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Homotopy groups of EgGM N Ay
Viet-Cuong Pham

Abstract

Let A4 be any spectrum in a class of finite spectra whose mod 2 cohomology
is isomorphic to a free module of rank one over the subalgebra .A(1) of the
Steenrod algebra. Let Ec be the second Morava-E theory associated to a
universal deformation of the formal completion of the supersingular elliptic
curve (C) : y2 +y = 22 defined over F and G4 a maximal finite subgroup
of automorphism group S¢ of the formal completion of C' In this paper, we
compute the homotopy groups of EgGM A A; by means of the homotopy

fixed point spectral sequence.

Keywords: K(2)-local; Davis-Mahowald spectral sequence; Topological mod-
ular forms; Homotopy fixed point spectral sequence
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Introduction

A central problem in stable homotopy theory is to understand the homotopy groups
of the sphere spectrum localised at each prime p, W*(S?p)). A powerful tool for
computing the latter is the Adams spectral sequence, whose E,-term is given by
Ext:z: (F,,F,), the extension groups over the Steenrod algebra .4,. However, this
method only allows one to compute W*(S(Op)) stem by stem. In the late 1950’s,
Toda in [Tod59] and in the 1960’s, Adams in [Ada66], in the study of the im-
age of J, showed the existence of infinite families of elements of 7,.(S?) living in
arbitrarily large stems. These were the first periodic families discovered, known
as the a-family, of the stable homotopy groups of the sphere. Adam’s work and
subsequent work by L. Smith, Toda and Miller-Mahowald-Wilson and others mo-
tivated and marked the beginning of chromatic homotopy theory.

In the early 1980’s, Ravenel published a series of conjectures which described
the global structure of the stable homotopy category. Most of the conjectures
were then resolved by Hopkins and his collaborators. In fact, the chromatic point
of view offers a promising tool to analyse W*(S?p)) in a systematic way by de-
composing it into smaller pieces. More precisely, let L, and Ly, denote the
Bousfield localisations with respect to the n'* Johnson-Wilson theory E(n) and
n"-Morava K -theory, respectively (here the prime p is implicit in the notation).
We have the chromatic convergence theorem.

Theorem 1 (Hopkins-Ravenel, [Rav92]). Let X be a p-local finite spectrum.
There is a tower

o > Ly X — Ly 1 X — ... = Lo X = LpgX,
such that X is homotopy equivalent to its homotopy limit.

Furthermore, the chromatic fracture square asserts that L,, can be inductively de-
termined from the Bousfield localisation L ,,) with respect to the m*™ Morava
K-theory for 0 < m < n, via homotopy pull-back squares



Theorem 2. [Rav92]. For any spectrum X and all positive integers n, the follow-
ing diagram is a homotopy pullback square

L,X LgmX

| |

Ly 1 X — LnflLK(n)X-

Therefore, in the chromatic approach to stable homotopy theory, it is crucial to
understand the K (n)-local homotopy category at all primes and all natural num-
bers n, referred to as the chromatic level. For this purpose, a general strategy is
to study the homotopy type of the K (n)-localisation of various finite spectra. A
central result of the theory is the work of Devinatz and Hopkins [DH04] which ex-
presses the K (n)-localisation of a finite spectrum X as the continuous homotopy
fixed point spectrum
LmX ~ Bl A X

where G,, is the extended Morava stabiliser group, which is profinite, and E,, is
the n'" Morava E-theory. More generally, for any closed subgroup F of G,,, the
continuous homotopy fixed point spectrum E"*" can be formed.

The study of chromatic level one was a great success: the homotopy groups of
L) S% have been completely computed at all primes and, at the prime 2, L K1)S 0
detects essentially the image of J. Chromatic level two has also been thoroughly
investigated at odd primes. It started with the computation by Shimomura and his
collaborators of the L, localisation of various finite spectra (see [SY95], [Shi97],
[Shi00], [SW02]). Later Goerss-Henn-Mahowald-Rezk in [GHMROS5] proposed
a conceptual framework to organise the K (2)-local homotopy category at the
prime 3, in which the authors constructed a finite resolution of the K'(2)-local
sphere using higher real /K -theories. See [GHMO04], [HKM13], [GH16] for fur-
ther investigations at n = 2 and p = 3 and [Beh12] for an exposition of LS at
p=5.

The situation of chromatic level two at the prime 2 turns out to be much more com-
plicated and we are only beginning to understand it better. Considerable effort has
recently been made to understand the K (2)-local homotopy category at the prime
2 by the community. In [BG18], Bobkova and Goerss established a finite reso-
lution of a spectrum related to the K'(2)-local sphere at the prime 2 analogous to
that of [GHMROS5], which realised an algebraic resolution of S}, a certain closed
subgroup of the second Morava stabiliser group, constructed by Beaudry [BealS].

One reason why the latter is hard to deal with lies largely in the fact that the co-
homological properties of the group (G5 are much more complicated at the prime
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2. However, one exciting feature of chromatic level 2 is its close relationship with
the theory of elliptic curves and modular forms, see Section 1. At chromatic level
2 and at the prime 2, we can choose the Morava E-theory to be the Lubin-Tate the-
ory associated to the formal group law of the elliptic curve C : y? +y = 2° over
F4. We denote by E- and G the corresponding Morava E-theory and Morava
stabiliser group. One of the main tools used to investigate the K (2)-local homo-
topy category is a certain finite resolution. There is a certain subgroup S{, of G;
let G4 be the automorphism group of C' and Cy be a cyclic subgroup of order 6
of (G54 (see Section 1 for details).

Theorem 3. [BG18] There is a resolution of EZSIC, in the K (2)-local homotopy
category at the prime 2, of the following form

hSL ¢ d 13 3
ElSe by g B g g

where & = E}°*, & = & = EfC° and & = S ER

This resolution is commonly called the topological duality resolution. The spec-
1
trum Eggc is used to build the spectrum Egsc, where S¢ is the Morava stabiliser
group, via a certain cofiber sequence
hS hSL, 1—= hSL
and Eggc only differs from L (2)S° by the Galois action, i.e., there is a homotopy
equivalence

LK(2)SO ~ (EgSc)hGal(]le/Fg).

Thus, this theorem offers a useful instrument to study the homotopy type of
Lk 2)X for finite spectra X at the prime 2. In particular, it produces a spec-
tral sequence, known as the topological duality spectral sequence, abbreviated by

TDSS, converging to 7, (Eggé N X)
EP 2 1 (€, A X) = g p (B0 A X). (1)

By now, it should be clear that judicious choices of finite spectra become impor-
tant. Main players in this paper are finite spectra constructed by Davis and Ma-
howald in [DM81]. Let A; denote a class of finite spectra whose mod 2 cohomol-
ogy is isomorphic, as a module over the subalgebra A(1) generated by Sq', Sq?
of the Steenrod algebra A, to a free module of rank one on a class of degree
0. As shown in [DM81], the class A; contains four different homotopy types,
which are distinguished by the structure of their mod-2 cohomology as mod-
ules over the Steenrod algebra. They are successively denoted by A;[00], A;[01],
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A4[10], A1[11], see Definition 3.2.1. The spectra A;[01] and A;[10] are Spanier-
Whitehead self-dual, i.e., D(A;[01]) ~ ¥7%4,[01] and D(A;[10]) ~ X%A4,[10]
and the spectra A;[00] and A, [11] are Spanier-Whitehead dual to each other, i.e.,
D(A;[00]) ~ $76A4,[11] (here D(—) denotes the function spectra F'(—, S°)). By
an abuse of language, we write A; to refer to any of these four spectra and refer to
any of them as a version of A;. In particular, we use this notation in the statement
of results that are true for all versions. We emphasis, however, that all results are
a priori dependent on the version of A; and this is the case. The spectrum A; is
constructed via three cofiber sequences starting from the sphere spectrum. First,
let VV(0) be the mod 2 Moore spectrum, i.e., the cofiber of multiplication by 2 on
the sphere. Next let Y be the cofiber of multiplication by 7, the first Hopf element,
on V(0). Davis and Mahowald show that Y admits v;-self maps, v; : ¥?Y — Y.
Then A, is the cofiber of any of these v;-self maps of Y. We note also that even
though Y admits eight v;-self maps, the associated cofibers only have four differ-
ent homotopy types.

One reason for working with A; is the fact that it is the cofiber of a v;-self map
of periodicity 1, making a few computations simpler; this is in contrast with the
generalised Moore spectrum M (2, v{) which is the cofiber of a v;-self map of
periodicity 4 on the Moore spectrum V'(0). The second one is that a sufficient
understanding of the homotopy type of L 2)A; might allow us to determine the
Gross-Hopkins duality formula for the /& (2)-local homotopy category at the prime
2. In fact, the spectrum A; can be considered as an analog of the Toda-Smith
complex V(1) at the prime 3 and as demonstrated in [GH16], computations of
the homotopy groups of L 2V (1) allows one to characterise the Gross-Hopkins
formula for the K (2)-local homotopy category at the prime 3. The third reason
is that A; is a "small" finite spectrum of type 2 having only eight cells with the
top cell being in dimension 6, hence it is reasonable to expect that a study of the
homotopy type of A; gives us valuable information about the homotopy groups
of S, at least about the v,-periodic families of S°. More precisely, the authors of
[BEM17] show that A; admits a v32-self map. Let [(v3?)~!] A; denote the associ-
ated telescope, i.e.,

[(v3%)7!)A; = hocolim(A; — N7192A; — . — 7194, o ).

We note that the homotopy type of this telescope is independent on the choice
of vy-self map of A; by Nilpotence and Periodicity Technology, see [Rav92].
Suppose that z € 7;([(v3?)~!]A;) is a nontrivial element. This means that the
composite

v32k
St+192k N 2192kA1 2 Al

is essential for k¥ € N. This gives rise to a nontrivial element of 7,.5° in stem
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192k + t — iy, for some 0 < 75, < 6.

Moreover, the K (2)-localisation of A; might be used to detect nontrivial ele-
ments of the homotopy groups of [(v3?) 1] A;. In fact, the K (2)-localisation map
Ay — Lg@)A; factors through [(v3?)"']A; — Lk(2 A;r. Ravenel’s Telescope
Conjecture predicts that the latter is a homotopy equivalence. As a key step to-
wards the study of 7, (L (2) A1), as explained in the discussion following Theorem

3, we study the TDSS for E/~¢ A Ay

In this paper, we study the homotopy fixed point spectral sequence, abbreviated
by HFPSS, for EgG“ A A, which constitutes an important part of the E;-term of
the TDSS:

H*(Gas, (Bo). (A1) = m(EE7 A Ay). 2)

Here are qualitative versions of the main results of the paper; see Theorem 5.3.19
and 5.3.20 for more precise statements.

There are classes
A® € HY(Ga4, (Ec)192), F € H(Ga4, (Ec)as), v € H'(Gaa, (Ec)a).

Theorem 4. As a module over the ring F4[A*8 %, v|/(VE), the Ey-term of the
HFPSS for EX?* A A1[01] and EX?* A A1[10] is a direct sum of 46 explicitly
known cyclic modules.

Theorem 5. As a module over the ring F,[A*8 K, v]/(VE), the Eo-term of the
HFPSS for XX A A1[00] and EE?* A Ay[11] is a direct sum of 48 explicitly
known cyclic modules.

One of the key ingredients, to this end, is a comparison between tm f A A; and
EgGM A Aj, where tm f denotes the connective spectrum of topological modular
forms. In fact, there is a homotopy equivalence (Theorem 5.1.2):

(AS)_ltmf AN Al >~ (EgG24)hGal(F4/F2) N Al,

where A® is the periodicity generator of m,tm f. Based on the latter, we first anal-
yse the homotopy groups of tm f A A; by means of the Adams spectral sequence,
abbreviated by ASS, then invert A® to get information about the homotopy groups
of EZGQ“ A A;. We note that in [BEM17], Batacharya, Egger, Mahowald also dis-
cuss the Eo-term of the ASS for tmf A Ajp; our method is, however, different
(compare to [BEM17]). Next, we summarise the contents of the paper.

In Section 1 and Section 2, we discuss some background and tools used in our
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computation. We recollect on Lubin-Tate theories and topological modular forms;
in particular, we sketch a proof of the relationship between topological modular
forms and homotopy fixed point spectrum EgGM. We give a generalisation of the
Davis-Mahowald spectral sequence, which is an important tool to analyse the co-
homology of various Hopf algebras. In Section 3, we discuss the Davis-Mahowald
spectral sequence for A; and obtain the E,-term of the Adams spectral sequence
for tmf A A;. In Section 4, we study some differentials in the later and then
extract some suitable information about 7, (tmf A A;). In Section 5, we finally
study the homotopy fixed point spectral sequence for EgGQ‘* A Ai. We emphasise
that there are two different outcomes for the E.,-term of the homotopy fixed point
spectral sequence, depending on the version of A;, see Theorem 5.3.19 and 5.3.20.

Convention and Notation. Unless otherwise stated, all spectra are localised at
the prime 2. H*(X') and H, (X) denote the mod-2 cohomology and homology of
the spectrum X, respectively. Given a Hopf algebra A over a field k and M a A-
comodule, we will often abbreviate Ext’ (k, M) by Ext’ (M). In general, we will
write C for the cofiber of amap f : X — Y, except that we will write 1/(0) for
the Moore spectrum which is the cofiber of the multiplication by 2 on the sphere.

Acknowlegements. [ would like to thank my PhD advisor, Hans-Werner Henn,
for suggesting this project and for guiding me through many stages of it and for
carefully reading earlier drafts of this paper. Special thanks go to Irina Bobkova
for many fruitful exchanges, to Agnes Beaudry and Paul Goerss for their interest
in this work and helpful conversations, to Lennart Meier for answering many of
my questions about topological modular forms and for suggesting I include the
proof of Theorem 1.2.3. I would also like to thank John Rognes for making avail-
able his course notes on "Adams spectral sequence"”, from which I learned many
details about the Davis-Mahowald spectral sequence.

1 Recollection on chromatic homotopy theory

1.1 Lubin-Tate theories

We recall some generalities on the deformation theory of formal group laws
and Goerss-Hopkins-Miller theory. Let FGL be the category whose objects are
pairs (k, I") where k is a perfect field of characteristic p and I is a formal group law
over k and morphisms between (k,I") and (k',I"") are pairs (i, ¢) where i : k' — k
is a homomorphism of fields and ¢ : I’ ST isa morphism of formal group
laws.



Let (k,I') € FGL with ' of height n. A deformation of (k,I') to a complete
local ring R with maximal ideal m is a pair (F), ) where F' is a formal group law
over R and ¢ : k — R/m is a map of fields such that p*F = *T" with p the
canonical projection R — R/m. A x-isomorphism ¢ between two deformations
to R is an isomorphism between the underlying formal group laws which reduces
to the identity over R/m, i.e, ¢ = x mod (m). This defines a functor from the
category of complete local rings Ring,.; to small groupoids Groupoid

Defr : Ring,; — Groupoid

which associates to every complete local ring R the category of deformations of
(k,T") over R and x-isomorphisms between them. By Lubin-Tate deformation
theory, Defr is co-representable, see [LT66]. That is, there exists a complete
local ring E, i, non-canonically isomorphic to W (k)[[uy, us, ..., u,—1]], such that

Defp(R) = Homgping, , (Er.r, R).

Here W(k) denotes the ring of Witt vectors on k. Over Ej r lives a universal
deformation I of I". Consider the graded ring Ey.r[u®!] where |u;| = 0 for 1 <
i <n—1and |u| = —2. Let MU be the cobordism spectrum. A famous theorem
of Quillen asserts that the coefficient rings MU, of MU supports the universal
group law. Thus, the formal group law u~'T'(ux, uy) is classified by a map of
graded rings MU, — FEj r[u*!]. Define a functor from the category of pointed
spaces to that of graded abelian groups:

X = MU(X) @pv. Epr[u™).

The formal group uil/f(ux, uy) satisfies the Landweber exact functor criterion,
see [Rez98]. By the Landweber exact functor theorem, the above functor is a
homology functor. Thus, it is represented by a ring spectrum F(k, I') with

(E(k, 1)), = W(E)[[u1, v, ..., un_1]][u™="].

The latter is known as a n'”* Morava E-theory or Lubin-Tate theory.

Example 1. Let (k,T") = (Fy, G,,) where G,, is the multiplicative formal group
law, i.e, G, (z,y) = + y + xy. Then E(Fs, G,,) ~ KZ,, the 2-completed com-
plex K-theory and G(F2, G,,) = Z5, the unit of the 2-adic integers. Furthermore,
the action of G(IF2, G,,,) on E(Fy, G,, ). is determined by Adams operations.

The construction that associates to a formal group law (k, I') the Morava E-theory
E(k,T) defines a functor from FGL to Ho(Sp), the stable homotopy category.
Let us denote by G(k, I") the automorphism group of the pair (k,I"). We note that
G(k,T) is a profinite group, see [Goe08], Section 7.2. By functoriality, the group
G(k,T') acts on E(k,T"). This action is, however, defined only up to homotopy.
The Goerss-Hopkins-Miller obstruction theory lifts this action to structured ring
spectra.



Theorem 1.1.1. [GHO04] The spectrum E(k,T") has an essentially unique struc-
ture of E-ring. Furthermore, G(k,I") acts on E(k,T") via E-ring maps.

1.2 Topological modular forms

An astute choice of Morava E-theory or equivalently a choice of formal group
law of height 2 will make the calculation easier. Let C' be the supersingular elliptic
curve over F, given by the Weierstrass equation 42 + y = 2. Denote by Fi- the
formal completion of C' at the origin. The latter is a formal group law of height
2. We abbreviate E(Fy, Fo) by Ec and G(Fy4, Fo) by Go. Let S¢ denote the
automorphism group of F-. Let Gal denote the Galois group of IF4 over [F5. There
is a short exact sequence

1 =S¢ — Ge — Gal — 1.

The image of S¢ in G¢ corresponds to the automorphisms of (IFy, Fo) fixing .
Since F is defined over [y, Gal fixes F, the above short exact sequence splits,
i.e., Go = S¢ x Gal. The automorphism group of C' has order 24 and these are
all defined over 4, more precisely,

AUt(C) = Autp4(0) = SLQ(Z/?)) = Qg X Cg = G24,

where ()g is the quaternion group and C3 = (w) is a cyclic group of order 3, see
[Sil09]. The group Qs has a representation (i, j|i* = 1,4> = j2 iji~' = j~!). The
latter has 8 elements {1,1, j, k, —1, —i, —j, —k} where —1 denotes i* = j? = k%
The group Cj acts on (g by permuting ¢, j and k := 1j

wiw? = j, wjw?=k.

The elements w and i correspond to the automorphisms w(z,y) = (£, £%y) and
i(r,y) = (x + 1,y + o + £2), respectively.

Since C' is already defined over Fy, Gal acts on Aut(C). Denote by Gyg the
semi-direct product G54 x Gal. Moreover, the automorphism group Aut(C') of C
maps injectively to S¢, and G4g maps injectively to G¢o. We view Go4 and Gyg as
subgroups of S¢ and G, respectively.

The reasons for choosing the formal group law of the supersingular elliptic curve
C are two-fold. First, the geometric origin of G4 allows one to have an explicit
description of its action on 7. (E¢), see [Beal7] for more details and further ref-
erences. Thus, it allows us to adequately compute the E,-term of various homo-
topy fixed point spectral sequences. Second, this choice of the Morava F-theory
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enables us to compare the associated homotopy fixed point spectrum with the
spectrum of topological modular forms, hence providing us with more tools to
understand the formers.

Next, we recall the construction of the spectrum of topological modular forms
and show its closed relationship with the homotopy fixed point spectrum EgGM,
Let M, M(3) be the moduli stack of elliptic curves and elliptic curves with a full
level 3 structure over Zy), respectively. As functors of points on Z)-algebras,
the former are described as follows. If 1 is a Z3)-algebra, then

- M(spec(R)) is the groupoid of elliptic curves over spec(R) and isomor-
phisms between them.

- M(3)(spec(R)) is the groupoid of pairs (E, ¢) consisting of an elliptic curve
E with an isomorphism of group schemes ¢ : Z/3 x Z/3 — E|[3] over spec(R),
where E/[3] is the subscheme of 3-torsion points of £ and isomorphisms between
them.

Theorem 1.2.1 (Goerss-Hopkins-Miller, see [DFHH14]). There is an E.-ring
spectra-valued sheaf O'°P on the affine étale site Af [ of M such that
1. The sheafification of moO™P is the structure sheaf of M.
2. If E : spec(R) — M is an étale morphism, then O (spec(R)) is a
spectrum associated to the formal completion of E at its origin via the
Landweber exact functor theorem.

Remark 1.2.2. The spectra constructed by point 2. of the previous theorem are
called elliptic spectra. They are even periodic spectra [ whose formal group
law on 7o(R) is the completion of an elliptic curve. These are E(2)-local, see
[DFHH14], Chapter 6, Lemma 4.2.

Let G := G Ly(7Z/3) denote the automorphism group of the constant group scheme
Z/3 x Z./3 over Z. Then G acts on M(3) by precomposition with the level
structure. The obvious forgetful functor gives rise to a finite étale morphism of
stacks (because 3 is invertible in Z3)):

M(3) = M. (3)
Thus, one can evaluate O™? at M and M (3). Define

TMF = 0" (M) := holim O"?(U),

UeAffs,

TMF(3) = O"(M(3)) := holim O"P(U).
UeAffj&(S)
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The morphism of (3) is a Galois cover with Galois group G, or a G-torsor.As a
consequence of the fact that O'? satisfies descent, one obtains that

TMF ~TMF(3)"C. (4)

It is known that M(3) is affine over the ring Z)[(] where ( is a primitive third
root of unity, see [DR73], also [Sto14]. Furthermore, up to isomorphism, there
is a unique supersingular elliptic curve with a full level structure over 4. This
follows from the fact that there is a unique supersingular elliptic curve over 4 (up
to isomorphism) and that the automorphism group of the supersingular elliptic
curve C has order 48, which is equal to that of (G, the automorphism group of
Z/3 x Z/3. In other words, the fiber of the morphism M (3) — M over the
supersingular locus of M is isomorphic to spec(FFy4), i.e., the following square is
a pullback of stacks

spec(IFy) M(3)
| |
spec(Fy)//Gus M

where the bottom is given by specifying a supersingular elliptic curve, for example
C. Therefore, by the construction of O'P, Ly 2)O"(M(3)) is the Lubin-Tate
theory associated to the paire (IFy, Fo), see [DFHH14], Chapter 12. This means
that there is a homotopy equivalence

Li@TMF(3) = Ec. (5)

Note that GG can be identified with Aut(C') = Gs, such that the equivalence (5) is
equivariant with respect to the action of GG on the source and of (G5 on the target,
as follows. Suppose the the map spec(F,) — M(3) specifies the elliptic curve

C and a 3 level structure Z/3*? L, C. Then for any g € G, there is a unique
®(g) € G4g making the following diagram commute

7,3 L

HT ]qﬁ(y)

733 L ¢
Theorem 1.2.3. There is a homotopy equivalence

L@ TMF ~ E}5, (6)
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Proof. Since an elliptic spectrum is E£(2)-local, TM F'(3) is E(2)-local, being a
homotopy limit of F(2)-local spectra. Using the equivalence (4) and the fact that
K (2)-localisation commutes with homotopy limit in the category of E(2)-local
spectra, we obtain that

L@ TMF = Ly (TMF(3)") & (Ly@TMF(3))"¢ = E2®.
]

A connective model of 7'M F. In [DFHH14] a connective ring spectrum tm f
was constructed together with a map of ring spectra tmf — T M F'. There is an
element A® € mgotmf such that the latter map extends to a homotopy equiva-
lence

[(A®) tmf ~ TMF, (7)

see [DFHH14]. The (co)homology of tm f, as a module over the Steenrod algebra
A (c.f Section 2 for a recollection on the Steenrod algebra), was known earlier by
Hopkins and Mahowald but its proof remained unpublished until [Mat16]:

Theorem 1.2.4. There is an isomorphism of modules over the Steenrod algebra:
H(tm [) = A//A(2),

where A(2) is the subalgebra of A generated by Sq*,Sq?, Sq*. Equivalently,
there is an isomorphism of comodules over the dual A, of Steenrod algebra

H* (tmf) = A*DA(Q)*F%

where A(2). is the dual of A(2).

2 The Davis-Mahowald spectral sequence

We introduce a generalisation of the Davis-Mahowald spectral sequence, which
is an useful tool for analysing Ext-groups over various Hopf algebras. Initially,
this spectral sequence was used by Davis and Mahowald in [DM82] to compute
Ext-groups over the subalgebra .A(2) of the Steenrod algebra.

2.1 Construction of the Davis-Mahowald spectral sequence

Let k be a field of characteristic 2. We will later specialise to the case k = 5,
the field of two elements. Let (A, A, u,€,m,x) be a commutative Hopf algebra
over k with A, u, €, m, x being coproduct, product, counit, unit, the conjugation,
respectively.
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Definition 2.1.1. Let E be the graded exterior algebra on a finite dimensional k-
vector space V' with all elements of V' having degree 1. An A-comodule algebra
structure on £ is called almost graded if the natural embedding k &V — E'is a
map of A-comodules.

This definition is motivated by the following examples which are of main interest
in this paper. Recall that the Steenrod algebra 4 is generated by the Steenrod
squares Sq' for i > 0, subject to the Adem relations

Sasb_i b—i—1 Sa-i—b—isi
=2 ag )5 q

for all a,b > 0 and a < 2b. Let A, denote the dual of the Steenrod algebra.
In [Mil58], Milnor determines the Hopf algebra structure of A,. As a graded
algebra, A, = Fy[&;|i > 1] where &; is in degree |;| = 2° — 1. The coproduct is
given by the formula

k
k—1i
AG) =) 8 @&,
i=0
where £, = 1. Let us denote by (; the conjugate of &;. Then we have

AG) =Y e (8)

i+j=k

An Hopf ideal of a Hopf algebra A is an ideal [ suchthat A(1) CIT®@ A+ AR 1.
If I is a Hopf ideal of A, then A/I inherits a structure of Hopf algebra from A
such that the natural projection A — A/I is a map of Hopf algebras.

Example 2. Let A(n). be the quotient of A, by the Hopf ideal I,, generated by

antl -on 2
(¢ .G Chrs Caga, o). As an algebra,

A(n)* = FQ[CM C27 sy Cn-l—l]/( 12"+1’ 22”’ PN C721+1)-

It is dual to the subalgebra A(n) = (Sq', Sq¢?, ..., S¢*") of the Steenrod algebra
A. The canonical projection 7 : A(n), — A(n — 1), induced by the inclusion
I, C I, of Hopf ideals is a map of Hopf algebras, hence induces on A(n), a
structure of right A(n — 1),-comodule algebra:

(id @ m)A: A(n)y = A(n). ® A(n), = A(n). ® A(n — 1),.

An easy computation shows that the group of primitives A(n).0 40,1y, F2 of this
coaction is given by

2n—1

A(n)*DA(n—l)*FQ = E( 12”7 2 y ey CnJrl)

13



which is abstractly isomorphic to E,, = FE(z1,...,T,41) Where z; stands for
Cf”Jrl_i. Here and elsewhere in this paper, F(X) denotes the exterior algebra on
the k-vector space spanned by the set X. We see that the algebra F/(z1, xa, ..., Ty 41)
inherits a left A(n),-comodule algebra structure from .A(n),, namely,

k

Alrg) =Y " " @apy, 1<k<n+1
=0

where o = 1 by convention. This means that F,, is an almost graded A(n).,-
comodule.

Example 3. Let B(n). be the quotient of A, by the Hopf ideal .J,, generated by
(C¢F, ¢35, ¢, By, Casas -on), SO that

n n n—1
B(n)* :FQ[C17C2,---7<11+1]/( 1 22 ) ?? 7"'7<721+1>'

Similarly to Example 2, the projection B(n), — A(n — 1), induced by the inclu-

sion of Hopf ideals J,, C I,,_; defines a structure of right A(n — 1).-comodule

algebra on B(n),. A calculation shows that

2n—1 2n—2

B(n)..Oam-1.F2=E(G ¢ s Gasn)s
which is abstractly isomorphic to F,, := F(xs, ..., z,+1). The notation is chosen

to be coherent with that of Example 2. We see that F}, inherits a structure of left
B(n).- comodule algebra from that of B(n)., namely,

k
Alar) = Z M @a, 2<k<n+1
i=0,i#1

where zo = 1. Thus, F,, is a almost graded B(n),-comodule.

Let E be an almost graded A-comodule exterior algebra on a finite dimensional
k-vector space V. We will construct an A-comodule polynomial algebra, called
the Koszul dual of E as follows. Let P be the graded polynomial algebra of V'
with all elements of V" having degree 1. Let us denote by £; and F; the subspace
of elements of homogeneous degree ¢ for ¢« > 0 of E and P, respectively. Let us

J=
also denote by E; the the direct sum &P E;. Notice that P sits in a short exact
i=0
sequence: ’
0=k—=kaE 5P -0 9)

The embedding k — k@ Fj is clearly a map of left A-comodules. Thus P, admits
a (unique) structure of left A-comodule such thatp : k£ & F; — P, is a map of
A-comodules.

14



Lemma 2.1.2. If PP" is equipped with the usual structure of A-comodule of a
tensor product, then P, admits a unique structure of A-comodule making the mul-
tiplication P®™ — P, a map of A-comodules.

Proof. This map is surjective and its kernel is spanned by elements of the form
Y1 D . @ Yn — Y1) @ ... @ Yo(n), Where o is a permutation of the set {1,2,...,n}.
Then, since A is commutative, we see that the kernel is stable under the coaction
of A. The lemma follows. ]

This lemma shows that P = € P, admits a left A-comodule algebra structure.
i>0

Now, let us define a cochain complex, called the Koszul complex,
(E® P,d) (10)

with

) (FEQP) 1=k

i) (E® P)y=E® Py, form >0

iii) d: k= (E® P)_; - E = (E ® P), being the unit of £

iv) d(]] =5, ® 2) = > [ #5; ® p(wy,)2 where z;, € Ey, z € Py, and p is the

j=1 t=1j#t
projection of (9).

Remark 2.1.3. In other words, d : E<,, ® P,, - FE<, 1 ® P, is the unique
homomorphism making the following diagram commute

(X Id®"=Dgp)oo)@ld

E2} @ Pey, . EZ" Ve P o P, (11)
lu@ﬂd l;@u
Eﬁn X Pm d Eﬁn—l ® Pm—l—la

where in the upper horizontal map, the sum is taken over all cyclic permutations
on n factors of F; in the tensor product Efi’" and p is the restriction on £ of the
map of (9).

Proposition 2.1.4. The complex (E ® P, d) is an exact sequence of A-comodules.
Furthermore, (E ® P, d) has a structure of differential graded algebra induced
from the algebra structure of E and P.

Proof. Let x4, ..., x, be a basis of Ej. As a cochain complex over k, (F ® P, d)
is isomorphic to the tensor product of (E(x;) ® kly;],d;) where y; = p(x;) for
1 < i < n. Here, each (E(x;) ® k[y],d;) is defined in the same manner as
(E ® P,d) is. It is not hard to see that the cochain complex (E(z;) ® k[y;], d;) is
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exact. Hence, (F ® P, d) is exact by the Kiinneth theorem. This proves the first
part.

Let us check that d is a map of A-comodules. In the diagram (11), the two vertical
maps are ones of A-comodules because F/ and P are A-comodule algebras. In
addition, they are surjective. It remains to check that the upper horizontal map is a

. 1d2 (=D @p)oc _
map of A-comodules. Or equivalently, each map ng % E? f" 2 QP
is a map of A-comodules where ¢ is a cyclic permutation on n elements. This is

true because o is a map of A-comodules as A is commutative and p is a map of
A-comodules by definition. The second part follows.

Finally, it is straightforward from the formula of d in (10.iv) that d satisfies the
Leibniz rule. O

This lemma allows us to construct a spectral sequence of algebras converging to
Ext% (k) see ((Rav86], Theorem A1.3.2).

Proposition 2.1.5. (1) There is a spectral sequence of algebras converging to
Ext’ (k) :
E}' = Ext(k, E ® P,) == BExt5"(k, k) . (12)

(2)If M is a A-comodule, then there is a spectral sequence converging to Ext’ (M)
E) = BExt’y(k, E® P, ® M) == Ext’"(k, M).

Furthermore, this spectral sequence is a spectral sequence of modules over that

of (12).

Terminology. We will call these spectral sequences the Davis-Mahowald spectral
sequences or DMSS for short, associated to the almost graded A-module algebra
E. The first grading s of the E,,-term is referred to as the cohomological grading
or degree and the second grading ¢ is referred to as the Davis-Mahowald grading
or degree (or DM grading or degree for short).

In view of carrying out explicit computations of products in Ext’ (k) and the ac-
tion of Ext’ (k) on Ext’ (M), we recall a double complex from which the above
spectral sequence is derived.

For each ¢t > 0, let (C*(A, E ® P;),d,)s>0 be the cobar complex whose coho-
mology is Ext’y (F' ® P,), i.e.,

C*(ALEQP)=A*QFE®DP,
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andd, : A®* @ E® P, — A®**1 @ F ® P, is given by

dy(01®..0a,8m) = 180 ®..Qa,@m+ Y _ a1®...00;_1 OA(a;)®...Ra,m
=1

+a1®...Qas @ A(m),

where q; € Aforl <i<sandm € EQ P,. We will abbreviate a; ® ...  a;, @m
by [a1]...|as|m]. By an abuse of notation, we will denote by d, the differentials
in the cobar complexes associated to £ ® P, for different t. The fact that d :
E®P, — E®P,, is amap of A-comodules implies that the maps d;, = [d®*®d :
C*(A,E® P,) — C*(A, E® P, 1) assemble to give a map of cochain complexes
dp : (C*(A,E ® P,),dy)ss0 = (C*(A,E ® Piy1),d,)s>0- Finally, it is easily
seen that the maps of cochain complexes assemble to form a double complex
(CS(A, EF® Pt)7 dva dh)s,tZO

I b EopP—" _EoP— " L Eop "
dy do dy o
AQE—" Ao EoP —" - A9 Eg P,—2 A@E@Pf”—»..
dy do dy dy
®2 dh ®2 dh ®2 dh ®2 pih
A2 QF —2 A2 QFQ P, —> A2 FEQ P,—= A®2Q F® P}"—s ...
dy do dy o

We can see that the spectral sequence associated to the horizontal filtration has E; -
term isomorphic to (A* ® k, d, ) s> which identifies with the cobar complex of the
trivial A-comodule k. Thus this spectral sequence degenerates at the Eo-term and
the E., = E,-term identifies with Ext’ (k). Since there are no possible extension
problems, the cohomology of the total complex is isomorphic to Ext’ (k). Now,
the spectral sequence associated to the vertical filtration has E;-term isomorphic to

Ext’ (F ® P;). This spectral sequence is exactly the one appearing in Proposition
2.1.5.

Remark 2.1.6. The differential d; : Ext)(F ® P,) — Ext%(E ® P,i) is the
restriction of the derivation d in (10) on the A-primitives of £ ® P,.

2.2 Naturality of the Davis-Mahowald spectral sequence

We notice that the above construction is natural in pairs (A, E') where A is a
commutative Hopf algebra and F is an almost graded left A-comodule exterior al-
gebra. This allows us to compare Davis-Mahowald spectral sequences associated
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to different pairs (A, ). We will make use of this property to reduce computa-
tions in a crucial way. Let us first define morphisms between such pairs.

Definition 2.2.1. Let (A, F) and (B, F') be such that A and B are commutative
Hopf algebras, F and F' are almost graded exterior comodule algebras over A and
B, respectively. A morphism between (A, E') and (B, F’) consists of f; : A — B
and fo : E — F where f; is a map of Hopf algebras and f; is a map of B-
comodule graded algebras with the B-comodule structure on £ being induced
from f;.

Remark 2.2.2. The map f, : E — F is determined by a map of B-comodules
ke By — ko F.

Proposition 2.2.3. A morphism between (A, E) and (B, F') induces a map be-
tween the associated Davis-Mahowald spectral sequences.

Proof. Let P and () be the Koszul dual of £ and F', respectively. The map of
B-comodule algebras f, : ' — F induces a map of graded B-comodule algebras
P — @ such that the following diagram is commutative

k?@Elp—>P1

=

k’@Flp—>Q1

Then one can check that the induced map £ ® P — F' ® ( is a map of Koszul
complexes. Therefore one obtains a map of double complexes (A®* Q@ E ® P;) —
(B®* @ F ® @), hence a map of spectral sequences. O

Remark 2.2.4. Although we have only treated the ungraded situation so far, the
construction carries over verbatim to the graded one. More precisely, suppose that
A and F are graded algebras. We refer to this grading as the internal degree. We
require that the structural maps in the A-comodule structure of E to preserve the
internal degree. Then we see that the Koszul dual P of E is internally graded
and the Koszul complex is a graded cochain complex with respect to the internal
degree. It follows that the associated DMSS is tri-graded with the third grading
associated to the internal grading and the differentials preserve the internal degree.

We continue with Example 2 and 3.

Example 4. Recall that E, is an almost graded .A(n),.-comodule. Let R, denote
the Koszul dual of E,,. In particular, it follows from Proposition 2.1.5 that for any
graded left A(n).-comodule M, the DMSS converging to Extfi’(kn)*(FQ, M) has
E;-term isomorphic to

Bt 2 Ext, (B, ® R, @ M),
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where s is the cohomological grading, ¢ is the internal grading and o is the Davis-
Mahowald grading. The change-of-rings isomorphism tells us that

Svt Lo} ~J S,t Yol
Ext . (Bn @ By @ M) = Exty, o) (R; @ M),

see [Rav84], Appendix A1.3.13 for the change-of-rings isomorphism. This means
that the problem of computing Extff(n)* (—) can be reduced to two steps: first com-
puting Extff(nfl)* (—), then studying the corresponding Davis-Mahowald spectral
sequence. We will demonstrate the efficiency of this method by carrying out ex-
plicit computations in the case n = 2 and some relevant M.

Example 5. Recall that F), is an almost graded B(n).-comodule. Let S, denote
the Koszul dual of F,,. The DMSS is the spectral sequence of algebras

t t
Ei™ = Ext’;

By, (Fn ® S7) == Ext 7" (Fa) .

B(n)«

By the change-of-rings theorem, the E;-term is isomorphic to Extii’én_l)* (S9),
because F,, = B(n).0@—1).F2. Moreover, for any graded left B(n),-comodule
M, the DMSS for ExtSBJEZSt* (Fy) is a spectral sequence of modules over the above
spectral sequence

Ext®!

B(n)*(Fn ® ST M) = Extjin_l)*(Sg QM) — EXt?ZSt* (Fs) .

(

Comparison of DMSS. There is a morphism between (A(n),, E,,) and (B(n)., F,)
given by the two projections

A(n). = B(n)e; G = G

E,— F,;z1—0,x; — x; fori > 2.

This induces a map of spectral sequences

Extff(n)* (B, ® RS @ M) — Extgin)* (F, ® S ® M)
Ext’iry (M) Extiri’ (M).

As was mentioned earlier, this comparison allows us to transfer some computa-
tions in the former SS to the latter which are simpler because all modules involved
in the latter are smaller. This observation will be made concrete in Section 3.
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3 The Davis-Mahowald spectral sequence for the A(2),-
comodule A,

The goal of this section is to describe the structure of EXtZE)* (H.(A;)) as a mod-

ule over Exti‘[(kz)* (Fy) for different A(2).-comodules A; that will be recalled in
Subsection 3.2. To achieve a part of this goal, we will study the DMSS

Ext%)* (B, @8] ® A)) — Extf:[g)’i (H.(Ay))

as a spectral sequence of modules over the spectral sequence of algebras

Ext3(y), (B2 © 59) == Ext’y 3" (Fs).

We obtain then the structure of Ext;, (H.(A;)) as a graded abelian group and
a partial action of Exti(&)* (Fs) on it. However, there is an important action of
an element of Ext’;,, (F2) on some elements of Ext ;) (H.(A;)) that cannot be
seen at the E;-term of the DMSS. One way of understanding these exotic products
is to carry out computations at the level of double complexes: find representatives
of the cohomological classes in question in the double complexes from which the
DMSS is derived and carry out products at that level. It turns out that a brute-force
attack is messy. Instead, computations are simplified drastically by comparing the
DMSS associated to (A(2)., E») to that of (B(2)., F»):

Ext®!

). (Bn ® RS @ Ay) —=Exty, (F, ® 58 @ (1))

ﬂ ﬂ

Ext’yq). (F.(A1)) Ext}; 5 (H.(A))).

3.1 Recollections on the Davis-Mahowald spectral sequence for
the A(2).-comodule [,

To fix notation, we recollect some information relevant for our purposes. This ma-
terial was originally treated in [DM82] and reviewed in unpublished course notes
of Rognes [Rogl12]. As we will specialise to the case n = 2, we will simplify
the notation by writing R, R,, S, S, for Ry, R, S5, 5§ from Example 2 and 3, re-
spectively.

Recall that 12 is a homogenous graded polynomial algebra on three generators,
say Y1, Y2, ys and R, is its subspace of homogeneous elements of degree o for
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o > 0. Let us first explicitly give the coaction of A(2), on R = Fs[y1, yo, y3] with
ly1| = 4, |ya| = 6, |ys| = 7. From Example 4, we have
Aly1) =1®@y
Alys) =G @y + 1@y,
Alys) = Oy +§ @y +1®ys.
By the change-of-rings theorem, the E;-term of the DMSS for EXt:Z)(kQ)*(FQ) is
isomorphic to Extjil)*(@ R,). The coaction of A(1), on R; is induced from

o>0

that of .4(2). and hence is given by

Aly) =1®@np
Alys) =@y + 1@y,
Alys) =GO +6 @y + 1 ®ys.

In particular, yy,y3,ys are A(1).-primitives of R. Let R, denote the A(1).-
subcomodule {yivy3ys € R, |k < 3} of R,.

Lemma 3.1.1. As an A(1).-comodule, R, can be decomposed as

R,

12

@ R; @ Fo{yg '}
i=c(mod4),i<oc

Therefore,
R, = (D R,) © Fa[y3).
o>0

o>0

Proof. If one views Fo{y5 "} as a subvector space of R,_;, then the product of R
produces an isomorphism of vector spaces

D RoR{E >R,

i=c(mod4),i<c

Since yj3 is a A(1),.-primitive of R,, this map is also a map of A(1),-comodules.
The lemma follows.

]
Let us denote Ext;{*

(1). (R)) by G,, so that
Ext’yy). (R) = (€D Gr) @ Faluj],
o>0

where vj € Extg{?f‘)* (Ry) represented by y5 € R,. Determining the full multi-
plicative structure of Ext”;"

Ji(1). (R) is quite involved. Instead, we will work modulo
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(v3). This will suffice for us to obtain a set of algebra generators of Extjf(kl)* (R).

More precisely, since the product R, ® R. — R,., factorises through R, o @
(Royr—4 @ Fo{y3}), we obtain a map

GJ X GT — GO’+T D (GJ+T_4 X FQ{U;})
We will analyse the map G, ® G, — G, which is the composite
GO’ ® GT — GO’+T S (GU+T—4 ® FZ{vg}) — GO’+T

where the second map is the projection on the first factor.

In what follows, we compute G; for ¢« > 0 as modules over GG,. For this, we
decompose R, into smaller pieces, compute the Ext groups over A(1), of these
pieces, then determine (&; via long exact sequences. Next, we study the pairings

Gy @Gy — Gy

which allows us to determine a set of algebra generators of the E;-term. Finally,
we compute d;-differentials on this set of algebra generators. We do not intend

*

to describe completely the Eth(Q)* (F5) but only a subalgebra in which we are
interested.

Since y; is primitive, multiplication by y; induces injections of .4(1).-comodules
YR - R .,

Lemma 3.1.2. There are short exact sequences of A(1).-comodules
(a)
0 — H.(XPC,) = Ry = Y°(A(1),0 .40, F2) — 0
where ) : St — S is the Hopf map and the map H.(X'2C,)) — R, sends
the generators of Hi2(32C,)) and H14(X'2C)) to y3 and y3, respectively.
(b)
0— Y'R, — R, = 2%V - 0
where V3 = H,(S° U e! U, €?).
Proof. For part (a), the map ¥'?H,(C,) — R, described in the statement of
the Lemma 3.1.2 is a map of A(1),-comodules. Its quotient is isomorphic to
Fo{y?, y192, Y1Y3, Yoy3 } with the A(1),-comodule structure given by

Alyays) = 1@ yays + & @ y1ys + & @ Y1y + (T Qi

(y1y3) = 1@ yiys + & @ yiye + L R Y3
(n1y2) = 1@y + & @yp
Aly}) =1@ ;.

A
A
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We can check that this module is isomorphic to ¥*(A(1),0 ). F2) as A(1).-
comodules.

For part (b), the quotient of R, by $4R| is isomorphic to Fo{yZ, yoys, 2} with
A(1),-comodule structure given by

Aly3) =105
Ayays) =& @ ys + 1@ yays
Aly3) =@y +1@y5.

One can check that this quotient is isomorphic to 312V, O

Lemma 3.1.3. Forevery o > 3, there is a short exact sequence of A(1).-comodules
0—=S'R_, 2 R — 2%V, =0

where Vy is H.(V (0) A C,).

Remark 3.1.4. The spectrum V' (0) A C,, is homotopy equivalent to Y, introduced
in the Introduction (c.f Section 3.2 for a presentation of H*(Y").)

Proof. The quotient of R, by ¥* R’ isisomorphic to Fo{yg,v5 ‘s, y5 2y2,y5 *y3}
with A(1),-comodule structure given by

Aly;) =1®y;
2

)

(W5 'ys) =6 @ys + 1@y 'y
)
)

Aly
Alys 2y3) = @ys +1®y5 Y3
Alysys) =6 @y +E@ys s+ & @us Y5+ 1Yy
It can be easily seen that this quotient is isomorphic to X7 V/,. L

Next we describe the Ext groups of some .A(1).-comodules as basic steps towards
computing GG,,. These calculations are elementary and classical.

Proposition 3.1.5. There are classes hy € Ext!, h; € Extb? v € Ext®7,
vt € Ext®'2 such that there is an isomorphism of algebras

Gy = Extjt(l)*(Fz) >~ Fylho, by, v, vi]/ (B3, hohy, hiv, v? — h3v}).

See for example ([Rav86], Theorem 3.1.25).

Lemma 3.1.6. As a module over Extii'él)* (Fy),
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Figure 1 — Ext’;)) (F2,F>) in therange 0 <t — 5 < 8.

(1) Exti&l)*(H*(V(O))) is generated by h® € Ext®®, h' € Ext"® with the
following relations hoh® = vh°? = vh! =0 and h%.ho = hoht.

(2) Extiit(l)*(H*(Cn)) is generated by {h' € Ext"¥| 0 < i < 3} with hih' =
0, vh® = hoh?, vh! = hoh®.

(3) Ext‘;it(l)*(H*(SO Ug el U, €2)) is generated by h° € Ext®®, h! € Ext'?,
a' € BExt'?, h? € Ext*®, h? € Ext® with hoh® = hh° = hih! =
hoa' = va' = hih? = vh? = hih® = vh3® = 0 and hoh?® = h3al.

(4) Extjt(l)*(H*(Y)) is generated by {h'| 0 < i < 3} with hoh' = hhh' =
vh' = 0.

See [Rav86], Theorem 3.1.27 for (1) and (4). The calculations for (2) and (3) are
also elementary, so that we omit the detail.

Remark 3.1.7. We use the same notation h' for i = 0, 1,2, 3 to denote certain
generators of the above groups. This abuse of notation is justified by the fact that
these generators have close relationships which are described in the next lemma.
The context will clarify the use of the notation.

Consider cell inclusions V(0) — Y and S° Uy e! U, €2 — Y. The induced
homomorphisms in Ext over .A(1), are described as follows.

Lemma 3.1.8. (i)The homomorphism Ext 7y, (H.(V(0))) — Exty, (H.(Y))

sends the classes h° and h' to the non-trivial classes of the same name.

(ii) The homomorphism Ext’j(;, (H.(S° Uz e! Uy €*)) — Ext’y, (H.(Y)) sends

the classes h°, h', h?, h3 to the non-trivial classes of the same name.

Proof. For part (i), consider the short exact sequence of .4 (1),-comodules

0 — H,(V(0)) = H,(Y) — H.(2*V(0)) = 0
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Figure 2 — Ext®’

A1) (H.(V(0))) in the
range 0 <t —s < 4.

Figure 3 — Extilt(l) (H.(C,)) in the
range 0 <t — s < 6.

4 4
3 h3 3 -h3
2 hl2 2 .h2
1 h{ 1 1 -hl
0 50 0 | -n°
0123456 0123456
Figure 4 — ExtA(1 (Ha(S° Uy €' U, Figure 5 — Extiit(l)*(H*(Y)) in the
e?)) in the range 0 < t — s < 6. range 0 <t — s <6.

For degree reasons, the classes h° and h' of Extl’(‘l) (H.(V(0))) do not belong to
the image of the connecting homomorphism

Ext’yi (Ha(Z2V(0))) = Ext’yy) (HL(V(0))).

Therefore, they are sent to nontrivial classes of the same name in Ext’,/ Ay, He(Y)).
For part (i), consider the short exact sequence of .A(1),-comodules

0— H.(S°Uye' U, e?) = Ho(Y) = X°Fy — 0
and the resulting long exact sequence

Extj;(})vi(H*(z?)FQ)) = Ext’y), (Ho (8% Uy e! Uy %)) = Exty,) (Ha(Y)).

For degree reasons, the classes k%, h?, h? of Exti&l (H.(S° Uy €' U, €?)) are not

in the image of the connecting homomorphism, and thus are sent to h°, h2, h?
in Ext’;7 (1), (H<(Y), respectively. Next, for degree reasons, the classes hoh' and

hia' are sent to 0 € ExtA(l) (H.(Y")). The only way for this to happen is that
the connecting homomorphism sends 331 € Ext?éi‘?l)* (Fy, H,(X3F)) to the sum

h' + a'. It follows that h! is not in the image of the connecting homomorphism,

and therefore is sent to h' € EXt}ai%)* (H.(Y)) O
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Lemma 3.1.9. H.(Y) has a structure of an A(1).-comodule algebra. The result-

*

ing structure on Extz(l)* (H.(Y)) is that of a polynomial algebra.

Proof. It is not hard to see that H, (Y") is isomorphic to A(1),0pg ), Fy as A(1).-
comodules, where F/(1), is the Hopf quotient of .A(1), by the Hopf ideal ((3), i.e.,
E(1), 2 Fy[(s]/(¢2). In particular, H,(Y) has the structure of a A(1),-comodule

*

algebra. As a consequence, Extz(l)*(H*(Y)) is an algebra and is furthermore
isomorphic to Extg?l)* (F5) by the change-of-rings isomorphism. It is well-known
that the latter is a polynomial algebra on one variable. L
We now compute G, := Eth?l)* (R;) We denote by «;; , the non-trivial class

of Extiiif)i (R.) whenever there is a unique such one.

Proposition 3.1.10. As a module over Gy, G = Extza)* (R)) is generated by

Qapa1 € Ext?i?l)*(R/l) and o181 € Extii?l)*(R/l) with the relations hycg 41 = 0

and vog 4 = h%a17871.

Proof. Consider the short exact sequence of A(1),-comodules
0 — ¥'Fy — R, — X°H,(V(0)) — 0.

The connecting homomorphism

s,t— s+1,t—4
0: EXtAtl)i (V(0)) — ExtAJH)i (Fy)
of the resulting long exact sequence sends k" to h; and k' to 0. The latter follows
from degree reasons and the former from the following map of short exact se-
quences of A(1),-comodules and the naturality of the connecting homomorphism

0 —= S4F, R, SOH, (V(0)) —=0
0 — Y4F, — H,(3'C,) SF, 0.

It follows that G, is v{-periodic on the following generators (Figure 6)

What remains to be established is the multiplication by hy on the generator of
bidegree (s,t—s) = (2, 8). This is done by a similar consideration of the connect-
ing homomorphism associated to the short exact sequence of .4(1).-comodules

0—X'C, » R, — X"Fy — 0.
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S = N Wk Ot

45678910

Figure 6 — Gy - The red part is the contribution of Ext’; ), (X%Fy) and the black
part from Ext’;,) (X°H.(V(0))).

Proposition 3.1.11. As a module over Go, Ext’j ) (R,) = G is generated by
Qg r2 € Ext® ™ where (s,t) € {(0,8), (0,12), (1, 14), (2, 16), (3, 18) } with
hiasiz = 0,00082 = hgao,lzg

Vo 12,2 = hoa2,16,2, VO 14,2 = hoa3,18,2-

Proof. The short exact sequence in part (a) of Lemma 3.1.2 gives rise to the long
exact sequence

— Ext’;) 2 (H*(Cy)) — Ext’yy) (Ry) — Extiior (Fa) — Ext’; ™ *(HY(Cy)) =

Combining that Extiit(o)* (Fy) = Fa[ho| and the description of Extiit(l)* (H*(Cy)),
we see that the connecting homomorphism is trivial for degree reasons.

S = N Wk Ot

8 9101112131415161718
Figure 7 — GG, - The red part is the contribution of Extff(o)* (Fy,Fy) and the black
one of Extjt(l)* (H.(Cy))

What remains is to establish the v{-multiplication on the class agg o of bidegree
(0, 8). Consider the long exact sequence associated to the short exact sequence in

27



part (b) of Lemma 3.1.2

Exti ! (21215) & Ext?!

A1) A, (B1Ry) = Exti (Ry). (13)

One can check that the class Y*aq 4, € Ext®/ (D). (X*R)) is not in the image of 0,
and so is sent to g o € ExtA(l)* (R,). For degree reasons, we see that vi ¥4 4 1

is not in the image of 9, thus v{ag g  is nontrivial in Gy. This completes the proof.
O

—

S = N Wk Ot

8§ 9101112131415161718

Figure 8 — (G5 -The red part is the contribution of (G; and the black one of
Ext’i), (V3).

Remark 3.1.12. We can make a complete calculation of the connecting homomor-
phism of (13), which results to the chart Figure-8.

Lemma 3.1.13. As a module over G, EXtZ?l)* (R;}) = G is generated by o 3
of Ext®*™ where (s,t) € {(0,12),(0,16), (0,18), (1,20), (2,22), (3,24)} with
hiases = 0, vagiaz = théo,lb‘,s, VQp,16,3 = hg&l,zo,s, vag183 = hotz223,
vag 203 = hoas 24.3.

Proof. The short exact sequence in Lemma 3.1.3 gives the long exact sequence

— Ext’,) (Z'Ry) = Extyy, (Ry) = Ext’y, (3¥Vy) — Ext’ ) (Z'R,) —

A1)« A1)«

For degree reasons, the connecting homomorphism is trivial, hence we obtain the
additive structure of (G5 as in Figure 11. We need to establish the non-trivial h-
multiplication on the generators {a 15:253| s > 0}. Taking the v{-periodicity
into account, we reduce to show this property for the generators of

Qp,18,3, (¥1,20,3, (12,22 3, (X3 24 3.
For this, we can check that there are the following short exact sequences:

0 — X¥H,(C,) — Ry — R3/S®H.(C,) — 0
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o

S = N Wk Ot

1213141516 1718192021 2223 24

Figure 9 — (G5 - The red part is the contribution of GG and the black one of
Extjt(l)*(%)

and
0 — X'Ry — R3/YPHL(C,) — SPHL(C,) — 0

where, as a sub A(1),-comodule of R3, X'*H.,.(C,) is equal to Fo{y1y3+y3, y2y3 }
and the map $* R, — R3/%13C, is the composite B4Ry —25% Ry — Ry/S'SH,(C,).
As a consequence, Ext;?l)* (R3/X™H,(C,)) sits in a long exact sequence

Ext’ ! (RH,(C,) 2 Ext’l, (3 Ry) — Ext’yl,) (Rs/S*H.(C)) — .

1

(1)«
Since 0 is Gy-linear, one only needs to compute 0 on the two generators of
Ext?‘&f)* (ZlgH*'((?n)) and Exti{fll)*(IFQ, SYHL(C)). Direct computatior'ls show
that O act non-trivially on these classes. It follows that 0 is a monomorphism and

SO Extj'zl)* (Rs/X'®H,(C,)) is v1-free on the generators depicted in Figure 10.

S = N Wk Ot

1213141516 1718192021 2223 24

Figure 10 — Ext’y,) (Rs/S'*H.(C,)).

It follows immediately from the exact sequence

0 — X¥H,(C,) — Ry — R3/S®H.(C,) — 0
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S = N Wk Ot

1213141516 1718192021 2223 24

Figure 11 — G5 -The red part is the contribution of Ext‘;'zl)* (Rs/X'®H.(C,)) and

the black one of Extj'zl)* (S¥HL(Cy)).

that Extjr(‘l)* (R3) is as depicted in Figure 11. In particular, missing hg-extensions
are established.
O

Theorem 3.1.14. As a module over G, we have
(a) Foreveryo > 2, Ext, (R)) = G, is generated by o, 5 € Ext;ﬁr)i (R))
where (s,t) € {(0,40),(0,2j +40)|2 < j < 0, (j,60 + 2j)|1 < j < 3}
with h1a87t7(, =0.
(b) For all pairs of triples (s1,11,01) and (s, ta, 09) with oy > 1 and 09 > 1
except for (2,9,1) and (3,10, 1), we have that

sy 1,01 Xsoto,00 = Xsytsa,ti+te,01+02-

S = N Wk Ot

4o do+4 40+6 6o

Figure 12 - G, for o > 2

Proof. (a) The statement for 0 = 2 is Lemma 3.1.11. Let us prove the claim for
o > 3 by induction. The base case is Lemma 3.1.13.
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Suppose the claim is true for some o > 3. The long exact sequence associated to
the short exact sequence in Lemma 3.1.3 reads

— Ext’iy) (R,y1) = Extf, (5%70V)) = Extif (5'R,) — .

Combining the additive structure of Extiit(l)* (XR)) and that

Ext t (2604-6‘/4) ~ 260+6F2[U1],

Z(l)*

we obtain the additive structure of GG, as described in the lemma because the
connecting homomorphism vanishes for degree reasons. To establish the non-
trivial ho-multiplication on the generators {c 25160160+1| S > 0}, we use the
following identities

(1) Goy1 2 4,106 25160 7 0V > 1
(1) Q1,810 254+60—6,0—1 = Ols41,25460+2,0 VO > 2
(iil) ,12,2005 254+60—6,0—1 = Qs 2646046041 VO = 3.

These identities are the content of part (b). For the sake of the presentation, we
postpone the proof to (b); this is legitimate because, as we will see, the proof of (b)
only uses the additive structure of G/ s. Let us show how these identities allow us
to conclude the proof of (a). Indeed, the classes s 25460—6,0—1 €Xist (non-trivial)
for all ¢ > 3 and s > 0. Therefore, we have that, for all ¢ > 3,

hoQis 2516046041 = RoQ0.12,.20s 25+60—6.0—1 (Multiplying both sides of (iii) by ko)
= 0,4,1001,8,105,254+60—6,0—1 (because of (i))
= 004,105+1,25+2+60,0 (Decause of (ii))
# 0 (because of (i)).

(b) For every o, 7 > 1, there is a commutative diagram of .A(1).-comodules

R:r ® R;’ g RU-i-T R:r+r
H, (2 X,) ® H, (27 X,) a H, (26167 X, )
H*(EGOY) ® H, (EGTY) H H, (260+GTy)

Let us explain the maps in this diagram. The spectrum X, is V' (0), S Us e' U, €?
orY if o = 1,2 or o0 > 2 respectively; and in each case the map R, — H.,(X,) is
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the projection appearing in the proof of Lemma 3.1.10, Lemma 3.1.2 or Lemma
3.1.3, respectively. The other vertical arrows are the inclusions of X, into Y.
The bottom horizontal arrow is the multiplication on H,.(Y"), described in Lemma
3.1.9, and the middle one is induced by the latter. The second upper arrow is the
projection on the factor R, +, of the decomposition in Lemma 3.1.1.

The induced homomorphisms in Ext over A(1), of all vertical arrows are stud-
ied in the proof of Lemmas 3.1.10, 3.1.11, 3.1.14 and Lemma 3.1.8, according
to which the classes o, ,, where o > 1 and (s,t,0) ¢ {(2,9,1),(3,10,1)}, are

sent non-trivially in a unique way to Extiit(l)* (H.(Y")), hence their products are
non-trivial by Lemma 3.1.9. This proves (b). O

Remark 3.1.15. Let us summarise what has been done so far. First, Lemma 3.1.1
implies that
Ext’yr,) (R) = (D Gi) @ Fa[u]

i>0

where v3 € Ext®**(F,, R,) represented by y3. Next, Theorem 3.1.14 describes
completely the products between G;’s modulo the ideal generated by (vi). It is
then straightforward to verify that Extii’(‘l)* (R) is generated by the classes of

4 4
ho, by, v, 07, 00 a1, 00,81, 0012,2, V1,142, 04318,2, (X0, 18,3, Vg - (14)
Let us describe the subalgebra of primitives.

Corollary 3.1.16. There is the following isomorphism of graded algebras

Ext5(y). (R) = Falao 1, @o12.2, V5, 0.183)/ (05 153 = O 10,2 + 05 4.103)-
Proof. The algebra Extg{(kl)* (Fs, R) is naturally identified with a subalgebra of
R = Faly1,ya,y3). Through this identification, ag 41, 122, V5, (o183 identify
with y1, y3, y3, ys+y1y3. respectively. Thus Folog 41, 20,12,2, V3, 20,18,3)/ (05 183 =
) 19,9+ 4103 is isomorphic to the subalgebra of Extg{’(kl)* (Fy, R) generated by
00,41, X0.12,2, 3, a,18,3- On the other hand, it follows from Remark (3.1.15) that
(0,41, ,12,2, V3, Qo,15,3 generate the whole subalgebra of primitives of Ext ;) (R).
This concludes the proof of the lemma.

The differentials d;. Since the DMSS for [, is a spectral sequence of algebras,
all d;-differentials can be determined on the set of algebra generators of (14).

Proposition 3.1.17. The d,-differential is multiplicative and on generators, it is
given as follows:
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1) dy
2) dy

(ho) =
(h1) =
3) dl(Oé04 1)
4) dl(Oél 14 2)

5) dl(Oéo 18 3)

6) di(vi) =0

7) dl(Oéo 12 2) = Otg4 1

8) dl(al 8, 1) = h0a04 1

9) dl( ) =hy 020,4,1

10) di(s182) = hijao 183
II) d1 (’Ug) = 04074710(371272.

Proof. 1), 2), 4) For degree reasons, there is no room for a non-trivial d;-
differential on h(], hl, 01,14,2

3) It is easy to see that Ext}i‘é)*(lﬁ‘g, [Fy) is non-trivial and that a4 is
the only class in the E;-term that can contribute to it. Therefore a4 is a
permanent cycle.

5) We see that h(]()é071873 = (04,10¢1,14,2- By the Leibniz rule, hodl (040,18,3) =
0. As hy acts injectively on G, it follows that d; (« 153) = 0.

6) Since hivi = v?, hzdl( 1) = 2vd;(v) = 0. This follows because
dy(v}) takes values in Ext 4. (Fa, R)) on which hy acts injectively.

m

7) We have that ay 12,2 is represented by the A(2)-primitive [1|y3]+[z1]y?]
E®R,. By Remark 2.1.6, d (g 12.2) is represented by d([1|y3]+[z1]y3]) =
[1|y}] € E ® Rs, hence is equal to o 4 ;.

8) Because g 41001 81 = Mo, 12,2, the Leibniz rule implies that
3
0é0,4,1d1(0é1,8,1) = hodl(ao,m,Q) = h0a0,471-

That g 4,1 acts injectively on the E;-term implies that dy (a1,81) = hoog 41
9) The relation vy 41v = h2ay g1 implies that

aga1di(v) = hdi(ons1) = by 44
As ap 41 acts injectively on the E;-term, we obtain that d;(v) = h3ap .4 1.
10) The relation vary 142 = hoouz 132 shows that
4
hodl(Oé:s,ls,z) = 041,14,2d1(v) = 041,14,2}18040,4,1 = hoOéo,ls,s
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— B3
Therefore, dl(a371872) = hOOZQ71873.

11) We check that v is represented by the A(2)-primitive [1|y3] + [z1]y3]
in £ ® Ry. By Remark 2.1.6, d;(v3) is represented by [1]y,y5], hence is
equal to 4,103 1 5-

L

It turns out that the DMSS collapses at the Es-term because there is no room for
higher differentials. In particular, the classes o 142, 04,1, O, 19,9, U3, (0,183 SUI-
vive the spectral sequence converging to elements of Extji’(;)* (Fy, Fy) in appropri-
ate bidegrees. Following [DFHH14], those elements are denoted by «, hs, g, wo, 3,

* %k

respectively. Furthermore, hs, g, ws, 5 generate a subalgebra of Ext A(2). (Fq, Fs)
isomorphic to Fy[ha, g, wo, 8]/ (h3, hag, B* — ¢?). The relation 34 = ¢ is a con-

sequence of a d;-differential. In effect, the relation a2 33 = af 155 + 2,05

*

implies the relation 3! — g° — haw, = 0in Ext’;,, (F2). But ag4;v5 gets hit by
the differential

8 _ .8 8 4
di(v3000,4,100,12,2) = V0,411 (Q0,12,2) = V300 41

Thus the relation 84 = g3 + hjw, becomes 3* = ¢°.

3.2 The Davis-Mahowald spectral sequence for A,

The A(2).-comodule structure of A;. In [DM81], Davis and Mahowald con-
structed four finite spectra, whose mod 2 cohomology are isomorphic to a free
module of rank one over the subalgebra A(1) = (S¢',Sq¢?) of the Steenrod
algebra A. Let us review the construction of these spectra and their module
structure over the subalgebra A(2) = (Sq', S¢? Sq*) of A. Recall that Y is
V(0) A C,,. The A-module structure of H*(Y") is depicted in Figure 13. An ele-

C—& 29

Figure 13 — Diagram of H*(Y): the straight lines represent Sq! and the curved
lines represent Sq?, the numbers represent the degree of the cell.

ment of Ext}i‘a) (H*(Y'),H*(Y")) can be represented by an .A(1)-module M sitting

in a short exact sequence of .A(1)-modules

0— H*(Z*Y) - M — H*(Y) — 0.
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It can be checked that M must be isomorphic either to H*(33Y") & H*(Y)) or to
A(1) as an .A(1)-module. This means that

Ext'? (H*(Y),H*(Y)) = F,. (15)

A1)

The A(1)-module structure of .A(1) is depicted in Figure 14. One can ask whether

Figure 14 — Diagram of A(1).

A(1) admits a structure of .4(2)-module. If such a structure exists, then according
to the Adem relations Sq¢?Sq'Sq*> = Sq¢*Sq' + Sq' Sq*, there must be a nontrivial
action of S¢* on the nontrivial class of degree 1. It is straightforward to verify that
the latter is the only constraint to put an .4(2)-module structure on A(1). There
are also possibilities for Sq* to act nontrivially on the classes of degree 0 and 2.
These give in total four different .A(2)-module structures on A;. In other words,
the inclusion of Hopf algebras A(1) < .A(2) induces a surjective homomorphism

Exct iy (H*(Y), H*(Y)) = Ext};, (H*(Y), H*(Y))

whose kernel contains 4 element. Therefore,
1,3 * * ~
Ext ;) (H*(Y), H*(Y)) = F3°.
Next, one observes that restriction along .A(2) C A induces an isomorphism

Ext " (H(Y), H*(Y)) = Ext g, (H*(Y), H*(Y),

because for any .A-module M sitting in a short exact sequence
0— H(Z*Y) - M — H*(Y) =0

there can not be any non-trivial S¢* for £ > 8 on M. It is proved in [DM81] that
the four classes of Ext’;*(H*(Y), H*(Y")) that are sent to the unique non-trivial

class of Extj()’l)(H*(Y), H*(Y')) are permanent cycles in the Adams spectral se-

quence and converge to four v;- self-maps of Y, i.e., the maps ¥?Y — Y inducing
isomorphisms in K (1)-homology theory. As a consequence, the cofibers of these
v;-self-maps realise the four different .A-module structures on A(1). We will write
Aj to refer to any of these four finite spectra. Following [BEM17], we make the
following definition.

35



Definition 3.2.1. We define by A,[i, j], i,j € {0, 1} the version of A; having the
non-trivial S¢* on the generator of degree 0, respectively 2 if and only if i = 1,
respectively j = 1.

As a [Fy-vector spaces,

H*(AI[ZJD %F2{a07a17a27a37a_37 CL4,CL5,CL6}, (16)

where ag, a1, as, a4, as, ag are duals to the generators of degree 0,1,2,4,5,6 of
H*(A4[ij]), respectively and a3, az are duals to the images of the generator of
degree 0 by S¢3, Sq® + Sq?Sq', respectively. By taking duals to the action of
A(2) on H*(A;[ij]), we obtain

Proposition 3.2.2. The left coaction of A(2). on H.(A[ij]) is given by

A(ar) = [1]a1] + [&]ao]

A(az) = [1]ag] + [£Fas]

A(as) = [1]as] + [&1]az] + [€F]a1] + [£7]ao]

A(as) = [1]ag] + [£F|a1] + [€2]ao]

Aay) = [Uay] + [&]@s] + [EF]as] + [6F]ar] + [So]ar] + [£261]ao] + aij[ET|ac]
Alas) = [L|as] + [F[as] + [£F|as] + [E2laz] + [€1]a1] + [£26]ao]

A(%% = [ag] + [£1]as] + [€F|as] + [€F[as] + [ ]as] + [E2las] + [£261]az] +

Bijl€tlaz] + [€a€Flan] + [€7]an] + i 60 ao] + [§267]ao) + Nij[&5]ao), where

and
Aij = iy + Bi

Proof. The proof is a straightforward translation from .4(2)-module structure to
A(2),.-comodule structure using the formula of the duals of the Milnor basis in
[MilS8]. U

DMSS for A;. In what follows, we will apply in many places the shearing
homomorphism to find primitives representing certain cohomology classes, see
[ABP69], Theorem 3.1. In general, let C' be a Hopf algebra with conjugation
x and B be Hopf-algebra quotient of C'. Given a C'-comodule M, consider the
composite

Co MU 0w oM UEXE oo o e MY 0w M.
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When restricting to COg M, this composite factors through (COgk) ® M induc-
ing the shearing isomorphism of C'-comodules

Sh : CDBM — (CDB]{?) & M,

where C' coacts on COgM via the left factor and on (COgk) @ M diagonally.
Combined with the change-of-rings isomorphism, we have the following isomor-
phisms:

Exty(k, M) = Extg(k, COgM) = Extg(k, (COgk) ® M).
In particular, via these isomorphisms, a class 2 € Ext%(k, M) is sent to Sh(1®z).

Proposition 3.2.3. The E,-term of the Davis-Mahowald spectral sequence con-
verging to Extiib)* (H.(Ay)) is given by

| D 0 l:f5>0
L' 71 R, ifs=0.

*, %

As a module over Fy[ag 41, g 12,9, v3](C Extzz‘l)*(R)), ET™" is free module of
rank eight on the following generators of

1, Y3, Y3, Us, Y2, Y2U3, Yo2U3 Yals. (17)

Proof. In effect, E7”" is equal to Ext®;’ ). (R ®H.(A1)) by definition. The coac-

tion of A(1), on R7 ® H.(A,;) is the usual diagonal coaction on tensor products.
In addition, H.(A;) is isomorphic to A(1), as A(1).-comodules. By the change-
of-rings isomorphism, we obtain that

Extly. (R” @ H.(A1)) = Extg(R) = R”. (18)
The first part of the proposition follows.

For the second part, the action of Ext®;/ (. (1) on DI

Ext’i). (R) @ Ext (R ® H,(4;)) — Ex tj(f (R @ H,L(Ay))

is induced by the multiplication on R:
R® (R®H.(A1)) » R® H.(A4).

Now let r € ExtA(l) (R)C Rands € R = ExtOA’(k1 (R ® H.(A;)). By applying
the shearing isomorphism, the class s is represented by a unique element of the
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form s ® ag + Y s; ® a; € R ® H,(A;) where the a; are in positive degrees. The
action of 7 on s is then represented by rs ® ag + > rs; ® a; which represents
rs € R= Ext?[(kl)* (R ® A;) via (18). In other words, the action of Extg{’(‘l)* (R)
on Ext&?l)* (R®H.(A;)) is given by the multiplication of the polynomial algebra
R. The proof follows from the fact that Fo[ag 4.1, g 12,2, v5] is identified with the
subalgebra of R generated by v, 3, 5. O

Let us analyse the differentials in this spectral sequence. As the d,.-differentials
decrease s-filtration by r — 1, i.e., d, : E3%t — Es~+Lotnt and ES7 = 0 if
s > 0, the spectral sequence collapses at the Eo-term and there are no extension
problems. Therefore,

By 2 Ext%, (Ho(Ay).
We now turn our attention to the d;-differentials. As all elements of the E;-term
are in Ext?éi’(ﬁl)* (R®H.(A;)), we can apply the remark after Proposition 2.1.5. We

have determined the d,-differential on the classes 41, 12,2, v5 in Proposition
3.1.17. By the Leibniz rule, it remains to determine the d;-differential on the
classes of (17).

Proposition 3.2.4. There are the following d,-differentials
1) dy(1) =0,

= ag,4,1y27
8) di(y3) = af 4.1Y2Y3-

Proof. Parts 1 — 4 follow from the sparseness of the E;-term.

5) The only nontrivial d;-differential that y»y3 can support is

2 2
d1(y2y3) = Qg 41001221

However,
di(af 4100,122) = @ 4 1di(0122) = g 411 # 0.

This means that 0%747104071272 is not a dj-cycle, and so cannot be hit by a d;-
differential. Therefore, y2y§ is a d;-cycle.

6) Similarly, a nontrivial d;-differential on ygyg would be
dl(yng’) = O‘%,4,1040,12,2y3-
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However,
2 5
dl(a0,4,10‘0,12,2?/3) = ¥ 4,1Y3 # 0

by the Leibniz rule. Thus, y,y3 is a d;-cycle.

7-8) It suffices to prove that %y, = 0 and v?yoy3 = 0 in EXtA(Q) (H.(4))
because the differentials in part 7) and 8) are the only possibilities for the lat-
ter to occur. We will proceed using juggling formulas for Massey products, see
[Rav86], Section 4 of Appendix Al. In effect, the classes 1 and y3 being perma-
nent cycles by part 1) and part 3), they converge to classes in Ext’" A(2). (H.(4y))
and ExtL?Q)* (H.(A1)), respectively. By sparseness even at the level of the E;-

term of the DMSS, n1 = nyz = 0. Hence the Massey product (v, n,y4) with
i € {0, 1} can be formed. We have that

VQyZi’, - <777 v, 77)?/% = 77<V777>y§>'

By sparseness of the DMSS, «of , ¥4 survives the DMSS and so vy; # 0. It
follows that (v, 7, %) is nontrivial and must be equal to yoy3. The fact that v° =

0e Exti‘g) (IFy) allows us to do the following juggling

VQyQyé = V2<V777>y§> = <V27V7 77>y2i5'

However, the Massey product (12, v,7) lives in the group Ext’; A 2) (F5) which
vanishes by Theorem 3.1.14. This concludes the proof of parts 7) and 8). U

E,-term of the Adams SS. We describe Ext’;” A(2). (Hi(A1)) as a module over
IF2[h27 9, US]/UZ’%? h29) C EXtZ?Q)* <F2)

We recall that g is represented by ag,lm in the DMSS for . We will denote by

e[s,t] where s,t € N the unique non-trivial class belonging to Exti&; “(H.(A))).

Proposition 3.2.5. As a module over Fylhy, g, v3|/(h3, hag), Ext’y,), (Hi(Ar)) is

a direct sum of cyclic modules generated by the following elements

e[0,0] | e[1,5] | e[1,6] | e[2,11]
/ Y2 Y3 Yoy
0) | (h3) | (0) | (h3)
e[3,15] | e[3,17] e[4,21] e[4,23]
Ys U1Y5 | Yeus | YiYs T Usys | yaus
(h3) (0) (h3) (0)

39



e[6,30] e[6,32] e[7,36] el7,38]
ys + U5 | Yau3 + iveus | ySYs + YTYs | vays + viyeys

(ha) (ha) (ha) (ha)

e[8.42] e[9.47] ¢[9,48] e[10,53]
YSys + yTys + yiyays | ysys + yiveys | vSYs + yivs + ivays | ey + yiveys
(ha) (h2) (ha) (h2)

The second row in the table indicates a representative in the DMSS and the third
row the annihilator ideal of the corresponding generator.

Proof. As a corollary of Proposition 3.2.3, the E;-term of the DMSS for H,(A;)
is isomorphic to a free module of rank 32 over Fy[hs, g, v5]. In particular, these
32 generators are ho-free. It turns out that one can choose these 32-generators
in such a way that there are exactly 16 ho-free towers that truncate 16 others by
dy-differentials. The question is how one can identify these 16 d;-cycles. For
this, we compute the d;-differentials on the following 32 generators of the E;-
term: {y§y§|0 <13 < 3,0 <j <7} Some of them are d;-cycles, for example
Y2, y3. Whereas, some of them are not d;-cycle at first, but become so after adding
a multiple of hy, for example ag122y2 + hoys = Y5 + y1y3. This procedure is
straightforward but lengthy, so we omit details here. It can be checked that the
generators listed in the table are d;-cycles. Finally, since ¢ and v5 are d;-cycles,
Proposition 3.2.5 follows. L

3.3 Two products

Now we turn our attention to the product between o € Exti{(lf)* (Fy) and e[4, 23] €

Extj?;)* (H.(A;1)). This product is not detected in the DMSS because « has o-

filtration 1 in the DMSS whereas all non-trivial groups in the E..-term of the
DMSS converging to EX’LZ’(‘Q)* (H.(A,)) are in o-filtration 0. Therefore, we need
first to find a representative of « in the total cochain complex of the double com-
plex A(2)%*® E, ® R and that of e[4, 23] in A(2)%* ® F, ® R®H,(A;), then take
the product at the level of cochain complexes and finally check if this product is
a coboundary. It is tedious to carry out this procedure because any representative
of e[4, 23] contains many terms, and so it is not easy to check if the product is a
coboundary. Here, by a term of A(2)?*® F,® R, and A(2)2*Q@ E2 @ R, @H, (A1),
we mean an element of the basis formed by the tensor products of a basis of A(2).,
Es>, R, and H,(A;) chosen to be the monomial basis and the basis of (16), re-
spectively. We will keep the same convention when working with B(2)., Fs, S,
instead of A(2),, F», R.. The following two lemmas simplify computations.

Lemma 3.3.1. The product of « and el4, 23] is equal either to 0 or to ge[3,15].
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Proof. This is trivial because ge[3, 15] is the only non-trivial class in the appro-
priate bidegree. L

We recall from Section 2 that there is a map of pairs (A(2)., F2) — (B(2)., F3)
given by

A(2). = Fa[C1, G, G3]/(CF G2, G3) = B(2)s = FalGr, Go, G]/(CH G5 G5)

G (G 1edl,2,3}
Ey = E(xy, 29, x3) = Fy = E(x9, 73)
x1 > 0,29 — X9, Tg > To.

The induced map on their Koszul duals is
R =TFoly1, y2,y3] = 5 = Falyz, ys]

Y1 0,92 = Y2, Y3 — V3.
By an abuse of notation, we will denote by p these projection maps. The context
will make it clear which map is referred to.

Lemma 3.3.2. The map p. = Ext’5 (H.(A1)) = Extyi) (H.(A1)) induced

by the projection A(2). — B(2), sends ge[3, 15] to a non-trivial element.

Proof. The projection A(2), — B(2), induces a morphism of the DMSSs. The
morphism of the E;-terms reads

Ext’iio), (B2 @ R @ H.(A1)) = Extig, (F® S ® H.(A)).

By the change-of-rings isomorphism, this morphism identifies with the projection
p: R — S, which is surjective. The class ge[3, 15] is detected by 3 (v + vy1y3) €
R, which maps to y; € S” via p. By naturality, y7 is a permanent cycle in
the target DMSS. The only class in the E;-term which can support a differential
hitting y7 is y$. y$ admits vjy? as a lift in the source DMSS. We have that

dy(vyy3) = di(vy)y3+uady(v3) = (040,471613,12,2)y92,+?}§(040,47192) = Y1YaYs+Y3Y1Ye.

This uses the Leibniz rule, Proposition 3.1.17 part 11), Proposition 3.2.4 part 7).
By naturality, the d;-differential in the target DMSS is equal to p(y1yay2+vay192),
which is equal to 0. Therefore, the image of ge[3, 15] is non-trivial.

L

Lemma 3.3.3. The product of « and e[4, 23] is non-trivial, hence equal to ge[3, 15]
if and only if the product of p.(«) and p.(e[4, 23]) is non-trivial.
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Proof. The map p : A(2). — B(2). induces the commutative diagram

Ext’ys). (F2) ® Ext’) (Ho(Ar)) —BExt5) (H.(A)))

lp* \LP*
Extys), (F2) @ Ext) (Ho(Ar)) — Exty) (Ha(Ar)),

where the horizontal maps are the respective multiplications. The result follows
from the fact that p,(ge[3, 15]) is non-trivial by Lemma 3.3.2.
O

Now let us compute the product of p,(«) and p.(e[4, 23]).

Lemma 3.3.4. In the total cochain complexes of B(2)2*® F,®.S and of B(2)%*®
F, ® S ® Hy(Ay), respectively :
i) p.(«) is represented by [&a|1|y3] + [&3[1]y3] + [€1]1]v3] € B(2) ® Fr ® S%;
ii) p.(e[4,23]) is represented by [1|ysy3lac] + [Ly3yslai] + [1|y3yslaz] +
[L]yslas] € Fr ® S*® Ay

Proof. A direct computation shows that these elements are cocycles of the total
differentials, which are not coboundaries. One way to prove that they represent
the right classes is to prove that they lift to cocycles in the total cochain complexes

of A(2)¥* @ Fy ® R and of A(2)%* ® Fy ® R ® H,(A;), respectively.

It is easy to check that [&|1y3] + [£5]1]y3] + [&]1]y3] + (Sl |yf] + (€52 |yE) +
[E1]@alyf] + [11]yfys] € (A(2). ® B2 @ R?) @ (Ey ® R?) is a lift for [£,]1|yf] +
(S 11 |yT] + [&1]1]w3).

For the other element instead of ﬁnding a lift it suffices to show that p, induces

an isomorphism Ext?; A(2 (H,(A1)) = Ext ?7) (H.(A4)), so that both are isomor-
phic to 5. This can be proved by a similar argument to that used in the proof of
Lemma 3.3.2. In effect, the non-trivial class of Ext’; ?27) (H.(A;)) is detected by
yoy5 in the DMSS. Via p,, the latter is sent to -3 which is the unique non-trivial
element of the El—term of the target DMSS in the appropriate tridegree. For de-

gree reasons, yoy; is not hit by any differential. Therefore, yoy5 survives the target
DMSS and it follows that Ext’;) (HL(A1)) = Extyy (H.(Ay)) = F.
O

Set M = [Sa[Llys] + [€F[1]y3] + [€1[1]y5] and N = [L|yzy3lao] + [L|y3y3|ar] +
[1]y3ys|as] + [1|y3]as]. We need to show that M N, which is a (d, + d,)-cocycle,
represents a non-trivial class in Extgg (H.(A1)). We see that M N is an element

in B(2), ® F, ® S®® A; and d,(MN) = 0. This means that M N represents a
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class in Extgg)* (F, ® S® @ H,(A;)). However, the latter group is trivial because
by the change-of-rings theorem, Ext 5, (IF2, F> ® S ® H.(A4)) is isomorphic to
S which is concentrated only in cohomological degree 0. There must be an ele-
ment P € Fy, ® S® ® H,(A;) such that d,(P) = MN, and so dj,(P) represents
the same class in Ext;g)* (H.(A;)) as M N does.

We recall the values of ); ; as introduced in Proposition 3.2.2: A\jg = Ag; = 1
and \gp = A1 = 0.

Lemma 3.3.5. P contains \; j[1|x2|yS|ao] as a term.

Proof. The product MN contains the term [£2]1|yS]as]. One can check that P must
contain the term [1]yS|ag), so that d,(P) contains the term [£3]1]yS|as]. Using the
formula for the coaction of \A(2), on ag, one sees that d,(P) contains the term

A ;[€511]yS|ag] which is not a term of M N. In order to compensate this term, P
must contain the term \; ;[1|z2|yS]ao]. O

Lemma 3.3.6. A (d;, + d,)-cycle in Fy ® ST ® A, gives rise to a non-trivial class
in Ext;’g)* (H.(Ay)) if and only if it contains the term [1|y3]ao).

Proof. It is shown in the proof of Lemma 3.3.2 that

Ex t742 (H,(A))) =T,

B(2)«
and that this group arises from

Extya (F> ® ST @ Ho(A1) = Fa{yl} C 57,

Therefore, by the shearing homomorphism, the only element in /5, ® S” @ H, (A;)

that represents the non-trivial class of Ext” ?‘2 (H.(A;)) must contain the term

[1y3lac). 0
Proposition 3.3.7. The product ael4, 23] is equal to \; jge[3, 15].

Proof. «el4,23] is non-trivial if and only if dj,(P) represents a non-trivial class in
Ex t;g) (H.(A;)). Lemma 3.3.5 shows that dj,(P) contains the term \; ;[1]y{|ao).
Hence, lemme 3.3.6 concludes the proof. L

The product between 3 € Ext’; %8) (Fy) and €3, 15] € Extilg (H.(A;)) is easier

because both have o-filtration 0 in the Davis-Mahowald spectral sequence.
Proposition 3.3.8. (e[3,15] = ¢[6, 30].

Proof. the class (3 is represented by y5 + y;y2 in R? and ¢[3, 15] is represented by
[y3 +1y192|ao) in R3® A;. So the product Be[3, 15] is represented by [yS +y2y3|ag],
which represents e[6, 30] by Proposition 3.2.5. O
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4 Partial study of the Adams spectral sequence for
tmf A\ Al

In this section, we establish some differentials as well as some structures of the
ASS for A;. These are essential bits of information allowing us to run the homo-
topy fixed point spectral sequence in the next section.

Recall that the ASS for ¢tm f AA; which has E,-term isomorphic to Exti(&)* (Hi (A1)
is a spectral sequence of modules over that for ¢m f, whose E,-term is isomorphic
to Eth?z)* (F5). We first recollect some known properties of the ASS for tmf,
see [DFHH14], Chapter 13.

Theorem 4.0.1. (i) The class g € Extjg‘)* (Fy) is a permanent cycle detect-

ing the image of & € oo (S°) via the Hurewicz map S° — tmf.
ii) There is the following ds-differential in the Adams spectral sequence for

tmf
dz(w2) = gPBa.
(iii) There is the following ds-differential in the Adams spectral sequence for
tmf

ds(w3(vyn)) = g°.

(iv) The class A8 := wj survives the Adams spectral sequence.

Proposition 4.0.2. In the ASS for tmf N\ Ay, there exists A € Fy such that the
following statements are equivalent:

i) do(wsel4,23]) = Ag?e[6, 30],

ii) do(wyel9,48]) = Age[3, 15],

iii) dy(woe[10,53]) = Ag°e|0, 0],

iv) do(weel7,38]) = Ag'el[l, 5].

Proof. We will prove that i) = 4i) = 4ii) = iv) = i). The charts of Figures
(16) and (17) will make the proof easier to follow. First, we observe that all of the
classes e[4, 23], e[7, 38], €[9, 48], €[10, 53] are permanent cycles, by sparseness.

i) = i) Suppose dy(wqe[4,23]) = g¢2%e[6,30]. Then do(g*woe[4,23]) =
g'e[6,30] by g-linearity. It follows that there is no room for a non-trivial dif-
ferential on w3e(3, 15]. In order words, w3e[3, 15] is a permanent cycle. Because
of part 4ii) of Theorem 4.0.1, a g*-multiple of w3e[3, 15] must be hit by a dif-
ferential for some k less than 7. One can check that the only possibility is that
do(w3el9,48]) = g'wie[3,15]. Since w3 is a dy-cycle in the ASS for tmf, this
differential implies that dy(wse[9, 48]) = g*e[3, 15].
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i1) = ii1i) Suppose da(wqe[9,48]) = g*e[3,15]. Then the class w3el0, 0] is
a permanent cycle, by sparseness. Again, a g®-multiple of w2e[0, 0] for some k
smaller than 7 must be hit by a differential. Inspection shows that the classes
wie[10, 53] and wiel[l, 5] are the only ones that have the appropriate bidegree to
support such a differential. However, wje[l, 5] is a permanent cycle, because
wj and e[1, 5] are permanent cycles in their respective ASS. Thus, we have that
dg(wge[IO, 53]) = 956[0, 0]

iti = iv) Suppose do(wse[10,53]) = g¢°¢[0,0]. Then the class wie[l, 5] is
a permanent cycle, as there is no room for a non-trivial differential on it. Then
g*w2e[1, 5] must be hit by a differential for some k less than 7. Inspection shows
that the only possibility is that dy(w3e[7, 38]) = g*wie[l,5]. As w3 is a dy-cycle,
it follows that do(wye[7, 38]) = g'e[l, 5].

iv) = 1) Suppose do(wse[7,38]) = ge[l,5]. By g-linearity, we get that
do(guwse[7,38]) = goe[l, 5]. It follows by sparseness that w3e[6, 30] is a perma-
nent cycle. Then the class g*w32e[6, 30] is hit by a differential for some k less than
7. Inspection shows that the only possibility is that do(wie[4, 23]) = g*w3e[6, 30].
Therefore, da(wse[4, 23]) = g*¢[6, 30] by w3-linearity.

L

Theorem 4.0.3. In the Adams spectral sequence for tmf N A1[ij], there are the
following differential ds:
i) dy(weel4,23]) = N ;9%€[6,30
ii) da(wqe]9,48]) = \; jg*e [ ,15],
iii) dy(wqe[10,53]) = )\”g el0, 0],
iv) dy(wsel7,38]) = N\ ;g'e[l,5].

Proof. By the Leibniz rule and part (ii) of Theorem 4.0.1,
da(wael4, 23]) = do(wo)e[4, 23] = gBael4,23] = N, ;g%e[6, 30],

)
]

where the last equality follows from Proposition 3.3.7 and Proposition 3.3.8.
Thus, the theorem follows from Proposition 4.0.2. L

Proposition 4.0.4. There are the following ds-differentials in the Adams spectral
sequence fortmf N\ Ay

dy(u3e[10,53]) = gPe[9, 48]
ds(wie[l,5]) = g°wqe0, 0].
Proof. We can check from the chart that e[9, 48] and wel0, 0] are permanent cy-

cles. Then g'e[9, 48] and g*we[0, 0] must be targets of some differentials for some
[ and k less than 7. Inspection of the Es-term shows that either

do(w3e[10,53]) = g°wel0, 0] and dy(wie[l, 5]) = g°e[9, 48]
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Figure 15 — The Adams spectral sequence in the range 148 <t — s < 152

or
ds(w3e[10,53]) = g°e[9, 48] and ds(wie[l,5]) = g wel0, 0].

However, the former possibility is ruled out because of the Leibniz rule:
do(w3e[10, 53]) = do(w3)e[10, 53] = 2wads(wy)e[10, 53] = 0,

where the first equality follows from the fact that e[10, 53] is a permanent cycle,
by spareness. L

Corollary 4.0.5. The Toda bracket (g°,e[9, 48], /) can be formed and contains
only elements which are divisible by g.

For references on Toda bracket, see [Tod62], [Koc90].

Proof. In the E,-term of the ASS, the Massey product (g5, e[9, 48], ) has coho-
mological filtration 27 and is equal to zero with zero indeterminacy. On the other
hand the corresponding Toda bracket can be formed with indeterminacy contain-
ing only multiples of g. We can check that all conditions of Moss’s convergence
theorem [Mos70] are met. This implies that the Toda bracket (g°, e[9, 48], v/) con-
tains an element detected in filtration 27 by 0, thus is a multiple of g. Therefore,
this Toda bracket contains only multiples of g. L

Finally, we need to have control of the action of the class A® = w3 € Extf’f(’;;f(IFg)

on the E.-term of the ASS for ¢tm f A A;. This will allow us to compare 7, (tm f A
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Ay) with , (ELP>* A A}) (see Corollary 5.1.4) and hence to discuss higher differ-
entials in the HFPSS for E(}}GM N Aj.

Proposition 4.0.6. The class w; acts freely on the E.-term of the ASS for tmf A
Aj. As a consequence, the element A® € my9o(tmf) acts freely on the homotopy
groups of tmf N Aj.

Proof. Using the description of the Ey-term of the ASS for tm f A A; in Theorem
3.2.5 and an elementary bidegree inspection, we can see that, if a class y is in an
appropriate bidegree to support a differential hitting a class of the form wjx for
some class x, then y is divisible by wj. Knowing that wj is a permanent cycle
in the ASS for tm f, we conclude that, if a class = survives the E,-term, then the
multiple of z by all powers of wj also survive that term. Therefore, the Proposition
follows by induction. L

Proposition 4.0.7. For every element x € 7.(tmf A Ay), the element ASx is
divisible by & (resp. v) if and only if x is divisible by K (resp. v).

Proof. The argument is similar to that used in the proof of Proposition 4.0.6. A
bidegree inspection shows that, if a class y € Exti((;)* (H.(A;)) is in an appro-
priate bidegree whose (exotic) product with g (resp. ) might detect A8z, then y
is divisible by wj. We conclude the proof by using the fact that the class wj acts
freely on the ASS for tmf A A;, by Proposition 4.0.6. L
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Figure 16 — Adams spectral sequence for A; in the range 0 <t — s < 48
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5 The homotopy fixed point spectral sequence for
B2 A A
C 1

5.1 Preliminaries and recollection on cohomology of G5,

The action of Gy on (E¢), = W(Fy)[[u1]][u*!] is documented [Beal7], 2.4. Let
us recall this action.

Theorem 5.1.1. The action of Goy on W(Fy)[[u1]][u™!] is given by

wu™) =Cut w) =

) = T ) - R
)= TS ) = PR
N I S +2¢u!
k:(u 1) = % k’(Ul) = %

Equations 6 and 7 give us a way to get access to the homotopy groups of
ENG2 A A
C 1-

Theorem 5.1.2. There is a homotopy equivalence
[(A8)71]tmf A Al ~ (EgGm)hGal A Al,

where Gal denotes the Galois group Gal(F,/Fy).

Proof. We have

(A" tmf AN A, ~ TMF A A, (Equation 7)
~ Lo(TMF)N A, (TMF is E(2)-local)
~ Lo(TMF A Ap) (Lg is smashing)
~ Lic(TMF) A A,
~ (E(}}Gm)heal(h/ F2) A Ay (Equation 6).

The fourth equivalence is Lemma 7.2 of [HS99] applied to the K (2)-localisation
and A, which is finite spectrum of type 2. L

Corollary 5.1.3. There is a homotopy equivalence
Gal, A [(AYtmf A Ay =~ EE> A AL
Therefore,

W(Fs) @z, (A%) 7 (mo(tmf A A1) = m(Be™ A Ay).
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Proof. This is a consequence of Theorem 5.1.2 and Lemma 1.37 of [BG18]. [

Let us denote by
0 : W(F,) ®z, m.(tmf A Ay) — m (FE A Ay), (19)

given by pre-composing the isomorphism of Corollary 5.1.3 with the natural ho-
momorphism 7, (tmf A A1) — m.([(A®)"tmf A Ay). The following corollary
recapitulates the relationship between 7, (tmf A A;) and 7, (EL* A Ay).

Corollary 5.1.4. The homomorphism O is injective. Moreover, it remains injec-
tive after quotienting out by the ideal of ,(S°) generated by (%, ).

Proof. This follows from Theorem 5.1.2, Proposition 4.0.6 and Proposition 4.0.7.
O

We continue to recollect some necessary information about the HFPSS converging
to W*(EEGM):
H? (Gou, (Ec)) = m—s(E2*). (20)

The elements 7 € 7,(S°), v € m3(S°), & € m90(S°) are sent non-trivially to ele-
ments of the same name in ﬂ*(EgGQ“) via the Hurewicz map S° — EZGQ“. As the
latter factors through the unit map of tmf, the element K% = 0 in ﬂ*(E(’}G“)
because ®° = 0 in m,(tmf) (see [Bau08]). These elements are detected by
n € HY(Gas, (Bc)2), v € H'(Ga, (Ec)s), B € H*(Gas, (Ec)aa), respectively.
Furthermore, there is a class A € H(Gay, (Ec)24) such that A® is a permanent
cycle detecting the periodicity of EZGQ“.

The HFPSS for EZGM A Aj is a spectral sequence of modules over that of (20):
HS(GQ4, (EC)tAl) — Wt,S(EgGM A Al) (21)

In Section 5.2, we will compute H* (G4, (Ec). A1) as a module over a certain
subalgebra of H* (G, (E¢)«). Let 7 : (Ec). — F4[u™!] be the quotient of (E¢).
by the maximal ideal (2,u;). As the ideal (2,u;) is preserved by the action of
S¢, the ring Fy [uil] inherits an action of S¢, and so of its subgroup Gao,. We
need the computation of the ring structure of H*(Gay, F4[u™!]), which is due to
Hans-Werner Henn, see [Beal7], Appendix A.

Proposition 5.1.5. There are classes z € H(Gay, F4[u*o), a € HY(Gag, Fa[uFl]s),
b € HY Gy, Fu[utt]y), vy € HY(Goy, (Fulu™t])g) such that there is an isomor-
phism of graded algebras

H*(Gay, Fu[u™')) 2 FyfoF!, 2, a, b/ (ab, b* = vya).
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Proposition 5.1.6. The homomorphism of graded algebras
H*(Ga4, Ecx) — H*(G24,F4[Ui1])

induced by the projection (Ec), — F4[u™!] sends 1 to a, v to b, % to vyz, and A

4
fo V5.

5.2 On the cohomology groups H*(Gay, (E¢).(A1))

We first determine (F¢).(A;) using the cofiber sequences through which A; are
defined. The cofiber sequence ©5° > S° — C, gives rise to a short exact
sequence of Fc-homology

0= (Ec)s = (Bc)«(Cy) = (Ec).(S?) — 0,
since (E¢). is concentrated in even degrees. Hence, as an (E¢).-module

(Ec)«(Cy) = W(Fy)[[ur]][u™{eo, €2},

where ¢ is the image of 1 € (E¢)o and e, is a lift of 321 € (E¢)2(S?). Next, the

long exact sequence in E¢-homology associated to C;, 2, (), — Y is the short
exact sequence

0 = (Be)e(Cy) 25 (Ec)u(Cy) — (Be)o(Y) =0

since multiplication by 2 on (E¢).(C,) = W(Fy)[[u1]][u®]{eo, 2} is injective.
Therefore
(Ec)«(Y) 2= Fy[ua]][u™']{eo, e2}.

Now A, is the cofiber of some v;-self map of Y: ¥2Y 2y Y — A;. The follow-
ing lemma describe the induced homomorphism in £--homology of these v;-self
maps.

Lemma 5.2.1. The homomorphism (E¢).(vy) is given by multiplication by uyu™".

Therefore,
(Bc)«(Ar) 2 Fa[u*'{eo, e2}.

Proof. Let K (1) be the first Morava K-theory at the prime 2 such that £(1), =
Fy[vF!] where |v;| = 2 and BP be the Brown-Peterson spectrum at the prime 2.
There is a map of ring spectra BP — K (1) that classifies the complex orientation
of K(1). Recall that the coefficient ring of BP is given by

BP* = Z(Q) [Ul,’l}g, ],

51



where |v;| = 2(2° — 1), see [Ada74], Part II. The induced homomorphism of co-
efficient rings sends v; to v;. The map BP — K (1) gives rise to the commutative
diagram

BP.(x2y) 2" pp(v)
K).(22y) 20 ey, (v)

By definition, a v;-self-map of Y induces in K (1)-homology multiplication by
v1. The above diagram forces, then for degree reasons, that BP,(v;) is given by
multiplication by v; € BP,. Now, let ¢ : BP — E¢ be the map of ring spectra
that classifies the 2-typification of the formal group law of E-. One can show
that the 2-series of the latter has leading term u;u~'2% modulo (2), see [Beal7],
Proposition 6.1.1. This implies that the induced homomorphism ¢, : BP, —
(Ec). sends v; to uyu~! modulo 2. By naturality, (E¢).(v1) is also given by
multiplication by u;u ™. O

We now describe the action of G4 on (E¢).(A;). For any 2-local finite spectrum
X, the map c, introduced in the proof of Lemma 5.2.1, induces a map of ANSS

Extyp, pp(BPw BRX) —=Ext(y  p ((Bc)., (Ec).X)

ﬂ ﬂ

mi—s(X) s (LX)

where (E¢).Ec stands for m.(Lg(2)(Ec A Ec)). By Morava’s change-of-ring
theorem (see [Dev95]), one has

Bxt{ic,). 5. (E)s (Ec).) = Hy(Ge, (Eo)).
Now the map c induces a map of short exact sequences

X2

0 BP., BP, BP,/(2) —=0

Eec. Ee./(2) —0.

Therefore, we obtain the commutative diagram

Extyp, pp(BP., BP./2) L Extyp pp(BP., BP,)

)
H(G¢, Ecy/2) fe H!(Ge¢, Ecy),
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where dpp and ¢, denote the respective connecting homomorphisms. By [Rav86],
Theorem 4.3.6, one has that

Extyp pp(BP., BP./2) = Zz{vi} and Spp(v1) = n € Extgy, pp(BP., BP.),

where 7 is a permanent cycle representing the Hopf element € m;(SY). By
naturality, dg, (v1) = c.(n). Therefore, as a cocycle in Map.(Ge, (Ec)2), ¢«(n)
is given by
g9(v1) — v

2
On the other hand, let us consider the short exact sequence

Ge = (Ec)2, g

0 = Ecy = Ec.(Cy) = Ec.(S*) = 0

representing the class c.(n), so that the connecting homomorphism sends 21 to
c«(n). Thus, if ey is a lift of ¥21 in F¢.(C,), then c.(n) is represented by the
cocycle

Ge — (Ec)a, g g(e2) — ea.

This implies that one can modify e5 so that
g(v1) — vy
2

With this choice of e,, we see that E¢.(C,) = Ec.{eo, €2} and the action of G¢
on e, is given by the formula

=g(es) —ea Vg € Ge.

g(vi) — v

5 €o (22)

gles) = es +

Note that when determining (E¢).(A;), we did not specify any lift e, of 321.
From now on, we will fix e, such that the formula of (22) holds.

Proposition 5.2.2. As an (E¢).-module, (Ec).(Ay) is isomorphic to Fy[u*'|{ey, s}
and the action of Gy is given by

wu™) =Cu™t, wleg) =ey, wles) = e
i(u™t) =ut, i(eg) =ep, i(en) =ey+ulteg
jlu™)

E(u™h)

= U_1, j(eo) = €o, j(62) =ex+ C2u_1eo
= U_la k?(eo) = €, k(eg) =€+ Cu‘leo

Proof. The first part of the statement is the content of Lemma 5.2.1. The second
part follows from the action of G4 on v; given in Theorem 5.1.1 and the formula
(22). ]

53



Corollary 5.2.3. E¢.(A;) sits in a non-split short exact sequence of Go4-modules

0 — Fyfut]{eo} = Ecv(A1) — Fylu™]{es} — 0. (23)
Proof. This is immediate in view of the explicite description of the action of Gy
on (Ec).A;. O

The cohomology group H*(Gay, Fu[u™']{e;}) i € {0,2} is free of rank one as a
module over H*(Go4, F4[u*!]). Fori € {0,2}, we choose the generators €[0,i] €
HO(Gay, (Fy[ut]{e;});) of these modules.

Corollary 5.2.4. The connecting homomorphism induced from the short exact
sequence (23) in Corollary 5.2.3

H* (G, Falut'{ea}) 2 T (Gau, Fau*'{eo})
is H*(Glay, F4[u™!])-linear and sends e[0, 2] to ae[0, 0] up to a unit of F4, where,

as areminder, a € HY(Gyy, (F4[u®l])s).

Proof. That § is H*(Gyy, Fy[u*!])-linear is a well-known property of the connect-
ing homomorphism (See [Bro82], V.3). Next, since the short exact sequence in
Corollary 5.2.3 does not split, the connecting homomorphism ¢ sends ¢[2, 0] to a
non-trivial class and hence to ae[0, 0] up to a unit of F,. ]

Using the description of H*(Gyy, Fy[u*!]) and the long exact sequence associated
to the short exact sequence of Corollary 5.2.3, we obtain the following description
of H* (G24, (Ec)* (A1)>

Proposition 5.2.5. As a module over H* (G4, Fy[u®]), there is an isomorphism
H*(G247 (EC)*(Al)) = F4[v§tl> <, a, b]/(a’a bg){e[oa 0]7 6[17 5]}7
where ¢|0,0] € H(Gay, (Ec)o(A1)) and e[1,5] € H (Gay, (Ec)s(A1)).

1/ L1/ 1/ L1/ 1/ -
L L L L L

—4 0 4 8 12 16 20 24

O =N WO

Figure 18 — H*(Ga4, (E¢):(A1)) depicted in the coordinate (s, t-s))

The above proposition also gives the action of H*(Ga4, (E¢).) on H*(Gay, (E¢)A1).
In effect, the action of E¢, on E¢, (A, ) factors though Fy[u™!] via B¢, = Fy[u®].
As a consequence, the action of H*(Gay, Ec.) on H*(Gay, Fe.(A;)) factors through
the induced homomorphism in cohomology of (G54. In particular, il follows from
Proposition 5.1.6 that the classes A, %, v act on H*(Gay, Ec. (A1) as vs, v5z, b do,
respectively.
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5.3 Differentials of the homotopy fixed point spectral sequence
for EgGQ“ A Ay

The HFPSS for EgGQ“ A A; has the following features. The spectrum Ec A Ay
is a Go4-Ec-module in the sense that £ A A, is an Eo-module and the structure
maps are GGo4-equivariant. This guarantees that the HFPSS for EZGQ“ A Aisa
module over that for E(}}GM. In particular, all differentials are x-linear. This ele-
ment plays a central role here: the group G4 is a group with periodic cohomology
(see [Bro82], Chapter VI) and & € H*(Go4, (E¢).) is a cohomological periodicity
class. These features induce more structure on the HFPSS.

Definition 5.3.1. Let R be a ring spectrum and G be a finite group acting on R
by maps of ring spectra. The pair (G, R) is said to be regular if G is a group
with periodic cohomology and there exists a cohomological periodicity class u €
H*(G, R,) which is a permanent cycle in the HFPSS for R"“.

Lemma 5.3.2. Let (G, R) be a regular pair as in Definition 5.3.1 and X be a G-R
spectrum. Suppose u € H*(G, R,) is a cohomological periodicity class which is a
permanent cycle in the HFPSS for R"C. Then the E,-term of the HFPSS for X"¢
has the following properties:

(i) All classes of cohomological filtration at least k are divisible by u;

(ii) All classes of cohomological filtration at least r are u-free.

Proof. We will prove by induction on r that the E,-term of the HFPSS for X"¢
has the properties (i) and (7). The Es-term is isomorphic to H*(G, m.(X)).
We recall that the natural map from the cohomology to the Tate cohomology
v H¥(G, mX) — H¥(G, m(X)) is an epimorphism and is an isomorphism when
s > 0, see [Bro82], Chapter VI. Because G has periodic cohomology, we have

IiIS<G’ 7TtX) & HS(G, 7TtX) [ufl],

which means that the group H*(G, 7, X) is u-free and is divisible by u. Since
v H¥(G,mX) — H*(G,m(X)) is an isomorphism when s > 0, all classes of
positive cohomological degree of H*(G, m, X)) are u-free.

Now suppose z is a class of H¥(G, m, X)) with s > k. Then the class u'(z) €
H**(G, 7, X) has a pre-image y € H*"%(G, 7, X) (because s — k > 0), i.e.

This implies that

and thus since s > 0,



Thus, the Ey-term has the properties (i) and (i7). Suppose that the E,-term satis-
fies (¢) and (ii). Let [z] € E,;1 be a non-trivial class represented by = € E,.. Sup-
pose that = has its cohomological filtration s > k. By the induction hypothesis,
there exists y € ES~%* such that uy = x. We show that y is a d,-cycle. Because
x is a d,-cycle, we have by u-linearity that ud,(y) = d,(uy) = d,(z) = 0. How-
ever, the cohomological filtration of d,.(y) is at least r, and so it is u-free by the
induction hypothesis, and so d,.(y) = 0. Therefore, [z] is divisible by w.

Now we prove that E, . ; has the property (ii). Suppose that [z] is u-torsion and
has its cohomological filtration at least » 4+ 1. Without loss of generality, we can
assume that u[z] = 0. Then there exists y € E, such that d,(y) = ux. The coho-
mological filtration of y is at leasttor + 1 + k — r = k + 1, hence y is divisible
by u, i.e., there exists z € E, such that uz = y, and then by u-linearity,

ud,(2) = d.(uz) = d,(y) = uz.

However, d,.(z) — x has cohomolgical filtration at least r + 1, it must be u-free by
hypothesis (i7), hence is equal to zero, i.e., [z] is trivial in E,., ;.

We conclude that the E,.;-term satisfies (i) and (i7), thus finishing the proof by
induction. U

Corollary 5.3.3. Let (G, R) be a regular pair and X be a G-R spectrum. Suppose
u € H*(G, R,) is a cohomological periodicity class which is a permanent cycle
in the HFPSS for R"“. Then we have, in the HFPSS for X",

1. At the E,-term, u-torsion classes are permanent cycles.

2. Any u-free tower is truncated by at most one other u-free tower by the
same differential. More precisely, if « is a class of cohomological filtration
less than £, then there exists at most one class y of cohomological filtration
less than £ such that there exists an unique integer [ and a unique integer r
such that d,.(u™y) = u™*'x for all non-negative integers m. Moreover, all
classes u‘x fori € {0,1,...,m — 1} survive the spectral sequence.

3. Suppose some power of w is hit by a differential in the HFPSS for R"C,
Then any u-free tower consisting of permanent cycles is truncated by a
unique u-free tower. Moreover, the HFPSS has a horizontal vanishing
line.

4. Every element of , (X ") that is detected in filtration at least k is divisible
by @ where T is an element of 7, (R"“) detected by w.

Remark 5.3.4. This situation turns out to be abundant once the group in question

is a group with periodic cohomology. For example, all finite subgroups of G¢
have these properties.
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We return to the HFPSS for E/°>* A A;. We will call the set {F'z|l € N} as-
sociated to a class = in some page of the HFPSS the k-family of that class. The
following proposition gives us the horizontal vanishing line of the HFPSS for
Bl A A,

Proposition 5.3.5. The HFPSS for EZGM A Aj has a horizontal vanishing line of
height 23, i.e., E‘;Z = 01ifs > 23. As a consequence, it collapses at the Eqy-term.

Proof. As %% = 0 in ﬂ*(EgGQ“), the class %% must be hit by a differential which
is of length at most 23. This is because %° has cohomological filtration 24 and
all even differentials are trivial. Hence %9 is trivial in the Eq4-term of the HFPSS
for EgG“. Next, because the Eys-term of the HFPSS for E(}}GM A A; is a module
over that for EgGM, the class %° acts trivially on the Ey -term of the HFPSS for
EgGQ“ A Aj. Since all classes which are not a multiple of ¥ have cohomological
filtration at most 3, the HFPSS has the horizontal vanishing line of height 23. [

Proposition 5.3.6. The following classes are permanent cycles
el0, 0], e[1, 5], e[0, 6], e[1, 11], e[1, 15], e[1, 17], e[1, 21], e[1, 23].

Proof. Firstly, the class [0, 0] is a permanent cycle because it detects the inclusion
S% — A; into the bottom cell of A;. Next, we recapitulate, in the following table,
the associated graded object with respect to the induced Adams filtration on the
groups 7. (tmf A Ay)/(%) in the following stems.

| Dim | 6 [15]17 21| 23 |
‘Value‘Fg@Fg‘Fg‘FQ‘FQ‘FQ@FQ‘

By Corollary 5.1.4, the groups ., (E£>* A A;)/(F) in these dimensions must have
order twice as big as the respective groups. Inspection in the Es-term of the HF-
PSS through dimensions from 0 to 23 and in cohomological filtration less than 4
show that the classes €[0, 6], e[1, 15], e[1, 21], e[1, 23] are permanent cycles.

Note that the groups my(tm f A Ay) and 7g(tmf A A;) are annihilated by 7. This
means that e[0, 0] and €0, 6] detects two elements which are annihilated by 7. It
follows that the Toda brackets (v, n, e[0, 0]) and (v, n, €[0, 6]) can be formed. By

juggling,

n(v,n,¢e[0,0]) = (n,v,n)e0,0] = 1?0, 0]
and

n{v,n,e[0,6]) = (n,v,n)e[0, 6] = ve[0, 6].

Observe that v2¢[0, 0] and v?¢[0, 6] are nontrivial and are detected in cohomolog-
ical filtration 2. Consequently, both (v, 7, [0, 0]) and (v, 7, €[0, 6]) are nontrivial
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and are represented by classes in cohomological filtration at most 1. Therefore
e[1,5] and e[1, 11] are permanent cycles.

The unique nontrivial element of 71 (tm f A A;) /(%) is annihilated by 2. This im-
plies that the class v2¢[1, 11] is the target of some differential. Since m17(EL>* A
Ay)/(F) has order at least equal to 4, the class e[1, 17] must be a permanent cycle
representing the only element in dimension 17 of 7, (EA7 A A1) /(R). O

ds — differentials

Proposition 5.3.7. As a module over F4,[A*! &, v]/(V?), the term Ey = Es is free
on the generators

e[0,0], e[1, 5], [0, 6], e[1, 11], [0, 12], e[1, 17], [0, 18], [1,23].  (24)

Proposition 5.3.8. The ds-differential in the HFPSS for EgGQ“ A Ay is trivial on
all of the generators of (24) with the exception of

i) ds(el0,12]) = v?e[1, 5]

i) ds(e]0, 18]) = v2ell, 11].
Proof. That €[0,0],¢[1, 5], e[0, 6], e[1, 11], e[1,17], e[1, 23] are d3-cycles follows
from Proposition 5.3.6. For the two other classes, the proof of Proposition 5.3.6
implies that the elements ©(e[1,5]) and ©(e[2, 11]) are detected by ¢[1, 5] and
e[1, 11], respectively. Moreover, the elements ¢[1, 5] and e[2, 11] are annihilated
by v? in m,(tmf A A;). It follows that, in the HFPSS, the classes v%¢[1, 5] and
v2e[1, 11] must be hit by some differentials. The only possibilities are d3(e[0, 12]) =

v2e[1,5] and ds(e[0, 18]) = v2¢[1, 11]. O
4
3
— = _—
2 T~ 5 L~ L
(1) = — = =
0 4 8 12 16 20 24

Figure 19 — Differentials d3

Corollary 5.3.9. As a module over Fy[A%! % v]/(13), the term E; = E; is a
direct sum of cyclic modules generated by the classes

el0, 0], e[1, 5], [0, 6], e[1, 11], e[1, 15], e[1, 17], e[1, 21], e[1, 23] (25)
with the relations

v2e[l,5] = vie[l, 11] = v?e[1, 15] = v%e[1,21] = 0. (26)
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Proof. This is straightforward from Proposition 5.3.8 and from the fact that A, %, v
are ds-cycles in the HFPSS for EgG“ . U

ds-differentials. We need the d5-differential, in the HFPSS for E[°>, ds(A) = Fv
(see [Bau08], Section 8.3).

8

7 L —

6 = L L L 7~
— VL VL \ L Lo

5 VA A VT N \

5 \L AN \L [ \L [ — —

] — // | | // L

0 24 28 32 36 40 44 48 52

Figure 20 — Differentials d5

Proposition 5.3.10. As a module over F,[(A®)*!, &, v]/(kv), Eq = Ey is a direct
sum of cyclic modules generated by the following classes fort € 0,2, 4, 6 with the

respective annihilator ideal:
generator A'e[0,0] Ale[l,5] A’e[0,6] Ale[l,11]

ideal (1/3) (1/2) (1/3) (1/2)
generator A'e[l,15] A'e[l,17] A'e[l,21] Aell, 23]
ideal (v?) (v°) (v*) (v*)
generator A'e[2,30] A'e[2,32] A'e[2,36] A'e[2,38]
ideal (v) (v) (v) (v)

generator A'e[2,42] Ale[3,47] Ale[2,48] Ale[3,53]
ideal (v) (v) (v) (v).

Proof. Notice that, if z is a class in the Es-term, then d5(A%**x) = A?*d5(z) Vk €
Z.. This says in particular that the Eg-term is A?-periodic. Next, if x is a ds-cycle
and is annihilated by 1/, then d5(Az) = Kvz and d5(Av'~'z) = 0. Together with
the fact that all of the generators of (25) are permanent cycles (Proposition 5.3.6),
it is straightforward to verify that the classes together with their annihilation ideal

given in the statement of the Proposition generate the Eg-term as a module over
F4[<A8)i17 E7 V]/(EV) O

Remark 5.3.11. Since A8 is a permanent cycle in the HFPSS for E8G24, the HF-
PSS for EgG“ A Aj is linear with respect to A®. Note that all E-free generators in
the E;-term are of the form (A8)*z where k € Z and x is one of the generators
listed in Proposition 5.3.10. Then, by Corollary 5.3.3, these free x-families pair
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up so that each non-permanent x-family truncates one and only one permanent
R-family. By A®-linearity, among these 64 generators, only half of them are per-
manent cycles and the others support a differential. It reduces the problem into
two steps: first identify all permanent x-families, then identify by which ®-family
they are truncated.

Figure 21 — The E7-term for s < 3 and ¢t — s < 54

Proposition 5.3.12. The generators
e[2,30],e[2, 32], e[2, 36], €[2, 38], e[2, 42], e[3, 47], e[2, 48], e[3, 53]
are permanent cycles.

Proof. We give the proof for e[2, 30] and the other generators are proven in a sim-
ilar manner. In the Eg¢-term, the Massey product (%, v, v?¢[0, 0]) can be formed.
Since d5(A) = Fr and v3¢[0, 0] = 0 € Es, we see that
e[2,30] = Av?e[0,0] € (R, v, v%e[0, 0]).

The indeterminacy consists of FE; >® 4 Eg*°12¢[0, 0], where E; >® is in the Eg-
term of the HFPSS for EgG“ A A; and Eg’% for EgGQ“. The latter are zero groups,
hence the indeterminacy is zero. Thus,

(&, v, %[0,0]) = e[2, 30].

At the level of the homotopy groups of 7T*(EgG24 A Aj) one can form the corre-
sponding Toda bracket (F, v, v%¢[0, 0]) because v& = 0 in 7, (E/“>*) and inspec-
tion in . (tmf A A;) tells us that v3¢[0,0] = 0. Furthermore, all hypotheses of
Moss’s convergence theorem are verified. Therefore, e[2, 30] is a permanent cycle
representing the Toda bracket (e[0, 0], %, %). For the sake of completeness, we
record the Toda bracket expressions for the other elements

(7, v,ve[l,5]) = e[2,32], (,v,v%e[0,6]) = e[2,36],
(R,v,ve[l,11]) = €[2,38], (R, v, ve[l, 15]) = e[2,42],
(7, v, 1%e[1,17]) = €[3,47], (&, v,ve[l,21]) = e[2, 48],

(7, v,1v%e[2,23]) = e[3,53].
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We have already identified 16 out of 32 permanent cycles. The next 16 ones are not
the same for different versions of 4;. The difference reflects the different behavior
of the d,-differential in the ASS for different models of A; (see Proposition 4.0.3).

Proposition 5.3.13. In the HFPSS for all four versions of A, the following 12
generators are permanent cycles :

A%e|0,0], A%e[1, 5], A%e|0, 6], A2e[1, 11], A%e[1, 15], A%e[1, 17]
A?e[1,21], A%e[2, 30], A%e[2, 32], A%e[2, 36], , A%e[2,42], A%e[3, 47].
The remaining four permanent cycles for A1[00] and A,[11] are
A?e[1,23], A%[2, 38], A%e[2, 48], A%e[3, 53],

whereas the remaining four permanent cycles for A1[10] and A;[01] are

A'e[1,15], A%e[0,0], Ate[l, 5], A*e[2, 30].

Proof. The graded associated object of the groups m.(tmf A Ay)/(R,v), with
respect to the Adams filtration, in the following stems are given in the following
table:

Stem | 48 | 53 |54|59]63]65]|69]|78]|80]84]90]95
Value | Fs ®Fy [ Fa ®@Fy [Fy |[Fo [Fy [Fy [ Fo [Fy [ Fy | Fo | Fy | Fy

In view of Corollary 5.1.4 and Corollary 5.3.3, inspection in the E;-term shows
that the following 12 classes are permanent cycles in the HFPSS for all four ver-
sions of A;.

A?e[0,0], A%e[1, 5], A%[0, 6], A%e[1, 11], A%e[1, 15], A%e[1, 17],

A%e[1,21], A%e[2,30], A%e[2, 32], A%e[2, 36], , A%e[2,42], A%e[3, 47].

Next, in the ASS for tm f A A1[00] and tm f A A;[11], there is no differential until
stem 96. Again, inspection in the E,-term shows that

mr(tmf A A1[00])/(R,v) = mr (tmf A Ai[11])/(R,v) = Fy

and
mse(tmf A A1[00])/(R,v) = mge(tmf A Ai[11])/(R,v) = Fy

It follows that the classes AZe[1,23] and A?e[2, 38] are permanent cycles in the
HFPSS for ELY* A A;[00] and ELC>* A A;[11].

On the other hand, in the ASS for tm f A A;[10] and tm f A A;][01], Lemma 4.0.3
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and g-linearity imply that dy(g*woe[4,23]) = g%e[6, 30] and do(g*woe[7,38]) =
g%[1,5]. Hence, wie[3, 15] and w3e[6, 30] survive to the E..-term, by sparseness.
It then follows that A*e[1,15] and Ae[2, 30] are permanent cycles in the HFPSS
for A;[10] and A, [01].

For A;[00] and A;[11], the classes wse[9, 48] and wse[10, 53] do not support dif-
ferentials, by Lemma 4.0.3, hence persist to the /. -term, by sparseness. They are
also not divisible neither by % nor by v. Lastly, both wye[9, 48] and wse[10, 53]
are annihilated by v. The only classes in the HFPSS that match those properties
are A%e[2, 48] and A%¢[3, 53], respectively. Thus, the latter are the last two of the
32 permanent cycles in the HFPSS for A;[00] and A, [11].

For A;[10] and A,[01], the classes wse[9, 48] and wsye[10, 53] support nontriv-
ial d, differentials. Thus w3e[0,0] and w3e[l, 5] survive to the E.-term. For
degree reasons, both w3e[0,0] and w3e[1,5] are not divisible either by % or by
v, and moreover their multiples by v are not divisible by <. In the HFPSS for
Bl A A1[10] and ELS** A A1[10], Ae[0,0] and A’e[1, 5] are the only classes
verifying the respective properties, hence are permanent cycles.

L

Having determined all permanent x-families, we consider differentials. We recall,
from Remark 5.3.11, that each permanent x-family is truncated by one and only
one non-permanent x-family. We can proceed as follows: take a permanent cycle,
say z; then locate all non-permanent classes that can support a differential killing
r"x for some n < 6. Precisely, one of the following situations will happen:

1) There is no ambiguity: i.e., there is only one generator that can support a
differential killing k"« for some n < 6, so this differential occurs.

2) There are two generators that can support a differential killing multiples of
x by different powers of k. In order to decide, we inspect the k-exponent of z
using the ASS.

3) There are two generators that can support a differential killing the multiple
of = by the same power of k. In this case, inspection on the k-exponent of = does
not help. We will treat each of the particularity case by case. Some Toda brackets
will be involved to resolve these cases.

A permanent cycle is said to be of type 1, 2, 3 respectively if its k-family is as in
the situation 1, 2, 3 above respectively. The HFPSS for different versions of A;
do not behave in the same manner. It turns out the HFPSS for the versions A;[10]
and A;[01] behave in the same way and A;[00] and A;[11] in the same way. We
will treat the HFPSS for A;[10] and A,[01] in detail and then point out the changes
needed for A;[00] and A, [11].
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Differentials (continued) for A,[01] and A;[10]. The reader is invited to fol-
low the discussion of the differentials using Figures (22) to (25) below.
The dgy-differentials

Proposition 5.3.14. There are the following dq-differentials:
(1) do(A%e[1,23]) = R2e[2, 30]
(2) do(ASe[1,23]) = R2A%e[2, 30].

Proof. The classes €[2,30] and A%e[2, 30] are of type 1 and the only possibilities
are do(A%e[1,23]) = K2e[2,30] and dg(AS¢[1,23]) = K2A%e[2, 30], respectively.
]

The d;5-differentials

Proposition 5.3.15. There are the following ds-differentials:
(1) di5(A%e[2,38]) = Ke[l, 5

(2) dis(A%[2,48]) = R'e[l, 15]
(3) dys(ASe[2,38]) = R*A%e[1, 5]
(4) dys(A%e[2,48]) = R*Ae[l, 15].

Proof. 1t is readily checked from the chart that all ¢[1,5], e[1,15], Ae[l,5],
A%e[1,15] are of type 1 and their &-family is truncated as indicated in the propo-
sition. L

The d;7-differentials

Proposition 5.3.16. There are the following d,;-differentials:
(1) d17(A2 [3,53]) = 7°¢[0, 0]

(2) dig (A0, 6]) = e[l 21]

(3) din(A%e[1,17)) = 7e[2, 32]
(4) diz(A'e[l,21]) = R'e[2, 36]
(5) di7(A%e[2,32]) = R'e[3, 47]
(6) di7(A%€[0,6]) = RA%e[1, 21]
(7) di7(ACe[1,17]) = K*A%e[2, 32]
(8) dyn(A%e[1,21]) = F*A2¢[2, 36]
(9) dyn(A%e[2,32]) = FHA2e[3, 47]
(10) dy7(A%e[3,53)) = B Ate [0 0]
(11) dy7(A%e[1,23]) = Rle[2, 38]
(12) di7(A%e[2,38]) = Rle[3, 53]
(13) di7(A€[0,0]) = RA2e[1, 15]
(14) dyr(ASe[1,15]) = F*A2¢[2, 30]
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Proof. (1)-(10) All of the generators of

e[0, 0], e[1,21], e[2, 32], e[2, 36], e[3, 47]
A?e[1,21], A%[2, 32], A%e[2, 36], A%e[3,47], Ae|0, 0]

are of type 1.

(11) e[2,38] is of type 2. The differentials that can truncate its K-family are
di7(Ae[1,23]) = Ele[2, 38] and do5(ASe[1, 15]) = KSe[2, 38]. The latter
can not happen because the spectral sequence collapses at the Foy-term.
Therefore, one must have that d;7(A%e[1, 23]) = &'e[2, 38].

(12) ¢[3,53] is of type 2. Its k-family can be truncated by d7(A%e[2,38]) =
Rle[3, 53] or dos(A%e[2,30]) = ®%¢[3,53]. As above, there can not be
any dys-differential in the spectral sequence. Hence, one must have that
d17(A46[2, 38]) =K 6[3 53]

(13) AZ2e[1,15] is of type 3. In its ®-family, only *AZe[1, 15] can be a tar-
get of differentials, d;7(A%e[0,0]) = ®1AZ%¢[1,15] and di5(A%e[2,48]) =
R1A%e[1,15]. However, if di5(A%e[2,48]) = ®*A%¢[1, 15] then the only
class that can truncate the %-family of ¢[1,23] is A%e[0, 0] and by a dos-
differential: do5(A°e[0,0]) = %P[1,23]. This contradicts the fact that
the spectral sequence collapses at the Ey4-term. Thus, one must have that
di7(A%e[0,0]) = B1A%e[1, 15].

(14) AZ%¢[2,30] is of type 2. Its ®-family can be truncated by a dyo-differential
on Ae[1,23] or by a dy7-differential on A®e[1,15]. However, the former
possibility can not occur because of part (11). Therefore, d;7(A®e[1,15]) =
71A2e[2, 30].

L

The d,q¢-differentials

Proposition 5.3.17. There are the following dyq-differentials:
(1) dlg(A4 [1,11]) = &5¢|0, 6]
(2) dlg( [3 47]) =K 6[2,42]
(3) dig(ACe[1,11]) = K5 A2e0, 6]
(4) dig(ACe[3,47]) = KO A%e[2, 42]
(5) dig(ACe[1,5]) = RPAZe[0, 0]
(6) dig(A*e[3,53]) = Koe[2, 48].

Proof. (1)-(4) All of the classes
e[0, 6], e[2, 42], A%e[0, 6], A%e[2, 42]

are of type 1.
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(5) The class A%e|0, 0] is of type 3 and its ®-family can be truncated either by
di7(A%e[3,53]) = ®>A%e[0,0] or by dig(A%e[1,5]) = ®>A?e[0,0]. Sup-
pose di7(A%e[3,53]) = K°A%e|0,0]. This would leave us with the differ-
ential dy; (Ae[1,5]) = E°e[2,48]. It would imply the Massey product in
the Eqy-term

(R°, e[2,48],v) = vA%e][1, 5]
with zero indeterminacy in the Ess-term. All conditions of Moss’s con-
vergence theorem are met, the Toda bracket (%°, ¢[2, 48], v/) could then be
formed and would contain an element represented by vA®e[1,5]. This
contradicts Corollary 4.0.5. This contradiction proves that

dio(A%][1,5]) = &> A%e|0, 0].

(6) The class e[2,48] is of type 2 and its ®-family is truncated either by
dlg(A46[3,53]) = Re[2, 48] or by dy (Ae[1,5]) = K°¢[2, 48]. However,
part (5) of Proposition 5.3.17 rules out the latter.

O

The d,3-differentials

Proposition 5.3.18. There are the following dos-differentials:
(1) d23(A4 [2,36]) = "%][1, 11]

(2) dos(A%e[2,42]) = FOe[1, 17]
(3) doz(A%e[2,48]) = RCe][l, 23]
(4) dgg(A66[2,36]) = I{6A2 [ 5 ]
(5) d23(A66[2,42]) = KOA%e[1,17]
(6) das(ASe[2,30]) = ROAe[L, 5].

Proof. (1)-(5) All of the classes
e[1,11],e[1,17], e[1,23], A%e[1, 11], A%e[1, 17]

are of type 1.

(6) The class A%el[1, 5] is of type 2. The two possibilities are dy5(A%e[2, 38]) =
R1A%e[1,5] and do3(A%e[2,30]) = ®OAZe[1,5]. However, part (12) of
Proposition 5.3.16 rules out the former because the class Ae[2, 38] must
pair up with the class e[3,38], by a dy;-differential dy7(A%e[2,38]) =
rle[3, 53].

L

The above differentials from dy to dy3, together with the %- and A®-linearity ex-
haust all differentials. In the statement of Theorem 5.3.19 and 5.3.20, we write
e;_s for the permanent cycle e[s,¢ — s| in bidegree (s,t) listed in Proposition
5.3.10, for the sake of presentation.
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Theorem 5.3.19. As a module over F [A*® &, v]/(Kv), the Eo-term of the HF-
PSS for E(}}GM A Aj for Ay = A1[10] and A{[01] is a direct sum of cyclic modules
generated by the following elements and with the respective annihilator ideal:

0,0)  (1,5)  (0,6) (1,11) (1,15) (1,17) (1,21) (1,23)
(7°,v%) (RY,v?) (R°0%) (R%0?) (R',0%) (R°,v°) (RY.v?) (R°0°)
(2,30)  (2,32) (2,36) (2,38) (2,42) (3,47) (2,48) (3,53)

€30 €32 €36 €38 €42 €47 €48 €53
7v) (FLv) FLy) Fy) ®v) ") ®,v) (FLy)

(0,48) (1,53) (0,54) (1,50) (1,63) (1,65) (1,69) (2,74)
A2€0 A2€5 A2€6 A2€11 A2€15 A2€17 A2€21 A2I/€23
(7,0°) (&%) (’°0%) (R°?) (R0?) (7°0°) (Rv*) (R

(2,78)  (2,80) (2,84) (2,90) (3,95) (0,96) (1,101)
A2630 A2632 A2636 A2642 A2647 A460 A465
FLv) (Fv) ®Lv) @) Fv) @0 70

(1,105) (2,110) (1,111) (2,116) (2,120) (2,122) (2,126)
A4I/66 A4I/611 A4615 A41/617 A4l/621 A4I/623 (A4630)
7))  (®v) E02) FY) Fr) FY) (7v)

(1,147) (2,152) (1,153) (2,158) (2,162) (2,164) (2,168) (2,170)
ASvey  ASve;  ASves  ASve;; ASvey; ASver; ASvey  ASveys
Fd) ®y) Fd) Fy) ®r) (Fed) ®y) (7).

The case of A;[00] and A;[11]. The analysis of the HFPSS for A;[00] and A;[11]
can be done in the same manner as that for A;[10] and A;[01]. All differentials are
identical except for 8 ones involving 16 of the generators of Proposition 5.3.10.
We will be content to point out all modifications, see Figures from 26 to 29.

di7(A%e[1,15])) = B*e[2, 30] instead of dg(A%e[1,23]) = K2e[2, 30],
di7(A%]1,23]) = B*A%e[2, 38] instead of dy(A%e([1,23]) = B2A%e[2, 30],
di7(A%[0,0]) = ®'e[1, 15] instead of dy5(A%e[2, 48]) = K'e[l, 15],
di7(A%][2,38]) = B*A%e[3, 53] instead of dy5(A%e[2,38]) = B*A%¢[1, 5],
dig(A%e[1,5]) = ®°e[0, 0] instead of dy7(A%e[3,53]) = &[0, 0],
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dio(A%[3,53]) = B A%e[2, 48] instead of dy7(A%e[3,53]) = K> Ae[0, 0],
dos(A%[2,48]) = RCA%e[1, 23] instead of dy5(A°e[2,48]) = B*Ae[1, 15],
das(A%e]2,30]) = ®Ce[1, 5] instead of dy5(A%e[2,38]) = ®'e[l, 5].

Theorem 5.3.20. As a module over F4[A*® %, v]/(Fv), the Eo-term of the HF -
PSS for E?;GQ“ N Aj for Ay = A1[00] and A[11] is a direct sum of cyclic modules
generated by the following elements and with the respective annihilator ideals:

(0,0)  (1,5) (0,6)  (1,11) (1,15) (1,17) (1,21) (1,23)
(E5, 1/3) (E6, 7/2) (E5, 7/3) (EG, 7/2) (E4, 1/2) (EG, 1/3) (E4, 1/2) (E6, 7/3)

(2,30)  (2,32) (2,36) (2,38) (2,42) (3,47) (2,48) (3,53)

€30 €32 €36 €38 €42 €47 €48 €53
FLv) FLv) FLv) Fy) ®v) (®y) ®,v) (7L)

(0,48) (1,53) (0,54) (1,50) (1,63) (1,65) (1,69) (1,71)
A2€0 A2€5 AQ@G A2€11 A2€15 A2€17 A2€21 A2€23
@) @) @f) @) (@) @) @07 5@

(2,78)  (2,80) (2,84) (2,86) (2,90) (3,95) (2,96) (3,101)
A2630 A2632 A2636 A2638 A2642 A2647 A2648 A2653
FLv) () Foy) @) @) Fey) (@F) (FL)

(1,99)  (2,104) (1,105) (2,110) (2,114) (2,116) (2,120) (2,122)
A'vey  A%ves A'veg A'vey; A'veys Atveyr A'vey;  A'veos
Fd) (Ry) R my) ®my) @A) (@) (507

(1,147) (2,152) (1,153) (2,158) (2,162) (2,164) (2,168) (2,170)
ASvey  ASves  ASveg  ASvey; APvers ASver; ASvey;  ASveos
Fo?) (®y) ®d) Fy) ®r)  Fed) ®y)  (®A).

Remark 5.3.21. We emphasise that the relations given in Theorem 5.3.19 and
5.3.20 are only the relations in the E..-term. In fact, we can see by sparseness
that, the annihilator exponents of 7 are still true in 7, (Ef">* A A, ). Whereas, there
are exotic extensions by v, i.e., multiplications by v that are not detected in the
Es-term. These can be determined by two different methods: by using the Tate
spectral sequence as in [BO16], Section 2.3 or by computing the Gross-Hopkins
dual of EgG“ A A1; however, we do not discuss this point here.

Using the structure of the E..-term, we can read off the action of the ideal (&, v)
on 7, (EZ* A A;). From this, we obtain the following Corollary.
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Theorem 5.3.22. We have
a) The map

0" W(Fy) @z, me(tmf A A)/(F,v) — mp(BEC* A A)) (R, v),

induced by © in (19), is an isomorphism for k > 0, independent of the version of
Ay
b) The map

O : W(F4) ®Zg Wk(tmf A Al) — Wk(Eg«GM N Al)

is also an isomorphism for k > 0, independent of the version of A;.
¢) Multiplication by A® induces isomorphisms

Wk(tmf VAN Al) — 7Tk+192(tmf N Al)

and
Wk(tmf N A1>/(E, V) — 7Tk+192(tmf A Al)/(ﬁ, I/)
for k> 0.

Proof. For part a), Corollary 5.1.4 asserts that ©' is injective. To show that the lat-
ter is surjective, it suffices to show that its source and target have the same order.
The order of the target can be seen from Theorem 5.3.19 and 5.3.20; in particular,
it has order 0 or 4 in all stems, except for the stems 48 and 53 modulo 192, in
which it has order 8. The remaining part of the proof is an inspection of the ASS
for tmf N Aj, together with the fact that © is injective, by Corollary 5.1.4, and
is linear with respect to % and v, to show that W ®7, m.(tmf A A;) has the same
order as of W*(EZGQ“ A Ap), in non-negative stems. Because of the dependance
of the structure of m(EéG24 A Aj) on the version of Ay, we consider them sepa-
rately: we only give a detailed treatment for A, [00] and A;[11] and claim that the
treatment for A;[01] and A;[10] is completely similar. For the remaining part of
the proof, A; will be A;[00] or A;[11].

By sparseness and part (i) of Theorem 4.0.3, all classes wheli, j] for [ = 0,1
and e[i, j], the classes in the table of Proposition 3.2.5 survive to the E..-term of
the ASS for tm f A A;. Moreover, for degree reasons, these classes must converge
to non-trivial elements of 7, (tmf A A;)/(R, v) in the appropriate stems. There-
fore, W ®g, m.(tmf A A1)/ (R, v) has the same order as of 7, (EL>* A A;) up to
stem 96 and in stem 101.

All of the classes
wie[0, 0], wie[l, 5], wie[l, 6], wie[2, 11],
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wiel3,15], wae[3, 17], wie[4, 21], wie[4, 23]

are dp-cycles in the ASS and the ds-differentials on them can only hit g-multiple

classes. Thus, by v-linearity and the fact that gv = 0 in Ext% ?8) (Fy), the classes

vwsel0, 0], vwie[l, 5], vwie[l, 6], vwie[2, 11],

vwsel3, 15], vwse[3, 17], vwie[4, 21], vwie[4, 23]

are dz-cycles and hence survive to the E.-term, by sparseness. As above, these
classes must converge to non-trivial elements of 7.(tmf A Ay)/(E,v) in the ap-
propriate stems. It follows that W @y, 7. (tmf A A1)/ (R, v) has the same order as
of m.(ELZ** A Ay) for stems from 96 to 144.

Consider the classes

nge[O 0], uwg’e[l 5], nge[l 6], ng’e[Q 11],

vwsel3, 15], vwie[3, 17], vwie[4, 21], vwie[4, 23]. (27)

As above, these classes survive to the E4-term of the ASS for tmf A A;. By
sparseness, vwsel[4, 23] survives to the E. -term and converges to a non-trivial
element of m70(tmf A Ay)/(R,v). By sparseness, the other classes can only
support d,-differentials hitting the classes

g7e[1,6], 97e[2,11], g°%[6, 32], g ¢[3,17], g"e[4, 21], g"e[4, 23], g[9, 47],

respectively. However, the class g*e[i, j] for (4, j) € {(1,6), (2,11), (6,32), (3, 17),
(4,21), (4,23), (9,47)} is killed by a differential for a certain integer & less than 7,
hence g7e[i, j] for (i, 7) € {(1,6), (2,11), (6,32), (3,17), (4,21), (4,23), (9,47)}
is killed by a differential on a certain g-multiple class. This means that

vwsel0, 0], vwie[l, 5], vwie[2, 11], vwie[3, 15], vwie[3, 17]

survive to the E.-term, hence, as above, to non-trivial elements of m,(tmf A
Ay)/(R,v). Next, the map © sends e[6,32] and ¢[9, 47] to e[2,32] and e[3,47],
respectively. The latter are both annihilated by %*, so that g%e[6, 32] and g*e[9, 47|
are hit by certain differentials in the ASS, hence ¢%¢[6,32] and g%¢[9, 47] are
hit by differentials supported on g-multiple classes. As above, this implies that
vwiell, 6] and vw3e[4, 23] survive to non-trivial elements of 7, (tm f A Ay )/ (R, v).
In total, we have proved that all classes of (27) converge to non-trivial elements
of m.(tmf A Ay)/(R,v); as a consequence, W ®g, m.(tmf A Ay)/(R,v) has the
same order as of 7, (Ef>* A A;)/(F, v) in stems from 144 to 192.
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Together with the fact that m,(EL7>* A A;)/(R,v) is AS-periodic, we conclude
that ©’ is a surjection, hence is an isomorphism.

For part b), there is a commutative diagram

W(Fy) @z, m(tmf A Ay) —2 m (ERC2 A Ay)

| | l

W(Fy) @z, m(tmf A A1)/ (R, v)—s (B N A (R, v).
Part b) then follows from part a) and the fact that 7, (tm f A A;) is bounded below.

Part ¢) follows from part a) and part b) and the fact that A® is invertible in
hG24
T (ELT). O
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The Figures (22) to (25) represent the HFPSS for EZG“ A A1]10] and Eng“ A A1]01] from the E7-term on. Each black
dot e represents a class generating a group [F, which survives to the E..-term. Each circle o represent a class which either
is hit by a differential or supports a differential higher than d5. We only represent the differentials on generators listed in
Proposition 5.3.10 but not those generated by %-linearity.
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Figure 22 — HFPSS for A;[10] and A;[01] from E-term with 0 < ¢ — s < 48
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Figure 23 — HFPSS for A;[10] and A, [01] from E;-term with 48 < ¢ — s < 96
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Figure 24 — HFPSS for A;[10] andA;[01] from E;-term with 96
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Figure 25 — HFPSS for A;[10] and A,;[01] from E-term with 144
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The Figures (26) to (29) represent the HFPSS for EZG“ A A1]00] and Eng“ A A;[11] from the E7-term on. Each black
dot e represents a class generating a group [F, which survives to the E..-term. Each circle o represent a class which either
is hit by a differential or supports a differential higher than d5. We only represent the differentials on generators listed in
Proposition 5.3.10 but not those generated by %-linearity.
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Figure 26 — HFPSS for A,[00] and A;[11] from E7-term with 0 <t — s < 48
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Figure 27 — HFPSS for A,[00] and A, [11] from E;-term with 48 <t — s < 96
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Figure 28 — HFPSS for A;[00] andA;[11] from E;-term with 96
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