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LOCALIZATION OF A ONE-DIMENSIONAL SIMPLE RANDOM WALK

AMONG POWER-LAW RENEWAL OBSTACLES

JULIEN POISAT AND FRANCOIS SIMENHAUS

ABSTRACT. We consider a one-dimensional simple random walk killed by quenched soft
obstacles. The position of the obstacles is drawn according to a renewal process with
a power-law increment distribution. In a previous work, we computed the large-time
asymptotics of the quenched survival probability. In the present work we continue our
study by describing the behaviour of the random walk conditioned to survive. We prove
that with large probability, the walk quickly reaches a unique time-dependent optimal
gap that is free from obstacle and gets localized there. We actually establish a dichotomy.
If the renewal tail exponent is smaller than one then the walk hits the optimal gap and
spends all of its remaining time inside, up to finitely many visits to the bottom of the
gap. If the renewal tail exponent is larger than one then the random walk spends most of
its time inside of the optimal gap but also performs short outward excursions, for which
we provide matching upper and lower bounds on their length and cardinality. Our key
tools include a Markov renewal interpretation of the survival probability as well as various
comparison arguments for obstacle environments. Our results may also be rephrased in
terms of localization properties for a directed polymer among multiple repulsive interfaces.
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INTRODUCTION

When put under a certain type of constraint, a random walk may be localized in an
atypically small region of space, in contrast to the unconstrained diffusive behaviour. This
phenomenon can be observed in various models and under different forms. Let us men-
tion for instance the collapse transition of a polymer in a poor solvent [10], the pinning
of a polymer on a defect line [22, 23], Anderson localization [27], localization of a poly-
mer in a heterogeneous medium [12], confinement of random walks among obstacles [41].
Such models, which are often motivated by Biology, Chemistry or Physics, offer challenging
mathematical problems and have been an active field of research.

In this paper we consider a discrete-time one-dimensional simple random walk on 7Z
among quenched random obstacles drawn from a renewal process. Equivalently, the pic-
ture is that of a (1 + 1)-directed polymer among randomly located repulsive defect lines.
Assuming that the increment (or gap) distribution has a power-law decay with tail ex-
ponent 7 (see (1.1)), we proved in a previous work [35, Theorem 2.2] that the logarithm
of the quenched probability to survive up to time n, rescaled by n?/ ("2 converges in
distribution to

(0.1) inf <)\x + ”—2)

where IT is a Poisson point process on [0, +00) X (0,+00) with explicit intensity measure
and \ is a constant (the Lyapunov exponent) depending on the gap distribution and on the
killing strength of the obstacles. As we pointed out in [35], this is a hint that the random
walk conditioned to survive for a long time n should eventually localize near an optimal
gap whose position and length correspond (after suitable renormalization) to the minimizer
of (0.1). In the present paper, we refine our analysis to prove such localization results. We
actually establish that the random walk quickly reaches a unique optimal gap (in the sense
that the hitting time is negligible in front of n) and roughly stays there for the time left.
To be more precise, our study reveals a dichotomy:

e When v > 1, the random walk is allowed to perform short excursions outside of the
optimal gap, see Theorem 1.2.

e When v < 1 the random walk reaches the optimal gap and may touch its bound-
ary for a O(1) amount of time after which it remains inside the optimal gap, see
Theorem 1.3.



Since the obstacles are drawn according to a renewal process, our work provides an
exemple of localization in a correlated disordered environment. Influence of spatial correla-
tions has been investigated in other contexts such as localization of directed polymers with
space-time noise [28], Brownian motion in correlated Poisson potential [29, 30, 36] as well
as Anderson localization, both by mathematicians [25, 26, 31] and physicists [2, 13, 43].
In our model however, the extreme value statistics are more relevant than the correlation
structure itself. Those are related to the heavy tails of the gap distribution. Influence of
heavy tails in localization phenomena has been considered in the context of directed poly-
mers [3, 5, 15, 24, 45] as well as in the parabolic Anderson model [6, 7, 11, 20, 32, 44].
Heavy tails also play a decisive role in trap models, see e.g. [4, 14].

Random motion among random obstacles has been intensively studied in the past decades.
We refer to Sznitman’s monograph [41] for a thorough analysis of Brownian motion among
Poissonian obstacles in dimension d > 1. More recently, Ding, Fukushima, Sun and Xu [16,
17, 18] gave detailed results in the case of Bernoulli hard obstacles in dimension d > 2.
We will give a more complete description of the results for Bernoulli (soft or hard) obsta-
cles, as well as a comparison with our own work and techniques, in Comment 5 (Section 1.3).

Note that our model can also be interpreted as a directed (1 + 1) polymer interacting
with multiple repulsive interfaces. In this context, the probability to survive turns out to
be the partition function while the distribution of the random walk conditioned to survive
coincides with the polymer measure (see (1.7), (1.8) and the paragraph below these two
equations). This statistical mechanics point of view was adopted in our previous work [35]
and previously by Caravenna and Pétrélis [8, 9] (see Comment 3 in Section 1.3).

1. MODEL AND RESULTS

Throughout the paper, the sets of positive and non-negative integers are respectively

denoted by N and Ny = NU {0}.

1.1. Definition of the model. Simple random walk and hitting times. Let S = (Sp)n>0
be a simple random walk on 7Z starting from the origin and defined on a probability space
(©,P). We use P, when the walk rather starts at © € Z. We denote by H, (resp. Ha)
the first hitting time of x (resp. the set A) counting from 1 while H, (resp. Hy) is the

first hitting time of x (resp. the set A) counting from 0. For all subsets I of Ny, we denote
Sr = {Sn, n e I}.

Obstacle set and killed random walk. An environment is a subset of Z whose elements are
called obstacles. The intervals between consecutive obstacles shall be referred to as gaps.
Let 5 > 0, the value of which is fixed through the paper. Given an environment 7, we define
the random walk killed by the obstacles as follows. Each time the walk visits an obstacle, it
has a probability 1 —e~? to be killed, independently of the previous visits to 7. Moreover,
the walk is killed with probability one when visiting Z~ := Z \ N. This assumption is only
for technical convenience and does not hide anything deep. We denote by o the time of
death. In other terms, o = Oy A Hy—, where 6 = (60,,),>0 are the consecutive visits of the
walk to 7 (6p = 0 when there is an obstacle at the starting point) and N is an N -valued
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Geometric random variable with parameter 1 —e~? that is also defined on (£, P) and inde-
pendent of the random walk (.S, ),>0. We will also sometimes consider o := s instead of o

Assumption on the obstacles. Let v > 0. In this article we consider a random environment
T = (Tn)n>0 that is a discrete Ny-valued renewal process defined on a probability space
(Qobs, P), which starts from 79 = 0 and satisfies

(1.1) P(ri — 7i_1 = n) " epn” (), i €N,

for some positive constant c¢,. The point 7; indicates the position of the i-th obstacle along
the integer line. The length of the gap (7;,-1,7;) is denoted by T; := 7; — 7,1 for i > 1.

Notations. Let us collect here some notations that we use throughout the paper. We keep
these notations as close as possible to that of [35].

e (Dependence on parameters) We may add a superscript to the symbol P when
we work with a different value of 3. For convenience, the dependence of ¢ and o
on the environment will be written explicitly only when it is not the one defined
in (1.1).

e (Expectation) For all events A (measurable with respect to the random walk) we
sometimes use the standard notation E(X, A) = E(X1y,).

¢ (Moment Generating Functions) If {u(n)},>1 is a sequence of non-negative
real numbers then we denote by

(1.2) a(f) =Y exp(fn)u(n)
n>1

its [0, co]-valued moment generating function (f > 0).
e (Records) The sequence of gap records, denoted by (1}");>1 and defined by

(1.3) T = Ty,
where

(1.4) i(1)=1 and i(k+1)=inf{i >i(k): T; > Ty},
plays an important role in our analysis. We also define for k € N,

(1.5) T = Ti(k)—1s
that is the obstacle at the bottom of the gap T} and

is the hitting time of ;.
e (Statistical mechanics terminology) We shall write for all events A (measurable
with respect to the random walk) and n € N,

(1.7) Zn(A):=P(A,o >n), Zn = Zn(Q),
so that
(1.8) P(Alo >n) =Z,(A)/Z,.

The quantity Z,, is referred to as the partition function and the measure Z,(-)/Z,
as the polymer measure. This terminology comes from statistical mechanics: one
can indeed consider the path (k, Sk)o<k<n as a (1 + 1) directed polymer among
horizontal interfaces located at heights (7;);>0. Each time this polymer touches one
of these interfaces it increases its energy by one, so that the Hamiltonian associated



to this model writes H,,(S) = > ;_; 1{g,c-} and the polymer (probability) measure
has a density with respect to the simple random walk law that is proportional
to exp{—FH,(S)} where 8 plays the role of the inverse temperature. One can
easily check that the partition function of this model, that is the renormalisation
constant, coincides with the probability P(o > n) to survive up to time n, while the
polymer measure writes Z,(:)/Z,. In the following we adopt the most convenient
terminology, according to context.

1.2. Results. In order to formulate our results we need to introduce a few additional
notations.

Confinement estimates. For all ¢t € N, g(t) denotes the asymptotic rate of decay of the
probability that the walk stays confined in a slab of width t. More precisely, we define for
n €N,

(1.9) qt(n) = Po(inf{k > 0: Sk, € {—t,0,t}} =n),
and
(1.10) g(t) := —log cos <§> = ;—; [1 + g—; + 0(%)},

where the o holds as t — co. The following result will be used many times throughout the
paper:

Lemma 1.1. There exist Tog > 0 and ¢, ca, c3, ¢4, 5 > 0 such that for all t > Ty,

_ 8 g < <% _—gt)n
(1.11) NI < qi(n) < Tl ,
with the upper bound valid for all n € N and the lower bound valid (i) for all n € 2N and
(i3) for all n € 2N — 1 with the extra conditions that n > c5t? and t € 2N — 1. Moreover,

for alln e N and t > T,

(1.12) a

71/26—9@)" < th(i) <

tAn 4
>n

C2

Sy e 9t
n

A crucial point here is the uniformity of the constants. The proof of Lemma 1.1 and
other useful results concerning the generating functions of ruin probabilities are collected
in Appendix A.

Localization interval. We recall from [35] the notation N = n72 that appears to be the
relevant scale for studying localization, and also the function

(1.13) ap = DD gy e
where
(1.14) B, 6) = —% logPo(H,, <o), (€N,

with the convention A(53,0) = 0. We also remind the reader that from [35, Proposition 2.1],
the function A is defined for all 5 > 0 by

(1.15) A(B) = lim (B0,
f—+00
where the convergence holds P — a.s. and in L;(PP). Let

(1.16) lo = Lo(n, 7, B) = argmings, G (¢),
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which is uniquely defined when n is large, on an event of large P-probability (see (2.14)
and Proposition 2.3 below). Note that £y necessarily corresponds to one of the gap records,
i.e. there exists ko = ko(n, 7, ) such that Ty, = T} . The following interval (which depends
on n, # and the obstacles):

(1.17) I = (75,7, + T = (0015 Teo)-

loc

will be referred to as optimal gap or localization interval. We shall often omit the dependence
on n in order to lighten notation.

Let us now introduce some random variables that will help us describe the trajectory of
the random walk once it has reached the optimal gap. We first define

(118) 9_ = {éi}izo = {kﬁ >0: Sk S {Tgo_l,’rgo}},

that is the increasing sequence of times at which the walk visits the boundary of the optimal
gap. Note that 6 is both a (delayed) renewal process and a subset of 6. Note also that 6
is the hitting time of the optimal gap and thus coincides with H;, | under P. Let

(1.19) N(n) =sup{i > 0: 0; <n} (sup® = 0),

be the number of excursions “in” or “out” of the localization interval and, for all a,b €

{0,1},
(1.20) ./\/’i?l’b(n) = card{0 < k < N(n): Sgk = Tly—1+as Sgk_H = Tlo—1+bs S(§k7§k+1) C Lo}

be the number of excursions inside the localization interval (from one side of the interval
to the same one when a = b and crossing the interval when a # b), and

(121)  Nou(n) = card{0 < k < N(n): S5, = gy, = Tto 100 S(a g0y O fioc = 0}
be the number of excursions outside of the localization interval. Finally, we denote by
(1.22) Touw(n) = card{fy < k <n: Sg ¢ Noc}

the time spent by the random walk outside of the localization interval between the first
contact with I, and the final time n.

We now have all the notations in hands to state our results, which we split in two
theorems respectively dealing with the case of integrable gaps (v > 1) and non-integrable

ones (y < 1). This is justified by the fact that the localization of the random walk in Il(onc)
is stronger when ~ < 1.

Theorem 1.2 (Case v > 1). For all k,p € (0,1) there exists C > 0 such that, for n large
enough and for all a,b € {0,1}
n n
3 < '/V-icrll,b(n)v (?ut(n)alﬁmt(n) < CT_?"O. > 7”L> >1—p,
Lo

e
Lo

Tep—1

(1.23) P<H

with P-probability larger than 1 — p.
Theorem 1.3 (Case v < 1). For all k,p € (0,1), there exists C > 0 such that, for n large

enough,

loc

(1.24) P(Hy, , < w0,k € [Hr, , +C,n], Sy € 1))

a>n>21—p,

with P-probability larger than 1 — p.



1.3. Comments. Let us give a few comments about our results.

(1) (Lyapunov exponent) Our definition of the Lyapunov exponent in (1.14) and (1.15)
does not coincide with [41, Section 5.2] where the index of the obstacle is replaced
by the distance to the origin. This is actually irrelevant when v > 1, by the Law of
Large Numbers, but not when v < 1.

(2) (Alternative definition of the optimal gap) In our results the localization inter-
val Il(onc) is defined via the minimizer ¢y of the function G. Actually it could also be

defined using the simpler function G and its minimizer [0 defined only later in (2.12)
and (2.13). These two functions are indeed close to each other for the value of ¢ of

interest, so that their respective minimizers coincide (see the definition of B,Sl) in
(2.14) and the proof of Lemma B.1 that states that the latter event occurs with large
probability when n goes to infinity).

(3) (Heuristics for the dichotomy) Caravenna and Pétrélis [8] considered the case
of deterministic gaps scaling like ¢, ~ n®. They proved that the value o = 1/3 is
the frontier between two different regimes. If 1/3 < a < 1/2 then the random walk
conditioned to survive spends all of its time inside of a single gap, up to finitely many
visits to the obstacle sitting at the starting point. If 0 < a < 1/3 then excursions
in-between consecutive visits to the obstacle set have length ¢3 ~ n3® and the total
number of excursions is n! ™3¢, in order of magnitude. This gives a heurisitic expla-
nation of the critical value v = 1, since the relevant gaps are of order n*/(*t2) in our
model (see also Remark 2.2 below). In order not to lengthen too much the paper,
we restrain from treating the case v = 1, for which one should probably replace the
constant prefactor in (1.1) by a slowly varying function.

(4) (Hitting time of the optimal gap) The fact that the random walk reaches the
optimal gap in a time o(n) was already observed in the case of Bernoulli obstacles,
see [41, Corollary 5.7]. Our theorems do not provide a lower bound for the hitting
time of the optimal gap and we actually do not believe that our upper bound is sharp.
This is suggested by the fact that, for € N, the random walk under P(-|o > H,) is a
Markov chain with explicit transitions (see [35, Proposition 3.6] for a precise formula-
tion). Using standard tools from the theory of random walks in random environment,
one can thus establish that as z — oo,

@ (y<1)
(1.25) E(H.lo > H,) ~ (cst) { 227 (1<~<2)
x (2 <7).

Letting x = 74,—1, this leads to an estimate for the expected hitting time of the
optimal gap that is much smaller than n. We postpone to future work a more precise
study of Hy, _, under P(:|o > n).

-1

(5) (Bernoulli obstacles) The case of Bernoulli obstacles has been extensively studied
in the literature. In dimension d = 1 this corresponds to obstacles being distributed
in an i.i.d. fashion, or equivalently, to the gaps being independent and geometrically
distributed,

(1.26) P(Ti=n)=1-p)"'p, neN  pe(0,1).
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In all dimensions, there exists a constant ¢ > 0 such that the quenched survival
probability satisfies the following large-time asymptotics:
n

(1.27) P(oc >n) =exp < [c+ o(1)] (log n)2/d>’
where the convergence holds P-almost-surely, see [41, Theorem 5.1] and [1, 21, 40].
The fact that the mode of convergence differs from [35, Theorem 2.2] comes from the
difference in extreme value asymptotics. To the best of our knowledge, the strongest
result regarding path localization in dimension one is [41, Corollary 5.7], which states
(in the context of Brownian motion in Poisson obstacles) that the walk conditioned
to survive hits one of several possible pockets of localization in a time o(n) and re-
mains there. These pockets are at distance of order n(logn)~2 from the origin and
have a diameter of order (log n)2+0(1), as n — oo. There remains the question of
whether the walk targets a unique pocket of localization (referred to as one city or
one island property in the parabolic Anderson literature). In a recent series of papers,
Ding, Fukushima, Sun and Xu [16, 17, 18] have answered this question in the positive
(among other finer results) in the case of hard obstacles (8 = 4+00) and dimension
d > 2. Interestingly, the same authors expect the walk to make excursions up to
length (cst)log n outside of the localization ball, see [16, Remark 1.4]. This echoes the
existence of short excursions outside of the localization interval that we establish in
our model, when the gap exponent is larger than one.

The extreme value statistics in the Bernoulli case differs from ours. Indeed, under
assumption (1.26), one may check that the point measure associated to the collection
(i/n, |log(1 — p)|T; — logn) for i € N converges in distribution to a Poisson point
process on (0,00) x R with intensity measure dz ® e~ ¥dy. Therefore, the difference
between two competing gaps is of a much smaller order than in our case. This explains
why it is difficult to isolate one among all the many gaps which contribute to the
first order asymptotic of the survival probability. See the discussion in [41, Section
6.1], in particular (1.15). In contrast, the existence of a unique localizing gap in our
model may be already conjectured from the first-order asymptotics of the survival
probability, which is expressed as the solution of a variational problem. Also, the
decomposition technique (according to the furthest visited record gap) that we use
to derive upper bounds and Proposition 3.1 (a preliminary weak form of localization)
seems too weak to handle Bernoulli obstacles, since the ratio between a given record
gap and all the (many) competing gaps will be dangerously close to one in that
case. The enlargement of obstacles technique (see [41, 42] and references therein)
was designed to tackle such situations by providing an elaborate coarse-graining of
the obstacle environment, which is then split into safe and dangerous zones (the so-
called clearings and forests). Our method is more elementary but sufficient to handle
polynomial gap distribution. Let us stress however that we do need more refined
renewal techniques to go from Proposition 3.1 to the more detailed localization results
of Theorems 1.2 and 1.3.

(6) (Parabolic Anderson model) The random walk in random obstacles belongs to the
more general framework of the Parabolic Anderson Model (PAM), that is a random
walk sampled according to a probability measure proportional to

(1.28) exp (D w(sh),

1<i<n



where {w(z)},cza is a field of random variables called potential, see Kénig [27] for an
account on this topic and the appendix therein for a discussion of open problems. In
the langage of PAM, Theorems 1.2 and 1.3 correspond to a one city (or one island)
theorem. Such results have been obtained for the PAM with heavy-tailed potentials.
In our case, the potential w(x) = —B1l,c,y is bounded and correlated, and the one
city localization comes from the large values of the gaps rather than high values of
the potential.

1.4. Organisation of the paper. The proof of Theorems 1.2 and 1.3 proceeds in two
steps: we show that (1.23) and (1.24) hold on a certain subset Good,, C Qs (defined in
Section 2) and then prove that this subset has a large P-probability (Appendix B). The
proof of the first part is itself decomposed in two parts:

(1) Control of the hitting time of the optimal gap (Section 3);

(2) Description of the trajectory of the random walk started at the lower boundary of
the optimal gap (Sections 5 and 6). In both sections the main tool is the comparison
between the random walk conditioned to survive with a certain Markov renewal
process that we define and study in Section 4.

We finally assemble these different parts in Section 7.

1.5. Reminder on the case of equally spaced obstacles. Caravenna and Pétrélis [8]
treated the case of equally spaced obstacles, which we refer to as the homogeneous case,
in the sense that increments of 7 are all equal. We summarize their results here as we use
them repeatedly in the following (recall the difference between o and o).

Proposition 1.4 (Homogeneous case, see Eq. (2.1)-(2.3) in [8]). Assume T = tZ, where
t € N. There exists a positive constant ¢(3,t) such that

(1.29) $(5.1) = — lim % log P(c > n),
with

2 4 1 1
(1.30) 6(8.1) = 3 1——65_1;%—0(;)].

Moreover, it is the only solution of the equation:
(1.31) Elexp(¢inf{n € N: S,, € 7})] = ¢:(¢) = exp(p), B8 >0.

Note that the first order term in the expansion of ¢(f,-) does not depend on ( and coin-
cides with that of (1.10). We may drop the subscript 5 when there is no risk of confusion.
The function ¢(,-) provides an upper bound on the survival probabilities even when the
obstacles are not equally spaced:

Proposition 1.5. (See Proposition 3.4 in [35]) Let (7;)ien, be any increasing sequence of
integers with 7o = 0 and let t; = 7; — 7;—1 for alli € N. There exists a constant C > 0 (that
does not depend on T) such that for all0 < k <r < andn > 1, one has

(1.32) P, (0 ANH, AH; >n)<Cn?(¢ —k)exp(—¢(B, max{t;: k <i < {})n).

This statement may look stronger than in [35, Proposition 3.4] as the constant C' does
not depend on 7 anymore. An inspection of the proof of [35, Proposition 3.4] reveals that
it is actually the case. We refer to [35, Section 3.2] for more details on these confinement
estimates.
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2. GOOD OBSTACLES ENVIRONMENT

In this section we define the event Good,, of good environments (in the sense that on
this event (1.23) and (1.24) are satisfied) and state that this event happens with large
probability. The event Good,, is defined as the intersection of the event €2, introduced in
[35] (recalled right below) and additional events specific to this paper.

Reminder from previous work. We first recall the definition of €2, in [35] that depends
on parameters 6,eg,€,1 > 0. In order to be exhaustive we list the various notations and

objects involved in the definition of §2,, and point out where they have been introduced
in [35]:

(1) The constant C is a positive constant so that
(2.1) 1/(Cit?) < g(t),9(8,t) < C1/t?,  teN.
Its existence is guaranteed by (1.10) and (1.30).
(2) The exponent x is defined by

1 ify<1
(2.2) =19y —g if1<y<2
% if v > 2.

(3) The constant T comes from [35, Proposition 3.1].

(4) Recall (1.3) and (1.4). The sets of records are defined by

R(a,b) ={k € N:a <i(k) <b}, R(a,b)=1i(R(a,b)), a,beN, a<b,
R.(n) = R(eN,e"'N),  R.(n)=R(eN,e'N), neN, >0

(5) The functions «, 7y and f are defined in [35, Lemma 3.7] while h comes from [35,
Lemma 3.8].

(6) We define for k > 1

(2.3)

(2.4) h;:ﬁ(%?%ﬂ1+a§VD,
where
(2.5) f(z) = ﬁ 2 € (0,m),

and the constant C' is the same as the one in [35, Lemma 3.7].

(7) Given a > 0 and k € N, we define the set of bad edges as
(2.6) Bio=1{j <ilk), T; > oT};},
and its cardinal
(2.7) Li.o = |Bk.al-
(8) The functions A(-) and A(+,-) are defined in (1.14) and (1.15).

(9) For n > 1 we define the random point measure

(2.8) M= 0/, , =
20 1)

nl/vy

N
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We are now ready to recall the definition of €2,,:

11

(2.9) 0 (5,20,2,m) = () AV (6,20, ¢,7),
=1

with

AN2=) .
{Thise < nl” 0T boify<2
+_'L1

{{TN1+N <n 20420} ify > 2
AP (g) = {T}, < 607NW Vk < eoN}
AP (e0) == {7nyeo <1}
AD(S) = {30 e {N,... 2N}: Ty > Ty VN7
(2.10) AP (g0,) := {Vk € Re,(n), T} > To(e) Vv 60_ N7}
A (0, ) := {Vk € R.,(n), kak’a(E) < exp(nmw—“))}
AP (e0.8) = {Vk € Rey(n), Tf > h(fr, Loy @(€))}
A (20) == {|R(1,N/eo)| < [log(N/eo)]*}
AP (6) = {]A@2N, B) = A(B)| < 55
ALO) (eo, e,n) = {IA(l = 1,b) = A(D)| < %G1, V>N, be {B,5 —¢c}}
(e0) = Ty ([0,557"%) x [e5 !, +00[) = 0}.

Remark 2.1. We point out a mistake that is easy to correct in the definition of A1V in
[35]. With the new definition above it is easy to check, adapting [35, (6.41)], that

(2.11) lim lim inf P(A(Y (g0)) = 1.

eo—0 n—oo

Furthermore, the event A,(lll)(eo) is used in the proof of [35, Theorem 2.2] only, more

precisely in [35, (6.58)]. With the correct definition of A(H)(eo) above, this part of the proof

is now valid assuming that €9 has been chosen small enough so that €, /2 > lé;fz)

New conditions. We turn to the five new conditions that we add to the previous ones to
define a good environment. Recall (1.16) and define analogously

(2.12) Zo = Zo(n, T,0) = argmings ég(é)
where

~ -1 2 e
(2.13) GP) = A(ﬁ)£_ L N =niz.
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We define for o € (0,1), € € (0,8/2), >0, p € (0,3), J € Nand C € N the events
(2.14)

to(B) and Z)(ﬁ) are uniquely defined,
BM(g0) = goN < 150(5) = 0p(B) < & ~IN,

sON?ng)()<eO NW

2) () = { min G?(¢) — min G2 (¢) >
B, (n) {g;lgolGn(f) min Gy, (€) = 277}
BB (p) = {pT, T; < (1 —p)T,
o (p) = {pTt, < e < (1= p)Ty},

B(4)(J) {V£>J7 lma<x T£0+z§€4;’7} { J <€ <y, max TgO,iSK%}
afe

n

B®)(gg,e,C) = {card{k € [eoN, g ' N]: Ty, > ) NW} < C}.

The first event assures that the optimal gap is well deﬁned and gives a first control on its
position and its width.

Remark 2.2. Note also that the last inequality in Br(Ll) implies that n > T%, provided
v >1 (resp. n < T30, provided v < 1) if n is large enough. This dichotomy will become
important in the following.

The second event guarantees that the strategy of localization in the optimal gap is the
most favorable one. The third event allows us to control the ratio between the optimal gap
and the second largest gap in the interval [0, Tho +1], that is the interval between the origin
and the (kg + 1)-th record gap. The fourth event provides a control on the lengths of the
gaps below and above the optimal gap, relatively to their distance to the latter. Note that
the exponent 411"—;/ in the definition of Bn4 is somewhat arbitrary and that it could be safely
replaced by ¢/ for any 1 < ¢ < 1+ /2. We choose ¢ = 1 + 7/4 in order to avoid a new
parameter. Finally, the fifth event allows us to control the number of gaps competing with
the optimal one in the proof of Proposition 3.1.

Definition of a good environment. We may now define
(2.15) Good, (8,20, 2,7m, p, J, C) 1= Qu(8,0,2,1) Ni<i<s B (c0, €, 7, p, J, C).

In the following we will prove that (1.23) and (1.24) hold on Good,, so that the proofs
of Theorems 1.2 and 1.3 will be complete once we prove

Proposition 2.3. For allp € (0,1), for all §,59,m, p € (0, 3) small enough and J > 1 large
enough, for all € € (0,3/2), there exists C = C(gg,€) such that
(2.16) lim inf Good,, (6,9, ¢,7, p,J,C) > 1 —p.

n—oo

We differ the proof of this proposition to Appendix B.

3. HITTING TIME OF THE OPTIMAL GAP

In this section we only focus on the part of (1.23) and (1.24) relative to the hitting time
of the localization interval. What happens after this hitting time will be studied in the next
sections. We first provide in Proposition 3.1 a rough control on the behaviour of the random
walk conditioned to survive, namely that with large probability, it reaches the gap with
label i(kg) (corresponding to the minimizer of G,,) but it does not reach the gap i(ko + 1)
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(corresponding to the next record gap). We then refine this result in Proposition 3.2 to get
the desired upper bound on the hitting time of the optimal gap. Recall (1.6).

Proposition 3.1. Let p € (0,1),6 > 0. There exists 9 > 0 so that for alln € (0,1) and for
all € small enough (depending on ey and n), if n is large enough and T € Good,, (9, €9, ,m),
(3.1) P(H}, <n < Hj 4|0 >n)>1-p.

Proof of Proposition 3.1. Recall the definitions of Cy in (2.1) and X in (1.15) and fix €9
small enough so that

B
(3.2) €0
g7 > 401 (C1672 + A(B).

> 2(C16% + A(8)),

We have to prove that

7k
(3.3) M <p,
Zn
where
(3.4) Z®) = Z,(Hj: <n < Hf,).

Recall (2.3). We first get rid of all the records that do not lie in R.,(n). In Step 1 of [35,
Proposition 5.1] we proved that on Q,,(4,£¢),

2% exp{—N (201672 + 2X\(8) + o(1))},

Sz <o
(3.5) ke R(N/20,00)

Zn >

601/7]\7).

k
Z AQRS Zy(Hy > n) < exp (— e

kER(0,60N)

Together with the choice of parameters in (3.2), this implies that if n is large enough

(k)
2 kgRey(n) 0
Zn
We turn to the records in R, (n) that are not kg. We consider n and ¢ positive, the latter

being small enough so that the conclusion of [35, Lemma 3.7] is valid. We recall the lower
bound on Z,, obtained in [35, Proposition 4.1]: on €,,(9),

3.7 Zy > -N in GB( N)Y.
(3.7) > exp { L n(0) +o(N)}

(3.6) <p.

For k € R.,(n) one can use the same computation as in Steps 2 and 3 in [35, Proposition 5.1]
and obtain from (5.21) therein that on Q,(4,£0,¢),

(3.8) E ZF) < 26510 nSexp < -N, %nr% : GE==(0) + 0(N)>.
€ERen (1
kekzzgo(n) H?o

On B,Sl)(so), lo(S) lies in R.,(n) and we may deduce from (3.7) and (3.8) that

Z kERsO (n) Z7(Lk;)

kkq _1 6 _ . B—e(p\ s 8
(3.9) — 7 <2, Cn exp{ N<£r71élér01Gn (/) —min G, (£) + 0(1)) }
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We suppose € > 0 to be small enough so that [A(5) — A(8 —¢)| < =4Z. This implies that on
A0 (o, 2,m) 1 By (e0) 1 B (n),

min G274 (¢) — min GZ (¢) = min G? (¢) — min GZ (¢) + min GZ~5(¢) — min G (¢)
i£4o (£4o (£4o i£4o

-1
> 2n — Al—=1,8—¢)— Al —1,8)|——
(3.10) > 2n soNrSr;a%XN/sol (=1,8-¢) =Ml ~108)—
—1
eoneg N
>2n—3— > —.
=TTTN 7
Together with (3.9), this concludes the proof. [

With this weak localization result in hands, we are now able to control the hitting time
of the optimal gap.

Proposition 3.2. Let p,k € (0,1) and 6 € (0,1). There exists 9 > 0 so that forn € (0,1),
p € (0, %), C > 1 and for all ¢ > 0 small enough (depending on €y and n), n large enough
and T € Good,(4,¢9,€,1, p, C),

(3.11) P(H

Tep—1

> knlo >n) < p.

Proof of Proposition 3.2. Note that Hy = Hr, _,. We first observe that for all 0 < M < n,
(3.12)
PP (H,, , > Mo >n) <PP(M < H}, <n < Hj |0 >n)+P’(n ¢ [H}y, Hi ,y)lo > n).

Using Proposition 3.1, there exists £ such that for n > 0 and e small enough, on Good,, (9, €9, €, 7)
and for n large enough,

(3.13) PP(n ¢ [Hi,, Hfyy11)lo > n) < p.

To manage with the first term in the r.h.s. of (3.12), we first provide an upper bound on
PA(M < Hy <n<Hj ,,0>n).

One can follow the computation in Step 2 of the proof of [35, Proposition 5.1] to obtain
that for all ¢ > 0,

PY(M < Hy <n< Hj 1,0 >n)
3.14 " «
(3:14) < Z e_¢mEB(e¢Hk0,H,;‘0 < O')Pﬁ* (o NHj 1 >n—m).

m=M ko
From Proposition 1.5 we obtain that on BT(LI)(eo),

(3'15) PE,:O (U A H/?(H—l >n— m) < C’I’Lgeid)(ﬁ’T’:o)(n*m)‘

We next control EB(6¢H’:O,HZO < o) using [35, Lemma 3.7] with ¢t = (1 — p/2)T}; and
2 . 2 . . .
¢ = 2((1_;;72):%:0)2 that we rewrite ¢ := (1+c(p))2(%rw with the suitable choice of ¢(p) > 0.
At the cost of choosing n > 0 and then £ > 0 even smaller (so that the assumptions of
Proposition 3.1 and [35, Lemma 3.7] are satisfied) we may assume that

2

93 ™
=y < relp)ed

(3.16) N(B7)

€0
where \'(37) is the left derivative of the convex function A at 3, for reasons that will become
clear at the end of the proof. This choice of ¢ and ¢ guarantees that the assumption of [35,
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Lemma 3.7] are satisfied on B,(})(ao) n AP (€0,€) and provide a(e) > 0. This leads us to
introduce for p € (0,1/2) (recall (2.5)),

T*O_ C
fro(p) =2f <7T(1 _ ];)/21)1-}:0 [1 + (Tl:o)2}>
Bio,a(e)(p) = {7 <'ilko): Tj > (1 = p/2)a(e) Ty, }
Lko,a(e) (p) = ‘Bko,a(e) (p)‘

Let us recall notation from [35] :

(3.17)

o (Xi)ren, is the sequence of the obstacles indexes successively visited by the random
walk, that is the process defined by 7x, = S, ;
o (; =inf{n e N: X,, =i(k)}.
As a consequence of [35, Lemma 3.7] we obtain

(318) B (Mo, Hiy < ) S TP ((fu(p) HU5F P el 200200 e < ).

On B,(f') (p)N BT(LE))(eo, g,C), as f is non-decreasing, for n large enough
(3.19) fro(p) < 2f (m(1 = p/3))
and
1
Liga)(p) < {eoN < j < g 'N: T > a(e)(1 — p/2)eo N7 }|

< HN<[80,851] X [“(Z)€°,+oo)) <C.

From the definition of h(A, L, «) in [35, (3.68)] it is clear that the function A is increasing
with A and L but decreasing with «, so that on BY (p)N BY (€0,¢,C),

(3.21) h(fro (P) Likg ae) (P): (€)) < h(2f (w(1 = p/3)), C, ale)).

This implies that for n large enough (1 — p/2)T; > h(fky(p); Lig,a(e)(p), a(€)) and one can
use Lemma 3.8 in [35] (with T} replaced by (1 — p/2)T}: ) to obtain that on AP (0),

(3.20)

EP (™o Hy < ) < 2(fi () "o Wnpd < (1}, < o)
<2[2f (r(1 = p/3)) |“nP?~¢ (H}, < 7).

With (3.15) and (3.22) in hands, one can turn back to (3.14) to get
(3.23)
PA(M < Hj <n< Hj 1,0 >n)

(3.22)

< 20n" [2f (v(1 - p/3)) | PI=(H;, < o) Y emom e AT
m=M

2
—¢(/37T;‘O)n—c(p>% En: ei <2(7%0)2¢(57T;:0)>m

m=M

<20n*[2f (m(1 - p/3))]CPB_5(H;;0 < o)e

Arguing as in [35], there exists some constant C'(5) so that on B,(})(ao) nAY (€0,€)

2
* * n - +_ 7T* _ —1
(3.24) e—(qﬁ(ﬁ,TkO)—g(TkO))n Z . <2(Tk0)2 (B k0)>m < neCB) /2y I3 .
m=M
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Moreover, on A" (e0,8,m) N B,(})(ao),

PI=E(H;, < o) <exp{ — (AB-2) - )l - 1)}
<exp{ - (MB) —eX(87) = ) -1},

where we used for the last inequality that A is convex so that A(8 —¢e) > A\(8) —eN(B87).
Gathering all these intermediate estimates we finally obtain from (3.23) the bound
(3.26)

PA(M <H}, <n < H} 1,0 >n)

(3.25)

7.(.2

< exp { = g(Ti,)n = elp) s M — (MB) = e (8=) = 50) fo + o(N) }.
(1%,) 2
To complete our control of the first term in (3.12) we turn to the lower bound on
P%(o > n). On Br(Ll)(EQ) N 2,(0), one can use [35, Equation (4.8)] with ¢ = ¢y so that
235Pﬁ(H;;0 < U)e—Q(TEO)n—k(N)7
where k is the function defined in [35, Lemma 4.2] (recall that k(z) = o(x) as x — +00).
On Ago) (€0,€,m), we finally obtain

(3.28) Z, > %e—(x(ﬁw%(zo_ne—g(%>n_k(zv>_
Choosing M = kn, we get from (3.26) and (3.28)
(3.29)

(3.27) Zy >

2

PP (kn < Hp <n<Hp 4|lo>n)< exp{ —c(p) kn + (eN(B—) +eon)lo +0(N)}.

2(T,)?
On B,(})(so), by < 661N and Ty < salN% so that
(3.30)
B * * 7253 € \1/n—
PP(kn < H, <n < Hp 1|0 >n) §exp{ —N[C(p)li 5 E—)\ (B7)+n —|—0(1)}}
0
and the conclusion follows from the choice of ¢ and 7 in (3.16). |

4. A RELATED MARKOV RENEWAL PROCESS

In this section we introduce a Markov renewal process that is related to the partition
function of the polymer and, more generally, to the polymer measure itself. This auxil-
iary process turns out to be much easier to handle, due to its time-homogeneous Markov
structure, and will be the main tool to establish localization results in the next two sec-
tions. The interpretation of the partition function using a renewal process is a standard
and powerful tool in the field of polymer models. We refer the reader to [22, Chapter 1]
for a simple but instructive example in the context of homogeneous pinning on a defect
line as well as more refined models (see also [23]). This interpretation also plays a central
role in the study of polymers interacting with multiple interfaces, see [8, 9]. As for Markov
renewal processes, they have been previously applied to the pinning model with periodic
disorder [22, Chapter 3] or with an annealed correlated Gaussian disorder [33, 34] and to
the strip wetting model [39].

Let us outline the content of the present section. In Section 4.1, we introduce a transfor-
mation of the environment and the Markov renewal process P itself, see (4.24). We point
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its relation with the partition function in Proposition 4.2. In Section 4.2, we start our study
of P and provide estimates on the free energy (defined in (4.22)) by an extensive use of
comparisons with other environments (see Lemmas 4.3 and 4.4). Section 4.3 is dedicated
to the proof of two technical estimates (Lemmas 4.5 and 4.6) that will later be decisive for
the description of P. In Section 4.4 we begin this description by proving that the transition
probabilities of the auxiliary Markov chain are non-degenerate (see Lemma 4.7) and by
providing estimates on the first two moments of the excusions lengths, depending on their
type (see Lemma 4.10). We complete our description in Section 4.5 with a control on the
mass renewal function (see Lemma 4.12) leading to estimates on the survival probability of
the random walk starting from the lower boundary of the localization interval (see Lemma
4.13).

4.1. A Markov renewal interpretation of the partition function. Throughout this
section, we consider that 7 belongs to Good,, which implies in particular that ¢y(n) is
uniquely defined.

Re-parametrization. To simplify, we shall write

4.1 T =Ti(n) =T, Ty =Ty(n) = .
(4.1) 1= Ti(n) = Tig (), =T = By &

Note that Tg corresponds to the second largest gap in the interval [0, Tho 41 that appears

in the event B} (p), which now reads:

(4.2) BY) (p) = {pT1 < T2 < (1 - p)T1}.

*

We replace all gaps after Ty 4

_ Ty, if k <i(ko+1)
FTU L ik >i(ko 4 1)

by gaps of size 1: For k > 1,
(4.3)

The environment 7 is then defined by 7o = 0 and, for n > 1,

(4.4) T —Tno1 = Tn.

Proposition 3.1 indicates that with high probability the walk does not reach the i(kyo+1)-th
gap so that the behaviour of the walk under P( - |o(7) > n) or P( - |o(T) > n) can be
compared (this will be made precise in the proof of Theorem 1.2). Let us also write

+__ —
T = Tlo+k — Tlys k‘EN,

(4.5) C B
T = Tlo—1 — Tlo—1—k; kEe{l,... .0 — 1},

so that we will sometimes refer to 7 as (77, T1,7"). This notation will be specially handy
when we later compare T to other environments where 7~ and 7+ are modified.
We define, for all m > 1, a,b € {0,1} and all events A,

Z5(A) =Py _yari (0(T) >m, A), 75, = Z5,(0

)
(4-6) ab . _ _ ab __ —ab
Z3(A) =Pr, yati (0(T) > m, Sy = 7401 + 0T, 4), 7y =72(Q).
0

m

To lighten notations we may later use Z,, = Z9, and Z,,(A) = Z% (A).

Decomposition of the partition function and auziliary Markov renewal process. We recall

that the visits to the boundary of the optimal gap are denoted by (6;)i>0 (see (1.18)). We
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define
Sz — Ty, —
Xi:@TiMe{o,l}, i>0
1
4.7 . .
(4.7) y._ Jim if 5,16 € Toc P> 1
out if S(gi_hgi) NLoe =0 o

Recall (1.9). In this section, we need to consider ruin probabilities depending on the exit
point of the random walk. For convenience, we use the same notation as in [8] (see (2.5)
and (2.6) therein), that is, for ¢ € N:

@ (n) = Po(inf{k > 0: S € {~t,0,t}} =n, S, =0),
qtl(n) = Po(inf{k > 0: Sy, € {-t,0,t}} =n, S, =1),
so that for all n € N,

(4.9) q(n) = ¢f (n) + 2g{ (n).

We refer to Appendix A.2 for useful results on the moment generating functions of these
sequences.

For a,b € {0,1} and ¢ € N, define

(4.8)

e b0 o —
Kin(a,b, £) := Z8(f; = €,Y] = in, X1 = b) = { 7 an () ifa=b

(4.10) efﬁq%1 (¢) ifa#0,
Kout(a, ) :=Z7(0; = £,Y7 = out),
and
Kin(a,b,¢) (y =in)
(4.11) K(a,b,y;€) .= ¢ Kout(a,f) (y =out and a = b)
0 otherwise.
We define for all events A,
(4.12) ZPN(A) := Z,, (A, m € 0),
and the pinned partition function Zhn .= Z%H(Q) = 7% 4 791" which we decompose

according to the contact points with the interfaces:

m k
(4.13) ZPin — Z Z Z H K(@i—1, iy yis ui — wi-1),

k=10<u1 <...<up=m 1;17___7$k6{071} =1
y17"'7yk€{in7OUt}

with the convention that ug = 2y = 0. Note that the unpinned partition function is related
to the pinned one via the relation:

(4.14) Zn= > ZPZ}, (61 >m—k).
0<k<m
ac{0,1}

Next, we define for a,b € {0,1} and f > 0 (recall (1.2)),

(4.15) K(a,b, f) = Kin(a,b, f) + Kot (@, f)1{azp}-
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From (4.10) and Lemma 1.1, for all f < ¢(T;) and a,b € {0,1}, Kin(a, b, f) < +oo.
Moreover, from [35, Proposition 3.5] and Proposition 1.4, for all a € {0,1} and f < ¢(T2),

(4.16) Kout(a, f) <D P(a(TaZ) > £)e!’ < +oo.
>1

We define the {0, 1}2-matrix

(. . — ( ) 7f) ut ( ) A l'A<1n(07 17Af)
w0 (R ko 1ﬂ+KMOJQ
. — ( (07 Qa f) lj<ou ( ) R H(07 17Af) >
KIH(O ) Kin(o 0 f) + Kout(17 f)

where we have used that Kiy(1,1, f) = Kin(0,0, f) and Kin (0,1, f) = Kin(1,0, f). Since the
matrix K( ,+, ) has positive entrles, we may define A(f) as its Perron-Frobenius eigenvalue.
We recall that (see [38, Proof of Theorem 1.1])

(4.18) A(f)= sup mjnw
veER\{0} * i

so that f — A(f) is continuous and increasing on [0,g(T1)).
For all £ € N, let

(419) Km(g) = Kin(O, 0,6) + Kin(O, 1, 6) = Kin(l, 0, 6) + Kin(l, 1,6)
We shall later use the following routine inequality:

Lemma 4.1. For all f >0,

(4.20) min(Kout (0, ), Kout (1, £)) < A(f) = Kin(f) < max(Kout (0, ), Kous (1, £))-
Proof of Lemma 4.1. Use Corollary 1 in [38, Section 1.1]. |
This implies that A(0) < 1 and since

B
(4.21) R(0,0, £) = Kin(0,0, f) = —=d%,(f) = o0,
as f 1 g(T1), we conclude that the equation
(4.22) A(f)=1

admits a unique solution in (0,g(T1)) that we denote by ¢ = ¢(7—,T1,7") and call free
energy. Thus, there exists a map h: {0,1} — (0,00) such that

(4.23) > K(a,b, ¢)% =1, Vaec{0,1}.
be{0,1}

The relation in (4.23) allows us to define the law of a Markov renewal process P (which
actually depends on 8 and on the environment of obstacles) such that for all i € N,
b e {0,1}, y € {in,out},

h(b)
hXi_1)’
with 6y = 0 and X = 0 as initial state. In the rest of the paper, we shall use subscripts to
specify the starting point of the modulating chain (which is zero by default):

(4.25) Pa(:) = P(|Xo = a).

(4.24) 'P(éz — éi—l =0,X;,=bY;, = y[é?], G ], 7 < Z) = K(Xi_l,b,y;ﬁ)e(ﬂ
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We use both subscripts and superscripts to specify the starting and ending points, namely,
for m € Ny,

(4.26) Ph(m € 0,A4) = P(b =m, Xy, = b, A|Xg = a).
k>0
Let us now explain the link between the Markov renewal process P defined in (4.24) and
the polymer measure. First, let 7 = o(0, X) and F; = 0(6;, X;,j < i) for i € N. Define for
m € N the following o-algebra:

(4.27) Fm={AcF:¥i>1,An{0; =m} e F}.
From (4.13) and (4.24), one can deduce

Proposition 4.2. For allm > 1 and A € Fp,

. _ h(0 =
(4.28) ZPm(A)e?™ = PY(A,m € ) + %P&(A,m €0).
4.2. Free energy estimates. Let us bound the free energy ¢ = ¢(7,T1,7") defined in
Section 4.1 by simpler quantities corresponding to the free energy for less and more favor-
able environments of obstacles. Let ¢(t) be the free energy corresponding to the periodic
environment ¢tZ (see Proposition 1.4) and recall that g(¢) is given in (1.10). Then, we have
the following

Lemma 4.3. The following inequalities hold:
(429) ¢(T1) < ¢(7—7’T1,T+) < ¢(N, TlaN) < g(Tl)

Proof of Lemma 4.3. For the third inequality, there is nothing to prove as, by construction,
&(17,T1,7") belongs to (0,¢(T1)) in particular when 7= = 77 = N. Let us now deal with
the second inequality. By a straightforward pathwise comparison we obtain, with obvious
notations,

(4.30) Kous(a,0) > K (a,0), ae€{0,1}.

out
Since the Perron-Frobenius eigenvalue of a matrix is non-decreasing coordinatewise (as
soon as it exists), we get the result. We now turn to the first inequality, which is slightly
more involved. We fix f < ¢(T1) and prove that A(f) < 1. Let us first recall the distinction
between

(4.31) 0= {m e Ng: 5, € 7}
and
(4.32) é = {m S No: Sm S {Fﬁo—laFﬁo—l + Tl}}.

By using [35, Proposition 3.5] we could compare the free partition functions (i.e. without
any constraint on the final point) for the environments (77, T1,7") and T1Z but it does
not seem so easy to compare any of the pinned versions (that is with the constraint ¢ € 6
or Sy = 0). However we may write

(4.33) > Ziteo)e <Nz eb)el,
£>0 £>0

where the superscript on top of the partition function Z; indicates a change of environment.
Indeed,

(4.34) Zy(Leb) =" Zub; =),

i>0
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&)

(4.35) D Zteo)el =Y e PEL [,
£>0 i>0

By [35, Proposition 3.5],

(4.36) ET [ef%] < ET1Z[ef%]

and we get the desired inequality. Moreover, note that

1
4.37 Zhre el = —— < 4o,
@ S =

so that
(4.38) > 2yt € )’ < toc.
>0

We denote by hy an eigenvector of R(, -, f) associated to A(f) and analogously to (4.24),
define the law P/ of a Markov renewal process such that for all i € N, a € {0,1}, y €
{in, out},

he(a) ef*
hy(Xi—1) A(f)

(439) ’Pf(a_l_ézfl = EaXz = a,YVi = y|§janaY}’ j < Z) = K(Xifl’a,y;é)

Similarly to Proposition 4.2, we obtain for all £ > 0,

(4.40) Zi(0€0) 2 Z)°(C € 0) = e Y AP PI (O = . Xk = 0),

E>1
so that
(441) S zult € )l > 3 A)PI (X, =0).

>0 k>1
Together with (4.33) and (4.38), we deduce that
(4.42) S AP (X = 0) < +o0.
E>1

The reader may check that the Markov chain (Xj),>0 has non-degenerate transition proba-
bilities. Moreover, it is irreducible and aperiodic, so that (Pf (X% = 0))k>0 converges when
k goes to infinity to some real number in (0, 1) that is the probability of 0 under the invari-
ant probability of X. Together with (4.42) this implies that A(f) < 1 and that concludes
the proof. |

Lemma 4.3 provides the first order term in the expansion of the free energy as Ty is
large. We now estimate the second order term. To that purpose, let us define e(7—, Ty, 7)
by

2

4.43 T, mh) = —
( ) ¢(7— 1, T ) 2-|—%

[1 —5(7_,T1,7—+)].

Then, we have:

Lemma 4.4. As n — oo (enforcing on Good,, that T; — o0),
(4.44)

Pl+vV1—e2P)—-1

4

< liminf T1e(r7, Ty, 71) < limsup Tie(77, Ty, 77) < 51
e fe—
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Proof of Lemma 4.4. The idea is to use Lemma 4.3 and estimate ¢(T1) and ¢(N, T1,N).
From [8] we get

4.45 ™= (it h tt A

(4.45) ¢(t) = 551 —e(t,t)]  where 8(7)Nm7

T2
and this gives the rightmost inequality. Let us now estimate ¢(N, T1, N), which corresponds

to the free energy when there are interfaces everywhere outside of the optimal gap, that is

77 =7 = N. In this case we get an explicit expression for RONut(gb), where ¢ = ¢(N, T1,N)

now only depends on T;. Indeed, we have
1 _
(4.46) K (0) = e a2 (0),
hence, by (A.10),
- 1, 1

(4.47) Ki%(6) = 5% (6~ B) = 5 (1~ VI — ) + o(1),
in the limit of large T1. We may conclude in this case that

T s(TLD)  where <(Ty,1) !
=—[1—¢(Ty, where €(Tq,1) ~ )

21 ! ! Ti[eB(1+ V1 —e28) — 1]
in the limit of large T;. By combining Lemma 4.3, (4.45) and (4.48), we finally get the
result. |

(4.48) ¢(N,T1,N)

4.3. Technical estimates. The first result of this section is an upper bound on Kt that
turns out to be very useful to control the length of the excursions outside of the localization
interval.

142

Lemma 4.5. There ezists C > 0 such that for all J > 1, 7 € Good,,(J) and £ > J 7,

.
(4.49) Kout(a, £) < CPe " g e{0,1}.

+2
Proof of Lemma 4.5. We only prove the case a = 1 as the other one is similar. Let £ > J ER

By Proposition 1.5 we have for j > 1,
Kout(1,4) <P(o(r7) > H +)+Ple(rt)ANH + > —1)
(4.50) o ’
< e P4 CPexp {— (b( max. Tgoﬂ-)E].
1<i<y
By picking j = (7 (so that j > J) and using that 7 € Br(f)(J) together with (1.30), we
get that

+4
4.51 max Ty, 1; ) > (cst =N
1<y ot
This gives
0 b
(4.52) Kout (1,6) < e P77 4 03077
from which the result follows. |

The second result of this section is a control on the ratio h(a)/h(1 —a) (a € {0,1}) that
appears in the definition of P, see (4.24).
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Lemma 4.6. There ezists C > 0 (not depending on 7 € Good,,) such that,

1 h(1)
4.53 —< < <C.
(453) C ~ h(0) —
As a consequence of Lemma 4.6 and Proposition 4.2, there exists a constant C' > 0 such

that for all m € N and A € Fyp,,

(4.54) é P(A,m e f) <ZPN(A)e®™ < C P(A,m € ).

We repeatedly use the latter inequality in the following.
Proof of Lemma 4.6. From (4.24), we have for a € {0, 1},

. h(1 —a)
4. (X =1 —a) = Kin(a,1 —a,¢) 2 — Y.
(4.55) PalXi =1 @) = inla 1~ 0,0) "
Recall that ¢ > ¢(T1), see Lemma 4.3. We have, using (4.10) and Lemma A.1,
. o o
(4.56) Kin(a,1 —a,¢) = e "41,(¢)

~ Tie(r—, Ty, 71)’

and we conclude the proof thanks to Lemma 4.4 as P,(X; =1—a) < 1. n

4.4. Transition probabilities and excusions lengths. We first observe that the tran-
sition probability of P defined in (4.24), does not depend on Y;_;. Also, the laws of the
excursion length conditional on the transitions of the modulating chain (X,Y) do not
depend on the function h. Indeed, we get for a € {0,1} and ¢ € N:
~ Kin 14 ot
P(al = £|Yi = in,Xl = CL,XO = CL) = Ma
Kin(aa a, ¢)
. Kin(a, 1 — a, )e?
(4.57) PO = 01X, =1 a, X = a) = K@ 1 =00
Kin(ay 1-— a, (b)
- K 0)e?t
P01 = L]Y1 =out, Xg =a) = M.
Kout (a7 (b)
Note that it is also the case for the probability to transit from one side of the optimal gap
to the same side, as for a € {0,1},

(4.58) P(Y1=in, X1 = a|Xo = a) = Kin(a,a,¢) =Kin(l —a,1 —a,9),
’ P(Yl = out]Xo = a) = |j<out(a7 (b)a

while the probability to change side (interpreted as the random walk crossing the optimal
gap) is, for a € {0,1},
p h(l1—a) - h(1 —a)

4. X1 =1—-a|lXg=0a)=Kyula,1 —a,¢)———— =Ki(1 —a,a,p)————.
(159 P =1 alXo = 0) =Kn(a.1 - 0,0) "5 0 = Ku(l ~a.0.0) 7
Lemma 4.7. There exists 5o € (0,1) (not depending on T € Good,) such that for
a,be {0,1},

do < Pa(Yl = out) <1-—14p,
(460) 50 S ,Pa(Yl = in,X1 = a) S 1-— 50,

0o < Pa(X1 =0) <1 —do.



24 J. POISAT AND F. SIMENHAUS

Proof of Lemma 4.7. We only have to prove the lower bounds as for a fixed a € {0,1} the
three probabilities sum up to one. We start with the first inequality. From (4.58) and (4.30)
we have

(4.61) Pa(Y1 = out) = Kout(a, 9) > Kby ().

Recall from Lemma 4.3 that ¢ > ¢(T1). Arguing as in (4.47) and using only that ¢(T1)
converges to zero as T1 tends to infinity, we get

1

—(1—+V1—e28),

(462) Kb (9) = Rl (6(T0) = 5

as T1 — oco. As a side remark, let us notice that the r.h.s goes to 0 when 3 goes to infinity
and 1/2 when f goes to 0.
We turn to the second inequality. Using (4.58) and Lemma A.1,
-8
e

e B
(4.63)  Pa(Yi =in, X1 = a) = Kin(0,0,¢) = ——4F,(¢) = 7[1 v

2 + o(1)
T16(7'7, Tl, T+) ’

and one may conclude with the help of Lemma 4.4.
We turn to the last probability, that is the one to cross (0, T1). By (4.59),

P h(1)
4.64 X1 =1) =Kiu(0,1,¢9)—=,
(4.64) Po(X1=1) (0.1,9)30)
and one may conclude the proof thanks to Lemma 4.6 (see also (4.56) in the proof of that
lemma). [

The next lemma gives a lower bound on the distribution of the first return time to the
endpoints of the localization interval.

Lemma 4.8. There exists C > 0 (not depending on T € Good,, ) such that for all a € {0, 1},
all integers u,v € 2N such that v < v and all Ty large enough,

(4.65) Pa(u < 0 <v) > C(e—[g(m—qs}u _ e—[g(ﬂ)—dv)

Remark 4.9. Letting v go to infinity in the above equation, and using Lemma 4.3 and
(1.10) and (1.30), one obtains that

(4.66) Pa(th > u) > C exp{ (cst. )Tug}

which entails that the expectation of 01 under P, is bounded from below by a constant
multiple of T3. We will provide more precise estimates on the expectation of the excursions
in Lemma 4.10.

Proof of Lemma 4.8. Let a € {0,1} and u < v. We first restrict to inward excursions:
(4.67) Polu <0 <v) >Py(u< b <v,Y] =in).

Recall (4.57). We obtain

(4.68) Pa(u <0 <) Z Z in(a,b,l)e (—b),
u<fl<v be{0,1} (a)

and by Lemma 4.6,

(4.69) Pa(u < <v) >C > Kig(0)e™

u<l<v
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Using (4.10), we get
(4.70) Po(u< b <v)>C Z at, (0)e?’.
u<l<v

From here, the proof follows as in [8, Lemma 2.2]: use Lemma 1.1 and Lemma 4.4 (see
also (4.43)). [ |

We turn to the control of the first two moments of the interarrival times. Let (5(()0;”))221
be the length of the excursions from 0 to 0 outside the optimal gap, (£(n0 )i>1 be the
length of the excursions from 0 to 0 inside the optimal gap and ﬁnally (£(m 1))Z>1 be the

length of the excursions from 0 to 1. The laws of §0°ut ) ((]H; 9 and § 1) are thus that of 60,
conditioned on {Xy = X; =0,Y; = out}, {Xo = X; =0,Y; = in} and {Xo=0,X; =1}
respectively. We analogously define the variables (£(OUt )Z>1, (511?1 )i>1 and (£(m0 )i>1-

. . 1)
These are sequences of i.i.d. random variables. Moreover (50i )Z_l and (511? )221 have

the same law, as do (£ (in,1) )i>1 and (&1 ; (in,0) )i>1. We refer to the first variable of each sequence
by omitting the time 1ndex that is, for example, &, (out) =81 (out)

Lemma 4.10 (Control of the first two moments of the conditioned excursion lengths).
Let p € (0,3) and J > 1. There exist constants 0 < C' < oo and Ci(p,J) such that for
7 € Good,,(p, J) and for all a,b € {0,1},

(4.71) LT < gD < 0T, gl < Ci(p, J)
and
(4.72) gl(ef™M)?) < 0TS, ENEL™)?] < Ci(p, J).

Remark 4.11. The assumption that 7 € Good,, is actually not required for the moments
of the excursion lengths inside the optimal gap.

Proof of Lemma 4.10. (i) Proof of (4.71). Both cases being similar we only treat the case
a = 0. We first observe that

in, Kin(oy 15 E)B(M
(a) €™V =D 0= =
¢ ; Kin(0717¢)

in Kin(0,0, 0)e?
(4.73) () ™0 =% ¢ _
’ ; Kin(0,0,¢)

ou Kou (0,£)€¢£
() ™= o=
‘ gzzl Kout(07 (b)

To deal with (a), we use Lemma A.1 to obtain

(411'1)/((?) T1300 QT%
((j‘ll'l)(gb) 7T2€(7—7’ Tla T+)
and we conclude with Lemma 4.4.

To deal with (b), we use the same equations to obtain

(@1,)(9) 1100 AT 2 B
(4.75) m ~ m2e(r—, T1,77)2 <1+ T16(T‘,T1,T+)> ;

(4.74)
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and conclude with Lemma 4.4 again.
We finally deal with (c). The denominator can be ignored as Koyt (1, ¢) > dp by Lemma
4.7. Then, we split the sum in the numerator according to the threshold T4, where 7 is any

fixed real number such that 2 <7 < 49:42 ), and first manage with the second part, which

corresponds to ¢ > TJ. We observe that for £ > 1,

(4.76) Kout (1,4) < P(a(rh) > £—1).

By Proposition 1.5 we obtain

(4.77) Kout (1,4) < C3 exp(—¢(T2)l),

and

(4.78) D Ko (1,0e? < > Cl*exp(—(6(Ta) — ¢)0).
>T) >T)

On BY (p), it holds that T3(4(T2) — ¢) is bounded from below by (Cst)p® and, as n > 2,
the last term in (4.78) is bounded uniformly in Ts.
We turn to the first part of the sum in the numerator, which corresponds to ¢ < Ta. As

T E BT(L4)(J), one can use Lemma 4.5 so that

0
(4.79) ST K10 < YT crte U et
+2 a+2
JT <e<T?] J <e<TY]

On B (p), we obtain from (1.10) and Lemma 4.3 that ¢ < ¢(p)/T3. This implies that for
all £ < T3, ¢ < c(p)f' /" and, as 1 - 2 <

2(v+2)’
4,—020%2) ot 4 07D c(p)et—2/m
(4.80) Z Cl%e e” < ZC’E e el < C(p) < +oo.
7 <<ty 21

For the J ~ S first terms of the sum, we only use the rough control :

(4.81) Z PE™ =< 30 0< 20,
at2
<
We have thus proven that if 7 € B{Y (p)N B,(L4)(J ), there exists a constant Cy(p, J) so that
(4.82) (™) < Ci(p, ).

(ii) Proof of (4.72). Let us now deal with the second moments. With the same observation
as in (4.73), we get

1n 1 2K1n O 1, f e ((j—ll—l)”((ﬁ)
(d) ;;: Kin(0,1,¢)  (G5,)(0)
(002 2 Kin(0,0,0) et (dr,)"(9)
,; Kin (0,0, qb) (d%,)(8)

(4.83) (e)

Kout (0, £)e
(f) out 2 out
; out(O ¢)
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Items (d) and (e) are taken care of with Lemma A.1 together with Lemma 4.4. Ttem (f)
can be treated in exactly the same manner as (c). |

4.5. Mass renewal function and survival probability. Recall that the mass renewal
function (P(n € 0)),>1 is related to the pinned survival probability (Proposition 4.2). In
this section we provide bounds both for the pinned (Lemma 4.12) and unpinned (Lemma
4.13) survival probabilites. Due to their technical nature and their similarities, the proofs
of these two lemmas are deferred to Appendix C.

Lemma 4.12. Let p € (0,3) and J > 1. There exists C = C(p) such that for T €

Good,,(p,J), a € {0,1}, Ty large enough, and k > T3 (for the lower bound) or k > 1 (for
the upper bound),

1{l<: is even or T is odd} — C
<Pk ) <
oT? < Palk €6)

(4.84) S BRATE

Recall that ¢ = ¢(77,T1,7") is the free energy defined in Section 4.1. The following
lemma is the unpinned analog of Lemma 4.12.

Lemma 4.13. Let p € (0,3) and J > 1. There exists C(p) > 0 such that for 7 €
Good,,(p,J), T1 large enough and k > 2T$ (for the lower bound) or k > 2T% (for the
upper bound),

1 C(p)
4.85 < 7k < 2
(4.85) Cp)T1 — RE =TT

Remark 4.14. The pinned and free partition functions lead to the same value of the
free energy but have different prefactors. Indeed, when k > 2T3, Z.e% is of order 1/T,
by Lemma /.13 whereas Z}"e?* is of order 1/T3 by Proposition 4.2, Lemma 4.6 and
Lemma 4.12. As a consequence, we obtain that the right endpoint of the free polymer (started
at the boundary of the optimal gap) is pinned at the boundary of the optimal gap with proba-
bility roughly 1/T2, which differs from the 1/T3 found for the Markov renewal process P in
Lemma 4.12. This comes from the fact that, unlike the pinned measure, the free measure is
not comparable to the Markov renewal process P close to the right endpoint of the polymer
(the latter point shall be made more precise during the proof of Proposition 6.1, see in par-
ticular (6.21)). Moreover, we notice that the pinning probability under the free measure is
of the same order (1/T2) as the free energy ¢. Remarkably, a very similar situation occurs
for the homogeneous pinning model (with a single interface) in the localized regime, see [22,
Theorem 2.2]. One may naturally wonder how general this observation can be made.

5. LOCALIZATION STARTING FROM THE OPTIMAL GAP : CASE 7 < 1

In this section we assume that v < 1. In this case, the localization interval is so large
that a stronger form of localization occurs, as it is stated in the next proposition.

Proposition 5.1. Let p € (0,1). For C > 0 large enough, for all p € (0,1/2),e09 €
(0,1),e € (0,8/2) and J > 1, for 7 € Good,, (g9, ¢, p,J) and n large enough,

(5.1) Pry o (Vh > C. Sp € Lo

U(F)>n>21—p.

Proof of Proposition 5.1. The proof mainly follows [8, Theorem 1.1 (3)] with adaptions due
to the fact that our environment is not periodic. We are going to prove that for all p € (0,1),
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one can choose C' and n large enough so that for all p € (0,1/2),e0 € (0,1),e € (0,5/2)
and J > 1, on Good, (&g, ¢, p,J),

Zn(Sicm N o # 0)

Zu(Sic M =0) = 7

which readily implies (5.1). We first control the denominator using (1.12) in Lemma 1.1:
D :=Zy(Sicm NI = 0) > Z,(01 > n, Y1 = in)

(5.2)

(5.3) > L —g(Ti)n.
- 2T,
We now turn to the numerator. We recall the definition of A'(n) in (1.19) and write
(5.4) Z,(Sicm) N Iioe # 0) < By + B2 + B3,
where

Er = Zy(On () < C, Siem C Ife),
(5.5) By = Z,(C < Oprny < n—2T7),

By = Zy(On(m) > n — 2T7).
We consider each of these three terms separately. From Proposition 1.5,
(5.6) E; < (cst.) nde@(T2)(n=0C)

so that on BT(LI)(eo) nBY (p) and for n large enough we obtain that E1/D < p.
Decomposing over all possible values for 6,7,y in E2 we obtain using (4.54),

n—2T2
(cst.) Z Pk e e %2, 16 >n—k)
k=C+1
n— 2T2
(5.7) (cst.) Y Plkebe C( )
k=C-+1 T
n—2T2
(CSt.) d)(T ) !
< o 1 > Pked)],
k=C+1

where we have used Lemma 4.13 to go from the first to the second line and Lemma 4.3 to
go from the second one to the third one. Using Lemma 4.12, we get

n—2T2
- (cst.)
(5.8) Y Pket)< > s+ (cst)_l_3
k=C+1 k>C+1
so that, on Br(ll)(so), using (1.30) and (1.10), we obtain
E2 1 n (cst.)n
(5.9) ) < (cst.)( Z k3/2 > T

k>C+1

One can then fix C' large enough so that for n large enough Fy/D < p.
Using the same decomposition for F3 we obtain

(5.10) (cst.) Z Pk € 0)e%Z,,_1(6; > n — k).
k=n— 2T2
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We first observe that
(cst.)
Vn—k+1
Then, using Lemma 4.3 and (2.1), one notices that 2¢T3 < (cst) and from Lemma 4.12
(note that on B, T3 < (n —2T2)3/2 for n large enough) we obtain

(5.11) Zn—k(él >n— k‘) < Po(Ho >n— kj) <

(5.12) E3 < (cst.)e” < (est.)e @(Tn =

on L Z 1
i’ \/m T2

—2T2

From this estimate we easily prove that on BT(LI)(eo) and for n large enough F3/D <p. N

6. LOCALIZATION STARTING FROM THE OPTIMAL GAP : CASE v > 1

In this section we turn to the case v > 1 where the gaps are integrable and the localization
interval is thus of a smaller order than in the previous section. There is however still
localization in this single interval even if not in such a strong sense as in Proposition 5.1.

Proposition 6.1. For all p,g, € (0,1), p € (0,3) and J > 1, there exists C = C(p, p,J) >
0 such that for all a,b € {0,1}, 7 € Good,, (g9, p,J) and for n large enough,

(6.1) < NV (0), N (n), Tous (n) < CT%\U(F) >n)>1-p,

PTZO—I (CT3 — in

The proof of this result consists in two main steps. First, we consider the probability
in (6.1) with respect to P, see Section 6.1. Secondly, in Section 6.2, we transfer this result
to the probability Pr, _,(-|o'(T) > n) by controlling the Radon- leodym derivative of the
latter with respect to the former.

6.1. Localization under the Markov renewal process. We first control the number
of excursions under P.

Lemma 6.2. Let p € (0,1), p € (0,3) and J > 1. There exists C = C(p,p,J) > 0 such
that for Ty large enough, T € Go dn(p,J) and all k > T3,
(6.2) PG5 SN(k) <Cf5) = 1-p.

Proof of Lemma 6.2. Let us start with the upper bound. Note that for all M > 0
(6.3) PN (k) < M) =Py > k).

The basic idea is to use a second moment bound. However, as the increments (A6;) are not
independent (as we deal with a Markov renewal process), the evaluation of the second mo-
ment of fj; might be cumbersome. To simplify, we proceed as follows (recall the definition
of the &’s before Lemma 4.10):
(6.4)

IP(QM > k < ,P( Z é.(out) é.(ln ,0) é.(m ,1) é.(out) + é.(1n ,1) + § in, O)) S k?)

1<i<M

< > P( X &V swe) (3 Vs +p( Y €Y > k/6).

aE{O 1} 1<i<M 1<i<M 1<i<M
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We may now use a standard second-moment bound for sums of i.i.d. random variables for
each of the six terms in the previous sum. As the six ones can be treated with the same
technique we only focus on the first one, in the case a = 0:

(6.5)
in 36M e[l 6M (i
73( Z 5( 0 k‘/6> < (& )] 5, provided that —5[5(() ’0)] <1
9 6M (in,0) k
1<i<M k (1 — 22=E&, ]>
We may now conclude by using Lemma 4.10 and choosing M = L%J, with C; large
1
enough.
We now turn to the lower bound in (6.2). Let M € N and
(6.6) ngyy = #{1 <i<M: X1 =X;=0,Y; =in}

be the number of inward excursions from the lower boundary of the optimal gap to itself,
among the M first ones. Note that for all ¢; > 0 and with the slight abuse of notations
ClM = LClMJ,

(6.7)  PW(k) > M) =Pl <) < P( Zgﬁno B) + Py < erM).

Using standard Markov chain theory and Lemma 4.7, one can choose ¢; small enough,

so that the second term goes to 0 with M. We thus consider M = C’l% with C large
1

enough so that the second term is smaller than p uniformly in k > T3. Let us now deal

with the first term. By Lemma 4.10, &( éin’o)) > Cy ' T3 for some Cy > 0. Provided that
the constant C; chosen above is actually larger than Cy/cy so that ¢y M x CEIT? >k, we
obtain, uniformly in k > T3,

oM M
(ngo ) <Z[£(1n0 (géin,o))] < k—ClMcalT:f)
(6.8) =
ClM

Varp (§gn’0)).

< —1713y2
(kﬁ—ClMCO Tl)

Using Lemma 4.10 one can prove that uniformly in k& > T3, this last term decays asymp-
totically (as Cj is large) like CZ/(c1C) so that, choosing initially C; even larger in the
definition of M, one can conclude that it is bounded by p. |

We now refine Lemma 6.2 by considering the starting points of the excursions. For all

a €{0,1} and k € N, let

(6.9) Na(k) = N (k) + Nz (k) + Ny (k).

Lemma 6.3. Let p € (0,1), p € (0,2) and J > 1. There ezists C = C(p,p,J) > 0 such
that for Ty large enough, a € {0,1}, 7 € Good,,(p, J) and all k > T3,

k Ck
. — < < —1>1-
(6.10) P(CT? < No(k) < T?) >1-p

Proof of Lemma 6.3. We only focus on the lower bound in the event above as the upper
bound is trivial using Lemma 6.2 and the fact that AV, (k) < N (k). Recall the definition
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of C; = Cy(p,p,J) given by Lemma 6.2 and the one of §p given in Lemma 4.7. Pick
Cy > C1/dp. For all a € {0,1}, we have

k k k

(k) > > > lxieay = , >

P <N( )2 02T§> = P<,< « = =0 N (k) ClTif)
Z—cg%

>P(( Y txen > o) ~ PV < o).

. k
1<
—CIT%

(6.11)

Thanks to Lemma 6.2, the second probability is smaller than p (note that this is still the
case if we choose C] even larger). We then notice that, thanks to Lemma 4.7,

(6.12) 7’( Z; Lixi= kﬁ) ZP(Bin<ClkT3’5O> Csz?’)

1<
= 3
1Ty

The latter is greater than 1 — p, uniformly in k > T3, if Cy is large enough. |

We now distinguish between inward and outward excursions.

Lemma 6.4. For allp € (0,1), p € (0,3) and J > 1, there exists C = C(p,p,J) >0 such
that for Ty large enough, a,b € {0,1}, 7 € Good,(p,J) and k > T3,

ab Ck
. <—)>1-—0p.
(613) P( gy SN A () < F) 21
Proof of Lemma 6.4. Since N2 (k) and the ./\/'ii’b(k)’s are smaller that NV(k) it is easy to
manage with the upper bound part using Lemma 6.2. We thus focus on the lower bound.
Consider Cy = Cs(p, p,J) as given by Lemma 6.3. Pick C3 > C3/dp with dp as in Lemma
4.7. For all a € {0,1}, we have

(6.10) P(MR(h) = ) 2 P(Noul) > s Mall) = o )P (M) > ).

Thanks to Lemma 6.3, the second probability in the product is greater than 1 —p. By using
the Markov property at the return times to a and thanks to Lemma 4.7, we then notice
that

(6.15) P (o) 2 03T3 Aa(k) CfT?») > P(Bin (gl d0) > ch?»)

The latter is greater than 1 — p uniformly in k > T$ if we choose C3 large enough. |

We now focus on the cumulated length of the outward excursions. This quantity will
later correspond to the time spent outside of the localization interval.

Lemma 6.5. For allp € (0,1), p € (0,3) and J > 1, there exists C = C(p, p,J) >0 such
that for Ty large enough, 7 € Good,(p,J) and k > T3,

k
P(%ut(k) = Cﬁ) >1-p,
(6.16) !

P(Tou(k) < O ) 2 1-p.

e
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Proof of Lemma 6.5. For the first line we simply observe that

(617) %Ut( ) 2 Nout( )+N01ut(k)’
(out)
)

and conclude using Lemma 6.4. For the second one we use that (&, < K for some
constant K by Lemma 4.10. As both cases are similar we may suppose a = 1. For all Cy > 0

(6 18)
31z Cugy) < P(MR) = Cupn D) +P( X 1Y = Cuy)

<Ny () 1 1<C3(p,p, )

»—Awh

where C3(p, p, J) is the constant provided by Lemma 6.4. The first term is directly con-
trolled by this lemma. For the second one we simply use Markov inequality and then choose
Cy(p, p, J) large enough so that C5K/Cy < p. |

6.2. From the Markov renewal process to the random walk conditioned to sur-
vive. In this section we prove Proposition 6.1 by transfering the results from Lemma 6.4
and Lemma 6.5 to the polymer measure Z,,(-)/Z,, since (6.1) can be rewritten as

b n
(6.19) Zu( g < M) N (), Tou() < Cg) = (1= p) 2.
We have already established the link between the measure P and the pinned polymer
measure Zh"(-)/Z5™ in Proposition 4.2, see also (4.54). However, the pinned and unpinned
polymer measures are not directly comparable close to the endpoint n. Therefore, we need

to chop off a small amount of the random walk trajectory close to its right-boundary. This
small amount shall be denoted by

(6.20) m = 2T2.

The idea is then to decompose the probability of the event under consideration (w.r.t. the
polymer measure starting from the lower boudary of the optimal gap) according to the
last point of @ before n — m. Recall the definition of the free energy ¢ given in Section 4.1
(see (4.22)). For m < k < n, set:

e‘¢("_k>2k(§1 >k — m)
P(él >k — m)Zn ’

(6.21) O(n, k) ==

which will (roughly speaking) play the role of the Radon-Nikodym derivative of the polymer
measure w.r.t. the measure P. The key tool is the following lemma, the proof of which is
deferred to Appendix D.

Lemma 6.6. Let ¢ € (0,1), p € (0,3) and J > 1. There exists C(p) > 0 such that for all
T € Goody, (e, p, J), and T, large enough,

(6.22) sup O(n, k) < C(p).

m<k<n

We may finally prove the main result of this section:

Proof of Proposition 6.1. (i) Let us first prove that

(6.23) Z,(N(n) < 55) < PZs,

1
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which readily gives us the upper bound for the ./\/i‘fl’b( )’s and N2, (n)’s. First, we decompose
the partition function according to the last point in 6 before n — m. As N(n) is non-
decreasing in n, it follows that

(6.24) zn</\/( ) < L) <y zn,k(N(n—k) < Ciﬁ,,n—k e é)zk(él >k —m).

CT3
m<k<n

Recall (4.54) and (6.21). We get
(6.25)

Z, (N( )<C—T%> < (cst.)Zn Y P(N(n k) < CT3,n ke@)P(51>k—m)@(n,k).

By Lemma 6.6, there exists C(p) > 0 such that
(6.26)
n n N
<" )< k)< — - _
Z, (N(n) < CT?{) < C(p)Zn m<§k<n7>(/v(n W< g ke 9)73(91 >k—m)

n
Lemma 6.2 allows us to conclude, since m is negligible in front of n on BT(LI).

(ii) Let us now deal with the lower bound. Let a,b € {0,1}. Let us write, with obvious
notation,

(6.27) N (m) = NP (n = m) + N (n = m, m).
Then,
(6.28)
a,b n a,b C(TL - m) a,b Cn

The first term in the sum can be handled with the same arguments as in (i) using Lemma 6.6
again and Lemma 6.4 instead of Lemma 6.2. From now on, we focus on the second term.
By decomposing on the last and first renewal points of 8 before and after n — m, we get
(6.29)

zn(Ng;b(n—m,n) 2T3> S S 2k €B)Z (6 = k- e)zz(/\/“”()

u,v€{0,1} m<k<n
0<t<m

> om1)

Clearly,

Cn)

v( Aty > C0 on
(6.30) Zj (Nm (0) > 2T3) < exp ( - B 273 )

1

Moreover, since £ < m = 2T, there exists co > 0 such that (recall Lemma 1.1)

€0

(6.31) Zp > far (02 2.
1
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As a consequence,

a,b Cn
A — >
Zn (Mn (TL m’n) - 2T:{’>
_ T3 Cn
(6.32) < Z Z Zoufk(n —ke0)Z; (91 =k— g)zg—exp < ﬁﬁ)
' u,we{0,1} m<k<n 1
<Z<m
TZ{’ Cn
< — _
<% exp ( 521_?)2”,

which concludes this step, since n > (g9T1)?*2 on Good,(g¢) and v > 1. The proof works
exactly the same way for N2 (n).

(iii) Let us finally deal with Tout(n). The upper bound follows by writing

n n
(6.33) Z, (%ut(n) < cﬁ) <Z, <7;ut(n —m) < cﬁ)
1 1

and using the same proof strategy as in (i) using Lemma 6.6 again and Lemma 6.5 instead
of Lemma 6.2. Let us now focus on the lower bound. Analogously to (6.28) and with obvious
notation, we write

n n
. > < — — > — .
(6.34) Zn(%ut( ) CT3> Z, <T o(n—m) > QCTg) v 7, <7Z,ut(n m,n) > QCT?)
We only need to focus on the last term, which we decompose into two parts:

6.35) M= S N Z0n—keB)ZP, (0 =k Y =)z (7;ut(£) >

. >
= 3
u,ve{0,1} m<k<n 2Cf-l—l
<t<m

and
(6.36)
n n n
(II) — Z Z Z%“_k(n—k € 9) %34(91 = k‘—f, Y1 = out)sz <7:>ut(£) Z m—(m—f))_

u,v€{0,1} m<k<n
0</<m

Let us start with (I). By considering the events {N(¢) > a} and {N(¢) < a} (a is a
positive integer to be determined later), we obtain

n n
v > < —Ba v > 0

N () §a>.

In turn, a rough union bound yields

(6.38)
Zz(%utw)z%ﬁ,,f\/w)ga) <3 700> 2aCT3’ = out, N'(€) = k).

1<k<a 1<i<k

We may now decompose the partition function inside the sum into a product, similarly
o0 (4.13), and replace the long outward excursion (corresponding to index i) with an inward
excursion, using (6.31). The reader may check that we get in this way:

n

v OéQT% . v
(639) Zé <7:Jut(£) Z W,N(g) S Ck) S Z Kout(vaj) ZZ'

€0

<5<
2aCT3 sJsm
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Since v > 1, we may set a = T5, with 0 < ¢ < 4 — 1. Recall that n > (g0T1)”*2 on

42
Good,(gp), so that # > ij_, for T large enough. We can then use Lemma 4.5 and
1

get

(6.40) > Koulwd) < TRewn (=[5 67 s

_n_cicg
20CT3 sJsm

As —7 is of order T;’fl*e, the bound on (I) readily follows.
1
Let us now deal with (II). If m — ¢ < 2= then we proceed as for (I), since then
1
Tout (£) > ﬁ in the last term of (6.36). Else, k —¢ > m —{ > ﬁ and we argue that
for n large enough,
(6.41) Zﬂg(él =k— 67 Y1 = out) < pZ};ﬂg(él =k - 6’ Y1 = in) < pz%zz(él =k-— 6)

Indeed,

(6.42) W0 =k —£,Y; = out) < (cst)(k — £)3 exp(—¢(T2)(k — £)),
while, from Lemma 1.1,
(6.43) Y01 =k —£,Y; =in) > (cst)(k — 6)73/2 exp(—g(T1)(k —0)).

Use (1.10) and (1.30) with the fact that 7 € Br({g)(p) (ie. pT1 < Ta < (1 —p)Ty) to
conclude. [

7. PROOF OF THEOREMS 1.2 AND 1.3

We finally reassemble all our results to prove Theorems 1.2 and 1.3. We mainly focus on
the proof of the former and only specify what has to be adapted for the latter.

Proof of Theorem 1.2. Step 1. We first prove that Propositions 3.1 and 3.2 are still true if
one replaces o (that is (7)) by o (7) in the conclusion. We observe that by a straightfor-
ward pathwise comparison P(o > n) > P(o(7) > n) so that

P(Hp, <n < H} ,,,0(T)>n)

(7.1) P(Hy, <n < Hp 4]|o(T)>n) > Plo > n)

Note that on the event {n < Hj .}, one can switch 7 and 7 so that

(7.2) P(H} <n<Hp  1,0(T)>n)=PH; <n<H  ,0>n)
and finally

(7.3) P(H} <n < Hp |o(T) >n)>P(H;, <n < Hj  |lo>n).

Let us now deal with Proposition 3.2 and first observe that from Proposition 3.1
(7.4)
1 1 . _ 1 —
so that (3.12) rewrites
P(H

Teg—1

> kn|o(T) > n)
(7.5)

1 * * * * —
< 1—P(/<m < Hp, <n < Hj 4|lo>n)+Pné¢[H, Hy 1)|o(T) >n),

and we conclude easily using (7.3) and the end of the proof of Proposition 3.2.
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Step 2. Let us now prove Theorem 1.2 for P(-|o(7) > n) instead of P(-|o > n). We start
by picking the parameters in the following order:

(1) p € (0, 3) small enough and J > 1 large enough to satisfy the assumptions of Propo-
sition 2.3;

(2) 6 € (0,1) and € (0,1) small enough to satisfy the assumptions of Propositions 2.3
and 3.2;

(3) 0 € (0,1) small enough (depending on ¢) to satisfy the assumptions of Proposi-
tions 2.3 and 3.2;

(4) € € (0, g) small enough (depending on €y and 7) to satisfy the assumptions of Propo-

sition 3.2;
(5) C > 1 large enough (depending on ¢y and ¢) to satisfy the assumptions of Proposi-
tion 2.3.

Let us now assume that 7 € Good,, (4, €9, &, 1, p, J, C), which holds with P-probability larger
than 1—p, so that 7 satisfies the assumptions of Propositions 3.2 and 6.1. Let us abbreviate

n a,b a n
< hatd <
C'Tg) <N (n), NGy (n), Tour(n) < C g} }

(7.6) LOC(n,C) = {

Then for all C,x >0,
P(H;, , < xn,LOC(n,C)|o(T) > n)
(7.7) _ Z P(H;, , =k <o(T))Pr, _,(LOC(n—k,C),0(T) >n—k)

1<k<rn P(o(T) > n)

Since n — k > (1 — k)n, Proposition 6.1 guarantees that there exists C' > 0 such that for n
large enough,

P(H;, , < xn,LOC(n,C)|o(T) > n)
P(Hr, , =k <o(T))Pr _,(a(T) >n—Fk)

(7.8) > (1-p) 1§€Z§m Do) > 1)
= (1 -p)P(Hr, , <rnlo(T) >n).
By Proposition 3.2, we finally obtain that
(7.9) P(H,, _, < n,LOC(n,C)|o(7) > n) > (1—p)*.
Step 3. We finally come back to P(-|oc > n). Let us abbreviate
(7.10) A:={H, , < rn}NLOC(n,C).
From (7.4),

P(A, Hf | >n,0>n) P(A, Hy 1y > n,0(T) >n)

(711)  P(Alo >n) > Plo > n) > (1-p) P(o(7) > n)
Moreover
(7.12) P(A,Hy, 1 > nlo(T) > n) > P(Alo(7) > n) — P(Hy, 1 < n|o(T) >n)

and one concludes using Steps 1 and 2. |
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Proof of Theorem 1.3. The proof strategy is the same as for Theorem 1.2 except that we
use Proposition 5.1 (that brings no additional constraint on the choice of parameters)
instead of Proposition 6.1. |

APPENDIX A. RESULTS ABOUT RUIN PROBABILITIES
A.1. Proof of Lemma 1.1.

Proof of Lemma 1.1. When n € 2N, the bounds in (1.11) and (1.12) are proven in [8,
Lemma 2.1]. It is assumed therein that ¢ € 2N. However, their proof relies on explicit
formulas (see below) that are also valid for ¢t € 2N — 1. We now focus on the case where
n € 2N — 1. First, it suffices to combine (1.11) with the trivial bounds

(A1) Z a(i) < Z%(i) < Z qr (i)
i>n+1 >n i>n—1

to obtain (1.12). Let us now deal with (1.11) in the case where n,t € 2N — 1. We remind

the reader that
= () () e,

u g : v
2 () i (%) e

see equation (5.8) in [19, Chapter XIV] or equation (B.1) in [8]. To obtain the upper bound,
we may replace the indicator 1g,cony by 1 (even though n is odd) and get

A8 el Y e (BT e (2
i )

t t

o L

(A.2)

21
1)/2]
i

from where the analysis is as in [8], see equation (B.2) therein. As for the lower bound, we
start by fixing some ¢ € (0,1) and write:

2
(A4) a1(n) = 24 (n) > Up(n) — Ur(n) — Us(n),
where
() = Zeasn* (7) s (%),
U 2 Let) neo [TV . o (TV
(A5) 1(m) =3 2 cos ()0 ()
g LE-1)/2] - .
Ua(n) = i Z cos" 2 <7> sin? <7>
v=|et|+1

In a similar way as (B.3)—(B.7) in [8], one may check that

272

(A.6) Up(n) = t—3(1 + 0(1))e 9",
while
(A7) Ui(n) < (CSt)efg(t)" Us(n) < (cst) cos™(me).
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The desired lower bound follows by choosing 7 large enough so that e=9(70) > cos(me) and
n > cst?, with cs large enough. |

A.2. Generating functions of ruin probabilities. Let us now collect a few facts about
the moment generating functions of the ruin probabilities defined in (4.8). For any 0 < f <

g(t), set

(A.8) A = A(f) = arctan v/ €2/ — 1.
Then [8, Appendix A],

) = 1+ tan(8) T ),
(1.9) B =1
_ 1tan(A)

~1 1L
@(f) = 2sin(tA)’

In the limiting case t = oo, the generating function is defined for all f <0 and

(A.10) QL (f)=1—+1—¢2.

Let us come back to the case t < 400 and denote by ¢; the function such that ¢(f) =
Gt(A(f)). Then, see [8],

(A.11) 1 tA 1 tan A
@) = @) + 2@y (e) = LU [ )
' " B 1 1 ttan A
with (Qtl) (A) - QSin(tA) [0052(A) B tan(tA)]’
. 1 cos(tA)  ttanA
(6?) (&)= sin(tA) {_ cos?(A) - sin(tA)}’
— 1 —cos(tA) 1 2sin A 2 an A
and (@) (A) = sin(tg) ! [cos?’(A) * sin(zﬁA)tcos2 A 101~ COS(tA))S:HQW]’
= (@)"(A) +2(a,)" (),
L 1 2tcos(tA)  2sin(A) (1 + cos’(tA)) tan(A)
with (qtl) (A) = DS (tA) {— Sin(tA) cos2(A) + cos3(A) sin?(tA) }7
poan 1 21 2sin(A) 2% cos(tA) tan(A)
(@)"(a) = sin(tA) {sin(tA) cos2(A)  cos3(A) cos(tA) = sin?(tA) ]’
and
/ 1 1
A(f) = m:tanA’
(A.12) § e2f 1+ tan® A cos(A)
A (f):_(le_l)B/Q - tan® A :_sin?’(A).

We also provide the following large-t asymptotic results:

Lemma A.1. For all positive functions t — &(t) converging to 0 as t — +oo and such
that 1/t = o(e(t)).
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2 4
a5 - =) ~1~
7'('2
(A13) (G —=)) =1~

2
@) (321 ==) ~ =
A0/ 772 4t
(A.14) @) (30— =) ~ =y
2
@) (51 ==0) ~ =
and
2 3
@) (321 =) ~ ~
2 3
(A.15) @) (321 ==0) ~ =2
2 3
@) (a1 =) ~ =
Proof of Lemma A.1. Let us pick f(t) = %(1 —&(t)) and abbreviate A = A(f(¢)). Then,
(A.16) tan A = %/1 —e(t)[1+0(1/t%)],
as t — oo, and, with the assumption that 1/t = o(e(t)), we get
(A.17) tA =71 — 2e(t)(1 + o(1))].

The asymptotics in (A.13) are obtained from (A.9). Then, a straightforward computation
gives

@O~ @)~ —
(A1) @)'O) ~ o @A)~
3
NP~ A0) -

and one readily obtains (A.14) and (A.15) using

(@) (f) = AN @) (AF)

()" (f) = A"(£)@) (A + A HP @) (A)),

for a € {0,1}. |

(A.19)
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APPENDIX B. PROOF OF PROPOSITION 2.3

Proof of Proposition 2.3. The proposition follows from Lemma B.1 to B.5 below, in com-
bination with [35, Proposition 6.1] (an inspection of the proof therein reveals that £y may
actually be chosen independently from 9). |

Lemma B.1. For all p € (0,1), there exists eg € (0,1) small enough such that
(B.1) lim inf P(BM (g0)) > 1 — p.
n—oo

Lemma B.2. For all p € (0,1), there exists n > 0 small enough such that
(B.2) liminf P(B®) () > 1 — p.
n—o0

Lemma B.3. For all p € (0,1), there exists p € (0,3) small enough such that
(B.3) liminf P(B®)(p)) > 1 — p.

n—o0
Lemma B.4. For all p € (0,1), there exists J > 1 large enough such that
(B.4) lim inf P(BXY (.J)) > 1 —p.

n—o0

Lemma B.5. For allp € (0,1), eg € (0,1) and all € € (0,3/2), there exists C = C(gg,€) >
0 so that
(B.5) liminf P(B® (g9,¢,C)) > 1 — p.
n—oo
B.1. Preparatory lemma. Recall the definition of (II,) in (2.8) that is a sequence of

point processes on the quadrant E := [0, +00) x (0,+00). In the following we abbreviate
for all n > 1,

(B.6) vy = (8 )

by forall i > 1

Each element of the sequence (II,,) belongs to M,(E), that is the space of Radon point
measures on E. We recall that this sequence converges weakly (with the topology of vague
convergence) to a Poisson point process II with intensity measure p = dz ® ycﬁ/l dy, where
¢ is the constant appearing in (1.1) (see [35, Proposition 2.4] for a reference). In [35] we

defined for any A > 0,

A E —  RF
(B.7) v ,
(,y) — A+ g7,
and for any p in My,(E),
(B.3) V)= it ¢ o)
(zy)en

with the convention inf{) = 400 and (z,y) € p means that (z,y) is in the support of u.
We might omit the superscript A when it does not bring confusion. When the infimum of
U is achieved by a unique point we call it z* = (2*,%*). When the following quantities are
uniquely defined, we call Z = (Z,y) the point in p such that

(B.9) y= inf Y,

(xy)ep -
>z* and y>y*
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and z = (z,y) the point in x \ {z*} such that

(B.10) y= sup .
T (myep\{zr)

r<I

Finally, we call z** the minimizer of 1) over u\ {2*} when it is well-defined and unique,
so that

B.11 M) = inf Mz, y).
(B.11) P (27) (x,y)lel,ﬂ\{z*}w (2, y)

Provided these points are well-defined when one replaces p by II,,, we obtain four (random)
points denoted by Z, Z,,, Z,, and Z;*, respectively.

Lemma B.6. For all p € (0,1), there ezists a compact rectangle K C E so that

(B.12) liminf P(S(n)) > 1 —p,
where
(B.13) S(n) :={2},Z,,Z, and Z}* are well defined and lie in K}.

Proof of Lemma B.6. We divide the proof in four steps.
Step 1. We first prove that for all p > 0 there exists a compact set K, C E such that

(B.14) 1irr_1>inf]P’(81 (n)) >1—p,

where

(B.15)

Si(n) = {the infimum of ¢ over II,, is achieved by a unique minimizer that lies in Kp}.

We first choose € > 0 small enough so that lim inf,, P(max;<,, T; > gnl/'y) > 1—p. On this
event, considering any point (X7,Y;") such that X]* < 1 and Y® > ¢, we easily obtain
that infyy, 1 < X+ m2/(2¢%). Since the set {z € E: 9(z) < A+ 72/(2¢%)} is contained in
0,1+ %] X (0,400), it contains almost surely finitely many points of II,,. This implies
that the infimum over II,, is almost surely achieved by at least one point in II,, and that all

minimizers (x,y) € II,, satisfy x < b, := 1+2§22 and y > ¢. := w/v/2\b.. We now fix d. > c.
large enough so that liminf,, P(max;<p_, T; < dgnl/“f) > 1 — p and, in order to anticipate
Step 3, we also fix 0 < a. < b, small enough so that lim inf,, P(max;<q_n 17 < cenl/“/) > 1-p.

We have thus proven that on the set

(B.16) {maxT; > anl/y} N{max T; < dgnl/v} N{max T; < cgnl/v},
i<n i<bem i<asn

the infimum of v over II, is achieved and all minimizers lie in the compact set K, :=
[ac,bs] X [ce, de]. We now prove that there is a unique minimizer with high probability. We
consider the event

(B.17) A= {,u € My(E), inf 1(z) has at least two minimizers}.
zepNK,

Using [37, Proposition 3.13], one can check that all ;1 € 0A belong to A or satisfy p(0K,) >
1. Using [37, Proposition 3.14], we obtain that II(0A) = 0 and thus,

(B.18) lim II,(A) = II(A) = 0.

n—-+4o00

This concludes the proof of the first step.
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Step 2. Let us first note that almost surely on S;(n), Z* and Z, are ‘well defined. We
now prove that for all p > 0 one can enlarge K, to another compact set K, C E such that

(B.19) limnian(Sg(n)) >1—p,
where
(B.20) Sa(n) := S1(n) N {Zn € f(p}.

We observe that for all b, > b,,
(B.21) P(S1(n), X, > be) < P(argmax;j_,, Ti < ben).

We choose b, > b, large enough so that liminf,, P(argmax;_, i < b-n) < p and d. > d.
large enough so that lim inf,, P(max,5_, T; < d-n'/7) > 1—p. Setting K, := [a, b-] x [cc, d.]
concludes the proof of the second step.

Step 3. We finally prove that for all p > 0 one can enlarge K, to a compact set K p CE
such that

(B.22) hm 1nf P(Sa(n), Z,, is well defined, unique, and lies in K ;) > 1 — p.

The supremum in (B.10) is achieved (with II,, instead of x) and any maximizer (X,,,Y )
satisfies X,, < X, and Y,, < Y;*, by definition. We now choose ¢, < c. small enough so
that lim sup,, P(max;<,., T} < c.n'/7) < p and we set K, = [0,b] x [c.,d.] so that, on
{max;<q.n T; > c.n'/7} N Sy(n), any maximizer Z,, belongs to K. We finally prove that
for n large enough, Z,, is uniquely defined with probability larger that 1 —p using the same
argument that was used at the end of Step 1.

Step 4. Using the same arguments as above one can prove that the infimum in (B.11)
is well defined and achieved (again with II,, instead of ). On S(n), as Z,, € K, one may

deduce that any minimizer Z}* in (B.11) satisfies X* < b** := b, + % and Y, * > ¢* =
. One may finally choose d** > d. large enough so that

(B.23) limsup P( max T; > d*n'/7) < p.

n—00 i<bi*n
On S(n) N {max;<pr, T; < d**n'/7}, one obtain that Z** lies in the compact set K** =
[0,05*] x [cX*,d*]. Once we know that all minimizers lie in K** we prove that there is
actually only one by using the same argument as in Step 1.

B.2. Technical proofs for Section 2.

Proof of Lemma B.1 and Lemma B.2. Step 1. Using the compact rectangle from Step 1 of
Lemma B.6 (that does not intersect the y-axis) and noting that

(B24) ZN - < N 9 Nl/,y >’
we already know that for all p € (0,1), there exists €9 € (0,1) such that lo is uniquely
defined, with egN < 60 <egg LN and sONW < T~ < ¢ lN“/

Step 2. Let us now prove that all minimizers of G, lie in the interval [egN, g, Y | with
probability larger than 1—p, provided gg is chosen small enough. We replicate the argument
used in the proof of Lemma B.6 (Step 1). First, we choose & > 0 small enough so that
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lim inf,, P(max;<n T; > 6N1/V) > 1 — p. On this event, considering any point ¢ < N such
that T; > eN''/7, we easily obtain using (2.1),

(B.25) irl}f Gn(0) < B+ Ellog T1] + %

This implies that the infimum is almost surely achieved and that all minimizers satisfy
¢ < b.N where b, := 1+ﬁ_1(E[logT1]+%) and Ty > c¢. NY/7 with ¢, := C{ ' (B+E[log T1] +
%)*1. We fix 0 < a. < b, small enough so that lim inf,, P(max;<, v T; < cgNl/'Y) >1—p.
On the set
(B.26) {maXTi > le/“’} N { maxT; < le/“’} N { max T; < ceNl/'Y},
i<N i<N i<aeN

any minimizer £ of G,, indeed lies in [a. N, b.N| and satisfies T > c.N'/7.

Step 3. Let us now prove that £y is uniquely defined and actually coincides with £y for
n large enough, with probability larger than 1 — p. To this end, let us first notice that for
every n € (0,1), every ¢ that minimizes Gy, on the intersection of (B.26) and AJO (€0,m),

and for n large enough (so that, in particular, ASO) (€0,m) has probability at least 1 — p),

(B.27) Gu(0) — Gul0) < 2.
The next step is proving that with probability larger than 1 — p,
(B.28) min G, (¢) — min G, (¢) > 2n.
t£0o
Using the notation of Section B.1, we set for any p € M,(E),

(B.29) ®(n) = PA(2*) — M=),

if z* and z** are both uniquely defined (otherwise set the function to zero) and @ (u) =
®(u(- N K)), where K stands for a compact subset of [0,400) x (0,+00). Adapting the
proof of Lemma B.6, one can show that II is almost surely a continuity point of ®x and
that ® g (II) has no atom in R. This implies that for all n > 0

(B.30) lim P(®x(lln) <2n) = P(x(II) < 2n).

On &5, mingzy, Gg(f) — miny Gg(f) = ® i (11,,) so that for all n > 0,

(B.31) P(?;iﬁn G2 (1) — m€in GE(0) < 2n) < P(®k(I1,) < 2n) + P ((S*)°).
0

We thus choose > 0 small enough so that P(®x(II) < 2n) < p and conclude the proof
using (B.30) and Lemma B.6. Combining (B.27) and (B.28), we get the desired result. As
a byproduct, we use the inequality in (B.31) to prove Lemma B.2. |

Proof of Lemma B.3. By Lemma B.1, we may safely assume that £y = {o in what follows.
The idea is to write the ratio between max; g, i<i(ko+1) Ti and Tpy11 as a function of the
point process II,, and then use the convergence of II,, to II. In the case where Z*, Z,, and
Z,, are well defined we set

Y
B.32 O(11,) = ==
(B.2) M) = 32
and ®(II,,) = 0 otherwise. We consider a compact set K C E such that P(II(0K) =0) =1
and define the function ® for all p € M,(E) by

(B.33) Pk (p) = 2(u(-NK)).
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Let us check that IT is almost surely a continuity point of @ (that is however not the case
for ®). Almost surely, II(-N K) has only a finite number of atoms and none of them belongs
to 0K. Moreover, arguing as in [35, Proposition 2.5], for ¢ = II(- N K), the optimisers
in (B.8) (B.9) (B.10) are almost surely unique, provided they are well defined (that is if
the set of point satisfying the constraints is not empty). Using [37, Proposition 3.13] one
can check that IT is thus almost surely a continuity point of ®x (even in the case where
one of the optimisers is not well defined and ®x = 0). As a consequence, using also [35,
Proposition 2.4], (®x(I1,,)) converges in law to ® g (II).

Recall that for m € N and conditional on {II(K) = m}, the restriction of IT to K has the
same law as y ;" 0z, where the (Z;)1<i<m’s are 1.i.d. with continuous law pg that is the
intensity measure of II restricted to K and renormalized to a probability measure. From
this we deduce that @ (IT) has no atom in R. This implies that for all p € (0, 1),

(B.34) lim P(®x(Il,) >1—p) =P(Px((Il) >1—p).

n—-+0oo
For p > 0, we consider the compact set K = [0,b.] X [c.,d:] C E given by Lemma B.6 and
write for all p € (0,1)

MAaX;£g, i<i(ko+1) Li
1y,

(B.35) IP’( >1- p) < P(@K(Hn) >1- p) + P(S(n)c).

We choose p small enough such that P(®x(II) > 1 — p) < p so that using (B.34) and
Lemma B.6, one can easily deduce

<maXi7é€o,i<i(k‘o+1) T;

(B.36) limsup P
1y,

n—-+o0o

21—p>§p-

If moreover p < c./d. then

Max; £y, i< T;
(B.37) p( X’#‘)}“(’““) L <p) <B(SO)).
Lo
This concludes the proof of Lemma B.3. |

Proof of Lemma B.4. By Lemma B.1, we may safely assume that £y = Z) in what follows.

The event B,(14)(J )¢ splits in two parts and we only control the first one as both are similar.
We observe that

m

P(3¢ > J, max{Ty,4i: i <L} >{4)

(B.38) - .
<Pmax{Tp,4;: 1 < J} > J 40 )+ P> J, Tyype > L4 ).

Step 1. Let us first manage with the second term. Note that the family (TZ0 N z) is not i.i.d.
anymore as (o is random. Our first task is thus to bring us back to this i.i.d. case, see (B.44)
below. To this end, we decompose according to the different possible values of £y and TZO:
(B.39)
44y dy
PEC>J, Ty > 07 ) =Y P>, Thyy > L5 by =k, T = t)
k.t
a4 ~ -
<STPEC> T, Tie > 05 V0> —k, GE(k+6) > GE(k), T = ).
k.t
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For all £ > —k, using (2.13) one can rewrite the event {G4(k + €) > Gh(k), T, = t} as
{The <U(L,t), Ty = t}, where

(B.40) U(t,t) = [(%2 - %ﬁ) v 0}71/2.

As the r.v. Ty’s are i.i.d. this leads to

rhs. (B.39) < SOPEC> T, Thpy > 00 90> —k, Ty < U6 1), T = 1)
(B.41) < Z]P’(W € (—=k,0), Ty < U, 1), T = t)

PEC> J, Topy > 05 V0> 1, Thpr < UL, 1)).

at
As the event {30 > J, Tpio > KTJ} is non-decreasing (coordinatewise) with (Tj1¢)e>1
while {V¢ > 1, Ty < U({,t)} is non-increasing (coordinatewise) with respect to the same
random sequence, the FKG inequality gives for all k and t,

_— PEC> T, Tope> 05 ,¥0> 1, Torg < U(L,1))
' SPEC> T, Thpe > 05 )PV > 1, Thyr < U(L,1)).

As the T)’s are i.i.d., we have for all £ > 0
(B.43) P> J, Thpy > 05 ) =PE(>J, T, >0 ).
Finally, we obtain
4ty 4ty ~
PEC>T, Ty > 00 ) <PEC>T, Tp>05)> P(ly =k, T =t)
(B.44) kit
<PE>J Ty > X ).

Let us now recall that i is the index of the k—th record of the sequence (7});>¢. We thus
obtain that for all K > 1,

Aty

(B.45) PE(>J, T, > 057 ) <PEk>K, T, >i," ) +Plix > J).
We first observe that

4
BTy, > i )= SOP(T > j 5T < T for all i < j
J J

E>1 j>1
(B.46) < Z <maXT >34‘w>
>
<> - [ { (T1>J4+w)}]}.
=1

Note that we lose the equality at the second line as two or more variables could achieve
simultaneously the maximum. The term in the last sum is equivalent to j_(1+%) and, as
~ > 0, the sum converges. We can thus fix K large enough so that

dty

(B.47) IP’(Hk > K, T, >i," ) <p.
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Finally, as ix < +oo almost surely, we choose J so that P(ix > J) < p.

Step 2. We use the same ideas to manage with the first term in (B.38) and obtain
4+ 4+
(B.48) Pmax{T; - i<J}>J %) <Pmax{Ti:i < J} > J 5 ).

We conclude easily as this does not depend on n and goes to 0 with J going to +oo.
[

1
Proof of Lemma B.5. The random variable card{k € [goN,e5'N]: T > @N?} is
distributed as a binomial random variable with parameters (5 — g9)N and P(T} >

1
%N 7) ~ (@)_VN ~1. As such, it converges in law to a Poisson random variable

as n — oo, which proves our result. |

APPENDIX C. PROOF OF LEMMA 4.12 AND LEMMA 4.13

Proof of Lemma 4.12. (i) Let us start with the lower bound. Let

Inw (k) = {the last excursion before k is inward},

Out(k) = {the last excursion before k is outward},

that is Inw(k) = {Y, = in} and Out(k) = {Y; = out}, where ¢ = sup{i > 0: §; < k}. We

write (the constant ¢ below being the same as in Lemma 1.1)

(C.1)

(C.2) Po(k € 0) > Po(k € 0, Inw(k — c5T3),0 N[k — T3,k — 5 TT) # 0).
By decomposing on the value of

(C.3) Ve—t3 = inf{i > k — T34 €6},

we get

(C.4) Po(k €0) > Z P (ve—rs =k =T+ 0)Pu(T] —i € 0, Inw (T} — e5TF — ).
0<i<T3—c5T?
ae{0,1}
Note that
©5) Po(T3 —i € 0,Inw (T3 — c5T7 — 1))
' > Po(Inw (T3 — ¢5T2 — i) Pa (61 = T3 — i|Inw(T3 — 5 T2 —4)).

By Lemma 1.1, since T3 —i > c5T3,

5 . ) cst . cst
(©6)  Pullls =T}~ iftne(T} — 53— i) > S explo — g(Ti)(18 - )] 2 (&
1 1
We have used above the fact that, by Lemma 4.3,
t
(©7 6 9(T1) 2 6(Ty) — g(Ty) = ~ ().
T3
1

In the case where T; and k are both even, we note that k£ — VT3 i necessarily even.
Therefore, we obtain

(C.8) Polk € 8) >

—~

cst)
L

Po(Inw(k — C5T%),§ﬂ [k — T:f, k — C5T%) #0).

We will now prove that

(C.9) Po(Inw(k — 5 T2),0 N[k — T3,k —csT3) # 0) > (cst)Po(Inw(k — c5T3)),
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by showing that
(©.10) Po(Inw(k — 5 T2),0 N[k — T3,k —csT3) # 0)
' > (est)Po(Inw(k — e5T2),0 N[k — T3,k — ¢sT2) = ).

To this end, we decompose the left-hand side according to the rightmost point in 8 before
k — T3 and the leftmost point strictly after k — T3:

PoInw(k — esT1),0N [k — T3,k — c5T3) # 0)
(c11) = > Pl € )P (6, =m — £,Y, = in)Py(Inw(k —m — ¢5T)).

0<U<k—T3<m<k—c5T?
a,be{0,1}

y (C.18) (see below), we obtain:
PO(IHW(]C - C5T%)a éﬂ [k - T:f’ k— C5T%) 7& (D)

(C.12) >(est) Y, PEUENP(k—T—£ <0 <k—c;T; —£,Y) =in).

0<b<k—T?
ae{0,1}

By Lemma 4.8, for all u,v € 2N such that u < v,
(C.13) Pa(u < 0; <v,Y; =in) > (cst) (e 0T)=Ou _ o=(9(Tr)=)vy,
and we obtain
Po(Inw(k — c5T2),0 N[k — T3,k —c5T3) # 0)
(C.14) > (cst) Z Po(l € ) (e~ @T=A)(E-Ti=0) _ o~(9(T1)=9)(h=esTE—0)),
0<t<k—T3

(Actually, k — T3 — ¢ should be replaced by the smallest even integer larger than k — T3 — ¢
and k — c5T? — ¢ by the largest even integer smaller than k — c5T? — ¢.) On the other hand,
we have, with the same decomposition,

Po(Inw(k — esT2), 0N [k — T3, k — c5T3) = 0)
(C.15) = Y PEUEOP(Or = k—cs T —£,Y) =in).

0<l<k—T}
ae{0,1}

Using the same upper bound as (2.17) in [8, Lemma 2.2], we get
Po(Inw(k — c5T2),0 N[k — T3k —c5T2) = 0)
(C.16) < (cst) Z Po(l € )e~9(T)=O)(k—esTi—0),
0<t<k—T3

(Actually, k — c¢5T3 — £ should be replaced by the smallest even integer larger than k —
c5 T3 — £.) Recall that from Lemma 4.3,

(cst)
(cst) T3 T3

Therefore, combining (C.17), (C.14) and (C.16), we get the desired inequality in (C.9). To
conclude the lower bound part, it remains to prove that uniformly in & and b € {0, 1},

(C.18) Py(Inw(k)) > (cst) > 0.

(C.17)

=3 < g(T1) = o(N, T1,N) < g(T1) — ¢ < g(T1) — ¢(T1) <
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Without any loss in generality, we may assume that b = 0. Again, it is enough to show that

(C.19) Po(Inw(k)) > (cst)Po(Out(k)).

By decomposing on the last contact point before k, we get

(C.20) Po(lnw(k)) = > PG(i € 0)Pa(Y1 = in, 01 > k — ).
0<i<k
ac{0,1}

Therefore, it is enough to prove that for all £/ € N,
(C.21) Pu(Y1 = in, 0 > ) > (cst)P, (Y1 = out, 0; > £).
We distinguish between ¢ < 5T3 and £ > 5T3. If £ < 5T then (recall (C.13))
Po(Y1 =in,0; > €) > (cst)e0(T1)=9)¢
(C.22) > (cst)
> (cst) Py (Y1 = out, ; > 1).
Now suppose that £ > 5T%. From Proposition 1.5, we get
(C.23) Pa(Y1 = out, 0y > £) < (cst) Y k(@02
k>0
Since To < (1 —p)Ty, we get ¢ — p(T2) < —pg(T1), thus
(C.24) P, (Y1 = out, 01 > ¢) < Zkge_%pg(n)k x e~ 2P9(TLk,
k>0
Since i > e 2P9(T1i i decreasing when i > 5T3 > 5T2/p, we get
P,(Y1 = out, 0 > /) < T?e_%”Tl Z e~ 39(T1)i
(C.25) i>0
< C(p) exp(—5pg(T1)0).
Therefore, using (C.17) and the first line of (C.22), we obtain
Po (Y1 =in,0; > £ 1 cst 1
Pa((Yllz ot i s 2) =Tl P [(3e0(T0) - T_ff’>4 =)

which concludes this part of the proof.
(ii) We continue with the upper bound. First, we note that there exists a < 1 such that
for all Ty large enough and a € {0,1},

(C.27) > Pulbr =u) <a,

3
u<Ty

(C.26)

following the proof strategy of [8, Proposition 2.3]. The inequality above can be shown by
using Lemma 4.8. Then, we show that there exists a constant C' € (0,00) such that

. C
(C.28) Pu(by = k) < ———=, (E<TH.
k3/2 A T3 !

This is a consequence of

C

(C.29) Pally =¥ =) < .

(k<TY),
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which comes from Lemma 1.1, and

Ck=3/? (k< T2

(C-30) Palb1 =k Y1 =out) < {Ck:3 exp ( - k:2(77+2>) (T2 <k <T

where the second line comes from Lemma 4.5 while the first one is just a basic control on
the return time at 0 of a simple random walk. The rest of the proof of the upper bound
for k < T3 proceed by induction as in [8, Proposition 2.3]. Let us now prove it for k > T3.
The proof starts in the same way as in [8]. It is enough to prove the equivalent of (B.13)
therein, that is (C.39) below. To this purpose we may write

Po(@N[k—T3 k—T?£0,k e 0)

(C.31) = > Pimed) D> PUO=L—m)Py(k—LED).
O§m<k7T§ kaﬁgzgkaf
ac{0,1} bc{0,1}

From the lower bound part, we have Py(k — ¢ € 8) > 1/(CT3) for b € {0,1}. Moreover, we
have by (C.13) that for a € {0,1}

(C.32) Z Po(0y = £ —m) > (cst)e” @—9(TI(k=m)
k-T$<e<k-T2
Hence,
(C.33)
A ~ cst _
RNk =THE=TH 20k €)= (5T Putm € D)exp(—(6—o(T)(k = m)
0<m<k-T}

Next we deal with
Po(@N[k—T3 k-T2 =0,k cb)

(C.34) = Y Pimed) > PO =L—m)Py(k—LED).
m<k—T$ k—T2<e<k
ae{ovl} be{ovl}

We shall now prove that

(cst)

(C.35) Pu(0y =) < =3
1

exp <[gz5 — g(Tl)]i), i>T3 -T2, a € {0,1}.

The upper bound holds for P,(6; = 4,Y; = in), by (4.24), Lemma 1.1 and Lemma 4.6. As for
the excursions outside of the main gap, we have, thanks to the inequality in Proposition 1.5,

Pa(él == ’i,Yl == out)
Tr¥exp ([0 - (T1)i)

< C(iT1)? exp(—[(Ta) — g(T1)]4)

(C.36) pi
<C(>iT)exp( - C=

(-o%)
< CTY exp(~CpTy),

The second inequality is a consequence of (1.10), (1.30) and the fact that To < (1 — p)T;.
The third inequality holds since i > T3 — T%. By substituting (C.35) into (C.34) and using
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thatOﬁk—ngz,we obtain
PON[k—-T3 k—T=0,keb)

(€31 % S Pmedesn ((p-gT)k-m) > Plh-red).
Lo<m<k—T3 k—T2<(<k

By (C.29) and since k — ¢ < T%, we have P(k — ¢ € ) < C(k — £)~3/2. Therefore,
_ C _
(C.38) PON[E—T3, k-T2 =0,k € 0) < = S P(meb)exp <[¢—g(T1)](k—m)>.
Lo<mak—T3
Recalling (C.33), we get
(C39)  PONE-TILE-TH=0,kch) <(st)PON[k—T: k—Ti #0,kc),

which is what we needed. |

Proof of Lemma 4.13. We recall that the random walk is started from the lower boundary
of the optimal gap in the definition of Z.

Step 1. Let us start with the lower bound. Suppose k > 2T3. We first decompose the
partition function according to the last renewal point before k:

(C.40) = ) Z Z% . (k—m € 0)Z% (6, >m).

ae{0,1} m=0

We readily obtain from (4.54):

k
1 _
Pk ~ _ ¢ém
Zpe®" > c mEZOP(k m € f)e agg(l)nl}z ¢ (6 >m)
(C.41) T3
1 _
> = P(k—m € 0)e®™ min Z%(f; > m,Y; = in).
C 2 ae{0,1}
m=T}

Ask—m>T3, P(k—m € 0) >1/(CT3), by Lemma 4.12. Using Lemma 1.1, as m > T2
and a € {0, 1},

(C.42)
A C1 _ C _ c _
VANC Y = e 9Tl >~ o=9(Tm 5 = —g(T)m
This leads to
(C.43) 7, ek > Z m o © pma(Tm
~. CT3 T,

Since m < T#% and as a consequence of (C.17), e®=9(T1)™ > ' and we obtain

(C.44) 7.0t > &
Ty
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Step 2. Suppose k > 2T2. For the upper bound, we come back to (C.40) and observe
that

k
C.45 Zpe?* < C Y Pk —m € f)e”™ ;. (6, >
(C.45) ke_mZ::O( m € )™ max 77,61 > m).
Let a € {0,1}. We decompose the last term as follows:
(C.46) 7% (6y > m) =2Z% (6, > m,Y; = in) + Z% (61 > m,Y; = out).

Step 2.1. We first consider the part of the sum relative to {Y; = in}. (i) Let us first
control the sum for m < T2. In this case k—m > T2, so that using Lemma 4.12, P(k—m €
0) < C/T3 while Z,,,(f; > m,Y; = in) < 1 and ™ < C so that

T
(C.47) > Pk —m € 0)e?"Zy (61 > m, Y1 =in) < C Z — < il
m=0

(ii) We turn to the case when T§ < m < k — T1. Here again, with the same argument,
P(k —m € 0) < ¢/T? while using Lemma 1.1 and as m > T3,

(C.48)
~ C2 (T ¢ —g(T1)m ¢ _ Ti)m
Zn(01 >m, Y] =in < 9(1)<769(1) S_eg(l)
Oz mdi=i S 2 0= ) g (T T
Finally,
k-T? k-T2
(C.49) > Plk—m e 0)e?Zy (01 >m,Y; =in) < C Z _e —g(T1)m om
m:T% m= T2 1
Since ¢ — g(T1) < —5, we have
1
k-T2
(C.50) Z e(@=9(T1))m < Z e(¢—9(T1))m < cT:f,
m:T% m>0

which completes the control of the second part.
(iii) We turn to k — T2 < m < k: We use the same bounds as the ones in the previous

part except that this time we use that P(k —m € 6) < W (by Lemma 4.12). This

leads to
(C.51)
k y B k 1 elo—9(T1))m C
_ m < T 1, L \3/9 =T
%:TQ P(k m e 0)6 Zm(el > m7Y1 ln = ZT T 1 _|_ k; m)3/2 le
m=r—17

where we used the fact that ¢ — g(T;) < 0 for the last inequality.
Step 2.2. We now consider the part of the sum relative to {¥Y; = out} and again split

the sum in three parts. (i) We manage with the part corresponding to m( < )T% exactly in
4(~v+2
the same way as (C.47). (ii) We then consider the case T} < m < 3 T 7 with €y as

n (2.1). By Lemma 4.5, we obtain

(C.52) Z,,(0; > m,Y; = out) < Cm? exp(—m%iwﬁ)).
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This leads to
Z Pk —m € 0)e®™Z,,(0; > m,Y; = out)

4('v+42)
2 1 7+
T9<m< Te T,

<C Z m? exp(—mm + ¢m)
(C.53) 4(r+2)
Ti<m<54 T, 7+
<C Z m? exp(—%m2(v+2)) < (cst)

4 'y+42
2 11T
Tisms35 Ty

4(v+2)
iii) We end the proof with the case 50 T,** < m < k. By Proposition 1.5, we obtain
207 1 y

(C.54) Z, (01 > m,Y; = out) < Cm3 exp(—p(Ta)m).
This leads to
Z Pk —m € 0)e?™Z,, (6, > m,Y; = out)

4('v+42)
119+
ETl <m<k

<C > m?® exp|(g(T1) — ¢(T2))m]

4(v+2)
(C.55) ser T <msk
pom
<C Z m3 exp ( — ﬁ)
4(v+2) 1

1 v+4
ﬁTl <m<k

2y
< C(p) Tiexp(—1pT;™).

APPENDIX D. PROOF OF LEMMA 6.6

Proof of Lemma 6.6. By Remark 2.2, note that n > 2T3 for n large enough, which allows us
to use Lemma 4.13. Using Lemma 4.8 as well (note that m is of order T3 while g(T1)—¢(T1)
is of order 1/T3) we get for m < k < n:

(D.1) O(n, k) < CT1Zi(0y > k — m)ed(TVk,

Let us split the rest of the proof in two cases: either m < k < T$ (first case) or T3 <k <n
(second case).

(First case) Let us start with the case m < k < T3. In this case there exists some
constant C' such that e9(TVF < Ce®(TF by(1.10) and (1.30). Therefore,

(D.2) O(n, k) < CT,Z,e?(TVF

and we directly conclude using Lemma 4.13 and the fact that k > 2T2.
(Second case) We now consider the case T3 < k < n. Let us split the right-hand side
in (D.1) as the sum of

(D.3)  (a) = CT1Zp(6, > k)9 TR and (b)) = CT1Zy(k > 01 > k — m)ed(TVE,
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We further decompose these two terms as follows:

(al) = Clek(él > k,Yl = in)eg(Tl)k7

D.4 i
( ) (a2) = CTle(al > ]{;7Y1 — Out)eg(Tl)k
and

(D.5) (b1) = CT1Z(k > 61 > k —m,Y; = in)ed(TVF,

(b2) = Clek‘(k 2 9_1 > k— m,Y1 = Out)eg(Tl)k.
(i) Let us start with (al). From (C.48) and using that k > T2,

~ C
1
so that (al) < C.
4(v+2)
(ii) We turn to (a2). We first consider the case T3 < k < ﬁ-ﬁ 74 (which does not

exist if v < 4). Using Lemma 4.5, we get

_ 0
(D.7) Z,(01 > k, Y7 = out) < (cst)k:‘ge*k%w”) .
so that
8, kT _g(Ty)k 3.~ LKTETD 13 - 1T7F
(D.8) (a2) < CTik’e” eIk < OT ke <CTprez't |
4(v+2)

Now, consider the case k > ﬁ-ﬂ 7% and use this time

(D.9) 2.0, > kY1 = out) < (cst)k3e~¢(T2)k,
4(v+2)

As g(Ty) — ¢(Ty) < —T% we obtain for k > ﬁ-ﬁ 7 that

k 2y
o e (- 8) scrion ().
2
(iii) Let us now manage with the case (b1) using Lemma 1.1. By decomposing on the

value of 01, we get

m m
. 1 ;
(D.11) (b1) < CT1 Y g, (k—)Zied T < CTy ) ﬁef/(Tlﬁzi.
i=0 i=0 1
We finally use the rough estimate Z; < 1 and note that for i < m, e9(T1)? is bounded, in
order to get

m
(D.12) (b1) < CTy x e
(iv) We conclude with the control of (b2), still in the case k > T3$. We first observe

(D.13) (02) = CT1 Y Kous(k — )Z;e? TR < CT1e9(TOF N "(k — i)Pe=@(T2)(E0),
=0 =0

Here again we use that g(T1) — ¢(T2) < —Cﬁ—g) to obtain

1
() kM ‘
(D.14) (b2) < CTikde Ty ol
=0
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We bound Z?:o e?(T2)i < me?(T2)M < O'm as m < QT% and Tg > pTq, and finally

()
(D.15) (52) < CTk3e 0T < 90T,
|
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