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ON FACTORIZATION OF SEPARATING MAPS ON
NONCOMMUTATIVE LP-SPACES

CHRISTIAN LE MERDY! AND SAFOURA ZADEH

ABSTRACT. For any semifinite von Neumann algebra M and any 1 < p < oo, we intro-
duce a natutal S'-valued noncommutative L”-space L”(M;S*). We say that a bounded
map T: LP(M) — LP(N) is S*-bounded (resp. S'-contractive) if T ® Is1 extends to a
bounded (resp. contractive) map T®Ig1 from LP(M;S*) into LP(N; S'). We show that
any completely positive map is S'-bounded, with || T®Ig1 || = ||T||. We use the above as a
tool to investigate the separating maps T': LP (M) — LP(N) which admit a direct Yeadon
type factorization, that is, maps for which there exist a w*-continuous *-homomorphism
J: M — N, a partial isometry w € N and a positive operator B affiliated with N such
that w*w = J(1) = s(B), B commutes with the range of J, and T'(x) = wBJ(x) for any
T € M N LP(M). Given a separating isometry T: LP(M) — LP(N), we show that T
is S'-contractive if and only if it admits a direct Yeadon type factorization. We further
show that if p # 2, the above holds true if and only if T" is completely contractive.

1. INTRODUCTION

Let M, N be two semifinite von Neumann algebras. For any 1 < p < oo, let LP(M) and
LP(N) denote their associated noncommutative LP-spaces. A bounded map T': LP(M) —
LP(N) is called separating if for any z,y € LP(M) such that x*y = zy* = 0, we have
T(z)*T(y) = T(x)T(y)* = 0. Separating maps are a noncommutative analog of Lamperti
operators, that is, operators on classical (=commutative) LP-spaces preserving disjoint
supports. We refer to [4,18,19,23] for information and deep results on Lamperti operators.

In the noncommutative setting, pairs (x,y) such that x*y = zy* = 0 were first consid-
ered on Schatten classes S? in [1], as a tool to describe onto surjective isometries on SP
for 1 < p # 2 < oo. Later on, separating maps were used either implicitly or explicitly,
and with different names, in [2, 3] (see also [22]) and in Yeadon’s paper [34] providing a
full description of isometries LP(M) — LP(N), for 1 < p # 2 < cc.

Recently the two authors [21] and, independently, G. Hong, S. K. Ray and S. Wang [11]
established the following characterization property. A bounded map 7': LP(M) — LP(N)
is separating if and only if there exist a w*-continuous Jordan homomorphism J: M — N,
a partial isometry w € N and a positive operator B affiliated with N such that w*w =
J(1) = s(B), the support of B, B commutes with the range of J, and

(1) T(x) = wBJ(z), r € MNLP(M).
This remarkable factorization property was discovered by Yeadon in the above mentioned

paper. Indeed he showed in [34] that for p # 2, any linear isometry T': LP(M) — LP(N) is
separating and further admits a factorization of the type (1). In reference to this seminal
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2 C. LE MERDY AND S. ZADEH

work, we call (1) a Yeadon type factorization of T'. It turns out that if 7" is separating,
the triple (w, B, J) in its Yeadon type factorization is unique.

We note that analogs of separating maps are currently investigated in other settings.
On the one hand, they are used on general noncommutative functions spaces, in order to
obtain a Yeadon type description of isometries on a large class of such spaces [12]. On
the other hand, they are investigated in operator algebras (the case p = o0) and play a
fundamental role in the classification of nuclear C*-algebras, see [33] and the references
therein.

The present paper looks at separating maps T': LP(M) — LP(N') for which the Jor-
dan homomorphism J in the Yeadon type factorization is actually a x-homomorphism
(equivalently, is multiplicative). We say that T has a direct Yeadon type factorization
in this case. The first motivation for considering this notion is a result by M. Junge, D.
Sherman and Z.-J. Ruan [15, Proposition 3.2] which asserts that for p # 2, a linear isom-
etry LP(M) — LP(N) is a complete isometry if and only if it has a direct Yeadon type
factorization. The second motivation is the L?-case. In [21, Theorem 4.2], we proved that
an isometry T': L2(M) — L?(N) is separating (equivalently, has a Yeadon type factor-
ization) if and only if T'® I, extends to a contractive map L?(M;¢') — L?(N;¢%). Here
L?(M;£Y) and L*(N; ') denote Junge’s £!-valued non commutative L2-spaces from [13].

We introduce S!-valued noncommutative LP-spaces LP(M; S'), which naturally extend
previous constructions from [13,26]. We say that a bounded map T: LP(M) — LP(N)
is S'-bounded (resp. S'-contractive) if T ® Ig1 extends to a bounded (resp. contractive)
map

T®Ig: LP(M;ST) — LP(N; Sh).

When M, N are hyperfinite, S'-boundedness coincides with complete regularity in the
sense of [27] (see also [5,14]) and ||T®Ig1| = ||T||reg. We prove that any map with a
direct Yeadon type factorization is S'-bounded, with |[T®Ig| = ||T|| (see Proposition
4.5). Our main result is that conversely, any S'-contractive separating isometry admits a
direct Yeadon type factorization (see Theorem 5.4). The resulting statement (see Corollary
5.9) that an isometry T': L?(M) — L?(N) is S'-contractive if and only if it admits a direct
Yeadon type factorization is both an L2-version of [15, Proposition 3.2] and a matricial
version of [21, Theorem 4.2].

The spaces LP(M;S') and S'-boundedness are investigated in Section 3. We prove
in passing that any completely positive map T: LP(M) — LP(N) is S'-bounded, with
|T®Ig1|| = ||T|| (see Theorem 3.13).

We also establish comparisons between direct Yeadon type factorizations and complete
boundedness. After observing that any separating map 7': LP(M) — LP(N) with a direct
Yeadon type factorization is completely bounded, with ||T'||s = ||T'|| (see Proposition 4.4),
we show that conversely if p # 2, any completely contractive isometry T': LP(M) — LP(N)
admits a direct Yeadon type factorization (see Theorem 5.6). This result strengthens [15,
Proposition 3.2].

2. NONCOMMUTATIVE LP-SPACES AND REPRESENTATIONS OF MATRIX SPACES

In this section, we give some background and preliminary facts on noncommutative
LP-spaces built over semifinite von Neumann algebras.
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Let M be a semifinite von Neumann algebra equipped with a normal semifinite faithful
(n.s.f.) trace [31, Definition V.2.1]. Except otherwise stated, this trace will be denoted
by 7,,. Assume that M C B(H) acts on some Hilbert space H. Let L°(M) denote
the x-algebra of all closed densely defined (possibly unbounded) operators on H, which
are T, ,-measurable. Then for any 0 < p < oo, the noncommutative LP-space LP(M),
associated with (M, 7r), can be defined as

LP(M) == {z € LOM) : Tp(|z[P) < o0}

We set [|z||, = TM(‘JJ’p)% for any x € LP(M). If p > 1, LP(M) equipped with |- ||, is a
Banach space. The reader is referred to [16,29,32] and the references therein for details
on the algebraic operations on L°(M) and the construction of LP(M), and for further
properties.

We let L>®(M) = M for convenience and for any x € M, we let ||z| denote its
operator norm. We recall that if 0 < p,q,r < oo are such that % =14 %, then for any

x € LP(M) and y € LY(M), the product zy belongs to L"(M), with [[zy|, < ||z|llyll4-
In particular, for any 1 < p < oo, let p’ = p%l be the conjugate number of p. Then xy

belongs to L' (M) for any = € LP(M) and y € L (M). Further the duality pairing
(@,9) = Tmlwy), e LP(M), ye L' (M),

yields an isometric isomorphism LP(M)* = L¥ (M). In particular, we may identify L'(M)
with the (unique) predual of M. These duality results will be used without further refer-
ence in the paper.

For any 0 < p < oo, we let LP(M)* denote the cone of positive elements of LP(M).

If A is a w*-closed x-subalgebra of M such that the restriction of 7o to AT is semifinite,
then for any 0 < p < oo, we may define L”(.A) using this restriction and LP(.A) isometrically
embeds in LP(M). In particular, for any projection e in M, the restriction of 7, to the
corner algebra eMe is semifinite, and therefore we have a natural embedding

IP(eMe) C LP(M).

For any two von Neumann algebras M1, Ms, we let M1® M5 denote their von Neumann
tensor product [31, Section IV.5]. If 7o, and 7o, are n.s.f. traces on M; and Mo,
respectively, then 7y, ® 7o, uniquely extends to a n.s.f. trace on M;®Ms. Then for any
any 0 < p < 0o, we have a natural embedding LP(M;) ® LP(M3) C LP(M;®@M3), and

(2) lz@yllp = zlpllyllp, @€ LP(M1), y € LP(My).
We further recall that z @ y € LP(M1@Mo) T if z € LP(M;)T and y € LP(My)T.

We also note that the direct sum My %Mg satisfies

(3) LP(M1 ESMQ) = LP(M,) éLp(MQ)
for any 0 < p < o0.

We now fix some notations regarding matrix spaces. Let H be a Hilbert space and let
tr be the usual trace on B(H). For any 0 < p < oo, we let SP(#) denote the Schatten
p-class of operators on #; this is the noncommutative LP-space associated with (B(H), tr).
If H = ¢%, we simply denote these spaces by SP. For any n > 1, we let tr,, denote the
usual trace on M,, and we let S5 denote the Schatten p-class of n x n matrices. We let
E;;, 1 <1,j <n, denote the usual matrix units on M,, and we let I,, € M,, be the identity
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matrix. Finally whenever M is a semifinite von Neumann algebra equipped with a n.s.f.
trace Tr, we let 7oy = tr, ® 7o denote the natural trace on M,®M. We note that
LP(M,,®M) can be naturally regarded as a space of n x n matrices with values in LP(M).
This brings us to the algebraic identification

(4) LP(M,@M) ~ SP & LP(M).

Let T: LP(M) — LP(N) be a bounded operator between two noncommutative LP-
spaces. Following usual terminology we say, using (4), that 7" is completely bounded if
there exists a constant C > 0 such that

115y © T2 LP(MBM) — LP(MEN)|| < C

for any n > 1. In this case we let |||, denote the smallest C' > 0 satisfying this uniform
estimate; it is called the completely bounded norm of T. We say that T is completely
contractive if | T'||s < 1. Further we say that T is positive if it maps L?(M)* into LP(N)T
and we say that T' is completely positive maps if Ig» @T' is positive for any n > 1. We recall
that in the case p = 2, we have that any bounded T': L?(M) — L%(N) is automatically
completely bounded, with ||T||s = ||T||. This follows from the fact that L?(M,®M)
(resp. L?(M,®N)) coincides with the Hilbertian tensor product of S? and L?(M) (resp.
L3(N)).

A positive map T: (M, ) — (N, 7n) is called trace preserving if 7y o T = 754 on
M.

Lemma 2.1. Let T: (M, 7p) — (N, 7x7) be a trace preserving x-homomorphism. Then
for any 1 < p < oo, the restriction of T to M N L*(M) exstends to a complete isometry
LP(M) — LP(N).

Proof. Since T is a s-homomorphism, |(Ip;, ® T)(x)[P? = (In, ® T)(|z|P) for any x €
M, @M. The result follows at once. O

We now give two elementary results on the representation of matrix spaces into semifi-
nite von Neumann algebras.

Lemma 2.2. Suppose that M is a semifinite von Neumann algebra, let n > 1 and let
0: M, = M be a unital x-homomorphism. Then there exist a projection e € M and a
bijective x-homomorphism p : M — M, ®&(eMe) such that

(pob)(a) =a®e, a € M,,
and p is trace preserving.
Proof. Let e = 6(E11), this is a projection. Since 6 is a unital *-homomorphism, the family
{0(Ei;) + 1 <i,5 < n}is asystem of matrix units on M. Hence as is well-known (see

e.g. the proof of [31, Proposition IV.1.8]), x;; := 0(E1;)z0(E;1) belongs to eMe for any
x € M and any 1 < i,j <n, and the mapping

p: M — M,®(eMe), p(x) = Z Eij ® x4,
ij=1

is a bijective *-homomorphism. It is clear that (p o 6)(a) = a ® e for every a in M,
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To check that p is trace preserving, let u; = 0(E;1) and e; = 0(E;;) for all 1 < i < n.
Then u;u = e; and e; + -+ - + e, = 1. Hence for any z € M™, z;; belongs to (eMe)™ for
any 1 < i <n and we have

n n n
ZTM (z4) = ZTM(u:‘xul) = ZTM(eix) =7, (z).
=1 =1 =1
Therefore, (tr, ® Teate) © p = T, ON M. O

It is a classical fact that any non abelian von Neumann algebra contains a copy of Ma.
Here is a more precise statement in the semifinite case.

Lemma 2.3. Let M be a non abelian semifinite von Neumann algebra. There exists a
non zero x-homomorphism v: My — M wvalued in M N L*(M).

In the above statement, the condition that v is valued in M N L'(M) does not come
for free. Consider for example an infinite dimensional Hilbert space H and let M =

2 _
B(H® H) ~ M®B(H). Then the mapping a — a ® Iy is a *-homomorphism from M,
into M and for any a € M>™, a # 0, the trace of a ® I is infinite.

Proof of Lemma 2.3. Let M = M, %Mg be the direct sum decomposition of M into a
type I summand M; and a type II summand My (see e.g. [31, Section V]).

Assume that Mgy # {0}. According to [17, Lemma 6.5.6], there exist two equivalent
mutually orthogonal projections e, f in My such that e+ f = 1. Then by [31, Proposition
V.1.22] and its proof, My ~ Ms®(eMaqe). Let ¢ € eMage be a non zero projection with
finite trace. Then 7, (a ®¢€) = tra(a)Ter,e(€) < 0o for any a € Ma™. Hence the mapping
v: My — My C M defined by v(a) = a ® € is a non zero *-homomorphism taking values
in LY(M).

If My = {0}, then M = M, is type L. Since M is non abelian, it follows from [31,
Theorem V.1.27] that there exists a Hilbert space H with dim(H) > 2 and an abelian von
Neumann algebra W such that M contains B(H)®W as a summand. Let e € B(H) be
a rank one projection and define Ty : W+ — [0, 00] by i (2) = Tm(e ® 2). Then 1y is a
n.s.f. trace and 7, coincides with tr @ Ty on B(H)* @ W*. Let ¢ € W be a non zero
projection with finite trace. Then it follows from above that 7p(a ® €) < oo for any finite
rank a € B(H)". Now let (e1,e2) be an orthonormal family in H. Then the mapping
v: My — M taking any [ai;]i<ij<2 to Z” a;j €5 ® e; ® ¢ is a non zero x-homomorphism
and the restriction of 7, to the positive part of its range is finite. Hence + is valued in

L'(M). O
3. S1-BOUNDEDNESS

In this section we introduce S!-valued noncommutative LP-spaces, in a way which ex-
tends the definition provided by [26, Chapter 3] in the hyperfinite case. Then we introduce
the notions of S'-boundedness and S'-contractivity for bounded maps between noncom-
mutative LP-spaces, and we discuss the connection between S'-boundedness and complete
positivity.

We fix a semifinite von Neumann algebra M. We recall the definitions and basic
properties of column/row valued LP(M)-spaces for which we refer to [28] (see also [13,21,
29]). Let A be an index set, and consider the Hilbert space Ei. For any 1 < p < o0, let
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LP(M; {f3}.) denote the space of all families (by)rea of elements in LP(M) such that the
sums ), b3by, for finite F' C A, are uniformly bounded in L% (M). Then for any such

family, set
H HLP (M{2}e) — SUP{HZb/\b/\ }

where the supremum runs over all finite F/ C A. This defines a norm on LP(M; {3 }.) and
LP(M;{f3}.) is complete.

Likewise for any 1 < p < oo, we let LP(M;{¢3},) denote the space of all families
(ax)rea of elements in LP(M) such that the sums ), paya}, for finite F© C A, are

[SISE ST

uniformly bounded in L2 (M). This is a Banach space for the norm

[(ax HLP(M{E} _Sup{HZ:awA }

where the supremum runs over all finite F* C A. It is plain that (ay)aea belongs to
LP(M;{€3},) if and only if (a})rea belongs to LP(M; {3 }.).

Let (E) .)xpuen be the matrix units in B(¢3) corresponding to the standard basis of £3.
We may regard any z € LP(B({3)®M) as a matrix (2) ) uea of elements in LP(M), with
Eyu®zy, = (BExx®1)2(E,,®1). Then LP(M; {3 }.) can be identified with any column
subspace of LP(B({3)®@M). More precisely fix any pg € A. If z € LP(B(/ A)@M) is such
that 2y, = 0 for any p # po and any A, then (2 ,,)rea belongs to LP(M; {3 }.) and its
norm in the latter space is equal to the norm of z in LP(B (fz )J@M). Conversely for any
(ba)aea in LP(M; {£3}.), the matrix (2a,u)auen defined, for any A € A, by 2 ,, = by and
zau = 0if w # po, represents an element z of LP(B((3)@M).

Likewise LP(M; {f3},) can be identified with any row subspace of LP(B({3)@M).

We will use the fact that if p > 1 is finite, then for any (ay)xea in Lp(/\/l {¢%},) and for

any (bx)xea in LP(M;{€3}.), the family (axby)rea is summable in L% (M) for the usual
topology. This allows to define the sums

(5) Zaﬂ))\, Za;@j and ijbA
A A A

as elements of L% (M).

In the case when p = oo, the spaces L>(M;{¢%},) and L>(M; {3 }.) coincide with the
row space R{ (M) and the column space C¥ (M) from [6, 1.2.26-1.2.29], respectively. For
any (ay)xea in L°°(/\/l {€3},) and for any (by)xea in L>°(M;{€3}.), the family (axby)rea
is summable in the w*-topology of M and the sums in (5) are defined in M according to
this topology.

RS NI

The next lemma is a polar decomposition principle which will be used several times in
our arguments. We state it for column valued LP(M)-spaces; a similar statement holds
for row valued LP(M)-spaces.

Lemma 3.1. Let 1 < p < oo, let A be an index set and consider a family (by)rea of
LP(M). The following assertions are equivalent.

(1) The family (by)aca belongs to LP(M;{€3}.) and 1O Lo (g {2y S 1.
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(ii) There exist a family (wy)xen in L°(M; {3 }c) and b in LP(M) with
Iw)allpee 2y <1 and  |b]l, <1,
such that for all A € A, by = wyb.

Proof. Assume (i). Following the above discussion we fix up € A and consider the element
z € LP(B({3)®M) such that z) ,, = by and 2, , = 0 for any p # po. Then we have

z= ZEANLLO ® b>\7
A

with norm convergence in LP(B(¢3)®M). Consider the polar decomposition z = w|z| of
z, with w € B({3)®M and |z| € LP(B(¢%)®@M). Then we have

N

2| = B o @b, with b= (Z bij) .
A

We note that [[bll, = (bl pe(u ez < 1.

Now if (wx ) pueca is the family of M representing w, then for any A € A, we have
by = w) 4o and w) , = 0if pu # po. Hence the family (w) ,,)aen belongs to L™ (M; {£3 }.)
and its norm in the latter space is ||w|| < 1. This yields (ii).

The converse implication “(ii) = (i)” folows from the fact that for any finite F' C A, we

have
3 (wab)* (wab) = b*(z wf\w,\)b.
AEF AEF
O

Definition 3.2. Let 1 < p < co. We let LP(M;S!) denote the space of all infinite
matrices [z]; j>1 in LP(M) for which there exist families

(aik)i7k21 € LQP(MS {512\12}7") and (bkj)k,jzl € L2p(M§ {512\12 }c)
such that for all 4,7 > 1,

oo
Tij = E Qikbp;.-
k=1

We equip LP(M; S!) with the following norm,

L2p(M;{e;2}c)} )

where the infimum is taken over all families (a;x)ix>1 and (bgj)k,j>1 as above.

(6) ol zoatssty = inf {I@i)inlon a0 10k i

When applying (6), we will use the fact that we both have

1
2

[NIES

and || (byj )k,

L2 (Mi{e2,}r) — Hzaz‘kafk

1y

1(aik )ik

p p

L2 (Mi{€2, }) = HZ%%
i,k
The above definition is a natural extension of Junge’s spaces LP(M;¢!) introduced
n [13]. A similar argument as in the proof of [13, Lemma 3.5] shows that LP(M;S?) is a
vector space and that (6) is indeed a norm. Moreover LP(M; S') endowed with this norm
is a Banach space.
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For any integer n > 1, let N, = {1,...,n}. We let LP(M;S}) be the subspace of
LP(M; SY) of matrices [x]; j>1 with support in N,, x N,,. We note that |J,, LP(M; S}) is
dense in LP(M; St).

Remark 3.3. Identifying a finite matrix [z;]1<; j<n of elements in LP(M) with the sum
> oiie1 Tij © Eij, we see that at the algebraic level, LP(M;S;) = LP(M) ® S}. More
generally we have a natural embedding

(7) IP(M)® St ¢ LP(M;Sh).

More precisely, consider a matrix ¢ = [¢;j]; j>1 in S* and z € LP(M). Let ¢ = [c;]; x>1 and
" = [e;]kj>1 in 5% such that ¢¢” = c and let 2/, 2" € L?(M) such that 2’2" = x. Then
(chpx")ig>1 and (C/k/ﬂf//)k,jzl belong to LQp(/\/l;{EIQ\]2 },) and L?P(M; {Eﬁlg}c), respectively,
and ¢z = 3 (cipa’)(cj;a") for all 4,5 > 1. Thus [c;z];;>1 belongs to LP(M;Sh).
Identifying this matrix with = ® ¢, this yields (7). It is clear that with this convention,
LP(M) ® St is a dense subspace of LP(M;S1).

Lemma 3.4 below shows that for elements of LP(M; S}), the infimum in (6) can be taken
over finite families only. This will turn out to be very convenient in future arguments. To
obtain this property we will use a natural connection between the definition of the norm
on LP(M;S') and decomposable operators.

Let A and B be C*-algebras. A linear map 6: A — B is said to be decomposable if 4 is
a linear combination of completely positive maps from A into B. In this case, § may be
written as 6 = (61 — 62) + (63 — 64), for four completely positive maps 6;: A — B. Note,
for example, that any finite rank operator between C*-algebras is decomposable. In [9],
Haagerup introduced a norm || - ||ge on the space of all decomposable maps from A into
B. We refer to the latter paper and also to [25, Chap. 11 & 14] for basic properties of this
norm. (This norm is given in Remark 3.14, however we will not need it explicitly here.)

Let n > 1 and let 8: M,, — M be a linear map. According to [20, Prop. 4.5],

Lm(M;{ﬁéan}c)} )

where the infimum runs over all families (v;x); and (wgj)k,; in M such that 6(F;;) =
Y opeq vigwg; for any 1 < 4,5 < n. Applying Lemma 3.1 and its row counterpart, we
deduce that for any linear map u: M, — LP(M),

(®) (i) o pasry = nf {lallzplOlaecl Bl
where the infimum runs over all a,b € L?’(M) and all linear maps §: M,, — M such that
u(s) = ab(s)b, s € My.

161dee = 10 {1 ae)ill e rasgiz, ) Ik

We will use Pisier’s delta norm § on M ® S} introduced in [25, Chapter 12] (see also [6,
Sections 6.4-6.5]). Given a matrix [y;;]i<ij<n Of elements in M, consider the associated
operator §: M,, — M defined by 0(E;;) = y;; for any 1 <4, j < n. By [25, Corollary 12.4],

we have ||0||gec = ||[yi;]]l;- Combining with (8), we deduce that for any matrix [x;;]i1<i j<n
of elements in LP(M), we have
(9) i)l e (ssyy = mf {llallzpllyis] 15 100126 }

where the infimum is taken over all factorizations of [z;;] of the form
Tij = ayijba 1 < Za] < n,
with a,b in L?(M) and y;; in M.
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Lemma 3.4. Let 1 < p < oo and let n > 1. For any [vij]1<ij<n in LP(M;S}), the
following assertions are equivalent.

(1) zilllze sy < 1.
(i) There exist an integer m > 1 and families (aik)1<i<ni<k<m and (brj)i<k<m,1<j<n
in L*P(M) such that x;; = > jey @irbrj, for all 1 <i,j <n, and

n m
<1 and 303 kbl <1

j=1 k=1

n m

H Z ik gy,
1

i=1 k=

Proof. Assume (i), that is, [|[zi;]|| Lp(m;s1) < 1. By (9), there exist a matrix [y;;]1<i j<n of
elements in M and a,b € L? (M) such that

lallzp <1, lbllap <1, llyillls <1,

and x;; = ay;;b for all 1 <,j < n. According to [6, Proposition 6.5.2] there exist m > 1,
and families (Uik)lgign,lfkgm and (wkj)lgkgm,lgjgn in M such that Yij = ZZLZI Uik Wkj
for any 1 <4,5 <n, and

n m n m
Sl <1 S uhen] <

i=1 k=1 j=1 k=1

For any 1 <i,j <nand any 1 <k < m, set a;; = avy;, and bg; = wy;b. Then they satisfy
the assertion (ii).

The converse implication “(ii) = (i)” is obvious. O

Remark 3.5. We may naturally identify LP(M;S}) with LP(M,®M) as vector spaces
(the norms on these two spaces are however different). Let LP(M;S})T be the set of all
the [zi;]1<ij<n € LP(M; S}) which belong (under this identification) to the positive cone
LP(M,@M)™. For such a matrix, we have

(10) [zis]l r (rss1) = HZ Tis
=1

p

Indeed since [z;;]1<i j<n belongs to LP(M; S}) T, there exist a matrix B = [brjli<k,j<n Of
elements in L* (M) such that [x;;] = B* B, which reads

n
Ti5 = Zb;:ibkj7 1 < i,j <n.
k=1
Then with a;, = b;, we have
n
I35 o
ik=1

This implies the inequality < in (10).

p

=155 il =[5

k,j=

The converse inequality (which is true without any positivity assumption) follows from
the fact that if z;; = >, aiby; for any 1 <4, < n and some a;, by; € L*’(M), then

n n 1 n
2
HZ Tig|| = HZ aikbril| < H Z Wik g, H Z bbki
-1 P ik P k=1 P k=1

by Holder’s inequality.

1
2

)
p
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We now establish an injectivity property of the LP(M; S})-norms.

Lemma 3.6. Assume that e € M is a projection with finite trace. Letn > 1 be an integer.
For any matriz [x:j]1<i j<n of elements in LP(eMe), we have

(11) 17351l e (emesszy = izl e (assiy-

Proof. The inequality > is obvious. To prove the converse, it suffices, by density of e Me
in LP(eMe), to verify the inequality < in (11) when each z;; belongs to eMe. Assume
this property, along with ||[z;;]|| r(r;51) < 1.

By (9), there exist @ and b in L?(M) and a matrix [y;;]1<;j<n of elements in M
such that i; = ay;b for any 1 < 4,7 < n, [lallap < 1, [[bll2p < 1 and [[[y;][|, < 1. By
assumption, ex;je = x;; hence we actually have z;; = eay;jbe for any 1 < ¢,7 < n. Using
polar decompositions we can write be = wb’ and ea = a'v, with ¥/ = |be|, ' = |a*e|
and v,w € M such that |Jv|| < 1 and ||w|| < 1. Note that a’,t’ € L?’(eMe)t and that
la’l]2p < 1 and ||V/||2p < 1. It follows from these factorizations that

(12) zij = a'vywb, 1<4,5 <n.

Since e has a finite trace, it belongs to L?”(M) hence we can choose ¢ > 0 such that
(13) la’ + eell2p < 1 and 0 + eel|2p < 1.
Both a’ + ce and V' + e have an inverse in eMe. Then we can define
(14) zij = (a/ +ee)Lay (V' +ee) 7, 1<i,j<n.
Since each x;; belongs to eMe, each z;; belongs to eMe as well. Further we have

(15) z;j = (' + c€)z;; (b + ee), 1<i,5<n.

Let us now show that

(16) z45lls < MMyis]lls -

Here the delta norm on the left-hand side is computed in eMe® S} whereas the delta norm
on the right-hand side is computed in M ® S!. We observe that since a’ € L?(eMe)*,
(a’ + ce)~ta’ belongs to eMe and we have |(a’ + ce)™1a/||ooc < 1. Likewise, we have
|0/ ( + £€)~"||oo < 1. This implies that

(17) [(a/ +ce)ta'v]| < 1 and [|wd’ (B + €)oo < 1.
Let 6: M, — M be the linear map associated with [y;;] and let ¢: M, — eMe be
associated with [z;;]. By (12) and (14), we have z;; = (a’ + ge) " ta’vy;jwb' (b + ee)™! for
any 1 <14, <n. Hence

o(s) = [(a' +ce)La'v]0(s)[wb/ (V' +ee)™t], s€ M,.
It therefore follows from e.g. [25, (11.4)] and (17) that [|¢||dec < [|0]|dec-

Since [|0]|dec = ||lyij]ll; and [|¢lldec = ||[2i5]ll5, by [25, Corollary 12.4], this yields (16).

Now combining (15), (13) and (16), and using (9) in LP(eMe;SL), we obtain that
H[:U”] HLP(eMe;S}L) < 1. This proves the result. O
For any semifinite and hyperfinite von Neumann algebra M, and for any operator space
E, Pisier [26, Chapter 3] introduced a vector valued noncommutative LP-space, that we
denote by LP(M)[E]. The next statement shows that Definition 3.2 is consistent with [26].



ON FACTORIZATION OF SEPARATING MAPS ON NONCOMMUTATIVE LP-SPACES 11

Proposition 3.7. Let M be a semifinite and hyperfinite von Neumann algebra, and let
1 < p < oo. Equip the spaces S* and S} with their natural operator space structures (see
e.g. [8, Section 9.3]). Then

LP(M; 1) = LP(M)[ST] and  LP(M;S,) = LP(M)[S,]

isometrically, for all n > 1.

Proof. We assume that the semifinite von Neumann algebra M is hyperfinite. By density
it suffices to prove that for any n > 1 and for any matrix [;;]1<; j<n of elements in LP(M),
we have

(18) il e (anssy) = ile sz

Assume first that M is finite. For any matrix [y;j]1<; j<n of elements in M, let ||[ys;]|min
denote its norm in the minimal tensor product M @i S1. It follows from the definition of
Ap(E) in [26, p.41] and from [26, Theorem 3.8] that for any matrix [z;;]i1<; j<n of elements
in LP(M), we have

i)l Lo ayisay = inf{llall2p || [yis] lminl[B]]25 }
where the infimum runs over all a,b € L*(M) and all matrices [y;;] of elements in M
such that x;; = ay;;b for any 1 <+i,5 < n. Since M is hyperfinite, hence injective, we have
Iyiillls = ll[yis]lImin

for any such [y;;]. This follows from the fact that if #: M,, — M is the linear map
associated with [y;;], then [[[yi;][min = 10[ct: [|[¥ij]lls = [|0]|dec, as mentioned above, and
10]lcb = 1|0]|dec (see [9]). Applying (9), we deduce the equality (18) in that case.

For a possibly non finite M, consider V' = UeMe, where the union runs over all
projections e in M with finite trace. The finite case considered above shows that

LP(eMe; S}ty = LP(eMe)[S}]

isometrically, for any such e. Applying Lemma 3.6 and [25, Theorem 3.4], this implies
that (18) holds true whenever z;; € V for all 1 < 4,j < n. Since V is dense in LP(M),
this yields (18) for any x;; € LP(M). O

In the sequel we consider a second semifinite von Neumann algebra N. Recall the
embedding (7) from Remark 3.3.

Definition 3.8. Let 1 < p < oo and let T': LP(M) — LP(N') be a bounded map. We say
that T is

(i) S'-bounded if T ® I extends to a bounded map
T®Ig1: LP(M;SY) — LP(N; Sh).
In this case, the norm of T®Ig: is called the S'-bounded norm of T" and is denoted

by (|7 55
(i) S'-contractive if it is S'-bounded and ||T| g1 < 1.

Remark 3.9. It is plain that T: LP(M) — LP(N) is S'-bounded if and only if there
exists a constant K > 0 such that

|T® Igi: LP(M;S)) — LP(N;S))|| < K
for any n > 1. In this case, ||T'||s1 is the smallest K > 0 satisfying this property.
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Remark 3.10. We have natural isometric identifications
LM {6p}r) = L2(M; {€F2}e) = L*(B(£*)@M).
They imply that
LY(M; SY = LY(B(*H)@M) isometrically.
Consequently, a bounded map T: LY(M) — L'(N) is S'-bounded if and only if T is
completely bounded and || T||s1 = ||T'||e in this case.

Assume that M, N are two semifinite and hyperfinite von Neumann algebras, and let
T: LP(M) — LP(N) be a bounded map. We say that T is completely regular if there
exists a constant K > 0 such that for any n > 1,

| T ® Ing, : LP(M)[M] — LP(N)[M,]|| < K.
In this case, the completely regular norm ||7'||,¢4 is defined as the least possible K satisfying
this property. This concept was introduced in [27]. It is shown in the latter paper that
if T' is completely regular, then for any operator space F, T ® I extends to a bounded
operator T®Ig from LP(M)[E] into LP(N)[E], with
(19) |T®15: LP(M)E] — LPN)E]|| < [T lreq-
We refer to [14] and [5] for developments and further results.

Proposition 3.11. Suppose that M and N are semifinite and hyperfinite von Neumann
algebras, let 1 < p < oo and let T: LP(M) — LP(N) be a bounded operator. Then T is
St-bounded if and only if T is completely regular and in this case, we have ||T||g1 = ||T|reg-

Proof. Suppose that T is S'-contractive. By Proposition 3.7, we have
(20) 1T ® Isy : LP(M)[Sp] — LPN) Sl < [IT |-

for every n > 1. Assume that p > 1 and let p’ = p/(p — 1) be the conjugate number of p.
By [26, Theorem 4.1], we both have

(LPM)[S])" = P (M)[M]  and  (LP(N)[Sy])T = LY (V) [M).

n

isometrically. Passing to the adjoint in (20), we obtain that
IT* @ Tag, : IP (N)[My] — LP (M)[My]|| < |IT |

for every n > 1. Thus T™ is completely regular, with ||7*[|;cq < || T]|s1. It now follows
from [27, Lemma 2.3] that T is completely regular as well, with ||T'||;eg < ||T'||s1. The case
p =1 is proved similarly, using Remark 3.10.

The converse is clear, using Proposition 3.7 again. U

Remark 3.12. Junge’s space LP(M; ¢') from [13] coincides with the subspace of LP(M; S1)
of matrices [z;j]; j>1 such that x;; = 0 for any ¢ # j. In [21, Definition 2.5], we intro-
duced ¢*-boundedness by saying that a bounded map T: LP(M) — LP(N) is ¢*-bounded
if T ® I extends to a bounded map from LP(M; /') into LP(N;¢1). Tt is plain that any
S'-bounded map T is ¢*-bounded, with ||| < ||T||g1. However [21, Example 2.7] shows
that the converse is not true.

We now state the main result of this section.

Theorem 3.13. Suppose that T: LP(M) — LP(N) is a completely positive operator. Then
T is S'-bounded and | T|| g1 = ||T.
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Proof. Let T: L*(M) — LP(N) be a completely positive operator. Fix some n > 1.
Let = [xjj]1<ij<n be a matrix of elements in LP(M) with |[z||p(rus1) < 1. Ac-
cording to Lemma 3.4, there exist an integer m > 1 and families (a;xr)i1<i<n,1<k<m and
(bkj)lgkgm,lgjgn in LQP(M) such that

*
HZ QAik Qg
ik

for any 1 < 4,7 < n. We introduce

m m

* * Tij  Tgj

rij =) aniy, s =) by and oz = <$ -
k=1 k=1

7t Sij

m
<1, H Z szbkj”p <1 and Tij = Zaikbkj
=1 k=1

P k,j=

for any 1 < 4,7 <n. Then we set

r = [ril, s = [sij] and z = [z].

r oz
z = .
z* s

Following Remark 3.5 and (4) we regard x, z*, 7, s as elements of Sh@ LP (M) = LP(M, QM)
and we regard z as an element of S5 ® LP(M) = LP (M, ®M).

With z* = [27;], we may write

SR ST ) >

Shom @ LP(M) and Sh, ,, @ LP(M), respectively, and let ¢ = <a

o ® LP(M). Tt

>eSp

2n,m

follows from the above definitions that

- <ba> (@ b) = e,

hence z € LP(Ma, @M)T.

Let us write T), = Igp ® T for simplicity. By assumption, T, is positive hence

To(r) T,(x)

T = (0 E0) € pomEm*

Consider the positive square root (Th,(2))'/2, which belongs to L2 (M, ®M)*. We may

write it as
Tl = (5. ).

with a, B, § in L?(M,®M), and o > 0, § > 0. Then,

(21) T(r) = o® + %
(22) T(s) = BB+ 0%
(23) To(z) = afB + B6.

Write a = [ay5], B = [Bi;] and § = [0;;]. Using (23), we have

n n
T(xij) = Z ik Brj + Zﬂikékj, 1<4,j <n.
k=1 =1
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Let
1/2 1/2

a= Z QoG + Z BikBik and b= Z BreiBrj + Z 05 Ok; ,
ik ik .k k.j
then the above factorization implies that

1T @il Lo arsz) < llallzplbll2p:
Now observe that by (21) and (22), and the fact that o* = o and §* = §, we have

T(ry) = Z iragy, + Bik B, and T(sj;) = Z ﬁZjBkj + 52]‘5761'
k k
for any 1 < 4,5 < n. Consequently,

2 * *
lall3y = ||>" asat + 3 BB
p
- [ 1
P p
< TS i
i

Similarly, we can show that ||b\|g£ < ||T||?, and therefore

T @il Lo sy < I1T-

The result follows at once. O

p
p

p p
= TIP||> " aswa | < i
P iR P

Remark 3.14. Let 1 < p < oo. Following [5,14] we say that a bounded map T': LP(M) —
LP(N) is decomposable if there exist two bounded maps Sy, S2: LP(M) — LP(N) such
that the mapping

F51,52 = (g—i g;) : LP(M2®M) — Lp(M2®N)

taking any (; iz) to (ﬁly(:))* 5’2((?))’ with z,y,r,s € LP(M), is completely posivive.

This is equivalent to T" being a linear combination of completely positive maps LP(M) —
LP(N). In this case, the decomposable norm of T" is defined by

(24) I laee = inf {max{[Syl, |S2I1}},

where the infimum is taken over all possible pairs (51, S2) such that I's, g, is completely
positive . When T is completely positive, I'r 7 is completely positive and we have ||T'[| e =
|T|| in this case.

With these definitions in mind, it is clear from the proof of Theorem 3.13 that the latter
generalizes as follows, for any 1 < p < oc:

(25) Any decomposable map T': LP(M) — LP(N) is S*-bounded, with ||T|lgt < |T'||dec-

In the special case when M, N are hyperfinite, the converse is true, that is, any S'-
bounded map T': LP(M) — LP(N') is decomposable, with | T||g1 < ||T||gec- This follows
from Proposition 3.11 and [5, Theorem 3.23]. We do not know if this property is true for
general semifinite von Neumann algebras.
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We finally mention that Proposition 3.11 together with [27, Proposition 2.2] show that
when M, N are semifinite and hyperfinite von Neumann algebras, every S'-bounded
operator T: LP(M) — LP(N) is completely bounded. We do not know whether this
property is true for general semifinite von Neumann algebras, except in the trivial cases
p=2and p=1 (see Remark 3.10).

4. SEPARATING MAPS WITH A DIRECT YEADON TYPE FACTORIZATION

The notion of Yeadon type factorization was introduced in [21], in reference to Yeadon’s
characterization of isometries on noncommutative LP-spaces for 1 < p # 2 < oo [34]. In
this section, we introduce the notion of direct Yeadon type factorization and we discuss
the relationship between the norm, the completely bounded norm and the S'-bounded
norm of operators which admit such a factorization.

First we recall some prerequisite concepts and results. A Jordan homomorphism be-
tween von Neumann algebras M and N is a linear map J: M — N that preserves
involution and the Jordan product (z,y) — 3(zy + yz). The interested reader is referred
to [10, Chapter 7], [30] and [17, Exercises 10.5.21-10.5.31] for information on these maps.
We note for further use that any Jordan homomorphism is positive.

We assume that (M, ) and (N, 7x) are semifinite and we let 1 < p < co. Following
[21], we say that an operator T': LP(M) — LP(N') has a Yeadon type factorization if there
exist a w*-continuous Jordan homomorphism J: M — N, a partial isometry w € N, and
a positive operator B affiliated with N, which satisfy the following conditions:

(a) w*w = J(1) = s(B), the support projection of B;
(b) every spectral projection of B commutes with J(z), for all z € M;
(¢) T(z) = wBJ(zx) for all x € M LP(M).

In this case, w, B and J are uniquely determined by T and we call (w, B, J) the Yeadon
triple associated with T

Yeadon’s Theorem [34] asserts that if p # 2, any isometry T': LP(M) — LP(N') admits
a Yeadon type factorization.

Following [21], we say that an operator T': LP(M) — LP(N) is separating if it preserves
disjointness of elements; that is, if for x,y € LP(M) such that x*y = zy* = 0, then we
have T(x)*T(y) = T(z)T(y)* = 0. It is shown in [11,21] that 7" admits a Yeadon type
factorization if and only if it is separating.

Let J : M — N be a Jordan homomorphism and let D C AN be the W*-algebra
generated by J(M). Then J(1) is the unit of D. By e.g. [30, Theorem 3.3|, there exist
projections e and f in the center of D such that

(i) e+ f=J(1).
(ii) =+ J(z)e is a *-homomorphism.
(iii) « — J(x)f is an anti-x+-homomorphism.
Let N1 = eNe and Ny = fNf. Welet 7: M — N7 and 0: M — N3 be defined by

m(z) = J(x)e and o(x) = J(x)f, for all z € M. Then J is valued in N &N and
J(x) = m(x) 4+ o(x), for all z € M. As in [21] we use the notations

(26) J:(Q 2) and J(x):<”%x) U&Q
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to refer to such a decomposition.

Definition 4.1. We say that a separating map T': LP(M) — LP(N') admits a direct (resp.
anti-direct) Yeadon type factorization if the Jordan homomorphism of its Yeadon triple is
a *-homomorphism (resp. an anti-*-homomorphism).

The above definition is partly motivated by a result due to Junge-Ruan-Sherman [15,
Proposition 3.2] which asserts that if p # 2, an isometry T: LP(M) — LP(N) admits
a direct Yeadon type factorization if and only if T is a 2-isometry, if and only if T is a
complete isometry.

Remark 4.2. Let T: LP(M) — LP(N) be a separating map and let (w,B,J) be its
Yeadon triple.

(a) The mapping w*T'(-), which maps any x € M N LP(M) to BJ(z), is also a sep-
arating map. Its Yeadon triple is (J(1), B, J). Since J is positive, B is positive and B
commutes with the range of J, the mapping w*T'(-) is positive.

(b) Assume that J = 7 is a x-homomorphism, so that 7" has a direct Yeadon type
factorization. For any n > 1, I, ® 7 is a *-homomorphism from M, ®M into M, QN
Hence Igr @ T': LP(Mp,@M) — LP(M,@N) admits a Yeadon type factorization. Indeed
the Yeadon triple of Igr @ T' is equal to (I, ® w, I, ® B, I, ® ). It follows from (a) that
in this case, w*T'( ) is completely positive.

Remark 4.3. Let T: LP(M) — LP(N) be a separating operator, with Yeadon triple
(w, B, J). Assume that w = J(1), so that

T(z) = BJ(z), =€ MnNLP(M).

Consider a decomposition of J as in (26). This induces a direct/anti-direct decomposition
of T, as follows.

Recall N1 = eNe and Ny = fN f. Then N1, N5 are semifinite and we have

LPN) & LP(N2) = LP(N B N2) C LP(N).

Set By = Be and By = Bf. Since B = BJ(1), we have B = By + By. Moreover B
commutes with the range of J, that is, B is affiliated with J(M)’. This implies that B
commutes with e and f. Consequently, By is affiliated with A1 and B is affiliated with
Ns. Now define

Ty: LP(M) — LP(N7) and Ty: LP(M) — LP(N3)
by setting
Ti(z) =T(x)e and To(x) =T(z)f, x € LP(M).
Then
T="T +1T5.
Further T is a separating operator and its Yeadon triple is equal to (1ar,, B1, 7). Likewise
T5 is a separating operator and its Yeadon triple is equal to (1, B2,0). In particular,

T1 has a direct Yeadon type factorization whereas T5 has an anti-direct Yeadon type
factorization.

In the case when w # J(1), one can apply the following decomposition principle to the
mapping w*T'(-) from Remark 4.2 (a).
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Proposition 4.4. Let T: LP(M) — LP(N') be a bounded operator with a direct Yeadon
type factorization. Then T is completely bounded and ||T||x = ||T||-

Proof. Suppose that T has a direct Yeadon type factorization, with Yeadon triple (w, B, )
and fix some integer n > 1. Set m, = I, @7, w, = [, ®w and B,, = I,, ® B. By Remark
4.2 (b), Is» @ T is separating with Yeadon triple equal to (wy, By, 7).

We note that for any z € M N LP(M), we have |T'(z)|P = BPn(|x|P), hence
(27) 1T (@) = 7 (BP7(|2[")).

Let y € (M,®@M) N LP (M, ®@M). Then similarly we have
I(Zsy @ T} = Tarn (Bhmn(ly ).

Write x = |y[? and decompose it as = [z;j]1<; j<n. Then

n
T (BEma(lylP)) = > 7ar (BPm (i)
i=1
For any 1 <1 < n, we have

1 1
(B (i) = IT@H)IE < ITIPleflly = 1T 1P 7a (i),

by (27). We infer that

n
(Zsg @ TY)E < NTIP D~ maa(@ia) = |ITIP Tann()-
i=1
This yields ||(Isr @ T)(y)|l, < | T|ll|yllp, which proves that T is completely bounded, with
ITleo = [I7']- O

Proposition 4.5. Let T': LP(M) — LP(N') be a bounded operator with a direct Yeadon
type factorization. Then T is S'-bounded and |T||s1 = ||T|.

Proof. Suppose that T has a direct Yeadon type factorization, with Yeadon triple (w, B, 7).
By Remark 4.2 (b), U := w*T(-) is completely positive. Hence by Theorem 3.13, U is S!-
bounded, with [|[U||g1 = ||U||. Since wU(z) = T'(z) for any x € LP(M), this immediately
implies that T is also S'-bounded, with ||T||g1 = ||U||g:. Further we have ||T| = ||U]|,
which yields the result. O

In the case when M, N are hyperfinite, it follows from [5,27] that any completely
positive map T': LP(M) — LP(N) is automatically completely bounded, with ||T| =
|T||. We do not know if this holds true in general. If this were true, Proposition 4.4 would
be a direct consequence of Remark 4.2 (b).

5. DIRECT YEADON TYPE FACTORIZATION AND ISOMETRIES

We proved in the previous section (Propositions 4.4 and 4.5) that if a contraction
T: LP(M) — LP(N) admits a direct Yeadon type factorization, then it is both completely
contractive and S'-contractive. The purpose of this section is to establish converse state-
ments for isometries. Namely we will show that an isometry T': LP(M) — LP(N) admits
a direct Yeadon type factorization provided that either 7' is completely contractive and
p # 2, or T is S'-contractive.
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We need three preparatory lemmas.

Lemma 5.1. Let 1 < p < oco. Let M and N be semifinite von Neumann algebras and let
be LP(N). Consider a matriz [z;j]1<ij<n of elements in LP(M). We have

(28) [[zi; @ Ol Lo rm@arisyy = 1Bllp 1]l Lo (51
Proof. The case p = 1 follows from Remark 3.10, so we may assume that p # 1. Let

p' = ;27 be the conjugate number of p. Let b € LP(N) and let ¢ € L¥ (N) such that
llclly = 1 and 7ar(bc) = [|b||p. Define

T: LY (M) = LV (MBN), T(z)=z0ec
We claim that 7" is decomposable, with ||T||4ec < 1, see (24) for the definition. To check

this, consider the polar decomposition ¢ = ulc| of ¢. Then |c*| = u|c|u*. In the space
LY (My®N), the matrix <IEI }ED = <i 1) ® |c| is positive, hence

(Ifl ey _ (fuw O\ [le] e\ (1 O
Ci= <c* ) =\o 1) el 1) \o w) 2
Consequently the operator
LV (My®M) —s LF (Mo®M) @ LP (My®N) C LP (My@MSN)

taking X to X ® C for any X € LV (My®M) is completely positive. For any r,z,v, s in

o _(r = . (r®|cf] z®c
LP (M), and X <y S>,the matI‘lX(y®C* s@|d

of X ® C. We deduce that the mapping I': LP (Mo®M) — L (My@MEN) defined by

rox\ _ (r®|c z®c o
r(p ) = (e B) remse o,
is completely positive. Since r — r ® |¢*| and s — s ® |¢| are contractive from LP (M)
into L’ (M®&AN), this proves the claim.
Next the adjoint 7*: LP(M®N) — LP(M) is also decomposable, with ||7%*||4ec < 1. By
(25), this implies that 7% is S'-contractive. The inequality > in (28) follows since for any

x € LP(M), we have T*(x ® b) = ||b||, . The reverse inequality < in (28) is immediate
from the definitions. O

> is an extracted square matrix

The next result extends (3) to S'-valued spaces.

Lemma 5.2. Let 1 < p < oo and let N1 and Ns be semifinite von Neumann algebras.
For any n > 1, for any [xilj]lgi,jgn in LP(N'1; SE) and for any [l”?j]lgz’,jgn in LP(Na; S},
we have

3=

1,2 1 2
(29) ||[xij7xij]||Lp(N—1%’N—Q;S}l) = (H[wij]llipwl;s%) + ||[1’ij]‘|ip(N2;s}L)>
Proof. Let ¢ > 0. By Lemma 3.4, there exist an integer m > 1, families [a%k]lgign,lgkgm
and [by 1<k<mi<j<n in LP(N1), and families [af]1<i<ni<k<m and [B]i<k<mi<j<n in
L?(N3) such that we have x}j =>4 ailkbllq and x?j = afksz for all 1 < i,j < n, as
well as norm estimates

S

ain)ikll e gz, 1) = 1Okl 2o, 10 < (Hzilleossy) +€)
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and

(S

(ase)i el 2 asigez 1) = 1O kilLzovasez, 10 < (1255l o aist) + €)

Let N = N1 &N, Using (3), we have

1 2 1 1 2 2
H(az‘kvaik)i,k||L2P(N;{€%m}7-) = H(Z aikaz‘l;kvzaz’kail:)
k k

p
1 1x
<H§ ik%ik I
k

1
2

Lr(N)

2 2%
+ H Ak Qi
(Nl) zk':

1
p 2
LP(N2)>

1
2 2 2
= (k)i Bz, 1y + 1@k gz )

1
< ((blloosy + )"+ (ladllssy +2)°)°

Likewise,

[N

(ks b7 )ikl 2o (o2, 30y < ((”[‘rzlj]HLP(Nl;S}l) +e)" + (N3]l Lovassy) + €)p)
Since (:c%j,x%j) = Zk(a}k,a?k)(bij,sz) forall 1 <i4,j < n and € > 0 is arbitrary, the
above two estimates imply the inequality < in (29). The proof of the reverse inequality is
similar. O

The next result may be known to operator space specialists. We include a proof for the
sake of completeness.

Lemma 5.3. Let 1 < p < oo, let n > 2 and let t: S, — SE denote the transposition
operator. We have

(i) 1t :SE = SBlley = |Tgr @ t: SEISE] — SEISE][| = 2275,
(i) fIt: Sh = Shllreg = It ® Is1: SRISE] = SHISAI = n.

Proof. We will use the the Haagerup tensor product (%, the row and column operator spaces
R,, and C,,, the interpolation spaces R, (6) = (C,,, Ry,)g for 6 € [0, 1], introduced in [24],
and the construction of operator space valued SP-spaces from [26, Chapter 1]. We will
also use the crucial fact that the Haagerup tensor product commutes with interpolation
(see [24, Theorem 2.3] for a precise statement). We refer to the above references and
to [6,25] for some background.

Let (e1,...,e,) be the standard basis of £2. Tt follows from [26, Theorem 1.1] that for
any operator space F/, the mapping F;; @ +— ¢;®x®ej;, 1 <14,7 < nand z € F, uniquely
extends to a completely isometric isomorphism

(30) SPIE] = Ro (L) & B & Ry (1 - 1).

(¢) : First we note that ||t: M,, — M,||s» = n, see e.g. [8, Proposition 2.2.7]. Since we have
: — b = 1, we obtaln by interpolation that
t: 82— §2 1 btain by i lation th

1
I[t: S — 8P| < n?2 75,



20 C. LE MERDY AND S. ZADEH

We now turn to lower estimates. Consider the matrix [E;;] in S;,[Sh] and note that Igr ®1
maps [Ej;] to [Ej] and [Ej] to [Ej;]. Applying (30) with £ = Sh equipped with its
canonical operator space structure, we have isometric identifications

SEISE] = R (L) & R (1) & R (1 — 1) & Ry (1- 1)

h
~ Rp2(5) @ Rz (1 - 5)
~ SP,.
In the first of these identifications, [Ej;] corresponds to 3, e; ® e; ® €; @ e;, which may

be written as (ZZ e ® ei) ® (Z] ej ® ej). Since the e; ® e; are pairwise orthogonal in ZiQ,
we deduce that

n
1B lspisny = D@ e
=1

n
1 1
e'®e'H =n2n2 =n.
E , J J
R,2(1) szl R2(1-7)

Similarly, [Ej;] corresponds to >, . e; ® €; ® €; ® ;. Further {e; ® e; : 1 <4,j < n} is
an orthonormal basis of ¢2,. Hence through the identification of SF[SH] with S5, [Ej]

2
corresponds to the identity map on K?LQ. Its SP-norm is equal to n», hence

2
1Bl sp1sp) = -

These computations show that ||Igr @ t: SE[Sh] — SE[Sh]|| > n?/2=1/Pl. Since the cb-
norm of ¢ is greater than or equal to ||Igr ® t: Sp[Sh] — SK[SH]|, this proves the double
equality in (i).

(7i) : Note that
t: My — My|lpeg = ||t: My, — Myllap =n
and that ||t : S} — S}|lreg = [|t: My, — My||reg by duality. Hence by interpolation,

|t: SE — SPlpeg < 1.

h
We now turn to lower estimates. We have S! ~ R, @ C,, completely isometrically hence
applying (30) with £ = S}, we have an isometric identification

h h h
PIqly ~ 1 1
SE[Sp) = R (%) © Ry © Cr @ Ry (1 - 1).
According to e.g. [8, Proposition 1.5.14 (6) & (8)], we have

_ Q2p
=S.P.

Rn(%) §>Rn ~ (Cn<§>1~2n,Rn<§>Rn)l ~ (M,,S52)1
p p
Likewise,
h 1 h h 9 9
Cn @Ry (1= 3) = (Cr®Cpy Cr® Rp),_1 = (S5, My), 1 = SP.
p p

Hence arguing as in the proof of (i), we have

n n
E. . = H e; ®e; H e»®6"
ITEi5] sz s2) ; C R () & Ry ; T

h 1
Cn ® Rn(1-1)

1

|2 2 — 672%“?933’ =nr.
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Next using as in (i) the correspondance between [Ej;] and 3, s e; @ e; ® €; ® €5, as well as
the functorial property of the Haagerup tensor product (see e.g. [6, 1.5.5]), we have

n
H Z e; ¥ ejRe; @ ej‘

h h h
2,j=1

< [2n: Bu(3) = Ball gl 1 Cn = Ra(1 = 3) g, 1Bl sz

Using the facts that CB(Cy,, R,) =~ 5% and CB(C,,, Cy,) ~ M, (see e.g. [7, Section 4]), we
both have HIn: C, — R”ch —n? and HIn: Cc, — Canb = 1. Hence
1

[t Bu(3) = Rall, <0209,

by interpolation. Likewise,

1

[In: Co = Ra(1=2)| ., < L3011
h h h h
Further R, ® R, ® C,, 8 C), ~ R,2 R C}2 ~ 57112 hence

B Ry $CubCn HIn2: lhe = gizHl =n?

n
HZ ei®e; Qe Qej
ij=1
These estimate yield
1+
1[Ejilllspsy = n 2.

Hence we obtain that

s
It @ Isy: SHISa] = SEIS,]ll = — =n.
Since ||t: S5 — Shllreg > [t @ Ig1: SH[SA] — SRISAI, (ii) follows at once. O

Theorem 5.4. Let T: LP(M) — LP(N) be an isometry. The following statements are
equivalent.

(i) T admits a direct Yeadon type factorization.
(i) T is S'-contractive.

Proof. The implication “(i) = (ii)” follows from Proposition 4.5 so we only need to prove
“(it) = (1)7.

We first show this implication in the case when M = M,,, withn > 2. Let T': LP(M,,) —
LP(N) be an isometry and assume that 7' is S'-contractive. By Remark 3.12, [21, Theorem
4.2] and Yeadon’s Theorem, 7' admits a Yeadon type factorisation. Let (w, B, J) be its
Yeadon triple. Changing 7" into w*T'( - ), see Remark 4.2 (a), we can assume that w = J(1).

0
Let us apply Remark 4.3 to T'. In the sequel we use the elements N1, Ns, B, By and

Ty: LP(M,) — LP(N1), Tv: LP(M,) — LP(N>)

Consider a decomposition J = <7r 2) as in (26). We aim at showing that o = 0.

from this remark. By construction we have T} (x) = Byn(z) and Ty(x) = Beo(x) for any
x € LP(M,,).
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Applying Lemma 2.2 to the unital *-homomorphism 7: M, — N1, we obtain a projec-
tion €1 in A7 and a bijective *-homomorphism p, : N7 — M, ®(£1N1£1) such that

(prom)(z) =2 e, x € My,
and p, is trace preserving. By Lemma 2.1, p, induces an isometry (still denoted by)
pr: LP(N7) — LP(M,,®(1N161)) ~ SP @ LP(e1N1€1).
We have By = T1(1I,,), hence By € LP(N). Further for any = € LP(M,,), we have
(pr 0 T1) (z) = pr (Bim(x))
= px(B1)px(m(x))
= px(B1)(z @ €1).

Since Bim(x) = m(x)Bj, a similar computation shows that we also have (pr o T}) (z) =
(r ® €1)pr(B1). This shows that p(B1) commutes with © ® e for any x € LP(M,).
Consequently there exists by in LP (1N 1e1) such that p,(B1) = I,, ® by. Then the above
computation shows that

(31) (proTy) (x) =2 ® by, x € LP(M,).

Recall that we let t: M,, — M, denote the transposition map. The mapping cot: M,, —
N3 is a unital *-homomorphism. Hence arguing as above, we obtain a projection € in
Na, a trace preserving bijective *-homomorphism p,: No — M, ®(e2N2e2), inducing an
isometry

Po - Lp(NQ) — Lp(Mn@(f‘:QNQE':Q)) ~ Sﬁ & Lp(€2N2€2),
and some by in LP (g2 2e9), such that

(32) (po 0 To) (x) = t(x) ® ba, x € LP(M,).

Observe that pr: LP(N1) — LP(M,®(e1N1e1)) and py: LP(N2) — LP(M,®(c2N2e2))
are completely positive. Hence by Theorem 3.13, they are S'-contractive.

Let m > 1 and let [z;]1<ij<m in Sh[SL]. Since pr is S'-contractive, we have

o © T1 (@i M| o (@ (e e )ssy) < T (@i)]llzeay;sa,)-

On the other hand, using (31) and Lemma 5.1, we have

[lor o Ti(@ip) | o (v, @(enier)ssy) = @i @ 0lll e, @(enie)ssy) = zislllszisa b1 llp-
Hence we obtain that

1 < @il e sz)-

’nL

161llpll 5]l 52151,
Similarly, using (32), we have
[02l[pl [t (i) sz psn 1 < IT2(@i)Il Lo (arassn, ) -
Taking the p-th powers and summing the above inequalities, we obtain that
b1 811 g 55 2120 i) B
< T @D sty + @D s -

According to Lemma 5.2, the right-hand side in the above inequality coincides with
H[T(:L'ij)]||}£pw.s1 ) Since T is assumed S'-contractive, we infer that

(33) o1 lIPH a1 51 1 + D2 NP ) g1 < Nwis]gp a1
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Using (31) and (32) again, we note that for any = € Sh,
1T (@5 = [Ty (@)l + 1 T2(2) 15
= [lz @ ba|[) + [[t(2) @ bal[},
and hence
(34) 1T (@) = N5 (11615 + [1o2115)-
Since T is an isometry, this implies that
[[ba][, + N2l = 1.
Replacing ||b1][5 by (1 — [|b2]|h) in (33), we obtain that

1b2llpll [t (i) sz (52,1 < N1b2llpll[2i5] sz sz,

for any m > 1 and any [z;;]1<i j<m in Sh[SL]. By Lemma 5.3 (ii), the above inequality
holds only if b5 = 0. In this case, we have 0 = 0, and hence J is a *-homomorphism.

We now consider the general case. We let T: LP(M) — LP(N') be an isometry and
assume that T is S'-contractive. As in the first part of the proof, this implies that 7" has a
Yeadon type factorisation. Let J: M — A be the Jordan homomorphism in the Yeadon

triple of T" and let J = 7(; 0 be a decomposition of J as in (26). Let M; = Ker(o).

Since ¢ is w*-continuous, Mj is a w*-closed ideal of M. Hence we have a direct sum
decomposition

o0
M= Mi;D Ms.
Moreover o), is one-to-one. To prove that J is a *-homomorphism, it suffices to show
that My is abelian.

If not, then by Lemma 2.3, there exists a non zero *-homomorphism ~: My — Ms
taking values in Mg N LY(My). Let 7/ = 744 07: My — C. Then 7/ is a non zero trace on
M5 hence there exists 6 > 0 such that 7/ = §try. This readily implies that

§ vy LP(My) —s LP(Ms)

1 1
is an isometry. Further § »+ is completely positive. Hence by Theorem 3.13, § »~ is
Sl-contractive. By composition, we obtain that § »T o~ is an S'-contractive isometry

from LP(Myz) into LP(N'). According to the first part of this proof, 57T o v has therefore
a direct Yeadon type factorization. We observe that the Jordan homomorphism of its
Yeadon triple is equal to J o . The latter is therefore multiplicative, hence o o 7 is
multiplicative. Since ¢ oy also is anti-multiplicative, we actually have

o ory(ab) = [oo(b)][o 0 v(a)] = o 0 v(ba)
for any a,b € M,. However o oy is one-to-one, hence the above property implies that

ab = ba for any a,b € M, a contradiction. Hence Ms is abelian as expected, which
concludes the proof. O

Remark 5.5. Let 1 < p < oo and let N be a semifinite von Neumann algebra. The
argument in the first part of the proof of Theorem 5.4 shows that for any n > 1 and
for any non zero separating map T: S — LP(N), the operator |T|| 71T is an isometry.
Indeed this follows from (34).

Likewise for any Hilbert space H and for any non zero separating map 7: SP(H) —
LP(N), the operator | T||~'T is an isometry.
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Theorem 5.6. Let 1 < p # 2 < oo and let T: LP(M) — LP(N) be an isometry. The
following statements are equivalent.

(i) T admits a direct Yeadon type factorization.
(ii) T is completely contractive.

Proof. The implication “(i) = (ii)” follows from Proposition 4.4 so we only need to prove
“(it) = (7)”. It turns out that the proof of the similar implication in Theorem 5.4 applies
for this case, up to a few changes that we now explain.

Assume first that M = M,,, with n > 2, and consider 11,75, pr, po, b1, b2 given by the
proof of Theorem 5.4. By Lemma 2.1, pr: LP(N7) — LP(M,®(e1N1e1)) and p,: LP(N2) —
LP(M,®(e2/N2€2)) are complete isometries. Further for any m > 1 and any [zj]1<ij<m
in Sh,[S%], we have

lzij ® bill o (rt@rn@ e ey = zislsz,szillo1]lp,
by (2). Hence
161 llpl {5l 52,1521 < T (i)l Lo (at,m@nr) -
Similarly
102lpll (i1 sz, 1521 < NT2(@ij)]ll Lo (atuna) -
Moreover by (3),
@I 0 mn = T @I 0wy + @ 0
Then using Lemma 5.3 (i), the argument in the proof Theorem 5.4 shows that by = 0 and
hence that T" has a direct Yeadon type factorization.
In the general case, the proof of Theorem 5.4 applies almost verbatim, using the simple

1
fact that § »~ is a complete isometry. a

Remark 5.7. Let n > 2 and consider T: SE é Sk — SP é Sh defined by
T(z,y) = (.07 #1(x)),  z.y€ S

Then T is a separating map and by Lemma 5.3, we have ||T'|| = ||T'||s1 = ||T'||cs- However
T does not have a direct Yeadon type factorization. This shows that Theorems 5.4 and
5.6 cannot hold true if we remove the isometric assumption on 7.

Remark 5.8. Let T': LP(M) — LP(N') be an isometry. The proof of Theorem 5.4 actually
shows that T admits a direct Yeadon type factorization if and only if T is Si-contractive,
that is,

T ® Isy: LP(M;83) — LP(N; S3)|| < 1.
Likewise if p # 2, the proof of Theorem 5.6 shows that T" admits a direct Yeadon type
factorization if and only if T" is 2-contractive.

Note that Theorem 5.6 and the above remark extend [15, Proposition 3.2]. Theorem
5.4 can be regarded as a variant of the latter. Its main feature is that it also applies to
p = 2. We emphasize this in the next statements.

Corollary 5.9. An isometry T: L*(M) — L?>(N) admits a direct Yeadon type factoriza-
tion if and only if it is S'-contractive.

Corollary 5.10. Any completely positive isometry T: L*(M) — L*(N) admits a direct
Yeadon type factorization.
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Proof. This follows from Theorem 3.13 and Theorem 5.4. O

Remark 5.11. Assume here that M, N are semifinite and hyperfinite von Neumann al-
gebras. In the case when p # 2, Theorem 5.4 follows from Theorem 5.6, by Proposition
3.11 and [27, Proposition 2.2]. Moreover the L?-case of Theorem 5.4, and hence Corol-
laries 5.9 and 5.10, have a much simpler proof. Indeed under the hyperfinite assumption,
suppose that T: L?(M) — L?(N) is an S!'-contractive isometry. By Proposition 3.11, T'
is completely regular with ||T||,eq < 1. Applying (19) with the specific operator space
E = S2|Max(£})] we obtain that

(35) IT ® Igs ® Iy - LA(M)[S3[Max(£3)] — L2(N) [S3[Max(63)]]|| < 1.

According to [26, Theorem 1.9], we have a Fubini type isometric identification between
L?(M)[S5Max(¢3)]] and L?(M;®@M)[Max(¢3)]. Combining with [21, (7)], we then have

L*(M)[S5[Max(£3)]] ~ L*(Ma®@M; £3).
We have a similar result for A'. Consequently (35) implies that
I ®T: LA (My®M) — L*(Ma®N)

is i-contractive. Further L?(My®M) (resp. L?(M2®N)) coincides with the Hilbertian
tensor product of S3 and L*(M) (resp. L?*(N)). Hence I sp ® T is an isometry. It

therefore follows from [21, Theorem 4.2] that I 52 ® T admits a Yeadon type factorization.
By [11, Theorem 3.6], this implies that 7" admits a direct Yeadon type factorization.
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