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QUANTUM STATISTICS TRANSMUTATION VIA MAGNETIC FLUX
ATTACHMENT

GAULTIER LAMBERT, DOUGLAS LUNDHOLM, AND NICOLAS ROUGERIE

ABSTRACT. We consider a model for two types (bath and tracers) of 2D quantum parti-
cles in a perpendicular magnetic field. Interactions are short range and inter-species, and
we assume that the bath particles are fermions, all lying in the lowest Landau level of the
magnetic field. Heuristic arguments then indicate that, if the tracers are strongly coupled
to the bath, they effectively change their quantum statistics, from bosonic to fermionic or
vice-versa. We rigorously compute the energy of a natural trial state, indeed exhibiting this
phenomenon of statistics transmutation. The proof involves estimates for the characteristic
polynomial of the Ginibre ensemble of random matrices.

CONTENTS

[ INOdUCHON. « . .« e e e e e e e e e e e e 2
.............................................................. 3

L N 01010) (538 1015 4 1 1 1 [P U TP 26
4 0107 1 010 11 1 0 1 1 28
4.4. Proof of Theoremﬁ ................................................ 32

Date: January, 2022.



2 G. LAMBERT, D. LUNDHOLM, AND N. ROUGERIE

1. INTRODUCTION

Quantum statistics refers to the ways that identical quantum particles may distribute them-
selves into different energy configurations or probability distributions — Bose-Einstein sta-
tistics obeyed by bosons, respectively Fermi-Dirac statistics obeyed by fermions — and it
is rooted in the exchange and correlation properties of the many-particle wave function.
Pauli’s exclusion principle is the concrete physical manifestation of the mathematical fact
that identical fermions, such as electrons, necessarily occupy individual states as a conse-
quence of the permutation-antisymmetric, or determinantal, structure of their wave func-
tion. The macroscopic consequences of particles being subject to, respectively being ex-
empt of, such exclusion properties include effects such as the stability of fermionic matter,
chemistry and conduction, respectively Bose-Einstein condensation and optical coherence,
and can thus be said to dominate our experience of the three-dimensional world.

On the other hand, quasi-particles (or quasi-holes) excitations of 2D quantum systems in
high magnetic fields are expected to exhibit unusual physics [29} 34} 46, 164]. In somewhat
imaged wording, the mechanism is as follows. The combination of interparticle repulsion
(due to the Pauli principle or genuine, e.g. Coulomb, interactions) and strong magnetic
fields (forcing quantized cyclotron motion) leads particles to “bind to magnetic flux quanta”.
They thus effectively behave as producing a magnetic field, constant for a homogeneous
system. Impurities/excitations in such a system can experience two noticeable effects:

They can feel the effective magnetic field, resulting in their coupling (i.e. electric charge)
to the actual external magnetic field being modified.

By piercing holes in the underlying system they may deplete the effective field in a neigh-
borhood around their location, which leads them to also “bind to magnetic flux quanta”. This
can modify their interactions, and in effect change their quantum statistics.

A mathematically rigorous understanding of these phenomena seems an important chal-
lenge, in particular in cases where the effect of | B | is most spectacular: it is known [4} 45,
67,16, 166] that the modification of the excitations’ statistics can lead to the emergence of
quasi-particles with fractional statistics [38, 27, 163]]. Recent experiments 3, 49] have pro-
vided concrete evidence that the above mechanisms lead to the emergence of quasi-particles,
termed “anyons”, violating the dichotomy between bosons and fermions which is obeyed
by all fundamental particles.

Our goal in this paper is to make progress towards rigorously establishing Effects and

in a well-defined model. The emergence of fractional statistics is out of our present reach
but we obtain a clear signature of statistics transmutation: bosonic (respectively fermionic)
impurities effectively behave as fermions (bosons), acquiring (loosing) a Pauli exclusion
principle via their coupling to a specific quantum bath.

Our model is made of the following main ingredients:
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« a large bath of non-interacting 2D fermions,

« several tracer particles (impurities) immersed in this bath,

« a strong short-range repulsive interaction between bath and tracer particles,
« an external magnetic field to which both types of particles may couple.

These ingredients pose severe restrictions to any practical realization, and the most rea-
sonable venue would be in gases of cold atoms, where similar systems have already been
proposed [67, 168, 116} 45, 165]. The magnetic field would then be an artifical one [8, [17]],
or brought about by rotation [15, 19, 161]. From now on we consider the above system as a
thought experiment, and proceed to describe it in mathematical terms.

1.1. Model. We assume that the external magnetic field is strong enough to force the bath
particles to all live in the ground energy level of their magnetic kinetic energy (i.e. the
lowest Landau level, LLL). The one-body Hilbert space for the bath particles is thus [56]]

LLL := {qf € L(RY) : w(x) = f(z)e s 7 analytic}, (1.1)

where we identify R? 3 x < z € C and b is the strength of the external magnetic field, in
units with Planck’s constant 2 = 1 and the effective charge (coupling to the magnetic field)
is e = —2. The above space is the ground eigenspace of the magnetic Laplacian

(=iv, - bx*)’ (12)

with constant magnetic field b = gcurl xt, and xt = (x!, x?)t 1= (=x2, xh).

For the tracer particles we consider the full L>(IR?) as one-body Hilbert space. Taking
N fermionic particles for the bath and » impurity particles for the tracers, our full Hilbert
space for the joint system is thus

HioY 1= (LAR?)®m" @ LLL®» ™ = L3 (R*) ® LLL®sn" (1.3)

sym
or
HON 1= (LA(R?)®sm" @ LLLOwn" = L2

asym

(R*") ® LLL®wsm (1.4)
depending on whether the tracers are bosons or fermions. We denote
Woan Vs oo s Vs Xps o s Xy)

a generic element of such a space. This is an L? function symmetric or anti-symmetric under
the exchange of its first n arguments and antisymmetric under the exchange of its last N ar-

L - .. b N 2 . . . .
guments, with in addition e2 2o )] Tn@ ~ being analytic as a function of x, ..., x5, which
we identify with complex numbers z, ..., z,. Henceforth we also identify the coordinates
Yy, ..., ¥, of the tracer particles with complex numbers w, ..., w,. We also write

yow=(w,..,w)€EC andx < z=_(z,...,zy) € CY

for short, with the corresponding Lebesgue measures denoted dz, dw.
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The joint Hamiltonian of the system we consider is

N n n
HY =g Y Y s —y)+ Y, {ﬁ (-iv,, - qujl>2} + WO, ny) (15
=1

k=1 j=1

with g > 0 a coupling constant and W a collection of potentials (typically one- and two-
body) acting on tracers, whose mass we denote m. The “charge” of the tracer particles is
—2q in our convention. The operator 6(x, — y;) is a delta interaction between bath and
tracers, whose precise definition is given in Section[5.1l As a quadratic form it acts as

(Yi116(x = »)|W g1 )0 = / Pigi(x; x)|%dx, (1.6)
R

which is well-defined for W,g, (y; x) € $'®', using the high regularity in the x variable.
The remaining terms of (I.3)) are considered in the sense of forms as well, and the total
energy of an L*-normalized state W, y is given by the associated functional

g[anGBN] L= <Tn®N|HZZ9N|an@N>§jn€BN' (17)

We are in particular interested in the ground state energy

Em@® N) :=inf{E[¥,gn] 1 Yuon € Dl asym: / ¥, onl? =1} (1.8)
R2(+N)

We assumed the bath particles’ individual energy to be frozen by the projection to the lowest
Landau level (whence the absence of a kinetic energy acting on the x degrees of freedom
in (1.3)). We expect that the above can be derived in a suitable limit from a more general
model with the help of methods from [39, 58], but do not pursue this here.

It is convenient to choose a particular scaling of b and N. Indeed, the degeneracy per
unit area [12, 56] of a Landau level is well-known to be of order b, the magnetic flux per
unit area. Hence the N fermionic bath particles, which must occupy orthogonal states in
the lowest Landau level, will fill an area of order N /b. For convenience, we fix this area by
choosing

b=N (1.9)

in the sequel. One can always reduce to this case by scaling lengths, at the price of modifying
parameters in (I.3)) appropriately.

1.2. Main result. We are interested in the ground state problem, namely the lowest eigen-
value E(n @ N) of H;Za  acting on $H"®N_ We investigate the parameter regime where

effects and | B | are expected to take place. Namely we assume that the bath/tracer inter-
action set by g > 0 gives the main energy scale in (I3). It is then a good approximation
to restrict available states to those of the kernel of the interaction operator, the most natural
being of the form (cf. Section [5.1))

W (y:X) = D(y)cy, (W)W, (W 2) (1.10)
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for a ® € L%*(IR*") describing the motion of the tracer particles (hence symmetric under
particle exchange in case (I.3) and antisymmetric in case (I.4)). In our convention

/ P> =1 (1.11)
]RZn

and we thus ensure normalization of (L.10) by choosing ¢ ,(w) > 0 with

(w2 1= / “th(w;z)‘zdz. (1.12)
CN

The main ingredient of the construction is the function ¥, describing a “filled Landau
level with quasi-holes”:

n N N
W, (Wz) = (H (wj—zk>)< I1 (zk—z»He“"zk'z”)- (1.13)
1 k=1

j=1 k= 1<k<t<N

Our main goal is to compute an effective energy functional for the remaining degree of
freedom, i.e. the choice of the function ®. Clearly, for any potential W (y,, ..., y,),

<T<D|W(y1’ cee s yn)llIl(I)>L2(]R2(N+n)) = <¢|W(y1, cee s yl’l)|¢>L2(]R2") . (1.14)

The main question thus concerns the magnetic kinetic energy of the tracer particles. We
assume that they stay within the extension of the bath. With our choice of units (in partic-
ular (L.9)) the latter is essentially the unit disk

D:={xeR|x|<1}. (1.15)
To avoid boundary effects we actually consider the slightly smaller
2, :={,....y) €ER” : |y)| <1 =by(x) forall j=1...n} (1.16)
as the configuration space for the tracers, where, for a fixed constant ¥ > 0 we have set
log N
) = . 1.17
N(K) 1=K N (1.17)

One of the most delicate aspects of the analysis is the behavior of the system when two
tracer particles get close, y;, ~ y; fori # j. It is hence convenient to further define

22 :={y.. s ¥)E D, 1 ly;—y;l 226y (x) foralli,j=1,...,nwithi # j}, (1.18)

the set where no such merging occurs.
The statistics transmutation phenomenon is highlighted by setting

(D(yp---,yn):( H eiarg(yi_yj)) &)(yl"“’yn) (119)

1<i<j<n
with arg(y; — y;) the angle of the vector y, — y; relative to the first coordinate axis, i.e.
the phase of the complex number w, — w;. The energy of the trial state (I.10) is indeed
best expressed in terms of @, which is anti-symmetric in its arguments if @ is symmetric

(respectively symmetric if @ is anti-symmetric). We shall prove the following (we write
a < b when there is a constant ¢ > 0 depending only on # such that a < c¢b):
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Theorem 1.1 (Statistics transmutation in the ansatz (1.10)).
Fix an integer n > 2 (further constants depend on it). Let ¥4 be as in (LI10)-(L.I9) with
b= N and ® € C°(R*") with support in D,. Assume

(1) that there exists a constant Cg > 0 such that, forany 1 <i# j <n
DY) < Caly, =y, (1.20)

(11) that, for some (possibly very large) s > 0 and all j

fo

Then, for any j € {1, ...,n} and for some k > 0 large enough, we have, as N — +oo,

2
/ (—iVyj - qbyjl> w,| =26+ /
R2(N+n) R2n

with an error term satisfying

~ log N log N
[Brr@®)| 5 2 Ojgv +Czq/ -2 ( /
A

2
(—iVyj —(q- 1)byj+) 5‘ < N’ (1.21)

2
(—iVyj —(g- 1)5yjl> c’B‘ +Err(®) (1.22)

o\ 172
) . (1.23)

We shall illustrate the efficiency of our bound by discussing some applications in Sec-
tion[3l Before that, some comments are in order:

(—iVyj —(q- 1)byj+> &

N

(1) The above says that the kinetic energy of the tracer particles in the joint state is
well approximated by a free kinetic energy in the reduced state @, whose quantum statistics
is the opposite of the original one imposed on the tracers. The term 2b in the right-hand
side of (I.22) comes from an effective scalar potential experienced by the tracers, which
turns out to be constant to a very good approximation.

(2) The occurence of Effect | A |is apparent in the modified magnetic field experienced by @.
The “charge” —2q of tracer particles is effectively reduced to —2(g — 1), for they experience
the constant density of magnetic flux attached to bath particles. This conclusion demands
that the tracers be confined to the droplet of bath particles, whence our assumption on the
support of ®@. A sufficiently fast decay can replace the compact support, and can be enforced
by including a trapping potential in the W term of (1.3).

(3) Effect is manifest in the modified statistics of ®. The effect occurs through the
attachment of Aharonov-Bohm flux tubes to the tracers, as apparent when phrasing the
theorem in the equivalent form
2
-2~ [
R2n

/IRZ(NH«)
log N < /
+C;
VN oo

2 log N

N

o 1/2
) (1.24)

< C2
()

. L
<—1Vyj - q[)yj > Yy

(-iv,, +AYw)) @

(—iVyj —(q— 1)[)yj‘> @
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with A" (y) the total vector potential

tot . 0y = ye)
AP(y) 1= (g = Dby} = 3 ——— (1.25)

) |yj - yfl2 .
The second term in the above corresponds to an Aharonov-Bohm magnetic field
(¥ i~ yf)l
curl, ) ——— =27 ) 6, _,.
yj;#j |yj_yf|2 ; Ye=DYj
It can be gauged away using the transformation (L.19). Namely, a calculation shows that:

2

which leads to (I.24)). The coupling to Aharonov-Bohm flux tubes thus has the net effect of
changing the tracers’ quantum statistics.

2
(-iv,, - (@ = Dpy?) 5‘ . (1.26)

(-iv,, +A“0)) @

(4) This change of statististics occurs when tracer particles are well-separated on the scale
of the magnetic length b='/2. Our assumption (I.20) allows to control the contribution
from tracer particles getting very close. It is typically satisfied if @ in describes
free fermions (i.e. tracers described by @ were originally bosons) in the form of a Slater
determinant. Otherwise one needs W to incorporate some inter-particle repulsion in (L.3)
to enforce (1.20) in states of interest.

(5) The main sources of error in our estimates are due to the behavior of the system when
tracer particles are close, i.e. in the vicinity of the diagonal set of the configuration space,
and in fact (I.20)-(1.21)) can be replaced by local conditions around the diagonals. We will
actually deduce the stated bound from a more general one, including smaller corrections to
the effective emergent scalar and vector potentials due to binary tracer encounters. Scalar
interactions can induce behavior akin to statistics [32], and thus it is necessary to obtain
precise control of both emergent effects (vector and scalar) in order to isolate the genuine
features of statistics transmutation.

(6) We conjecture that our energy upper bound is optimal in the limit we consider, if the limit
g — oo (strong coupling) is also taken fast enough. Exactly how fast probably depends on
a variant of the unsolved “spectral gap conjecture” in fractional quantum Hall physics [48),
47,150,152, 162] (see Section [5.1] for more comments).

(7) A possible scenario leading to the model Hamiltonian we consider here, is to allow that
a total number of n + N fermionic particles distribute into different Landau levels, with
the majority N in the LLL and a small fraction n < N in the higher Landau levels, i.e.
excited from the ground state energy. This effectively defines several species of fermions,
distinguished by their Landau level index, and what we have termed tracer particles are then
simply the excited particles. In our theorem it is not necessary to assume that g # 1 or that
m is large, as done in adiabatic treatments. Rather it is only necessary that the fraction n/ N
of excited particles is sufficiently small.
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(8) A conventional route to deducing statistics transmutation in quantum systems of the con-
sidered kind is to compute the corresponding gauge potential as the Berry connection of the
parametrized family of states ¥, and then use an adiabatic argument to conclude that the
tracer particles’ motion around bath particles gives rise to enclosed fluxes, or holonomies,
thereby manifesting the appropriate exchange phases [4, 21, [30, 46l 29| 9]. However, as
discussed in [20] and [435]], this approach is lacking essential information on the dynamics
and energy scales, such as those set by inherent as well as emergent interaction potentials,
which necessitates knowledge of the full Hamiltonian. In addition, one must be careful to
eliminate other potential ambiguities in the phase [29, Section 9.8.2], [30]. Furthermore
the Born-Oppenheimer approximation may break down if we consider the bath and tracers
to be the same type of particle. These issues are circumvented in our present approach.

There is a natural generalization of Theorem [L.1] to the case where fractional statistics
emerge. We state it as a conjecture, with motivation from the fractional quantum Hall effect
literature [4., 28, 9]].

Conjecture 1.2 (Emergence of fractional statistics).
Fix an integer n > 2 (further constants depend on it). Let ¥y, be as in (IL10), but now with
p, u € N and

n N N
W, (W;z) 1= (H [, - zk)”) ( I @-z20]] e-"'zklzﬂ) . (1.27)

j=1 k=1 1<k<t<N k=1

with = N and ® € C°(R?") with support in {|x| < d}*" for some d < \/H. Assume the
existence of a constant Cg > 0 such that the Lipschitz condition (.20 holds, or a weaker,
Hoélder condition

|D(y)| < Czly, — y,1°, (1.28)

for some p > 0 and all i # j. Then, for any j € {1,...,n} and for some k > 0 large
enough, we have, as N — +o0,
2
=202 + /
H R2

‘/]R‘2(N+n)

with A™\(y) the total vector potential

2o =yt
AV (y) = - <q— 3) byt -2y L (1.30)
H H oy = el

2

<—iVyj - qbyjl> v, (—iVyj + A;"‘(y)> ®| + Errors (1.29)

The precise form of the errors is not very important for our discussion, but should roughly
look as in (I.24) with powers depending on f. Formal calculations backing the above can
be found in [45]. Essentially, one follows the heuristics we recall below, without having at
disposal the determinantal structures which allow us to rigorously settle the case p = u =1
in the present paper. Note that the second term in can be formally gauged away by
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choosing

'pza_r —y. g
<D(y1,...,yn)=< IT & yf)> DYy, ... ¥y) (1.31)

1<i<j<n

and thus one thinks of the effective problem in terms of fractional statistics (or, better,
fractional exchange phases). Indeed if @ is bosonic then @ should now formally pick a
phase factor e=*7’/# upon particle exchange (respectively —e=\#7"/# if & is fermionic). For
p > 1 this also accounts for clusters of quasi-holes; cf. [60]. See again [45] and references
therein for further discussion.

1.3. Outline of the proof. The main ingredient (I.13) in the construction of our trial state
is also known as the “Laughlin function of exponent 1 with quasi-holes”. The second factor
of the product is simply a (non-normalized) Slater determinant of the one-body orbitals

pk+D/2 6 12
P(z) 1= —1zFe 72! (1.32)

V k!

fork =0,..., N — 1. The compact form in (L.13]) follows from Vandermonde’s formula

Jgf(:]tv ((pk(zf))kf x H (2, — 2,).

1<k<t<N

This is a fermionic function which belongs to LLL®", as required in our model. The in-

terpretation is that the state of the bath is made of one fermion per available orbital (here
represented by angular momentum eigenfunctions (1.32)), a logical choice for free particles
residing in the lowest Landau level.

The first factor of the product (I.13) represents attachment of quasi-holes to the coordi-
nates of the tracer particles: the joint wave-function vanishes whenever z, = w; for some
pair k, j. This factor is an analytic function of z, and symmetric under exchange of the labels
of the z coordinates and of the w coordinates. Hence the full trial state (I.10) belongs to
the state space (I.3). The exact cancellation of the interspecies interaction comes at a price:
analyticity in z must be preserved, which leads to phase singularities (vortices) attached to
bath-tracer encounters. These are responsible for the emergent gauge field in Theorem [L11
We now sketch the main steps in the latter’s proof.

First, a direct but lengthy calculation shows that, for the basic ansatz (L.10)

2 2

— 2
/ = / + / |7V,
RZ(N+n) RZ(N+n) R2n

(1.33)
for a vector potential
A= Aw,...,w,) € R

. L
<—1Vyj - qbyj ) Yo

(—iVyj — byt + Aj) @

and a scalar potential
Y, =V(w,...,w,) ER
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to be given in Section2l These two potentials depend on the positions of the tracer particles
and on some average properties of the state of the bath, conditioned on that of the tracers.
The task is to show that, up to very small remainders

A — qbyjl ~A%(y), V;~2b
with A (y) as in (I.23). The simplest expressions (but not the only useful ones) we can
give are
A;(w) = —Vl loge; %(w). (1.34)
and
1 _
V(W) = A, log cp (W) (1.35)
where cghz(w) is the normalization constant defined in (I.12)).
Second we use the plasma analogy from [33] (see also [40, 41,152,150, 53, 54, 55]] for

rigorous applications) to investigate the density of bath particles. In hopefully suggestive
notation we rewrite

Cqn(W)W (W3 2) g exp (-T~'H(w;2)), (1.36)

1
Z(w)
interpreting cqh(w)‘2 = Z(w) as a partition function, making the above right-hand side
a probability measure for the positions z. The (fictitious) plasma Hamiltonian is, for the
general state (I.27),

N n

N
2
Hwz =Y |zP+2 Y 1o Fp log m——mr (137)
=1

1<i<j<N |2; —Z | i=1 k=1 Z - wkl

One interprets the right-hand side of (1.36]) as the Gibbs state at temperature T = b~! = N~!
of a2D system of N point charges (the z coordinates) repelling one another via 2D Coulomb
forces, attracted to a constant background of opposite charge and repelled by » other pinned
point charges (the w coordinates). Screening properties of such a system suggest that its
free energy F(w) behaves as the electrostatic energy of the w charges in the neutralizing
background:

Heuristic 1.3 (Screening in the fictitious plasma).
There is a constant independent of w such that

F(w) = —T log Z(w) =2b7! log Cn(W)

~ —% Z lw;|* — Z lo g o] + constant. (1.38)
=l

1<1<j<n
Argument. We have the Gibbs variational principle

F(w)= min { H(w;z)v(dz) +T/
R2N

VEP(R2N) R2

v(z)log (v(z)) dz}
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where the minimum is over probability measures of the z coordinates. Neglecting the en-
tropy term on the grounds that T = N~! < 1 one finds

F(w) ~ min H(w;z). (1.39)
zeR2N
On the other hand, denoting
1
D(elv) = // 0(x) log ———v(y) dxdy (1.40)
R2xR2 |x — yl

the 2D Coulomb interaction between two charge densities, we can formally argue that

lw,—w.| b

n 2 2
H(w;z) ~ —% Z |wj|2 - ,u_pb Z log _ + lD (0"'10"") + constant (1.41)
Jj=1 J

1<i<j<n

where, with the choice R = v/ N u + np,

N n
1
0% =Y 8 A=Y 5, ———1 (1.42)
\/—jzl ; \/ﬁ,-:l ; n\/ﬁ D(0,R)

is the total charge density of the fictitious plasma (in suitable units). Our convention (i.e.
choice of the disk D(0, R) of radius R) is that the system is neutral,

/ 0 = 0. (1.43)
RZ

We have used Newton’s theorem to compute the potential generated by the background (last)
term in (.42)), and accepted two twists: (i) assuming that all the z and w charges lie within
the disk D(0, R) (ii) including in the constant term of (I.41)) several self-interactions like
D(5zj |5z,)- The latter are infinite, but they do not depend on the locations of the z or w
particles.

Using the neutrality condition (1.43)) and Plancherel’s formula we find, in Fourier space,

O O 1
D{e1e") = /]R 27k

D (0t0t|0t0t) Z O

with equality if and only if 0" = 0 (see also [57, Chapter I, Lemma 1.8]). It follows that
0" ~ 0 for a minimizing configuration of the z charges. Inserting this in (1.39)-(L.41)), we
obtain the desired claim. O]

Differentiating the right-hand side of (1.38) as in (I.34)-(1.33)) yields the expected form
of the main result (L24)) (up to a singular term in the scalar potential that we discard for
w; # Ww;).

The main difficulty to push this analogy to completion and provide a proof of our main
results is that the precision of the screening Heuristic[I.3]is not quite obvious, while we need
to obtain extremely small remainders, and to be able to differentiate the results with respect

—~ 2
0t0t(k)| dk

so that
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to the tracers’ location. The standard statistical mechanics [52] route analyzes a mean-
field/small temperature limit for the classical plasma, and yields way too loose estimates.
Even recent very refined analysis [3} 7,16, 36, 37,135, 159] of such systems does not seem to
provide what we would need.

For these reasons we follow a different route, based on the well-known determinantal
structure of the probability measure (I.36)) in the case p = u = 1. Up to now the discussion
was rather general and applicable to support Conjecture [I.2] but we shall now heavily rely
on special structures due to the state of the bath being a Slater determinant. The reach of
the following discussion is thus limited to support Theorem [I.1

Hereafter we denote

N
¥, (0:2) = ] G-z (1.44)
k=1

1<k<t<N

the wave-function of the bath in the absence of tracers and
2
cqh(@)—Z t= / |‘th(ﬂ; z)‘ dz (1.45)
CN

the corresponding normalization constant. It is well-known that th(ﬂ)zl‘l’qh(ﬂ; z)|? is the
joint probability distribution of the eigenvalues of a random matrix drawn from P, the
Ginibre ensemble [23]. A Ginibre random matrix is a N X N matrix filled with indepen-
dent (complex) Gaussian random variables of variance b~!. Since such a matrix is non—
Hermitian, its eigenvalues {xlk}kN: , form a point procesﬂ in C. The latter is determinantal
with a correlation kernel K, which is given for any b > 0 and N € N by
j+1 .
Ky(zw) 1= ) Y i e st e (1.46)
o<j<n J !

We review the properties of these kernels in Section 3l For now we point out that the
(normalized) density of eigenvalues is p(z) = N~'K(z, z) for any z € C. In particular, if
we scale the variance so that b = N, we have as N — +oo,

pn(2) = l]llzl<1 for almostall z € C,
T

which is known as the circular law [24, [10] and means that in the (macroscopic) regime
where b = N, the eigenvalues distribute uniformly in the unit disk D = {|x| < 1}. This
gives the equilibrium measure of the plasma discussed above (for w = @) and its support D
is conventionally called the droplet.

We now denote

N
Oyw) =[] -4 (1.47)
k=1

TAll the eigenvalues are distinct almost surely.
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the characteristic polynomial of a Ginibre random matrix. Then, forany » € Nand w € C”,
we have

Ey [Hj;l O8I | = (@) cqn(W)™? (1.48)

which provides a random matrix interpretation of the partition function c,(w) from (L.12).
This connection with the characteristic polynomial of the Ginibre ensemble motivated the
proof of the following result, taken from [1}31]:

Theorem 1.4 (Exact expression for partition functions with quasi-holes).
For any w € C" with w, # --- # w,, we have

th("")_2 = /
CN

2
‘I’qh(w, z)‘ dz

" el
_ N+nTpN+n-1 —(N+n)(N+n+1)/2 Jj=1
= N1z k!B det [Ky ., (10;, ;)] —|A(w)|2’ (1.49)
where
Aw =[] @;-w) (1.50)

1<i<j<n

is a Vandermonde determinant.

The proof is a consequence of the determinantal structure of the Ginibre ensemble; we
recall that in Appendix [Al Observe now that, taking the log of (1.49)) and differentiating as
in (L34)-(1.33) yields exactly the expected expressions for the emerging potentials, up to
derivatives of the extra term

log (det [Ky.,,(w, )] ). (1.51)

We shall use detailed asymptotics for the correlation kernel K ., presented in Section[3.2]
as our main tool to complete the proof of Theorem [L.1lbased on the exact formulas (1.34)-

(L.35)-(.49).
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tum statistics”). G.L. research is supported by the SNSF Ambizione grant S-71114-05-01.

2. CALCULATION OF THE EMERGING POTENTIALS

2.1. Notation. Recall that in the sequel of this article, we adopt the scaling b = N. We
have seen that it is also convenient to switch between planar and complex variables; we
identify the coordinatesy = (y,, ..., y,) € R*" of the tracer particles with complex numbers
w = (wy, ..., w,) € C"and the coordinates x = (x,, ..., x,) € R*N withz = (z,,...,zy) €
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CV. With these conventions, u(y; X) = u(w; z) is the same function, without implying that
u does not depend on the complex conjugates (w, z). If z = x + iy € C, we denote

_%i0, 0o,
z 2 ’ FA 2

0

so that
AZ = 40102 = 4()2()2. (2.1)

Moreover, we have

(0 _ [ 90,+0z C(=0\ _ (i(@—a.)
V= <aY> - <i(01 _03)> and V= < axy) - < 0.+ 0 ) (2.2)

Hence, if ¢ : C — R is smooth and v : C — C is analytic, then

— mazd) _ mafd) _ 1
V¢_2<_saz¢> ‘2<saz¢> and Vy = <i>azw (2.3)
since dzy = 0. Another consequence is thatif ¢ : C — R is smooth, then
IVoI* = 4|0,¢1. (2.4)

2.2. Expressions using the partition function. Our starting point is the next proposition,
which applies equally well to the fractional statistics case (1.27).

Proposition 2.1 (Expressions of the emerging potentials).
Fixn, N =b € Nand q € R. Let the joint wave-function ¥4, be as in (L10), with a smooth
®. We have forany j =1, ... ,n,

2
/ dxdy = /
]RZ(N+n) ]R2n

2
(—ivyj+,4j—qby]+)cb dy+/R2 02V,

. L
(—1Vyj - qbyj ) Y,

(2.5)

where

A;(w) = céh(w)S (/]sz Yo (w; z)Vyj‘I’qh(w; z)dz)
1 _
= Evif/ log e (W). (2.6)
and
5 L 2
Vi(w) = c(zlh(w) /RZN ‘Vyj‘l‘qh(w; z)‘ dz — cgh(w) ‘/RZN P (W 2)V,, W (W 2)dz
1 _

= EA“’/ log ¢’ (w) 2.7)

where C(;hz(W) is the normalization constant defined in (1.12)).

The second expressions in (2.6)-(2.7) are those we announced already. The first ones
will be useful as well. In particular, applying Cauchy-Schwarz to the first line of we
immediately have V; > 0.
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Proof. By symmetry, it suffices to treat the case j = 1.
First expressions for the emerging potentials. Some of the calculations below might be
folklore in adiabatic theory. It is convenient to denote

E(y; X) = (W)W, (W 2)

so that
Yo (y: x) = D(Y)E(Y; X).
We first observe that

R {/ E(y;X)VylE(y;X)dX} =0 (2.8)
R2N

since by definition

/ |I2(y; x)|%dx = 1.
R2N

2 2
|(-iV,, — aby}) Wo| = |@(=iV, B) + E (<iV, ® - gby}®)|

Then

2
= |52 ‘(—iVyl — gby?) <1>| + 0|V, 2

el 1 T =, = . . —_
+E® (—iV, —gby;) @iV, E+ED(—-iV, —gby;) @- (—1V(519a)).

With
A, (y) :=i/ BV, Edx
R2N

it follows from (2.8) that A, is real, and since so is c,(W), this definition coincides with the
first expression in (2.6). Integrating (2.9) with respect to x and completing a square we find

2 2
/ (-iv,, — qbyy) lpq,| = ‘(—iVyl + A, — qbyy) @‘ +|@f? (/ IV, B> - |A1|2>
R2(N) R2N

which leads to (2.3) with

Y, = / IV, EI” = A, %,
R2N
To complete the proof, we note that (2.8)) leads to

R2N R2N
2 2
=2 = 2 -
/1R2N |Vy1u| B th /]Rmv Vyl \th |Vyl th‘ /]Rm

On the other hand
2 2
/ \thvyl\th - Cth </ quhvyl th)
R2N R2N

b d (2.10)

2
qh‘

and hence
2
Py -

2 _ 4
|A1| _th
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so that, using (2.10) again and recalling that

2
c

yields (2.3) with the expressions in the first lines of (2.6]) and 2.7).

2
‘th| =1

Second expressions for the emerging potentials. Since the function w, — ¥ (w;2) is
analytic, we have

1
V, P = <i>5w1‘1’qh 2.11)

S (/ T_@vyll}'qh> = s( ( ) / |¥u(w: ) dz)
Re (2.12)
-5(( o lnciw)

Where we used the first identity in (2.3)), valid for real-valued functions. The second ex-
pression in (2.6) follows.
As regards the scalar potential, we use (2.4) on real-valued functions and (2.1). Combin-

ing with (2.11) and again we find

so that

2

2 -
V(W) = céh(w) /N |le‘1‘qh(w; z)‘ dz — cgh(w)‘ /N W (W 2)V,, W, (W; 2)dz

2
= 2 qh(w)A (/CN “th(w; z)‘ dz) — Eth /CN

1 -2
=-A,  log Coh (w).
This vindicates the second line of (2.7). O

5 12
lI’qh(w; z)‘ dz

2

2.3. Integral expressions. We finally give a third expression of both potentials, less trans-
parent but useful for some estimates below.

Notation 2.2 (Remainders in the partition function).
Forany n € N and w € C", we denote for N € {1, ...,00},

Y (W) :=det [zb7' Ky, (w, w)]| (2.13)
where K, is as in (L46). Theorem[L.4]can then be rephrased as
no bl
) _ n j=1 ]b (N+n)(N+n 1)+N N N4n— 1 2 14
2w =T ———7Yyw)., Tj:=N Ik @14)
|AW)]

forallw e C".
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Observe that since K, is a correlation kernel (see Section [3] below), the matrix on
the right-hand side of (2.13)) is positive definite if and only if w, # -+ # w,, and the
normalization is such that for any N,n € N and all w € C",

Y,y(w) €[0,1]. (2.15)

Indeed, by Hadamard’s inequality and the fact that K, (w, w) < b/x for all w € C (see
Equation (3.3))), we have Y (w) < 1 for all w € C". We use the function Y 5 to obtain
integral formulae for the emerging potentials using complex coordinates.

Proposition 2.3 (Integral formulae for the emerging potentials).
Fixn,N € Nandw € C". WithY =Y, it holds for j =1, ... ,n,

(1 Y(w,z) d?z
Aj(w)—N\s<<i>/C Yoo n(wj_z)> (2.16)
and
b 2N ( Yw.2) @z, N // Y(w, 2, )Y (W) = Y(w, Z)Y(W,C)dzzd2é“>
W) = = — )
7 YW\ Jolw; —z> 7 Y(W) Je (w; — 2)(w,; = {) T
2.17)

Proof of 2.16). We start from the first expression in (2.6)) and the definition (I.13). Since
the function ‘I’qh(w; z) is analytic in w, € C, we have

1
Vi, You(W;2) = <1> 0y, ¥ (W: 2)

N
_ <}> Z — 1 H —b|z; | /2H(w —zk) H(Z —Zk)
1

=1 T2 = q=k+1
N n+1
_ 1 N-¢ —blz 12/2 —b|z,|?/2
- () Zevre s o -0 [T T =20 [ -
£=1 g=k+1
k;éf n+1_7f 61?5/

This shows that
N n
1 -5z
Vo, Yan(W3 2) = <1> DDV T = 20 W (w3 2) (2.18)
¢=1 j=2

where W, = (w,, ..., w,, z,) and 2 = z \ {z,}. Similarly, we check that for any # =
I,...,N,

W (W:z) = (=D)N e M2 T T (w, — 2,)W (Wi 2).
=1
Hence, we deduce from the previous formulae that for any w € C" with w, # -+ # w,),

n

U (oo o 1 —b|z|2 2 - 2 ’
/@N W (W3 z)le‘th(w; z)dz = ; / — H lw; —z| /N_1 “th(w i Z )| dz'dz
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where we used the symmetry with respect to z € CY and we let w' = (w,, ..., w,, z),
' =(zy, ..., 25 1)

Moreover, using Theorem [L4l formulated as in (2.14), we obtain the ratio

2 Fn+1 A 2 Y ,
¢ (W) / | ¥, w's2)| a2’ = 2= W) |° XOW) ot (2.19)
" fona 170 - |[Aw)| Y(w)
n+1
where Y is as in (2.13) and % = 1/x. This implies that
- Yw
c2. (W) / ¥, (w;2)V,, ¥ (wiz)dz = <1> N / _1 YW)dz
q CN ! 1 cw —zYW) &
By (2.6), this completes the proof of the integral formula (2.16)). O

Proof of @.17). According to (2.7)), there only remains to show that

2
Can(W) / 9., v dz = 22 < Yw.2) &z // Y(W,2,0) @d_g)_
CN o (w1

YW\ Jolw, —z|> = — 2w, -&) % 7
(2.20)
Using formula (2.18)), we obtain
’ N ) n 2
|V, Pawi2)| =2 X et 21y Tw; = 20w 2)
/=1 =2
where w,, = (wy, ..., w,,z,) and z) = z \ {z,}. Expanding the square, this leads to

‘le‘I’qh(w;z)r =

4 Z e_b(lzf|2+|zk|2)/2(—l)k_fm{ H(wj — 2)(W; = 2) ¥ (Wi 2 (W3 Z(k))}

1<f<k<N j=2

N n
2
+2 2 e bzl H |wj — zf|2|‘th(w(f); z("ﬂ))| .
£=1 =2
One may also check that forany k = 1,..., N with k # 7,

n
s N—-¢ _—b|z,|*/2 . y(Cak
V(Wi 20) = (DN e 52z, — 2) TT(w; = 20 (Wi 13 29,
j=1
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where W, ) = (W), ..., w,, z,, z,) and 2P =z \ {z,,z,}. Using this, we obtain
2
‘le‘I‘qh(w; z)| =

2 n
—b(12 P4z, 12 |z, — 2] PN
4 z e 0Uze I 1z )m{ L — I I |wj_zf|2|wj_zk|2‘lpqh(w(f,k);Z( ,k))|

1</ <k<N (W, = z,)(w, = zp) )

N n
2
—b|z,|? 2 . (C
+2 ) e = T lw, - 2, |\th(w(f),z( >)| .
/=1 j=2

Hence, by symmetry with respect to permutations in the variable z, this implies that

/CN |le‘I‘qh(w; z)

- 2 N-1
—2 2 v (w'2)| dz’ )by (dz) + 272
ﬂ/cgnuj z| </CN‘ (W z)| z>q’>b( 2) + 27" =

2
dz

_ 72 n 2
// m{ 2—¢| }H |w,-—z|2|w,-—(:|2< / v (w2 dz">¢b<dz>¢b(d(:>,
e (w, —2)(w, =) 7 =i CN=2
2.21)
wherew = (w,, ..., w,,2),W' = (w,, ..., w,, 2,), 2" =(z, ..., Zy_1), 2" = (Z}5 ..., Zx_p)
and
Be_b|x|2
b= T

Then, using (2.14)), we obtain for w € C",
IV YOW) TAME ygpier)
Iy Yw) | A w2

2
Can (w) /
CN-2
n+2

. AW 2 17" 2 2 _ vy _ N2 L .
Since mlz - | szl lw; = {*|lw; — z|” = 1 and T = W by combining this

formula with (2.19) and (2.21)), we conclude that

2 Yow'
/ |VW ‘th(w;z)| dz = 2N/ 1 . w)dz
o l clw, —z|> Y(W) ©

+2N? // m{ T/ YwW) }@dz_@.
e L -2 -0f = =

This completes the proof of formula (2.20) since the second integral on the right-hand side
of ([2.20) is real-valued (by symmetry z < {). O

2
\th(wll; ZH)| dzH —
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3. CORRELATION KERNELS

In this section, we review the main properties of the correlation kernel of the Ginibre
ensemble, and give first useful consequences thereof. To unify the presentation we use the
Lowest Landau Level as our starting point. This is a special case (for a Gaussian
weight) of the usual Bergman space used in the context of (planar) orthogonal polynomials
and normal random matrices, e.g. [2].

3.1. The lowest Landau level and its kernel. Using the lowest Landau level orbitals
from (I.32), we can rewrite the (Ginibre) correlation kernel from (1.46) as

N-1

Ky(z.w0) = ) ¢,(2)p,w).
j=0

Hence, K, is the integral kernel of the L?-orthogonal projector onto the subspace of the
lowest Landau level spanned by eigenfunctions of the angular momentum with eigen-
values less than N — 1. The natural large- N bulk limit of K, is

Ko (2, w) = 2 (P iup-2) 3.1)
T

the integral kernel of the L?-orthogonal projector onto the full LLL; see e.g. [56] and ref-
erences therein. We record some straightforward properties that we will extensively use in
the sequel:

Properties 3.1 (The Bergman kernel K ).
With b = N, we have the following identities:

K_(z, w)| = ge-NIZ-wW. 3.2)

More generally, any (mixed) derivative of the kernel K equals a polynomial in (z, w) times
K_(z,w). In particular, for any multi-index « € NZ, uniformly for all z,w € D with

log N

|z —w| > 26y =2k , we have
N

A2
;10:20_55034 K. (z, w)| = 9, (N2,
where |a| = a; + a, + a; + ay.

Since K, K, are integral kernels of orthogonal projectors we also have the following
formulae:

Properties 3.2 (Reproducing kernels).
Forany N € {1,2, -+, 0} and for any (analytic) polynomial f of degree (strictly) less than
N,

/ Ky(z, w)f(w)e2"“Pdw = f(z2)e™3",  zeC.
C
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Hence, forall z,w € C

/KN(z,x)KN(x, w)dx = Ky(z, w). (3.3)
C
Moreover, if f(z) is a polynomial of degree < N such that f(x) = 0, we have for any x € C,
/ W) g (2, wes10P gy = LE) Hier (3.4)
cW—X zZ—X

where the right-hand side is interpreted as [’ (x)e_gl"|2 when z = x, with f' =9, f.
We also easily verify that forany b > Oand N € N,
0<Ky(z,2) <K (z,2) = % forallz € C 3.5
and
/KN(Z, z)dz= N, / Ky (z, w)|*’dzdw = N. (3.6)
C C

The latter integrals are indeed respectively the trace-class and Hilbert-Schmidt norms of
the corresponding orthogonal, rank N, projectors. Finally, we record that by the Cauchy—
Schwarz inequality, we have for any N € Nand z,w € C,

2
Ky (2, 0)]? < Ky (z, 2K y (0, ) < % (3.7)

3.2. Large N asymptotics of correlation kernels. Recall that

log N
o8 <1

on(K) =k

for ¥ > 0 and that we always set b = N sufficiently large. Up to the extra factor y/log N, this
corresponds to the microscopic scale that is, the inter-particle distance inside the plasma.

Lemma 3.3 (Large N asymptotics of correlation kernels).
For any 6 € (0, 1] (possibly depending on N > 0), we have for any z,w € C with |w| <
1 -9,

Ky y(2, 10)] < e NUEH1402/2 (3.8)
rr
Moreover, for any multi-index a € N3, uniformly for all |z|, |w| < 1 — §,(x), we have
0219202 0% Ky ,,,(z, w) = 9%'02020% K (z, w) + O, (N #1427 3.9)
where |a| = a; + a, + a; + ay.

To prove our main results, we can choose k arbitrary large so that all remainders in the
estimates above can thus be thought of O(N~%) as N — oo that is, they decay faster than
any (negative) power of N. For completeness we state and prove nearly optimal bounds,
but if one restricts further inside the droplet, e.g. to |z|, |w| < 1 — N~1/2*¢_ the proof of
these estimates is even more straightforward.
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Lemma 3.3 will allow to replace K ., (along with any of its derivatives) by the explicit
kernel K, in the sequel. Then, any derivative of K can be easily controlled using Proper-
ties 3.1l For instance, by (2.13), Lemma [3.3] with « = 0 implies that for any configuration
of quasi-holes w € Z,, cf. (L.16),

Y (W) = Y (W) + ON )
where Y (W) is defined as in (2.13)) but with K, replaced by K.

Proof. We already know that |K, ,,(z, w)| < N for all z, w € C. Hence, to prove (3.8)), it
suffices to consider the case |z| > 1 — 6 > |w|. By the triangle inequality,

N+n—-1

N _NzP+wP)/2
Ky pu(2, w)] < —em M g

N*|zw|*
k!
< N N +wr-2uzienz - N -Nazi-w?/2,
T T
This immediately implies (3.8).
In order to obtain the asymptotics (3.9), we observe that by the residue formula, we have
for any x € C and any ¢ > 0,

v 1 fyf e 08
j=N+nj! 27[ij=N+n |El=1+e §j+1

1 Xt dé

27 J g E— 1 ENHT

Let us define
p(z) =z —log(z) — 1

where log(-) denotes the principal branch. The previous formula implies that for any x € C
and any € > 0,
+00

3w N e de
j=N+n ']' 271 |E|=1+€ 5 -1 é:N+n
Nz
_ N N e’ dz (3.10)
27 [E]=]x|+e z — x zN+n

_N xN+neN?§ e dz
2ri |z|=|x|+e zZ—Xx z"

We use Laplace’s method to compute the asymptotics of this integral. We verify that the
function ¢ has a unique saddle point at z = 1 with ¢(1) = 0 and ¢”'(1) = 1 and that (by
convexity) we have for any 0 € [—x, x],

~Re(e?) =1 —cos(9) > 6°/5.
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This implies that for any |x| < 1,

No(z) T -N6*/5
}1{ ¢ T dz s/ <2 L G3.11)
zj=1 Z— X z" _z |1 —xe™| N 1—|x|

By combining (3.10) and (3.11)), we have shown that for any |x| < 1

i‘j N o [N e (3.12)
Py JU TV 4 1 —|x| ’
By definition, observe that
N _nzprepyz N Y
K (z,w) — Ky, (z,w) = —e D> N (3.13)
T Jj=N+n J:
with x = zw. Thus, this implies that for any z, w € C with |zw]| < 1,
Kaa(z, ) = Ky (2, 0)] < LN _ L o (sePreatum) 2, (3.14)
0 +n —_ T 47[ 1 _ |Zw|

where we used that
@(|z1*) = |z|* = 1 - 2log | z|.
We have ¢(|z|?) > 0 for all z € C and
K3(log N)*/?
VN

We conclude that, uniformly for all |z|, |w| < 1 — 65(k),

N¢(|w|2)22K210gN+(9< ) if  |w| £1-=26y). (3.15)

‘ | N1-2¢

K, (z,w) - Ky, (z,w) =(9<—>. (3.16)
o k4/log N

This completes the proof of (3.9) in case « = 0. The estimates on the derivatives of the

kernel are obtained in the exact same way by differentiating formulae (3.13)) and using the

bound (3.12)). In particular, we simply pay a factor of N in the error term for each derivative.
OJ

Remark 3.4. The bound (3.12) shows that for all x € [0, 1),

+o0 . _
j! - Ar 1-x"

Jj=N+n J

where p(x) = x — log(x) — 1. There is a probabilistic interpretation for this bound. We
have for any x > 0,

jxj —Nx
D N=e™ =P[X, + -+ Xy, <xN]
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where (X, ::6 are i.i.d. exponential random variables with mean 1. Then by Cramér’s
theorem, it holds that for any x < 1,

. 1 i j —Nx
hmsupﬁlog< Z Nf%e N ) < —p(x)

N—+oo Jj<N+n

where @(x) = sup,,_,; { log(1 +1¢) — tx} = @(x) corresponds to the Legendre transform of
the cumulant generating function of an exponential random variable.

3.3. First bounds for the remainder terms in the partition function. We conclude this
section by deducing asymptotics for the partition function c,(w) for w € 22, cf. (L. I8).
We start from Theorem and recall its’ rewriting as (2.14). Our task is to prove that
Y y(w) ~ 1 with sufficient precision, in particular that the derivatives of Y ,, can be mostly
neglected when computing the emerging fields as in (I.34)-(1.33).

Proposition 3.5 (Bounds on remainders, no merging).
Recall the notation (2.13) with b = N. For any multi-index a, f € N and uniformly for all
w € 9°, we have

a:;aéYN(W) = 56{:05ﬂ:() + O(N|a|+|ﬁ|—2k‘2>.

Proof. By definition

n

Yy(w) = <%>" 2 Sgn(O')HKNM(wi’wa(i))

cEQ, i=1

where the sum is over all permutations »n elements. Hence, by Lemma[3.3] we have that, for
any multi-index «, f € N/, uniformly forw € Z,,

0500 (W) = (%) Y sen(@) 020 ([T Ka(wi0,) ) + O(NH22). - 3.17)
e i=1

n

Then, using Properties 3.1 for w € 2, the main contribution to this sum comes from the
identity permutation, that is,

()‘(;aéYN(W) = aj:ﬁé( H %Km(wi, wl.)> + (9(N|ﬁ|+|a|—21<2).
i=1

Since, K (z,z) = N /x is constant the leading term equals 1 if @ = f = 0 and vanishes
otherwise. This completes the proof, with the required uniformity. 0J

This argument also allows to obtain the asymptotics of Y 5 (along with its derivatives)
when quasi-holes are merging. In case |w; — w;| < 26, we cannot a priori drop the terms
K (w;, w;) from the sum (3.17). In general, this gives rise to a challenging combinatorial
problem to keep track of all non-trivial terms. However, it is easy to keep track of the
correction terms if we restrict to the case where only two quasi-holes are allowed to come
microscopically close. This is referred as simple merging in the sequel.
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For (fixed) parameters x,y > 0, let us define the subsets in the complement of 9,?
(cf (I.18)), for any (unordered) pair {i, j} € {1, ... n},

91 :={y € 9, : Iy, - ;| <265(x) and |y, — y,| > 26,(x) for {k.£} # {i./}},

with a single merging pair. Without loss of generality we pick the pair (1, 2) of particles
as the colliding ones, i.e. we work on the set .@nlz. Compared to Proposition our next
result includes the correction which arises from the quasi-holes merging in ¥ ;2:

Proposition 3.6 (Refined remainders on single merging).
For any multi-index a, p € Ny and uniformly for w € 9,}2, we have

%L (W) = 8,48 — 0%0L (e V1172l ) 4 @ NIPIHIel=2"), (3.18)

Proof. Starting from the expansion and using the Properties 3.1] of the kernel K,
forw e .@fl, the main contribution to this sum comes from the permutation

c0€Q, :0(l)=2,62)=1ando(i) =iforalli & {1,2}.

This implies that, uniformly for w € 22,
a ;b — qaf k3
I ANCIE awaw( H K (10, w,.)>

o T Ul a|-2x2
020l (12Kl [T Koy ) + O(NH22)
ig{1,2}
where the first term comes from the identity permutation. Using (3.2) and that on the diag-
onal K_(z,z) = N /x is constant K__ is constant and equals N /7, we immediately obtain
the claimed asymptotics. O

The asymptotics (3.18)) hold on the set
{Y €D, Iy =yl 2265 (x) for (k. €) # (1.2)}.

however, the correction term is only relevant if |y, — y,| < 6. Otherwise, we recover the
estimates from Proposition 3.3

4. ESTIMATES OF THE EMERGING POTENTIALS

We now connect the exact expressions of the emerging potentials obtained in Section
with Theorem thereby putting the heuristics of Section on rigorous ground. In
contrast with the calculations of Section 2l the sequel heavily relies on the determinantal
structure of the Ginibre ensemble.

We shall use three types of bounds, presented in separate subsections. We consider first
the case where the quasi-holes are all well-separared, then the case of simple quasi-holes en-
counters/merging. More complicated mergings will be controlled by uniform (non-optimal)
bounds on the emerging potentials obtained in Section 4.3 below.
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4.1. Asymptotics away from merging. The core of the statistics transmutation phenome-
non is given by the following

Proposition 4.1 (Vector and scalar potentials away from merging).

Recall the definition (L18) of the no-merging set 22 and assume x > 2. Let A;,V; be
the emerging vector and scalar potentials obtained in Proposition 2.1\ It holds for every
Jj=1,....n, uniformly for ally € 2°

i - =)t 1-2¢2
Ay(y) = Nwt = ) = 4 O(N') (4.1)
/ =2 |1 = Yl
and
Vi(y) = 2N + O(N>). 4.2)

Proof. This is a direct consequence of Theorem[I.4] and the estimates from Proposition[3.3]
For simplicity, we use complex coordinates. Combining the second expressions in (2.6))-
@) with formula (2.14), we find by direct computations that, when w; # w; for all i # j,

n

Aj(w)zij—Z +5<<}>5wjlogYN(w)>
=

V,(W) = 2N +20:-0,, log Yy (W).

where we used 2.I)-2.3) (Y 5 (w) is real-valued). We also used that the Vandermonde
determinant /\(w) is a poly-analytic function which does not vanish on {w € C" : w, #
=+ # w;}, so that A, log |/A(W)| = 0 on this set.

Using Proposition[3.5] we conclude that for any j € {1,...,n},

0,108 Y (W) = Yy (W), Y y(W) = (9(N1‘2K2)

(w1 - w,,ﬂ)l

|w, — w,|? (4.3)

and

00, 10g Yy (W) = Y (WA, Yy (W) = 19, log Y y(W)* = O(N*7)
as claimed. O
4.2. Simple merging. We now consider the asymptotics of the emerging potentials in the

(simple) merging regions (4.3)). Correction terms can be identified using the functions a :
R?> - R?and v : R?> - R,

¥ .
a0 =5 = Vtlog(l — e )
4.4
1= (1= yPel™ 1 P “h
v(y) =2 T —5Alog(l —e™T).

Note that V(y)% is a probability measure on R? and that a € LP(R?) for 1 < p < 2. These
functions have the following asymptotics as y — 0,

yt
a(y) ~ — and v(y) ~ 1.

lyI?
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It will be convenient to assume that the colliding particles do not get absurdly close. To this
end we introduce a parameter y > 0, and mainly work on
297 :={ye 2/, ly,—y,F = N7}, (4.5)

We ultimately choose large fixed parameters y, k¥ under some appropriate condition. The
remainder of the simple merging set "/ \ 2!/ will be dealt with using the estimates from
Section 4.3|below.

Proposition 4.2 (Vector and scalar potentials with simple merging).
Forany k,y > 1 satisfying y < 2«2, uniformly for all w € 9”12’7, we have

n

(v, =yt i
A (y) = Nyj - Z ﬁ + 1,10 VNa(VN(, — ) + ON 772,
=2 yj Ye (46)

Vi(y) =N(2-1,c10V(VNG, =) + ON'Hr72%,
Both correction terms are functions of the microscopic variable y = v/ N (y, —y,) for the
merging pair {y,, y,} and decay like e=N"177" for large |y, — y,|.

Proof. We proceed as in the proof of Proposition starting from (4.3). By Proposi-
tion[3.6] we verify that forw € 2!*" and any j € {1,...,n}

awj log YN(w) = ( - awj (e—N|w1_W2|2) + O(Nl—ZKZ))YJ—VI(W)
1 —_ e_Jvll'Ui_wjl2
Yy (W)

But, since y < 2x? in (&.3), we deduce from Proposition 3.6 again that

=9, (log(1 — e7N11m2l) +O(YH(w)N'),

Y, (w)=1—e Nl L QN) > eN7 (4.7)
on 77, for a constant ¢ depending only on (y, k, n). This implies that
1 _ e—N|W,'—W/|2

_ —2x2
Yoo =1+ O(N"™). 4.8)

Inserting in the above, using that |a(y)| < C/|y| for y € R? and that y > 1, we obtain the
first line in (4.6)). We also used the expression (@.4) of a to identify the correction term.
Next, we turn to the scalar potential. Recall that for j € {1,...,n},

aw_jawj log Y v (W) = Y; (W)aw—jawj Yy (W) — |Y]_V1(W)aijN(W)|2-

The second term is the square of that we dealt with above. As for the second, using Propo-
sition[3.61and (@.7)-(@.8) again, an analogous computation shows that for w € Z!%7,

Bw—jdwj log Y y(w) = aw_jawj ( log(1 — e_lel_w2|2)) + O(N 3727
This completes the proof of (2.12). O
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4.3. Global bounds. In order to discard the contribution of the small part of configuration
space where more than two quasi-holes are close, it is sufficient to have at our disposal the
following uniform bounds:

Proposition 4.3 (Global bounds on emerging potentials).
Let A;,V; be the emerging vector and scalar potentials obtained in Proposition 2.1 There

exists a constant C depending only on n such that forany j = 1,...,n
sup |A4,(y)| < CN, (4.9)
ye]RZVI
and
sup |V,(y)| < CN*/2. (4.10)
yeCr

Proof. We use the integral expressions given in Proposition 2.3l Let us begin by some
apriori estimates for Y. We denote

M(w) = [Ky,,w;, w))] weCC".

nxn’

According to (2.13),
A A Ky.,(z,2) vi(z|w)
Y(z,w) = (N> det M(z, W) = (N> det< N >
where the vector v(z|w) is
Ky a(z, w))
v(z|w) 1= : . 4.11)
Ky a(z, w,)

The Schur complement formula then gives,

Y(z,w) = %Y(w)(KNM(z, z) - ©(z|w)) where ©O(z|w) 1= v (z|W)M(W) v(z|w).

(4.12)
Since M(w) is a positive definite matrix (K is a correlation kernel) for w € {C" : w, #
-+ # w, }, we have the bound

0 <O(z|w) <Ky,,(z,2) < N/z.

Moreover z € C — ©O(z|w) is a density function with (fixed) mass n since

/ O(z|w)dz = Tr [M(w)‘l / v(zlw)v*(zlw)dzl = Tr[M(w)"'M(W)| = n
C C

where we used the reproducing property (Property [3.2). In particular, these two estimates
for the density ®(z|w) imply that for any w € C"

0< / OCW) 4, < nV/N. (4.13)

C |z_wj|

We obtain this bound by splitting the integral over the regions {|z — w;| < 1/4/N} and

{lz= w1 2 1/VN}.
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We are now ready to turn to the proofs of the claimed uniform bounds for the emerging
potentials.

Proof of (4.9). It follows by combining (2.16) and that for any w € C".
Z,2
A, (w)] < \/_/ B I) <CN. (4.14)
- w;

This bound easily follows by separating between regions with [z—w;| < 1 and [z—w;| > 1,
using (3.3)) in the former and (3.6) in the latter.

Proof of (4.10). We estimate separately the two terms in (2.17]), namely

_ 2N [ Y(W.z) dz

YW Jolwy =z

_ 2N? // Yz, w)Y(W) = Y(z,WY({, W) dzd{
2

=7 Yoy (w, — 2w, ~0) X

(4.15)

Let us begin with I,. Using (4.12)) again, one can rewrite
Y, z, W)Y (W) = Y(z,w)Y({, W) = %Y(W)Y(Z, w)(O(|wW) — Oz, w)).
and then bound as ® > 0

Y (w)

2
Y(C, z, WY (W)=Y(z, W)Y(C,W)‘ < < ) (Knsn(2: 2)OCIWHK (2, 2O | 2, W),

This implies that

IZSZ/KNM(Z’Z)( O(|w) d€+/®(C|2,W)d€>dz
C

|wj_zl Cle_éll C |wj_€|
Using the uniform estimate (4.13)), we conclude that
I,<CVN / Bvalz2) < CN?? (4.16)
C |w - z|

by @.14).

We now turn to estimate the term I, from (.15). We generalize the definition (4.12)) to
let

O, z|w) 1= v (z|w)M(W) ' v(¢|w) “4.17)
where v is as in (4.11)). We claim that
. 2/ Kyin(z2) = OGIW) // Ky (2 O (Ky €, 2) _G)@’le))d(;d
C 2

|z —w,|? ¢ —w)(z—w))

z

(4.18)
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The first equality is by definition of @(z|w). For the second, since M(w)~'v(w jlw) =e;
where (e,, ..., e,) denotes the canonical basis, we verify that ©@(w s zlw) =Ky, (w I z) for
all z € C. Moreover, we can write

O, zIw) = £(0)e 2

where f(¢) is an (analytic) polynomial of degree < N + n. Hence, using the reproducing
property (3.4), this implies that for all z € C

/ Ky 0(z. O (Ky1,(8, 2) — O, z|W)) i Ky (2. 2) — O(z|W)

C {—w; zZ—w,

where we used that by definition, ©(z, z|w) = O(z|w). This proves (4.18]).
We can now proceed to estimate I, as above. We first split

Ko (2,0 / Ky (2, OO, 2]
<2 dédz + 2 déd
/@z w1 e T mwlic—wl ©Y @19
=21, +21,

Since M~!(w) is a positive definite matrix, according to @.17),
10, z|w)|* < B(z|W)O |W).
Then, by the Cauchy—Schwarz inequality, the second term on the right-hand side of (4.19)

satisfies
I, < \/ I, // OGIWOK[W) dcdz <ny/NT, (4.20)
o -

|z —w;||¢ — w;

using the uniform bound (4.13)).
Hence, it just remains to bound 75 in (4.19). For a small € > 0, we define the set

Se = {(Z’é;) € C2 : |Z_wj|’|é:_wj| < €}

On the complement of S, either |z — w,| > € or |§ — w;| > €, which by symmetry allows

to bound
Ky, (z,0))? Kyv. (z,0))?
I, < // K2 Ol d¢dz +2¢™! / Ky iz OF dzd¢
S, |z_wj||é:_wj| c? |Z_wj|

Using the bound (3.7) and the reproducing property (3.3), this implies that

-1 N+n(zz)
3—//|z—w||c— qeedzt2e /| e

< N’ +Ce'N

where we used again the estimate (4.14)) to control the second term.
The previous bound holds for any e > 0, we can therefore optimize and choose ¢ = N~!/3
which yields
I, < CN*S3,
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Hence, by combining this estimate with (4.20) and (4.19), we have shown that
I, < CN*S3, (4.21)

According to (4.13)) and the previous estimates (4.16) and (4.21)), we conclude that for any
w e (",
0<V,w)<I,+1, <CN

This completes the proof. 0
The following bounds improve on Proposition4.3] and they are sharp.

Proposition 4.4 (Bounds on the emerging vector potential inside the droplet).
Let A; be the emerging vector potentials obtained in Proposition 2.1 For any small € > 0,
there exists a constant C, such that forany j =1, ..., n

sup | A;(w) = Ny < C.V/N. (4.22)

yER?:|y;|<l-e€
Proof. We start by observing that for any w € D,
W= / _dz (4.23)
p 7(W — z)

Formula (4.23)) follows e.g. from the equilibrium condition for the Ginibre ensemble. By
Newton’s theorem, on the support of the equilibrium measure (that is, the circular law),
there exists a constant ¢ so that

_1d
|w|2+/log|w—z| 1—Z=c,
D T

Upon applying d,, to this equation, we obtain (4.23)).
Using the integral formula (2.16) and (4.23), it follows that for w ; €D,

— 1 _ nrex 1 Y (W, z) d’z — .
A;(W) = Ny; —N‘5<<i></c Y(w) #(w; - z) wj))

el (1 [ (Xw L\ 2
_N«$<<i>/c< Y(w) ]1D>7r(wj—2)>.

Using again formula and the bound (4.13)), there is a (numerical) constant C so that

1,(z 2
|A,(W) = Nyt < \/5/ ‘KNH(z,z)—N p@) &z, o\ /N (4.24)
C T |wj - Zl
Using the precise estimate (3.14]) and the fact that K_(z, z) = N /x, it holds for any z € D
-N(1-|z]*)?
|KN+n(z, - N2 )| <cVN e1 P (4.25)

where we used that by convexity,

p(x)> (1 —=x)*  forall x €0, 1].
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In particular, by integrating this estimate, we see that with ey, = 1/4/ N, there is another
numerical constant C such that

‘ / Ky, (2, 2)dz — N(1 - eN)2| <cVN
z|<l—en

By (3.0), this estimate also implies the tail bound

0< / Kyi(z,2)dz < CVN. (4.26)
{1z|=1-ey}
For a fixed € > 0, combining the two bounds (£.24) and (#.23)), we obtain for |w;| < 1 ¢,
1,(z 2
|A;(w) - Ny!| < V2 ‘KM(z, z)— N (@) &z +C.\VN. (427)
! (zl21-ey) r lw, -z

We also verify that the estimate still holds if w; approaches the boundary of the
droplet. Namely, for |w;| < 1 — ey, the second term is controlled by Cv/ N log ey =

O(WlogN).

Using the integral bound (4.26)), we have a trivial bound for the integral on the right-hand
side of (@.27)), which concludes the proof. O

4.4. Proof of Theorem [I.IL Theorem [L.1] follows from a more refined result taking into
account corrections in the single merging set. We state this first for completeness and then
deduce Theorem [L.I]in a second step.

We assume that ® € L*(R*") in (I.10) has a (fixed) compact support in D" and consider
the following Holder norms, for any g > 0

[®llcs = inf {n >0 : |®(y) — ©x)| < n]y — x| for all x,y € R*"}.
By extension, we also denote the uniform norm,
|®||co = inf {r] >0:|D(y)| <nforae.ye RZ"}.
We use the notation (4.4)) to define refinements of the emerging scalar and vector potentials.
Forj € {1,...,n}andy € R?, let
V() =2N - Y Nv (\/N(yf - yj)) 4.28)
C#j

and

AM =Ny =3 = - VN (VN - 00) ) (4.29)

- i Vel
C#j

Since v is a probability density function on R?, the second term in (4.28)) is an approximation
of the distributional potential Z;zl 6(y,—y,) for large N'. On the other hand, recall that
Looyl> — 1 =
IyI2 W2 P11 |72
which is an efficient bound for small y, while for large y, a(y) decays super-exponentially.

(4.30)

a(y) ‘
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We denote

j —

L;=-iv, - aNy; + Ay
to state

Theorem 4.5. Statistics transmutation with corrections
Let ¥y, be as in (L10), (T19) withb = N and ® € H' n L*(R*") with a fixed compact
support in D} __. Assume moreover that

n

for some (possibly very large) power of s.
Then, choosing k and y large enough, for any f > 0, we have forall j € {1, ...,n},

/Rz(N+n>

with an error satisfying

£,new)| <N (4.31)

2
dydx

(-iv,, = aN ) Wy %)
- ‘/IR‘Zn

[Err(@®)| < €, 10112, N~ (log N)™

+C, @l N7/ (log N)””/z\//

£, dy + / [OWIPV,(y)dy +Err(®) (4.32)
R2"

o) @33

where we wrote
2,=2° < U @;N) U 2r (4.34)
1<i#j<n
as a disjoint union.

Proof. Without loss of generality we fix j = 1. We start from the exact calculation from
Proposition 2.1] which we recall:

/Rz(N+n>

In the right-hand side the integration is by assumption restricted to &, as defined in (L.16)).
The set ZF with multiple mergings or extremely close single mergings (the exponent R
stands for “remainder of the configuration space”) clearly satisfies

R c{3Hij}y v =y P < N U{30L) # L EL Ly — vl lve— vel <26y
(4.36)

2
(=iV,, +4, — gNy*) CI)(y)‘ dy

2
(=iV,, - aN ) Yoly: )| dxdy = /2
R2n

+ / [PV, (y)dy. (4.35)
R2n
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where {i, j} are (non-ordered) pairs of indices i, j € {1,...,n} withi # j. Hence, if y > 1,
there exists a constant C, so that the volume of ZF,

|ZF| < C,6, (4.37)

In the following we are at liberty to choose two fixed constants k > 0 and y > 0. For the
contributions from the scalar potential, second term in (4.33)), we bound

‘/ |(]>|2 (vl _V1) < Z/ |V1 _V1| |(I)|2 (4'38)
R2n 9 J9

where the sum runs over all subsets 2 from the decomposition (4.34). To deal with the
vector potential we have, expanding squares and using Schwarz’s inequality

2
|/ (-iV,, + 4, - gby) ®| —/ |£1®|2|§C25@/|£1¢>|2
R2n R2n 9 9

+ CZ (1+¢;)) // |4, —A1|2 |D|2.

The sums are again over subsets & from the decomposition (¢.34). Parameters ¢, have
been inserted that we optimize over to obtain

172
|/ (<iv,, + A, — gbyt) c1>|2 <CY E@)" (E(@)l/2 = (/ |£1c1>|2> )
RZVI _@ _@

(4.39)
where we denote

2
E9) := / |A, — A | D>
.@
We now discuss separately the contributions to the sums over & above.

Contribution from the no-merging set. It follows from Proposition 4.1] elementary esti-
mates on the correction functions (#.4) and the L?-normalization of @ that for any « > 0,

/ [V, - V|10 < CN*
@@

n

E(2%) < CN*™,

Contribution from single mergings. We deal with the contribution from a set 2"/ using
Proposition[4.2l This gives, for any i # j

/ [V, = V| [@] < CN#r=2
_@LLV

and
E (91’],}/) < CN2+4}/—4K2

using again the L?-normalization of ®.
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Moreover, by @31), /[, |£ 1CI)|2 is bounded by O(N*) in (@.39). Hence the error coming
from the sets 22 and 2/ are all made negligible by choosing « sufficiently large (depend-
ingony, s).

Contributions from the remainder. It follows from @.36) and (.37) that, since ® is
assumed to be f-Holder continuous,

k2log N ) P

N (4.40)

2 2 4428 )
/@ @Pdy < G, I@12,557 < o1, <

On the other hand, using that v is uniformly bounded and (@.30) it follows from the defini-
tions (4.4)) that

0<V,(y) <2N and |A;(y) - Nyjﬂ <nyN/2. (4.41)
Combining the above with (4.10) and the triangle inequality we find
[ 7= Vi[10F < Cllol, N~/ Fdog N
75
where the constant depends on k and n. Similarly, using and ,

EZ%) =/ |4, —A1|2|CI>|2 < Cl|®lIZ, NP log N)***

9R
/n

Conclusion. Putting everything together and inserting in (4.38)-(@.39)) yields our final
bound. For simplicity we use (4.31)) and take x so large that all the remainders coming
from the no-merging and single-merging regions can be included in the main error. The
latter only comes from our treatment of the remaining domain Qf. U

We now conclude the

Proof of Theorem|[[ 1l In all this proof we take x large enough but fixed, and we stick for
simplicity to the case f = 1 from Theorem[4.3] our starting point. There remains to extract
and estimate the contributions of the correction fields (4.4)) to the right-hand side of (4.32).

We have that
2
£,)®()| dy + /

J.
+ Nv(VN(y; - D(y)|*d +/
/}R<; v(VNG, yk>)>| WP+ [

+2% | ) Y VNa (VNG =30 - £,0)0)dy

R? k]

2

|D(y)2V,(y)dy = 2N + /

R2n

(-iv,, +A“0)) @

2

@

Z Wa<ﬁ(yj —yk)>

k#j
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By Schwarz’s inequality and using the condition (LZI)), the last term is estimated by

2

|| /
INT?

The first term coming from the no-merging set is made negligible by choosing « sufficiently
large. Thus we have to bound

/ Ny (VNG, - 30) [o)Pdy
RZVI

[z |

VNa (VNG =30)| 10w)Pdy.
k#j

The main contributions come from the single merging set, we leave it to the reader to bound
other contributions using the explicit formulae (4.4]).
Using that v is a probability density function and (I.20), we find

\/Na(\/ﬁ(yj—yk»

) 2
N / L0 + /
sl 972 2

2
£,
i

and

d
[ (VNG =) lemPdy < Caye? [ N/NnD
[y =i <6 (k) R?

T
= Céxz(log N)N~!
and using the bound (4.30)

2
/ ViNa (VNG -30)| 10F
|yj—yk|S5N(K)

<c/ —_jop
RN G) |yj = Wil

2 2 _ 2.2 -1
< C(T)5N(K) = C&)K (logN)N™".

These estimates and (4.33)) lead to (1.24)). Note that the main errors, into which we absorbed
all the others, are the contributions of the correcting vector field a in the single-merging set.

Then (1.22)) follows by changing gauge as discussed in the remarks following Theorem L1l
0

5. APPLICATIONS

We now give more concrete applications of Theorem[L 1] i.e. we evaluate the error terms
in (I.22) for natural choices of ® in situations of physical relevance. Before doing that, we
precisely define in Section [5.1] what is meant by the delta/contact interaction in our general
Hamiltonian (1.3]).

As an illustration of applications of Theorem we consider the case where the tracer
particles are bosons, and are hence turned into fermions by the strong bath-tracer coupling.
In this case, our main assumption (I.20) is naturally imposed by the Pauli principle acquired
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after statistics transmutation. It is convenient to distinguish two cases. We first discuss the
case of tracer particles having the same charge as bath particles (g = 1). In this case the
effective problem for tracers no longer depends on b. We next discuss the case of unequal
charges (¢ # 1), which requires a bit more care, for the effective problem does depend on
b, and it is in fact natural to restrict one-particle states available to the tracers to those of an
effective lowest Landau level.

5.1. Delta interactions. Here we define precisely the delta interaction we use in (1.3),
which is a slight generalization of operators discussed at length e.g. in [S1} 152,39, 58, 56].

The inter-species interaction in (I.3)) acts on pairs of bath/tracer particles, it is thus suffi-
cient to define 6(y — x) as a self-adjoint operator on

$'® = L*(R*) @ LLL
and check that the associated quadratic form is indeed as announced in (L.6).

Lemma 5.1 (Bath-tracer delta interaction).
We define 5(y — x) by its action on tensor products u @ y € H'®!

GO = U @ ) (v x) = ge-"'W'ze"ﬁe—g'Z'zf(wm(w) 5.1)

where we identify R* 3 (y; x) < (w; z) € C? and wrote y(x) = f(z)e_g|Z|2 with f analytic,
cf. (LI). The action is then linearly extended to the full $'®'.

Thus defined, 6(y — x) is a bounded self-adjoint operator on $'®' with associated qua-
dratic form

(P11 16(x = P)I¥ g1 ), = / | (x; X)|2dx. (5.2)
RZ

Proof. Using the reproducing kernel (3.1)) of the lowest Landau level, we can rewrite (3.1)
as

(6(y — x)u @ w) (y; x) = u(w)y (wW)K (2, w).
It immediately follows from the symmetry of the kernel K, that the operator 6(y — x) acting
on $'®! is symmetric. Note that the right-hand side also lies in $!®! because for y € LLL,

b
sup ly(w)| < = llyll;2»
weC T

as follows by using the reproducing Property the Cauchy-Schwarz inequality and the
uniform bound (3.7/)) (see [11] for generalizations).
Then, with u, v € L? and w, ¢ € LLL, it holds

U y|s(x—v® @), = g/

C

Mv(wxp(w)( / w(DK, (2, w)dz)dw
C

Using again the reproducing Property [3.2] to perform the inner integral, we obtain

u(w)y (w)v(w)p(w)dw = / U@ w(y; v e(y; y)dy.
RZ

UQyld(x - @ @)» = /

C
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Thus (5.2)) is proved and our operator is indeed bounded. Let us also observe that
b
5(y —x)? = ;5(y — X). O

5.2. Case of equal charges. In this subsection we set ¢ = 1. In view of Theorem the
natural effective problem for the impurities is governed by the Hamiltonian
n
1
T
H = Z‘f—%ij + WO,y (5.3)
j:
where W is the potential appearing in (L.5]). For simplicity of exposition we assume that
W is a smooth bounded function, but there is room in our method to accomodate some
reasonable singularities.
To avoid boundary effects we confine tracer particles strictly within the droplet of bath
particles. Let hence a < 1 and

D, :={x€e€R*|x| <a}. (5.4)

We impose Dirichlet boundary conditions on dD, to define

E(n) := inf {(U,,|H;ff U, : U, € H) D, / |U,|> = 1,U, anti-symmetric
D
(5.5)
the appropriate fermionic ground-state energy of H°f. We have

Corollary 5.2 (Statistics transmutation, equal charges).
Set q = 1 and let E(n @ N) be the lowest eigenvalue of HnVEVBN (cf. (1.3)) acting on sjgjan
(defined in (1.3). Fix a < 1 and set b = N. We have

log N
Ene® N) <™ 4+ Eff(ny + ¢, 22 (5.6)
m N
Proof. We apply Theorem [Tl with ® a minimizer for (3.3). Then, ® solves
HY® = E (n)® (5.7)

and it follows from standard elliptic regularity theory [18] 22] that @ is a smooth func-
tion, with bounds independent on b. In particular, both conditions (1.20) and hold
with a fixed constant Cg and s = 0 since ¢ = 1. Hence, the estimate follows from
Theorem [L1]if we show that the last error term in (1.23)),

/ log N
DND?

~ 12
v, )| dy < Cr—

This bound follows directly from the smoothness of @ and the fact that the measure

,log N

12,\ 2°| < C,6> < C,x
for some fixed constant C, ; cf. (LI7)—(L.I8). d
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5.3. Case of unequal charges. We outline the analysis of a case where the charge of tracer
particles differs from that of the bath particles. The interested reader should be able to turn
the following considerations into a complete proof.

In view of Theorem [I.1] the effective Hamiltonian for the impurities is given by

n

H =) ﬁ (—iVyj -(q- 1)byj+))2 W)

j=1
If ¢ # 1 is fixed, the strong constant magnetic field b — oo forces all tracer particles into
the lowest Landau level associated to the first term, namely

LLL, = {w € PR,y = f(@e T, £ analytic
This is the space of functions such that

(=iV, = (g = DbYH)) v =2|g — 1|by, (5.8)

separated from the rest of the spectrum by a spectral gap of order b. It is natural to choose
® in our trial state to be made entirely of orbitals from this space. Then

qg—1|bn
m

(@ HB) = | +(@W (. ..., y,)P) (5.9)

and we should seek to minimize the second term, under the constraint that
® e LLL®*™",
lg—1
In the limit b — oo with fixed » (or, in fact, essentially as long as n < b), this reduces to
a classical mechanics problem [42} 43| 44]] where particles are forced into describing small
cyclotron orbits around guiding centers whose locations are determined by the external
potentials (see e.g. [12, 13, [14, 25, 26, 29] for general discussions and references in the

physics literature). For simplicity we could consider a bona-fide two-body problem with
regular potentials V' and w, that is,

W)= D Vop+ D, w; = ). (5.10)

j=1 1<j<k<n
We will sketch the proof of the following
Corollary 5.3 (Case of unequal charges).
Set q # 1 and let E(n @ N) be the lowest eigenvalue of HZZ)N (defined in (1.3)) acting on
LLLSflen ® LLL®sn N with W € LY (R?"), symmetric and continuous.

LetR, = (R, ..., R,) € D" be fixed distinct points. We have

— 1]+ 1)b
(Ilq |+)n+
m

E(n® N) < W (Ry,...,R,) +o(1) (5.11)

in the limitb = N - oo.
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Note that
N n
Y = 225<xk y,)+2{2—( -iv, —qby)}+W(y1,...,y,,>
k=1 j=1 Jj=
>ﬂ+1 fW (5.12)
m

as an operator, the lower bound being simply the lowest eigenvalue of the second term plus
the infimum of the potential. Choosing the points R, ..., R, appropriately in Corollary[5.3]

we have 1+ 1B

(Yo, HY W,) < (g ,ln+ ) bn +inf W +o(D).
It is noteworthy that this upper bound matches the trivial lower bound (3.12)) up to o(1)
in the special case ¢ > 1. In this case one can, independently of g > 0 and with a very
good precision, jointly minimize the three (non-commuting) terms of the Hamiltonian. The
expectation of the first term in (5.12)) is as small as possible, namely 0. We recover, modulo
small errors, the lower bound 4% coming from the second term. The next term in the

expansion is the classical energy "associated to W .

Sketch of proof for Corollary[5.31 We recall [12}/56] the definition of “vortex coherent states”,
suitable to describe the quantum motion of a particle on a cyclotron orbit compatible with (3.8))
centered at R € R?: in complex notation y, R < w, Z € C

wa() = ] P 5 (e iz -2Z), (5.13)
T

Note that wz(w) = K_ (w, Z) according to (3.1)) after suitably adjusting b and
—1]b
wato] = =2 etz (5.14)
rr

so that, as b — oo, the above is very much concentrated around Z.
The function entering our trial state’s definition is

) det (ij(wk)> . (5.15)

n! 1<j,k<n

d(y) :=

Using the reproducing property (3.3)) of K, the appropriate normalization constant is

L1
¢(R,)? = / |det (W, (00) ;e

= det (WRI (Rk)) 1<j,k<n’

Hence, for a fixed R, € R?", ¢(R,) — 1 exponentially fast as b — oo. Strictly speaking the

2
dw

state @ is not supported in Z,, but for a fixed R, = (R, ..., R,) € D" all distinct, up to a
O(N~®) error (in L> N L*®) as N — oo, ® is supported in the small set
U {veR™: 1y, -Rl<oyij=1,....n} (5.16)

0ES,
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where 6 (k) = K4/ % as in and &, denotes the permutation group of {1,...,n}.

We also emphasize that since the points R; are distinct, (5.16) € Z? (the no-merging set).
Hence, up to a truncation, we can apply Theorem[I.1l Condition follows from the
fact that applying (5.8)) to the states (3.13), we have

/IRZVI
=2|q—1|b/ B2 =2l - 1N,
]RZn

where we used multi-linearity of the Slater determinant (5.13).
.~ ®asym . . .
Using® € LLL, " " as our trial state in Theorem [[1] by (5.9) we obtain

1|
—1]+1
(Ig = 1] + Wn+
m

2 —
(—iVyj —(q- 1)byj> cb‘ = /Rzn ® (-iV, - (g - Dby")" @

. W (y)|D(y)|*dy + Err(®) (5.17)
where the error is controlled by (I.23). We will now argue that this error is negligible as
N — oo. -~

The condition plainly holds, but the trial state @ depends on the magnetic field
b = N, soitis not a priori clear how the constant Cg behaves as N — oo with its present
definition. Note that in the proof of Theorem [I.1, we only rely on the condition (I.20)
to control the approximation errors when at least two particles are merging (i.e. on the
complement of Z2). Since @ (and its derivatives by analyticity) is essentially supported on
(E.16), we have Cz = O(N~®) as N — oo when we restrict to the merging set (since we
can make the parameter k arbitrary large). Similarly, the second term in (1.23)),

2
/%\@3’

=O(N™™).
This argument shows that for this particular trial state Err(a) =O(N~®)as N — co.
To conclude the proof, it remains to compute the limit of the second term on the right-

hand side of (3.17). By (3.13)), we can write

En® N) <

<—iVyj —(g- 1)5yji) &

~ R )? - S
|D(y)I* = M det Z e, wr (Vi) (5.18)
n: k=1 j 1<i,j<n

Using again that the orbital y is exponentially concentrated on a neighborhood of R and
that the points R; are distinct, the matrix on the right-hand side of (5.18) is diagonal up to
an exponentially small correction (in L?> N L®) as N — co. Thus

- R 2 R n
|D(y)I? = % I1 (Z |ij<yk>|2) +O(N™)

j=1 \ k=1

R 2 n n
= LB > T we 0P +0N=™)

|
k=1 =l



42 G. LAMBERT, D. LUNDHOLM, AND N. ROUGERIE

and if the potential W € L'(IR*"), then as N — oo

n

~ R )? -
WyIey)|*dy = C(nvn) 2 / W [ lve 0P +0N™).
: kyek,=1 R2n

J=1

R2n

By (5.14), |yx(w)|* = 6(w — R)in C*as b = N — oo, so that if W € C(R*") and R,
are distinct points, we conclude that

~ 1
WWIWIPdy » — > W (R, > Rygr).
R2n h cES,

This completes the proof. UJ



QUANTUM STATISTICS TRANSMUTATION VIA MAGNETIC FLUX ATTACHMENT 43

APPENDIX A. PROOF OF THEOREM

We give a slight variant of the proof from [31]]. Introduce a quantum wave-function for
N fermions
Yy(@) =cy H (z — Zj)e_g X1zl

1<k<j<N

with ¢y = ¢y, (f) a L? normalization constant (indeed W  (z) = ¥ (4, 2) in the absence of
quasi-holes). With the one-body orbitals (1.32) we have

¥Y,(z) = det ((pk(zj))

m NxN
the Slater determinant made of the N first orbitals (k € {0, ..., N — 1}). It follows that

1
cf\]: —— pNN+D/2.
'
T szlk.

For a general fermionic (antisymetric in its arguments) N -body wave-function @, on L2(R¢Y)
we define (the integral kernel of) its n-body density matrix, forn € N,

P (e % Ve )

N
:< )/ DN Dyseees Yo X )P Xy e X, Xy )d Xy, (A1)
n XN_neRd(N—n)

and its n-body density
pg'jv(xl, cey X)) = )/g?v(xl, ey X Xy ey X)),

In probabilistic terms, these are the correlations of the (fermionic) point process. With the
above conventions, rewriting in terms of W ., (W, z), it holds

th(w)—z = /
CN

The claimed result is then the identity

n

-1
2 N +n _ n -2 ,
Fn(w, Z)| dz = < ) ) e Py Wi w ) |AW)| T [T e

Jj=1
20wy, w,) = ~ det [Ky,,(w;. 0,)]
¥y 122> %p n! e N+n i»"™jl] >

which follows from Wick’s theorem for fermionic quasi-free states. Note that

-1
1 (N+n -2 N N+n-1 —
- — | +n (N+n)(N+n+1)/2
n!< ) Cyan = NIz k!'D .

For the convenience of the reader we recall and prove it in the case of Slater determinants,
relevant for the above.
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Lemma A.1 (Density matrices of a Slater determinant).
Let uy, ... ,uy be orthonormal functions in L*(RY). Let

DOyxy, . xy) =

1
e ()

be the associated Slater determinant. Its reduced density matrices (AJ) satisfy

n 1
o (K1s e X 109 = = det 1) (x| (A2)
n. nxn
and
N —_—
Yo, (X ) = D u,(y)u;(x). (A3)
j=1

Proof. We denote, with ©, the permutation group of {1,...,n},

|
WA A, = ff}fﬁ (i (x)) = TUEZ;, Sg“(")H 4.0

the Slater determinant constructed out of # orthonormal functions. For a L? function ®, of

agym(IR‘”’) we identify the orthogonal projector |®, )(®,| withits integral kernel @ (Y,) LY )P, (X).
Likewise, we identify reduced density matrices (A.I)) with the corresponding trace-class op-
erators.

Then, a straightforward integration gives

N
(N-1) _
Voo = Dl A Aty Attpgy A A ) (i A At Aty A Ay

/=1

using the orthogonality of u, ..., u,. By induction we infer that
n _ 1
Yo = 2 |ui1/\.../\uin><ui1/\.../\uin
tI<iy#. #i, <N

and in particular this proves (A.3).
On the other hand, we can write the right-hand side of (A.2)) as

n! nxn

N
l' det [Z Wuj(x)] = % det(AB)

with the matrices (respectively n X N and N X n)

SJSR ISR

/LN LIRS

Comparing with the above, we see that (A.2) is a consequence of the Cauchy-Binet formula.
U
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