found reasonable as discussed in section on

Results and discussion. Another line of research would be the use of the same formalism for the

development of algorithms for the simulation of mercury intrusion and NMR cryoporometry. The

interested reader can find theN2 adsorption simulation code on the open access software “plug im!”

[1]. Microstructures in figures (6, 7, 8) were generated using the same software.

Appendix A.

The following file is available free of charge.

Appendix: XRD, TEM and Nitrogen physisorption characterization results of SBA-15 and KIT-5.
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