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Abstract

A new analytical solution is developed for interference hydraulic pumping tests in fractured
porous media using the dual-porosity concept. Heterogeneous fractured reservoirs are consid-
ered with hydrodynamic parameters assumed to follow power-law functions in radial dis-
tance. The developed analytical solution is verified by comparison against a finite volume
numerical solution. The comparison shows that the numerical solution converges toward the
analytical one when the size of the time step decreases. The applicability of the fractal dual-
porosity model is then assessed by investigating the identifiability of the parameters from a
synthetic interference pumping test with a set of noisy data using Bayesian parameter infer-
ence. The results show that if the storage coefficient in the matrix is fixed, the rest of the pa-
rameters can be appropriately inferred, otherwise, the identification of the parameters is faced

with convergence problems because of equifinality issues.

Keywords: Fractured porous media, interference pumping test, dual-porosity, fractal media,

Bayesian inversion.
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1 INTRODUCTION

Simulation of interference pumping tests in porous media allows testing different prospective
exploitation scenarios at low costs. These tests consist in pumping a well at a controlled flow
rate and measuring the water level response (drawdown) in one or more surrounding observa-
tion wells. Pumping tests in fractured porous media have been discussed by several authors
(see [1-8], among others). Fractured media are often addressed using the dual-porosity model
suggested by Barenblatt et al. [9]. The main idea of this model is to consider two overlapping
continua: (i) the fractures which carry the major part of water to the pumping well and (ii) the
low permeability rock matrix which feeds fluid to the fractures. At each point of the domain,
water flow between the fractures and matrix are coupled via a linear exchange term propor-
tional to the difference in hydraulic head between the two continua. As stated by De Smedt
[8], the simulation of interference pumping tests is often based on numerical models which
cannot insure full control of numerical accuracy [10]. Therefore, analytical solutions are high-
ly sought-after because (i) they provide valuable insights into fundamental physics, as they
are free of numerical errors and (ii), although limited to simplified situations; they allow vali-
dation of more complex numerical codes.

In the context of interference pumping tests in fractured porous media, an analytical solution
has been developed for homogenous aquifers by De Smedt [8]. Furthermore, Delay et al. [7]
developed a numerical solution using the dual-medium approach to describe radial convergent
flow in heterogeneous fractal media where power laws in space are used for the hydrodynam-
ic parameters. As a consequence, parameter values decrease with the distance between the
pumped well and the observed ones. This type of scaling laws inherits from theoretical works
on fractals [11] and has been used by several authors for single porous media ([12-15], among
others). Hence, the main objective of this paper is to develop, for the first time, an analytical

solution for the mathematical model describing interference pumping tests in heterogeneous
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fractal dual media. Applicability of the model is then assessed by investigating identifiability
of the different parameters from a synthetic pumping test with a set of noisy data using Statis-
tical Calibration (SC) [16]. The latter means refining the prior distribution of uncertain pa-
rameters based on matching simulation outputs with data [17]. In this work, the SC is per-
formed with the DREAMzs) software [16] based on the Markov Chain Monte Carlo process
(MCMC). DREAMs) computes multiple sub-chains in parallel to thoroughly explore the
parameter space. Taking the last 25% of individuals of the MCMC (when the chains have
converged) yields multiple sets of parameters that adequately fit the model onto observations.
These sets can then be used to estimate the updated parameter distributions and therefore the

best estimates of the parameters and the associate confidence intervals.

2 MATHEMATICAL MODEL

We assume a horizontal, isotropic, confined and infinite aquifer with a uniform thickness. The
pumping well only draws water from the fractures, has a constant rate and fully penetrates the
aquifer. Using the dual-porosity concept, the flow in fractured porous media can be described

by the following equations [18, 19]:

5, 2= v.(K,vh, ) +a(h, ;) o)
oh,
S =a(h, -h,) )

where indexes m and f refer to the matrix and fracture continua, respectively, S[L’l] is the
specific storage, h[L] is the hydraulic head, K, [LTﬂ is the hydraulic conductivity of the

fractures, a[L‘lT ‘1] is the exchange rate coefficient between the fractures and the matrix.

Following Warren and Root [18], equation (2) assumes pseudo-steady flow in the matrix con-
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tinuum (term K is removed). Assuming radial symmetry, equations (1) and (2) can be for-

mulated as:
oh,(r,t) 190 oh, (r,t
Sf(r)%):FE{rKf(r)%}+a(r)[hm(r,t)—hf(r,t):| (3)
oh, (r,t)
8, (NS —a(r)[h (rt) =, (rt)] @
where r[L] is the radial coordinate with the center of the pumping well as origin.

The drawdown in an observation well intercepting the fractures can be expressed as follows

s, (r)ﬁ'*f_(”):l o (rKf (r)aHf—(r’t)}+a(r)[Hm(r,t)—Hf (r.)] (5)

ot r§ or

s, (0 2" (0 H, (1.0~ H (1)) (6)

where H, =h,—h, and H_ =h,—h, are respectively the drawdown in the fracture and in the

rock matrix. Initially, a uniform hydraulic head (ho) is assumed in both the fracture and ma-
trix continua. Therefore, the drawdowns satisfy the following initial conditions:

Hf(r,O):Hm(r,O):O (7)
Far away from the pumping well, the drawdowns are assumed to be zero

limH, (r,t)=limH_(r,t)=0 (8)

r—oo r—oo

The limit where the radius approaches zero corresponds to the well withdrawal rate

Iring{—ZErBKf(r)al_'fa—gr't) =Q, t>0 9)

where B is the thickness of the aquifer and Q, is the pumping flow rate.

In the sequel, we limit our investigation for the semi-analytical solution of equations (5-9) to

the case of a confined reservoir of a fractal structure with a single well in an unbounded me-



102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

dium as described in [7, 12]. Note that more complex fractal approaches have been developed
in the case of many wells with variable rates [20] and by considering transient flow from
block to fissure and skin between the fissure and the block [21].

In this work, following Delay et al. [7], we consider dual porosity media in which the hydro-
dynamic parameters are power-law functions in space (decreasing functions of the radial dis-
tance r between the pumping well and the observed one). Moreover, for sake of simplicity,

we assume the same functions for the exchange rate coefficient « and for the storage coeffi-

cients S; and S, . Hence, the values of the hydraulic parameters vary with respect to radial

distance according to the following power-law functions:

A

—~~

=
Il
A

(Y S(r)=S,r”®

(10)
Su(r)=S,r" a(r)=a,r™®

where the power-law exponents a and b are assumed to be positive.

3 ANALYTICAL SOLUTION
3.1 Analytical solution in the Laplace domain

In this section, we follow the strategy developed by De Smedt [8] to derive the analytical so-
lution of the system formed by equations (5)-(10). The solution is derived using the Laplace
transform technique with respect to time variable t. The Laplace transform of a time-

dependent function vy is
y(p)=L[y(t)it—> p]zfy(t)e*p‘dt (12)
0

Applying the Laplace transform to (5)-(6) and using (10) leads to

pS, r°H (r,p)= Krf" g{rla W}L%rb[ﬁm(r, p)-H,(r, p)] (12)
PSy, Ho (1, ) = [ H; (1, p)—H, (r, p)] (13)
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Equation (13) can be rearranged

- o, /S, —
H,(rp)=——mH,(r, 14
m(r p) p+a0/8m0 f(r p) ( )

Substituting (14) into (12) yields

oH, s, {m(%/sfo)p

ra—b-*—ZH_f — 0 (15)
or K¢ P+a,/S,

Equation (15) is a second order ordinary differential equation; its general solution is of the

form (cf. Polyanin and Zaitsev [22], page 159, equation (127))

iQl/2.n/2
2S¢ °r

H,(r.p)= r2 {CIJ{WM}cm [WWH (16)

(aoleo)p

AlDp)=
Alp) p+p+050/8mo’

where n=a-b+2, v= J,(z) and Y, (z) are the Bessel functions

S lo

of the first and second kinds, respectively. The parameters C, and C, are constant that can be

calculated using boundary conditions.

In the Laplace domain, the boundary conditions become

limH, (r,p)=0 17
and
oH, (r,
Iim{—Z;:BKf r-e M} _2 (18)
r—0 0 or p

The solution of (15), taking into account the boundary conditions (17) and (18) is

Q(p)K, ZSKZWJ aolSe)p

_ 2,—% nKzz P+a, /S,
f (r’ p): nlfvﬂ_l—w(l_v BKl—leSV/Z v (19)
fo fo +(a0/8f0)p
P+a,lS,,
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where K, is the modified Bessel function of the second kind of order v. More details about

the derivation of the solution (19) are given in the Appendix.

3.2 Analytical solution in the time domain

The solution in the time domain H  (r,t) is sought using the convolution theorem of the La-

place transform [23]
Lﬁy(r,t—r)dr;t - p} =L{L[y(t.t,):t, > pJit, > p} (20)

Hence, equation (19) is written as

Zsi./zrn/Z (a()/sfo) p2
a v 01/2 p1+7
20,12 nKy p2+040/8mo
H,(r.p)=H,(r;p.,p,)= - 21
f(r p) f(r pl p2) nl—vﬂ_l—w(l_v)BK%—v/ZS:Q v ( )
0 [} 0 p+(aO/Sfo)p2
2 ! p2+(;10/8mo

where p, = p, = p but different indexes are used to indicate that the inverse transformation is
performed in two steps.

The different indexes used in (21) indicate that the inverse Laplace transform is developed in
two steps. In a first step, the inverse Laplace transform with respect to the variable p, is ex-

pressed as follows

Sty r" S N
v 20°K oty fo r (%/Sfo )t1 P2
n"Q.e ‘W, T2
1

P2+ /Sy
L [H(rpop)ip >t ]= T
AT(1-v)BK 2 S2 1 ? P2

(22)

where t; is the time variable obtained by the inverse Laplace transform with respect to the

variable p, and W, ﬂ(z) is the Whittaker function (Abramowitz and Stegun [24] p. 505).
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In the second step, the inverse Laplace transform with respect to p, is obtained using the in-

1 _ap
verse transform of the J-function [25] based on the formula L™ [Be P+p p—>t}: J(a, pt)

which yields

Syl
VA A 2Kt ot agt,

n“Q.e : ,

- Qo 12;[ tl] [ Sf0 Sm0 J

H(rip,p,)= — (23)

27rF1 v K ST

b
2

The Bessel integral /-function is defined as follows [8, 26]

J(ab)=1- e-bje-ﬂl (2vb7)da=e*"Y |n a’ (24)

“~n!~=ml!

In view of (20) and (23), the analytical expression of H (r,t) is

1-v 1+v 2-b

22T (1-v)BK,2§2r 2 ° 2

v tov-1 — Szforn S n .
Hf(l’,t): nQO J.TZ e e 'Wl V{ for JJ{ﬂ1aO(t T)}dr
2

(25)
A similar expression can be obtained for Hm(r,t) using the convolution theorem of the La-

place transform for equation (14) and using equation (19).

1z

In the case of homogeneous media (a=b=0), we have W, 0(z)= z%e 2 and (25) reduces to
Ev

the De Smedt [8] solution:

) 7Sf0r2 B
H, (r,t)zﬁj‘rle Kt ] (E,M]dr (26)
TBbR¢ 9

fo Mo
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4 COMPARISON TO NUMERICAL SOLUTIONS

We numerically solve two interference pumping tests dealing with homogeneous and fractal
dual media. For each test, the numerical solution is compared against the corresponding ana-
Iytical solution using (25). The numerical solution of the system (5)-(10) is developed using

the standard Finite Volume (FV) method. The domain of size L =10,000mis discretized us-
ing a uniform spatial discretization of size Ar =5m. A similar solution is obtained using a
finer spatial discretization of size Ar =1m which shows the weak sensitivity of the numerical
solution to the spatial discretization. The duration of the simulation is 2x10°s. Three time
step sizes are investigated with At =10°s, At=5x10*s and At =10*s. The pumping flow rate

is Q, =5m?h. The initial head in the aquifer is h, =100m and the aquifer thickness is
B =100m. The specific storage of the fractures and rock matrix are respectively S =5x10"°
m*and S, =10" m™. The hydraulic conductivity of the fractures is K, =10 m/s and the

rate of exchange between the matrix and the fractures is ,=5x10"" ms™,

Figure 1 depicts the drawdown in both the fracture and matrix at 10m and 100m. The draw-
down in the fissure starts at early times because storage of the fissures is immediately effec-
tive at the start of the pumping test, while storage of the matrix needs much more time to be-
come noticeable. A flattening of the drawdown curve in the fissure can be observed at inter-
mediate pumping time which is typical for double-porosity behavior because of the transition
from fracture to matrix water storage release.

The numerical FV solution is compared to the analytical solution (25) in the case of homoge-

neous (a=b=0) and fractal (a=0.6 and b=0.4) dual media. The comparison is performed

at two observation wells located respectively at distances I; =10m and r, =100 m from the

pumping well. Significant discrepancies can be observed between analytical and numerical

10
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solutions when the latter is evaluated using a large time step size (Figure 2). The drawdown in
the case of fractal dual media is larger than in homogeneous dual media because of the reduc-

tion of the hydrodynamic parameters with the distance r from the pumping well. In fact, in

the case of fractal dual media, the permeability of the fractures is proportional to r > where-

as the exchange rate and the specific storage of both the fractures and the matrix are propor-

tional to r™%*. Thereby, the discrepancy between analytical and numerical solutions (Figure
2) is more pronounced with dual fractal media than with homogeneous dual media. For both
homogeneous and fractal dual media, the numerical solution converges toward the analytical
solution (25) when the size of the time step decreases (Figure 2). Note that the reduction of
the permeability of the fractures with respect to the distance r is also responsible, via the
Whittaker function in equation (25), of the delay for the stabilisation of the solution in the

fractal case (Figure 2 b) compared to the homogeneous case (Figure 2a).

5 BAYESIAN INVERSION OF A PUMPING TEST IN FRACTAL DUAL MEDIA

In practical applications, most of the hydraulic parameters cannot be measured directly and
should be estimated using an inversion procedure. In the case of fractal dual media, the inver-
sion can be challenging because of model equifinality, implying that different parameter com-
binations can fit the model responses to data. To assess the applicability of the fractal dual
porosity model, the identifiability of the parameters of the analytical solution (25) is assessed
using a synthetic interference pumping test with a set of noisy data. Parameter identification is
performed in a Bayesian framework where the prior knowledge about the parameters and the
observed data are merged to define the joint posterior probability distribution function (pdf) of
the parameters. In this work, the pdf is performed using the DREAM zs) software [16] based
on the Markov Chain Monte Carlo (MCMC) sampler. DREAM(zs) generates random se-

guences of parameter sets that asymptotically converge toward the target joint posterior dis-

11
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tribution [27]. Thus, if the number of runs is sufficiently high, the generated samples allows
exploring the entire parameter space of the posterior distribution of the parameters and pro-
vides the pairwise parameter correlations and the uncertainty of model predictions.

The Bayes theorem states that the probability density function of the model parameters condi-

tioned onto data can be expressed as:

P(E] Vres )€ P(Fes | £) P(E) (27)

where p(&| y,.,) is the likelihood function measuring how well the model fits the observa-

tions vy,.., and p(cf) is the prior information about the parameter before the observations are

made. In this work, a Gaussian distribution defines the likelihood function because the obser-
vations are simulated and corrupted with Gaussian errors. Hence, the parameter posterior dis-

tribution is expressed as:

2
20,

sS
P(&] W) 0 EXD(—ﬁj (28)

where SS, (&), are the sums of the squared differences between the observed and modeled

drawdowns. For instance, SSh(ff)=ZNh (hr(n"e)S —hr(nko)d (é‘))z, which includes the observed h*)

k=1 mes

and predicted h'*), drawdowns at time t, for the number of observations N, .

mod

A synthetic pumping test is generated by running the analytical solution using the reference

parameter values given in Table 1 for K, , Sfo, a,, & and b . As in Fahs et al. [28], the stor-

age coefficient in the matrix S is fixed in this study to be 10" m?.

Delay et al [7] showed that results of calibration improved when several drawdown curves at

several locations are inverted at once. In the sequel, the analytical solution is run for a long
period of 2x10"s to calculate the drawdown at four observation wells located respectively at

L=1m, r,=10m, r,=100m and r, =500 m from the pumping well. Four datasets of 2000

12
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values each (corresponding to the drawdown at the observation wells measured each 10*s)
are used as target responses for model inversion.

Gaussian noise with a standard deviation of 0.01m and a mean of zero was added to the target
responses. We assume that all hydraulic parameters have uniform prior distributions over the
ranges given in Table 1. As recommended in Vrugt et al. [29], we consider that the posterior
distribution is stationary if the Gelman and Ruban [30] criterion is less than 1.2 and that the
chains are not autocorrelated.

The MCMC method was terminated after 15000 model runs. The convergence was reached at
around 10000 model runs. Figure 3 shows the results of the identification based on the last
25% of individuals of the MCMC sampler (when the chains have converged). The "on-
diagonal” plots in these figures display the inferred parameter distributions, whereas the "off-
diagonal” plots represent the pairwise correlations in the MCMC sample. If the drawings are
independent, non-sloping scatterplots should be observed. However, if a good value of a giv-
en parameter is conditioned by the value of another parameter, then their pairwise scatterplot

should show a narrow sloping stripe. The results of Figure 3 show that the five parameters
Ko St &, aand b are appropriately estimated; they have almost symmetric bell-shaped
posterior distributions and have strongly narrowed their prior intervals. The scatter plots in
this figure show a moderate correlation between the parameters a and b (a correlation factor
of 0.61), a high correlation between the parameters Sfo and b (a correlation factor of 0.79)
and a very high correlation between the parameters K, and a (a correlation factor of 0.98).

The mean and 95% confidence intervals of the samples that adequately fit the model onto

observations are reported in Table 2. From this table, we can see that the parameters K, , a

and b are well identified with respectively a mean value of 0.99x10° ms*, 0.299 and 0.2.

These values are almost identical to the reference values of Table 1. The uncertainty on these

13
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parameters is small since the 95% confidence intervals are respectively [0.9-1.1]x10° ms™?,
[0.28-0.32] and [0.17-0.23]. The parameters Sfo and «, are less well identified. Indeed, alt-

hough their mean values (respectively 5.03x10° m™ and 3.06x10! ms?) are very close to
the reference values, their posterior uncertainty remains quite large since their confidence
intervals are respectively [3.2-7.6]x10° m™ and [2.1-4.5]x10"** ms™,

Finally note that the identification procedure does not converge if the storage coefficient in

the matrix S, is involved in the inversion procedure (not fixed). In that case, the identifica-

tion of the six parameters K, , S, , S, , ,, & and b was not possible. Indeed, in this case,

my !

the MCMC algorithm was faced to convergence problem because of equifinality issues.

6 CONCLUSION

A new analytical solution for interference hydraulic pumping tests in fractal fractured porous
media is developed using the dual-porosity concept and power laws in space for all hydrody-
namic parameters. The developed analytical solution is compared to a numerical one obtained
with the FV method using different time step sizes. Discrepancies are observed between ana-
Iytical and numerical solutions when the latter is used with large time steps. These discrepan-
cies are more pronounced with dual fractal media than with homogeneous dual media. When
the size of the time step decreases, the numerical solution converges toward the analytical one
for both homogeneous and fractal dual media.

The applicability of the fractal dual-porosity model was then assessed by investigating identi-
fiability of the hydraulic parameters from a synthetic interference pumping test with a set of

noisy data using the MCMC sampler. The results show that if the storage coefficient in the

14



288

289

290

291

292

293

294

295

matrix is fixed, the rest of the parameters can be appropriately identified, whereas conver-

gence problems can be encountered if all the hydraulic parameters are to be estimated.
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Appendix: Derivation of the Analytical Solution in the Laplace Domain

Using the boundary condition at infinity (17) and the following asymptotic expansions for
large arguments (|z|—>oo) of J, and Y, [22], J,(z)=v2/zz{P(v,z)c0s y—Q(v,z)sin y}

1 1
and Y, (z)=+2/zz{P(v,z)cos y +Q(v,z)sin y} for |argz|<z with ;(=Z—(Ev+zj7z,

e & (1) an VZ:oo_k(v,ZkJrl)
P(V’ )_g‘)( 1) (Zz)zk d Q( ! ) IE)( 1) (22)2k+l !

equation  (16) gives

C, +iC, =0. Therefore, this latter can be written as

a 2i8112rn/2
— P) f
H, (r,p)=CrzH" {—ném ,/A( p):l (A.1)
fo

1

where H® is the Hankel function of the first kind defined by H" (z)=1J, (z)+iY, (z) for

any complex number z .

The boundary condition at the well (18) is then used to find C,. Note that for v >0 the

Hankel function H” ~—LF(v)(%zJ as z approaches zero [22], where T is the Gamma
T

function. Using this expansion we can write

P LG o [JRE] aro)- )[R 10
(A.2)

16



312

313

314

315

316

317

318

319

as r appraches zero. Using the property of the Gamma function I'(1+v)=vI'(v) for v >0,

the first term of right hand side of equation (A.2) vanishes since nv=a. Substituting (A.2)

Q(p) .
T (1-v)BKG Sy A (p) |

into (18) we get C, =—

Finally, inserting the wvalue of C, into (A.l) and wusing the relationship

lwri 17ri
KV(z):%yrie2 Hf)(ze2 ] for —z <argz s%n, where K, is the modified Bessel func-

tion of the second kind of order v, we get the solution in the Laplace domain as defined by

(19).
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Table 1

Parameters Lower bounds | Upper bounds | Reference values
K, [ms™] 5x107 5x107 1x10°®
S;, [m"] 10° 10° 5x10°3
a, [ms] 1012 10° 3x101
a[-] 0.1 0.5 0.3
b [] 0.1 0.5 0.2
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Table 2

Parameters Mean 95% Conf. Int.
K, [ms™] 0.99x10°S [0.9-1.1]x10°
S, [m1] 5.03x10° [3.2-7.6]x10°
a, [m?s™] 3.06x101 [2.1-4.5]x101

a[-] 0.299 [0.28-0.32]
b [-] 0.2 [0.17-0.23]
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