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RANDOM WALKS ON FINITE QUANTUM GROUPS

ISABELLE BARAQUIN

ABSTRACT. In this paper, we study convergence of random walks, on finite
quantum groups, arising from linear combination of irreducible characters. We
bound the distance to the Haar state and determine the asymptotic behavior,
i.e., the limit state if it exists. We note that the possible limits are any central
idempotent state. We also look at cutoff phenomenon in the Sekine finite
quantum groups.

Keywords: convergence of random walks and finite quantum group and Sekine
quantum groups and central idempotent state and representation theory
Mathematics Subject Classification (2010): 46153, 60B15, 20G42 (, 81R50)

1. INTRODUCTION

Given a finite group G, and a current position h in G, choose randomly, according
to a fixed probability distribution, an element g, and move to gh. If you repeat this
procedure, with the same probability distribution 7, you will get random positions
ht = gkgk—1 ---g1 which define a walk on the Cayley graph of G. A frequently
asked question is when the distribution 7** of the current position hy is close to
the uniform distribution on G. Diaconis and Shahshahani answer this question
in [4] for the case of permutation groups, by using representation theory. They
also observe that after less than ¢, random transpositions a deck of n cards is not
well mixed, but after more than ¢,, random transpositions it is well mixed, where
tn = gnlog(n). This is called a cutoff. For more details on the cutoff phenomenon
in classical finite groups, the reader can look at the survey of Saloff-Coste [16].

Finite quantum groups are a generalization of classical finite groups. Despite
their name of group, we are studying algebras endowed with an additional structure.

Definition 1.1. A finite quantum group is a pair G = (A, A), where A is a unital
finite dimensional x-algebra (eventually noncommutative) and A: A — A® A is a
unital x-homomorphism, called coproduct, such that it is coassociative, i.e.,

(A®idy) oA = (idsg ®A) o A

as x-homomorphisms from A to A ® A® A, and such that it verifies the density
in A® A of the two algebras (14 ® A)A(A) = span{(14 ® a)A(b),a,b € A} and
(A®14)A(A) =span {(a ® 14)A(b),a,b € A}.

Note that we can define a finite quantum group thanks to a classical finite group
(G, ). The set of complex-valued continuous functions on G, denoted C(G), is en-
dowed with a structure of (commutative) unital *-algebra. Identifying the tensor
product C(G) ® C(G) with the #-algebra C(G x G), one can check that the appli-
cation A: C(G) — C(G x G), defined by A(f)(s,t) = f(s-t), satisfies the coas-
sociativity relation and the density properties, called quantum cancelation rules.
Following this example, we denote the algebra A of the quantum group G = (A, A)
by C(G).
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We need to transfer the properties of probability measures defined on a finite
group G, to some object defined on C'(G). Let us note that if we look at integration
of continuous functions with respect to a probability measure, we obtain a state
on C(Q), i.e., a linear functional which preserves the unit and positivity. In the
framework of quantum groups, the convolution product of two probability measures
w1 and po is given by pq * g = (1 ® pg) o A. This formula defines the convolution
product of two states defined on a quantum group G = (C(G), A).

Moreover, every classical finite group can be equipped with a Haar measure A,
satisfying the identity

/fgsdA /f Jaxs) = [ s 91

which becomes (A ® id¢(g)) 0 A = A(-)1g = (ideq) @A) o A, with the coproduct
defined above, where A denotes the integration with respect to the Haar measure.
This leads us to the following definition:

Definition 1.2. A Haar state [, on a compact quantum group G = (C(G),A) is
a state on C(G) such that

(/(}@idc(@)) oA =l¢(g) /G(-) — (idc(G) ®/G> o A.

Note that every finite quantum group admits a unique Haar state.

Random walks on finite quantum groups were first studied by Franz and Gohm
[5]. We are now looking at convolution semigroups of states {¢**}ren and their
convergence to the Haar state. Recently, McCarthy [11] developed the Diaconis—
Shahshahani theory for finite quantum groups. In particular, he gave upper and
lower bounds for the distance to the Haar state, exploiting the corresponding tools,
but he could not prove a cutoff in the Sekine family of finite quantum groups. He
defined [12] the quantum total variation distance as a norm on functions defined
on C(G) by

¢ —Yllgrv = sup lo(p) — ¥(p)| -
peC(G) a projection

For a finite quantum group G, let us denote by I(G) the set of its irreducible
representations, i.e., invertible elements o = (j)1<i j<n of Myp(C(G)) such that,
for any 1 < 4,5 < n, A(ai;) = > i @ ag; For a representation o € I1(G), dq

k

denotes its dimension and y, the associated character.
We shall also use the Fourier transform. For z an element in C(G), let us denote
by F(x) the linear functional defined on C(G) by

F@)o) = [v
G
This allows us to define a convolution product on C(G), also denoted * like the
product of linear functionals on C(G), thanks to the formula
Flaxb) = F(a)* F(b) = (F(a) @ F(b)) o A
Using Sweedler notation, we get axb =3 b F(a) (S(ba))) in C(G).
©)

Here, we restrict ourselves to random walks arising from the Fourier transform of
linear combination of irreducible characters, it means from elements of the central
algebra. This work is separated into two parts. The second section is devoted to
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the study of the Kac—Paljutkin group KP. In the last one, we look at the Sekine
family KP,,. We study cutoff phenomenon in Section 3.3 and list all the possible
types of asymptotic behaviors for n fixed in Theorem 3.4. It allows us to determine
all the central idempotent states on these finite quantum groups, by noting that the
central algebra is the center of the algebra with respect to the convolution product.

2. RANDOM WALKS IN KP

First let us look at random walks on the eight-dimensional Kac—Paljutkin finite
quantum group KP. This is the smallest Hopf-von Neumann algebra which is
neither commutative nor cocommutative. We use the notations given in [1]. In
particular, the algebra C(KP) = C® C @ C & C & M,(C) is endowed with the
canonical basis {e1, e2, €3, €4, E11, E12, F21, Eas}, where E;; is the image of a matrix
unit. The unitis 1 =101 H1d 1@ Iy, with I, the identity matrix. The Haar
state is given by

1
/ 1 Dxro Dz D ry D € Ci2 = *(1‘1 +l‘2+.’L‘3+.’E4+2(011 +022)).
KP C21  C22 8

As already noted by Kac and Paljutkin [9], the elements of I(KP) are

10
p(l):1@1@1@1@<0 1),

1
p(2)1@1@1@1@<0 _01>

)

and

-1
0
-1 0
0 -1

)
)

pB)=le-1o-1alae

~— —~ o

p(4):1@1@1@1@(

ENE]

0 0 0

0 e 7

1@1@1@1@(0 0) 0e0e0e0e ( N, ¢
00000m0® | - 1e1e-1o-1a (0 0
et 0 00

X =

0 0
0 0
unit 1 in C(KP), this is the trivial representation of KIP.

which gives the character x(¥) =2904 06 -2 ( ) Note that p(1) is the

4
Let us fix an element g = > gup(u) + gxx(X) of C(KP), with g, € C for every
u=1

o € I(KP). Let us note that F(e;)(ex) = §6ik, F(e;)(Ew) =0, F(Ei;)(ex) = 0 and

F(Ei;)(Ew) = 2610;1. Then, F(g) is a state on C(KP) if and only if F(g)(1) = 1
2
and F(g) is positive, which means that F(g)(xze;) > 0 and F(g)( > a;;Ei;) >0
ij=1
for any nonnegative real number x, any 1 < ¢ < 4 and any positive semidefinite
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matrix A = (a;j)1<i,j<2 € M2(C). These conditions are equivalent to:

g1 =1
14+ g2+ 93+ 94a£t29x >0
(1) 1+g2—93—9g2>0

1-9g2+93—942>0
1-9g2—93+g4>0

In particular, it implies that, for all o € I(KP), g, is real and moreover
(2) |9a| < da.

2.1. Upper and lower bounds.

Lemma 2.1. For all u € {2,3,4} and all positive integer k,

1 k *k 2k |9x|
— < T — <
(3) 2 |gu| > H (g) /K]P’ > E | v|

QTV
Proof. The Quantum Diaconis—Shahshahani Upper Bound Lemma [11, Lemma

5.3.8] gives
o= [, <3, 3, wm Faersa)
Flg)™ - <~ dgTr ( F(9)(B8)"F(9)(B)
KPIQTV 4 ﬁﬂe;(K]p)
Igp

with .f(;)(ﬂ) the matrix composed by the F(g)(8;;)’s for 8;; the matrix coefficients
of 8. On the other hand, by the Lower Bound Lemma [11, Lemma 5.3.9], for all
non trivial one-dimensional representation «,

Fayt- [

Let us compute .f(g\)(ﬁ) for every 8 € I(KP). First of all, let us note that, by
linearity of F,

>
QTV

Y 0 F)® = 3 ga | Bijxa

€I (KP) acI(KP) 1<ij<ds

Since the quantum group is finite, it is of Kac type. Hence the orthogonality
relations for coefficients of irreducible representations lead to

5 _
ﬂi iXa = b
fue =

where 8 = ((8i;)* )1<”<dﬂ We clearly have f = 37! when ds = 1 and X = X.

Finally, we get .7-"( )(B) = gs-1 when dg =1 and f@(%) = 3gx 1. Therefore, for
ds = 1,

2k

Tx (F(9)(8)“ F(9) (B)") = |go-]

T (F) F)()*) = 53 loxl
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Hence, the Quantum Diaconis—Shahshahani Upper and Lower Bound Lemmas give
the bounds announced in (3). O

2.2. Asymptotic behavior. We can now determine the conditions for the random
walk to converge to the Haar state. We then study the other cases, when the random
walk does not converge to the Haar state.

Theorem 2.1. The random walk defined by g = Z gup(u) + gxx(X), satisfying

conditions (1), converges to the Haar state if and only if
(4) Va € I(KP) \ {1kp}, |9a| < da-

In this case, the distance to the Haar state decreases exponentially fast from the
first step on.

Proof. By the upper bound (3) in Lemma 2.1, the condition (4) is sufficient.
By the lower bound (3) in Lemma 2.1, the convergence implies that |g,| is strictly
less than 1, for each v € {2,3,4}. Then, the second equation in (1) leads to [gx| < 2,
e. (4) holds.
In the case of convergence, let us denote by g,, the greatest element among |gs|,

lgsl, |ga| and %. Then, g, < 1 and, by Lemma 2.1,

fro=- 1,

which shows the exponential decay. O

2k |93€| \ﬁ k
< E Gu e

QTV

By the inequality (2), the random walk does not converge to the Haar state if and
only if there exists a non-trivial irreducible representation « such that |go| = da,
ie. go € {—da,ds}. Let us note that it still might converge, but to some other
state. Moreover, the limit state, if it exists, is clearly an idempotent state.

Let us now investigate conditions for the random walk to converge to an idem-
potent state different from fKP. First of all, let us list the idempotent states on KP,
given by Pal[14], i.e. states on KP satisfying (¢ ® ¢p) o A =: ¢px ¢ = ¢:

¢1 = 8F(e1)

po = 4F(e1 + e2)

¢3 = 4F (e1 +e3)

o4 = 4F(e1 + eq)

¢5 =2F(e1 +ex+e3+eq)
s =2F(e1 +eq + Er11)

o7 = 2F(e1 + e4 + Eao)

¢8:]:(11KP):/KP

Then, by looking at the different cases for g to satisfy (1) and not (4), we get:

Proposition 2.1. Assume that the random walk associated with g does not converge
to the Haar state ¢g. Then, we have six possibilities.
If gx =2, then g, = 1 for all 1 <u <4 and F(g) = ¢1.
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If go = 1 for at least two non trivial one-dimensional representations in I(KP)
and |gx| < 2, then g, =1 for all 1 <wu <4 and the random walk converges to ¢4.

If go = 1, then g3 = g4. Assume also that |g4| < 1 and |gx| < 2, then the random
walk converges to ¢g.

If g3 =1, then g2 = g4. Assume also that |g2| < 1 and |gx| < 2, then the random
walk converges to ¢7.

If g4 = 1, then g5 = g3. Assume also that |g3| < 1 and |gx| < 2, then the random
walk converges to ¢s.

In all the other cases, it means if gx = —2 or if there is 2 < u < 4 such that
gu = —1, then the random walk is cyclic and does no converge.

Proof. First, let us note that, by [12, Proposition 2.1],

1 1
I17(0) = F@lgry = 3l =l = 5 [ la—al.

We can deduce that the random walk associated with g converges to ¢; if and only

if the coefficients in front of ey, es, e3, e4, E11 and Fas of g*k converge to the

corresponding ones in the definition of ¢; above.
k

Yo

Let us also note that ¢g** = Z FXO(-
«

ael(KP)
front of es and e3 in ¢** are equal. Hence, the random walk defined by such a ¢
cannot converge to ¢ or ¢s.

Let us fix ¢ satisfying (1) and not (4). Assume, for instance gx = 2. Then, the
inequality 1+ g2 + g3 + g4 — 2gx > 0 in (1) implies that g, > 1 for all 1 < u < 4.
Thus, by (2), g, = 1 for all 1 < wu <4, and then, F(g) = ¢;. Likewise, if gx = —2,
gu = 1forall 1 <u < 4 and g** = 8ey or 8e;, depending on the parity of k. The
other cases with |gx| < 2 follow from a similar reasoning. (]

In particular, the coefficients in

3. RaNnpDoM wWALKS IN KP,,

We use the definition and the representation theory of the Sekine family of finite
quantum groups presented in [1]. Let us recall that for each n greater than or equal

to 2, C(KP,) = @ Ce ;) ® M,(C) is endowed with the Haar state [, given
4,5 €Ln "
by

1 n
/m Z (i) €(i.5) T Z Xijkij | =53 Z (i) + ”ZXm
1,JELn 1<4,5<n ©,JELn, i=1

where E; ; denotes a choice of matrix units in M, (C) and z(; j), X; ; € C.
The set of irreducible representations I(KP,,) depends on the parity of n. For n
odd, its elements are, for | € Z,,, the one-dimensional representations

P = Z nile(i,j) + Z By mi
©,JE€ELn m=1

227

withn = e™» a primitive n'
X™?. whose characters are

2tvm
X (X)) =2 Z n°" cos < ) €(s,t)

n
S, tE€ELn,

h

root of unity, and the two-dimensional representations
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for u € Zy, and v € {1,2,..., |22 |}. If n is even, we also need to add, for each
l € Zy,

of = > (=Vn'ei £ Y (=) Emmir.
4,J€Ln m=1
Note that pg is the unit in C(KP,), for each n.

Let us fix an element a = ) aqxo of C(KP,). Let us denote a(; ;) and A;;
el (KP,)
its coefficients in the canonical basis. Then, with 1oy the indicator function of even
integers,

n—1 nglJ ]
4 2mjv i
agig) = Y |yt a, +lan(m) (1) (azs+a, )+ 2D Jaze COS( n > "
— v=1

and A; ; is given by pt =y + Lon(n)(—1)%(a,+ —a,- ).

Pj— g—i J—i
Lemma 3.1. The functional F(a) is a state if and only if Ayt = 1, for alli,j in
L, ag; 5y > 0 and the matriz A = (Aij)i<i,j<n is positive semidefinite

Proof. We want F(a) to satisfy the first conditions of [6, Lemma 6.4]. To obtain
the result, we only need to note that

2n2]:<€(5’t))(6(iﬁj)) = (55)1‘(5,3’]‘ 2n2]-'(e(s’t))(Ei7j =0
Qn}'(Ep,q)(e(i’j)) = 0 an(Epyq)(Em-) = 6p,j5q,i.
O

Remark 3.1. By Lemma 3.1, the coefficient Ay is real and its absolute value is
not greater than 1.

Example 3.1. Let p, q be two integers such that pg =n, ¢ > 1. Put a,t = n'®? for

all0 <1< q—1 and an =0 for all the others a € I(KP,,). Then, for a;l i,j € Ln,

g—1

aggy = > 0" = qlgz, (i+1)

1=0
which equals q if i+ 1 is a multiple of q in Z,, and 0 otherwise. This is nonnegative,
and the matriz A, defined by A;; = 0" if j = i+ Ip and O otherwise, is self-
adjoint and its eigenvalues are 0 and q, i.e., A is semidefinite positive. Therefore,
F(a) = ¢, is a state on C(KP,,).

3.1. Conditions for convergence. First, note that, if we extend naturally the
notation, X“? is unitarily equivalent to the direct sum of the representations p;
and p; . Similarly, if n is even, X7 is unitarily equivalent to the direct sum of o
and o, as representations of KP,,.

Moreover, the random walk associated with a converges if and only if the se-

quences of matrices (}{(E) (%“7”)’“) Loy SOTVeTge forallu € Z, and allv € {0,1,..., | %]},
€

since .
(Flay®)@) = (Fla)x))
Theorem 3.1. The random walk associated with a converges if and only if every

complexr number 3—: is an element of the open unit disk D or equals 1, for all
a € I(KP,).
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Proof. First, let us fix (u,v) such that 0 <u<nm—1land1<v < L”T’lj . Then

n—1 n
- tzo nsu-‘rtU fK]P’ne(SVt)a Zl nmY fK]anm,m+ua
Fa@y@e) = 5 n=
< —muv E = su—tv
2177 f]K]P’n m,m+ud 2077 fmne(svt)a
m= t=

is easy to calculate if we note that fKPne(i)j)a = %22 and fKP mmAul = 5= Amum-

By direct calculations, we obtain F(a)(X"") = faxn-u.vI>. Hence the correspond-
ing sequences of matrices converge if and only if

1
—|agn-—uv| <1oOr —Qxn—unv = 1.
3 lax Sax

The same computation for v = 0 gives
w0y — L (G, T Gt T
Fla)(X*7) =

a+ —a, - a+ +a -
p’!‘L u
1
2

Pn—u Pn—u Pr—u

1

2

1 1 1
VR, 0 e )\

This leads to the condition on Qyt and Q-

If n is even, we get

— N 1 a+ “+a,- (-)*(a,+ —a,- )
]:(a)(xu,g) — a.nfu Unfu O‘nfu Unfu
2\ (apy, —a, ) At T,
whose eigenvalues are a_+ and a_ - , and the condition on these coeflicients
follows. O

Remark 3.2. Since the X*"’s are unitaries, the f@:)(i’“’”)’s have norm not
greater than 1, when F(a) is a state. In particular, for each irreducible repre-
sentation o« in I(KP,), the dimension bounds the modulus of the corresponding
coefficient, i.e., |aq| < dy.

3.2. Distance to uniformity. Now that we have a criterion for convergence, and
we want to single out conditions ensuring that the limit is the Haar state. As in the
case of the Kac—Paljutkin finite quantum group, we look at convergence to the Haar
state by using Quantum Diaconis—Shahshahani Upper and Lower Bound Lemmas.

3.2.1. Upper bound.

Lemma 3.2. For any natural integer k,

1 1
o |ror-[ ] < S T lae

QTV a€I(KP,) a€I(KP,)
045"5/)3, da=1 da=2

Proof. The Quantum Diaconis—Shahshahani Upper Bound Lemma [11, Lemma

5.3.8] gives

- L.

2
]. —_—
<7 Y T (Fa) @) F@)(@))
QTV BEI(KP,,)

B#py
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Let us compute F(a)(5) for every g € I(KP,). First of all, let us recall that, by
linearity of F,

Fa@) = Y aF(xa)(8) = Z%@mm

a€l(KP,,) acI(KP,) 1< i<ds

Assume dg = 1. By the orthogonality relations for coefficients of irreducible

—

representations of quantum group of Kac type, we get F(a)() = ag-1 and then

(6) Tx (F(a)(8)* Fla)(8)") = a1 |
Now, assume dg = 2, which means that there exists (u,v) such that 8 = X",

—C

0<u<n-land1l<v < |[Z21]|. We already know that F(a)(X"") = faxn-uw.vls.
Therefore

=/ U,V * =/ N u,v 1
(7) Tr (f(a)(ae vy F (@) (2 )k) o

Finally, we get the bound (5) by replacing (6) and (7) in the Quantum Diaconis—
Shahshahani Upper Bound Lemma. (I

Hence, the random walk associated with a converges to the Haar state if all the
complex numbers cited in Theorem 3.1 are not equal to 1, except a Pt which means
that

(8) Va € I(KP,) \ {pg }, |aa| < da
3.2.2. Lower bound.

Lemma 3.3. For any non trivial irreducible representation a,

1 k
o
KP,,

9 -
) >
Proof. By the Quantum Diaconis—Shahshahani Lower Bound Lemma [11, Lemma
5.3.9], for all non trivial one-dimensional representation «,

Fla)*™* — /K . !

2 5 |aa|k .
Moreover, the following equality [11] holds

(10) ]V@*—Aﬂ L

QTV 2 z€C(KPy),||z| <1

o
da

QTV

QTV

f@*m—éﬁ

and any two-dimensional irreducible representation satisfies H X(x;m) ‘ < 1. Thus
1 1 n—u | K
lr@m= [ ] > @ o) = 5 [
kP llory 4 202
O

Finally, combining the previous lemmas, we obtain

Theorem 3.2. The random walk (F(a)**)ren converges to the Haar state if and
only if the condition (8) holds.
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Proof. The condition (8) is clearly sufficient for the random walk to converge to
the Haar state, thanks to the upper bound (5). Moreover, if (8) is not satisfied for
some non trivial representation, by (9), we obtain that the sequence (]—'(a)*k)keN

stays “uniformly far away from randomness”, since the norm is at least % for all k.
Thus, the condition (8) is also necessary. O

Remark 3.3. Let us note that if the condition (8) is not satisfied for XV, azu.o =
2, by Theorem 3.1. Hence,

—

1
F(a)(xniu’v) = i(lxu,vIQ = IQ

and the limit of the sequence (f@(%”*“*”)k)k N is the identity. But, f;; (xP-9)
c n

is the matrixz null except if p = q = 0, it means that the limit state is not fK]P’n' This
is another way to prove that the condition (8) is necessary for the two-dimensional
representations. We will use this method to study the asymptotic behavior of the
random walk.

3.3. Cutoff phenomenon. In the classical case, we frequently observe cutoff phe-
nomenon, i.e., the distance between F(a)** and the Haar state is almost 1 for a
time and then suddenly tends to 0, exponentially fast. There exist different defini-
tions of the threshold (see, for example, [16, 3, 15]), depending on how sharp you
want the cutoff.
Note that, by upper and lower bounds, (5) and (9), we have roughly
1 n
—MF < a)™® — / < —
2 7 H]:( ) kel ory ~ V2
laal

where M, is the maximum of the ‘7=, a non-trivial. For n fixed, if M, is less than
1, the random walk converges to the Haar state. In this subsection, we will look at
what happens if a and k& depend on n. To give a definition of a depending quite
naturally on n, we look at some quantum version of the simple random walk on Z,,
studied in [2, Theorem 2, Chapter 3C].

If we only consider these bounds and want that nMF¥ vanishes when n goes to
infinity, then the limit of M? is also 0. Moreover, since the lower bound is at most
%, it will be ineffective to prove the cutoff. Actually, for our example, we are able
to prove that there is no cutoff, as in its classical version.

Mk

Remark 3.4. In [12], McCarthy gives another example of a random walk in Sekine
family where there is no cutoff, but with a state which formally does not depend on
n and which is not the Fourier transform of an element in the central algebra. Note
that in [7] and [8], Freslon finds cutoff examples in compact quantum groups.

Theorem 3.3. Forn odd, define the element a € C(KP,,) such that for anyl € Z,,
Q¢ = CO8 (27) and aq = 0 otherwise. Then, F(a) defines a state on C(KP,,), such
that, for any nonnegative c, if k = e°n?,

le—k(ﬁ-‘rﬁ) < H]_—(a)*k _/
2 N KP

2

< e Pz,
W QTV

Chn2

Moreover, the lower bound still holds when k = e~ °n”.
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Remark 3.5. If n is even, the same definition for Qpt leads to a,+ =—1, and by

Theorem 3.2 the random walk does not converge to the Haar state.

Proof. First let us prove that F(a) is a state on C(KP,). We only need to check
that every a; ;) is nonnegative and that the matrix A is semidefinite positive, since
@t is equal to 1 by definition.

Note that, for any ¢ and any j in Z,,

n—1

2\ n
A(i,g) = ZCOS <n> 't = 5 (04,1 + in—1)
1=0
is always nonnegative and the equality A;; = cos (Lj ;i)”) defines a circulant

matrix, whose eigenvalues are given by the same formula as the a(; ;)’s, for i between
0 and n — 1. Thus, the matrix A is semidefinite positive.

On the one hand, following the arguments of the proof of Theorem 2 in Chapter
3C of [2], the upper bound (5) gives

fre- L.

2 n—1 2k
1 2l
<2 (%)
=1
1 N 1\ 2
LY cos <n>
=1
n—t

1< k1272
- -
a2

332 . . . .
where we use that cos(z) < e”z for 0 <z < 7. Finally, since for every integer j
we have (j +1)% — 1 > 3j,

QTV

IN
I

Er2
k 2 e nZ I _ 3kjw
]:(a) — < 5 g e n2
KP.llQTV j=0
_kn?
e n?

_3kn2\ °
2 (1 e )
This works for any k and any odd n. Moreover, note that, for k greater than n?,

7r2
2 (1 — e_%) is greater than 1 ; thus, we obtain the announced upper bound.

On the other hand, the lower bound (9) leads to
<27Tl>
cos [ —
n

oL
KP,,
(D)

> -~ max
Let us define g(z) = log (e'T+T cos(a:)). Since ¢'(z) = z + 2® — tan(z) is positive

k

orv 2 0<i<n—1

on }0 ; ﬂ, g(x) is also positive on the same interval. Hence,

3
H}—(Q)*k —/ > 5 cos > 5e 2n2  4and |
KP. |l Qv

1 <7r>k 1 _kn2  knt
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This works for any k£ and any odd n > 3. O

k(n)
n2

Remark 3.6. Thus, the limit of H}'(a)*k(") — fK]P,n

, when n and
QTV

infinity, is null, and conversely, is always at least %6_7_% for k(n) less than n?.

go to

Remark 3.7. These bounds give in particular that for any positive integer C,

Thus, k should satisfy liIJIrl % = +00 in order to get the convergence of the upper
n—-+0oo

< limsup < 1.

Wl QTV n—-+00

0 < liminf
n—-4o0o

wlory

bound to 0 when n goes to infinity. But, in this case, the lower bound vanishes too.
This is precisely the meaning of a “no cutoff statement”.

3.4. Asymptotic behavior. We go back to the setting where n and a are fixed,
and k does not depend on them. We now study what happens when k goes to
infinity.

3.4.1. Possible limit states. Let us note that, when the random walk converges,

the limit state p is an idempotent state. Thanks to Zhang [17], we know all the
idempotent states on the Sekine quantum groups. There are four different types:

. fKPn, the Haar state,
o hp =222 > Fleg,;)) where I' is a subgroup of Z,, x Z,, ,

#T
Z)(i,j)el“
o hp; = % Z Flewy)) +a4 > F(Emm) where I' = Zy X qZyp, q | n,
(i,7)eT m=l[q]

g>landle?Z,,
2
o hrgr=gr > Flegj)ta > 7j-iF(Eij) where ' = pZyxqZn,p > 1,
(i,J)€r i.7=llg] -
pg=n,l € Z,and 7 € {—1,1}9% such that Y 7;n% > 0 for all i € Z,,.
J€qLn
Let us note that the two first types are Haar idempotent states, which means
that they arise from the Haar state of a quantum subgroup.

Remark 3.8. We already know that

—

/ (X"") = 0u,v),0,0) L2
K

Py
The Remark 2.11 in [17] gives a useful characterization of types hr; and hr . by

the p(X%?)’%s:
1 n—vl ) N
é(vl 1) ifu=0and 2 [v

0 0
0) otherwise

1 T,vn’”l . n
%( ol ) > ifqluand 3 |v
0

0
) otherwise
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In particular, for p of these types, and for each v between 1 and L”T*lj, the matriz
(XY is either null or not diagonal. Thus, when some axv.v equals 2, by the
proof of Theorem 3.2, the limit state should be of type hr, if it exists.

Proposition 3.1. If the random walk associated with a converges, the limit state
W is a central idempotent state.

Proof. A central idempotent state is a state ¢ on C(KP,,) such that ¢ x » = ¢ and
¢ x 1) = 1) % ¢ for every bounded linear functional ¢ on C(KP,,).

Let us note that if F(a)** x1 = 1« F(a)** holds for all k, then y % = 1) * u is
verified, where y is the limit state of the random walk F(a)**. Thus, we will study
the commutativity for the random walk. Actually, we only need to check if F(a) is
central, for a a linear combination of irreducible characters.

Let ¢ be a linear functional on C(KP,). Then, there exists b in C(KP,) such
that ¢ = F(b). We want to prove the equality ¢ x F(a) = F(a) * 1. This is to
show that if a is a linear combination of characters, a x b = b * a holds for all b in
C(KP,).

Using Sweedler notation, by definition of the convolution product on C(KP,,),
since the Haar state is tracial and S is involutive,

bxa = Za(g)/ S(a(l))b
K]Pn

(a)
_ ( /K Pn@pg) [(b® pf) - (S ® pf)A(@)]

- (/mn@;s) (b@pg) - (S© S)A(a)] .

Let us denote by o the morphism x ® y — y® x, and note that for any « in I(KP,),
o(A(Xa)) = A(Xa)-

The property of the antipode gives (S ® S)A(a) = o (A(S(a))). Moreover the
element S(a) is also a linear combination of characters ; hence, o (A (S(a))) =
A(S(a)). Thus, we get

bra=S$ ( / Pn@pg) [(b® o) - A(S(0))]
_ g ( / @pg) [A®) - (S(a) @ )]

n

_ ( / @pg) (S®pf) [(S ) AD) - (o)
KP,,

=axb

where the second equality comes from the Kac property, and the last one from the
fact that [p S(z) = [ip - O

Remark 3.9. This result is true in any finite quantum group since they satisfy the
Kac property. Note that the Haar state is always invariant under the antipode on
a compact quantum group [6].

3.4.2. Convergence to hr.

Lemma 3.4. Assume that the random walk associated with a converges, and denote
by w the limit state. The followings are equivalent:
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i) Vi € Zy, a4 =a
i) a,- =1
i1) ,u zs a hr for I' a subgroup of Z,, X Z,, such that

b and Gyt =0, - (when n is even)

(13) (k,) el <— (k,-1)eT

Proof. The implication ¢) = i) is clear. The converse follows from the fact that A
is positive semidefinite.
Now, let us look at the equivalence between i) and #ii). First of all, let us note
that
k ag
a* = Z dk—flxa.
«

acl(KP,)
Let us denote by aEf)j) and AE? its coefficients in the canonical basis, and by p;
and M; ; the coefficients of p in basis {F(e(; ;)), F(Ei;),1 <i,5 < n}.

Then by [17], either > ¢ ;) = 2n? and > M, = 0 and p is of type hr, or
4,J€Ln m=1

3)

> pgi,;) =n? and Z M,y =n and p is of another type.
4,J€Ln

On the other hand

7 (k) _ k
Z Heig) _kgr-ir-loo Z (i.4) _kgl—&r-loon <1+aP5)

4,J€Ln 4,J€Ln

ZMmm lim Al = lim n(lfak_)
— ’ k——+o00 k—+o00 Po

Therefore, the limit p satisfies > ¢ ;) = 2n% and Y My, = 0 if and only if

1,j€Ln m=1
Ape = 1.
Moreover, for a a linear combination of irreducible characters, agz) Ef)ﬂ
then fu; ;) = pe,—z)- Thus, the subgroup I' of Z, x Z, satisfies the condltlon
(13). |

Remark 3.10. By Remark 3.8, we obtain that if the random walk converges and
there exists o € I(KP,,) such that a, = do = 2, then a,- = 1.

Lemma 3.5. Assume that the random walk associated with the element a converges.
If there exists a one-dimensional representation ot in I(KP,) such that a,+ =
aq- =1, then the limit state is of type hr, with I’ a subgroup of Z,, X Z,, satisfying
(13).

Proof. Let us denote by X the corresponding X“ with u € Z,, and v = 0 if o™ is
py_,orv=2if at =0, . Then, F(a)**(X*) = I>. Hence, by characterizations
(11) and (12), the limit state is of type hr. The same argument as in the preceding
lemma gives the property of I'. (I
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3.4.3. Classification.

Theorem 3.4. Denote by u the limit state of the random walk associated with a,
if it exists.
If n is odd, there are only four possibilities:
e condition (8) holds, i.e., u = fKPn,
o Va € I(KP,), |an| < doy or aq = dn, and Qe = 1, i.e., p = hr, with T a
subgroup of Zp, X Z,, satisfying (13)
o Va € I(KP,), |aa| < do oras = 1, - # 1 but condition (8) does not
hold, i.e., p = hry,r with g =1 (andp =n), l =0 and 7, = 1 for all
i € L,
e otherwise the random walk diverges.
If n is even, there are siz possibilities:

e condition (8) holds, i.e., u = fKPn,

e Va € I(KP,) |aa| < do or aq = do, and a,- = 1, i.e., p = hp, with T a
subgroup of Zp, x Z,, satisfying (13)

o Yo € I(KP,), |aa| < do o1 aq =1, @y #1, g+ =1 ora,. =1 but

<1 and ’aU;

gt =+ Ay ‘ag; <1, i.e., p=hr; withq=2 andl equals

0 ifaasr =1,0rl ifagCT =1,

o Va € I(KP,),|an| < do o1 aq =1, a,- £ 1,
condition (8) does not hold, i.e., jt = hp, withq=1 (andp=n), 1 =0
and 7, =1 for all i € Z,,

o Vo € I(KP,), |an| < do orae =1, a,- # 1, 0,0 = a,4 =1 ora,- =
ay— =1 but gt #a,—, i.e, pp="hr, withq=2 (andp=3),

e otherwise the random walk diverges.

agg‘ <1 and ‘a(jg‘ <1 but

o’

Remark 3.11. By Proposition 3.1, the limit states are central for the convolution
product. One can check that an idempotent state arises as the limit of such a
random walk if and only if it is central.

Proof. We only need to look at the case when the limit p exists but is not the
Haar state or some hr. We will again use the characterizations (11) and (12) of the
idempotent states hr; and hr ;.

The limit of the F(a)**(X*")’s is null for all v between 1 and |25+ |, which is
equivalent to ¢ equals 1 or 2.

Since q divides n, if n is odd, the only possibility is ¢ = 1. Hence, p is the state
hoy <z, 0,075

If n is even, X073 exists, and

k k k k
— 1 /a”y +a”- a’y —a_
].“(a)*k(xo,g) — 5 ( go Zo zo Zo)
ey

0 0y /1 1 (1 -1
tends to <O 0>,2<1 1> 01‘2<_1 1).
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Let us note that the limit is null if and only if Ayt and g have both modulus

less than 1. Since, among the possible limit states, the equality #(X%7%) = (8 8)

characterizes hygy .7 o (=t e get the fourth case.
Assume now that the previous limit is not the null matrix. The case u = n — 2

and v = 7 will determine the limit, since
e ) = () 0) whereas (2 < A (208,
We have

k k ko gk
]_‘/(a?k:(xn—l%) _ 1 (a? * agi aqi a@)
ak. —

T2 2 T2 Ty

whose limit is null, if and only if ’aU; <1 and ‘ao_z_ ’ < 1. This concludes the proof
of the theorem. O

Remark 3.12. If we look at the characterizations (11) and (12), we have also the
following equivalences:

VI € Zn,a,+ =1 and lan| < do for all the others a € I(KP,,)

= u=hyez, 1,0

n—1
=0

a =1,a,0 =1 and |ay| < do, for all the others o € I(KP,,)

= p=hz x22,0

ae =1,a,- =1 and |as| < do, for all the others oo € I(KP,,)

< p=hz, x2z.,,1

Vi€ Zy, Aot = LVi€Zaz, Ut = 1 orVieZs, Ay = 1 but gt =+ Ay
and |aq| < dy, for all the others o € I(KP,,)
<~ p=hszg, x2, s

Remark 3.13. Thanks to Remark 3.2, we get that the random walk diverges if and
only if there exists o in I(KP,) such that |as| = do but aq # do. In this case, the
random walk can be cyclic or not.

Example 3.2. Let us look again at the state ¢, defined in Example 3.1. By The-
orem 3.1, the random walk diverges. Moreover, we have

q—1
ok =Y 0" F (o)
=0

for ¢ > 1 such that pq = n. Thus, the random walk is cyclic, with period q.

Let us note that pi —py = 2 En: E,, m clearly satisfies the conditions of Lemma
6.4 in [6]. The associated mnd(r)nnjlwalk is also cyclic, with period 2, for all n > 2
(even for odd n). The state is the Haar state when k is even and 2 i F(Em.m)
for k odd. m
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Thus, we can define the random walk

q—1

g—1
Yy =F ((pé —Po) Zn’%ﬁ) ( PFE(pt) — 't F (pl;))
=0

=0

which is also cyclic, with period lem(2,q). In particular, it has period 2q when n is
odd.

Example 3.3. Let us note that p{ —py + 3 Z (p] — p;) defines a state. One can

check that the associated random walk is not cyclzc and admits no limit.

3.5. Random walks in the dual of KP,,. We can define the dual group of a finite
quantum group G = (C(G), A). This dual, denoted G = (C(G), A), is again a finite
quantum group. The algebra C(G) is the set of all linear forms defined on C(G).
It is also isomorphic to the direct sum of the non-equivalent unitary irreducible
corepresentations of C'(G), thanks to the Fourier transform. All the structures are
defined by duality. e

Let us denote the dual of KP,, by KP,, = (C(KP,),A). It admits the dual basis
{el J)}Z i€ U{E"}1<; j<n. Then, its irreducible characters are all the e(9)g and

x(%) = Z E%. The Haar state, dual of the counit of KP,,, is given by
i=1

/H;/P\ Z a:(w)e Z X; ,]E = Z‘(070).

1,J €L 1<4,j<n

The Fourier transform on C (H@P\n) is denoted F !, since it allows us to go back
in the Sekine finite quantum group KP,,, identifying F~!(e(*7)) with €(—i,—j) and
.F_l(E”) with %EU

Thus, the Fourier transform of element ¢ = > aoXa = D, a(m)e(i’j) +

acl(KP,) 1,j€Ln
gz > B defines a state on C(KP,) if and only if F~!(a) is a positive element
i=1
in C(KP,) and f]@\a = 1. This is equivalent to the fact that a, is real and non-
negative for any a € I(]I@P?n) and a(g,0y = deo.0) = 1.
The same type of computation as the above gives us the following result:

Proposition 3.2. The random walk associated with such an element a of C(]I@P’\n)
converges to the Haar state f@ if and only if

Va € I(KP,) \ {©9}, ay < dg.

If this condition is not satisfied, but a, < d, for any irreducible representation o,
then the random walk converges to some centml idempotent state, i.e., an element
of C(KPy,) of the form 3 e(; jyeu) + €5 Z Ei;, with e = 0 or 1, for any «
©,J€ELn
in I(KP,) and €9y = 1. Moreover, every idempotent element in the center of
C(KP,,) can be obtained this way.
Otherwise, there exists o such that a, > d,, and the random walk diverges.
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Proof. Let us note that, for any 3 € I(H@PT“)

Fia)e) = { e =
=1, fp=%
Thus, the random walk converges if and only if a, < d, for all non trivial a €
I(RP,).
Then, the distance between the random walk and the Haar state can be bounded
from above and below in the following way:

1 (aa\" 1k 1 ag’
(@) <o), 55 | o
eTV BeI(KE,) 8
Be 0

for any non-trivial irreducible representation «. This gives the necessary and suffi-
cient condition for the random walk to converge to the Haar state.

Since @1 is of Kac type, Proposition 3.1 holds also in this case. Note that
states on C' (]KIPT,,) correspond to positive elements in C'(KP,,) with coefficient 1 in

n
front of e, thus of the form Y~ x(; jye )+ > XijE;; where the x(; j)’s are
i,j €Ly, ij=1
nonnegative and X = (X, ;)i<i j<n is positive semidefinite. The state is central
if and only if the matrix X is central in M, (C), i.e., is a scalar multiple of the
identity matrix I,,. Then the state is central and idempotent if and only if it is of
the announced form. O
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