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Abstract

Stochastic gradient descent without replacement or reshuffling (SGDo)
is predominantly used to train machine learning models in practice.
However, the mathematical theory of this algorithm remains underex-
plored compared to its “with replacement” and “infinite data” coun-
terparts. We propose a stochastic, continuous-time approximation to
SGDo based on a family of stochastic differential equations driven by
a stochastic process we call epoched Brownian motion, which encap-
sulates the behavior of reusing the same sequence of data points in
subsequent epochs. We investigate this diffusion approximation by
considering an application of SGDo to linear regression. Explicit con-
vergence results are derived for constant learning rates and a sequence
of learning rates satisfying the Robbins-Monro conditions. Finally, the
validity of continuous-time dynamics are further substantiated by nu-
merical experiments.
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1 Introduction

Consider i.i.d. data (zo, o), .., (*n_1,yn_1) € RY X R drawn from a (gen-
eralized) linear model
y=g(0"z)+e,

where 6 € R? is an unknown population parameter, g : R — R a function and
e centered noise, independent of x, with finite variance o2. We can estimate
the parameter 6 by performing stochastic gradient descent iterations using a
squared error function f(,,)(p) = 5(9(p"z) —y)" (9(p"z) — y) at every step.
Here we assume that the data is already centered, so there is no need to fit
an intercept as well.

After N steps we have seen all our data and then decide to restart the
next epoch with the same sequence of data points in the same order.

The dynamics of this SGDo process, i.e. stochastic gradient descent with-
out replacement (or reshuffling), are then given by

Xn+1 = X’I’L - nnvf(xnmodeynmodN)(Xn)’ (11)

where (7, )nen 18 & non-increasing sequence of learning rates (LR).
Dynamics ([1.1]) should be contrasted with those of SGD with replacement
given by
Xn+1 = Xn — nnvf(xw(n),yw(n))(Xn% (1.2)

where 7(0), (1), ... are independent and uniformly distributed on {0, ..., N—
1}, and further contrasted with SGD with infinite data

Xn+1 = Xn — nnvf(mn,yn)<Xn)a (13)

where (2, Yn)nen 18 now an infinite sequence of i.i.d. data.

For the sake of this discussion we focus on online learning, but an ex-
tension to mini-batch methods is possible. Furthermore, we focus on simple
linear models, i.e. we assume that ¢ is the identity function, but we believe
that the following discussion gives insight beyond the linear setting.

Under the Robbins-Monro conditions

inn = 00, ini < 00, (1.4)
n=0 n=0

and boundedness conditions of the data z,y one can show the convergence
of infinite-data SGD to the population parameter 6, say in L, while
with-replacement SGD is converges in Ly to the ordinary-least squares
(OLS) estimator 6 of 6 (cf. [§]).



A natural question to ask is then whether convergence still holds in the
SGDo setting of ([1.1). In this article we show for the sequence of learning

rates
1

140
which satisfies , that a continuous-time approximation to SGDo con-
verges to a limiting distribution with mean and variance coinciding with the
mean and variance of the OLS estimator . A more formal result is given in
our main Theorem (b) and experimentally substantiated in Section
Additionally, we consider the convergence properties for constant learning
rates in Theorem (a).

In order to better understand the dynamics of both and several
authors have proposed approximating them by the dynamics of diffusion, i.e.
a process satisfying a stochastic differential equation. In particular in the
case of a constant learning rate h € (0,1), Mandt et.al propose in [5] the
following family of stochastic differential equations as an approximation of
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Mn n >0

I

dX}' = —VE f(ro40) (X} dt + VRS dW,,

where X is a covariance matrix based on the SGD increments and W is a
Brownian motion. Other works ([3], [4], [1]) further investigate the case of
a non-constant LR schedule v with 7, = hu,, and supply arguments for the
following non-homogeneous dynamics

dX} = —wVE f(zy40) (X)) dt + uVRE dW,. (1.5)

In these works in general the authors consider ¥ as a function of X. For
simplicity we forgo doing this here and focus on the additive noise case in
the spirit of Mandt et. al.

In the case of linear regression, V f,, is a linear function for all n € Ny
and the dynamics simplify to

dXt = —Utli(Xt — ‘9) dt + Ut\/EO' th, (16)

where § € R? is the mean-reversion level, which corresponds to the global
minimum of the mean squared error function, and x, 0 € R%“ are symmetric
matrices, which are assumed to be positive-definite.

Analogously, we model the dynamics of in the continuous setting
with an approximation similar to . To this end, based on the given
Brownian motion W and a (continuous-time) epoch T > 0, we define

WE = Wy + |t/T| Wr, (1.7)



Note that on W7 is a Brownian motion on [0,7') and satisfies
Wiy =W +mWy,  t>0,n€N,. (1.8)

Notice that the increments of W on [mT, (m 4 1)T] coincide with the incre-
ments of W on [0, 7.

We call WT a T -epoched Brownian motion. Replacing the driving path of
the diffusion in by epoched Brownian motion we arrive at the following
linear stochastic differential equation with additive noise

dX, = —uk(X, — 0) dt + uVho dW/ . (1.9)

The driving noise wT repeats itself when time T elapses, up to a shift which
makes it continuous.

Intuitively the dynamics mirror SGDo. In the first epoch we draw
data i.i.d. to estimate the direction of steepest descent. So up until then it is
reasonable to use a Brownian motion to approximate these discrete dynamics
in a continuous, stochastic setting as evidenced by a functional version of the
central limit theorem. In the following epochs we do not draw any new data,
nor do we permute the order of the data points. This is captured, in the
continuous setting, by the property . Note that in the mWp-term
is present to ensure that epoched Brownian motion is a continuous process.

Approximating SGD with replacement yields an SDE of the form

dXy = —UtE[VfWO),yw(m |2, y](Xe) dt + ‘/EE(Xt) dWs, (1.10)

where in contrast to the coefficients are now random, though indepen-
dent of W, as they are defined in terms of the random variables

(20,%0),- -, (n_1,yn—1). The mean and covariance matrix ¥ of the gra-
dient noise in is instead taken with respect to sequence of random
integers (y(n))nen, conditional on the data x,y. We call this kind of diffu-
sion approximation with random coefficients depending on the data z,y an
empirical diffusion approximation of SGD. An advantage of this empirical
approximation is that it requires no knowledge of the true model generating
the data.

In the case of linear regression simplifies to

dX, = —uis(X; — 0) dt + uV'hé dW,, (1.11)
where &, 0 and & are functions of the data z, y.

An analogous empirical diffusion approximation seems to be infeasible
for SGDo. To recover the without-replacement behavior on the given data

4



set (zg, yk)kN:’O1 the draws are no longer independent, nor are they identically
distributed, which makes the choice of a reasonable, data-dependent diffusion
driver highly non-obvious.

Previous works on SGDo have mainly focused on comparing the con-
vergence rates of SGD with replacement and SGDo , where em-
pirically the latter is known to converge faster. In [7] Shamir establishes
convergence results for set of algorithms enjoying regret bounds, which in-
cludes SGDo. In [6] Nagraj et. al use the method of exchangeable pairs
to derive non-asymptotic convergence results for general smooth, strongly
convex functions.

In general SGDo is rarely studied in the mathematical literature compared
to SGD with replacement or with infinite data. However, this is likely because
the latter two are mathematically easier to discuss because of i.i.d. gradient
noise. On the flip side SGDo is almost universally used in machine learning
practice and therefore of great importance.

2 Main result

To motivate and state the main results, let us first discuss more in detail
how to derive equation and how to choose the coefficients in the case
of linear regression.

To ease notation consider first the one-dimensional setting d = 1. Then
for linear regression (g(x) = x) simplifies to

Xn+1 =Xn — nnvf(xn,yn)(Xn)
=Xn — 77n<an$L — TnYn)
:(1 - anKi)Xn T MnTnYn, (2'1)
where (2o, %0), - -, (xn_1,yn_1) ~ v are i.i.d. and (Zpimn, Ynimn) = (Tn, Yn)
for all m,n € Ny. By decomposing the steps as n+mN withn € {0,..., N —

1} the number m specifies the current epoch.

Solving recursion (2.1)), cf. Lemma below, we have

n—1 n—1 n—1
Xn = X0 H(1 — M}) + ( H (1- "Ikxi)) mZiyi-
k=0

=0 \k=l+1

For n > N the products feature dependent factors. We may rewrite this
equation at a completed epoch as

N-1 m N-1 m [(m+1)N—1
X(m+1)N =X0 H H(l — Tha N TR) + Z (1 —ma) | mauy.
k=0 j=0 =0 =0 k=141



Computing the expectation of x, .,y is cumbersome, but even more so is it
to compute its variance, as the two summands are correlated.

Our idea is to pass to the continuous-time limit, since it is considerably
easier to study distributional properties of the limit than of the discrete-time

process ([2.1)).
To this end, let us rewrite (2.1 as

Xnt1 = Xn — Tn(12Xn — Hay) — Nn Mo,

where

He = Elzg), 1y, = Elzgyp),
and py = ,ui”; are (marginal) moments and joint moments associated with
the distribution v, and

M, = (22 — 12)Xn — TnYn + ey, 7 € Ny
Then for n € {0,..., N — 1} we have E[M,|x,] = 0 and so the conditional
variance matrix satisfies
Var[Mo|xn] =E[(z5 — p12)"x5 — 2(25 — 1) (@Yo — Hay)Xn + (@Y — tay)*Xn]
=(tt = (12)*)X0 = 20y — Pagha) X + Hay — (Hay)®.
For a diffusion approximation it is therefore natural to choose the state-
dependent diffusion coefficient o(p) = /Var[M,|x, = p]. However, we want

to use a constant coefficient instead and in this case there is some flexibility
in choosing o.

In general
453 <l (0o + )] = O,
ey =E[zo(0z0 + 2)] = 0442,
1oy =Elzg(0z + )°] = 0%p; + pz02,
and so

o(p)® = (uy — (13)*)(p — 0)* + pio?.

A decent constant approximation is given by setting p = 6 so that
o= /T

Since the drift coefficient —u2(p — 0) pushes us to 6 exponentially fast it is
more important that the diffusion term is accurate around the mean-reversion
level 6 than anywhere else. We shall set

e 2 5= 2,,2
K 1= [y, 0 = \/O2pZ.
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Then we can rewrite ([2.1]) as

Xn+1 = Xn — nnﬁ(Xn - 0) - nan (22)

where Var[M,,|x,] ~ o* for n € {0,..., N — 1} and Y, close to 6.
Analogously, for d > 1 by defining the symmetric and positive semi-

definite matrices

k= pip = Elwozg], o= \/o2i2
we have

Xnt1 = Xn = T (Xn = 0) = 10 M,
where the conditional covariance matrix Cov[M,|x,] is close to o for n €
{0,...,N — 1} and Y, close to 6. Here \/LL_% is the unique symmetric and
positive semi-definite matrix, such that \/pu2+/p2 = p2.

By decomposing 1, = hu’, for an initial learning rate h € (0,1) and a
learning rate schedule u : (0,1) x [0,00) — [0,1], (h,t) — u?, bounded in h
and ¢, we can see that the iterations withn € {mN,...,(m+1)N —1}
restricted to a single epoch and started at a deterministic value Y,y € R?

at the beginning of said epoch are well approximated by the solution to the
h-indexed family of linear stochastic differential equations

dX] = —kuy (X! — 0) dt + Vhuo AW,

with ¢ € [mT,(m + 1)T), X;r = Xmn, W is a d-dimensional Brownian
motion and "= Nh (cf. e.g. [3]).

By extension we expect that the iterations are well approximated
by the solution to the sequence of stochastic differential equations

dXt+mT = _ut+mT“(Xt+mT - 9) dt + \/Eut+mTO' th,t < [0, T) (23)

More succinctly we may describe X as the solution to the equation (1.9}

We now state our main result. To this end we recall that for any symmet-
ric and positive-definite matrix A the hyperbolic cotangent of A is defined,
and given by

coth A := (24 —1)71 (24 +1).

Theorem 2.1. Let X be the solution to the linear stochastic differential
equation X
dX; = —up2 (X, — 0) dt + ugn/ho?u2 dWN" (2.4)

driven by Nh-epoched Brownian motion. Then we have the following.



(a) If u =1 (a constant), then X converges in distribution

Xt - N ( _0-2h\/lu_xCOth MmNh/Q)(:ux) ! Mm) )

ast — oo.

(b) If uy = ﬁ, so that ), = HLR, and h™1 is not an eigenvalue of u2, then

X converges in distribution
2
X, —>N< ﬁ(u§)1>,
as t — 00.

Some remarks on Theorem [2.1] are in order.
According to the Taylor approximation

cothz =271 + g + O(2%)

the variance of the limiting distribution in (a) is

Nhu?
ﬂﬁhv@x<Nh 1+—7#£+CXNW90<MQRA@
2

g
=% (i) + O(NR)

as h | 0. This should be compared with the fact the OLS estimatoﬂ

has mean 6 and variance (ux) . Thus, for small learning rates X, attains
the variance of the minimum-variance unbiased estimator (MVUE) in the
limit ¢t — oo.

Similarly, the limiting distribution for u?* = H% in (b) has the same mean
and variance as the OLS estimator. Since the OLS estimator is the MVUE
one may be tempted to conclude that in fact X; — 0 in (b), as t — o0 in
some sense, say almost surely. This cannot technically be true, since X, is
not a function of the data (z,,y,)) 4 and therefore not a point estimator at
all. Nevertheless, in spirit this is what Theorem (b) tells us.

1§ is the OLS estimator according to the Gauss-Markov theorem, as long as we use our
assumption that x and y are centered.



3 Linear differential equations driven by epoched
Brownian motion

Let (€2, Fw,P) be a complete probability space, d € N and W be a d-
dimensional Brownian motion defined on 2. Consider again the definition of
T-epoched Brownian motion in ([1.7)) and the proposed diffusion approxima-

tion of (1.1} given by
dX, = —uk(X, — 0) dt + uo AW/, (3.1)

where k,0 € R¥? are symmetric and positive-definite, and § € R%.

For ease of notation we have absorbed the vh-term into 0. Let m €
Ny. Then in epoch m we can write equation as the linear stochastic
differential equation

dXt+mT = _ut-i-mT'%(Xt—i—mT — 0) dt + Ut+mT O th,t S [0, T) (32)

driven by the Brownian motion W. If the initial condition X,,;r was deter-
ministic, then the solution of (3.2)) is known to be given by

t
Xiymr = ft+mTf7;:1erT + </ ft+mTfs_+1mTUs+mT dS) K0
0

t
+ (/ ft+mTf5_.|_1mTus+mT dWS) o, (3.3)
0

where f; = exp(—k fot us ds) and exp denotes the matrix exponential. Ob-
serve that the RHS of is meaningful also for arbitrary non-deterministic
X,r. Therefore, we use the pathwise representation for defining a so-
lution of (3.1)). Notice that for m > 1 the initial value X,z of is not
independent of the driving Brownian motion. Thus, the process is not a
solution of in the Ito sense with respect to F, the augmented filtration
generated by W. We remark, however, that can be be shown to be a
solution in the Ito sense under the enlarged filtration (F; V o(Xpmr))teo,r)-
At every completed epoch m € Ny we have

T
X(erl)T = f(erl)TfT;%‘XmT + (/ ft+mTfs_+1mTus+mT dS) K0
0

T
+ </ ft+mTf;r1mTus+mT dWs> o. (34)
0

The following lemma is standard and well-known, but repeated here for the
reader’s convenience.



Lemma 3.1. Let A : Ny — R¥? and z, B : Ny — R? be sequences. Then
the linear recurrence

Tpy1 = Anxn + B,

has the solution

n—1 n—1 n—1
k=0

=0 \k=l+1

Proof. The statement holds for n = 0. Suppose it holds for n € N. Then,

Tn41 :Anxn + Bn

n n—1 n
k=0

=0 \k=I+1
k=0 =0 \k=Il+1

We next apply Lemma to equation (3.4)). First note that we have

-1

3

f(kJrl)Tfk_Tl = forfi-
!

>
Il

We define
m—1 T m—1 T

Up = meTf(ﬁl)T/ farorforusar ds = Z/ Ui oo [ S,
1=0 0 1=0 70

m—1 T m—1 .7

ij = Z fmTf(;il)T/ f(l+1)T Lo,_+11Tus+lT dWs = Z/ us+lemTf5,_JrllT dWs
1=0 0 1=0 70

By applying Lemma [3.1] we arrive at the following explicit epoch-wise dy-

namics.

Lemma 3.2. The solution X of (3.1) at the end of epoch m € Ny is given
by
Xor = frrXo + U0 + V0. (3.5)

The lemma implies that the solution X is a Gaussian process with

II'EAX'mT = fmTXO + U%n'%ev

10



and

Var X,,r =0 Var Vo
T [m—1 m—1 T
—1 —1
=0 / E U5+]<;TfmTfs+]gT E us+lemTf3+lT ds | o
0
k=0 =0

T m—1
—1 =T T
-7 (/ Z us+kTus+lemTfs+kTfs+lemT dS) g.
0

k,1=0

4 Proof of the main result

By Lemma the solution to (3.1) at the end of any completed epoch is
given by
XmT == fmTXO + UF!@@ + V%nO', (41)

where

m—1 T m—1 T
m —1 m —1
vp =3 / Usir o f ol ds, VP =Y / ot foit f o VY,
0 0
=0 1=0

fi = exp (_K/Otusds) .

If fooo us ds = oo and k is positive-definite, then f,,r — 0, as m — oco. The
condition fooo ug ds = oo is fulfilled for v = 1 and u; = ﬁ with a > 0.

It remains to discuss the behavior of U and V" as m — oo in these
cases. We will prove the following proposition. Our main result Theorem
follows by simply plugging T' = Nh and considering the specific coefficients
in , whereas Proposition is meaningful regardless of our statistical

motivation.
Proposition 4.1. Let X be the solution to (3.1)). Then we have the following.

(a) If u =1 (a constant), then X converges in distribution

and

1
Xy =N <9, 50 COth(/iT/Q)/ila) ,
as t — 00.

(b) If uy = ﬁ and a is not an eigenvalue of k, then X converges in distri-
bution

1
X, — N (9, Tam_ga) ,

ast — o0.

11



4.1 Proof of main result

In the case u = 1, we have

m—1 .7 m—1 .7
Up =3 [ drfibeds, V=Y [ fund e d.
1=0 70 1=0 70

and f; = exp (—xt). Then,

T
U,}n — Z/ e—n(mT—(s—i—lT)) ds
1=0 Y0

as m — oo. Similarly,

m—1 T
Var V%n _ Z / e—n(mT—(S-&-k’T))e—/i(mT—(s-‘rlT)) ds
kg 0

1= . . _
252 k(2m—k—0)T 2T_1>F61
k1l

1 m—1
2 72mnT ( ean) QIiT o 1),%71
=0

1
:§(enT o 1>72€72an(ean o 1>2<62nT o 1)/‘%71
1
:§<€HT o 1)—2(1 QG—HmT te 2mnT>(62/£T ]_)K,_l,

where we have repeatedly used commutativity of the given matrices. Letting
m — oo, we obtain

. m 1
am V=3

1
=3 coth(kT/2)k™*

(enT _ 1)—2(6I€T o 1)(€HT + 1),%—1

where
coth A = (e** — 1)1 (e** + 1),

12



for any symmetric and positive-definite matrix A € R4, In total,
1 —1
Xi = N (0, 30 coth(kT/2)k™ 0 | .

This proves Proposition (a) and by extension Theorem (a).
Now, consider (b), i.e.

1
t>0

U = ——,t =2
1+ at

for some a > 0. By defining
¢ = exp((log c)A)
for every matrix A € R%*¢ and ¢ > 0, we have f(f usds = Llog(1 + at) and
fi=(1+at) .

Recalling the dynamics of X,,7 in (4.1)) we compute

m—1

m—1
> s fur e =) (14 a(s +1T) 7 (1 +amT) "« (1 + a(s +IT))+
=0

=0

3

=(1+amT)"a Y (1+a(s+IT))a taxa, (4.2)
I

I
o

since ¢*14yq = c™4xd for all @ € R and ¢ > 0. For ease of notation we write
A—c:=A—clgfor any A € R4 and c € R.

We need the following well-known lemma to compute exactly the limits
of U and V" as m — oo.

Lemma 4.2. Let a < b € Ny and f : [a,b] — R be a matriz-valued
function in C, i.e. continuously differentiable. Then,

S ) - [ i [,

n=a+1

where {x} = x — | x| is the fractional part of x € R.

13



Proof. We have

[ = [T e wrea

:/n" r_n/ F(r) dr

and so

S f) =3 fn+ 1)
n=a+1 n=a
b—1  .p+1 b—1  pt1
:Z/ f(r)dr + Z/ {r}f'(r)dr

:/abf(m dr + /ab{r}f’(r) dr

Clearly, the function
(0,00) = R ¢ — (¢ + at)* = exp(log(c + at)A)
is C!, with derivative given by
Oy exp(log(c + at)A) =0, log(c + at) A exp(log(c + at) A)
:?A(c + at)?
=aA(c+ at)*™,

for all ¢,a > 0 and A € R4, Therefore, for all n € N

m—1

Z(l +a(s+IT))e ! = /ml(l +a(s+rT))atar

=1

+ /m_l{r}aT (g — 1> (1+a(s+rT))e2dr.
’ (4.3)

14



Consider arbitrary c;,co € R,b > 0 and a matrix A € R¥9. Assuming 1 is
not an eigenvalue of A,

m—1 1 r=m—1
/ (co +bm) " (cy + br)A 2 dr :E(A — D)Mo + o)t (co +bm)™
0 r=0
A=Y fatbm -1\
Cbey + b2 (m — 1) co+bm
A=D1 e Y
bey co +bm
— 0, (4.4)
as m — oo. Similarly if A is invertible, we have
m—1 1 r=m—1
/ (co +bm) ™A (cy +br)*dr = EA’I(cl +br)A (cy +bm)~4
0 r=0
AT (e b(m 1)\
N b Co + bm
AL C1 A
b Co + bm
1
— ZA7Y (4.5)

b

as m — oQ.

Applying (4.4) and - to . and . and taking into account the

assumption that 1 is not an eigenvalue of £ and that r is invertible, we get

m—1 m—1

lim Z“erlemTszT— lim (1+amT 52 14+ a(s+1T))a"

m—o0

~

1
+ lim (14 amT) (1 + as)a""

m—ro0

- (5)"
aT \a
R

:Tli_ . (4.6)

Note that the Frobenius norm of the matrix exponential of a symmetric and
positive-semidefinite matrix A satisfies

d

HeAH; = tr[e?(eM)T] = tr[e?4] = Ze”‘k > 0,

k=1

15



where A1, ..., A\g > 0 are the eigenvalues of A. In particular,

¢+ b(m —1)\" B d ¢ +b(m—1)
( ot b ) 2— Zexp 2log ot bm A

k=1

for m > 2 is uniformly bounded by its value in m = 2. Similarly,

A
C1
H (02 + bm) ,

is uniformly bounded by its value in m = 1. Hence, the integrals in (4.4)
and are uniformly bounded by integrable matrix-valued functions and
analogously so is the term (1 +amT)~a(1+as)e ! in (L.6).

Therefore, we can apply dominating convergence to get

n 1o, -1
Ur — /0 T dt = k™",
as m — 0o. Recalling, equation (4.1))
Xor = for Xo + U0 + V7o
and that f,,7 — 0, we can conclude
EX,.r — 0,

as m — 00, i.e. in expectation X converges to its mean-reversion level 6.
Further, again using (4.6) and dominated convergence we have

m—1 .7
Var V" = Var (Z / Usit frur f i dWS)
1=0 ”0

T [m—1 m—1
:/ (Z us+lemTf;rllT) <Z Us+le;5Tf£T> ds
0 =0

1=0
1
-1,-T
—>/ —K K ds
2
o T
=2

T Y

as m — 00. So in total
1
X, =N <6, —UTKJ2O') ,
T
in distribution as ¢ — oo, proving Proposition (b) and Theorem (b).
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5 Experiments

By performing experiments one can find evidence that (2.4) is indeed a decent

approximation to SGDo and that the results of Theorem [2.1] can be in some
sense applied to SGDo as well. We will focus on the LR schedule

1

1+

U = ,tZO

>l

5.1 Weak approximation error

Fix T'= 1. For every initial learning rate h € (0,1) we draw N = |T/h]
i.i.d. data points according to the linear model

y = —x + 0.5¢,

where x,e ~ N (0, 1) are independent.
We estimate the quadratic deviation from the population parameter 8 =
—1,
Eg(Yy) = E[(Yx — (=1))7],
for Y = x, X, X°, where y is given by (L.1]), X is given by (1.9) and X° is
the gradient flow approximation given by the ordinary differential equation

X0 = —puy (XY —0),t > 0. (5.1)

For Y = X we can compute the deviation exactly, where as for Y = y, X we
use Monte-Carlo sampling with M = 500, 000 instances. Finally, we compute
the weak errors

[Eg(x%) —Eg(X3)|, [Eg(xk) — 9(X2)|.

The result of one simulation is depicted in Figure [1]

Observe that, the weak error associated with x and X is lower for small
learning rates h, but can exceed the weak error for gradient flow for h close
to 1. Since weak approximations are only accurate for small A the diffusion
X can still be considered to be a better weak approximation to y than the
gradient flow approximation X©.

5.2 Limiting distribution of SGDo vs. OLS estimator

For epoch lengths N = 2" n € {0,...,15} we shall draw N i.i.d. data points
according to the linear model

y = —x + 0.5¢,
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Figure 1: Weak approximation error of the diffusion approximation ({2.4])
(blue) vs. weak approximation error of the gradient flow approximation ({5.1)
(orange)

where x,e ~ N(0,1) are independent. Then we run stochastic gradient de-
scent without replacement or reshuffling with epoch length N for max (100N, 10000)
iterations.

In order to approximate the standard deviation of the limiting distribu-
tion, i.e. s > 0 with

Xn — N(0, 5?)

we estimate s using M = 2000 Monte-Carlo instances and time points n =
(m—1)N,...,mN,...,mN +r, where n = mN + r with n,r coprime. We
compare the estimated standard deviations with the standard deviation of
the OLS estimator for the population parameter § = —1 given by

N s Var[0.5¢] 1
N Var(z)  2y/N

Here we consider the theoretical variance of x, rather than the sample vari-
ance of xg,...,xy_1. The result is plotted in Figure . It confirms that
the mean and variance of the limiting distribution of X in (b) are also
attained by SGDo.
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Figure 2: Standard deviation of the limiting distribution of SGDo (blue) vs.
standard deviation of the OLS estimator (orange).

6 Conclusion and Outlook

Our contribution in this paper is two-fold:

Firstly, we have introduced the diffusion approximation based on
epoched Brownian motion to approximate the behavior of SGD without re-
placement or reshuffling (SGDo) for the example of linear regression. In an
experiment we have justified this approximation by estimating its weak error
and comparing it to a deterministic gradient flow approximation.

Secondly, we have used this diffusion approximation as a proxy to predict
the convergence properties of SGDo. For linear regression with a constant
learning rate we have discovered that the limiting distribution of the diffusion
approximation has the same mean as the OLS estimator and its variance
converges to the variance of the OLS estimator as the learning rate converges
to 0. Further, for the sequence of learning rates 7, = HLn the limiting
distribution has the same mean and the same variance as the OLS estimator.

A direction for future research is to formally state and prove a precise ap-
proximation result relating SGDo to (one of) its diffusion approximation(s),
either using weak approximation techniques similar to [3], [4], [I] or using
strong approximation techniques via a coupling argument, cf. [2].

In general it is then reasonable to allow the diffusion coefficient to be
dependent on the state X. In this case a discussion of an integral of the type
Jo(X) dWT is in order. By a careful construction of a filtration one may
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interpret this as an integral in the It sense. Alternatively, one can treat this
integral as a rough integral by lifting W7 to a second-order Gaussian rough
path.

Finally, we believe that the results can be extended to SGDo processes be-

yond linear regression using general drift and diffusion coefficients satisfying
certain regularity conditions.
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