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On the central limit theorem for stationary random fields under
L'-projective condition

Han-Mai Lin* Florence Merlevedefand Dalibor Volny*

December 1, 2021

Abstract

The first aim of this paper is to wonder to what extent we can generalize the central
limit theorem of Gordin [5] under the so-called L!-projective criteria to ergodic stationary
random fields when completely commuting filtrations are considered. Surprisingly it
appears that this result cannot be extended to its full generality and that an additional
condition is needed.

Keywords: Central limit theorem; stationary random fields; orthomartingale; cobound-
ary decomposition; projective criteria.

MSC2020: 60F05; 60G60.

1 Introduction and main results

Let (2, .A,P) be a probability space, and T :  —  be an ergodic bijective bimeasurable
transformation preserving the probability P. Let Fy be a sub-c-algebra of A satisfying
Fo C T7Y(Fo) and f be a L'(P) real-valued centered random variable adapted to Fo.
By U we denote the operator U : f — foT. The notation I will denote the identity
operator. Define then the stationary sequence (fi)iez by fi = foT? = U'f, its associated
stationary filtration (F;);cz by F; = FooT~% and let S,,(f) = Z?;Ol Uif.

The following theorem is essentially due to Gordin [5] and gives sufficient conditions
for (U f);ez to satisfy the central limit theorem.

Theorem 1 (Gordin) Assume that the series

ZE(Uiﬂ}'O) converges in L' (PP) (1)
i>0
and E(lg
lim inf EQS.()1) < 00. (2)
n—o00 \/ﬁ
Then n='/28,,(f) converges in distribution to a centered normal variable (that can be
degenerate).
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The proof of this result is based on the following coboundary martingale decomposition
(see [10] for more details concerning necessary and sufficient conditions for the existence
of such a decomposition): Under (1),

f=m+{I-U)yg (3)

where m and g are in L'(P) and (U'm);>¢ is a stationary sequence of martingale differ-
ences, and on the following theorem whose complete proof can be found in Esseen and
Janson [6].

Theorem 2 (Esseen-Janson) If(Uim)izo is a stationary and ergodic sequence of mar-
tingale differences in LY(P) satisfying

n—1 yri

e NG =% )

then m € L2(P).

Clearly, using the coboundary martingale decomposition (3), (2) implies (4).

The aim of this paper is to prove that Theorem 1 can be extended to random fields
when the underlying filtrations are completely commuting. To fix the idea, let us first
state the result in case of multidimensional index of dimension d = 2 (the general case
will be stated in Section 4). Then, in complement to the previous notation, let S be
an ergodic bimeasurable and measure preserving bijection of 2. By V we denote the
operator V : fr folS.

In what follows we shall assume that the ergodic transformations T and S are commut-
ing. Note that T; ; = T"S7 is an ergodic Z?* action on (Q2,.A,P). Let Fy o be a sub-sigma
field of A and for all (i, j) € Z? define

Fig=T7'S7(Foo).

Suppose that the filtration (F; ;)¢ jez2 is increasing in i for every j fixed and increasing
in j for every i fixed, and is completely commuting in the sense that, for any integrable f,

E(]E(f|fz,])|fu,v) = E(f‘fi/\u,j/\v) .

In view of giving an extension of Theorem 3 for random fields indexed by the lattice
72, the first tool is a suitable coboundary orthomartingale decomposition: Let f be a
Fo,0-measurable centered L'(P) function. According to Volny [9], the condition:

the series Z E(U'V f|Fo,0) converges in L*(P) (5)
4,520
implies the existence of the following decomposition:

f=m+{T-U)g+T=V)ga+ I -U)I-V)gs, (6)

where m, g1, g2, 93 € L}(P), (U*V7Im) is a stationary field of orthomartingale differences,
(Vi g1); is a stationary martingale differences sequence with respect to the filtration
(Foo,j)j» and (U'gs); is a stationary martingale differences sequence with respect to the
filtration (Fi ). To fix the ideas, setting E, 5(-) = E(:|F4), we have

m=Y_ (Boo(U'VIf) =B 10UV f) = Eo1(UVIf) +E_1 1 (UVIf)),
1,70



= B 1oUVI)=E_1 1(UVIf), 2= (Bo 1(UVIf)=E_y 1(UV'f)),
4,520 4,520

and g3 = 35, ;5o E_1,1(U'V7 f). Recall also that (U'V7/m) is said to be a orthomartin-

gale differences field w.r.t. (F; ;) if

Ei_Lj(Uiij) = Ei,j_l(Uiij) = Ei_Lj_l(Uiij) =0 a.s.

Note that if f is additionally assumed to be regular in the sense that f is F oo-measurable
and E(f|Fo,—o0) = E(f|F—00,0) = 0 then, it is proved in Volny [9] that the converse is true,
meaning that if f satisfies the decomposition (6) then (5) holds. We also refer to [3] where
the existence of the decomposition (6) is proved under a reinforcement of (5) (they assume
that the series of the L-norm is convergent). We also mention [4, Theorem 2.2] where
a necessary and sufficient condition for an orthomartingale-coboundary decomposition is
established when all the underlying random elements are square integrable.

Our first result is the following:

Theorem 3 Let f be a Fo o-measurable centered L' (P) random variable. Let Sy, n,(f) =
Dito 2520 UVIf. Assume that condition (5) is satisfied and that

1 n—1 ) 1 N-1 .

o i o y
tmint || 20| < oo mint Tl 32 vg], < o0 ¢

and E(|s E(ls
lim inf lim inf E(1Sn1 .0z (HD) < 00, liminf lim inf E(Sn1 .0z (HD) < 00. (8)

ng—o0 Ng—0o0 q/’I"Ll7’7/2 ng—00 N —00 q/’I"Ll7’7/2

Then the random variables m, (I —U)gy and (I — V)ga defined in (6) are in L?(P).

Compared to the case of random sequences a natural question is then to wonder if
condition (5) together with conditions (7) and (8) are sufficient to ensure that, when
min(ny,ng) — oo, the limiting distribution behavior of (n1n2)~/2S,,, ,,(f) is the same
as that of the orthomartingale part (nyn2)~/2S,, n,(m). In other terms one can won-
der if assuming the conditions of Theorem 3 is enough to ensure that the coboundaries’
behavior, i.e. (n1n2)72(Sy, ny (f) — Sny.n,(m)) is negligible for the convergence in dis-
tribution. Surprisingly the answer to this question is negative as shown by the next
counterexample.

Theorem 4 There exist a probability space (2, A, 1), a function g € L*(u), measurable
with respect to a o-algebra Fo o C A and bijective bimeasurable ergodic transformations T
and S such that f = (I—-U)g is in L?(p), satisfies the conditions (5), (7) and (8) but such
that (n1ng) =28y, n, (f) does not converge in distribution to zero as min(ny,ng) — oo.

This result proves a drastically different behavior for the case of random fields with di-
mension d > 2 compared to the case of random sequences d = 1 for which the coboundary
is negligible for the convergence in distribution as soon as (1) is assumed.

Remark 5 Modifying the selection of the sequences (ng) and (my,) used in the construc-
tion of the counterexample of Theorem 4, we infer that one can construct the function
g in such a way that not only it satisfies the conditions and the conclusion of The-
orem 4 but also the following conditions: for p € [1,2), g € LP(u) and the series
250 E(UVI f|Foo) converges in LP(u) (it suffices to take for instance ny, = [2¥/?]
and my ~ (ng,/k)P/=P)),

However, reinforcing the conditions of Theorem 3, we can prove the following CLT.



Theorem 6 In addition to the conditions of Theorem 3, assume that

L E(Su ()
min(ni,ns)—00 A/ MN1Mo

Then, as min(ni,ny) — 0o, (n1n2)~ Y28, 1,(f) converges in distribution to a centered
normal variable (that can be degenerate).

exists. (9)

Remark 7 Assume that [ satisfies the coboundary orthomartingale decomposition (5)
with the following additional conditions: (U'VIm) is a stationary field of L2(P) or-
thomartingale differences, (VI(I — U)g1); is a L2(P) stationary martingale differences
sequence with respect to the filtration (Fooj)j, and (U (I —V)ga); is a L*(P) stationary
martingale differences sequence with respect to the filtration (Fi )i (Theorem 8 gives
sufficient conditions ensuring such a decomposition). Then, from the proof of Theorem
6, we infer that condition (9) is equivalent to the two following conditions:

1
lim sup lim sup —
naoop kaoop vV nk ”

. . 1 . 1
tim sup lim sup —— S, (/)1 <l —~[Sun(/)1.

k—oo n—oo Vnk

Note that the existence of the limit limy, o0 2{|Sp.n(f)|1 has been mentioned in the proof
of Theorem 6.

1
SualPls < Jim —Snn()ll,

It is noteworthy to indicate that f does not need to be in L2 but only in L' to apply
Theorem 6 (see Example 2.1 given below). Theorem 6 then gives alternative projective
conditions compared to those required in [11, Th. 5.1} or in [7, Th. 1] for the central
limit theorem under the normalization \/n1n to hold. Note that the proofs of the two
above mentioned results are also based on an orthomartingale approximation. We refer
also to [12] where the notion of orthomartingales and completely commuting filtrations
have been previously used in the particular case of functions of iid random fields. Let
us also indicate that when filtrations in the lexicographic order rather than completely
commuting filtrations are considered, [2, Th. 1] provides a projective type condition in
the spirit of the L!-projective condition (5) (but still requiring f to be in L2) for the
normalized partial sums associated with a stationary random field to satisfy the central
limit theorem. His proof is based on the so-called Lindeberg method.

2 Examples

2.1 An example of application when f is in L' but not in L2

For k € N* and ¢, € Z, let e;;; be mutually independent zero mean random variables
with Uek,i’j = €k,i+1,j, Ve;m"j = €k,i,j+1- Let ]:a,b = U(ek’i’j,k € ZJ S a7j S b) We
denote ey = ey,0,0. Assume that for any i,j € Z2, L(ex, ;) = L(ex) and that e, takes
value v, with probability pg, —vg with probability px and 0 with probability 1 — 2pg. It
follows that

llexlls = 2vkp and [lex |3 = 2vips -

We choose (vg)k>1 and (pg)r>1 as follows

1

_ g2 2 = 2k2(log(k 1+ 1))*
or = K~ (log(k + 1)) and pr = 5y -



1
For any £ > 1 and ¢ > 0, let ay,; = ———, and define

(k+1i)2
=1
=S YU e =3 eV e, = e
k>1i>0 k>134>0 k=1

o0 1 a B
m:ZpU "Woke and f=m+ (I —U)gi+ (I —V)ga+ (I —U)I —V)gs

It follows that
lgally < ZZ llexll < 22 *Ilek\ll < Z
k>1i>k k>1 E>1 F(log( k +1))2
But, by independence of the r.v.’s ey ; j,
1 1
g = 5 S e dlealls = 35 Slenl = 3 & =
k>1i>0 k>14>k E>1

Similarly |lg2ll1 + llgslli < o0, [|lg2]l2 = o0 and ||gs||]2 = co. On another hand, for any
positive integer ¢,

(I UZ = ZZCUHU k= Z+Z€k+zz a;“—akH_g U k=ie

k>11i=0 k=11:i>0

Hence, by independence of the r.v.’s ey ; ;,

-1 00
I = U3 =D D akallerls + YD (ani — anive)llex3

k>1i=0 k=1i>0
2
= E k E akz+E k2 E a;“—a;”_M
k>1 1=0 = >0

By simple algebra, we derive that there exists a positive constant C such that for any
positive integer ¢,
I(I = U"g1]l3 < Clog(¢+1). (10)

In particular, we get ||[(I — U)g1]|2 < oo. Similarly, we have ||(I — V)gz|l2 < oo. To
summarize, we have g1, 92,93, (I — U)(I —V)gs, f € L\ L?, (I —U)g1,(I — V)ge € L.
On another hand (V7 [(I —U)g1]); are martingale differences as well as (U*[(I —V)g]);.
For f, we clearly get >, ;< [[E(U'V? f[Fo,0)[1 < oc. In addition

135750 305 U'VIU = Daal3 | = U™)gull
niN n '

Taking into account (10), it follows that

p 1050 Y05 UV = Dgulls

T—00 nlN




Similarly
n— N— Y7
f 1EiS0 ;%0 UV = Vgall3
N—o00 nN

Moreover, as max(n, N) — oo, the coboundary is negligible in !, i.e.

b NSNS S5 UV - D) - Vgl
max(n,N)—oco \/TL7N

It follows that AN i
132350 2j=0 U'VI(f —m)|a

lim =0.
min(n,N)—oco vnN
. . | i T U Vim|l . . 2
Since, liMyyin(n, N)—oo Ney exists (it is equal to y/=[|m|l2), we can de-

| =y S UV fll
VnN

of Theorem 6 are satisfied, and consequently, as min(ny,ng) — 0o, (711712)*1/25'”1,”2 (f)

converges in distribution to a centered normal variable.

exists. It follows that, all the conditions

duce that limmin(n,N)ﬁoo

2.2 An example where f does not satisfy Hannan’s L2-condition

We exhibit an example where f satisfies all the conditions of Theorem 6 but not the
Hannan’s L2-condition required in [11, Th. 5.1].

We consider the random field (e ;)k,i,; of mutually independent random variables
as in Example 2.1 with the following choices of (vg)r>1 and (px)r>1. Let o > 4. Then
for any k > 1, define .

=kand py = ————F— .
vk AMEPE = ops log(k +1)2

Therefore

ka75 d ) k2a75

lexlls = m and [lex[|3 = m~
For any k> 1 and 4,5 > 0, let
1
ki = ——— .
BT kit g)°
Then, define
f = Z Z ak,qu—uV—vek .
k>1u,v>0

(U*VI f); ; is usually called a super linear random field. Let F,p = o(ex,ij, k € Z,i <
a,j < b). Note that f is a Fyo-measurable centered and L?(P) random variable. In

addition .
S D arwllledlh €D Tlog(k + 1) < 0.

k>14,j>0u>i+1v>5+1 k>1

Therefore condition (5) is satisfied. So, the orthomartingale coboundary decomposition

(6) holds with
=Y asen

k>14,5>0

=23 U e 2= > Y aril VI e,

k>14,j>0 u>i+1 k>1ij>00>j+1



and

g3 = Z Z Z Z ak,u,vUiiuvjivek .

E>14,5>0 u>i+1v>5+1

One can easily check that m € L?(P). Next, for any positive integer ¢, note that

£+1
14 — _
IT-U1 ==Y > apurijU s+ D> (hutiy — kutive;) U "er.
k>14,5>0 u=1 E>14,j>0u>1

By independence of the r.v.’s ey 4 5, it follows that

£+1

=001 <2303 (X anwsas) lenld

E>1lu=1 4,5>0

+2> > ( D (ki = ak7u+i+e,j))2||€k||§ :

E>1u>1  4,5>0

Therefore, there exists a positive constant K7 (depending on «) such that

I(1 = U")gll3
041 . 1
< K - 2 €2 9 -
< (l;; (k + w)2@-2) llexllz + ;; Frut 020k T D ||ek|\2)

By simple algebra, we then derive that there exists a positive constant K5 (depending on
«) such that such that for any positive integer ¢,

14

I-U* 2< Ky
H( U )91”2 > 2log(€+1)

(11)

Similarly, we get that there exists a positive constant K3 (depending on «) such that
such that for any positive integer £,

14
I—-VHg|? < Kg———. 12
I = V9l < Koy (12)
From (11) and (12), it follows that
_Jn 2 _yn 2
o M= UM B+ 1T - V"gel3 13
n—o0o n

Taking into account (13) together with the fact that m € L?(P) and proceeding as in
Example 2.1, one can verify that conditions (7), (8) and (9) are satisfied. Hence, Theorem
6 applies. Then, as min(ny,ng) — 00, (n112) 28, ., (f) converges in distribution to a
centered normal variable.

On another hand, defining
Poo(-) =Eoo(-) —E—1,0() = Eo—1(-) + E_1,-1(") ,
we get, for any i,j > 0, Py o(U'VIf) = > k>1 Ok,ijek- Hence, for any i,j > 0,

k2a—5
k+i+j)2«(log(k +1))2’

1PooUVISIE=D" aiagllexls = Y (

k>1 k>it+j+1



implying that

C
(i+7+D*log(i+ 5+ 2))? '
It follows that the series 3, . || Po,o(U'V7 f)||2 diverges and then the Hannan’s L-condition
in the random fields setting does not hold, and [11, Th. 5.1] does not apply. Note also
that for this example, [2, Th. 1] that involves filtrations in the lexicographic order, cannot
be applied.

||P0,0(Uivjf)||§ >

3 Proofs

3.1 Proof of Theorem 3
Recall the decomposition (6) and let

m'=m+ (I —-V)ga. (14)

It follows that (U'm'); is a stationary sequence of LL'(IP) martingale differences with
respect to (F; c0)i- Since T is ergodic, according to Theorem 2, if

n—1yrri 4
lim inf E(] Zi:o Urm'|)
n—o0 vn

< 00, (15)

then m’ € L2(P). By (6),

n—1
<] S o]+ 2l + sl
=0

Hence, since g; and g3 are in L*(P),

E Ly, E n—1 rr;
lim inf (|§:Fﬂ U‘WLD SlhnianELZ;Eglz;iD
n—o0 n n— 00 Vﬁi

)

which is finite under the first part of (7). Therefore (15) holds and m’ € L*(P). Next
recall that m’ = m+ (I — V)gs and recall that (V7m); is a stationary sequence of L!(P)
martingale differences with respect to (F,;);. Since S is ergodic, according again to
Theorem 2, to prove that m € L2(PP), it suffices to prove that

B Vim))
hHlleAAAAAAAAAAAAAAA
n—o0 NG

But since m’ = m + (I — V)gq and go is in L}(P), proving (16) is reduced to show that

E iy
lim inf (12-5=0 ) <. (17)
n—oo Vﬁi

With this aim, recall first that m’ € L?(PP) and note that

(16)

, = 0n (18)

n—1 n—1
1“2: Sy 1 Sy
L o] < L5 vm
vn = 17 v/n =



For any fixed positive integer n, let d := n=1/2 "~ o VIim/. Since (U'm'); is a stationary
and ergodic sequence of martingale differences in L2 (P), so is (U'd);. By the CLT for
stationary and ergodic martingales in L2(P), as N — oo, N~1/2 Zf\;gl U'd converges in
distribution to a centered Gaussian random variable G, with variance o2. Hence, by [1,
Th. 3.4] and noticing that E|G,| = o, \/2/7, for any fixed positive integer n, we get

N—1n-—1
1 o
n<ul= hmmf—H Uid :1/Zliminf7H UWVim/
7 N—oo /N Z 2 N—oo +/nN ;;}

But, recalling (6) and that m’ = m + (I — V')ga, we have

(19)

N—-1n-—1 N—-1n-—1 n—1
| X Zovim] < | X X vvr, + [ X - v
i=0 j=0 ! =0 j=0 ! j=0 !

+||a oMyl -

Hence
1 o Netn-t
LTS v
VN i=0 j=0

Since g; and g3 are in L' (IP), the two last terms of the right-hand side are converging to
zero as N tends to infinity. Hence, taking into account (18) and (19), we get

E( S5 Vim'l) _ [7 e
- e T i iy
i 2 %%“mfrHZZUV .

which is finite by the second part of condition (8). This ends the proof of (17) (and then
of (16)) and leads to the fact that m is in L?(P). Next recall that we have proved that
m’ defined in (39) is in L?(P) which combined with the fact that m is in L?(P) implies
that (I —V)gs is in L?(P). On another hand setting

|+ 2 gl +
L \/ﬁgll

N—-1n-1
< RIS v

4
ﬁ“gzs\h .

m’' =m+ (I -U)g,

we can use previous arguments to infer that m” is in L?(P). Hence taking into account
that m € L?(P), we get that (I — U)g; is in L?(P). This ends the proof of the theorem.

3.2 Proof of Theorem 4

Let T, S be two commuting probability preserving bijective transformations on (2, A4, u),
Uf =foT,Vf=foS. We suppose that A is generated by U'V7e, (i,5) € Z*, and
U'VJe are mutually independent. Denote

C=o{Ule:icZ}.

(C,T) is thus a Bernoulli dynamical system and the sigma algebras SC, j € Z, are
mutually independent.
Let us recall the so-called Rokhlin lemma.

Lemma 8 (Rokhlin lemma) Let (2, A, 1, T) be an ergodic dynamical system, n a pos-
itive integer, and € > 0. Then there exists a set F € A such that



(1) F, T7F, ..., T-""F are disjoint,

(2) WU T F) > 1 —c.

The sequence of sets F, T 'F,..., T "t'F defined in the Rokhlin lemma is called a
Rokhlin tower.
For any integer k > 1, we set

ng = [2k/2], mg = 2k .

By the Rokhlin lemma there exists a Rokhlin tower F, T~'F, ..., T~N:*1F with N =
myny, ~ 23%/2. Note that 1/Ny > u(T7'F) > (1 — €)/Ng, for any i = 0,..., N, — 1. We
define

(G + 1)/ myg/ng on T79F, j=0...,n5 — 1,
ge(w) = (2ng, — j — 1)y/mu/nke. on TIF, j=mny,... 205 — 1,
0 on the rest of €.

We can notice that

g /ng on T7/F, j=0...,n; —1,
gk_ng: _\/mk/nk o1 T_jF, j:nkv"'72nk_17
0 on the rest of €.

In addition, we have

1 2
Hgking‘||2<2X7Xm7k 2k/2’
llgkll1 <2n,“/ —2,/ <21 k4,
nkmk

an 1

H Z U gk—ng)H g, — U gull2 < 2y/mi .

Notice that all sums of U'(gr — Ugy) are C-measurable hence the random variables
(VI(gr — U™ gy,)); are iid.

The support of g, — U?™* gy, is included in the union By of F,..., T~ 4"+ F hence is of
measure < 4/my, = 27F+2,

Next, let

Ay = {lge — U™ gi| > (1/2)/muni} .

It follows that the set Ay is included in By and is of measure 2/my, = 2 . Because the
sigma algebras S'C, i € Z, are mutually independent, the sets S/ Ay, j =0,...,ms — 1,
are independent. For h = 14, using that e?'(1=2)/% > ¢4 for any x €]0,1/2] and that
mgu(Ag) = 2, we thus have, for any k > 2,

—k+1

mkfl

(D0 VIR =1) = men(AR) (1 - p(A)™ ! = 2/
§=0

We then conclude that

27’Lk 1mk 1

i ot
(] 2 2 UV Ug)| = 1/2) > 2/ (20)

10



By recursion we shall define a strictly increasing sequence k; * 0o and then set

gngkl and f=9—-Ug.
=1

1. For £ =1 we put ky = 1.
2. Suppose that for 1 < ¢ < £ the ky have been defined.
All the functions gy, are bounded (0 < gx,, < /Mg, Tk, ) hence the sums

£—1

10—
Z Z (gry —Ugr, ) = Z(le, —U"9x,.),
]

= =1

n > 1, are uniformly bounded.
If k, is sufficiently large we thus get

01 2nk,—1
Ik, : Z Ulgr, — Ugr, )| < 1/2°.
Note that, for j € Z, the functions
0—1 2ng,—1
( Tk, Z U'(gk, — nge,))

o=1 i=0
are martingale differences. Hence

2n1¢[71 m;‘efl

H\/”Tz\/TZ >y Uzvjigk@,—ngy)

=0 7=0 =1

1
‘ <o (21)

Recall now that ||gr — Ugk|l2 < v/2/2%/%. Hence choosing k, sufficiently large we get

21’Lk —1
[/
‘ 1

H ; Ui(gkz_ngz) 9 4¢

forall 1 < ¢ < 4.
Having constructed the sequence of k, this way we thus have

QTLke*l

H rll,w Z Z U'(gk, —Ugr,)

=¢+1 =0

< 1/2¢.
<V

Using the fact that, for j € Z, the functions

o an[—l

Z Z (g — ng:e/))

=¢+1 =0
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are martingale differences, we then derive that

2np, —1my, 1 -
H T 1“ ; JZO Uivi %1(9192, ~Ugr,) ’2 < %_ (22)
Then, the upper bounds (21) and (22) entail that
2ng—lmi, 1 )
H\/W\/Tz ZZ% ; UZVJ([*U)(g*ng)LS?. (23)

Hence taking into account (20) and (23), it follows that, for f = g — Ug, the sequence
(ning) 12370 ! 2?201 U'VJ f cannot converge in distribution to zero.

Next note that for any p and ¢ fixed, by independence,

p q p
Z ZE UV (g —Ug)|Fop) = Z]E(UZ(!J —Ug)|Fo0) = 9 — E(UP"g|Fo) .-
=0

1=0 j=0
But, by the construction of g, lim, . |[UPT!g||; = 0. Hence ||[E(UPg|Fy0)|1 is going
to zero as p — oo. Therefore condition (5) is satisfied with f =g — Ug.

It remains to prove that the conditions (7) and (8) are satisfied with f = g — Ug.
With this aim, note first that

fol f(g U"g) —

in L' for n — oo (recall that g € L'). Next, since the random variables (V7 f);>( are
independent and square integrable,

el E v, = to-vla <o

Hence both conditions in (7) are satisfied. On another hand, for every m fixed,

n—1l1m-—1

S| X vVt -va), < 2 gl o0

=0 7=0

proving the second part of condition (8). It remains to prove its first part. Here we use
particular properties of g constructed above. We have found a sequence of ng, for which
there exists a positive constant ¢ > 0 such that

2’!1)%71

Z Ul(g—Ug) H <c(27+1).

n;w

. . 2 1. . . . . .
Since (VJ Zizge U(g—U g))j>O is a stationary sequence of martingale differences in

L2, it follows that

2”k2_1m—1

mﬁ” ; J;) W‘Vj(ngg)H2 <e(27+1) < 2.

12



Because the upper bound is uniform for all ng,, the first part of condition (8) holds true.

3.3 Proof of Theorem 6

We shall use the coboundary decomposition (6). Note first that (U*VIm); ; is an ergodic
and stationary L?(P) orthomartingale field. Then, according to the CLT for ergodic
fields of martingale differences as obtained in [8], as min(n,ny) — oo, the sequence
(ning) 1230 ! Zn2 "UVim converges in distribution to a centered Gaussian ran-
dom variable with variance ||m||3. Theorem 6 then follows from the following proposition.

Proposition 9 Assume the conditions of Theorem 3 and that condition (9) is satisfied.

Then
lim ”Snl,’ﬂz (f) — S’ﬂl,n2 (m)”l
min(ni,ng)—o00 m

Proof of Proposition 9. Since

~0. (24)

ny— 17’L2 1

(nln? 1/2H Z Z UZVJ I— U)(I V g3H < 4 nln?) 1/2 Hg3”1 —min(n,nz)—00 0,
i=0 j=0

the convergence (24) will follow if one can prove that, as min(nq, ne) — oo,

ni—1nz— n1—1ng—

(n1n2)” (‘ Z Z UVI(I — Ung +H Z ZUWJ (I VgQH ) =0, (25)

Since (VI(I —U)g1);>0 and (U(I — U)gz);j>0 are sequences of martingale differences in
L2(P), we shall rather prove (25) in L?(P) and show that

i M =UMgillz _ 0 1T = Vgl

With this aim, we start by noticing that, for any n fixed,

=0. (26)

1 n—1

dyp = 7 ; U'(m+(I—U)gi)

is such that (V7dy ,,);>0 is an ergodic and stationary sequence of L?(PP) martingale differ-
ences with respect to the filtration (F ;);. Hence, by the CLT for ergodic and stationary
martingales, as N — oo,

X:VJdln—> Glna

Jj=1

\/7

where Gy ,, is a centered random Gaussian with standard deviation C,, = ||dy »||2. Since
(N -1/ 2’ Z;\Izl Vi d17n|) N> is uniformly integrable, by the convergence of moments the-
orem (see [1, Th. 3.5]) we have in particular that

2
= [|GinllL = \[Cn
1 m

N
1 _
: j
]\}E)Iclm ~ H ; Vidy

13



But Iimpy_soo \FH Z V d1n||1 = limy_oo FHS,LN )H1 So, overall, for any n

fixed,
sl =y 2a

implying by standard arguments that there exists an increasing subsequence (ny) tending
to infinity such that

. 1 5
s [ lsus0l, -~y 2n] =0, o
Next, note that
n—1 IfUn 9
= [mll% + E((I UM 3 U'm) + %
1=0

Notice first that since (VZ(I —U™)g1);j>0 is an ergodic and stationary sequence of L?(IP)
martingale differences with respect to the filtration (Fos ;);>0, we have, by using [1, Th.
3.4] and arguments used to get (19),

I = U")gll2 U"91H2 fl}wgf\ﬁ”g%wvn Ung

But, according to the coboundary decomposition (6), for any n fixed,

n—1N-1 n—1N-—1
lim inf

it | 20 X 0V -, =it | 350 v -

In addition,

n—1N-—1 n—1N-—1

FH Y LU m), < FH )3 vvig| +limlle.

So, overall, taking into account condition (9), we get

(= UMl m : 1
m::h;lr;song”g 5(\\m||2+n7;;rgwm!|smf>lll)<<>o- (28)

Now, for any positive real A, write

[(I-U"gll3] _ 24
< |
n \/ﬁ

I =UMgill2 (Lo (IN= i |? 1/2

Cn = llmll3 ~ (I =U")glh

+ 2

Hence, using that n=*/2||(I — U™)g1|l1 —n_00 0 and taking into account (28) and the
fact that (n~ (X1, U'm)?) .
the right-hand side of (29) tend to zero by letting first n goes to infinity and after A.

Therefore )
I = UMgil3) _
n

is uniformly integrable, we derive that the terms in

Jim €2~ m|3 -

14



Assume now that 1
£ = limsup —nH(I—U”)glﬂg >0. (30)

n—oo
Then, there exists an increasing subsequence (n})¢>1 tending to infinity such that

lim —H(I U™)gi|l2 = k and then lim C2, = |m||3+ K*. (31)
{— 00 £

According to (27) and (31), we then infer that if (30) holds true then there exist two
increasing subsequences (n})¢>1 and (k})¢>1 tending to infinity such that

2
Sugay (D], > \/;||m||2~ (32)

But, using once again the coboundary decomposition (6), note that

lim

£—00 ng ]{;Z

1 1 1 L 1 "L 1
- — - T ] - _Un 7 - R Ve _n
“Sun(f) = ~Sun(m)+—(I=U")Y_ Vigit—(I=V") Y Ulgat—(I=V")I~V")gs

=1 i=1

Using that g3 is in L'(P), and the fact that since g; and gy are in L!(P), the Birkhoff
theorem in L!(P) implies that

lim f||(1 Um) ZV391||1—0and lim_ fH(I 1%40! ZU g2l =0,

n—oo N = P
we get
.1 .1
Jim =18 (A = lim =[Sy (m)]s (33)

But since n=1S,, ,,(m) converges in distribution to a centered Gaussian random variable
with variance ||m||3 and (£[S,,n(m)|)n>1 is uniformly integrable, we derive, by the con-
vergence of moments theorem, that

lim *IISnn )h = \/>||m||2
n—oo n

This result together with (33) imply that

2
i Lo = 2wl (39

Clearly, under condition (9), if (30) is supposed to be true, (32) and (34) are not compat-
ible. This proves that (30) cannot be true and then that the first part of (26) is satisfied.
With similar arguments, one can prove that, provided the additional condition (9) is as-
sumed, the second part of (26) is also satisfied. This ends the proof of the proposition
and then of the theorem.

4 Extension to multidimensional index of higher di-
mension

To state the extension of Theorems 3 and 6 to higher dimensions, some additional no-
tations are needed. Let d > 1 and (7});ez« be Z? actions on (Q A,P) generated by

15



commuting invertible and measure-preserving transformations T, 1<q< d. Here ¢4 is
the vector of Z% which has 1 ate the g-th place and 0 elsewhere. By U; we denote the
operator in LP (1 < p < 00) defined by U;f = fo T}, i € Z%. By i < j, we understand
ir < ji forall 1 < k < d. B

We suppose that there is a completely commuting (F;);jeza , i.e. there is a o-algebra

JFo such that F; = T_; Fy, for 1 < j we have F; C F; and for an integrable f,
E(E(f|fi17---7id)|]:j17---7jd) = ]E(f|]:i1/\j17---aidAjd) :

By ]-'Z(k) we denote the o-algebra generated by all F; with ¢ = (i1,...,4q) with i < /¢
and i; € Zfor 1 < j <d, j # {. For o-algebras G C F C A, by L?(F) & LP(G) we denote
the space of f € LP(F) for which E(f|G) =0 a.s.

For f a JFp-measurable centered L!(PP) random variable, it has been proved in Volny
[9, Th. 4] that the condition

the series Z E(Ui,....i,f|Fo) converges in L' (P) (35)

i1,...,84 >0

ensures the existence of the following orthomartingale-coboundary decomposition:

d
f=m+ > [ -U)ms+ ][0~V (36)

0CJC<d>sed

where < d >:= {1,...,d}, m, g and‘ my belong to Ll(fg,IP’), Ll(ngl T,Fo,P) and
LY([T,e; TsFo, P) respectively and (U%,om);eza and (Ujemy)eza-101 are orthomartin-
gale diffferences random fields for ) C J C< d >.

For any positive integer k, define Sy the set of all the permutations of {1,...,d}. We
are now in position to state the extension of Theorems 3 and 6 .

Theorem 10 Let d > 1 and f a Fy-measurable centered L'(P) random variable. Let
ng = (n1,...,nq) and Sy (f) = Z;T:_Ol ) ..ZZ’?:_OI Uiy...inf- Assume that each of the
transformations T:,, 1 < q < d, is ergodic. Suppose also that condition (35) holds and
that for any integer k € {1,...,d} and all the permutations o in Sk,

E( X0 T
liminf --- liminf (| 2“70 & ZZ}C?O e lka
Ng(1)—>00 N (k) =00 (Hi:l na(i))1/2

< 00. (37)

Then m € L2(P) and for any set J such that 0 C J C<d >, [[,c,(I = Us)m, € L2(P)
(m and my are defined in (36)). If, in addition,

E(154, (N

— " emists, (38)
min(ni,n2,...,nq)—>00 (Hizl ni)l/Q

then (H;i:1 ni)*l/QSﬂd(f) converges in distribution to a centered normal variable (that
can be degenerate) as min(nq, no,...,ng) — 0.

Proof of Theorem 10. The result will follow by recurrence. Note that it holds for
d =1 and also for d = 2 as shown in the previous section. Assume that it holds for d — 1
and let us prove it for d. Recall the decomposition (36) and let

m =m+ Z H(I —Us)my, (39)

PCJC<d>; s€J
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where < d >1=<d > \{1} = {2,...,d}. Note that (U{m’);cz is a stationary sequence
of L'(P) martingale differences w.r.t. (F;0,..0)icz. Since T} is ergodic, according to
Theorem 2, if

n—1yrri 7
lim inf (2o Uim') < 00,
n— oo \/ﬁ
then m/ € L2(PP). This follows from the decomposition (36) and the fact that, by condition

n—1 7
(37), liminf, M‘;Ulm < 00. Next, starting from (39), and taking into account
the induction hypothesis, namely: Theorem 10 holds for d — 1, we infer that if for any
integer k € {2,...,d} and all the permutations o in Sk,

E(|Sr S T
liminf --- liminf (| 2“70 3 Zlkio e |)
No(1) 00 Mg (k) 700 (ITizy ”0(1'))1/2

< 0. (40)

then m € L2(P) and, for any set J such that 0 C J C<d >1, [[,c,({ — Us)my € L2(P).
By using similar arguments as those developed in the proof of Theorem 3, we infer that
(40) is satisfied under condition (37). Hence m € L2(P). Then, using in addition that
m’ € L?(P), we conclude that, for any set J such that (0 C J €< d >1, [[,c,(I—Us)m, €
L2(P). The first part of Theorem 10 follows by using d — 1 times the same arguments
and replacing < d >; by < d >; for i = 2,..., k. The second part of the theorem follows
by applying the CLT for ergodic and stationary fields of orthomartingales as proved in
Volny [8] for (Hf:1 n;)~*/2S, (m) and by using similar arguments as those developed in
the proof of Theorem 6.
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